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Hoc phan co hoc lugng tit nang cao 14 mon hoc bat buoc déi véi hoc
vién cao hoc chuyén nganh Phuong phap Giang day Vat ly va chuyén nganh
Vat 1y Ly thuyét-Vat 1§ Toan, né nhim bo sung va nang cao mot sb kién thic
co hoc luong t1t nhu cac phuong phap tinh gan dang trong co hoc lugng ti,
ly thuyét tan xa lugng t, co hoc lugng tit tuong doi tinh,... Cac kién thic
nay 1a co sé dé hoc vién tiép thu céac kién thiic vé Vat 1y théng ke, Vat 1y
chat ran, Co sd 1y thuyét truong luong tii, ...

V6i muc tiéu nhu trén, néi dung ctia mon hoc duge xay dung trong 4
chuong. Chuong I khai quat lai cac co sé ctia co hoc lhugng t1t (co s6 toan hoc,
cac tien deé clia co hoc lugng t1i, nguyeén Iy bat dinh Heisenberg, phuong trinh
Schrodinger, su bién doi theo thai gian ctia gia tri trung binh cac dai luong
vat 1y,...). Chuong II trinh bay cic phuong phap gan ding dé gidi phuong
trinh Schrodinger thuong dugce sit dung trong co hoc lugng tit. Chuong 111
trinh bay 1y thuyét tan xa lugng tit. Chuong IV trinh bay khai quat co hoc
lugng t1t tuong ddi tinh, bao gom mot s6 phuong trinh co ban (Phuong trinh
Klein-Gordon, phuong trinh Dirac, phuong trinh Pauli,...), mot s6 khai niém
co ban (Mat do xac suat tuong doi tinh va mat do dong xac suat tuong doi
tinh, spin va momen tit cia hat vi mo,...). Ngoai ra, cac hoc vién cao hoc
Vat Iy Ly thuyét -Vat 1y Toan con c6 15 tiét dé khéo sat sau hon vé cau tric
cac trang thai nguyen t1, Iy thuyét lugng tit vé bic xa, hiéu tng Zeemann di
thuong, cac trang thai niang luong am, tinh bat bién ctia phuong trinh Dirac.

Dé gitp hoc vién nam chéc cac kién thitc ctia moén hoc, sé thoi gian
danh cho hoc vién rén luyén cac ky nang van dung va giai cac bai tap, xémine
chiém 1/4 thoi lugng ctia mon hoc.
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Chuong 1

Cao si cua co hoc luong tu

1.1 Co sé toan hoc cua co hoc luong ti

1.1.1 Toan tr:

a) Dinh nghia: Toan tit la mot phép toan tac dung vao mdt ham nay thi
bién doi thanh mot ham khac.
Ta goi A 14 mot toan tit néu
AY(z) = ¢(x). (1.1)
Vi du: Cac toan tu :
+ Phép nhan véi 22
Ap(x) = (),

trong truong hop nay A phu thuoce bién sé z.
+ Phép lay dao ham véi bién sb z:

Ay(z) = )

+ Phép nhan v6i mot sd phice C:

Ay (x) = Cy(x),

& day, A khong phu thudc vao bién z va phép lay dao ham theo z. Dic biet
néu:

C=0  :Apz)=0,
C=1 : Apx)=1(x)
+ Phép lay lien hiep phtic:

A (x) = " ().

A 1a toan t khong,
,121 la toan tit don vi.
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b) Toan tit tuyén tinh: Toan ti A dudc goi 1a toan tit tuyén tinh néu né
thod man tinh chat sau:

A(Cﬂbl + 02¢2) = 011211701 + 021211702. (12)

Trong hé thitc trén, ¥, va 1y 13 hai ham bat k¥, ¢; va ¢ 13 hai hing s6
bat ky.
Vidu: A = (d/dx) 1a toan ti tuyén tinh vi

d d d
%(01101 + 02¢2) =C dﬁl + Co d@f'

Con toan ti 1ay lién hiép phiic khong phai 1a toan tit tuyén tinh vi
Alertn + eatbn) = (a1 + can)” = iU + 505 = A + A
#* 01121@01 + 02121@02-

1.1.2 Cac phép tinh trén toan tu

Cho ba toan tit 4, B, C. ta dinh nghia cac phép tinh toan tit sau:
a) Tong hai toan tit: S dudc goi 1 tdng ciia hai toan tit A, B, ky hiéu

la
S=A+B néu Yi(z),S¢(x) = Ap(z) + By (). (1.3)
b) Hieu hai toan ti: D dude goi 1a hicu hai toan tit A, B, ky hieu
D=A-B néu Yy(x), Dy(z) = Ap(z) — Bip(z). (1.4)

¢) Tich hai toan ti: P = AB la tich clia hai toan tit A va B néu
Py(x) = (AB)i(x) = A (By()). (1.5)

Tich ciia hai toan t néi chung la khong giao hoan, nghia la AB # BA.
Chang han, cho

N d A
A = %, B = X
thi ta c6 g ()
ABY(@) = - (@i (a)) = b(x) + 2202,
con B () B di(z)
BA(z) = 2220 4 Au(a) = w(@) + 2202,
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B, nen A, B khong giao hoan nhau.
$2, B = x thi

ABy(x) = 2*¢(x) = BAY(x)

hai toan tit /Al B giao hoan nhau.

d) Giao hoan tit cta hai toan tu A va B duge dinh nghia la [A, B] =
AB — BA. Néu A vd B giao hoan thi AB = BA, do d6 giao hoan ti cla
ching bang khong, nghta la [A B] = 0. Néu hai toan tit khong giao hoan thi
[A,B] = AB — BA # 0 hay [A, B] # 0.

1.1.3 Ham riéng, tri riéng va phuong trinh tri riéng cuia toan tw

Xét mot toan ti A, khi cho A tac dung lén mot ham Y(x) nao do, ta co
thé thu duge chinh ham dé nhan v6i mot hing so:

Adp(x) = app(a). (1.6)

(1.6) 14 mot phuong trinh, dang ctia ¢(x) ¢6 thé thu dude tit viee gidi phuong
trinh trén.

Ta bao ¢ (x) 13 ham rieng v6i tri rieng a clia toan ti A. Va viec giai
phuong trinh (1.6) c6 thé cho ta biét cac ham riéng va tri riéng clia toan ti
A. Néu c6 s ham riéng c¢6 cung mot tri riéng a, thi ta bao toan ti A co tri
rieng suy bién bac s. Cac tri rieng c6 thé bién thién gian doan hoac lién tuc.

Trong co hoc lugng ti&, ham riéng phai thod man cac diéu kién chuan
sau:

- Ham ¢ (z) phai ton tai, x4c dinh trén toan mién bién thién ctia cac
bién doc lap.

- Trong mién ton tai, ham ¢ (z) va dao ham bac nhat ctiané dy)(z) /dx
phéi hitu han, lién tuc (trit mot sé diém dac biét).

- Ham ¢ (x) phai xac dinh don tri

1.1.4 Toan tit ty lién hdp tuyén tinh (toan ti¥ hermitic)

Toan ti tuyén tinh AT duge goi 1a toan ti lien hop tuyén tinh véi toan
ti tuyén tinh A néu:

Vir(a),vala), | i) Ave@ds = [ (A7) vala)de. (1)
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Néu At = A thi ta bao A 1a toan t1t tu lien hop tuyén tinh, hay todn
ti hermitic, nghia la:

[ vi@dn@d = [ (dn@) wd. (18)

Néu ta dua ra ky hiéu mdéi vé tich vo huéng hai ham séng
(1(z)iha(z / Y1 (x) oz (1.9)

theo d6 (1.8) duge viét lai nhu sau:

(1(z)| Ao (@) = (A (z)[1ha()).
Vidu 1: A = (d/dz) c6 phai 1a toan ti hermitic khong?
Mubn biét, ta tinh
+0o0 . +0o0 d
bt Apde = b2
dx

—o0 —0o0

Dat u = ¢*, dv = (dp/dz).dx, thi

400 . 400 d *
¥ Apda = rolT=t — / P

—00 0 dx

vi cdc ham ¢ (z), o(x) — 0 khi 2 — oo nén *p|?=% =0,

U Apdr = — /_+OO @ddi*d$ + /_:O © (%)*cm = /_+OO (/Aw)* odz.

0 0

400

—o0

Vay A = (d/dx) khong phai la todn tit hermitic.
Vidu 2: A=i(d/dzr) c6 phéi la toan ti hermitic khong?

Ta co:
+0o0 . +0o0 d@b* +00 d@b* +00 dw
[vhetr=i [ "o [ To (<) ae= [ o () o
400 . 400 . "
¢*A¢d$:/ <A¢> wdz.

Vay A = i(d/dz) 1 toan ti hermitic.
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1.1.5 CaAc tinh chat cua toan ti¥ hermitic

a) Tri riéng clia toan tit hermitic 1a s6 thue.
Gia thiét toan tu hermitic A c6 tri rieng gian doan véi phuong trinh
trl riéng
Ay, = apty,.
Ta c6: (| Ath,) = (A, |1,) vi A hermitic, nghia la:

an(Un|tn) = a™ (U |thn) = (an — ay,)(¥nltn) = 0.

Vi (¢ |th,) # 0 nén a, = a*: a, 1a s6 thyec.

b) Ham riéng tuong tng v6i hai tri riéng phan biét thi tric giao véi
nhau.

Thue vay, theo dinh nghia ctia toan tit hermitic thi:

<¢1|A¢2> = <A¢1|¢2> = ax(YP1]1h2) = ar(P1]ia), = (a2 — a1)(Y1lhe) = 0,

Vi as # a1 nén (ay — ay) # 0. Vay:
(P1|the) =0: 11,1y truc giao v6i nhau.

Tém lai, néu cac ham riéng ctia toan tit hermitic A duge chuan hoa thi
ta co:

Pho tri rieng gian doan : (V| Vn) = Omns (1.10)
Pho tri rieng lien tuc:  (¢u|0,) = d(a’ — a). (1.11)

Trong do6, 0, d(a’ — a) la cac ham Dirac.

¢) Cac ham riéng ctia toan tt hermitic 1ap thanh mot hé ham co s6
truc giao va du trong khong gian Hilbert cac ham song, nghia la v6i mot ham
song bat ky ¢(z) trong khong gian Hilbert, ta co:

Dé&i véi pho tri rieng gidn doan : ¢(x) = ch@bn(x) (1.12)

n

D&i v6i pho tri rieng lien tuc : (z) = /cawa(@da. (1.13)
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1.2 CaAc tién dé cta co hoc luong ti

Trong co hoc lugng ti, hat khong dugce hinh dung nhu 1a mot chat diém
Chuyén dong theo mot quy dao xac dinh ma né duge hinh dung nhu 1a mot
b6 séng dinh x1t trong mot mién ciia khong gian tai mot thoi diém va bo séng
thay doi theo thoi gian. Tai mot thoi diém ta chi c6 thé noéi vé xac suat dé
tim thay hat trong mot phan t@ thé tich ctia khong gian, hay noi khac di I
xac xuat dé toa do clia hat c6 gia tri nam trong khoang nao dé. No6i chung
ve cac bién s6 dong luc khac ciing vay, ta chi c6 thé néi vé xac suat dé mot
bién s6 dong luc co gia tri nam trong khodng nao dé chi khong thé néi veé
gia tri xac dinh ctia bién s6 dong luc tai mot thoi diem nhu trong co hoc co
dién.

Vi c6 sy khéc biét néi trén nén trong co hoc luong t1t bién s6 dong luc
khong phai dudge mo ta bang mot sé6 nhu trong co hoc ¢o dien. Ching ta phai
tim mot cach mo ta khéac thé hien dugc nhitng dac tinh cla céc quy luat
lugng t1t. Nhitng nghién cttu vé toan tit cho thay c6 thé diing cong cu toan
hoc nay dé mo ta bién sé dong luc trong co hoc luong ti. Ching ta thira nhan
mot s6 gia thiét vé noi dung cach mo ta nhu nhitng tien dé. Nhing tién deé
ay khong c6 mau thuan nhau va cho cac két qua phit hop véi thuc nghiem.

1.2.1 Tién dé 1: Trang thai va thong tin

" Trang thar vat ly cua mot hé lugng tu thi tuong dng vor mot ham song
chudn hod."
Ta ky hieu (z,t) 13 ham séng ctia hé lugng tit § thoi diém ¢ va tai vi
tri toa do x ( hay tng véi bién dong lyc ).
Ham song duge chuan hoa khi

()b, 1)) = /V (e, ) (e, t)de = 1. (1.14)

Nhu vay, ¥(x,t) va ci(z, ) cling chung mot trang thai néu c*c = |c|? =

1.2.2 Tién dé 2: Cac dai luong dong luc

" Twong ing vor mot dai luong dong luc A trong co hoc lugng ti la mot
g ung g g g
toan tw hermitic A."
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Vi gia tri bang s6 ctia bién dong lyc 13 thuyc nén tri rieng clia toan ti
tuong ing v6i bién dong luc dé phai thuce, do dé toan ti tuong ing véi bién
dong luc phai hermitic. Toan ti A hermitic nén c6 mot hé du cac vecto riéng
trie giao chuan hoa {v;(z,t)} tuong tng v6i phd cac tri rieng thuc {a;},
i =1,2,....,n. Theo d6, mot trang thai bat ky ctia hé lugng tit sé dugce khai
trién theo cac ham rieng nhu sau:

n

Yo, t) = e, t). (1.15)

1=1

1.2.3 Tién dé 3: Phép do cac dai luong dong luc

Néu hé lugng tit ¢ trang thai biéu dién bdéi ham séng ¢(x) thi xac
suat dé khi do bién dong lyc A thu dudgc gia tri a; sé 1a |¢;|> = p;. R6 rang

> pi=) laff=1 (1.16)
=1 =1

dugc suy tit tinh chat truc giao, chuan hoa ctia cac ham rieng.
Nhu vay phép do lam nhiéu loan trang thai. Néu ¢ (z) = ¢;(x), ta co

A(z) = Agi(z) = apbi(x)  v6i xde sudt  |ol? =p; = 1.

Chu y rang theo tién dé 3 thi

(i) Khong thé tien doan chinh xac két qua phép do mot dai
lugng dong lyc ctia hé vi mo ¢6 trang thai ¢(z) hoan toan xac dinh.

(i) Néu tién hanh hai phép do riéng biet nhung giéng nhau trén
cling mot hé ¢6 trang thai ban dau truéc mdi lan do 14 ¢ (x) hoan toan gidng
nhau thi két qua hai 1an do nay khong nhat thiét phai tring nhau.

Ta chap nhan “tinh khong tien dodn dugc” va tinh “khong dong nhat”
ctia qué trinh do nhu 14 mot thuoc tinh von cé ciia tu nhién.
Trong trudng hgp pho tri riéng lién tuc thi

Y(x) = /c(a)¢a($)da (1.17)

va xac suat dW (a) dé dai lugng A c6 gia tri trong khodng tit a dén a + da 13

dW (a) = |c(a)|*da. (1.18)
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1.2.4 Gia tri trung binh ctia bién s6 dong luc

Xét bién s6 dong luc A ¢6 toan it hermitic tuong tng A, tri trung binh
A ctia n6 & trang thai ¢(x) tng v6i trusng hgp pho tri rieng gian doan {a;}

A= Zpiai = ZCL2|CZ|2 / P (x A¢ x)dx (1.19)
=1 =1

= Z |cz~|2ai.
i

Trudng hop pho tri rieng lien tuc, ta cé

A= / adW (a / c(a)*ada

1.2.5 Tinh hé s6 phan tich ¢;

Theo tién dé 3, muén tinh xac suat dé do A dudc gié tri a; thi ta phai
xac dinh cho duge hée s6 phan tich ¢;. Mudn vay, ta nhan lugng lién hiép phtic
ctia ham rieng v;(x) 1a ¢ () v6i ham soéng () roi lay tich phan theo bién
sO x, ta duogc

/V Vi @)viads =3 /V Vil =S ad = (120

gia tri nay cia ¢; hoan toan xac dinh v6i sai kém hang so nhan.
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1.3 Su do dong thsi hai dai luong vat 1y

1.3.1 Su do chinh xac dong thdoi hai dai luong vat 1y

Xét hai bién s6 dong luc L va M dugc biéu dién béi hai toan ti L va
M. Heé & trang thai duge biéu dién béi ham séng ¢ ma ¢ day dé cho dd rudom
ra ta hiéu ngam 13 ham theo bién s6 z. Ching ta sé xét trong diéu kién nao
hai bién dong luc c¢6 thé do duge chinh xéc dong thai. Theo tien dé 3, muén
cho bién dong luc L ¢6 gid tri x4c dinh thi ¢ = ¢ 14 ham riéng cia L ing
véi tri rieng L. Nghia la

Lip = Lipp g, = Lpabp .

Ta do dong thoi dai lugng M véi L, tiic 1a lac he 6 trang thai ¢ = g .
Muén cho M ciing ¢6 gia tri xac dinh M, thi ¢ phai 14 ham riéng ctia M,
nghia la ¢ = ¥y . Theo do

My = Mibary, = Mytbars.

Nhu vay, hai toan ti L va M phai ¢6 chung ham rieng:

Y =YLk = Vrk-

Day chinh la diéu kién dé dong thoi do dude chinh xac hai dai luong dong
e L va M. Va ta c6 thé rit ra dinh 1y sau:

“Diéu kién dt ¢6 va di dé hai dai lwong dong lue do duge dong thoi la
toan tu tuong ing cua ching giao hoan vdi nhau.”

Chung ta sé Chu’ng minh dinh ly nay sau day.

a) Diéu kién it c6: Néu L M ¢6 chung ham riéng ;. thi hai toan tit
L, M giao hoan dugce v6i nhau.

Ta co

LMy, = <M¢k> = My Ly = My Ly,

MLy, = M <ﬁ¢k> = Ly My, = L, Myaby.
Suy ra o o
LMy, = M Ly,
hay

(iM—Mﬁ>¢k:0 — LM -~ ML=0 = LM = ML.
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Ro6 rang Lva M giao hoan véi nhau.

a) Diéu kién du: Néu hai toan tit giao hoan thi chiing c6 chung ham
riéng.

Goi ¢ la ham rieng ctia L, nghia la

Lo = Ly,
(Mﬁ) =M (ﬁ@) =M (Ly) =L (Mgp) :

Vi M va L giao hoan nén

(1) o= (ar) = 1 (i1).

Ro6 rang ¢ = Mgo la mot ham riéng ctia toan tit L véi tri rieng L. Nhu
vay, ¢ va ¢ déu 1a ham rieng ctia L véi cung tri rieng L. Khi khong ¢6 suy
bién thi chung truing nhau, nhung vi ham riéng ctia cc toan t1it hermitic dugc
xac ding sai kém nhau mot hiang s6 nhan nén

v = hang s6.¢,
hay My = hing sb.0 = M.¢, nghia la ¢ ciing 14 ham rieng ciia toan tit M.

1.3.2 Phép do hai dai luong dong luc khong xac dinh dong thai.
Nguyén ly bat dinh Heisenberg.

Trong trusng hgp tong quat néu hai toan ti f;, M theo thi ty bidu dién
hai dai luong dong Iyc L, M khong giao hoan dugc v6i nhau thi khong theé
do dugc chinh xac dong thoi L va M. Bay gio ta xét xem néu do dong thoi
hai bién dong lic Ay thi do chinh xac dat dén mitc ndo.

