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1. SA1sO

1.1. Cac kién thirc co ban.
1.1. Sai s6 tuyét déi va tuong doi.
e S6 x 1a 50 gan diing ctia sb x* néu x gan véi x* (hay x sai khac x* khong nhiéu).
e Gia st x* 1a 10 giai dung ctia bai toan nao d6, con x 1a 1oi giai gan ding ctia bai toan nay

theo mot phuong phéap s6 (gan diing) nao dé. Khi dé
Ax = |x — x|

goi 1a sai s6 tuyét d6i ctia 10 giai gan dung x ddi voi 1o giai ding x*. Do x* khong biét
nén Ax khong biét, nén ta thuong wdc lugng can trén bé nhat c6 thé:

|x —x*| <Ax hay x—Ax <x* <x+Ax

e Sai s6 tuong ddi: Néu x # 0 thi dai lugng

Ax
ox = —
X
goi 1a sai s6 twong doi ctia 10i giai gan ding x dbi véi 1oi giai ding x*
1.2. Phan loai sai s6. C6 cac loai sai sb sau:

e Sai s0 gid thiét. Do trong khi mé hinh hodc giai quyét cac bai toan, ngudi ta dua thém cac
gia thiét nham gidm do phtic tap cia mo hinh.

e Sai 56 phuong phdp. Do lya chon phuong phép sai, chua phit hgp. Trong nhiéu truong hop
c6 thé khac phuc dugc.

e Sai s dit ligu. Do qué trinh quan sat, do dac, tinh toan mang dén céc di liéu khong chinh
xéac. C6 thé han ché hay khac phuc dugc.

e Sai s tinh todn. Do qud trinh tinh todn véi s6 gan ding, hodc lam tron so.

e Sai s6 ngdu nhién. Do cac yéu t6 ngau nhién anh hudng, khong thé loai bd, nhung c6 thé
quan ly duoc.

1.3. Sai s6 ctia cac phép toan.

e Phép cong/trir: Néu x = x1 + xp + - - - & x,, thi sai s6 tuyét d6i c6 quan hé:

n
Ax <) Ax;
i=1
. A . £ xle"'xp N - A 2. 2 A
e Phép nhan/chia: Neu x = . thi sai s0 tuong doi c6 quan hé:
Pl X

n
6x <) O
i=1

e Phép luy thira/can thirc: Néu y = x* thi sai s6 tuong ddi c6 quan hé:

dy = |a|dx
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1.2. Vi du minh hoa.

Vi du 1.1. Cho x = 0.0001,y = 1.0001,z = 1000.0001 1a céc 1oi giai gan dung tuong ting vdi cac
loi gidi dung x* = 0.0002, y* = 1.0099, z* = 1000.0002 ctia cac bai toan 1,2 va 3 tuong tng da cho.
Khi d6 sai s6 tuyét d6i tuong ting vdi ba bai toan nay sé la:

Ax = |x —x*| = 0.0001, Ay =|y—y*| =0.0001, Az=|z—z*|=0.000L.

Vé mat truc giac, mac du sai sO tuyét dbi ctia ba bai toan la nhu nhau, nhung ta c6 thé théy bai
toan 1 c6 10i giai khong chinh, bai todn 2 c6 do chinh xac chdp nhan dugc, con bai toan 3 ¢6 do
chinh xac cao.

Sai 56 tuong dbi ctia ba bai toan nay sé la

Ax Ay Az

=— =05 dy=72=09999 x107%, 6z= 7 =0.9999 x 10~".
x| |y 2|

Vidu 1.2. Cho x = 2.3456 & 0.0001, y = 1.2421 = 0.0002. Tinh sai s6 ctia x + 2y, xy, x°.
Ta co

e Saisb cliaz := x + 2y: Az < Ax + 2Ay = 0.0001 + 2 x 0.0002 = 0.0005.

. 0.0001  0.0002
e Saisdcliaz:=xyhodcz:=x/yladz < dx+dy = 3156 T 1oapy = 20365 % 104
0.0001 ' '

bt -4
2 3456 0.2558 x 10

ox

e Sais6ciaz =1x%1adz=|6/6x =6

1.3. Bai tap thuc hanh.
Bai 1. Choa = 4.024 +0.112,b = 2.142 £ 0.082, ¢ = 8.213 & 0.201. Tinh sai s6 tuyét ddi (twong ddi
cua):

(1) a,b,c,a+b,c—b,a+b—c.

(2) ab, %.

(3) a2, v/b.

Bai 2. Gia st x,y la dir liéu dau vao ctiia mot bai todn nao dé. Con z 1a di liéu dau ra cda bai toan
nay, sao cho z = f(x,y). Hay tinh sai s6 mac phai ctia dau ra z theo sai s6 di liéu dau vao x, y biét

(1) x = 2.0001 + 0.0001, y = 20.0000 4 0.0003 va f(x,y) = 4x* + 2x%y? + xy + 3y*.

(2) x = 1000.0000 = 0.0002, y = 2000.0000 + 0.0004 va f(x,y) = x° +y° — 4x%y + xy? — 2x*y.
Bai 3. Hay nghién ctru 4&nh hudng cua sai s6 dén nghiém cta phuong trinh bac hai Py(x) :=
ax* 4+ bx + ¢ = 0. Biét rang phuong trinh nay c6 nghiém va sai s6 ctia cac hé s6 4, b, ¢ lan lugt la
a* £+ Aa, b* £ Ab, ¢* £ Ac.

2. NO1 suY

2.1. Cackién thitc co ban can nhé. Trong chuong nay, trinh bay phuong phép xay dung da thitc
noéi suy ciia mot ham cho dudi dang bang.
Khi nao can xay dung da thitc noi suy? C6 hai nhu cau thuyc té thuong dan dén bai toan noi suy
la:
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e Cdc ham cho dudi dang phifc tap, kho tinh todn, cong thitc cong kénh.
o Ham khong cho dudi dang biéu thitc ma cho dudi dang bing (tirc la chi biét mot s6 gid tri ciia ham
tai cdc diém cu thé).
C6 thé xay dung da thitc ndi suy dang Lagrange hodc da thitc ndi suy Newton (tién, lui, trung
tam...).
Bai toan ndi suy: Gid st ham f : [a,b] — R cho dudi dang bang noi suy: {(x;,v;) | yi := f(x;),0 <
i < N} trong do:
a=xg<x<---<axy=2b

Hay tim mot da thitc bac N c6 dang Py (x) = ag + a1x + - - - + anxY sao cho:

Pn(x;) = f(x;) =y;, Vi=0,N (diéu kién ndisuy)

a) Pa thuc ndi suy Lagrange.
Da thitc n6i suy Lagrange cho dudi dang:

Pn(x) = yoLo(x) + y1L1(x) + - - +ynLn(x)
trong do

(x —x0)(x —2x1) -+ (2 = x3—1) (¥ — Xpq1 - - (¥ — xN)

Li(x) = (xxx — x0) (2 — x1) < -+ (0 — x5-1) (0k — X1 -+ (X — XN)

vGimoi k =0, N.
Hodc c6 thé viét dudi dang

(x —xj)

N N
PN(X) = Zyk H

207 2ok (k= Xp)
Da thttc néi suy Lagrange c6 wu diém 1a don gian, dé tinh toan, dé lap trinh cho mdy tinh. Tuy
nhién, nhuogc diém 1a khi thém hoac b6t mot moe noi suy thi can phai tinh lai toan b6 cong thiic.
b) Pa thirc néi suy Newton trén ludi deu.
Da thitc ndi suy New ton c¢6 nhiéu dang khac nhau. Tuy nhién c6 hai cong thitc thong dung la:
cong thitc Newton tién va cong thitc Newton Iiii. Cac cong thitc nay str dung trong trudng hgp ndi suy

R . R b— R —
voi ludi déu ( tie la moc ndi suy cach déu): x; = xg + ih trong d6 h = ( N %) vai=0,N.

e Cong thitc Newton tién. Thuong dugc stt dung dé noi suy cac gid tri dau bang. Dang cong

thic nay nhu sau:

A N?
Pn(x) = yo + %(x — o) + 2!520 (x — x0)(x —x1) +---
AN
i (5 = x0) (¥ = x1) -+ (¥ = 1)
Hay & dang rut gon:
A A?
Pn(x) = P(xo + th) :yo+%t+7y°t(t—1)+...
ANyO

+

= 1)(E—=2) o (E= N+ 1)

Trong do Akyo la sai phan tién cép k cta f tai xg, dugc tinh theo cong thic dé quy sau:

Ayo = y1 —yo = f(x1) — f(x0)
ANFyy = A(AFyg),  (Vk > 1)



On tap: Giai tich s6 Tran Dinh Qudc, Khoa Todn - Co - Tin hoc, Truong DHKHTN, DHQGHN

Hay dudi dang bang:
xi| yi| Ay ANy ANy | Aty |- | ANy
Xo | Yo
Ayo
X1 N Ay
Ay Nyo
X2 Y2 Ay Aty
Ay, Ny
X3 | 3 A%y, Aty
Ays Ay,

Cong thitc ndi suy Newton tién thuong dung dé ndi suy cac gia tri dau bang, tic 1a ndi suy
tai cac diém x ~ xp. C6 wu diém la don gian, dé tinh toan, khong can phai tinh lai da thitc
noi suy néu thém hodc bét mbc ndi suy.

e Cong thitc Newton liii. Thuong duge st dung dé noi suy cudi bang. Dang cong thiic nay

nhu sau:
Pn(x) =yN+m(x—xNHv;;l/f(x—xN)(x_xN_lH...
+ Z]]:]],]I/I\I;I (x —xn)(x —xn_1) - (x — x7)
Hay & dang rut gon:
Py(x) = P(xy +th) =yn + vly!Nt+ V;yNt(tJrl) 4.

VN]/N

+N!

HE+1)(E42) - (t+ N —1)

Trong d6 VFyy 1a sai phan lui cAp k ctia f tai xy, dugc tinh theo cong thitc dé quy sau:

Vlyn =yn-1—yn = f(an-1) — f(xn)
Vel = V(Thw), (VK2 1)

Tuong tu nhu truong hop (1), ta cling ¢6 thé dung bang sai phan dé tinh cac sai phan lui
cap cao. Cong thitc ndi suy Newton tién thuong dung dé noi suy cac gia tri cubi bang, tirc
1a ndi suy tai cac diém x ~ xy.

e Ngoai cac cong thic ndi suy thuong gap trén, ta con cé cac cong thirc ndi suy Newton
gitta bang (cong thic Gauss I, Gauss II), cong thic Stirling, cong thic Bessel, va cong thic
Newton cho trudng hop médc nodi suy khong cach déu...

¢) Danh gia sai s6 cho da thitc noi suy.

Cong thiic sai s6 ctia da thic noi suy Py(x) ctia ham f(x) la:

(N+1)
Ra(x) = £(2) ~ Pux) = By
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trong d6: wy(x) = (x — x0)(x — x1) -+ (x — xn) va ¢ € (a,b) 1a diém trung gian.
Nhu vay néu goi:
M= sup |[fN)(x)]

xX€E|[a,b]

thi ta co:
M

[Rn(x)] < mlw(x)l

Néu mbc noi suy cach déu, ta co:
M
R < t(t=1)(t —=2) - - (t = N)|HN T,
RN < (et =1t =2) (= N)
2.2. Cac vi du. Dudi day 1a mét s6 vi du mau co ban dé tham khao:

Vi du 2.1. Xay dung da thic noi suy cap 2 ciia ham f trén doan [—1, 1] cho bdi bang néi suy sau:
x| 1]of1
yi|1/3|1|3
Sau d6 tinh gan dung gia tri ctia f tai x; = —0.5 va x, = 0.5. So sanh vdi gia tri ding f(—0.5) =
0.577350 va £(0.5) = 1.732051.

Biét f(x) = 3%, hay dung cong thic danh gia sai s6 ug luong cac sai sOtaix; = —0.5vax, = 0.5.

