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1 Phuong trinh dao ham riéng

CHUONG 1

M6 dau. Phan loai phuong trinh tuyén tinh cap hai

1.1 Giéi thiéu chung

Phuong trinh dao ham riéng 1a mot Iinh vuc quan trong clia todn hoc. C6 rat nhiéu
mo hinh trong tu nhién dugc mo ta boi mot phuong trinh hoac mot hé phuong trinh vi
phan no6i chung va phuong trinh vi phan dao ham riéng néi riéng.

Pinh nghia 1.1. Mot phuong trinh lién hé gitta 4n ham u(zy, ... ,x,), cdc bién doc lap
x; va cdc dao ham riéng cua né dugc goi la mot phuong trinh vi phan dao ham riéng
(hay phuong trinh dao ham riéng cho gon). N6 c6 dang

ou ou o*u
F | z,u(x), ey e TR ,... | =0, (1.1)
8IE1 axn axll PR a:E”:}Zn
trong d6 F' 1a mot ham nao d6 cua cac doi so6 clia nd, v6i ky hiéu z = (zq,... ,x,) € R,

uw(x) = u(zy, ..., 2,)?.

Cip cao nhit ctia dao ham riéng clia v c¢6 mat trong phuong trinh dugc goi 1a cdp
cua phuong trinh.

Phuong trinh duoc goi 1a tuyén tinh néu né tuyén tinh d6i v6i 4n ham va cac dao
ham riéng cta 4n ham. Vi du phuong trinh tuyén tinh cap hai téng quat doi véi ham
u = u(z,y) c6 dang

0%u 0%u 0%u
a(x, y)@ + 2b(x, y)M + ¢(x, y)a_yg

0 0
+d(z, y)a—z + e(z, y)a—z + flz,y)u = g(z,y). (1.2)

Phuong trinh duoc goi 1a d tuyén tinh néu né tuyén tinh doi v6i dao ham riéng cap

@Nguoi ta thuong sit dung ky hiéu
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cao nhat ctia 4n ham. Vi du phuong trinh 4 tuyén tinh cap hai téng quét c6 dang

0%u 0%u
a(ZIJ, Y, Uy Uy, uy)@ + 2b(x7 Y, U, Ug, uy)M
9%u
+ ¢z, y, u, ug, uy)a—y2 +d(z,y, u, uy, uy) = 0. (1.3)

Ly thuyét phuong trinh dao ham riéng cé hai nét dac thu co ban. Tha nhit la
moai lién hé truc ti€p véi cac bai toan vat 1y, vi qua trinh nghién ctu cac bai toan vat
1y va co hoc dan dén cac bai toan phuong trinh dao ham riéng, vi vy nguoi ta con
goi phuong trinh dao ham riéng la phuong trinh vat 1y todn. Nhiing nha tién phong
trong linh vuc nay la J.D’Alembert (1717-1783), L.Euler (1707-1783), D.Bernoulli
(1700-1782), J.Lagrange (1736-1813), P.Laplace (1749-1827), S.Poisson (1781-1840),
J.Fourier (1768-1830). Tht hai la m6i lién hé mat thiét ctia phuong trinh dao ham
riéng v6i cac nganh Toan hoc khac nhu giai tich ham, 1y thuyét ham, topo, dai so, giai
tich phtc.

Trong khuon khé chuong trinh hoc, chiing ta s& dé cap dén céc phuong trinh tuyén
tinh cép hai co ban nhit va cdc bai toan bién hoac bai todn gia tri ban dau tuong Gng,
thong qua cdc phuong trinh dac trung cua moi loai: d6 1a phuong trinh Laplace, phuong
trinh truyén nhiét trén mot thanh va phuong trinh truyén séng trén day cang thang, dic
trung cho phuong trinh elliptic, parabolic va hyperbolic.

1.2 Mot s6 phuong trinh dao ham riéng tiéu biéu
Trong muc nay ta gi6i thiéu mot s6 phuong trinh dao ham riéng tiéu biéu, cé tng

dung trong thuc tién trong cdc nganh khoa hoc thuc nghiém nhu vat 1y, hoa hoc, moi
truong, khoa hoc tréi dat,...

1.2.1 Cac phuong trinh dao ham riéng
1. Phuong trinh Laplace do Laplace dua ra vao khoang nam 1780
Au = Zu“” =0, zeR"
=1
2. Phuong trinh Helmholtz dugc Helmholtz nghién cttu vao nam 1860
—Au = \u.