Do L va M la nhitng toan ti hermitic khéng giao hoan dugc véi nhau

A

[i, M} — P, (1.21)

trong do P 13 mot toan ti hermitic, P # 0.
Goi L va M la tri trung binh ctia L va M & trang thai ¢(x). Xét do
léch
AL=L—L; AM =M — M (1.22)

Nhitng dai lugng nay theo thit tu duge bi¢u dién bdi cac todn ti hermitic

— A

AL=1L—-1L;

Y

AM =N — M (1.23)
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Ta c6 giao hoan ti

[ﬁ,&\?} - [ﬁ—E,M—M} - [LM} —iP. (1.24)
Xét tich phan:
I(a) = / | @ZE - z@) o|?dz >0 (1.25)
14

trong dé a 1a mot thong sé thyc, tich phan 1ay trong toan bo mién bién thien
V cua .

I(a) = / [(0AL — &3] (aAL — ilM)pde
Vv
_ / (DT — iAM)*(aST — iAM )pda
Vv

vi tinh chat hermitic, AL = EJF, AM = A/ZTIJr, do dé (aﬁ — imﬁ =
aAL +iAM, nén

I(a) = / @ (aﬁ—l— im)(aﬁ — z@) edx
Vv

I(a) = / o [0?AL" ~ io (ALAN — ANIAL) + M| i
Vv

I(a) = / o (’AL —io [AL AN | + ANI") il
Vv

theo (1.24), thi

I(a) = / ©" (aQEQ +aP + 5]\\42> edx, suy ra

Vv

I(a) = &AL+ oP + AM? > 0.
Mudn cho I(«) > 0 thi tam thitc bac hai theo « trén phai ¢6 biét thic

A=P 4 (AL2> (AM2> <0, nghia la

2

i

hay (AL2> (AM2> > (1.26)

4
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Day 1a cong thiic cho do bat dinh khi do dong thoi hai bién dong luc
L va M, n6 dugc goi 1a he thitc bat dinh Heisenberg. Dat

AL = VAL, B = VAR, (1.27)

hé thic bat dinh c6 thé viét dudi dang khac

7 |y ‘
Vi du: Néu chon L = & = 2 : toan tt toa do,
M=p, = —iha— : toan tu xung lugng theo phuong x.
x
thi
['@7]535] = ih,

suy ra hé thic bat dinh Heisenberg cho toa do va xung luong
S h
Ax.Ap, > 5 (1.29)

Nhu vay ta khong thé dong thoi do chinh xéc toa do va xung luong clia
mot hat vi mo. Sai s6 mac phai khi do tuan theo hé thitc bat dinh Heisenberg
(1.29).

Y nghia vat 1y: Viec khong do dugc chinh xéac dong thoi toa do va xung
luong ctia hat vi mo chitng t6 rang né ludéng tinh séng hat. Hat vi mo6 khong
c6 quy dao xac dinh. D6 14 mot thyc té khach quan do ban chat ctia sy vat
chit khong phai vi kha nang hiéu biét sy vat clia ta bi han ché hodc may do
kém chinh xac. Va hé thiic bat dinh 1a biéu thiic toan hoc cta luéng tinh
song hat cta hat vi mo.

1.4 Phuong trinh Schrodinger

1.4.1 Phuong trinh Schrodinger phu thudc thoi gian

Trong co hoc luong tit, do ludng tinh séng hat ctia cic doi tuong vi
mo nén trang thai ciia hat duge ddc trung bdi ham séng (7, t). Vi vay, can
c6 phuong trinh mo ta dién bién ctia ham trang thai theo thoi gian. Phuong
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trinh nay dugc Schrodinger dua ra nam 1926 va dugc goi la phuong trinh
Schrédinger phu thuoc thoi gian

oY(r, 1)

h = Hy(F,t 1.
iR = (7 ), (1.30)
trong do H 13 Hamiltonian ciia he
A “ A h? 9
H=T = —— ot 1.31
+U va + U(7,t) (1.31)

Day 1a phuong trinh vi phan hang hai theo khong gian va hang nhat
theo thdi gian. Vé nguyén tic dé tim nghiém ctia phuong trinh, ta phai biét
duge ham séng tai thoi diém ¢, (dicu kien dau) va biét duge hai dicu kien

bién lién quan dén toa do (@b(m, to) = g, va %‘x:xo = ¢6>

1.4.2 Mat do dong xac suiat. Su bao toan sé hat
Dé don gidn, ta sé viét tit 10, " theo thit tu thay cho ¥(7,t),¢*(7,t).
T phuong trinh (1.30), ta suy ra phuong trinh lién hiép phitc ciia né
op* A
AN (H — H+> . (1.32)
ot
Nhan ¢* cho hai vé ctia (1.30) vé phia trai va nhan ¢ cho hai vé ctua (1.32)
cling vé phia trai roi trit cho nhau vé theo vé, ta dugc
. oY o*
h|y"—
' [¢ o Vo

Thay H = — (52/2m) V24U valuu § (9/0t) (") = ¢* (0 /0t) +b (9 /Ot),

ta co

—ih

] = Hep — pH*. (1.33)

ino (p7) = 2 (V" VH — V) (1.34)
ot  2m ’ '
V (" Vip — V") = V'V + " Vi — VipVe* — V2,
nén ta cé6 thé viét lai (1.34) nhu sau
0 . ih . . B
2 () + 5V (BT V) =0 (139

p=v =y (1.36)
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la mat do xac suat tim thay hat & toa do 7 tai thoi diém ¢. Va

70 = o (W90 — V) (1.37)

1a vecto mat do dong xac suét. Do 16n ctia j(7,t) ¢6 ¥ nghia nhw 13 dong hat
trung binh qua mot don vi dién tich dit vuong goc véi phuong chuyén dong
trong mot don vi thaoi gian.

Theo d6 phuong trinh (1.35) c6 dang ctia phuong trinh lién tuc mo ta
dinh luat bao toan so6 hat vi mé:

dp

Vﬁ(%

0. (1.38)

1.4.3 Phuong trinh Schrodinger khong phu thudc thoi gian. Trang
thai ding.

Ta xét mot hat vi mo chuyén dong trong truong thé U(F) khong bién
thién theo thoi gian va do dé c6 nang lugng khong thay déi theo thai gian.
Goi F la gia tri ndng lugng cta hat va ta ky hiéu ¢p(7) 1a ham séng ting véi
trang thai c6 nang luong E. Ta c6 thé viét phuong trinh tri riéng ctia niang
lugng nhu sau

Hipp(r) = E¢p(r) (1.39)
voi H = (—=h2/2m)V?2 + U(7) nen ta c6 thé viét (1.39) dudi dang khac:

(¥ + 007 ) ws(r) = Bus(? (1.40)

Trong trudng hop nay ham séng ¢Yg(r,t) = Yg(r).f(t) dudc viét dudi
dang phan ly bién s6. Theo d6, phuong trinh Schrodinger (1.30), véi luu y H
khong phu thuodc tuong minh vao thoi gian ¢, dudce viét lai

af : ihgr _ How(r) _
L L B
Nhu vay, ta c6 hai phuong trinh doc lap
8f B
875 = E.f(t), (1.41)

Hp(7) = B4 (F). (1.42)
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Phuong trinh (1.41) cho ta nghiém
f(t) = Ce Pt (1.43)

Con (1.42) chinh la phuong trinh cho ta ham riéng va tri riéng ctia toan ti
nang lugng. Gia st nang lugng cia hé ¢6 gia tri gian doan F,,n =0,1,2, ...,
lac d6 ta viét lai (1.42) nhu sau

trong do6 1, (7) 1a viét tat cta g, (7). Nhu vay, nghiém rieng day da cia hat
vi mo6 tng véi trang thai dung c¢6 nang lugng hoan toan xac dinh E,, 1a

Dn(7, 1) = P (F)e FE, (1.45)

Nghiém tong quat ctia phuong trinh Schrodinger ¢ trang théi dimng
trong trusng hgp pho gian doan

(T = D cne T = 3 Call)nl), VO Cult) = ce T

(1.46)
Trudng hop pho tri riéng lien tuc, ham séng c6 dang

(7 t) = / cpe ") p(F)dE = / Ce(t)Yp(F)dE, véi Cg(t) = cpe #F
(1.47)

Cac heé s6 ¢, cg c¢6 thé dugc xac dinh tit didu kien dau.

N6i tém lai, mot he luong tit & trang thai dimg c6 cac tinh chat sau:

a) Ham song phu thudc thoi gian ctia trang thai dimg xéc dinh don tri
bdi gia tri nang lugng cua trang thai do.

b) O trang thai dimg, mat do xac suit va mat do dong xac suat khong
phu thudc vao thoi gian.

c) 0 trang thai dung, tri trung binh ctia mét dai lugng dong lic ¢
toan ti tuong tng khong phu thuoc ré rét vao thai gian thi khong doi theo
thoi gian.

d) Xéc suat do gia tri cia mot dai lugng dong lyc 6 trang thai ding
khong phu thudc thaoi gian.

Nghiém cua phuong trinh Schrédinger khong phu thudc thoi gian ¢6
cac tinh chat co ban sau:

a) Ham (7, t) phai don tri.
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b) Ham (7, t) phéai lien tuc. Trong truong hgp thé nang U(F) gian
doan thi ham séng ¥ (7,t) va dao ham ctia né van lién tuc tai nhitng diém
gian doan dé6. Tuy nhién, é nhitng mién ma thé nang U — oo thi ham séng
va dao ham ctia n6 gian doan.

¢) Néu thé nang U khong tién dén vo cuing thi ham séng () phéai hitu
han trong toan bo khong gian. Diéu nay cing dudc thod man trong trudng
hop U — oo tai mot diém nao d6 nhung khong qua nhanh (U ~ #, s < 2).

1.5 Su bién doi theo thoi gian ctia cac dai luong dong
luc
1.5.1 Dao ham cua toan tir dong luc theo thagi gian

Ta ¢6 tri trung binh ctia mot dai lugng dong luc L & trang thai ¢ (z)

= / W (2) Ly (x)de, (1.48)

trong d6 x bao gom tat ci cic bién s6 kha di va 1 (z) da dugce chuan hoa.
Toan tit L c6 thé phu thudc thoi gian nén L ciing c6 thé phu thudc thaoi gian.
Ta tinh dao ham cta tri trung binh L theo thoi gian

L [ .., 0L o™ (x
— = /¢ ($)§¢($)dx—|—/ 875 /@b dx. (1.49)
Luu ¥ rang, theo phuong trinh Schrodinger (1.30), ta c6
Op(x) _ ip O (x) g
W) e e B g s

do d6 phuong trinh (1.49) c6 thé viét lai

%z/@b*(w)%—f@b(w)dﬂ/( Hy* (x ) d:c+/¢ (—%Fw@:)) dx
il /¢ (% z)dx + — [/(H¢( )>* da:—/@b )LH(x)d ]

% - /@b*(x)a—l;@b(x)dx + % [/ v () (HL - L) @b(:c)dx] ,
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/¢ { [H L}}@b( )dz. (1.51)

Ta dinh nghia dao ham toan ti L theo thoi gian df;/dt 1& toan ti ducc

xac dinh sao cho
dL  (dL . dL
& (E) _ /¢ (x) (E) b(x)d. (1.52)

Do6i chiéu (1.52) vé6i (1.51), ta thu duge cong thite ctia dao ham toén
t1t theo thaoi gian, duge goi la phuong trinh Heisenberg:

dL 8L i
dt 875

Trong co hoc co dién, tich phan chuyén dong la mot dai luong khong
thay doéi trong qua trinh chuyén dong. Trong co hoc luong tit ciing cé tich
phan chuyén dong, dé la khi (df;/dt) = 0, dai lugng L khong thay doi theo
thoi gian va la tich phan chuyén dong. Dua vao phuong trinh Heisenberg
(1.53), néu L la tich phan chuyén dong thi

[H L} (1.53)

8L
875

Truong hop dac biet dang cha ¥: khi L khong phu thuoc tudng minh
vao thoi gian, ta ¢6 (OL/0t) = 0, phuong trinh (1.54) trd thanh

! [H L} 0. (1.54)

[HL} _0, (1.55)

nghia la khi toan ti L khong phu thudc ro rét vao thoi gian va giao hoan
véi toan ti nang luong H thi dai lugng dong luc L tuong ung la tich phan
chuyen dong.

Theo (1.52), néu L la tich phan chuyén dong thi (dL/dt) = 0 hay
L = const.: tri trung binh clia tich phan chuyén dong khong phu thuoc thoi
glan.

Ta c6 thé chitng minh xac suat p(L,,,t) dé tich phan chuyén dong L c6
gi4 tri bing L, khong phu thuoc vao thoi gian. Thuc vay, L, H giao hoan véi
nhau nén ching c¢6 ham riéng chung ,,(x)

i¢n($> = Loty (x) va ﬁ¢n($> = B (),
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Y(x,t) = Z Cp()n(z), trong A6 Cy(t) = cpe 70 = C,(0)e 7P,

Theo tién dé 3 clia co hoc luong ti
(L, t) = |Cn(t)]* = |Cp(0)|* = const.

Day 1a diéu phai chitng minh.
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Chuong 2

Mot sé6 phuong phap gan dang trong
cd hoc luong tu

Bai toan trong co hoc lugng tit la giai phuong trinh Schrédinger
N h?
Hiy=FE¢y & (—2—V2 + U(f’,t)) V= FEvy
m

dé tim nghiém £ va 1. Nghiém chinh x4c ctia phuong trinh chi ¢6 thé tim
dugce trong mot s6 tuong déi nhé cac truong hop don gian nhat. Sy phic
tap clia viéc gidi phuong trinh phu thuoc vao dang ciia thé nang va sé chiéu
khong gian trong bai toan can giai. Phan 1én cac bai toan ctia co hoc lugng
tt dan t6i nhitng phuong trinh rat phiic tap vé dang toan hoc, va khong thé
giai dugc chinh xac. Do dé phai ting dung nhitng phuong phap gan ding dé
gidl bai toan, nghia 14 phai tim mot cach gidi gan dung cac ham riéng va
tri rieng ctia n6. Gan day, do c¢6 xuat hién may tinh dién t1 nén cac phuong
phéap gidi gan ding bang s6 cac bai toan co hoc lugng ti ¢6 tam rat quan
trong.

Trong chuong nay, ching ta sé khio sat mot phuong phap gan ding
thuong duge dung trong co hoc lugng tit, do6 1a 1y thuyét nhiéu loan. Thuat
ngit “nhiéu logn” duge vay muon trong thién van hoc dé chi anh huéng cla
mot hanh tinh nay 1én quy dao ctia mot hanh tinh khac. Noi dung ctia phuong
phap nhiéu loan lan lugt dudgc khdo sat nhu sau.

Gia sit Hamiltonian ctia hé vi mé dang xét c6 dang

H=Hy+V, (2.1)

trong d6 V' 1a toan ti hicu chinh nhé (toan tit nhieu loan) cho toan tu “khong
nhiéu loan” Ho Diéu kién dé coi V 1a “nhé” so véi Ho sé noi sau. Dé Xac
dinh, ta xét trudng hop pho gian doan. Gia thiét bai toan tim ham rieng @bn ,
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tri riéng BY ciia toan tit khong nhiéu loan Hy tit phuong trinh

Hypl? = EQ 0 (2.2)

n n

da dugce giai chinh x4c. Bay gio can phai tim nghiém gan dung ctia phuong
trinh
v = (Ho+V) ¥ = By, (2.3)

nghia 13 phai tim cac biéu thtc gan ding cho cac ham riéng 1, va cac tri
rieng F, cua toan ti H.
2.1 Nhiéu loan ditng trong trudng hgp khong suy bién

Trong tiét nay, gid thiét tt ca cac tri rieng ctia H la khong suy bién,
chiing ta tim nghiém ctia (2.3) dudi dang khai trién theo cac ham riéng triec
giao chuan hoa ciia toan tit Hy

o= 0wy’ (2.4)
k
Thay (2.4) vao (2.3), ¢6 xét dén (2.2), ta thu dugc

oG (BY+V)u = > .
k k

Nhan hai vé ctia ding thitc méi tim duoc véi " va 1ay tich phan theo toan
mién clia cac bién doc lap, dong thoi xét dén tinh truc giao chuan hoé cia
cac ham w,i()), thi ta dugc

c,, (E _ E;?) =3 ViiCr m=1.2,3,.. (2.5)
k
trong do6
_ (0)x* " 1.(0)
Vo= [ 00 @)Vl @) (2.6)
1%

14 phan tf ma tran ctia toan tit nhiéu loan dugc tinh theo cac ham séng clia
bai toan khong nhiéu loan. Hé phuong trinh (2.5) hoan toan tuong duong véi
phuong trinh (2.3). N6 chinh 14 phuong trinh Schrédinger trong biéu dién
nang lugng. Bay giv, ta st dung gid thiét coi toan ti V 1a nhd theo nghia la
cac mic nang luong va ham séng trong bai toan nhiéu loan sé gan vdi cac gia
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tri tuong ting clia bai toan khong nhiéu loan. Vi thé, ta sé tim ching dudi
dang chudi véi tham s6 bé e < 1.

E, = EV 4+ eV + 2E® 4 (2.7)
Cp = CO 1 e 4202 4 (2.8)
VA Vi = €U,V = €0 (2.9)

Ching ta tim hiéu chinh cho miic nang lu’dng thit n va ham séng tuong tng
ctia bai toan nhiéu loan. Ta xét gan ding cap khong, tic la khong nhiéu loan
(V =0), ta c6 H= Hy vd ¢ = 0, ham song ¢, = @bn , nghia 1a

ZC PV =0 = ) = g, (2.10)
vi E=E,=E" dodé E,=EY+eEW4+SED 4.0 (211)

Thay (2.10) va (2.11) vao (2.5) véi luu y F = E,,, ta c6

(&m +eCM 4 20@ 4 ) (Efl(’) B0 4 B0 4 2E@ 4 ) —

Z EVpmk <5kn + eC’,il) + 620122) + > ,

k
(2.12)
Hay
S (E;m _ Efﬁ’)) te [5mnE7§1> +CW (E;p - Efﬁ’)) - Umn}
216, E® + COED 4 0@ (E;p - Eﬂ?)> Y oM+ =0
k
Suy ra, ta c¢6 cac phuong trinh
S B + (E;p - E;?) = 0, (2.13)
S E® + CWEW 4 ¢ (E;0> - E;?) N vl =0 (2.14)

Phuong trinh (2.13) cho

Khim=n, tathudusc EWY =u,,, (2.15)
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. Umn
Khi m 7é n, ta thu dugc CT(nl) = m (216)

Phuong trinh (2.14) cho ta khi m =n

B89 ) ()1l = 3l 1 o 015 s — 59
k#n k#n

Van dung (2.15) va (2.16), ta suy ra

2
E® =% UnkVkn = G0 (2.17)

(0) (0) (0) (0)
k#n En’ — Ek; k#n En’ — Ek;
Con khi m # n, (2.14) cho

o (Efl(’) - E;?) = COED +3 vy,
k

Luu y (2.15) va (2.16), ta thu duge

Wy Uk Uk
0(2) _ UnnUmn - + n YUmn + z : mk Ykn .
m 0) _ 1(0) (0) (0) (0) (0)
(9 - E0Y BB (82— B2 (8 - 5

Bay gio ta tim gia tri cia C’T(L1> va CT(LQ). Chiting c6 thé thu duge tit didu kien
chuan hoa c6 xét dén (2.4)

4
/ Pra)(a)de =1 < > |G’ =1. (2.18)
4 k
Thay khai trién (2.7) va (2.8) vao (2.18), ta thu dudc
Z |0k, + eC’,il) + 620,22)|2 = 1.
k

> (% +eC" + 620122)*> (% +eCy + e20122)> ~ 1.
k

zk: {6kn + €0pp (C,il)* + C,i”) + € [&m (C’,?)* + 0,22)> + |C,gl)|2} } = 1.