Bai giai:
Do bang c6 3 mbdc ndi suy: N = 3 nén da thitc ndi suy nhan duoc c6 cap 2: Po(x). Ta stt dung cong

thire noi suy Lagrange cho bang noi suy nay ta co:

1 (x—=0)(x—1) (x+1)(x—1) (x+1)(x—0)
P == 1. 3
) = 3o T N orD0=1) A+ =0)
Ruat gon ta co:
Py(x) = 1+§x+%x2
S
Do vay, tai xo = —0.5, ta co:
f(=0.5) = P,(—05) =1+ %(—0.5) + %(—0.5)2 =1- % + % = 0.500000
Do d6: |f(—0.5) — P»(—0.5)| = |0.577350 — 0.500000| = 0.077350
Tai x; = 0.5, ta co:
4 2 ’ 2 1
f(0.5) = P,(0.5) =1+ §(0.5) + 5(0.5) =1+ 3 + 6= 1.833333

Do d6: |£(0.5) — P(0.5)| = [1.732051 — 1.833333| = 0.101282
Dung cong thitc danh gia sai s6 cho da thitc ndi suy, dé thay: f3(x) = 3*(In3)3, do d¢:

M= sup |[3%(In3)*| = 3(In3)> = 3.977907

xe[-1,1]
Do d6 ta ¢6 danh gia sai s6:
. . 7
Ra(—05)] < wK—% +1)(=05—0)(—05—1)| = %(0.375) _ 0248619
va
977907 977907
R2(0.5)] < % 1(05+1)(0.5—0)(05—1)| = %(037@ — 0248619

Vi du 2.2. Xay dung da thic ndi suy cua ham f trén doan [—2, 2] cho bdi bang noi suy sau:
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x| 2|-4/3]0/4/3]2
yi|0] 1 |2/ 10

Sau d6 tinh gan dung gié tri f(1) theo da thitc ndi suy nay va so sanh véi gia tri chinh xac f(1) =
1.414214.

Bai giai:

Ta c6 s6 mdc nodi suy N = 5, do vay da thirc ndi suy sé la cap 4. Ta xay dung da thitc noi suy dang
Lagrange P4(x) nhu sau:

4
B - -
(24 D(2-0)(2-3)(-2-2)
(x+2)x(x — D)(x—2)
“'4240344 i
(—§+ )(—g )(—g—g)(—g— )
4 4
(x+2)(x+=)(x—3)(x—2)
+2 e

(x +2)(x + 3)x(x~2)

+1.
1 i 4 4 4
(g +2)<§ + §)<§)(§ -2)
4 4
(x+2)(x+ 7)x(x — 3)
+0. 43 34
2+2)(2+3)2)(2-3)
3 3
Ruat gon ta co:
9x* — 196x% + 640
Palx) = 320
Khi d6 f(1) ~ Py(1) = # _ 1.415625. Do vay |£(1) — P4(1)| = 0.001411

Vi du 2.3. Xay dung da thitc ndi suy cho ham f(x) = x2 + x + 1 cho dudi dang bang sau:

x| 1(2] 3] 4
yi|3]7]13]21

Do méc noi suy cach déu, do vay ta sé dung cong thirc ndi suy Newton tién.
Trudc hét ta xay dung bang sai phan tién:

xi | yi| Dy | A%y | Ay
1] 3

4
210 7 2

6 0
3113 2

8
421
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Nhu vay ta c6 da thitc noi suy Newton tién cta f(x) 1a:

2 3
Po(x) = yo+ 2R —1)+ S0 - 1)(x-2) + B (- 1) (x - 2) (- 3)
=3+4(x—1)+(x—1)(x—2)
=x2+x+1

Nhu vay da thac ndi suy dang Newton cta da thuc 1a da thic va trung véi chinh né.

Vi du 2.4. Xay dung da thie ndi suy cho ham f(x) cho dudi dang bang sau:
x| -1]ol1] 2
yi|1/4|1]4]16

Tinh gia tri gan dting ctia ham f tai x = —0.5 va so sanh vdi gid tri dting f(—0.5) = 0.5.
Biét f(x) = 4% hay dua ra cong thic danh gia sai sb.

Bai giai:

Do mbc ndi suy cach déu, do vy ta sé dung cong thirc ndi suy Newton tién.

Trudc hét ta xdy dung bang sai phan tién:

Xi | yi| Ay Azy A3y
1
-1 i
3
4
9
0] 1 1
s | Z
4
1| 4 9
12
2116

Nhu vy ta c6 da thirc ndi suy Newton tién caa f(x) la:

A A A
P3(x) = yo + %(xﬂLl) - Ty“(x+1)x+ 3,y° (x+1)x(x—1)
1 3 9 27
=z T 7D+ g+ Dx+ 20 (x + Dx(x - 1)
27x% 427x% 4 18x + 24
- 24

Khi d6, voi x = —0.5 ta c6
27(—0.5)% +27(—0.5)2 + 18(—0.5) + 24
24

Khi d6 | f(—0.5) — P3(—0.5)| = [0.500000 — 0.765625| = 0.265625
Dé danh gia sai s, ta c6: f*) (x) = 4*(In4)*. Do d6

£(—05) ~ P3(—0.5) = — 0.765625

M= sup |f%(x)| =16(Ind)* = 59.093785
x€[—1,2]

Vay ta co:

=

E3(—0.5) < ==(0.5)(0.5)(1.5)(2.5)(3.5) = 2.308351

S

!



On tap: Giai tich s6 Tran Dinh Quéc, Khoa Todn - Co - Tin hoc, Truong DHKHTN, DHQGHN

Vi du 2.5. Mot tich phan phu thudc tham sO ¢ dang

/2

K(a) = / dx
0

\/1 + (sina)? sin® x

Biét rang K(1) = 1.5709, K(4) = 1.5727 va K(6) = 1.5751. Hay st dung phuong phap noi suy dé
fim K(3.5)
Bai giai. Ta co

3.5—-4.0)(3.5-6.0

( )( )
Lo(3.5) = (10 —4.0)(10—60) = 0.08333
L1(3.5) = 24 1 0;8:3 — Z 8; = 1.04167
[>(3.5) = 22 g — 1 8; Ezg — i 8; —0.12500

Do vay

K(3.5) ~ 1.5709 x 0.08333 + 1.5727 x 1.04167 + 1.5751 x (—0.12500) = 1.57225

2.3. Bai tap thuc hanh.

(1) Cho bang noi suy ctia mot ham f(x) nhu sau. Hay xay dung da thic néi suy Lagrange

hoac Newton.

a.
x| -1]0[1]2
yi|1/2 112
b.
xi|1]2)4]8
v |0]1]2]3
C.
—7T 7T
Yl 9%
Yi ;110 1

(2) Cho biét ham f(x) = Inx tai cac diém xg = 1,x; = 2,x0 = 3,x3 = 4 lan lugt la y; =
0.000000; y, = 0.693147; y3 = 1.098612; y4 = 1.386294.
a. Hay xay dung da thic néi suy cho ham f(x).
b. Biét f(1.5) = 0.405465, hay tinh gia tri gan dtng ctia f(1.5) qua da thitc noi suy va so
sanh vdi gia tri dung.
c. Dua ra cong thic danh gia sai sb.
(3) Cho biét ham f(x) = 2cos gx tai x = —1;0;1;2lan lugt lay = 0;1;0; —1
a. Hay xay dung da thitc ndi suy cho ham f(x).
b. Biét f(—0.5) = —0.707107, hay tinh gia tri gan ding ctia f(—0.5) qua da thirc ndi suy
va so sanh vdi gia tri dung.

c. Duara cong thitc danh gia sai sO.
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3. GIAI GAN PUNG PHUONG TRINH PHI TUYEN MOT AN SO

3.1. Cac kién thitc co ban can nhé. Trong chuong nay can luu y dén ba phuong phap chinh la:
phwong phdp lip don, phuwong phdp diay cung va phuwong phdp Newton.
Luoc db chung cho bai todn giai mot phuong trinh phi tuyén bao géom cac bude nhu sau:

e Budc 1: Tim khodng [a, b] chita nghiém, tir diéu kién f(a) f(b) < 0.

e Budc 2: Tim diém xudt phat xo € [a,b] (chang han nhu diém Fourier), tim diéu kién dé hoi tu.
Buéc 3: Xdy dung lugc do lip.

Buéc 4: Tinh thir vdi mot sé budc lip.
Budc 5: Xdy dung thudt todn dudi dang so do khéi hodc ma gid (néu cd).

e Budc 6: Tim diéu ki¢n dirng, dua ra cong thitc danh gid sai so.
Duéi day 1a mot s6 phuong phap co ban
(1) Phuong phap chia doi. Xét phuong trinh

f(x) =0, Vx¢€lab]. (1)

Gia thiét: Phuong trinh (1) ¢ duy nhéit nghiém x* trong (a,b) va f(a) f(b) < 0, dong thoi f lién
luc trén [a, b)].
Phuong phap: Ta xay dung mdt thuat toan bao gébm cac budc sau:
e Budc 0: Diatag = a,by =b,ro = (ap + by) /2, tinh dy = f(ro) f(ao).
-Néudy < 0,ddtay = ag, by = ro, 11 = (a1 +b1)/2
-Néudy > 0,ddtay = ro, by = bo, 711 = (a1 +b1)/2
- Néu dy = 0, thi nghiém la x* = ry, ding lap thuat toan.
e Budc 1: Tinhdy = f(r1)f(a1).
-Néud; <0,data, = a, by =ry,12 = (a2 +by) /2.
-Néud; > 0,data, = r, by = by, 10 = (a + by) /2.
-Néu d; =0, thi nghiém la x* = r{, dung ldp thuat toan.

o Budc k: Tinh dy = f(ry) f(ay).
-Néudy <0, dat agq = ag, bipr = 7, 1 = (Agg1 + b)) /2.
-Néudy > 0, dat agq = 14, by = b, 1 = (A1 + b)) /2.
- Néu d; = 0, thi nghiém 1a x* = ry, ding 1ap thuat toan.

n > logs

(b—a)

trong d6 € > 0 1a sai 56 cho trudc, 1 1a s6 budc ldp can thiét dé dat dén sai s6 e.

(2) Phuong phap lap don. Xét phuong trinh
f(x)=0, VxeDCR

trong do gia thiét\: fe C[la,b].
So do giai bao gom cac budc:
e Tima,b € D sao cho: f(a)f(b) < 0, nghia la phuong trinh c6 nghiém x* € [a,b].

e Dua phuong trinh vé dang: x = ¢(x) trong d6 ham g : [a,b] — [a, D).
10
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e Tim diéu kién dé

max [ (x)| = ¢ < 1
X€E[a,b]

e Xay dung day lap:

x0 € [a, b]
= g(xF), Vk>0
N ‘A N N A TN ‘A k+1 k (1_Q)€ <
e Diéu kién dung: Dung moét trong hai dieu kién |[x*"" — x| < ———

[logq(mn +1.