3. Phuong trinh chuyén dich tuyén tinh

=1
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4. Phuong trinh Liouville dugc nghién cttu vao khoang 1851
Uy — Z(blu)x = 0.
=1

5. Phuong trinh truyén nhiét dugc Fourier cong bé nam 1810-1822

U = Au.

6. Phuong trinh Schrodinger (1926)

iug + Au = 0.

7. Phuong trinh truyén séng duoc D’Alembert dua ra nam 1752
Ut — Au = 0.

va dang téng quét cua né
n n
Upp — E AUz, + E biu,, = 0.
i=1 i=1

Trén day 1a mot s6 phuong trinh dao ham riéng dang tuyén tinh, bén canh d6 con rat
nhiéu phuong trinh dao ham riéng phi tuyén cling nhu hé phuong trinh tiéu bi€u ma
trong khuon khé mot gido trinh 30 tiét ta s& khong dé cap dén. Muc ti€p sau day sé
cho ta thdy mot s6 cach xay dung nén phuong trinh dao ham riéng tir thuc tién.

1.3 Mot so vi du dan t6i cac bai toan bién cua phuong trinh dao ham
riéng
1.3.1 Phuong trinh dao dong cua day

Xét soi day cang thing theo truc Ox. Tdc dong lam soi day dao dong. Ta s& nghién
ctru quy luat dao dong cua sgi day. Ta c6 cac gia thiét:

e Sgi day rat manh va khong cudng lai su uon.

e C6 luc cang T tuwong doi 16n so véi trong lugng cua day, tic 1a bo qua dugc trong
lugng cua sgi day.

e Ta chi xét nhitng dao dong ngang cua sgi day, tic la khi dao dong, cac phan ti
cua day chi chuyén dong theo phuong vuong géc véi truc Ox, khong xét cdc dao
dong ctia day ndm ngoai mit phéng Oux.
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Xét tai vi tri diém M trén s¢i day, ky hiéu do léch ctua M so véi vi tri can bing 12 u,
khi d6 u = u(z,t), v6i z 1a toa do cha M trén day va t 1a thoi gian. Tai thdi diém
t =ty cho trudc ta co

u=u(z,ty) = f(z), (1.4)

tic 1a tai diém t = ¢, ta nhan dugc hinh ddng cha day rung u = f(x). Gia thi€t thém
rang do léch cha day u(x,t) va dao ham riéng d,u 1a rat nhd va c¢6 thé bo qua dai
lugng (d,u)?. Xét doan day gidi han bdi hai diém M;, M, v6i hoanh do tuong Gng x;
va . Vi ta ¢ thé bo qua dai luong u2 nén do dai cha doan day M, M, bang:

l':/ V14 uide =z —x =1, (1.5)
1

tiic 1a bing do dai ctia doan M; M, & trang thdi can bang, hay do dai cua s¢i day khong
déi khi n6 dao dong. Vay, theo dinh luat Hooke, luc cing cla soi day ciing khong
thay doi 7 = Tp,. Ta s& thiét lap phuong trinh dao dong ctia day dua vao nguyén ly
D’Alembert: “Trong chuyén dong clia doan day, tong cic luc tdc dong vao doan day,
ké ca luc quan tinh bang khong; do d6 tong cac hinh chiéu cla céc luc trén mot truc
bat ky 1a bang khong.” Ta ¢6 hinh chiéu lén truc u cla tong cdc luc tdc dung lén doan
day M, Ms,, bao gébm luc cang cua day, ngoai luc tic dung va luc quén tinh bang khong.
Khi d6 ta c6 luc cang clia day huéng theo phuong ti€p tuyén tai M; va M,, bang T,.
Nhu vay téng hinh chiéu cdc luc cang tai M; va M, Ién truc u bing

Y = Tylsin a(zs) — sin a(z1)], (1.6)

vGi a(z) 1a géc hgp véi truc Ox cla vécto ti€p tuyén tai diém z. Thay

. tan a(x) % ou
sina(z) = = = 2 N — (1.7)
w2 0
V/1+ tan? a(x) \/1+<%) x
vao (??), ta duoc
ou ou *2 9%u
Y = TO (g)z_a}2 — (g)z_xl = TO . @dfﬂ (18)

Gia st p(z,t) 1a ngoai luc tdc dong vao sgi day, song song véi truc u va phan phdi trén
mot don vi chiéu dai. Khi d6 hinh chiéu trén truc u ctia ngoai luc tic dong Ién doan
day dang xét la