Can bing cac dai luong cuing cap do bé & vé trai va vé phai sé rut ra dugc

k
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Tit cac he thitc (2.19), suy ra cAc phan tit 4o cia cac hé s6 khai trién
CT(LU, Cy@ la cac dai luong tuy ¥. Do do6, khong han ché tinh tong quét, ta co
thé chon chung la thyc va co gia tri

1 |U |
1) _ N 2 _ * 1)2 kn
C,' =0 va C7 = 5 Ek C7|" = — E . (2.20)

(B0 -8)

Theo dé gia tri cua qu? trd thanh

07(7%) _ UnnUmn + UmkVUkn . 2 91
(B - Eﬁi’))Q ; (82 - ) (8 - B 220

Nhu vay nang lugng ciia hé nhiéu loan duge viét dén mic do chinh xac
cap hai la

2
_ g > I
En - En + €Unn +€ E(O) _ E(Q)? (222)
k#n n k
dya vao (2.9), ta co
" n nn Z O _ ) '
k#n £m k

Con ham séng néu viét dén mitc do chinh xéc Cép mot sé 1a
eUk:n O)
O+ Z = + Z . (2.24)
k#n k#n
Biéu thiic (2.24) cho thay ring s6 hang hiéu chinh cAp mot that sy bé néu
(|V;m|/|E7(LO) — E,go)|) < 1, nghia la diéu kien vé “toan tt V nhd” 1a

Vil < |EQ — BV, n £k (2.25)

2.2 Ly thuyét nhiéu loan ditng trong trudng hop cé suy
bién

2.2.1 Ly thuyét nhiéu loan khi c6 hai mic gan nhau

Tt cdc cong thitc (2.23) va (2.24), ta thay rdng néu trong sb céc tri

(0)

rieng By clia Hy ¢6 hai mitc nng luong gan bing nhau thi cdc hieu chinh
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cho ham séng va cac miic nang lugng ET(L0> sé 16n va ta khong dung dugce cac

cong thiic d6. Tuy nhién, néu s6 cac tri rieng gan nhau lan can mtc n cia H,
khong nhiéu thi c¢6 thé thay déi phuong phap tinh sao cho ca trong trusng
hop nay van c6 thé khit duge sy xuat hién céc s6 hiéu chinh 16n. Ching ta
chi xét trong truong hop don gian 1& c¢6 hai mitc nang lugng gan nhau.

Gia su’ Ho co hal tri riéng E( ) va E( ) gan nhau, tuong ting véi cac

ham riéng ¢1 va ¢2 , con tat ca cac tri rieng khac ¢ xa chung. Trong phép
tinh gan dung cap khong, ta tim nghiém dudi dang

O = a4 by (2.26)

Thay gia tri nay cta ) vao trong phuong trinh
Hy© = By© H=Hy+V,
ching ta thu dugce
ol + oYY = E (w@ + b¢§0>> . (2.27)
Nhan (2.27) véi \”* va lay tich phan, ta duge
aHyy +bHi, = aE;  Hyp = /V D Vg, Hyy = /V SV dr (2.28)
Tuong tu véi %, ta dugc

aHy, +bHoy = bE;  Hoy = / O B\ da, Hyy = / O HyPdx. (2.29)
\% \%

Ta co:

Hyp = / P APV dz = B8, + Vi (2.30)
1%
Hai phuong trinh (2.28) va (2.29) dugc bién doi thanh

{(HH — E)CL + ngb =0 (231)

H21a + (H22 — E)b =0

Dé cho hé phuong trinh ¢6 nghiém khong tam thuong (a # 0,b # 0),
thi dinh thic ctia n6 phai bang khong, nghia 13

E?* — (Hyy + Hy) E + Hy Hyy — Hi9Hy = 0. (2.32)
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Giai phuong trinh ta thu dugce cac nghiém

By =34 H11+H22-|-\/(H11—H22)2+4|H12|2

) (2.33)
Ey =1|Hyj+ Hy — \/(Hll — Hy)* +4[Hpl?|

trong do ta luu y Hio = Hj, do H 1a toan ti hermitic.
Ta xét hai biéu thitc clia (2.33) trong hai truong hop gidi han
1. Néu Hy; — Hae > |Hysl, thi theo (2.30) c¢6 nghia la

‘ (E{(’) n VH> _ (E;m n x/22> ‘ ~ ‘E{m _ Eém‘ > [Vial.

Nhu vay, diéu kien (2.25) dugc thod man va ly thuyét nhiéu loan trong tiét
trude co6 thé ing dung ducge. Néu trong phép gan ding ta c6 thé bd qua
4| Hy2|? trong s6 hang dudi can s6 bac hai ¢ (2.33), thi ta sé c6 gia tri gan
dting cap mot trong phép nhiéu loan thong thuong:

By, =Hy = E{O) +Vii; By = Hyp = Eéo) + Va.

Trong phép gan dung chinh xac hon, nghia la /1 + € ~ 1 + ¢/2, ta thu dugc

1 2|H
E = 5 Hyy + Hop + Hyy — Hop + H1|1 _12]|L122 )
B |Hil* ) |Via|?
Fy=Hy + m =K+ Vi + E{l) B Eél) (2.34)
Tuong tu, ta co
(0) Vo |?
By =Ey’ + Voo — —v— 7, (2.35)
By — Ey

trong do EZ.(U = Ei(o) + Vi, i=1,2.
2. Néu Hy; — Hys < |Hya|, trong truong hop nay, véi do chinh xac dén
cac s6 hang c6 do bé cap mot

(2.36)

(Hyy — Hy)?
Fio=— 22 4L |H .
1,2 {| 12| + 8| Hpl
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Chung ta nghién cttu xem hiéu cac gia tri nang lugng xac dinh béi cac
cong thiic (2.33) va hieu Hy; — Hys ¢6 quan hé v6i nhau nhu thé nao. Mudn
vay, dat:

Hyy = Ho +~yx; Hy = Hy—x (2.37)

Trong dé6 ~ 1a mot hé s6 khong ddi, x 1a bién doc lap. Theo dé:

Hyy — Hyo = 2vx va  Hyp + Hy = 2H,.
Tién hanh nhiing phép thay thé tuong ting trong (2.33), két qua thu duge
nhu sau:

E1 = H() + \/’72.172 + |H12|2 (2 38)
E, = H)— \/72$2 + |Hia|?.
R_\HH E /,.-"f
M\"-\, H(?-|H | /_,.‘f
Hzgx‘“h 12 /f//
‘\-\-\H /.——'
\\.\x HD.-'/
.r’f -
/"j MHH X
H,, ,f’/ y e
/’_‘f'f HO_|H12| H\‘\-\,x
,-f’/ r H‘x
E, -
Hirh 2.1

Trén hinh vé 2.1 ¢6 biéu dién cac do thi ctia cac ham trong (2.38)
(duong lien nét) va cac ham (2.37) (duong cham cham) tng v6i mot gia tri
c6 dinh nao do6 clua |Hyz|. Hiéu cac tung do clia cac duong lien nét va cac
duong cham cham gan nhat cho ta hiéu chinh cip hai clia cac gia tri ning
lugng. Dé ¥ rang, hieu chinh cap hai bao gid ciing lam tang khoang cach giita
cac mitc. Vi thé doi khi ngudi ta goi 1a “su ddy cta cdc mic”, duge hiéu la
lam tang khoang cach gitta cac miic gan nhau, xuat hién do c6 xét dén cac
s6 hang bi b6 qua trong Hamiltonian 6 bai todn da don gian hod hon. Trong
hinh 2.1, ta nhan thay rang ngay ca khi hiéu Hy; — Hoy = 0 thi

E, — Fy, = 2|H12| = 2|‘/12|
Bay gio ta tim ham soéng 1) tuong ng véi cac nang luong F; va E,. Mudn
vay, can xac dinh cac he s6 a va b trong cong thiic (2.26). T (2.31), ta c6
a Hyo

b FE— Hy
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Thé cac gia tri cia E bang E; va By dude xac dinh & cac biéu thiic (2.33)
2H
(9> - 12 (2.39)

b/12 - 2]’
(Hi1 — Hypp) S —1+ \/1 + [Hn—llifzz}

cac chi s6 1 v 2 theo thit ty ing v6i dau + va — ding truée dau can. Dat

tg20 = —— 2 (2.40)

cong thic (2.39) ¢6 dang méi

(a) B tg2a
b/12 —14/1+tg%2a
T do rat ra

(%)1 = cotga, (%)2 = —tga. (2.41)

Hé thiic chuan hoa cho ham séng & (2.26) yéu cau
a®+ b =1, (2.42)
hai phuong trinh (2.41) va (2.42) cho ta rit ra
a1 =cosa, b =sinq; as = —sina, by = cosa. (2.43)
Thay cac két qua nay vao cong thiic (2.26), ta thu duge cac ham séng chuan

hoa tuong tng véi cac gia tri nang lugng Ey va Es:

{M = ¢§0> cos o + ¢£0) sin a

2.44
Yy = —@b;O) sin v + ¢£0) Ccos Q. ( )

Theo (2.40) khi bat dang thic Hy; — Hyo > |Hys|, dude nghiem ding
thi tg2a ~ 0, do d6
_ ,(0) N _ ,(0)
Yr=1;7, con =1y,
nghia 1a cac ham méi tring véi cdc ham ban dau. Khi bat dang thic Hy; —
Hyy < |Hys|, duge thod man thi tg2a ~ oo, nghia la o = 7/4, cong thic
(2.44) tré thanh
0 0
v = g (vl + )

v == (v - ).

S
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Tt diéu noi trén, suy ra rang trong s cac gia tri nang luong F1, E», EZ,()O), io),
sé khong c6 cac gia tri gan nhau. Do d6 c¢6 thé dung cac gia tri nay ciing cac
ham tuong ng ctia ching 1)y, s, wéo), %(10)’ ... 1am cac dai lugng gan dang cap
khong khi can tinh cac ham soéng v theo cong thitc (2.24) trong phép tinh
gan dung cap mot va cac hiéu chinh cho nang lugng trong phép gan ding
cap hai theo cong thiic (2.23).

Phuong phap nay ciing c6 thé dung dude khi F; = E», nghia la khi c6
mite suy bién bac hai véi hai ham ¢\% va 9. Tat ca cdc cong thiic nay van
con ding, néu hidu ¥\” 1a \% va ¥ 1 ¢!,

2.2.2 Ly thuyét nhiéu loan ding khi c6 suy bién:

Dé don gidn, ta xét truc tiép truong hgp suy bién boi hai. Cu thé la
mot mic nang lugng E,, cia hé tuong ting v6i hai ham séng 1,1 va 1,2 doc
lap tuyén tinh véi nhau. Ta c6 thé chon sao cho Wn1, Yno truc chuan. Véi n
xac dinh, ta gia thiét

/ ¢;a¢ngd$ = 5@6- (2.45)
1%
Goi H 13 Hamiltonian ctia heé,

H=Hy+V. (2.46)

Ta can tim tri rieng £ va ham riéng ¢ clia H, nghia la phai tim nghiém cua
phuong trinh
Hy = Ev. (2.47)

Do c6 suy bién boi hai nén phuong trinh (2.47) c6 thé viét

Hypl = Bl
Hodly = E2

n2 -

(2.48)

Ta tim E va ¢ véi didu kien trie chuan (2.45). Biéu dién ham v dudi
dang t6 hop tuyén tinh

_ (0) (0)
{@b — Cl¢n1 + 02¢n2 (249)

E =EY+EW.
Thay (2.49) vao (2.47) va van dung (2.46), (2.48), ta dugc

(Bo+7) (Crvld + Couty)) = (B + EV) (ol + o)
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OVl + Vel = L EWY) + ¢ EWY).

Nhan hai vé dang thtc trén véi @bT(LOOB*, voi o = 1,2, roi lay tich phan trén toan
mién gia tri clia x, ta dugc

c / sy et Cy / sV dr = BV / B0 O drt BV / B0 g
Vv Vv Vv Vv

hay
Vi Oy + VioCo = CLEWS 1 + CoEWs 0, a=1,2.

Iwu y rang Vog = [, @DT(LOOB*‘A/@b%d@ ta suy ra

{(VH A (2.50)

VorCh + (Vag — Em) Cy =0.

Hé phuong trinh (2.50) ¢6 nghiém khac khong khi dinh thiic 1ap béi cac he
s6 clia cac an O, Cy bang khong, nghia 1a

Vii — EW Vi

=0
Vau Vg — EW

Khai trién dinh thic sé thu duge mot phuong trinh bac hai theo EWD,
Giai phuong trinh, ta dugc hai nghiém

By = [Vn T Vs £ (Vir + Vaa)” — 4.(Viy Vi — V12V21)]

1
2

1

1
Efz) =z [Vll + Voo £ \/(Vn — ‘/22)2 + 4|V12|2] : (2.51)

Tom lai, d6i véi he khong nhleu loan H = Ho, chi ¢c6 mot mic nang lugng
E'Y cho hai ham song ¢ L va ¢n2 Khi hé ¢6 nhidu loan H = Hy + V, mic
nang lugng ctia hé tach thanh hai mic

(2.52)

Eln — ET(LO) + Efl)
E2n — ET(LO) + Eél)

Xét tI’lI(\ng hdp dac biét khi Vi; = ‘/22, Vio = ‘/21, thi

= Vi + |Vial;  EM = Vi) — [V (2.53)
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Ung voi hai gia tri BV v ESY s6 ¢6 hai cap gid tri cho C; va C.
a)Véi E\Y = Vi1 + Vis, he phuong trinh (2.50) trd thanh

—V12C1 + Vi2Cy =0
Vo€ — Vi2Cy = 0.

Két hop véi diéu kien chuan hoa ham séng, ta suy ra

1
01:CQZE7

nhu vay ham séng tng v6i mic nang lugng E{l) la
L (. <0>>
vm = (Uil + i

b)Véi ESY = Vi; — Via, he phuong trinh (2.50) tré thanh

Vi2Ch1 4+ Vi2Cy =0
Vi2Ch + Vi2Cy = 0.

Trong trucng hgp nay ta tim duge
1

Cy=—Cy=—,
1 2 5

ham séng tuong ing véi miic nang lugng Eél) 1a

o = == (1 — i)

Mitc nang lugng khong con suy bién ntta. Nhu vay nhiéu loan da lam mat
suy bién.

Bay gio ta xét 1y thuyét nhiéu loan khi c6 suy bién bai n > 2. Cu thé
la dat van dé nhu sau: Can tim nghiém ctia phuong trinh

Hiy = Ev (2.54)
trong do6
H=Hy+V; Hy"=E"%" p=12_.n. (2.55)

p
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Mot mic E© tng véi n ham @bg(f)). Gi6i han tim cac hiéu chinh nang lugng
trong phép gan dung cap mot va cdc ham séng trong phép gan ding cap
khong, nghia la

E = EO 4 B0,
b= 3 Cul (2.56)
T p ~pYp -
Thay (2.56) vao (2.54) va van dung (2.55), (2.56), ta viét dugc :
(Ho+ V) S = (B + EO) S G, hay
p p
> eVl = EWY oyl (2.57)
p p

nhan hai vé ctia (2.57) véi 0% 131 14y tich phan trén toan mién gid tri clia
bién z, ta dudc

pz:; c, (vmp - E“)(smp) — 0, (2.58)

cho m = 1,2,...,n, ta thu dugc hé n phuong trinh dang (2.58) véi n an s6
C1, Oy, ...,C,,. Muén cho cac nghiem khong tam thuong thi dinh thitc 1ap béi
cac hé s6 clia cac an d6 phai bang khong

Vii — B Via Vis ... Vin
Vay Voo — BV Vg .. Von =0 (2.59)
Vi |7 Vi . Vo, —FEWD

Khai trién dinh thic (2.59), ta c6 mot phuong trinh bac n cta EV. Phuong
trinh trén goi la phuong trinh thé ky (thuat ngt mugn trong thién vin hoc).
N6 ¢6 n nghiém thuyc. Néu tat ca cac nghiém ctia phuong trinh thé ky déu
khéc nhau thi mitc nang luong E©) boi n ctia bai toan suy bién sé tach thanh
n mic nang lugng khac nhau Eéo),p =1,2,...n

E,=E9+ EV, (2.60)
moi muc F, tng véi mot ham song

U= Oty (2.61)
k
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Trong trudng hop nay suy bién boi n bi mat hoan toan.

Néu mot hay mot sé nghiém ciia phuong trinh thé ky (2.59) 1a nghiém
boi s thi suy bién boi n bi mat mot phan. Cac ham séng ¢, v6i cac nghiém
boi By, k =1,2,..., s, cia phuong trinh (2.59) khong dugc xac dinh don tri
bdi cac phuong trinh. Tuy nhién, bao gio cling c6 thé chon ching sao cho
ching dugce tryc giao v6i nhau. Cac ham séng tng véi cac nghiém khac nhau
ctia phuong trinh (2.59) ciing tryc giao véi nhau. Trong phan nay, ta nhan
thay rang nhiéu loan da lam mat suy bién. Thong thuong khi c6 nhiéu loan,
cic tri rieng clia toan ti Hy sé khong suy bién hodc do boi suy bién gidm
di. Diéu nay c6 lien quan mat thiét dén tinh doéi xing ctia Hamiltonian ddi
v6i mot 16p xac dinh cac phép bién déi toa do ctia hé. Thong thu’éng, nhiéu
loan V khong c6 cung tinh déi xiing vdi Ho, do dé Hamiltonian téng hop
H=-Hy+V sé khong c6 tinh déi xting nhu truée va mic nang lugng clia né
sé¢ khong suy bién. Nhu vay, nhiéu loan da lam méat sy suy bién.

2.3 Hiéu tng Stark trong nguyén t Hydro

Khi nguyén tit duge dat trong mot dién truong thi cac vach quang pho
cua no sé bi tach ra. Hién tugng nay da duge Stark phat hién vao nam 1913.
Hiéu tng Stark chi c6 thé giai thich bang co hoc lugng ti&. Trong phan nay, ta
giéi han khdo sat ¢ hieu ting Stark bac nhat, dac trung cho nguyén tit dong
dang Hydro. Déi v6i cac nguyén tit nay, cac mic ning lugng khong nhiing
suy bién theo m ma con suy bién theo ¢ nita. Chinh sy suy bién theo ¢ da
gay ra hiéu ting Stark bac nhat. Con déi véi cac nguyeén tit khong phai dong
dang Hydro, sut suy bién theo ¢ néi chung khong c6, do d6 khong quan sat
duge hiéu tng Stark bac nhat. Véi mic nang lugng thit nhat (n = 1,¢ = 0)
khong c6 suy bién nén khong c6 sy tach miic, do d6 ta sé xét sy tach muic
nang lugng thit hai cliia nguyén tit Hydro (n = 2).