(3) Phuong phap day cung. Xét phuong trinh
f(x)=0, VxeDCR

trong d6 gia thiét: f € C[Zu o
So db giai bao gom cac budc:
e Tima,b € D sao cho: f(a)f(b) < 0, nghia la phuong trinh co nghiém x* € [a,b).
o Tinh f (x), f (x) va tim diém Fourier (titc la diém x, € [a, b] sao cho f(x1)f (x1) > 0).
o Tinhm = inf ¢,y If (x)| va M = SUP (g1 If (x)].
e Xdy dung so do lip:
(i) Néu x; = a la diém Fourier (tic1a f'(x) < 0, f (x) > 0), ta ¢6 so dd lap:

x0=1b
k
Xk = xk L(xk —a), Vk>0
f(x) = f(a)
(ii) Néu x; = b 1a diém Fourier (ticla f (x) > 0, f (x) > 0), ta c6 so do lap:
xX=a
k
D L(xk -b), Vk>0
f(x) = f(b)
e Diéu ki¢n dirng: Dung mot trong hai diéu kién | f(x¥)| < me hodc [xF+! — xk| < Mm_em

(4) Phuong phap Newton. Xét phuong trinh
f(x)=0, VxeDCR

trong d6 gia thiét: f € C[Za o
So do giai bao gom cac budc:
e Tima,b € D sao cho phuong trinh ¢6 nghiém x* € [a, b].
e Tinh f (x), f (x) va tim diém Fourier (ttc 1a diém x; € [a,b] sao cho f(x1)f (x1) > 0).
e Tinh m; = inf,c[,y) |f (x)| va My = SUP e [a.5] I (x)].
e Xay dung so do 1ap: Gia st x = a 1a diém Fourier, ta c6 so do lap:

e Diéu kién dung: (xf+1 — x%)2 < ==

Danh gia va so sanh gitta cac phuong phap
11
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e Phuong phap chia déi 1a phuong phéap c6 dién nhat, don gian, khong st dung thong tin
ctia ham f, toc do hoi tu cham, do vay it dugc sit dung.

e Phuong phap lip don la phuong phap don gidn, tuy nhién diéu kién can théa man rat chat,
toc do hoi tu tuyén tinh.

e Phuong phéap day cung tinh todn dat hon, it duge st dung.

e Phuong phap Newton la phuong phap rat t6t, hoi tu bac hai, tinh todn khéa dat, thuong
duoc st dung dé giai "tinh" bai todn. Hién nay, phuong phap Newton dugc cai tién, sk

dung rong rai trong cac linh vuec.
3.2. Cac bai tap mau. Dudi day sé xét cac vi du co ban.
Vi du 3.1. Giai phuong trinh sau bang phuong phap ldp don:
x® 4+ x — 1000 = 0

Bai giai. Ta c6: f(9)f(10) < 0, do vay phuong trinh c6 it nhat mot nghiém x* € [9;10].
C6 nhiéu cach dé dua phuong trinh trén vé dang x = g(x), chang han nhu:

1) x = g1(x) := 1000 — x°
1000 1

x2 X

2) x =g(x) =

Xét 1an lugt ting trudng hop, ta co:

(x)] =300 >> 1
max) |81 (x)]

max |g(x)| =2>1

x€(9;10]
max | /(x)\—i<1
x€[9;10] 8317 300

Nhu vay dé phép lap hoi ty, ta chon phép bién d6i dang 3), va léy x% =10 ta c6 so dd lap:

x? =10
= ¥100 — xK, Vk>0
Khi d6 tiéu chuan dirng may la:
| K1 — ¥k < 299¢
Hay dung mdy tinh tinh cac gia tri x1, X2, x3, X4, x5 va danh gia sai sb.
Vi du 3.2. Giai phuong trinh sau bang phuong phéap day cung:
X —02x* —02x—12=0

Bai giai. Dat f(x) = 23— 0.2x2 — 0.2x — 1.2, thi f(1) = —0.6; f(1.5) = 1.425, dovay f(1)f(1.5) < 0
nén phuong trinh c6 it nhat mot nghiém x* € [1;1.5].

Dé thdy f (x) = 3x2 —04x — 02 > 0;f (x) = 6x — 04 > 0,Vx € [1;1.5]. Vay diém Fourier
12
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x1 = 1.5
Xay dung so do lap:

0 =1

fk _ (xk)3 _ 0‘2(xk)2 —02xFk—12

k1 — yk 1‘42/5[1(_1[]((1_5 —xK), Vk>0
Ta co

— inf |f(x)|=[3-04—-02| =24
m xel[rll;1.5]!f(x)! \ \

M= sup |f (x)]=1[3x(1.5)>—0.4x15—-02| =595
x€[1;1.5]
Khi d6 tiéu chudn dung may la:
24
K+l _ ok _
|x x| < 505 —74¢ 0.676056¢

Hay dung may tinh tinh cac gia tri x1, x2, x3, x4, x5 va danh gia sai sO.
Vi du 3.3. Giai phuong trinh sau bang phuong phap Newton:
x* — 3x* + 75x — 10000 = 0
Bai giai. Dat f(x) = x* — 3x% + 75x — 10000, thi f(—10) = —1050; f(—11) = 3453, do vay
f(=10)f(—11) < 0 nén phuong trinh c6 it nhat moét nghiém x* € [—11; —10].
Dé thy f(x) = 4x® —6x+75 < 0;f (x) = 12x2 — 6 > 0,Vx € [~11; —10]. Vay diém Fourier
X1 = —11.
Xay dung so do lap:
= —11
fr = (k) — 3(xk)2 4 75xF — 10000
dff = 4(xF)3 — 6xk + 75

ek S
X =X — Tj’k’ Vk Z 0
Ta c6 fO®)(x) = 24x < 0,Vx € [~11; —10], do vay ham f" (x) nghich bién, f'(x) nghich bién. Do d6

= inf (x)] = inf  |[4x° —6x + 75| = |4(—10)° — 6(—10) + 75| = 3865
me= A f (x)] xe[gg;flm\ x* —6x+75| = |4(—10)" — 6(—10) + 75|
My= sup |f (x)]= sup [122%—6|=][12(—11)% — 6| = 1446
x€[-11;~10] x€[-11;-10]
Khi d6 tiéu chuan dirng may la:
7730
k+1 _ k2 _
(x x)° < Ta16E 5.345781e

Hay dung mdy tinh tinh cac gia tri x1, x2, x3, X4, x5 va danh gia sai sb.
Vi du 3.4. Giai phuong trinh sau bang phuong phap Newton:
cosx —x =0

Bai giai. Dat f(x) = cosx —x, thi f(r/2) = —7/2; f(0) = 1,dovay f(71/2)f(0) < 0nén phuong
trinh ¢6 it nhat mot nghiém x* € [0; 77/2].

Dé thiy f (x) = —sinx —1 < 0; f (x) = —cosx < 0,Vx € [0;71/2]. Vay diém Fourier x; = 71/2 ~
13
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1.570796.
Xay dung so do lap:
x0 = 1.570796
k k
sinxk4+1"7 =
Ta co:
m = inf |f(x)]= inf |sinx+1|=1
! x€[0;71/2) ’f ( )’ x€[0;71/2) ‘ |

M, = sup |f (x)]= sup |cosx|=1
x€(0;7t/2] x€[0;71/2]

Khi d6 tiéu chuan dirng may la:
(xk+1 _ xk)2 < 2e

Néu chon x? = 71/4 ~ 0.785398 thi ta tinh duoc: x; ~ 0.739536; x, ~ 0.739085; x3 A~ 0.739085; x; ~
0.739085

3.3. Cac bai tap thuc hanh. Hay lam cac bai tap sau:

(1) Gidi cac phuong trinh sau béng luge dd lap don. Hay dung mdy tinh tinh cac gia tri
X1, X2, X3, X4, X5 va danh gia sai s0.
a) x*+2x> —x—-3=0
b) 2sinx + x = 0 trén doan [1;2]
c) 3x> —e* =0
(2) Giai cac phuong trinh sau bang céc lugc do day cung. Hay dung mdy tinh tinh céc gia tri
X1,X2,X3, X4, X5 va danh gia sai s0.
a) x> —2x% — 5 = 0 trén doan [1;4]
b) x — 0.8 —0.2sinx = 0 trén doan [0; 77/2]
c) 2 —x*=0
(3) Giai cac phuong trinh sau bang cac luge dd Newton. Hay diing may tinh tinh cac gid tri
X1, X2, X3, X4, X5 va danh gia sai s0.
a) x> +3x2 —1 =0 trén doan [—3; —2]
b) x — cosx = 0 trén doan [0; 7r/2]
c) e + 217 +2cosx —6 =0 trén doan [1;2]
(4) St dung phuong phap Newton, tim gid tri 16n nhat, nh6 nhat ctia ham sb:
a) ix“ + 1% — x = 0 trén doan [—3; —2]
b) e — x3 = 0 trén doan [3; 5]
Hudng din. Gia tri 16n nhat, nhé nhat cdia ham sb dat dugc tai diém muit x = a hodcx = b
hodc tai diém xg sao cho f (xp) = 0 (diém dimng). Do dé dua vé gidi phuong trinh £ (x) = 0.

14
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4. TINH GAN DUNG DAO HAM VA TICH PHAN

4.1. Kién thitc cin nam virng. Trong phan nay can ndm viing cac cong thiic vé tinh gan diing dao
ham va tich phan.
1. Tinh gan ding dao ham. Bai toan tinh gan diing dao ham do hai yéu cau chinh:

(i) Biét ham f(x), nhung biéu thitc dao ham phuic tap, kho tinh toan.

(ii) - Biét ham f(x), nhung cho duéi dang bang (cho bang s6) va c6 thé khong chinh xac.
C6 céc cong thuc tinh dao ham co ban: Cong thuc sai phan, cong thitc Richardson, cong thirc noi
suy...

a. Cong thiic sai phan (tién, liii, trung tdm): C6 thé dung mot trong ba cong thirc sau

— Cong thtc sai phan tién

0 ~ FEE =)

— Cong thirc sai phan lui

— Cong thic sai phan trung tdm

ooy fx+h)—f(x—h)

trong do6 h > 0 la budc ludi ctia sai phan.

— Sai s6 ctia cong thic sai phan tién va lui la cd O(h), néu ta goi M = SUP (g4 I ()]
thi cong thirc danh gia sai s6 dat duoc la:

M
E(x) < —h
(x) <%
Con cong thitc sai phan trung tdm c6 sai s6 cd O(h?).

b. Cong thitc Richardson: Cong thitc nay c6 dang:

fl(x) - f(x—2h) —4f2(hx—h) +3f(x)

hoac

f/(x) < —3f(x) —|—4f(x24}—lh) — f(x+2h)

Sai s6 dat duoc ctia hai cong thitc nay la ¢ O(h?), Néu ta goi M = SUPyepop |f (%)] thi
cong thitc danh gid sai s6 dat dugce la:

E(x) < —h?
(x) <
c. Cong thirc dung da thitc ngi suy: Cong thic nay cé dang:

/ 1 A3y0 A4y0 AS]/Q
f (o) 3o — =20 4 S0 - 20 2H0 g

trong d6 A¥yg 1a sai phan cap k cta f(x) tai x = xo (xem phan da thitc noi suy Newton

tién).
15
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2. Tinh gan dung tich phan. Can nam vitng cac phuong phép tinh tich phan (1 16p). Chu yéu la
cac phuong phép: hinh thang, parabol (simpson), Newton-Cotes.... Can tinh tich phan

I:/bf(x)dx

a. Phuwong phdp hinh thang. Coéng thitc tinh toan:

(b—a)
2n

I= (fo+2fi+2fr+-+2fu1+ fn)

(b—a)

trong d6 fr = f(xx) = f(a + kh), n 1a s6 diém chia, h = "

Sai 56 ctia cong thirc hinh thang:

M(b—a)h2

<

trong d6 M = sup .|, 4

f' )
b. Phuong phdp Parabol (Simpson). Cong thuc tinh toan:
(b—a)

I=
6n

(fo+4fi+2fo +4f3+2fs -+ 2fon2 +4f2u-1+ fon)

(b—a)
2n

trong d6 fy = f(xx) = f(a + kh), 2n 1a s6 diém chia, h =
Sai 56 ctia cong thirc Parabol:

| < M(b—a)

4
- 180 l

trong d6 M = sup, .|, |F& ()]
b. Phuong phip Newton-Cotes. Cong thirc tinh toan:

I=(b—a)[yoP) +y1Py+ - + ynPy]

trong do
1 1 2 k—1 k+1
Ph_Af“—ﬂ“—n> (=)= )t =)t
n k k 1 k k—1_k k+1 k
L) () () (= 1)
voik=0,n

Chu y rdng: Pf thod man tinh chat: PX = Prkvayl Pk =1
4.2. Cac bai tap mau. Dudi day la mot s6 vi du mau:

Vi du 4.1. Tinh dao ham ctia ham f(x) = ¥/x tai x = 1 theo cong thiic sai phan tién (Iti, trung
tam). So sanh vdi két qua dung va dua ra cong thitc danh gia sai s6 cho méi truuong hgp (chu y
1a chon  t6i thiéu 1a 0.1).

2. < A 4 1 A 4 1 A . N .z .
Bai giai: Ta biet f (x) = — =, nén f (1) = - ~ 0.333333 Neu chon 1 = 0.1, goi df(x) la gia tri
) 3v/x2 3
gan dung cua dao ham tai x, ta co:
e Dung cong thiic sai phan tién:
V11-1
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Khi d6 sai sb: |f (1) —df(1)| = 0.010532

e Dung cong thiic sai phan tién:
1-v09

Khi d6 sai sb: |f (1) —df(1)| = 0.011773

e Dung cong thirc sai phan trung tam:

3/ 3/
df(1) = 1T(J9 = 0.333954
Khi d6 sai s6: [f (1) — df(1)| = 0.000621
2 L 1! _2
bé danh gia sai so ta co: f (x) = ———, do do:
g f(x) 03/5
2 2
M= sup | | = = 0.264880

x€[0.9;1.1] 9vVx5  93/(0.9)5

Sai s6 dat duoc 1a
E(1) < %h = wm.l) =0.013244

Vi du 4.2. Tinh dao ham cta ham f(x) = logsx tai x = 1 theo cdng thirc Richardson. So sanh véi
két qua ding va dua ra cong thirc danh gia sai s6 (chi y 1a chon £ t6i thiéu 1a 0.1).
Bai giai:
Ta biét rang f (x) = ﬁ dodo f (1) = % = 0.910239.
Mat khac str dung cong thirc Richarson thi nhat, véi h = 0.1 (voi ky hiéu df (x) 1a gid tri gan dung
cho dao ham cua f(x)) ta cé :

—0.203114 + 0.383613

df(1) = %[logg(O.S) —4l0g3(0.9) + 3logs(1)] = 05 = 0.902495

Vay sai s6 so vdi gia tri chinh xac la:
If (1) —df(1)| = ]0.910239 — 0.902495| = 0.007744

Néu st dung cong thitc Richardson thit hai ta thu dugc:
0.347020 — 0.165956

df(1) = %[—310@(1) + 4logs(1.1) — logs(1.2)] = 3 — 0.905320

If (1) — df(1)| = |0.910239 — 0.905320| = 0.004919

Dé dénh gia sai s6 ctia phuong phap Richardson, ta c6: £ (x) do do:

= ¥3In3’

2 2
M= su = = 3.555622
xe[o.gﬁ.z] |953'lrl3| (0.8)3In3

Do d6:
3.555622
|[E(1)] < —F—

- 3
Vi du 4.3. Gia st ham f(x) cho dudi dang bang sau:

X; -0.3 -0.2 -0.1 0 0.1 0.2 0.3

y; | 0.617034 | 0.7247797 | 0.851340 | 1.000000 | 1.174619 | 1.379730 | 1.620657

(0.1)® = 0.011852
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Hay tinh f'(—0.3) bang phuong phap Richardson va phuong phép noéi suy.

Bai giai:

Dung cong thirc Richardson thit 2 ta tinh dugc:

df(—03) =

—3£(—0.3) + 4f(—0.2) — f(~0.1)

2h

—1.851102 + 2.8991188 — 0.851340

= 0.983384

0.2

Trong khi gia tri chinh xac la f(—0.3) = 0.993078.
Dung cong thitc da thic ndi suy Newton dé tinh, ta can lap bang sai phan:

Xi Vi Ay A%y A3y Aty Ny Ay
-0.3 | 0.617034
0.1077457
-0.2 | 0.7247797 0.0188146
0.1265603 0.0032851
-0.1 | 0.851340 0.0220997 0.0005742
0.14866 0.0038593 0.0000995
0.0 | 1.000000 0.025959 0.0006737 0.0000178
0.174619 0.004533 0.0001173
0.1 | 1.174619 0.030492 0.004533
0.205111 0.005324
0.2 | 1.379730 0.035816
0.240927
0.3 | 1.620657
Khi d6 ap dung cong thirc ndi suy ta co:
1 0.0188146  0.0032851
df(—0.3) = 07(0.1077457 - > 3
~ 0.0005742  0.0000995 0.0000178)
4 5 6
= 0.99419045

Vi du 4.4. Tinh tich phan sau bang phuong phap hinh thang, va dua ra cong thitc danh gia sai s6
(v6i it nhat 4 diém chia).

I

5

_ju

) x
1

Bai giai: Khin =4tacdh = (5—1)/4 = 1. Do dé:

7

2 2
Vif (x)= 5 nén M = sup, ;.5 |2/x%| = 2. Do d6 cong thirc danh gia sai s6 la:

1=
8

5-1)

r <

2 2
1+ 4+ 2424 —
[+2+3+ + =]

12

2 1
4 5

101

—— = 1.683333

60

5512::2/3::(1666667
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Vi du 4.5. Tinh tich phan sau bang phuong phap Simpson, va dua ra cong thitc danh gia sai s6
(v6i it nhat 2 diém chia).
1
dx
I =
/ 1+x2
0

Bai giai: Khin =2tacéh = (1—0)/4 = 0.25. Do do:

- (1-0
7| )[yo%—4y1%—2yz%—4y3%—y4]::(1-+5i76471—%]u6%—2560000#—05)::(1785399

12

; 1 3 —2x )
Tacoy = m,dodoy’ =0 —2xy
Nén y” = —dxyy —2y?> = 8x%y° — 2y, suy ra y® = 24xy® — 48x%y*. Cubi cung ta c6: y* =
384x3y° — 288x2y* + 2413
Vay ta co:

M = sup |f¥(x)| < 384+ 288 + 24 = 696
xe[0;1]
Do d6 ta c6 danh gia sai so:
696
< —(0.25)* = 0.0151042
1l < 74(025)" = 0.01510

Vi du 4.6. Tinh tich phan sau bang phuong phap Newton-Cotes

1

dx
I =
1+x
0
Bai giai
Ta stt dung cong thitc Newton-Cotes v6i n = 6. Khi d6 tinh toan céc tich phan Pi,i = 0..6 ta c6:
41 91 9 34
POZP6:7'P1:P5:7'P2:P4:7'P3:7
670840 % 7635770 70 280" ¢ 105
1-— 1
conh = 1=0_ —.
Tuong tu tinh todn cac f; ta co:
6 3 2 3 6 1
fO_llfl _§/f2_ 1/f3_§/f4_g/f5_ ﬁ/fﬁ_ E
Khi d6 thay vao cong thiic ta co:
- 1
I = @[41 + 185.142857 + 20.25 + 181.333333 + 16.2 + 117.818182 + 20.25]
| 581.994372
B 840
= 0.692850

Trong khi d6 gid tri chinh xdc cta tich phan nay 1a I = In2 = 0.693147

Vi du 4.7. Tinh tich phan sau bang phuong phép hinh thang véi it nhat 4 khodng chia.
1
I= /xln(1+x)dx = g
0
Bai giai. Chia [0,1] thanh 4 phan: N =4, h = 1/4 = 0.25 bdi cac diém chia

0.00 =x9 <x1 =025 <x =050 <x3=0.75< x4 =1.00
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Khi do
1 1. 5 1.3 3

_ 7

1
R 3 (0.411571775 + 0.405465108 + 0.839423681 + 0.69314718)

_2.049607744

3 = 0.256200968.
Sai s6 thue su 1a
Actualy Error := |I — I| = 0.00620

1

2 £ /! 1 /!
bé udc lugng sai so ta cé: f = T + P nén M = SUP.c(o1) f (x)’ =2.
- 1x2
=\I1-1 < ~ 0.01.
Ei=|T—1] £ 5 ~ 001

4.3. Cac bai tap thuc hanh.
(1) Dung cong thirc sai phan tién, 1ui va sai phan trung tam, tinh cac dao ham (véi h it nhat 1a
0.1). (Pua ra cong thirc danh gia sai s6)
a. f(1.0)véi f(x) = x3*
b. f(1.5)véi f(x) = x2 sir}cx
/ e
c. f(0.5)vdif(x) = P
(2) Dung cong thirc Rechardson tinh cac dao ham cho & bai 1(Dua ra cong thitc danh gid sai
s0).
(3) Mot ham f(x) cho dudi dang bang sau:
x| -03 | -02 | -0.1 0 0.1 0.2 0.3
y; | 0.125 | 0.250 | 0.500 | 1.000 | 2.125 | 2.250 | 3.725
Hay tinh f' (—0.3) bang phuong phap Richardson va phuong phap noi suy.
(4) Dung cong thitc hinh thang tinh cac tich phan sau (v6i it nhat 4 diém chia). Hay dua ra

cong thitrc danh gia sai s6 (néu c6 thé)

1

2
a. I:/ e*dx C. I:/ xlnxdx
0 1

/2 2
b. I:/ sin xdx d. I:/ x32%dx
0 -2

(5) Dung cong thirc Simpson tinh cac tich phan sau (véi it nhat 4 diém chia).Hay dua ra cong

thac danh gia sai sO (néu c6 thé)

I 35 x i /4 g
a. —/1x27+4x c.I—/0 tgxdx

2 2
b. I:/ e3¥ sin 3xdx d. I:/ x2e~* dx
0 0

(6) Dung cong thirc Newton-Cotes tinh cac tich phéan sau:
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1, 1
a. I:/ e “dx b. I:/ e*dx
0 0

5. PHUONG PHAP SO TRONG PAI SO TUYEN TINH

5.1. Cackién thitc co ban. Trong phan nay can luu y dén ba bai todn ctia Dai s6 tuyén tinh (DSTT):

o Gidi hé phuong trinh DSTT

o Tinh dinh thitc va ma trdn nghich ddo

o Tinh gid tri riéng, véc to riéng
a. Cac phuong phap giai hé dai s6 tuyén tinh. Xét hé phuong trinh dai s tuyén tinh

Ax=b 2)
trong d6 A = (a;j)nxn € RV, x = (xq,- -~ ,xn)T € R, b= (by, -+ ,b,)T € R"varank A = n
Dinh 1y co ban. H¢ (2) c6 nghiém néu rank A = rank A, ¢ diy A = [A, b) la ma trin mé rong ciia A.
Déi véi ma tran vudng A, c6 ba dinh nghia chudn ctia ma tran nhu sau:

(1) Chuan oo (chudn Chebyshev)
n
| Al = max ) " |ajj]
i=1n j=1

ung vdi chuan véc to ||x||, = Y5 |xi
(2) Chuéan 1:
n
|All; = max }_ |aj]
j=lmi=1

ung v6i chudn véc to || x||; = max
(3) Chudn 2:(Euclide)

i=ln |xi |

|All, =, /maxA;(ATA)
i=1n

ung voi chudn véc to ||x||, = /X7, x? trong d6 A;(ATA) 1a gid tri riéng 16n nhét ctia ma
tran ATA
C6 hai loai phuong phép giai hé dai s6 tuyén tinh (2):
a. Phuong phép truc tiép. Phuong phap Crammer, PP khit Gauss, PP Gass compact, PP
phan ti troi, PP Can bac 2, PP phan tich nhan tir Cholesky (LU), PP tryc giao...
b. Phuong phap lap. PP lap don, PP Jacobi, PP Seidel, PP Gauss-Seidel...
Trong phan nay nén luu y dén phuong phap khir Gauss va cac PP 13p:
(A) Phuong phéap khir Gauss. Gom hai buéc:
Budc thugn. Dua ma tran A vé dang tam giac.
Ta dat A©) = A, sau d6 ding phuong phap bién déi so cap (bién déi tuyén tinh), dua
ma tran A(®) vé dang tam giac:

A0 AW oo A
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trong d6 A" 1a ma tran tam giac.