Do dién truong ngoai £ trong cac thi nghiém vao khodng 10*—10°V/cm,
nhé hon rat nhiéu so véi dien truong gay bdi hat nhan &,, = e/a® =
5.10°V/em, trong dé a 1a ban kinh quy dao Bohr tht nhat, nén ta c6 thé
ding 1y thuyét nhiéu loan dé khao sat hiéu tng Stark. o) day, toan tit nhiéu
loan 13 toan tit thé nang cua dién ti trong dién truong ngoai 1%

V =efz. (2.62)
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0 trang thai khong nhiéu loan, dién tit ¢6 miic nang lugng

RA
o — (2.63)
4
trong d6 R 1a hang s6 Rydberg. Miic nang lugng nay (n = 2) tuong tng vdi
n? = 4, ham soéng

(0) 1
— 00 = Rao(r) Yoy = —— Rao(r), 2.64
o Y200 20(7) Y00 Jin 20(7) ( )
3
@D ¢210 = Rzl( ) = ERzl( )COS (9, (265)
0) _ — )Yip = 3 el
¢3 ¢211 R21 11 = 7TR21 sin fe s (266)
¢£0) = ¢21_1 = R21(7">}/1_1 = \/ 8_7TR21(T> sin Qe_w. (267)
Thay cac bién bang toa do Descartes, cic ham séng c6 dang
U = fAilr) = TERQO( r). (2.68)
3 Roi(r
W = 2pr); folr) = ) (2.60)
Do
rsinfexp(iv) = /2% + yexp(ip) = x + iy;
rsinfexp(—ip) = /22 + y?exp(—ip) = x — iy
nen n
T zy
2.70
T —1
v = hlr)—=" (2.71)

V2 o
(0) 13

Ham séng tong quat nhat tng véi mitc nang luong F,

4
p=> Cuy. (2.72)
k=1
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Trong trudng hop nay, do boi suy bién 1 4 nén dé xac dinh cac hée s6 C) va
cac hiéu chinh bac nhéat EQ1> cho miic nang lugng F» cua trang thai nhiéu
loan, ta ap dung (2.58) dé tim dugc hé 4 phuong trinh sau:

(VM — Eé”) Cy + V1205 +V13Cs +V14Cy —0)
Vo1 Ch+ (‘/22 — Eé”) Cy +Vo3C5 +Vo,4Cy =0
’
Vs1Ch + V320 + (‘@3 — Eé”) Cs +V34CYy =0
VinCy +Vi2Cy +Vi3Cs+ <V44 - Eé”) Cy =0
(2.73)
trong do6
Vij = / PO Vpay = e€ / 2 av. (2.74)
v v

Chi cac phan t1t ma tran Vi = V5 14 khac khong vi ching 1a cac ham
chdn cia ca ba toa do x,y, z

Vis = Va1 — € /V 1) for) 22V, (2.75)

con cac phan ti ma tran V khac déu triét tieu vi biéu thic dudi dau tich
phan ciia ching déu 1a ham 1é déi vé6i ba toa do =,y va z.
Thay vao (2.75) cac ham fi(r), fo(r) lay tu (2.68) va (2.69) véi luu y

rang
Rzo(T> = (1——)6Xp( ),
(2.76)
R21(7") = \/éT( )eXp( )

Ta tinh tich phan (2.75) trong toa do cau véi dV = r?sin Odrdfdy,

o exp (55) 7 55
Vig = o a3/ / / exp (2@) 1 2a> AT sin @dfdrde,
27 2w 47'(' 2
?sin @dOdyp = r* cos? 0 sin dOdyp =
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Dua vao bién méi £ = r/a, ta thu dugc

‘/21 = ‘/12 = ef’—gl OOO exp(—f) (1 — g) £4d£ = —3€(€CL. (277)

Dé cho céac nghiem C, Cy, Cs, Cy khong tam thuong thi dinh thic

EY 3ae€ 00

3ac€ EY 0 0
=0 (2.78)

Khai trién dinh thtec, ta thu duge phuong trinh bac bén cta ES)

2 2
EM (Eg” _ 9a2€2€2> —0. (2.79)
Va tim dudce 4 nghiém ctia phuong trinh (2.79)
EY = —3aeg; EY) =3acg; EY =El =o0. (2.80)
Mbi nghiém tuong ing véi mot bo hoan toan xac dinh cla cac hé sd
Eg) — Cn = Car, Cyi = Cp = 0,\
E%) — Cipg = -0y, C3 = Cp =0, \ (2 81)
Eégll,) — Ciz3 = Cy3=0, C3 #0; Cy3 # 0,
Eéi) — Cuy = Cyuy=0, Oy #0; Cy # 0.}
Nhu vay tng v6i miic nang lugng
By = B\ + BV = B — 3qe€ (2.82)

ta c6 ham séng trong phép gan ding cap khong
Y = 011¢§0> + 021¢£0) = C11 (200 + %210) - (2.83)

Diéu kién chuan hoa ham séng cho

/V YndV =1,
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ta tim dugc Cq; = 1/\/5, vay
1
Y = E (1200 + 210) - (2.84)

Twong tu mitc nang lugng
Fy = BV + B = B + 3ae€ (2.85)

tuong ing v6i ham séng trong phép gan dung cap khong
1
= — — : 2.86
(0 7 (40200 — %210) (2.86)

Cac miic nang lugng Fog = FEoy = Eéo) tuong tng véi trang thai i3 =
Y911 (m =1), hay ¢y = 911 (m = —1), hay to hgp tuyén tinh clia ching
%! 013 = 023 = 014 = 024 = 0. Cbl’l 033, 034, 043 va 044 VE:HI chua xac dlnh

Nhu vay sy suy bién bi khit mot phan, vi mtc nang luong ban dau Eéo)

chi tach thanh ba mitc khac nhau. S6 d6 minh hoa dugc trinh bay & hinh 2.2.

03 {0
E, By

o
Eq

=0 ¢ £0
() Hinh 2.2 (b)

2.4 Nhiéu loan phu thudc thdi gian

Xét mot hé cé nang lugng phu thudc thoi gian. Ta ky hiéu toan tit nhiéu
loan 1a mot ham clia thoi gian V(¢). Hamiltonian ctia he trong trudng hop
nay c6 dang

H = Hy+ V(1) (2.87)

Trong truong hgp nay, nang luong ctia hé khong bao toan, do dé khéng

c6 cac trang thai dung.
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Phuong trinh Schrédinger ctia hé c6 dang

500 t)
ot

= Hy(x,t) + V()(x, t). (2.88)

Ta sé gidi phuong trinh bang phuong phap bién thién hiang sé do Dirac
dua ra nam 1926. Goi

PO (z, 1) = O (z)e +E (2.89)

n

14 cdc ham séng & trang thai diing da biét cia hé khong nhiéu loan. Cac ham
nay thod man phuong trinh khéng nhiéu loan

(0)

o = How (v, 1) = BP0 (. ). (2.90)

n
Gia st ¢c6 mot nhiéu loan nho V(t) tac dung lén he. Ham séng can tim
Y(x,t) ctia hé nhiéu loan thod man phuong trinh (2.88). Dang tong quat ctia

ham song

) =3 Gty (@, 1). (2.91)
k

Vi cac ham séng ¢k (x,t) tao thanh mot hé du cdc ham riéng cla toan ti

hermitic Ho, nén mot khai trién nhu trén bao gio cling thuce hién duge. Cac

he s6 khai trién Cy(¢) chi phu thudc thsi gian va khong phu thuoc toa do.
Thay (2.91) vio (2.88) va chi ¥ dén (2.90), ta c6

. dC ~
TSR e
k
Nhan bén trai hai vé véi ¢£3>*(x, t) roi lay tich phan theo toa do, ta dugc

D S VunC), (2.9
k

Vi (1) = % E§g> E<o> / ¢ (x)dw _ ei”"”’“tvmk(t),

1
i =3 (B9~ B"): vt ‘/w O)dz,  (2.93)
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v6i Ve (t) 12 cac phan tit nhiéu loan bao gom ca thira s6 thoi gian.

Hé phuong trinh (2.92) 1a hé phuong trinh chinh xéc. N6 tuong duong
véi phuong trinh (2.88), vi tap hop cac he s6 Ci(t) xac dinh hoan toan ham
song 1 (x,t). Tuy nhién, gidi phuong trinh (2.92) khong don gian hon giai
phuong trinh xuét phat (2.88). Dé don gian hoa phuong trinh (2.92), ta can
dung tinh chat nhiéu loan V(t) 1a nhé. Gia thiét rang ban dau khi ¢t < 0, hée
4 trang thai riéng @bT(LO), theo do6

C1(0) = 6. (2.94)

Bat dau tit ¢t = 0, hé chiu tac dung ctia mot nhiéu loan nho, do d6 ham séng
) ciia trang thai ban dau phu thudc it vao thai gian. Vi thé, cac he sb Ci(t)
tai thoi diém ¢ > 0 duge tim duéi dang

Cr(t) = 6n + O (1) + CP (1) + ... (2.95)

Hi¢u chinh C,gl)(t) c6 cung cap do bé véi phan tu nhiéu loan V() (hay
Ui (1)), 0,22) (t) 1a bac hai déi v6i phan tit nhiéu loan,.... Thay khai trién
(2.95) vao (2.92), ta tim dugc cac phuong trinh cting bac nhiéu loan:

- Bac nhat
dCi (¢ ~ '
N

khi d6 ta da bd qua tat ca cac so6 hang c6 cap do bé cap hai va cao hon cla
nhiéu loan. Lay tich phan (2.96), ta dugc

1 /[ |
CL(t) = = /O U (1) € dit. (2.97)
- Bac hai: (
dCP (¢ |
ih dt( ) _ vak(wewmtc,g”. (2.98)
k

Giai phuong trinh nay bang cach thé két qua ¢ (2.97) vao vé phéi cla
phuong trinh (2.98), ta thu dugc Cg)(t). Tiép tuc lap lai cho phuong trinh
nhiéu loan bac 3, bac 4,...

Khi nhiéu loan V (¢) ¢ nhé thi ta c6 thé giéi han & phép tinh gan ding
bac nhét.
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2.5 Su chuyén ddi ludng ti ctia hé vi mo sang cac trang
thai méi dudi anh hudng ctia nhiéu loan

Mot trong nhitng bai toAn quan trong nhat ciia co hoc luong tit 1a viec
tinh xac suat chuyén dsi clia hé tit trang théi lugng ti nay sang trang thai
lugng ti khac. Gia sit ¢c6 mot hé & trang thai nang lugng xac dinh ET(LO) va
duge mo t4 béi mot ham séng xac dinh @bT(LO). Néu khi ¢ < 0, heé chiu tac dung
cua mot nhiéu loan V(t), thi tai thoi diem ¢ > 0, hé sé ndm trong mot trang

thai méi mo ta béi ham séng
0
Sl t) = Oty
k

Diéu nay c6 nghia la tai thoi diém ¢ > 0 hé c6 thé ¢ mot trang thai bat ky
nao do6 trong s6 cac trang thai dimg kha di ctia né. Theo cac quy luat tong
quat ciia co hoc lugng tit, xac suat tim thay hé trong trang thai luong ti m
dugce xac dinh bang |C),|?. Vi tai t = 0 hé 6 trang thai dimg n nen |C),(¢)|?
xac dinh xac suat chuyén doi ctia hé tit trang théai n sang trang thai m trong
khodng thoi gian ¢, Wy (t) = [Crn(t)2 = |Crn(t)[2. O day chi s6 thi hai ky
hiéu trang thai dau.

Nhu vay nhiéu loan & nguyén nhan gay ra sy doi chuyén ctia hé tit mot
trang thai lugng tt nay sang mot trang thai khac. Nét dac trung cua qua
trinh nay khong c6 su tuong tu trong vat 1y co dien. D6 1a nhiéu loan da gay
ra su doi chuyén tit mot trang thai ding v6i nang luong xac dinh sang mot
trang thai mdi, trong d6 nang lugng khong c6 gia tri xac dinh. Trang thai
cudi ctia heé duge mo ta béi ham séng ¢ (x,t) va la mot trang thai xac dinh
(theo dinh nghia ctia co hoc lugng t11).

Su doi chuyén nay khong dude thuc hien bang buéc nhay ma dién ra
theo thoi gian. Tt (2.97), ta dé dang tinh dugc xac suat doi chuyén clia he
ti trang thai ding @bﬁlo)(w) sang trang thai dung ¢£3>(x), (m # n) trong
khoang thoi gian tit 0 — ¢ ¢6 nhiéu loan tac dong trong gan ding bac nhat

1 2

W () = [CEMO =

¢
/ Uy ()€t (2.99)
0

Luu ¥ rang (2.99) chi ding khi v,,,(¢),t di nhé dé hiéu chinh C) nhd so véi
don vi.
a) Ta xét truong hgp dac biét khi nhiéu loan khong phu thudc thoi
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gian, nghia 1a V(¢) = V(0), theo d6 vy, () = Upn(0), nén

1 1 t ok (B —E ) _
1 — Wt — _
CL(t) = Z,hvmn(O)/O e'“mntdt Unn (0) PONE0 (2.100)
sin? [%} (Eﬁg) — ET(LO)H
Wi () = |COL ()7 = 4[vn (0)] (2.101)

2
(88 - )

Néu tim xac suat chuyén tit trang thai ban dau n dén tat ca cac trang thai
khéc thi ta lay tong moi gia tri cia m
sin® [%} (Eﬁg) — ET(LO)H

Wy (t) = Zwmn(t> = Z |Cy(nlf)z(t>|2 = 42 [0 (0)]? 2

(88 - B

(2.102)
Néu céc trang thai cudi c6 pho lien tuc thi dau tong thay bang dau tich phan
theo bién vi phan p (Eﬁ?) dEfq?)

s sin? [% (Eﬁ? — ET(LO)H
D) P (E

33
N—

S

©
—~
o
—_
]
w
~—

wlt) = A O)F
~  (BY-E)

trong do p (Ef?) la ham mat do trang thai trong khoang nang lugng Eﬁ? —
EY 1+ dEY. Khi tinh tich phan, ta xem [vym(0)[? va p (Eéi”) khong déi va

dung cong thic
> sin?(ax
/ #dx = TQ
o T
thi sé thu dude xac suat chuyen doi tit trang thai n dén tat ca cac trang thai
khac

27t
wi(t) = %lvmn(O)Pp (E;?) . (2.104)
b) Mot truong hgp quan trong khac 1a nhiéu loan tuan hoan don sic:
V(t) = Vg exp(—iwt). (2.105)

Xac suat chuyen doi lugng ti c6 dang

sin? [% (Eﬁg) — ET(LO) — hw)}

2 Y
(B - B — )

Winn(t) = |Ciia (D) = 4[v3a (0 (2.106)
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khi
hw = EY — EO) (2.107)

m n
thi x4c suat co6 gia tri cyc dai. R6 rang néu ning luong hw clia nang luong
kich thich bing hisu hai mitc nang luong B — B thi x4c sudt chuyén doi
ti trang thai n dén trang thai m cta hé luong tit c¢6 gia tri cyc dai. D6 1a
tinh chat cong hudng cua sy kich thich bing btic xa. Viéc khao sat ham

sin?[£(EY — BV — hw)]

(B0 1) = 2
2h m n
cho ta diéu kién
AEY ~ h
m t

Luu ¥ réng tu yéu cau do bat dinh ning luong ciia trang thai cudi
AE}S) phéi nho so véi nang luong Aw clia truong kich thich, ta rat ra bat
déng thic

1 h
t>—, (AE;?.At > —) (2.108)
w 2
nghia la AEq(q?) < hw néu thoi gian tac dong ctia nhiéu loan 16n so véi chu
ky ctia nhiéu loan.
Khi ¢ — oo thi dya vao cong thiic

% = 9(&) : ham delta Dirac,
mE4l

Vi € = (Eéi” - hw)/(2h) va luu ¥ tinh chat 6(az) = §(x)/a, ta suy ra
2
Wi (1) = % [Un (0)] £ (qu9> _EO _ m) . (2.109)
Nhu vay khi xét trong mot thoi gian dai thi chi c6 chuyén dsi luong ti
néu doéi so6 ctia ham delta Dirac bing khong, titc 1a nang luong biic xa kich
thich hw dung bang hiéu hai mic nang lugng.

lz’mt_m

2.6 Nguyén tu Héli

Nguyén tit Heli gom hat nhan duong mang dién tich +2e va hai dién tit
chuyén dong xung quanh hat nhan. Chon hé quy chiéu c6 gbc toa do & hat
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nhan Heli, do d6 hat nhan ding yén trong hé quy chiéu nay. Ta viét dugc
Hamiltonian ctia hé hai dién tit dudi dang

h? h? 2e2  2e?  ¢?
Vi —Vi- -4 —|yY=E 2.110
trong do 7, r9 theo thit tur la khoang cach gitta hat nhan Heéli v6i hai dién ti
va 1o 1a khodng cach gitta hai dién tit. Hai s6 hang thi ba, thit tu mo ta thé
nang tuong tac gita

2e
Hinhk 2.3

hai dién tit v6i hat nhan, s6 hang cudi cing mo6 ta nang luong tuong tac
Coulomb giita hai dién t&. Trong biéu thitc cia Hamiltonian néu trén, ta da
bd qua mot s6 hiéu ting gay bdi momen tif spin vA momen tit quy dao cla
dién t1,.... Do d6 nghiém ciia phuong trinh (2.110) can duge tim dudi dang
tich clia cac ham toa do ¢ (71, 75) va ham spino x (o1, 02)

Y =@ (r,73) X (01,02) . (2.111)

Dé thu dugc cac ham séng va nang luong clia trang thai co ban cta Heli
trong phép gan dung tam goi 1a thoa dang, ta dung phuong phap nhiéu loan.
Khi d6 tuong tac gitta hai dién tit €/r15 trong (2.110) duge xem nhu mot
nhiéu loan. Theo do, trong phép gan dung cap khong, phuong trinh (2.110)
c6 dang

2 2 2 2
(_h_v% _ h_v% _ 2i _ 2i) ¢(0) _ E(0)¢(0)’ (2.112)

Bang phuong phap phan ly bién sé v6i sy bo qua tuong tac gitta hai dién ti
nhu trén, ta viét lai Hamiltonian ctia hé
2¢? - h? 2¢?

h2
Vi-"— Hy=-——V5——. (2.113)

F[:ﬁ1+ﬁ2, ﬁlz—— —
2m r1 2m ro
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Goi 1 (1) , g2 (T2) theo thit tur 1a ham song ciia chi dién tit 1, 2. Ta viét dugc

Y1 (771) - go(n,ﬁ, m, 32)1; ¥2 (772) - 90(”767 m, 32)2 (2'114)

[:11901 (71) = Erp1 (1) ; FIQSOQ (75) = Faps (T5) . (2.115)
Ham ) va nang lugng F clia hé gom ca hai hat trong truong hat nhan sé 1a

¢ = Y1 (771) ©2 (772) - @(nﬂg?m) Sz)1§0(n,)€,m, 32)2; E = El + E2-

Thuc vay

A~

Hy = <ﬁ1+ﬁ2>901( 1) @2 (T5)
= Ff1901 (71) 2 (72)
= E1p1 (1) 2 (72) + Eapr (71) 2 (72)
= (B + E) o1 (71) w2 (72), 10 rang
Hy =  EW.