Budc nguoc. Giai hé tam giac.

by — 2;:11 AkjX;
Akk ’
Chu y. Phép bién ddi so cap trong dai sb tuyén tinh bao gom.
1) Trao d6i hai hang (cot).
2) Nhan / chia mot hang (cot) véi mot s6 thuc khac khong.
3) Thay mot hang (cot) bang t6 hgp tuyén tinh cac hang khéc (néi riéng, cong mot hang

Xy = Vk=mn,1

(cot) véi cac hang (cot) khac).
(B) Phuong phdap cin bac hai va phuong phap phan tich nhan tir Cholesky. Yéu cau A la ma
tran d6i xing, khi d6 PP can bac hai gom hai budc:
Butdc phin tich. Phan tich A = LU = STS trong d6 U = S la ma tran tam giac trén va L = ST la ma
tran tam giac dudi.
Budc gidi h¢. Giai hai hé tam gidc. Pat y = Ux, ta giai hé tam gidc dudi Ly = b. Sau khi tim dugc y,
giai hé tam gidc trén Ux = y.
Néu ta goi S = (si]-)nxn thi S dugc tinh qua A theo cong thiruc sau:

4 al
A -
S = /M sip = Vi=2n
11

— ,
Si = \/@ii — L1 5%, Vi=2,n
i—1
@jj — Yp_q SkiSkj .
Sij = cl k=107 2<i<j<mn

Sii

Sl‘]':O, j<i

Chd ¥ rang, cac phan tir ctia ma tran S c6 thé 1a cac s6 phiic, do d6 viéc tinh toan kha phic
tap.
Tuy nhién néu A khong 1a ma tran déi xing, ta ciing phan tich dugc A = LU trong d6 L 1a
ma tran tam giac dudi, U la ma tradn tam giac trén, nhung lic nay LT £U. Cong thurc tinh
toan trong turong hop nay kha phtic tap. Xem vi du dudi dé r6 hon.

(C) Phuong phap lap don: Phuong phép lap don dua vao dinh ly co ban sau:
Dinh ly 5.2. Néu ma trin A c6 ||B|| := q < 1 thi phép lip don:

x® D) = Bx® 1 g k>0

héi tu vé nghiém x+ € R" duy nhat ciia phuong trinh x = Bx + d vdi moi x\©) € R” tuy .
Homn nita, ta con cé hai cong thitc danh gid sai so sau
@)

ka+1 oyt

< 1zq ka“ - ka Vk > 0.

2)
k+1
< T4

A e

‘xl —xOH Vk > 0.

Do vay dé thyc hién phuong phap lap don, ta chuyén hé (5.1) vé dang

x=Bx+d 3)
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sao cho ||B|| := g < 1. Sau d6 xay dung day lap:
xED = Bx®) 4+ g k>0

Hay

X»O) = di

(
i
xl(k+1) = 27:1 bi]-x](k) + di, k>0

i=1,n

(D) Phuong phap lap Jacobi. Xét hé chéo troi:

a. He chéo trdi theo hang: Y;; |a;| < |ai|, i=1n
Bién do6i hé (5.1) ve dang tuong duong:
b
1] 1
Y= hg Nt
i=1,n
Khi d6 xay dung day lap:
b
all a b
(k+1) _ Gj k), b
& Liti ail ay 0
i=1,n

Day lap nay sé hoi tu vé nghiém duy nhét x* € R" cia phuong trinh (2).

b. Hé chéo tri theo cot: Y-z [ay| < |aj|, j= 1,n
Datz = (z1, -+ ,zn)T trong d6 z; = a;;x;. Bién d&i hé (5.1) vé hé méi:

ai]-
Zi = — Zﬁél ;Z] + bi
)
i=1,n
Khi d6 xay dung day lap:
z 0) = bi

Day lap nay sé hoi tu vé nghiém duy nhéat z* = (zf,---,z5)T € R" va khi d6 x* =
(x},- -, x%) véi xf = z—l sé 1a nghiém duy nhét ctia phuong trinh (2).
(E) Phwong phap lip Seidel: Xét hé dang:

X =Bix+Byx+d (4)
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trong d6 B = By + B, va B; 1a ma tran tam gidc dudi va cac phan ti trén dudng chéo bang

0, B 1a ma tran tam giac trén, tuc la:

[0 0 o 0
b 0 0
By= by bx 0 --- 0
_bnl an bn3 0 i
va: ) )
biir bz biz - by
0 by by - by
B2 - 0 0 b33 s bgm
O 0 O R bnn

Khi d6 day lap Seidel duuoc xay dung nhu sau:
x* ) = Byx®**D) 4 Bx® 44 k>0

Hay

(
AW = i Y oy 2, k>0

i=1,n

Dinh ly sau sé khéng dinh su hoi tu cua PP Seidel.

Dinh ly 5.3. Phutong phdp Seidel hoi tu néu ||B||, =g < 1.
Phuong phap danh gia sai s6 cia phuong phap Seidel. Gom cac buéc sau

— Tinh cac hé so

i—1 n
p=Llul v n=Lly
j=1 j=i

— Tinh
p = max{— "}
1<i<n 1 — B
- C6 danh gia
kaﬂ_x* Spka—x* k>0

R 1-— £
Do d6 diéu kién dung 1a ||xF1 — k|| < eM trong d6 € > 0 la sai so.

(F) Phuong phap lap Gauss-Seidel: Xét hé chéo troi:
Trong phan nay ta sé xét hé chéo troi theo hang, tirc 1a hé (5.1) thod man:

Y laijl < lai|, i=1n
j#i

Bién déi hé (5.1) vé dang tuong duong:

oyt 8 e o i
i ==Y %~ Ljmin T
1

i=1,n
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Khi d6 xay dung day lap:
MU
ajj a 4 " b
(k1) _ i1 % (k1) - B (K i
X; = =1 7. X; Y-, o X+ o k>0
i=1,n

Dé théy ||B||., := g < 1, nén theo dinh ly (5.3) thi day ldp nay sé hoi tu vé nghiém duy nhat
x* € R" cta phuong trinh (2).
2)Cac phuong phap tinh dinh thirc, ma tran nghich dao

a. Dé tinh dinh thtc ta cing c6 thé stt dung phuong phap khir Gauss. Dua dinh thitc ctia ma
tran A vé dinh thitc ma tran tam giac. Khi d6 dinh thitc ctia ma tran tam giac chinh la tich
cac phan tr trén dudng chéo, tuc la:

NéuT = (tij)nxn la ma tran tam giac thi det(T) = ti1t - - - tyn
Céc phép bién déi véi dinh thirc bao gém:
(1) Trdo d6i hai hang (cot), dinh thic déi dau.
(2) Nhan/ chia mot hang (cot) véi mot s6 thuc k khac khong thi dinh thire ting/giam k

lan.

(3) Thay mot hang (c6t) bf?mg t6 hgp tuyén tinh cac hang khac (ndi riéng, cong mot hang
(cot) véi cac hang (cot) khac) dinh thire khong déi.
(4) Dinh thirc c6 mot hang (cot) bang 0, thi bang 0.
(5) Dinh thtic c6 hai hang(cot) bang nhau hodc ty 16 v6i nhau thi bang 0.
b. Dé tinh ma trdn nghich dao cting c6 thé sir dung phuong phap khir Gauss.
Ma tryan B € R™" goi 1a ma tran nghich ddo ctia ma tran khong suy bién A € R™*" néu
AB = BA = E,v6i E € R"*" ]la ma tran don vi. Thuong ky hiéu la A1 =B
So d6 tinh ma tran nghich dao la:

A:=[AE| — B:=[E, B

Dung phép bién déi so cép dua Avée B.Khid6B= AL Cang co thé dung phuong phap
giai hé dai s6 tuyén tinh dé tinh A~!. Cu thé 1a ta giai n hé phuong trinh tuyén tinh dang:

Axi:ei
i=1,n

trongdoée; = (0,0,---,1,0,--- ,O)Tlévéctddonvithﬁicﬁa R",con x; = (x1;, x5, - ,xm')T €
R". Khi d6 ma trdn X = (Xjj)uxn = A~

5.2. Cac bai tap mau. Dudi day 1a mot s6 vi du co ban.
Vi du 5.1. Giai hé sau bang phuong phéap khtr Gauss:
X1+ 2xp4+3x3 =1

2x1+x3+3x3 =3

3x14+2x, +x3=23
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Bai giai: Ta c6:

123 X1 1 1231
A= 12 1 3|;x=|x|;b=|2|;A=1]2 1 3 | 2

321 X3 3 3211 3

Budc thuan: Bién d6i A vé dang tam giac

1 2 3 | 1] 1 2 3 |1
A=A0=1213 | 2| =AW =10 -3 =3 | 0| —

3 2 1 | 3] 0 —4 -8 | 0

1 2 3 | 1] 123 | 1
A=1o 11 |0l —-40=l0o11 o0

01 2 | 0] 001 |0

Budc nguoc: Giai hé tam giac.
Hé dugc viét thanh
X1+ 2xp4+3x3 =1
X2 + X3 = 0
X3 = 0
Tir day ta c6 x; = 1;x2 = x3 = 01a nghiém cta hé trén.

Vi du 5.2. Giai hé sau bang phuong phéap khtr Gauss:

4x1 +2xp+3x3 =7
ZX1—4X2—X3 =1
—x1+xp+4x3 = -5

Bai giai: Ta co:

4 2 3 X1 7 4 2 3 | 7
A=|2 —4 —1|l;x=|x|;b=|1|;A=]2 -4 -1 |
-1 1 4 X3 -5 -1 1 4 | -5

42 3| 4 2 35 | 75
A=AD =12 -4 -1 |1 — AD = |0 =5 —g | —1% -

1 1 4 | -5 0o 2 Y B
2 4 4

4 2 3 | 7

5 5

AQ — 5 _2 _-

0 -5 — | —

0 0 4 | -4

Budc nguoc: Giai hé tam giac.
Hé duoc viét thanh
4x1 +2xp +3x3 =7

5 5
_5x2 - §x3 — —E
4JC3 =—4
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Tir day ta c6 x1 = 2;xp = 1, x3 = —1 la nghiém ctia hé trén.