Ta c6 thé ky hiéu tap hop cac s6 lugng ti (n,¢,m,s.); = n;, do do
©i(T5) = ©n, (%), ... Tong quat, trang thai clia ci hé c6 toa do khong gian 1a
T, T, ... 56 1a chong chat cac trang thai trén

(71, 7) = Y Cng,n2)n, (71) @, (7). (2.116)

ni,n2

—

+ ﬁz@l( 1) @2 (72)

la dang tong quat ctia ham soéng clia hé tai mot toa do khong gian xac dinh.
Bay gio néu coi tuong tac V = e?/ryy gitta hai dién tit véi nhau 1a nhiéu

loan thi
2

H=H+H+—=H+V. (2.117)
712

Khi V =0, nang lugng cua hé la Ey va ¢y la ham song tuong ting khi khong
¢6 nhiéu loan.

Trong phép gan ding cAp mot clia nhiéu loan, mic ning luong & trang
thai co ban duge cho béi cong thic

E=FEy+EY =E, + E,, + EW. (2.118)

E,, E,, 1a cac mtc nang lugng cia dién tit 1 va dién ti 2 lan lugt & trang
thai ¢, va v, dugc xac dinh bdi

O =l = o, (7)o (), (2.119)
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O = i = 0, (7)o (7). (2.120)

Nhu vay theo nguyén 1y khong phan biét cac hat dong nhat | ¢§0> va, ¢£0) deu
thoa man cac phuong trinh

A" = E\":  Hyyy) = B
Day la trudng hop suy bién cAp hai. Khi ¢6 todn i nhidu loan V # 0, ta c6:
Hy=FEy, H=Hy+V. (2.121)

Ta sé tim ham séng ¢ trong phép gan dung cap khong va miic nang lugng
trong phép gan ding cap mot. Ta viét ducc

=Y Cw =’ + oy, E=E +EW. (2.122)
k

Vé6i luu y
2
Vy=Vii= [ e velaviav = [ [ o0 avav,
12
theo do:
Viin=Vag; Vig = Voy = V5 = V5. (2.123)
ta tim £ bing cach cho dinh thitc sau bing khong

Vii — EW Vi
= 0. (2.124)
Vau Vg — EW

Van dung két qua (2.123), ta suy ra hai nghiém
B =Vii+ Vi, B =V - W

Cudi cuing, suy ra nang luong he

Ey = Ey+Vii+ Vi
(2.125)
Ey = Ey+ Vi — Vi

véi By = E, + E,,. Dat

Vii=Ve=K; V=V =A, la céc dai lugng thuye. (2.126)
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€1,2 — ELQ — EO =K+ A, (2127)
v6i E = Ey+ EW, theo (2.50) ta c6 hé phuong trinh
(BEo+Vii—E)Ci+VieCy =0

(2.128)
Vi2C1 + (B + Voo — E) Cy = 0.
T do6 suy ra
(K—E)Cl+ACQ =0
(2.129)
(K—E)Cg-l-ACl =0.
Thay e = K + A, ta thu duge C; = Cy = 1/\/5
Thay e = K — A, ta thu dugec C; = —Cs = 1/\/§
Suy ra ham séng déi xing
2 oay_ A (00 _
Vs (11,75) = vy ), Es=FE,+E,+ K+ A, (2.130)
V2
ham séng phan xtng
1
a1, 7) = @50) - ¢§0>> . E,=E,+E,+K—A  (2131)

Phuong phap nay khong cho do chinh xac cao, so v6i thyc nghiém thi
vao khoang 20%. Ta sé xét bai toan nay theo phuong phap khéac c¢6 do chinh
xac cao hon, do la phuong phap trudsng tu hgp Hartree-Fok.

2.7 Phuong phap truong tuv hop Hartree-Fok

2.7.1 Nguyén ly bién phan

Phuong trinh Schrédinger dudi dang tong quat f]@b = E ¢6 thé thu
dugc tit nguyeén 1y bién phan

5/¢* (H - E) Wwdg = 0. (2.132)
Thuc vay, tri trung binh ctia nang lugng 6 trang thai dung ¢ 1a

E = / W* Hipdg (2.133)
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V6i diéu kién chuan hoa cho ham ¢ 1a [¢*dg = 1, ta can tim cac
ham ¢ sao cho E dat cuc tri. E 1a mot dai lugng phu thudce vao ¢ va duge
goi 1a phiém ham. Ta tim cyc tri ciia phiém ham nay. Day 1a mot bai toan
bién phan cé diéu kien. Mudn vay, ta dung phuong phap thita s6 bat dinh
Lagrange. Noi dung phuong phap nay sau: Gia st can tim cic tri clia phiém
ham f = f(x1,x9,...,x,) v6i dicu kien @;(z1, 22, ...,2,) =0, ¢ =1,2,....,n.
Lagrange dua bai toan tim cyc tri f c¢6 diéu kién vé bai toan tim cyc tri
khong c6 diéu kien ctia ham F' = f + >, \jp;, trong d6 \; duge goi la cac
thita s6 bat dinh Lagrange. Ta tim cyc tri clia cac ham F v6i bién x. Khi d6
cac diem ma F dat cuec tri ciing 1a nhitng diém ma f dat cuc tri v6i diéu kien
nao do.

Ham F dat cuc tri khi bién phan ctia n6 6F = 0.

Chuyén bai toan (2.132) vé bai toan ciec tri clia F

F = /¢*ﬁ1¢dq —E (/ VHhdg — 1) . (2.134)

Trong d6 s6 hang thtt nhat va thit hai déng vai tro cia f va >, Ay,
con F 1a thira s6 bat dinh Lagrange. Phép tinh bién phan cho ta

OF = 6/¢*ﬁ¢dq - (5E/¢*¢dq — 5/¢* (H - E) Wwdg =0.  (2.135)
Lay bién phan v va ¢* doc lap véi nhau, ta dugc

/ S (H . E) bdg =0, (2.136)

/ " (H - E) Sydg = 0 = / 50 (H - E) W*dg, (2.137)
(2.137) v6i 67 1ay tuy ¥ 1a khéac khong, suy ra
(ﬁf _ E) Wt =0: hay Ho* = Eu*, (2.138)
(2.136) véi 6* lay tuy ¥, nén suy ra
(ﬁf _ E) b =0: hay Hi = Ey, (2.139)

Toém lai, bai todn bién phan (2.135) khong c6 diéu kién tuong tng véi
bai toan bién phan cé diéu kien

B} / W Hipdg = 0, (2.140)
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/¢*¢dq =1. (2.141)

Gia tri cyc tiéu clia (2.140) v6i didu kien (2.141) 13 gia tri dau tién ctia nang
luong, tiic 14 mic ning luong co ban E. Ta sé chiing minh phiém ham

I(3)) = /@Dgﬁ%dq = Ey

la tri rieng cuc tiéu cla H. Thuc vay, khai trién ¢ theo hé ham riéng du va
tryc chuan {1, } ctia H:
(0. 9]
¥ =D antn
n=0

va dung diéu kien (2.141), ta thu dugc

/¢*Pf¢dq = |an’Ey > Ey Y _|an* = Eg = min{E, } (2.142)
n=0

n=0

Nhu vay, viéc tinh nang luong Ej trong trang thai co ban quy vé viéc
tinh cuc tiéu ctia phiém ham. Ham song 1 thyc hién viéc tinh cuc tidu doé 1a
ham séng 1)y 6 trang thai co ban.. Tt dicu kién cyc tiéu (2.140), ta xét tiép
cac dai lugng ¥y, Eq, Y9, Es, .... Cac ham séng cla cac trang thai dung kich
thich 1, tiép sau khong nhitng chi thod man dicu kién chuan hoa mé con
phéi thod man diéu kién tryc giao

/ Y Ypdq = 0. (2.143)

Cac ham 1, nay thuc hién cac cuc tri, cht khong phai cuc tiéu. Ta cu thé
hoa dieu kien (2.143):

Ham ; budc phai truc giao véi vy,

Ham vy budc phai tryc giao véi ¢g, ¢

Ham 3 budc phai truc giao véi g, Y1, ,

Ham v,, budc phai triyce giao v6i vy, 1, ..., V1.

Nhu vay biét duge cac ham g, 1, ..., 9,1 ta tim tiép cac trang thai
1 tiép theo sau va buoc ching phai thod man

/ Y)*dg = 1, /Wbmdq =0, m=0,1,2,...,n—1.
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Thuyc té viéc tinh Ey quy vé viéc tim ciac ham 1, dude goi 1a cdc ham thi.
Cac phuong an cu thé trong phuong phap bién phan nay khac nhau & cach
chon cac ham thit. Thong thuong ngusi ta chon ham thi phu thudc vao cac
thong s6 «, 3, .... Tim cic tiéu clia phiém ham J(a, 3, ...)

J(o, B,...) = /¢*(q,a,ﬁ,...)f[@b(q,a,ﬂ,...)dq.

Dé tim a, 3, ta tinh
9J 0J
oo 0B
va thu dugce ag, By, .... Ta tim duge ham thit F = J(ag, By, ...) Tat gan Fy va
ham séngiy(q, ag, Bo, ...) Tat gan véi ¢y. Ta tiép tuc tim Ey, v, Fy, 1y khi da
biét Ey, 1y

=0

E = mz'n/wff]wldq,

véi didu kien [ [¢q]2dg =1, [ ipodg = 0.

Es = mz'n/w;f]wgdq,

vii dicu kien [ |¢o|?dg =1, [ 3rdg = [ibedg = 0.
Dé cu the, ta xét thi du sau:
Duing phuong phép bién phan dé tim tri riéng va ham riéng ctia toan
ti H ctia dao dong diéu hoad mot chiéu
A h? d? mw?
H=- 2
2m dx? + g

ta tim ham thu. Trude hét ¢6 nhan xét 1a ham thi phai thod man cac diéu
kién chuan, trong dé cé diéu kien ¢ — 0 khi  — Fo0.

Ham song ctia trang thai co ban khong c6 mit (xem phan dao dong
dicu hod) c6 dang

Y(x,a) = Aexp (—%O&$2)

Diéu kien [ [¢|’dg = 1 cho ta A = (a/m)Y4, vay

mei/wﬁwmzi(§?+m&).

«
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oJ(a) _ mw
Do =0=—= ay = 7

Trong trang théi co ban Ey = J(ap) = (hw)/2 va ham song

2

/
@Do = @D(Q?,O&o) = (%)1 4eXp (_m(;;$ ) .

Tim tiép E, ;. Ham 1; phai tric giao véi 1. Chon

1
U1(z, 8) = Bz exp (—§5$2) ’
trong d6 B? = (2//7)%/?, do diéu kién chuan hoa [ |¢1]%dx = 1. Con

J(8) = / ¢ Hda,

v6i dieu kién cuc tieu

0J () mw

Cudi cuing ta thu dugc
3
By = J(fh) = Sho,

2 \? mw 3/4 mw?
w=(7) () e ()

2.7.2 Phuong phap trudng tu hop Hartree-Fok

a) Phuong phap trudng tu hgp Hartree:

Dé nghién citu hé nhiéu dién ti, ngudi ta dung rong rai phuong phdp
truong tu hop. Noi dung phuong phap nay nhu sau: Trong phép gan ding cap
khong, tat ca cac dien t duge coi nhu chuyén dong doc lap véi nhau trong
truong hat nhan. Dya vao cac ham séng trong phép gan dung cap khong, ta
tim dugc mat do dién tich va truong tinh dién trung binh gay ra bdi tat ca
cac dién tu.

Trong phép gan ding tiép theo, mdi dién t& dugc coi nhu chuyén dong
trong truong hat nhan va truong gay bdi cac dién ti con lai. Nghiém cua
phuong trinh Schrodinger trong trudng nay cho ta ham séng trong phép gan
dtng cap mot.
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Dé thu dugc phuong trinh Schrédinger trong trusng tu hop, ngudi ta
diing phuong phap bién phan. Dé cu thé, ta xét nguyen ti Heli va gid thiét
rang moi dién tit déu 6 trang thai s. Ta cling khong yéu cau phai déi xing
ho& hé ham séng clia hé cac dien ti. Trong phép gan ding cap khong, cd hai
dién ti dugec mo td bang cac ham séng thuc 11(71) va ¥y(T3), con ham séng
cua nguyén tu co dang

Y = P1(71)Ya(72). (2.144)
Trong phép gan ding (2.144), ta lay bién phan cac ham ; va ¢y doc lap vdi
nhau. Phép tinh cho

S v | (H = B) prndVs| avi =0,

(2.145)
I 0ty {f (U (ﬁ - E) ¢1¢2dv1} dvo = 0.
Do tinh tuy ¥ ctia cac bién phan, ta suy ra
S s (B = B) vrgpd?y =0,
(2.146)

¥ (ﬁ — E) Y1adVy = 0.

Thay H tir (2.110), ta di t6i cac phuong trinh sau, goi 13 phuong trink
tw hop Hartree

V- ([uBsdn) | v = B,
(2.147)

[_%vg 2 <f¢%;12d%>]¢2 = Eat,

o dﬁy ta ky hléu E1 =F— HQQ,EQ =F — H11 va
2 2
HZZ /¢Z (__v2 - ) Q,bld‘/;, 1= 1727
T

7

trong d6 E 1a nang luong toan phan ctia hé hai dién tit trong truong hat
nhan, Fy, F5> la nang lugng ctua cac dién tit riéng 1é.

Cac phuong trinh (2.147) ching t6 trong thé ning ctia mdi dien tit co
xuat hién cac sd hang bo sung

p2(72)
/ 5 dez / dVa, (2.148)

12
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p1(r1)
/ i mdvl / dvi, (2.149)

12

trong d6 p; = e|y);|?
diém c6 toa do 7.

Nang lugng toan phan ctia hé bang

;1 = 1,2 la mat do dién tich gay ra bdi mot dién tit tai

_ / SHGAV,
h2 2¢2  2¢2 2
/ bian (——VQ gy —) YrndVidVs

m 1 T9 12

E=FE +E,—G. (2.150)

Trong do6
Goe [0, - /@dvldv2 (2.151)
12 12

la nang lugng tuong tac tinh dién gitta cac dien tit. Tu (2.147), ta nhan thay
trong bieu thic cta Ey, By déu c6 mit nang lugng tuong tac gitta cac dién
tt, do d6 trong tong E; + E», nang lugng nay dugc tinh dén hai lan. Nhu
vay nang luong F ctia hé phéi la B, + F» — G. Néu hée gom N dién ti, bang
lap luan tuong tuy, ta thu duge phuong trinh tu hgp Hartree cho dién ti thit
¢ trong trang thai lugng ti n,:

R n
[——v2+U +Zez/ek||¢k| A

Un, = En,n, . (2.152)
r; — k;l

a) Phuong phap trudng tuv hgp Hartree-Fok

Phuong phap truong tir hop c6 xét dén sy déi xiing hay phan xing clia
ham séng dudc goi la phuong phap truong tu hop Hartree-Fok. Trong truong
hop don gidn nhat ctia hé hai dien tit, tat ca phép tinh trén déu duge chuyén
dé dang cho ham séng da doi xiing hoa

1

Vs(1,2) = 7 [1(1)02(2) + (1)1 (2)], (2.153)
1

Va(1,2) = 7 [11(1)1P2(2) — Yo (1)11(2)] . (2.154)

Trong phép gan ding cap khong, ¢ trang thai co ban clia nguyén ti
Heli, hai dién tt & trang thai dong dang Hydro 1s. Trang thai nay dugc ky
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hieu ngan gon dudi dang (1s)2. Trong (... ) ¢6 néu trang thai dién ti, con s6
mil néu s céc dién tit & trong trang thai d6. Mot su biéu dién nhu thé duge
goi 1a cau hinh dién ti. Trang thai kich thich thi nhat clia nguyéen ti Heli sé
tuong tng véi cAu hinh (1s)!(2s)!. Cac ham séng 14(1,2) va 1,(1,2) thuoc
ve so do Young [2] va [1,1]. Ham séng toan phan (tich cia ham toa do va
ham spino) phai 14 phan xing, do d6 ham toa do doéi xing 15 phai ting vdi
trang thai c¢6 cac spin do6i song (spin toan phan bang khong), dé 1a cac para
trang thai; con ham séng toa do phan xing v, ing véi trang thai spin c6 cac
spin song song (spin toan phan bang 1), do d6 1a cac ortho trang thdi.

Trong phép gan ding cap khong, cac para va ortho trang thai véi cau
hinh (1s)!(2s)! ¢6 cting nang lugng. Tuy nhién, néu xét dén tuong tac gitta
cac dién t11, thi nang lugng ctia cac trang thai nay sé khac nhau: nang lugng
clia para trang thai 1,4, hoi 16n hon nang lugng ctia ortho trang thai ¥,
C6 thé thay duge diéu dé tit nhitng nhan dinh dinh tinh don gian: T dang
Upara(1,2) VA Yorn(1,2), suy ra rang khi hai dién tit ¢6 toa do trung nhau
thi ham 1, (1,2) = 0 con ham ,,,4(1,2) cuc dai. Nhu vay trong trang thai
Yortn(1,2), cac dién tit thuong 6 xa nhau hon so véi khi ching & trong trang
thai ¥pea(1,2). Do d6 nang lugng day Coulomb trung binh ctia cdc dién ti
trong trang thai ¢, (1,2) bé hon nang lugng & trong trang théi ¥,4-q(1,2).
Thé thi sy khac nhau vé nang lugng clia cac trang thai para va ortho cla
cau hinh (1s)(2s)! 14 hé qua ctia sy tuong giao trong chuyén dong clia cac
dien t, xuat hién tir cac diéu kién vé tinh déi xiing clia ciAc ham séng doi
v6i sy hoan vi cac toa do khong gian. Néu khong xét dén tinh doéi xing cua
cac ham song, thi khong c6 su khac biét nang lugng nhu trén.

Chon ham 1), (c6 spin toan phan S=1) lam ham thi sao cho ham nay
14 gan dung t6t nhat v6i ham thyc. Dung nguyeén 1y bién phan, ta xét

min / W HYAV Vol / YrpdV = 1.

5//¢* (FI—E)@deldVQ:O,
//(w* (H—E) bdVidVy = 0,

Thay ¢ = v, va H bing biéu thic trong (2.110) rdi lay bién phan doc lap

Bai toan rat ve
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011, 019, ta thu duge hai phuong trinh

h? 2¢?
(——V2 E — . + Hy + Gzz) Y1 (7) — [Ha1 + Gia) o (7) = 0, (2.155)

2m

2m

h? 2¢?
(——V2 E— - + Hyp + G11) Pa(7) — [Hiz + Gra] 1 (7) = 0, (2.156)

s

VOl

2
) = / T ATACARSIA

Hy, = /% (——V2 — 2i) YrdV.

cac phuong trinh (2.155), (2.156) thu dugc bang phuong phéap truong tu hop
Hartree-Fok. So sanh chung v6i cac phuong trinh ty hgp Hartree (2.147), ta
nhan thiy trong cac phuong trinh Hartree-Fok c¢6 thém céac tich phan trao
doi, 1a cac tich phan dang Gj;. Phuong phap truong tu hop dude ting dung
rong rai dé tinh ham riéng vd nang lugng clia cac nguyén ti phiic tap va
cho két qué rat phu hgp véi thyc nghiém. Tuy nhién, viéc giai phuong trinh
Hartree-Fok phai dung phuong phéap tinh s6 va stt dung may tinh.



o7

Chuong 3

Ly thuyét tan xa lugng t

Su tan xa 13 sy va cham clia cac hat. Day 14 mot qué trinh rat co ban
trong vat 1y vi mo. o) day va cham dudc hiéu la tuong tac trong qua trinh
dich chuyén déi véi nhau. O trang thai ban dau hai hat tit khoang cach rat
xa tién lai gan nhau, trong qua trinh dy tuong tac lam thay doi trang thai
chuyén dong clia ching. Sau qué trinh, hai hat lai chuyén dong roi xa nhau
ra cho téi lic tuong tac gitta ching trd thanh khong dang ké. Ta goi trang
thai nay 1a trang thai cudi cliing clia qua trinh tan xa. Néu cic hat & trang
thai cudi cting chi khéc vé6i trang thai dau vé xung lugng ma khong c6 thay
doi vé loai hat cling nhu trang thai bén trong thi tan xa goi 1a tdn za dan
hoi. Néu c6 su thay doi vé loai hat hoidic vé trang thai bén trong thi tan xa
duoc goi 1a tdan za khong dan hoi.