Vi du 5.3. Tinh ma trdn nghich ddo ctia ma tran sau:

1 2 -1
A=12 1 0
-1 1 2
Bai giai: Ta viét:
1 2 -1 |

1 0
P=[AE={2 1 0 | 01

-11 2 | 001

Dung bién d6i Gauss dua P = [A, E] vé dang Q = [E, B]. Bién ddi (P, — 2P;) — (P1); (Ps + Py) —
(P3); (Ps + P,) — (DPs), ta thu dugc

1 2 -1]100 1 2 -1 ] 1 00
PO=|2 1 0 | 010/ -0 -3 2 | —21
11 2 | 001 03 1 | 1 01
1 2 -1 | 1 00 12 -1] 1 0 0
—>0—32\—210—>09oy4—12
0 0 3 | -111 00 3 -1 1 1
12 -1 ] 1 0 0] 1\100
4 -1 2 -8 2 —4
R O O T ‘”‘%H
1 -  Z Z - - Z
0 0 3 3 3 3 3 3
] 5 bp
100l g 5 g
—>010’é;1g
%1 1
1 - - =z
0015 3 3
Vay khi d6
-2 5 -1
9 9 9
Aflzé;lg
S
3 3 3

Vi du 5.4. Dung phuong phap phan tich nhan tir Cholesky giai hé sau:

4x1 +2xp +3x3 =7
ZX1—4JC2—X3 =1
—x1+xp+4x3 = -5

Bai giai: Ta co:
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Budc thuan: Can phan tich A = LU. Ta bién déi A vé dang tam giac (bang bién déi so cap)

"4 2 3 4 2 35
-1 1 4 0 2 Lg
2 4
(4 2 3
5
AQ — 5 -
0 -5 5
0 0 4
bat
4 2 3
5
Uu=110 -5 —=
2
0 0 4
Khi do6 L dugc xac dinh nhu sau:
1 0 0
L= 121 1 0
Iy I
Tim loy; Is1; 130t diéu kién: LU = A, hay:
1 0 o4 2 3 4 2 3
LU = 121 1 0 0 -5 —g = 2 -4 1| =A
I I 1] |0 o 4 -1 1 4

Giai hé nay ra ta thu dugc Iy = 1/2;13; = —1/4;13 = —3/10, do d6

1 0 0
L=11/2 1 0
—-1/4 -3/10 1
Budc ngugc: Ta giai hé Ly = b, tuc la:

t =7
L —1
Y1 T2 =
— 3

TN Tt =

Giadi hé nay ta cé: vy = (y1;y2;¥3)" = (7, —5/2; —4)T Tiép theo ta gidi hé tam giac trén: Ux = y, tic
la:

4x1 +2x,+3x3 =7

5 -5
TON2 T X3 = 5o
4X3 =—4

Giai ra ta thu dugc: x = (x1;x2;x3)T = (2,1, —-1)7T
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Vi du 5.5. Dung phuong phap lap don giai hé sau
x1 =0.3x1 +0.1x, +0.1x3 + 1.1

xp = 0.1x7 +0.2xp + 0.2x3 + 0.8
x3 = 0.1x1 + 0.4x + 0.3x3 + 1.2

Bai giai:
Ta co:
03 0.1 0.1 1.1
A= 101 02 02]|;b= 108
01 04 03 1.2

Dé thdy ||Al|e = max{0.5;0.5;0.8} = 0.8 :=g < 1.
Theo dinh ly (5.1), day ldp sau sé hdi tu:

x§0) = 0.0; xéo) = 0.0; xéo) = 0.0;

Y = 0.3x0 +0.1xM + 012 + 1.1
Y = 0120 +0.2xM + 024 +0.8
Y = 016 + 0.4 +03x0 1.2
k>0

Thuyc hién tinh toan ta thu dugc bang két qua sau:

k X1 X2 X3
0 | 0.000000 | 0.000000 | 0.000000
1 | 1.100000 | 0.800000 | 1.200000
2 | 1.630000 | 1.310000 | 1.990000
3 1 1.919000 | 1.623000 | 2.484000

10 | 2.324398 | 2.090562 | 2.228146

Dé danh gid sai s6 va dua ra tiéu chuan dirng, ta st dung mot trong hai cong thiic sau

1) kaH — kaoo < Me = 0.25¢

(1—q)e 0.2¢
> S Sl A e =
@ k2 [1og, | = [1ogas ey

k+1 k+1

, 5T — Xk ‘ } va [x] 1a ky hiéu phan nguyén

k+1 k k+1 k
1 X1/ %2

Trong do ||x — Xy

—xk| = max{‘x
ctia sb thuc x (tic 1a sd nguyén lon nhat ma khong vugt qua x).
Vi du 5.6. Dung phuong phap lap Jacobi giai hé sau

10x1 + 3xp2 + 2x3 = 10
x1 + 10xp +3x3 = 12
X1+ x2+10x3 =8

Bai giai: Ta co:

10 3 2 10
A=1|1 10 3|;b=]12
1 1 10 8
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Dé thay hé nay déu chéo trdi theo hang va theo cot. Do dé cé thé dp dung phuong phép 1ap Jacobi.

Chia cac phuong trinh lan luot cho 10, chuyén vé hé dang x = Bx + b, tuc la:

X1

Xp =

X3

—0.3x, — 0.2x3 + 1.0
—0.1x; —0.3x3 + 1.2
—0.1x1 — 0.1x2 + 0.8

Dé thdy ||Al|e = max{0.5;0.4;0.2} = 0.5 := g < 1. Do d¢6 theo dinh ly (5.1) thi day 1&p sau hoi tu:

2 = 0.0; 2 = 0.0;x” = 0.0
2 = 0320 — 022 1.0
Y = 012 — 0320 1.2
Y = —0.1x0 — 012" + 0.8
k>0

Thuc hién cac phép lap ta thu duge két qua sau (k- sb phép lap):

k X1 X x3

0 | 0.000000 | 0.000000 | 0.000000
1 | 1.000000 | 1.200000 | 0.800000
2 1 0.480000 | 0.860000 | 0.580000
3 1 0.626000 | 0.978000 | 0.666000

7 | 0.586957 | 0.947749 | 0.646876

Tuong tu nhu vi du 5.6, ta ciing c6 thé dua ra tiéu chuan ding cho phuong phap Jacobi.
Vi du 5.7. Dung phuong phéap lap Gauss-Seidel giai hé sau:

10x1 + x0 + x3 = 12
2x1 +10xy + x5 = 13
2x1 4+ 2xp + 10x3 = 14

Bai giai: Ta co:

10 1 1 12
A=12 10 1|;b=]13
2 2 10 14

Chia cac phuong trinh lan lugt cho 10, chuyén vé hé dang x = Bx + b, tic la:

X1
X2

X3

= —01x—01x3+1.2

—0.2x1 —0.1x3+1.3

—0.2x1 —0.2x, +1.4
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Dé thdy ||Al|e = max{0.2;0.3;0.4} = 0.4 := g < 1. Do d6 theo dinh ly (5.1) thi day l&p sau hoi tu:

\

A0 =122 = 0.0;x” = 0.0

—0.1x) — 012" +1.2
—02x — 012" +1.3
—02x — 02+ 414

(k+1)
x§k+1)
(k+1)

k>0

Thuc hién cac phép lap ta thu duge két qua sau (k- sb phép lap):

k

X1

X2

X3

1.200000

0.000000

0.000000

1.200000

1.060000

0.948000

0.999200

1.005360

0.999088

0.999555

1.000180

1.000053

0.999977

0.999999

1.000005

WL W[ W|IN| = |O

1.000000

1.000000

1.000000

Dé dua ra tiéu chuén dirng, ta thuc hién nhu sau

o Tinh 1 = 0.0, B = 0.2, B3 = 0.2+ 02 = 0.4vay; = 01+0.1 =02, 72 = 0.1, 73 = 0.0.
e Tinh

02 0.1 0.0
p=max{ s 08060 =

= Imax
0= 1<1<3{

l—,Bl

e Ta co tiéu chudn dung

ka+1 N ka I et
o0 P
trong do ||x**1 — x| = max{‘x’frl —xk|, (bt — k| |k - x’g‘}
5.3. Cac bai tap thuc hanh.
(1) Dung phuong phéap khir Gauss giai cac hé phuong trinh sau:
a. C
1 +x2 +3X3 =4 X1 +x2 +3X4 =4
2x1 +2x2 +x3 =6 2x1  4x2  —x3  4xg =1
X1 +x2 +2X3 =6 3x1 —X2 —X3 —|—ZJC4 = -3
b.
4X1 —x, +x3 —38 —X1 +2x2 +3X3 —X4 =4
2x1 +5x; +2x3 =3
X1 +2xp +4x; =11
(2) Tinh ma tran nghich ddo ctia ma tran A bang PP khit Gauss:
4 2 6 2 0 0 1 2 0
a 3 0 7 b -3 0 C -1
-2 -1 -3 0 0 1 1
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(3) Hay kiém tra cac hé phuong trinh sau c6 da diéu kién dé thuc hién PP 1&p don, Jacobi,
Seidel, Gauss-Seidel khong? Néu dugc hay xay dung so do lap.

a.
X, = 0.5x» +0.1x3 +1.0
xp =02x7 +02x, +0.1x3 +0.7
x3 =0.1x; +02xp +02x3 +0.6

b.

10x; +2x, +3x3 =15
X1 +10x, +4x3 =15
2x1 +x +10x3 =13

C.

10xq7 +8x, +1xz3 =19
X1 +10x, +4x3 =15
X1 —|—6XZ +1OX3 =17

6. GIAI GAN PUNG PHUONG TRINH VI PHAN THUONG

6.1. Cac kien thuc co ban

6.1. Cac kién thitc co ban. Trong chuong nay, can luu ¥ dén hai 16p phuong phap:

e Phuong phip gidi tich. C6 cac phuong phap nhu: PPlip Picard va PP chuoi nguyén, PP Newton-
Kantorovich, PP tham sb bé, PP bién d6i Laplat, Fourier...

e Phuong phip s6. C6 cac phuong phap nhu:PP Euler, PP Runge-Kutta, PP Adams-Backforth,
PP du bdo hiéu chinh (PC)...

Déi v6i 16p phuong phap s6, can nam virng dac diém 1a: chi gidi cho mot s6 16p hep cac phuong
trinh vi phén, cac tinh todn déu phai tuong minh. Can chd y hai phuong phép la: phuong phéap
lap Picard va PP chudi nguyén.

Déi voi l6p PP s6: C6 hai loai (pp don budc va da budc). Cha trong vao PP Euler va PP Runge-
Kutta...

Xét bai toan gia tri ban dau (bai toan Cauchy)

y'(t) = f(ty(t))
y(to) = yo (5)
to<t<T

trong d6 ham f thod man mot ) gia thiét nao dé (goi la dinh ly ton tai va duy nhét nghiém (da
dugc dé cap trong phan giai tich)) dé bai toan (5) c6 nghiém. Dudi day ta xét cac PP co ban sau:

1) Phuong phap lap Picard.
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Tich phan bai toan (5) tir ty dén t ta c6:

v(t) =0+ [ flsy(s)ds (¢ [to,T])

Xay dung day lap Picard nhu sau:

yo(t) = yo t
prr(t) =yo+ [ flsyals))ds (€ [to,T)) ©
n>0

Néu bai toan (5) c6 nghiém duy nhét y(t) thi day lap Picard hoi tu vé nghiém duy nhét y(t) nay.

lim_ya(H) = y(t) (¢ € [to,T])

n—-oo
Dénh gia sai s6 cho cong thitc nghiém: Gia s, nghiém ctia bai toan Cauchy ton tai va duy nhat
trong moét 1an can hinh chir nhat
D = [to, T] x [a,b] C R?
trong do [a,b] 1a lan can caa yo (tucla yo € [a,b]).
i. Ham f lién tuc Lipschitz theo bién y, nghia la 3L > 0 sao cho:

[t y1) = f(by2)l < Llyi =2l € [to, T]y1, 2 € [a,b].
ii. Ham f bi chan trén mién D = [t, T] X [a, b] ctia n6, tic la:
M = sup |f(t,y)| < +o0
D
Khi dé ta cé:

MLn(t _ to)i’l-l-l

[ra(t)] = |yu(t) —y(t)] < (n+1)!

2) Phuong phap chubi nguyén.

Xétham f : D := [to, T] X [a,b] — [a,b] la ham giai tich theo t va y trong lan can cua (to, yo),
nghia 1a f khai trién dugc thanh chubi luy thira:

Zaq y ]/0)

Khi d6 nghiém y(t) c6 thé khai trién dugc thanh chudi Taylor:

o (i) (¢t .
-y Y E O)(t—to)l
i b

Khi d6 dé tinh cac y® (t) : i > 0, ta ¢6:

7

y O (to) =yo

y (t) = f(fo,yo)
v(t) = Ly

f
F y\

f’t fo

\

3) Phuong phap bién d6i Laplace.
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Gia st f(t) la mot ham xac dinh v6i moi ¢ > 0. Bién déi Laplace ctia ham f, ky hiéu la L, (f)
(v6ia > 0) xdc dinh bdi tich phan sau.

“+o00

L(f) = [ fleat

0
Ham f(t) dugc goi la bién d6i Laplace ngugc ctia ham L, (f), ky hiéula L 1(f).
Tinh chit.
(1) Lo(af +bg) = aLa(f) + bLa(g)-
() L' (af +bg) = aly ' (f) + Ly (g).
(3) La(f) = aLu(f) ~ f(0).
@ La(| f(s)ds) = ZL(A(1).

0
—1/La(f) t
1 =
6) L (=) = [ f()ds.
Ap dung giai phuong trinh vi phan.

2= |

e Tinh bién déi Laplace ctia ham ' theo cong thiic & tinh chat 3.
e St dung tinh chat 1 va 2 dé tinh L, (y).
e Str dung bién ddi Laplace ngugc dé tinh y.
4) Phuong phap sai phan Euler.
Déi véi bai toan Cauchy (5), ta sé tim nghiém cua (5) tai cac diém t; = to + ih voi bude h >
0,vi > 0.
Gia st ta chia doan [tg, T] thanh N phan véi budc chia b = (T — to)/N > 0, khi d6 t; = to + ih, do
do6 ta can tinh nghiém y(t) tai cc diém t = t;, ky hiéu y; = y(t,).
Str dung cong thic khai trién Taylor ta co:

i1 —vi =y (t)h+ ]/(2@‘)}12 = f(ti, yi)h + y(zgi)h2,Vi =0,N-1

hoac

Vi~ yir1 = —y (by)h — L0 (Zi+1)h2 = — b1,y )h — LT (Ziﬂ)hZ, Vi=0,N—-1

Do vay khi h bé ta c6 cong thirc sau:

Yo = yo
| )
Yi+1:Yi+hf(ti/Yi)/ VZ:O/N_]-

goi 1a cong thuc Euler hién .

Tuong tu ta ¢ cong thirc Euler an:
Yo = yo
o (8)
Yi+1 = Yz‘ + hf(ti+1/Yi+1)/ Vi= O,N —1
N6i chung cong thic Euler 4n dé tinh Y;y; qua Y, ta can phai gidi mot phuong trinh Y;,; =
Yi+hf(tiy1, Yier)
Tuong tu ta cong hai cong thirc (7) va (8) ta suy ra cong tha Euler trung tam:
{ Yo = yo, Y1 = Yo + hf(to, Yo)

- )
Yo =Y +2hf(t,Y;), Vi=T,N—1
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Néu goi M = SUP; . 1)yt (1)| thi ta co danh gia sai s6 dia phuong la:
M
‘1’1'| S 7]’12

Sai s6 toan cuc la:
Mh
< —

<7 (ehLi _ 1)

lei]
trong d6 L 1a hang s6 Lipschitz.
5) Phuong phap Runge-Kutta. Phuuwong phap Runge-Kutta téng quat cap 2 c¢6 dang sau:
Yi1 =Y +wiky + woks
k= hf(t,Y;) (10)
ko = hf(ti + aoh,Y; + ki), Vi=0,N-1

va cac hé sb wq, wy, ay, B21 xac dinh la nghiém ctia hé sau:

w1 +wr, =1
1

Woky = E (11)
wafr1 = 1
2p21 = 5
a. Khiw; =wy =1/2,a; = B21 = 1, ta ¢6 cong thirc RK2 (cong thirc hinh thang):
Yo = yo
I R (12)
Yiii=Yi+ E[f(ti,Yi) + f(ti+hYi+hf(t,Y;))], Vi=0N-1
b. Khiw; =0,wy =1,a2 = B2 = 1/2, ta ¢ cong thirc Euler cai tién:
Yo = yo
h h . (13)
Yipi =Y+ hf(fl‘ + E,Yi + Ef(ti,Yi)), Vi=0,N—-1
c. Khiwy =1/4,wy =3/4,a, = Bo1 = 2/3, tacod cong thuc:
Yo = yo
N 2
Yipo3=Y; + ghf(tiryi) (14)

h 2. . .
Yipn =Yi+ Z[f(fi,Yi) +3f(ti + §h’ Yiio3)], Vi=0,N-1
truong hop nay dat duge sai s6 bé nhét.
Céc cong thic RK2 c6 do chinh xac kha cao.
6.2. Cac bai tap mau.
Vi du 6.1. Gidi bai toan Cauchy sau bang phuong phép lap Picard.
y=t-y
y(0) =1

te[0,1]
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Bai giai: Taco f(f,y) =t —yvadatD = {(t,y) € [0,1] x [-1,1]}.Khido M = sup, , . | (£, ¥)| =
2. Dong thoi |f(t,y1) — f(t,y2)] < ly1 —ya|,dod6 L = 1.
Ta xay dung cong thuc ldp Picard nhu sau:

Yo(t) =1
van () =1+ [ (s=yu(s))ds, Vn20

Tir day ta tinh duoc:
.
yo(t) =
t2
yi(t —1+/ s—lds—l—t—ki
t3
Yo (D) _1+/ s—1——)ds—1—t+t2—g
2 t3 n
| ) =1— 20— (21
Cho n — +o0, ta thu duoc
) tn o] tn
o(t) =1+1t4+2 -1)'—==2 —1)" = —1+t=2e"—-1+t
Yeolt) ++k:Z2( ) kgo( )i+t =2e"" =1+

Vay nghiém ctia phuong trinh trén la y(t) = 2" — 1+ ¢.
Cong thirc danh gid sai s6 la:
2t71+1

(B = lyu(t) =y < 7~y

IN

Vi du 6.2. Giai bai toan Cauchy sau bang phuong phap lap Picard.

y =2
y(0) =1
€ [0,1]
Bai giai: Ta c6 f(t,y) =2y vadat D = {(t,y) € [0,1] x [-1,1]}. Khi d6 M = sup, ,,.p |f(t,¥)| =

4. Dong thoi |f(t,y1) — f(t,y2)| = 2|y1 — y2|, dodo L = 2.
Ta xay dung cong thic ldp Picard nhu sau:

yo(t) =1
t
Yn1(t) =1 +2/ Yu(s)ds, ¥n >0
0
Tir day ta tinh dugc:
yo(t) =1
t
yi(t) = 1+2/ ds =1+ 2t
0
t
ya(t) = 1+2/ (2t +1)ds = 1+ 2t +2#2
0
4t7- 8t3 201

)
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Cho n — +o0, ta thu duogc

Vay nghiém ctia phuong trinh trén la y(t) = .
Cong thirc danh gia sai s6 la:
zntn+1
ra(B)] = lyn(t) —y(t)] < SO

Vi du 6.3. Gii bai toan Cauchy sau bang phuong phap chudi nguyén.
y=t-y
y(0)=1
te[0,1]

Bai giai: Taco f(t,y) =t —yvadatD = {(t,y) € [0,1] x [-1,1]}.
Ta tinh:

1
0)=f(0,1)=0-1=—1
0) = fx +fyy,|t:0 =1-y(0)=2
"(0)=-y'(0) =2

y(O) 0) =
y’
¥
Y

Do d6
th—1—t=2et—1+t¢

Vi du 6.4. Giai bai toan Cauchy sau bang phuong phap Euler hién.

y=y—t
y(0)=0
t € [0,1]
v6i budce ludi h = 0.1.
Bai giai: Taco f(t,y) =y —tvadatD = {(t,y) € [0,1] X [-1,1]}.KhidO M = sup, ,,cp | f (£, ¥)| =
2. Bong thoi |f(t,y1) — f(t,y2)| < |y1 —y2|,dod6 L = 1.
Duing cong thic Euler hién :

Yo=0
Yiii =Y+ 0.1(Yi - ti>, Vi= 0,79

trong do {to;- - - ;t10} = {0;0.1;0.2;0.3;0.4;0.5;0.6;0.7;0.8;0.9; 1.0}
Thay vao tinh toan ta thu dugc két qua nhu sau:

Y, = 0.00000 Y, = 0.00000 Y, = —0.01000
Y; = 0.03100 Y, = —0.06410 Y5 = —0.11051
Yo = —0.17156 Yy = —0.24872 Yz = —0.34359

Yy = —0.45795 Y19 = —0.59374
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Dé danh gia sai s6, do y(t) = 1+t — ef langhiém, nén y' (t) = —e!, do d6: My = sup;c o le'| = e
Ta c6 cong thitc danh gia sai s6 toan cuc la:
h .
el < S (" = 1)

Vi du 6.5. Gii bai toan Cauchy sau bang phuong phéap Euler dn.

y = -5y
y(0) =1
te€0,1]

voi budce ludi h = 0.1.

Bai giai: Taco f(t,y) = —5yvadatD = {(t,y) € [0,1] x [-1,1]}.Khido M = SUP(; y)eD |f(ty)| =
10. Bong thoi |f(t,y1) — f(t,y2)| < |y1 — y2|, do d6 L = 5.

Dung cong thitc Euler an :

Yo=1
{ Y1 = Yi—5hYiyy, Vi=0,9

trong do {to;- - - ;t10} = {0;0.1;0.2;0.3;0.4;0.5;0.6;0.7;0.8;0.9; 1.0}
Hay ta co:

Yo=1

Y:

Yz‘+1 = 1_}_715}1/

Thay vao tinh toan ta thu dugc két qua nhu sau:

Vi=0,9

Yo =1.00000 Y; = 0.66667 Y, = 0.44444
Y; = 029630 Y, =0.19753 Y5 =0.13169
Yo = 0.08779 Y, =0.05853  Yg = 0.03902
Yo = 0.02601 Yo = 0.01734

Dé danh gia sai s6, do y(t) = e~ 1a nghiém, nén " (t) = 25¢~>, do d6: M; = sup;c (o1 le'| = 25.
Ta c6 cong thitc danh gia sai s6 toan cyc la:

le;] < 2.5h(e™" —1)

Vi du 6.6. Gii bai toan Cauchy sau bang phuong phap RK2.

! 2

y =ty
y(0) =2
t€0,1]

voi budce ludi h = 0.1.
Bai giai: Ta c6 f(t,y) = —ty> vadat D = {(t,y) € [0,1] x [-1,1]}.
Dung cong thiec RK2:
Yo =2
Yior =Y+ hf(t,Y;) = Yi(1 — ht;Y;)
h . h . .
Yippn =Yi+ E[f(tiryi) +fti+hYip)] =Y - E[t,-YZ.Z + (t+h)Y2,], Vi=0,9
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trong d6 {to;-- - ;t10} = {0;0.1;0.2;0.3;0.4;0.5;0.6;0.7;0.8;0.9; 1.0}

Thay vao tinh toan ta thu dugc két qua nhu sau:
Yp = 2.00000 Y7 = 1.98000 Y, = 1.92273
Y; =1.83449 Y, =1.72391 Y5 = 1.60007
Ye = 147105  Y; = 1.34317 Ys = 1.22080
Yo = 1.10658  Yi0 = 1.00184

6.3. Cac bai tap thuc hanh.

(1) Giai cac hé sau bang PP Lap Picard hoac chudi nguyén:

y =ty y="r y =-2y+1
a0 y(0)=0 b4 w(0)=0 ¢ 4 y0)=1
t € [0;1] t € [0;1] t € [0;1]

Dua ra cong thitc danh gia sai s6 (néu c6 thé).
(2) Giai cac hé sau bang phuong phap Euler

Y =t+y y =P (L+£)y +ty=0
aq y(0)=0 b y0)= ¢ 4 y0)=1
t e [0;1] t € [0;0.5] t € [0;0.5]

Dua ra cong thitc danh gia sai s6 (néu c6 thé).