Thong thuong, dé thuan tien, thay cho dién bién ctia qua trinh tan xa
theo thoi gian, ngudi ta xét bai toan ding tuong duong véi gid thiét cho rang
c6 mot dong lien tuc cic hat bay tit vo cuc dén tuong tic véi tam tan xa,
sau d6 bién thanh mot dong cac hat tan xa tit tam bay ra moi phia. Mat do
trong dong phai di nhd dé c6 thé bd qua tuong tac giita cac hat tdi. Trong
bai toan tan xa ding, néu biét duge truong lyc tan xa, ta sé tinh dugc dong
cac hat tan xa (tai khoang cach vo cuing so v6i tam tan xa) nhu la ham cta
dong cac hat tdi.

3.1 Bién do tan xa va tiét dién tan xa

3.1.1 Tiét dién tan xa

Su tan xa duge dic trung bang tiét dien tan xa vi phan do (0, ¢)

do(6,¢) = WWTW, (3.1)



Co hoc Iigng tit nang cao Ch.3: Ly thuyét tan xa lugng tit 58

trong d6 dNy,(0, ¢) 1a s6 cac hat tan xa trong mot don vi thai gian trong goc
khoi d2(6, @) 1ay theo phuong (0, ¢); j; 1a mat do dong cac hat t6i. Ta chon
truc z theo phuong chuyén dong ctia cac hat t6i (hinh 3.1).

Goi Ji (1,0, ¢) 1a mat do dong cac hat tan xa tai cac khoang cach r 16n
so vO1 tam tan xa, ta co:

dNﬁx(87 @) - jtx(h 97 gO)dS,

trong dé dS 1a dien tich vi cap vuong goc v6i ban kinh vecto vach tit tam tan
xa dudi cac goc (6, ). Do 16n cia dS va phan ti goc khoi tuong ting dS2 ¢
moi lién hé

dsS = r*dQ. (3.2)
Do d6, tiét dién tan xa vi phan duge xac dinh bang cong thic
do = 27 qg = 7,200, (3.3)
Jt Jt
;
6?5\
.-"H_,.':_:'J o
S
. -r_l__’_',
S6ng tin xa {e:f;_»,
Mo
_— Fxx‘ gj’ﬂ
E— o
_— -
% .
_— -
—= e 1 Tw
Séng tdi ¥
Hinh 3.1

Trong co hoc lugng t1, j va j; theo thit tu duge goi la mat do dong
xAc suat tan xa va mat do dong xac suat tdi.
Tw (3.3), ta thu duge dai lugng

1 s
o= ]{th(r 0,)dS, = — (3.4)

Jt Jt

dudc goi 1a tiét dién tdn za hiéu dung toan phan. Trong d6, ds, = r2dS) 1a do
16n ctia phan ti dién tich vi cap tai khoang cach r so véi tam tan xa tng véi
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géc khéi dQ; @y, = fjmdSr la dong hat tan xa qua mot mat kin bao quanh
tam tan xa, mat lay tich phan dugce gia thiét & cach tam tén xa, do d6 c6 thé
coi tai mdi diém ctia mat nay, cac hat tan xa bay theo phuong xuyén tam.

Theo (3.4), tiét dién tan xa hiéu dung toan phan la ty s gitta xac suat
tan xa toan phan ctia hat (trong mot don vi thoi gian) va mat do dong xac
suat trong chiim hat tdi.

Khi tuong tac gitta cac hat chi phu thudc vao khoang cach gitta ching,
thi bai toan vé chuyen dong ctia hai hat c6 thé quy vé hai bai toan chuyén
dong mot hat: Mot bai toan xét Chuyén dong ctia mot hat véi khéi luong rit
gon m* = myms/(my + my) ddi véi tam quéan tinh. Con bai toan thit hai xét
chuyén dong tit do clia tam quan tinh. Nghiém ctia bai toan thit nhat cho ta
gbc tan xa f trong hé tam quan tinh. Viéc chuyén tit hé tam quéan tinh sang
hé phong thi nghiem dugc thyc hién bang cic cong thiic

me sin 6 T —0

Oy =

my + mocos 6’ 2

tg(gl = ) (35)
trong do 61 14 géc tan xa clia hat thi nhat, 6, 14 géc giat lui ctia hat thit hai
dugce xac dinh trong hé phong thi nghiém, con 6 1& goc léch ctia hat thi nhat
trong hé tam quan tinh. Trong chuong nay, ta chi khao sat sy tan xa trong
hé tam quan tinh ctia cac hat va cham.

3.1.2 Bién do tan xa

Chung ta xét bai toan tan xa diung cta hat tan xa tai tam cua truong
Irc. Chon tam tan xa c6 dinh tai gbc toa do. Truc z huéng theo phuong clia
cac dong hat tai.

O xa tam I, hat t6i chuyén dong tu do, do dé ning lugng clia hat
bao giv ciing duong, c6 phd lien tuc do khong bi luong tt hod, ham séng clia
hat c¢6 dang séng phang

Yy = e'*?. (3.6)

Tuong tac ctia hat véi tam luc c6 thé duge mo ta bang ham thé U(r),
gia thiét rang ham nay chi khac khong trong mot mién khong gian hitu han
c6 r < a, ma ta goi Ia mién tdc dung lwe. Trong mién nay, hat bi tan xa, do
d6 ham séng clia hat thay doi.

Tuy nhién, sau d6 hat tan xa lai bay ra xa khéi tam luc, né lai chuyén
dong tu do. Vi dong hat tan xa bao gio ciing ¢6 phuong di qua tam tan xa,
nén chuyén dong ctia hat tan xa phai dugc mo ta bang mot séng cau phan
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ky
eikjr

@bm = A(ea 90) r (37)
trong do6 r,0, ¢ 1a cac toa do cau; A(0,p) duge goi 1a bién do tan za, noi
chung phu thuoc vao géc 0, ¢. Trong tan xa dan hoi, k c6 gia tri nhu nhau
trong cac biéu thic (3.6) va (3.7).

3.1.3 Tan xa dan héi cta cac hat khéng cé spin

0 trong mién tac dung clia lc chuyén dong (r < a), hat tan xa tuan
theo phuong trinh

— 3=V + D) = B (33)

trong d6 my 13 khéi Iuong ciia hat tan xa. Chia hai vé (3.8) cho h?/(2mg) va
chuyén vé s6 hang thit nhat bén phai ctia phuong trinh, dit
2m0E . ]52

2
V=T TR

(3.9)
ta suy ra dang mdi cua (3.8)

(V2 + 1)y (v*)— U (7)ib (7). (3.10)

Nghiém ctia phuong trinh (3.10) tai cac khoéng cach xa so v6i tam tan xa
(r > a = U(F) = 0), bang tong cac ham v va 1y,

ezk;r

= e+ A0, 0)—

(3.11)

Trong bicu thitc (3.11), s6 hang thit nhat bén phai duge viét trong toa do
Descartes, mo ta chuyen dong ctia hat t6i; con sé hang thi hai dudc viét
trong hé toa do cau mo ta chuyén dong clia cac hat tan xa.

Mat do dong ciia cac hat t6i

h
Jt = S (VY Vo, — 0 Vy) . (3.12)

Do chi phu thuoc vao z nén néu goi €, 1a vecto don vi theo phuong z, thi

A hez % 8¢t . hl; =
Jt = 2m ; (¢t 92 - @Dt = = o, (3-13)
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trong do @, 1a van téc hat t6i. R6 rang ham séng ¢y dude chuan hoa sao cho
mat do dong cac hat t6i vé tri s bing van tdc clia hat t6i & vo cuyc.
Gradient trong hé toa do cau dudc xac dinh bang cong thtic

v, 10w 10U
o T T sme 0 (3:14)

Ta chi xét thanh phan xuyén tam jr cua dong hat tan xa, nén

Jr = 2mot 2m 1 or

he Oy oYy,
(V1 Vibre — YV, = - (@bm b — Va7 - vi ) . (3.15)
Thay 1, = A(0, go)eigf/r, ta thu duge

. Rk
Jr =

A0, 0. 3.16
s 1400,9) (3.16)
Thé két qua tinh duge 6 (3.13) va (3.16) vao (3.3), ta thu duge biéu thiic cho
tiét dién tan xa vi phan
2 dS

2

do(0, ) = |A(0, ¢) |A(0, )| dS. (3.17)

r
Nhu vay viéc xac dinh tiét dién tan xa vi phan quy vé viéc tim bién do tan
xa. Viéc tinh bién do tan xa thuong dudc tién hanh nhu sau: Tim nghiém
ctia phuong trinh Schrédinger cho chuyén dong ciia hat trong trudng ctia tam
tan xa. Tai cac khoang cach xa tam, nghiém c6 dang (3.11). Khi d6 he sb
cua nhan ti exp (z’l%?) /r cho ta bién do tan xa can tim.

Dua vao phuong phap ham Green, ¢6 thé viét nghiém ciia phuong trinh
(3.10) duéi dang

2m0

Y= ¢o+/G (7, 7 ) =5 U (7 ) (7)d*r (3.18)

trong d6 G(7,7) la ham Green ma ta sé xac dinh sau, con v la nghiém cua
phuong trinh khong c6 vé sau

(v2 + 1?) bo =0,

nghiem ctia phuong trinh nay c¢6 dang séng phéng exp(ik7) = exp(ikz). Dat
F(7) = (2moU/R*)y(7), phuong trinh (3.10) tré thanh

(v2 + 12;’2) O(7) = F(F), (3.19)
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Dat
v) = | Ageal'y (3.20)
trong do6
i
p(r) = 2n ) (3.21)

Coi ¢ 1a mot vecto nao dé véi cac thanh phan g, ¢y, ¢. con d°q = dg,dq,dq..
Heé ham ¢g(r) la mot hé ham truc chuan, nghia la

[ er@renndr =oa - (3.22)
Dé tim Ag, ta thay (3.21) vao vé tréi ctia (3.19)
(v ) [ Ageaa = [ [V Ulapalr) + B Agea] d'a. - (323)

Dung (3.19) va cha § rang dong tdn xa xuyén tam nén

2

V2 (e@" = 88?6@7 = —¢*'7,
toan tit V2 = (9?)/(0r*) khong tac dung len Az(0, ), ta viét lai (3.23)
<V2 + l::2> /Aq—»goq—d?’q = (271)3/2 / <V2 + l::2> Az Td3q. (3.24)
Theo d6 phuong trinh (3.19) tré thanh
(271)3/2 /Aq—» (K — ¢*) €Td’q = F(). (3.25)

Nhan hai vé (3.25) véi ¢%(7) = Wexp(—z’cj’f’) roi lay tich phan theo d®r
trén toan vung gia tri cua r, ta dugc

1 i(G-7)F 1 ig'F
(2m)3 /Ai (kz _q2) 0 dqugr - (27)3/2 /F(F)e ! d37"7

1 (= 7 1 i(a—a 7
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— 14@7 (kQ o q/2) ’
Theo do6 (3.25) trd thanh
1 L
2 122\ —iq 7 33
Az (K —q )—W/F(F)e d’r,

hay
1

1 o
—iqT 33
(27)3/2 k2 — q/2 /F(F)e dr,

Chuyén ¢ thanh ¢ ta c¢6 biéu thitc cho bién do tan xa

1 1 -
L — —iqr 33
A; )R — /F(f’)e d’r (3.26)

Ay =

Thay két qua tinh duge nay vao (3.20) va luu ¥ (3.21), ta c6

1 1 ) iqr
Y(7) = / / 2 qu(f')e_W (2;3 /2d3 d*r’, (3.27)

Luu § réng 7 trong [ ...d°r’ 1a bién tich phan, con 7 trong ¢ (7) la toa do cla
ham . T (3.27), ta viét duge

i)
3| 53
Y(r) = / F(r) [27 /kQ_qdq]dr'. (3.28)

Dat
L 1 =)
G(r,r") = o7 | o qu q, (3.29)
thi (3.28) c6 theé viét lai thanh
U(r) = | F(FGF,7)d>r (3.30)

Bay gio ta xét ¥ nghia ham Green.
Dang ctia ¢(7) tuy thuoc vao dang ctia s6 hang F(7"), con ham Green
G(7,7) 1a mot ham c6 thé tinh duge. Cu thé néu cho

thi
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Nhu vay, ham Green G(7, 7)) la nghiém ctia phuong trinh
(V2 + &2) (F) = 3(7 — )
Biéu thitc ctia ham Green theo (3.29) c6 dang
G(r, ) = d’

vects ¢ thé hién & bién tich phan, 7,7 1 hai ban kinh vecto tuy ¥. Ta chon
—y

thanh phan ¢, trung phuong véi ¥ — 7, con d3q = ¢>dq sin 0dOdp

g —7) = q|r — 7| cos 0 = qx cosb,

trong do6 ta dat x = |7 — 7|. Do d6

arF S 1 eiqxcos@ - Ol eiij
0= | ] [ =~

G(7,7) = I (3.31)
’ 4|7 — 7| '
Vay (3.30) bay gio c6 thé viét
1 ek

Day 1a nghiém riéng ctia phuong trinh Schrodinger ¢6 vé sau. Nghiém tong
quét clia phuong trinh 13 tong clia hai nghiém

1 LIkl 7|

Y(F) = e+ (F) = e = — [ ()

d>r’ (3.33)

|7 = 7|

Hinh 3.2
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Xét truong hgp mién tac dung cia luc 13 mot hé c6 kich thuée nhd
17| < |7, tai mién d6 U(7") # 0, ngoai mién d6 U(7") = 0. Tt hinh vé 3.2,

taco |[F—7| =r—1'cosa vi
, T .
r'cosa =— mnén |[F—7|x=r——
r r
Do dé
zk: 7“——
W(F) = e 4 (7) = et — —/ 7y & (3.34)
T

Néu ta xem |7 — 7| ~ r va goi @ = 7/r, k.(F/r) = kit = k, la vecto
séng hudng theo phuong ban kinh vecto, n6é dic trung cho phuong truyén
song clia song cau phan ky. Vi tan xa dan hdi nen |k,| = k. Thay F(7) =
(2moU/R*)(7) va cac khai trién trén vao (3.33), ta dudc

W(i) = e — Z;T / 2m07g ) g (e by (3.35)
hay N
V() = ¢+ A, ) (3.36)
trong do6
A9, ) = —27:7;’2 / U (7)o () e *7 a3y (3.37)

Ve mat ly thuyét, néu biét duge bien do tan xa A(6, @), ta sé tinh dugce tiét
dién tan xa hiéu dung. Mt khéc, trong A(6, ¢) c6 thé nang tuong tac U(r),
do d6 néu biét duge U(7) ta sé tinh duge A(0, p) va tinh duge tiét dien vi
phan do. Vé miat thic nghiem, ta do duge do, nén tinh duge bién do tan xa
A(0, @), tit d6 tinh duge thé nang U(7). D6 1a phuong phap thiyc nghiém dé
khao sat nhitng thé nang tuong tac U(F) chua biét.

3.2 Tan xa dan hoéi trong phép gan ding Born

Tuy da tim dugc biéu thiic tiém can ctia ham séng, nhung van chua
thu dugc dang cu thé ctia bien do tan xa. Thuc vay, theo cong thic (3.37),
bien do tan xa lai duge biéu dién qua ham séng (7). Viéc gidi chinh xac
phuong trinh Schrodinger va viéc tim A(6, p) trong phan lén cac bai toan
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déu gap kho khan vé mit toan hoc. Do d6, trong 1y thuyét nhiéu loan ngudi
ta dung rong rai cadc phuong phap gan diang. Mot trong nhitng phép gan
dting quan trong nhat 14 phuong phap gan ding Born. Gia thiét co ban cla
phuong phap nay 13 & chd coi thé ning tuong tac U clia hat tan xa véi tam
truong luc 1a nhd. Do d6 c6 thé coi thé ning tuong tac U nhu mot nhiéu loan
nhé, theo dé chuyén dong ban dau ctia hat it thay doéi, phuong trinh tich
phan (3.35) c6 thé gidi duge dé dang bang phuong phap gan ding lien tiép.
Trong phép gan dung cap khong, ta bé qua s6 hang ctia ham séng co6

chtta thé nang: .
¢0(7;> _ eikzz _ eik;of’ (3.38)

trong d6 ky = kily = ké,. Trong phép gin ding cAp mot, thay cho ham séng
§ vé phéai ctia (3.35), ta dua vao ham song 6 cap khong (7). Nghia la:

kT

W(F) = e — ;”;2% / U(7)eiFo=F)F g3y (3.39)
Trong phép gan ding cap mot nay, bien do tan xa biang
o mo I\ _iprT 331
A(l,p) = — U(r)e* d°r', (3.40)
27 h?
trong do ta ky hiéu
7=k — k. (3.41)
k ?
eQﬂ
Ko
Hinh 3.3

Tu hinh vé 3.3, modun clia vecto va cham p dude xac dinh bang hé

thic PR 0
p = klii — fig| = 2ksin 5 = 0% gin = (3.42)
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Mot cach tuong ting, vecto P = g dude goi 1a vectd truyén xung lugng. Néu
thé nang khong phu thudc vao cac goc, nghia la U = U(r) thi trong (3.40)
c6 thé thuc hien phép lay tich phan theo cac goc

m OO " ipr’ cosf _: o
A0, p) = —27722/0 U(?"')?"'Qd?"'/o e'’ esdeH/o dep,

o : /
A8, @) = —M/ U(T,)Sll’l(p/T )7"/2d7"/. (3.43)
0 pPr
Trong phép gan dung cap mot, bién do tan xa dugc xac dinh bang thé
nang luy thita mot. Truong hop dang xét c6 thé nang ddi xting cau, bien do
tan xa khong phu thuodc vao géc . Thay bicu thiic (3.40) vao (3.17), ta c6
biéu thic clia tiét dien tan xa vi phan dude goi 1a cong thic Born:

) 2

_ 2700 — "0 N,
do = |A(0,¢)|7dQ = 12 /0 U(re d°r'| dQ
4 2 00 : / 2
do = =0 / Uy S e gl a0, (3.44)
ha 0 pT./
Cong thic nay dude tng dung nhiéu trong vat 1y hat nhan.
Truong hop gia tri nho ctia goc tan xa thi
A2 00 2
do = % / U(r'y?dr'| do (3.45)
0

khong phu thudc vao van toc hat.

Tiép tuc cac phép tinh gan dung ké tiép, nghia la thay (3.39) vao vé
phéi cia (3.35), ta c6 thé tim duge ham séng va bién do tan xa trong phép
gan dung cap hai, duge xac dinh béi tich phan ctia binh phuong thé ning
tuong tac. Mot cach tuong tuy, ta co thé tim dugc cac hieéu chinh véi cac cap
tiép theo.