(3) Giai cac hé sau bang phuong phap RK2 (hoic Euler cai tién)

y =y y =2t y=-y+#
a. y(0) =1 b. y(0) =1 c. y(0) =1
t € [0;1] t € [0;0.5] t € [0;1]

7. XAP Xi HAM

7.1. Cac kién thitc can nhé. Trong phan nay ta xét ba phuong phap xap xi ham: Phuong phép
binh phuong ti thiéu, Xép xi déu va Xép xi trung binh phuong mét ham lién tuc bé“mg mot da
thuc).
1. Phuong phép binh phuong t6i thiéu. Y nghia ctia phuong phap binh phuong t6i thiéu:

e Khi dir liéu qua 16n, khong thuan tién cho viéc sir dung phuong phap néi suy.

e Khi dir liéu mac sai s6, diéu kién noi suy Py(x;) = y; khong théa man
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e Khi can x4p xi duéi dang da thitc lugng gidc hodc cac da thirc hay ham dac biét khac

e Khi ham can xap xi khong du tron (khong c6 dao ham cap du cao).
Phuong phap binh phuong t6i thiéu khac phuc dugc cac nhuge diém nay. Muc tiéu ctia phuong
phép binh phuong t6i thiéu la xac dinh da thic bac m 1a Py (x) = ag + a1x + - - - + ax™ sao cho
(tdng binh phuong cac sai s6 la bé nhat)

(y; — Pu(x;))? — min

=

E(f,Pm) = .

i=0

voiy; = f(x;), v6ii =0, N. Dai lugng E(f, Py) goi la phuong sai gitta ham f va da thitc Py (x).
DPiéu kién dé€ xac dinh ag, a1, - - - a,, 14 giai hé phuong trinh tuyén tinh

,

s0a0 + 5141 + - - - Sulm = by

S1a40 + S2a1 + - - - Syy1am = by

Smfg + Sm41a1 + - - - Sy = by,

trong d6 sy = YN o xKvoik = 0,2mva by = LN o xly; voil = 0, m.
Co hai truong hop dac biét
(1) Khi m = 1 (goi la xap xi tuyén tinh): Da thitc can xap xi ¢6 dang P;(x) = ap + a1x. Diéu
kién xac dinh ag, a; la giai hé sau
(n+1)ag+ a1 Lo xi = Loy
a0 YN oxi+ a1 YN ox? = YN xyi
(2) Khi m = 2 (goi la xAp xi bang tam thtic bac hai): Da thitc can xap xi ¢6 dang P,(x) =

ao + a1x + axx?. Diéu kién xac dinh ao, ay, a; 1a giadi hé sau

(n+1)ag+ a1 T xi+aa Yo x7 = Yo v

a0 XN oxi+ar YN o2 +a YN 23 = YNy

a0 Lito 6f + a1 Tilo 37 + a2 Tilo xf = Lo 47y
2. Xap xi déu. Xét khong gian cac ham lién tuc trén doan [a, b] 1a Clap)- Goi P, ;) 1a khong gian céc
da thuc bac khong qua n trén [a, b]. Khi d6 P p 1a mot khong gian con cta Cia, b].
Cho mot ham f € C, ;. Bai toan xap xi déu dat ra 1a tim mot da thirc Py (.) € P[’;/b] sao cho

If =Bl = gmip 11 =il 7.)

a,b]
trong d6 chudn || f|| = maxye[ | f(x)]-
Ky hiéu E,(f) = ||f — Pu|| 1a sai s6 ctia pp xap xi déu t6t nhét.
Ta c6 4 dinh ly quan trong sau:
e Dinh Iy 7.1: Gia st ton tai n + 2 diém
a<xpg<x1<---<x11<Db

sao cho: f(x;) — Qu(x;) ludn phién d&i dau, tuc la:

sgn{(—1)'(f(xi) = Qu(x))} = const (i =0,n+1) “



On tap: Giai tich s6 Tran Dinh Qudc, Khoa Todn - Co - Tin hoc, Truong DHKHTN, DHQGHN

thi
Ei(f) 2 pi= min_|f(x;) = Qu(x)]
i=0,n+1
e Dinh Iyj 7.2: Diéu kién can va du dé P, 1a da thuc xap xi déu t6t nhat cta f 1a ton tai n + 2
diém

a<xpg<x3<---<x41<D
luén phién Chebyshev sao cho:
fxi) = Pa(xi) = c(=D)!|f = Pull (i =0, +1)

trong do c = £1

e Dinh Iy 7.3: Pa thic xap xi déu t6t nhat P, cta f la duy nhat.
e Dinh Iy 7.4: Pa thirc xap xi déu t6t nhat P, ctia ham f chan (1é) la da thirc chan (18).
a) Xap xi déu tot nhat bang da thitc bac 0: Cho ham f € Ciq,p), khi d6 da thauc xap xi déu bac 0

cta ham f la

+ M
Ro(x) = ==
trong do
pu— 1 M pu—
"= i) 207

b) Xap xi déu tot nhat bang da thic bac nhat: Cho ham f € C,;; 1a ham 16i, khi d6 da thire xap xi
déu bac nhat ctia ham f la

Pi(x) = ap + a1x
trong d6: Néu f 1a da thic bac nhét thi f = Py, nguoc lai, thi ag, a1 xac dinh qua cong thic sau:

alszgiiw% aO:fW);f@)_a;cm

v6i ¢ 1a hing s6 xac dinh qua diéu kién:f'(c) = a; con néu f khong kha vi thi ¢ chinh la diém cuc

tiéu ctia ham 13i nay.

3. Xap xi trung binh phuong. Xét khong gian cac ham binh phuong kha tich trén doan [a, b] la
Lfa,b]. Goi Py ;) 1a khong gian céc da thic bac khong qué 7 trén [a,b]. Khi d6 PG 5 1a mot khong
gian con cua Lfﬂ, b].

Cho mot ham f € Lfa,b]' Bai toan xap xi trung binh phuong dat ra 1a im mot da thic P, (.) € P[’Z,b]
sao cho

If = Pall = min [|f = Qull (7.1)

Qn EP[’Z,b]

b
trong d6 chuan ||f|| = (/ p(x) f2(x)dx)2 véi p(x) 1a ham trong khong am xac dinh trén [a, b].
a
Ky hiéu E,(f) = ||f — Pa|| 12 sai s6 ctia pp xap xi déu t6t nhét.
Gia st {eg(x);e1(x); -+ ;eqn(x)} 1a mot hé truc chuan cta Pl Khi d6 da thic xap xi trung binh

a,

phuong t6t nhét cta f trén L% b la da thac P, ¢6 dang sau:
Py (x) = coeo(x) + cre1(x) + - - - + cpen(x)

trong do:

b
o= [ P f(x)ex(x)dx; (k= 0,m)
! a1
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a) Xap xi trung binh phuong bang da thic Legendre: Gia st f € L%—l,l} 1a ham can xap xi trung

binh phuong. Xét hé da thuc truc giao Legendre:

Lo(x) =1; Ly(x) =7x; La(x) = %(3x2 ~ 1)
La(x) = %(5x3 “3x); Ly(x) = %(359(4 3022 4 3);

1
Ls(x) = g(63x5 — 70x° + 15x);

Khi d6 da thic xap xi trung binh phuong t6t nhét cta f la:
Py(x) = coLo(x) +c1Li(x) + -+ + ¢y Ln(x)

trong do

1
o =212 / FLe(x)dx (k= 0,n)

1a ham can xap xi trung

b) Xap xi trung binh phuong bang da thic lugng gidc: Gid st f € Lf_ﬂ

7T

binh phuong. Xét hé da thuc truc giao luong giac:
1;sin x; cos x; sin 2x; cos 2x; - - - ; sinnx; cos nx

Khi d6 da thirc xap xi trung binh phuong t6t nhét cda f 1a:

n

Py(x) = ag+ )_ (ax coskx + by sinkx)

k=1
trong do
17 1 7
aozE/f(x)dx;akzﬁ/f(x)coskxdx
-7 —TT

1 7 ,
by = - /f(x) sinkxdx (k=0,n)
—TT

Ngoai ra ta con c6 thé xap xi bang da thic truc giao Chebysev, da thic Hermitte...
7.2. Cac bai tap mau.

Vi du 7.1. Xay dung da thitc xap xi bac nhat theo phuong phéap binh phuong t6i thiéu ctia ham f
cho dudi dang bang sau

x;1.0/20/3.0
yi | 0.1]0.9]20

Bai giai: Gia st da thitc xap xi ¢6 dang Py(x) = ap+a;x. Khidédosy = n+1 =2, s =
14243=6,5=12+224+32=14vaby=0.1+09+2.0=30, b; = 4.9 nén ta c6 hé phuong
trinh

3ap + 5a; = 4.9
Do vay ag = 0.05,a; = 0.95 nén da thirc xap xila Py (x) = 0.05 + 0.95x.

{35[0 +3a1 =3

Vi du 7.2. Xay dung da thitc xap xi bac hai theo phuong phéap binh phuong ti thiéu cta ham f

cho dudi dang bang sau
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x| -11]21]32] 44 | 52
y; | 0787392119 \ 13.3
Bai giai: Gia st da thirc xap xi ¢6 dang P(x) = ag + a;x +apx. Khidédosg =n+1 =05, s; =

Poxi = 138, s = Yi ox? = 6226, 53 = Y ox; = 26649, s4 = Y oxf = 1231.741 va
bo = i oy = 4248 by = Y} qyix; = 165432, by = Y y;x? = 717.3608 nén ta c6 hé phuong
trinh

5ap +13.8a1 + 62.26a, = 42.48
13.8ag + 62.26a; + 266.49a; = 165.432
62.26a¢ + 266.49a;1 + 1231.741a; = 717.3608

Do vay ap ~ 2.99948,a; ~ 2.00679 va a; ~ —0.00339 nén da thitc xap xi 1a Pr(x) = 2.99948 +
2.00679x — 0.00339x? ~ 3 + 2x.

Vi du 7.3. Xay dung da thitc xap xi déu bac khong ctia ham f(x) = |x| trén doan [—1;4]
Bai giai: Ta ¢6 f(x) = |x| 1a ham lién tuc trén [—1; 4] nén khi d¢:
m = min |x| =0; M = max |x| =4
[-14] [-14]

Do dé6 da thirc xap xi déu tot nhat

_ M+m
2
Vi du 7.4. Xay dung da thitc xap xi déu bac khong ctia ham f(x) = x? trén doan [—1;2]

Bai giai: Ta ¢6 f(x) = x? 1a ham lién tuc trén [—1;2] nén khi d6: f (x) = 0 néu x = 0 va f(0) = 0.

Do vay ta co:

Po(x) =2

m:mmxzzO, M = max x> = 4
[-12] [-12]
Do d6 da thitc xap xi déu tot nhat
Py(x) = M ;L m_»s

Vi du 7.5. Xay dung da thitc xap xi déu bac nhat ctia ham f(x) = |x| trén doan [—1;5]
Bai giai: Ta c6 f(x) = |x| 1a ham lién tuc trén [—1; 5] nén khi d6. Ta dat:

Pi(x) = ap + a1x

trong do:
e -f) 2
T o541 3

Ham khong kha vi tai x = 0 nhung tai x = 0 ham dat cuc tiéu nén ¢ = 0. Do vay:

f(=1)+f0) -14+02 5
2 2 3 6

. £ . 4x+5
Vay da thuc xap xi bac nhat tot nhat cta f(x) = |x| trén doan [—1;5] 1a: P;(x) = x6+

7.3. Cac bai tap thuc hanh.
(1) Tim da thic xap xi bac nhat va bac hai cia ham f cho & dang bang sau bang phuong phap
binh phuong t6i thi€u

x;|1.0] 20 [ 3.0| 4.0 xi|-20|-15] 12 | 35 | 50
yi 1 05]225|45|7.75 yi | 0.65|1.35|225|6.50|935
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(2) Tim da thuc xap xi bac 1, bac 2 va bac 3 ctia ham f(x) = 2¥sinx va ham f(x) = In(1 + x +
x2¢¥) trén doan [0, 5] véi it nhat 5 mdc chia.
(3) Tim da thuc xép xi bac khong tot nhat ctia cac ham sau:

a. f(x)=x%>—1trén[-1;2] b.  f(x) =2"trén [-1;1]
(4) Tim da thirc xap xi bac nhat tot nhat ctia cic ham sau:
a. f(x) =e*trén [—-1;1] b.  f(x) = —In* trén [1;e]

(5) Tim a, b, ¢ tir diéu kién sau:
a.  maXye|_1,] |¥* 4 ax + b| — min,
b.  max,cpq) VX — (ax +b)| — min,
¢ maXye[_1q) |x° +ax? +bx +c| — ming .
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