Bay giv, ta xét dieu kien dé c6 thé ing dung dudc cong thiic Born. Thé
nang tuong tac clia hat tan xa véi truong tan xa trong phép gan ding Born
duge gia thiét 1a nhé va c6 thé xem nhu 13 mot nhiéu loan. T (3.10), ta c6
thé ching minh duge ring thé nang U (7) duge xem la nhiéu loan néu mot
trong hai diéu kién sau dudgc thuc hién:

2

U] < (v6i ka < 1) (3.46)

moa?
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hay
h h?
U| <« 2o 5
a moa

ka (v6i ka > 1), (3.47)

trong d6 a 14 ban kinh tuong tac cua truong U, con U cé cap do lén cua
truong trong mién ton tai co ban clia no.

Biéu thitc 7%/(mga?) vé cap do 1én bing do sau cic tiéu clia giéng thé
ban kinh a, tai d6 c6 xuat hién mrtc nang luong. Tu d6 rut ra ¥ nghia don
gian cia diéu kién dé c6 thé tng dung dudc phép gan ding Born cho céc hat
tan xa cham. Cu theé tit diéu kien (3.46), suy ra rang nang luong tuong tac
trung binh phai nho so v6i thé nang cuc tiéu ctia hat trong giéng thé, tai do
c6 hinh thanh trang théi lien két. Khi diéu kién (3.46) dugce thyc hieén, phép
gan ding Born dugc ting dung cho tat ci cac van toc.

3.3 Phuong phap séng riéng phan

Ngoai 1y thuyét gan ding da khao sat, nguoi ta con phat trién mot 1y
thuyét tan xa chinh xac goi 1a ly thuyét tdn xa pha hay ly thuyét tan za cdc
song riéng phan. Trong 1y thuyét nay, ngudi ta khong c6 mot gid thiét nao
cho thé nang tuong tac U. Vi vay, n6 dugc ting dung v6i moi gia tri niang
lugng clia cac hat tan xa. So do chung ctia Iy thuyét tan xa cic song riéng
phan khong khéc v6i so do da mo ta trong cac tiét trude. Ham soéng ctia hat
tan xa ¢ xa tam c6 dang

U(7) = e + A(0) eW, (3.48)

r

do truong tan xa ddi xing xuyén tam theo phuong z nén bién do tan xa
khong thé phu thudc vao géc . Ca ham soéng 1 ciing khong phu thuoc vao
. Tuy U(r) = U(r), nhung nghiém 1 ctia phuong trinh Schrodinger ctia hé
khéc v6i nghiém ciia ham séng trong trusng xuyén tam & cho 1a 6 day ching
ta chi xét chuyén dong vo han va cac nghiém phai thod man céac diéu kien
bién sao cho dang diéu clia nghiém (v6i r — 0o0) phai duge xac dinh bdi cong
thic (3.48).

Ta da biét trong trusng déi xing xuyén tam, nghiém tong quat cla
phuong trinh Schrodinger c6 dang

P(r,0,0) = b Re(r)Yem (0, ¢), (3.49)

Im
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trong do by, & cac hé sé khong doi xac dinh bang cac diéu kién bien va diéu
kien chuan hoé. Do khong phu thudc vao géc ¢ nén ham séng chi con lai cac
s6 hang trong tong c6 m = 0, nghia la chi c6 cac ham cau

20+ 1

v

Yi(0) = Py(cosb), (3.50)

trong d6 Py(x) la da thiic Legendre xéc dinh bdi cong thiic

Pa) = =L [(2* = 1)f] (3.51)
! 0127 dz ! ' '
Do do6 cong thic (3.49) tré thanh
W(r,0) = biRy(r)P(cos ). (3.52)
{

Mbi s6 hang trong tong (3.52) duge goi la séng rieng phan thit ¢. Nhu vay,
moi nghiém clia phuong trinh (3.10) trong trudng hop nay c6 thé duge bicu
dién dusi dang chong chat cdc ham séng ctia pho lién tuc (chuyén dong vo
han), tuong ng véi chuyén dong trong truong da cho ciia cac hat c6 ning
lugng (h?k?)/(2myg) v6i cac gia tri £ khac nhau ctia momen qui dao c6 hinh
chiéu m = 0.

Dang tiém can cia ¥ (r,0) khi r — oo 1a

- in (kr + 6, — ml/2
¢(7~_>oo,9)szng(cose)afsm( rt o= mh2)

(=0 r
Dua ky hiéu byay = Cy/k, cong thic trén trd thanh
- sin (kr + 6y — wl/2)
0) ~ CyP, 0 ) 3.53
0lr = 00,0) = 3 CrPileos ) T (3.53)

=0

Khai trién ham exp(ikz) trong (3.48) theo cac da thiic Legendre, ta c6
eihs = gibreost Z fo(r)Py(cos@). (3.54)
(=0
Dé tinh dugc fy(r), ta doi bién s6 z = cos 6, (3.54) trd thanh

ehe = ehre — ng(?")Pg(Q?). (3.55)
(=0
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Nhan Py(z) v6i (3.55) roi lay tich phan theo x, ta co

1 > 2 2
ikrx _ _
/_ """ Py(x)dr = E fo(r / Pp(z) Py(z)dr = ;_0 fe(T)%_i_ 1566’ = fe'(r)%, 1

1

Suy ra:
20+ 1 :
folr) = T+ ). (3.56)
-1
Phép tinh vé phai ctia (3.56) v6i r 16n cho ta két qua

20+ 1 it /2 ei(kjr—fﬂ/Q) _ e—i(kjr—&r/Q)
— ¢

felr) = 2 ikr ’
Fo(r) = i'(20 + 1)81“(1‘”"1; tr/2) (3.57)
Nhu vay
e'hs = Z (20 + 1)sm(k;7"k; ZW/Q)Pg(cos 0). (3.58)
(=0

Trong s6 hang thit hai vé phai ctia bicu thitc ham séng (3.48), ta khai
trién bién do tan xa A() theo cac da thitc Legendre. Khai trién c¢6 dang:

0) = Z gePy(cos ), (3.59)

trong d6 g la cac hing s6. Thay cac biéu thiic (3.58) va (3.59) vao (3.48), ta
thu dugc cong thitc tiém can sau day cho ham ¢ ctia hat tan xa

—

= in(kr — (m/2) - etk
=3 pysin P, Y P . (3.
p(r, 0) 2 i(2041) = v(cos @) + 2 gePy(cos ) . (3.60)

Biéu dién ham sin tré lai ham e mi va if

thite (3.60) va (3.53), ta tinh dugc

= exp(if7/2) 16i can bang hai biéu

W41, g
= — (e —1 3.61
trong dé6 &, 1a géc pha tng véi séng rieng phan thi . Cudi cling, thay biéu
thite (3.61) vao (3.59), ta dugc cong thiic cho bién do tan xa

oo

A(6) = ﬁ (20 + 1) (2% — 1) Py(cos6), (3.62)
/=0
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va suy ra tiét dién tan xa vi phan
2

Z (20+ 1) (e* — 1) Py(cos )| dS. (3.63)

Tiét dién tan xa hiéu dung toan phan o thu dugc bang cach 1ay tich phan
(3.62) theo toan bo goc khoi 4. Voi

d) = 27 sin 0df = —2md(cos 0),

ta co

o= /0 7Tda = 4%32 {Z(%—l— 1) (e — 1) Pg(cosﬁ)} X

=0

X {i(%’ +1) (7% — 1) Py(cos (9)} 27 [—d(cos 0)]

=0

b, m(2i)? i (20 + 1)(20 + 1) (2% — 1)

£,0'=0
< (720 1) (—2r) /1 D) Po(a)da

Déi v6i cac da thiic Legendre, ta c6 tinh chat

1
2
/_ Pg($>Pgl($)d$ = o7 n 15@@/.

1

Nen két qua trén c6 the viét lai

(0. 9]
%Z (20 +1 225; _ ) (6—2@, _ 1) ’
(=0

; 2 2(5[ 2(5[ _ e—i&g)e—i(Sg(e—i(Sg _ ei&g)

Z 20+ 1 2]

=0

Chuyén sang ham sin, ta dugc cong thiic

4 o0
_ ZZ 20 + 1) sin? 4. (3.64)
(=0
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Ta goi tiét dién tan xa riéng phan

20 + 1) sin’ oy, (3.65)

0¢ =

k2(

thi tiét dién tan xa toan phan la tdng clia cac tiét dién tan xa riéng phan
o= Z oy (3.66)

Gi4 tri cyc dai clia tiét dién tan xa rieng phan ctia hat c6 momen ¢

(0 = 3 (2 + 1) (3.67)

Viéc tinh pha thudng rat kho khan. Tinh thyc té clia cac cong thic (3.64)
va (3.65) cang ro rét khi s6 cac s6 hang ctia chudi theo ¢ gitt vai tro chu yéu
cang it, nghia la cac chudi hoi tu cang nhanh. Khi nang lugng ctia hat tang
len thi momen clia cac hat tan xa tang. Nhu vay, so6 s6 hang ctia chudi gitt
vai trd chi yéu cang it khi nang lugng hat tan xa cang bé (tang cham). Do
do, 1y thuyét tan xa cic song rieng phan dic biét quan trong cho viéc nghién
ctu cac hat tan xa cham.

Con vé ham séng, thay (3.61) vao (3.60), ta thu dugc biéu thitc tiem
can (r — oo) cho ham song ¥

- ~ in(kr 4+ 0y — ¢ /2
0) = 20 1 Z((Sg-i—fﬂ'/Q)P 0 Sln(
V18 0) = D+ 1 cos) T
> —ikr ikr
Z (20 + 1) Py(cosB) | (— )eeT — 622'5467 : (3.68)
f

S6 hang thit nhat trong dau ngoac vudng clia cong thiic (3.68) bicu dién séng
cau hoi tu véi bien do (—1)¢, con s6 hang thit hai bi¢u dién séng cau phan
ky véi bien do Sy = €. Modun ciia ca hai bien do déu bing don vi. Do dé,
ham v mo ta tan xa dan hoi c6 dang séng ding tao bdi chong chat cic song
cau hoi tu v séng cau phan ky.

Theo cong thitc cia ham séng nhu trén, ta thu duge mat do dong xac
suat tuong ting véi song hoi tu bang

. A eikzr e—ikzr e—ikzr eikzr —hk
; - — (=1 £2 v . _ —_,T .
5= omi (=11 { r ( r ) r V( r )} 2m07"2€ - (3:69)
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trong do e, la vec to don vi cua ban kinh vec to 7.
Tuwong tu, ta thu dugce biéu thitc cho mat do dong xac suat tuong ing

véi song phan ky bang

- hk

ok = —= €. 3.70

Jpk mor? " ( )
RO rang hai vec to mat do dong jsd,jpk chi khac nhau vé huéng. Do d6, dong
xac suat tuong ng v6i ham séng (3.68) giti qua mot mat bat ky , ké ca qua
mit cau ban kinh R déu bang khong. Diéu d6 néi lén rang, trong tan xa dan
hoi s6 hat bay di tit tam tan xa bang s6 hat bay huéng vé tam do.
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Chuong 4

Co hoc luong t1¥ tuong déi tinh

Céac chuong trudc nghién citu nhitng tinh chat ctia cac hat vi mo co
khéi luong nghi khac khong va chuyén dong véi van téc rat nhé so véi van
toc clia anh sang ¢ trong chan khong. Cac vi hat nay tuan theo phuong trinh
Schrédinger. D6 13 phuong trinh ¢ ban clia co hoc lugng tt co dien. Nho cac
may gia toc hién dai, van toéc cia cac vi hat c6 khoi luong nghi duge tang
toc dén van toéc gan van toc anh sang. Trong truong hop nay, co hoc lugng
tit co dién v6i phuong trinh Schrédinger khong con st dung dude nita. Hon
nita, mot thiéu sét ciia phuong trinh Schrodinger 14 khong xét dén spin clia
cac vi hat. Trong co hoc lugng tit co dién, phuong trinh Schrédinger cho hat
chuyén dong tu do c6 khéi Iugng mo dude suy tit mdi tuong quan co dien:

p
H=—. 4.1
S (4.1)
Néu thay
~ 0 ~ 0 -0 -0 -0
H— H=ith—; p—p=—ih—=—ih|li—+)j—+k—]. 4.2
TH TGy P pE e = (Z8x+‘78y+ az) (4.2)
Ta tim dugc phuong trinh Schrodinger
e P o
h— = — : 4.

T phuong trinh nay, ta suy ra dugc phuong trinh lién tuc cho vecto mat do
dong xac suat

ow -
Vi= 4.4

trong do6
N = ih * *
w=[pP 20 va J= = (V= V) (4.5)
mo
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4.1 Phuong trinh Klein-Gordon (K-G)

Theo thuyét tuong déi Einstein cdc phuong trinh mo ta cac quy luat
vat 1y phai bat bién tuong doéi tinh, nghia 13 phai bat bién véi phép quay
trong khong gian bén chiéu Minkowski (hay v6i phép bién déi Lorentz).
Céac phuong trinh chi bat bién khi chung dugec mo ta duéi dang cac phuong
trinh bon chiéu. Cac phuong trinh (4.3) va phuong trinh (4.4), (4.5) khong
thod man yéu cau nay vi sy tham gia phép 1ay dao ham theo bdn toa do
Tl = ;X9 = Y; X3 = 2; x4 = ict trong cac phuong trinh d6 khong cung cap.

Dé thu dudc phuong trinh Iugng t1 tuong doi tinh cho hat vi mo chuyén
dong tu do c6 van toc 16n, ta phai tim bicu thic cé dién ctia Hamiltonian
(4.1) bang biéu thiic tuong d6i tinh ciia n6

H? = &2p* + mic. (4.6)
Theo d6, phuong trinh lugng tit tuong doéi tinh c6 thé dudc viét
82
—h? af = (=W’V? + mic') ¥ (4.7)
hay
10%) mic?
2 0
202 R ¥ =0. (4.8)

Ta dua vao toan tir d’Alembert
0? s 1 0? 0? 0? 0? 0?

Vi=_——=V-S—= i a=1,234.
@ Ox? c? ot? 8$%+8$%+8$§+8$2’ YO EE RS
(4.9)
Theo d6, (4.8) c6 thé viét lai
2.2
(v§ mgf ) ) = 0. (4.10)

Toan tit V2 — m3c?/h? dude goi 1a toan tit Klein-Gordon, va phuong trinh
(4.10) dugc goi la phuong trinh Klein-Gordon. Day 1a phuong trinh bat bién
tuong do6i tinh vi toan ti Klein-Gordon 1a toan tit vo huéng boén chiéu.

Ta tim ¥ nghia vat 1y ctia phuong trinh Klein-Gordon (4.10). Mudn
vay, ta nhan hai vé cia phuong trinh (4.8) v6i ¢* va nhan hai vé ctia phuong
trinh lién hiép phﬁ.’c clia (4.8) véi 1) roi trit két qua cho nhau, ta thu duge:

o Ot L
28t (¢ ot ot ) = =V [V =4 V). (4.11)
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Nhan hai vé phuong trinh trén véi ieh/(2mg) va dua vao mat do dién tich

1eh 8¢ oY
= 4.12
e 2mc? (¢ ot ) (4.12)
va mat do dong dién
= — R , 4.1
o= gy (VU =0 VY) (4.13)
ta thu dugc 5
We -
. =0. 4.14
BT +Vj.=0 ( )

Trong trudng hop c6 dién, v < ¢ = E = mpc? (1 +v*/(2¢%) + ...) gitp cho
ta rat ra duge tit (4.12) biéu thitc w, — w = e||? hoan toan phit hgp véi
phuong trinh co lugng tit co dién (4.5).

Tuy nhién, tit mat do dién tich w,. c6 thé suy ra mat do xac suat

Wy, = We/e
h 0 o*
um = s (w5 -0 %), (4.15)

2mgc

dai lugng nay co chia ¢ va (0v)/(0t) la nhing dai lugng doc 1ap nén né co
thé duong hodc am, cho nén né khong thé dudc coi 1a mat do hat dugc.

4.2 Phuong trinh Dirac

Phuong trinh K-G gip kho khan vé mat do xac suat am, can phai tranh
cac dao ham theo thoi gian trong biéu thitc ciia w,,. Nhu vay, ban than ham
song chi duge chita dao ham bac nhat theo thoi gian. Do yéu cau ctia thuyét
tuong do6i thi ca cac dao ham theo khong gian cling phai bac nhat. Mat khac,
nguyen 1y chong chat cac trang thai cling doi héi phuong trinh phai tuyén
tinh. Do d6, phuong trinh séng can phai tim phéi 1& mot phuong trinh vi
phan tuyén tinh theo thoi gian va theo cac toa do khong gian.

Trén co s6 nhitng nhan dinh nhu vay, Dirac da dua ra phuong trinh
sau day dé mo ta chuyeén dong ctia mot hat tu do

O 0 0
Y 4.1
= (Bg+ B+ Bt 1) . (4.16)
Dé thuan tién, ta viét
8¢ N ~ N A A
Zha = (63:]73: + ﬁypy + ﬁzpz + 60) ¢7 (4'17)
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trong d6 p.,py, P, 1a cac toan tit hinh chiéu xung luong ]%’trén cac truc toa
do, con cac toan ti [, f,, 5, khong chita toa do. Tinh chat clia céc toan ti

Bi(i = x,y, 2) s& xac dinh sau. Dua vao ky hicu
FI = Bxﬁx + Byﬁy + Bzﬁz + BO
Phuong trinh (4.17) ¢6 dang

0V
8

= Hy.

Néu H thuc sy la Hamiltonian, thi theo 1y thuyét tuong déi, ta c6
H? = & (0} + py + 0%) + mic’.

Binh phuong (4.18) va dbi chiéu véi (4.20), ta c6

52 2 2 2
6x:6y:62207 60 mOC

BiBj+BiBi=0, i#j va BiBo+ BB = 0; 0,5 =y, 2.

Dat
Bi=cd; va Py =mycp,
ta co L )
G+ pa = 0, &G =0 = 1,
OA‘iOA‘j + @]@Z = 0 véi i # .
Dua vao (4.21) va (4.22), phuong trinh (4.17) c6 thé dudc viét lai
Zha—@f = [C (Ofxpx + aypy + O‘zpz) + m0025} ¢7

Day 1a phuong trinh Dirac. Néu dit

thi (4.23) tré thanh

s

N H¢ véi H = coié]%’—l— mOCQB.

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

Bay gio ching ta di tim dang cu thé clia cdc toan tit &, a4y, &, va B
Chung ta thit tim cic toan tit d6 dudi dang tap hop cac hing s6, néi chung
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la phitc, nghia la duéi dang cadc ma tran vuong c6 dang

ai; a1 ... Qip
N az;r a2 ... Qa2n
Ay =

ap1 Ap2 ... Qpp

Trude hét can xéc dinh s6 n. Cac ma tran & va 8 déu ¢6 cung sb chiéu
n. Muén xac dinh n, ta cin déi tng cac ma tran & va (3 véi cac dinh thic
tuong Ung cua ching.

Ta nhé lai mét tinh chat ciia cac dinh thiic

det(évy3) = det(év,).det (). (4.25)
Tit cac quy téc giao hoan & (4.22), ta c6 thé viét
Gof} = — Py = —1a,
trong d6 I 1a ma tran don vi cAp n. Dung hé thic (4.25), ta c6
det(év,3) = det(év,)det(3) = det(B)det(ay) = det(—1I)det(5)det(dy)
vi cac dinh thitc 1a mot s6 phiic nén giao hoan dugc, do dé
det(—I)=1 <« (=1)"=1: n chén (4.26)

a) Truong hop n = 2: Cac ma tran can tim la hang 2. Ching ta da gap
cac ma tran hang 2, d6 la cac ma tran Pauli

(01N . 0=\ . (1 0) . (10
O'x—(l O)’ Oy_(z' O)’ O'Z—(O _1), 12—(0 1). (4.27)

Tuy nhién, cdc ma tran nay khong thod méan céc diéu kién phan giao hoan
(4.22), do d6 khong phai la cac toan tit 6; va 3 can tim.

b) Truong hgp n = 4: Ta c6 thé xay dung duge cac ma tran véi cac
tinh chat duge yéu cau 6 (4.22). D6 1a cac ma tran do Dirac dua ra nhu sau

0
0

Qyy =

>
o O O
o = O O

1 0
o] . 0
0]’ 0
0 i

o O = O
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00 1 0 10 0 0

A 00 0-1] -~ (01 0 o0

=11 000" "= loo -1 o (4.28)
0 —-10 0 00 0 —1

Duing céc ma tran Pauli, ta c6 thé viét gon hon

(0 5) o= (0 5) = (9) - (6 )
To\g, 0)7 7Y \g, 0)7 7 \&, 0)° 0 —I,)
(4.29)
Dé dang nghiém lai dugc rang, cadc ma tran oAzi,B la cac ma tran hermitic,
nghia 13 néu chuyén vi cadc ma tran roi lay lien hiép phtic, ma tran tré lai véi
ma tran ban dau
&f = dy; 4 =dy; af =a.; BT =4 (4.30)
V6i viéc dua vao cac ma tran hang 4 nay, phuong trinh Dirac mé ta dugc
tinh chit ciia cac hat c6 spin 1/2. Ung véi n > 4 so d6 1y thuyét van khong
bi pha huy.
Bay gio, v6i n = 4, va cac ma tran Dirac hang 4 da chon nhu trén, ham
song ctia hé vi mo c6 thé duge mo ta bdi mot ludng spinc Dirac

U1
(o5
= , 4.31
o= | (431)
V4
Theo d6, cic phuong trinh (4.23) c¢6 thé duge viét lai
U1 Y1
L0 | Y . o a A A1 | Yo
Zha s - [C (@xpx + QyDy +O‘zpz) +m0026} W
Vs (o
" [ 0 0 0 p, 0 0 0 —ip,
9 | 0 0 p 0 0 0 dp, O
h— = N Y
Mot | s “Nop ool o —ip o o
W 1\s 0 0 o i, 0 0 0
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0 0 p. 0 10 0 0 (G}

0 0 0 —p. 01 0 0 s

e o0 0 o [[T™ o0 -1 0 s

0 —p. 0 0O 00 0 -1 Uy

Suy ra

zh% moc? 0 cp- c(Pr —ipy)\ [t
ihtge | 0 moc®  c(pe +ipy)  —cp. s
iho cp- c(pe —ip,)  —moc? 0 s
Zh% C(ﬁx + Zﬁy) _Cﬁz 0 _TnOC2 ¢4

Do do, ta rit ra dudgc

. . . . \
Zh% = C(px_ZpyWél + cp.3 + mocz%
W2 = c(p, +ip,)bs — by + Moy .
B — o 5 ~ 2 (- (4.32)
t F c(py —iPy)2 + cPuh1 — mpcYs
ih% = c(Pr +iDy)V1 — chr — m002¢4)

D& dang mé rong phuong trinh Dirac sang truong hop hat mang dién chuyén
dong trong truong dien tit. Muén vay, thay toan ti p bing g — (e/c)A va
thém toan tit e vao toan ti H, trong doé ff, ¢ theo thi tu 1a thé vecto va

thé vo huéng clia truong dién tir. Ta thu duge phuong trinh Dirac cho hat
dién vi mo6 chuyén dong trong trudsng dien tit
0

ihﬁ_sz = [cé’ (]%’— E/AT> +ep+ mOCQﬂA} . (4.33)

Muén dua phuong trinh Dirac vé dang d6i xting hon, ta nhan beén trai (4.33)
véi toan tu 3

ihA%—f _ [cﬁo% (ﬁ— gﬁ) tepf + mOCQﬁAQ} W, (4.34)

va dua vao cac ma tran sau

M= —ifdy; = —ifdy; 3= —ifan =0
Céac ma tran 4; (i = 1,2,3,4) thod man hé thitc giao hoan

ik + VY = 204 (4.35)
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Dua vao cic ma tran 4;, ta c6 thé viét lai phuong trinh Dirac (4.23)

3
L OV mgc Vg OY
: hhihng 222 =0, 4.
;78%—1_ h¢+zcﬁt U (4.36)

voi luu § 24 = ict, ta viét duge phuong trinh Dirac dudi dang bén chiéu cua
hat chuyén dong tu do
. Oy myce
T =0 4.37
7M8$M + h Qp ) ( )
trong dé s6 hang dau la phép lay tong theo u = 1,2, 3, 4.

Con trong truong hgp hat chuyén dong trong truong dien ti, ta dua
vao toan tit p, = (h/i)(9/0x,) va thé bon chieu A, (A, Ay, A, ip/c), ta co
thé viét lai (4.33) duéi dang

i (B = =Ay ) = imoc| v = 0. (4.38)
4.3 Mat do xac suat va mat do dong xac suat trong ly
thuyét Dirac

Lay lien hgp hermitic phuong trinh Dirac (4.24)

z‘h%—‘f — (—z'hc&*v + m0c26> ¥, (4.39)
ta dugc phuong trinh
5 OUT — + o+ 2,1+ 3+
—zhw = theVyTa™ + moc ™ B, (4.40)

Vi cac toan tit @ va (8 la hermitic, nén ta co

: 8¢+ : + 5 2 141
—zhw = theVyTa + moc ™ 3, (4.41)
Nhan bén trai phuong trinh (4.39) véi ™ va nhan bén phai phuong trinh
(4.41) vé6i v, sau d6 lay phuong trinh thit nhat trir véi phuong trinh thit hai,
vé theo vé, ta dugc:

ih (W%—f + 8(;”—; ) — —ihe [¢+&V¢ + (vw&’) @4 . (4.42)
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T phép bién doéi
V(@) = (V) +aVey = (aV)Y v Va = 0.

UHAV)Y + (V) 6 =t V(a) + (Vo) dv = V (97d0)

va § vé trai oy out 5
+77 T _ +
Vo T V=5 ()

Suy ra phuong trinh (4.42) tré thanh

g (70 = =¥ (vdw). A

bat )
w=1"Y va g =cpran. (4.44)
Phuong trinh (4.43) dugc viét lai dudi dang

dw

é%+mﬁ:0 (4.45)

Trong do6 dai lugng

(G
(25
Vs
(o

1a mot dai luong khong am nén duge goi 1a mat do xzdc suat tuong doi tinh.
Con j dugce goi 1a mat do dong zdc suat tuong doi tinh cho hat c6 ham séng

b,

w =" = (] ¥; ¥5 ¥ = [t * + [ + |03 + [1ha]* > 0 (4.46)

Nhu vay cling nhu trong 1y thuyét Schrodinger, ham séng c6 ¥ nghia
xac suat thong thuong. T tinh chat tuyén tinh ctia phuong trinh Dirac va
¥ nghia xac suat clia ham soéng v, ta rit ra rang cac luan diém co ban cla
co hoc luong tt vAn con gié tri trong 1y thuyét ctia Dirac, cu thé la:

1. Dai lugng |C,,(t)|%, trong d6 C,,(t) 1a hé s6 khai trién ctia ham séng
theo hé ham riéng {v,,(7,t)} clia mot toan tit hermitic nao do6

Y t) = Co(t)thn( 1),
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van duge hiéu 1a xac suat do ducge mot tri riéng nao do.
2. Gi4 tri trung binh dugc xac dinh bang

L= / W LpdV
4.4 Nghiém ctia phuong trinh Dirac déi véi hat chuyén
dong tu do
Xét phuong trinh Dirac ctia hat vi mo6 chuyén dong tu do
ih%—f = (coiz’]%’—l— m0026> Y. (4.47)

Thay v = exp(—iFEt/h)yy vao (4.47), ta thu duge phuong trinh cho ham
song 1y khong phu thuoc thoi gian

(coiz’ﬁ—l— m0026> Yo = Ey. (4.48)

Ta xét cac trang thai c¢6 xung lugng p xac dinh va tim nghiém cua
phuong trinh (4.48) du6i dang séng phang

Yoy = uexp (z%) : (4.49)
trong d6 w 1 spino bén thanh phan
uy
_ | 2
u=|, (4.50)
Uy

VO U1, ug, U3, Uy 12 cac hang s6, con cac thanh phan ctia P chi 1 cac con sb.
Thé 1y & (4.49) vao (4.48), ta thu dugc phuong trinh

Fu = (cé’ﬁ—l— m0023> u. (4.51)

T do6 rat ra hé cac phuong trinh

Euy = moctuy  + c(ps —ipy)us + cp.ug

Euy = m002u2 + C(px + ipy)U3 — CP U4 (4 52)
Eus = —moc*ug + c(p, —ipy)us + cpau '
Fuy = _m002u4 + C(px + Z'py>u1 — CpP U2
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thuan nhat déi véi bon an khong ddi u; (i = 1,2,3,4). Dé nghiém ctia he
khong tam thuong thi dinh thitc

moyc® — E 0 cp. c(pzr — ipy)
0 WLOC2 -k C(px + Zpy) —CP2
, = 4.
cp. c(p. —ip,) —moc* — E 0 ¥ (4.53)
c(pe + ipy) —cp, 0 —moyc? — E
quy vé dang
E? — ?p* — mgc4 =0
hay
E? = *p? + mdct. (4.54)

T day suy ra cac tri rieng suy bién hai lan cia E

E, =/p? + mict, (4.55)
E_ = —\/p* + m3ch. (4.56)

Vay ting v6i moi gia tri xung lugng xéc dinh cta p, c¢6 gia tri nang
luong suy bién hai lan E, va gia tri nang luong suy bién hai lan F_.

Sut suy bién ciia cac gia tri rieng ctia nang lugng E,, E_ dudc doan
nhan la sy khong phu thudc ctia nang lugng dién ti vao sy dinh huéng spin
clia n6. Hinh chiéu spin nay lén mot truc ndo dé c6 thé nhan ding hai gia
tri £h/2. Con d6i v6i dau cua nang lugng, thi ¥ nghia ciia né sau xa hon
nhiéu: d6 1a ning luong ctia dién ti va ciia phan hat ciia dién tit 14 positron
ma ham séng cta ching tuong ing véi 4 sping truc chuan ul? (1=1,2,3,4)
sau:

Vé6i nang lugng E., hat c6 hai ham riéng tuong ing véi hai spino

1 0

(1) _ [ + B 0 @ M+ By L
Ve Tl o Rk V7ol [C =
+ moc?+E + moc2+ L,

C(pw ‘pr) — P2
moc?+E4 moc?+E

V6i nang lugng E_, hat c6 hai ham riéng tuong ting v6i hai spino

—QC%E —c(py—ipy)
mocC —

moc2 + E —c(pz+ipy) i+ E moc;p—iZ—E_
W3 = I TR e | W = I TR e E
2F 1 ) ol O

0 1
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Luu y rang tai giéi han co dién (|p] < mc), cdc thanh phan thi ba, thi
tu ciia u, u® va thanh phan th nhat, tha hai ciia «®, u® déu rat nho va
c6 cap (|p]/me) < 1.

4.5 Spin cta hat dugc moé ta bang phuong trinh Dirac

Tt trude t6i nay, ching ta da sit dung rong rai khai niém spin. Toan
t spin da dugc dua vio mot cach thuan tuy hinh thic, nhdm mo ta cac su
kién thiyc nghiém. Bay gio, ching ta chiing té ring sy ton tai clia spin dugc
suy triyc tiép tit phuong trinh Dirac. Mudn vay, ta xét cac dinh luat bio toan
dugce rat ra tut phuong trinh Dirac.

D&i véi hat chuyén dong trong chan khong, mémen ciia hat duge bao
toan. Do d6, toan tit momen toan phan clia hat giao hoan véi H.

Xét giao hoan gitia L va H. Dé don gian, ta xét hat chuyén dong tu
do. Chon truc z ¢6 hudng tuy y, ta co

A A A A

HL, — f)zfl = (cé’ﬁ—l— m0026> f)z — L, (cé’ﬁ—l— m0026> .
Vi L. = (h/i)[y(8/0x)] giao hoén véi § va &.p., nén
HL.—L.H = ca, (ﬁxﬁz — [3%) + céy (ﬁyf;z — [L@) . (4.57)
Dung cac tinh chat giao hoan
Lebe| = ihp, va | Le.by| = —ihi,
dé thé vao (4.57), ta suy ra
HL,— L.H =ihc(&yp, — dupy) - (4.58)

Két qua tuong tir thu duge cho cac hinh chiéu khac clia momen xung
lugng.

Nhu vay mémen xung lugng ctia hat tur do trong truong hgp nay khong
phai 1a tich phan chuyén dong va khong bao toan, ta dua vao khai niem
momen toan phan

A ~
— —

J=L+3§8
trong d6 S la toan tit chua biét, véi didu kien sao cho {j, f]} =0, (i=uxz9,2).
Ta xét .J..
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hay

Tu (4.58) ta rat ra két qua
HS. — S.H = ilic (G,p, — aypy) . (4.59)
Dé thoa man (4.59), ta dat
S, = Ad, Gy, (4.60)
trong d6 A 13 hing s6 chua biét.
Dung cac hé thiic giao hoan (4.22) cho cac toan ti &;, 5, ta thu duge
HS.—S.H=A (H%ay -~ %%H> = Ac[(Gupr + GyPy) Guty, — by (Guhy + dyp,)]

HS, — 5.H = 2Ac (&P, — Gupy) = —2Ac (Quy — Gyy) -
So sanh biéu thitc nay véi (4.59), ta suy ra A = —ih/2. Vay toan tit S, bing

. ih . ih (0 &,\ (0 6, ih (6.6, O il (i6. 0
SZ:——@x@y:—— R R = —— A = —— N
2 2 \o; O oy, 0 2 0 0,0, 2 \ 0 10,

1 0 0 0
. h(é, 0\ h|0O 10 0
SZ_§(O 62)_5 00 1 0| (4.61)
00 0 -1
Bang cach tuong ty, ta thu duge
0100
. ih. . hf6, 0N h|1000
S””__5%O‘Z—§(o 630)_5 000 1] (4.62)
0010
0 —i 0 0
. ih. . h(é6, 0N hli 0 0 0
Sy =~ el 5(0 69)_5 00 0 —i (4.63)
00 i 0
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Con toan ti
52 &2 &2, a2
S*=5,+5,+ 5%

Dung cac tinh chat clia céc toan tit d,, &y, G, ching ta thu duge
3

~ A 1 1 S
2 2 2
=-hl=hr-(1+=|1I 4.64
§ =3 2(+2) (4.64)

Phan tich céc két qua thu dugc trén, ta c6 thé goi J 1a momen toan phan ciia
hat (béo toan theo thdi gian). Momen toan phan biang tong mémen quy dao
va momen spin clia hat. Cac toan tit S. va S? trong (4.61) va (4.64) dugc
dua vé dang chéo. Khi d6 hinh chiéu clia spin lén truc z c6 the lay hai gia tri
+h/2. Cac tri rieng ciia toan ti S? ¢6 dang h2s(s + 1), trong d6 s = 1/2. T
do, thay ro rang hat c6 spin bang h/2.

4.6 Chuyen tit phuong trinh Dirac sang phuong trinh
Pauli. Momen tir cua hat.

Bay gio ta khéo sat dang ctia phuong trinh Dirac tai giéi han gan ding
co dién (v < ¢). Ta xét truong hop tong quat khi hat vi moé mang dién tich
e chuyén dong trong truong dién tit ¢6 thé vecto A va thé vo hudng .

Tit (4.33), phuong trinh Dirac cho hat mang dién chuyén dong trong
truong dién tu

~

0 . 5 A
9¢ [ & (ﬁ— 5A> +ep+ mocﬂ . (4.65)
ot c
Dat
S (i) . ¢, x la cac spino hai thanh phan, (4.66)
va luu v
0V
=F 4.67
% by, (4.67
khi ¢ trang théi ding. Thé (4.66) va (4.67) vao (4.65), ta co
(E —ep — mOCQ) b = i (ﬁ— Z/f) X (4.68)
(E —ep + mOCQ) X = & (ﬁ Z/f) 0, (4.69)
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Goi ¢ 1a dong nang ctia hat, theo thuyét tuong ddi, ta co
E=¢c¢+ m002

Trong gan ding co dien E — ep — moc? < moc?, nghia 13 van toc ctia dién
tlf v < ¢ va trudng gay bdi thé ¢ di nhé . Khi d6 hé phuong trinh (4.68),
(4.69) chuyén thanh

~
—

5 (s €
ep = co (p — EA> X + €pd, (4.70)

~

bt G (ﬁ— %) &, (4.71)

C

& (]%’— ﬁ/f)
X= £+ 2myc? — ep ~ 2mgce

Thay gié tri ctia y tit phuong trinh (4.71) vao phuong trinh (4.70), ta
tim dugc phuong trinh chi chita ham sping ¢

~

NP
SR

Déi v6i cdc ma tran Pauli, dung heé thic

va,b, (35) (35) - (az?) V6 (a’ X 5)

dé 4p dung vao (4.72) sé thu duge

N /A N 72 A 2N 2 h - 2
[5 (ﬁ— EAH — (ﬁ— EA) ~ 5 vot A, (4.73)

c c c c c?
:@<ij’>:@r0tj’:@§,
c c c
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trong do B 1a vecto cam ting t truong va ta da su dung

(Exﬁ—l—ﬁxﬁ)qb:—z’hKExV(b)—l—Vx (/Tqﬁ)}
(Exﬁ—i—ﬁxﬁ)gﬁ:—ih[jx(vw—l—(Vxﬁ)gﬁ—ﬁx(V(ﬁ)}
)gb = —ihrotﬁgb.
hay

C (&

5 A oA 2 R A
—E<A><ﬁ—|—ﬁ>< ):(ﬁmm).

Thé két qua (4.73) vao (4.72), ta rit ra duge phuong trinh ¢d dién cho chuyén
dong ctia hat ¢6 spin 1/2 trong truong dién tu

N 2N 2
(7 £4) b (a5
29 = Aot tep— 5 (3B) {0,
2my 2mgpe
hay
N 2N 2
oo | (F-24) o
W0 ) el
’ ot 2my ey 2moc ¢ ¢ (4.74)

Day 1a phuong trinh Pauli trong co lugng tit phi tuong doi tinh.

To6m lai, trong gan dung phi tuong déi tinh phuong trinh Dirac ty dong
chuyén thanh phuong trinh Pauli. Hon nita, phuong trinh Dirac khong nhitng
suy ra dugdc sit ton tai clia spin ma con cho thay sy c6 mat momen ti rieng
is = (eh)/(2mpc) ctia hat nta.
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