P= /m2 p(z,t)dx. (1.9)

Goi ty trong dai cla sgi day la p(x) (tdc la mat do phan bo vat chat theo chiéu dai).
Khi d6 luc quén tinh cua doan day dang xét la

T2 2
Z = —/ p(a:)%dx. (1.10)
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T (22), (?2), (2?), ap dung nguyén ly D’Alembert & trén ta dugc

2 0%u 0%u
Y+P+Z:/xl (Tow—p(x)@w(x,t)) dz. (1.11)
Chi y ring z; va z, 1a nhiing vi tri bat ky, ta suy ra biéu thic dudi dau tich phan
ctia (??) phai triét tiéu, tic la

0%u 0?u

P(fﬂ)ﬁ = TO@ +p(z,t). (1.12)

Phuong trinh (??) dugc goi 1a phuong trinh dao dong cua day. Trong truong hop day
doéng chat, ngoai luc tic dong bang khong, phuong trinh (??) trd thanh

Pu 0%

w—a @, VOl a = m (1.13)

L& di nhién, phuong trinh (??) ¢6 vo s6 nghiém. DE xdc dinh duoc nghiém ta cin 4n
dinh thém mot s6 diéu kién phu nao day, tir d6 thié€t 1ap nén cac bai todn bién va bai
toan gia tri ban dau cho phuong trinh (??). Viéc nghién ctu cac bai toan bién va bai
toan gia tri ban dau dong vai trd quan trong trong nghién cttu phuong trinh vi phan dao
ham riéng. Khi s6 chiéu ctia khong gian tang 1én, ta ¢4 céc bai todn truyén séng trén
mang rung (v = u(z,y,t)) va bai todn truyén am trong khong gian (v = u(x,y, z,t)).
Viéc thiét 1ap cac phuong trinh d6 dugc tién hanh tuong tu nhu cach & trén.

1.3.2 Phuong trinh truyén nhiét trong méi truong dang huéng

Xét mot vat thé ran V' gi6i han boi mat kin tron S, ma nhiét do cta né tai diém
(7,y, 2) tai thoi diém ¢ 12 mot ham wu(x,y, z,t). Khi nhiét do tai cac phan cta vat thé
khdc nhau thi trong vat thé d6 c6 su trao doi nhiét luong tir phan néng hon sang phin
lanh hon. Xét mot dién tich AS trong vat thé. Khi d6 nhiét luong AQ truyén qua dién
tich d6 trong khoang thoi gian At s& ty 1¢ voi tich ASAt va véi 2%, trong d6 vecto n
la vecto phép tai phdn mat AS hudng theo chiéu truyén nhiét, tic 1a

7O = — k2 AsAL, (1.14)
on

k dugc goi 1a hé so truyén nhiét. Vi moi trudng dang xét 12 dang huéng nén hé s6 k
khong phu thudc vao phuong cia manh AS ma chi phu thuoc vao (z,y,z). Ta thiét
lap su thay d6i nhiét lugng trong V trong khoang thoi gian ¢, dén ¢, bat ky, tir d6 thiét
lap dugc phuong trinh truyén nhiét. Goi v(x,y, z) 1a nhiét dung va p(x,y, z) 1a ty khoi
cua V tai diém (z,v, 2), phan thé tich AV s& hdp thu dugc mot nhiét lugng AQ; 1a
AQ = [u(z,y, z,t2) — u(x,y, 2, t1)|v(x,y, 2) p(x, y, 2) AV. (1.15)

Tl d6 suy ra thé tich V' s& hdp thu mot lugng nhiét 1a

Q1= /V//[u(a:,y,z,tg) —u(z,y, z,t)]v(2,y, 2)p(z, y, 2)dV (1.16)
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Q1 = / dt///”ypatdv (1.17)

Mait khac, nhiét luong @, bing téng nhiét lugng @, truyén tir ngoai vao qua bién S va
lugng nhiét Q3 tu sinh trong V' do cdc nguoén nhiét khac nhau trong V. Ta c6

hay

/ dt // x,Y, 2 dS (n 12 phdp tuyén trong cta S). (1.18)

Goi F 1a mat do ngudn nhiét trong vat thé tai timg di€ém. Khi do6

t2
Qs :/ dt///F(x,y,z,t)dV. (1.19)
t1
1%

Két ho‘p 27, 27, (?7?) va hé thic Q; = Q2 + @3, ta duoc

Ca (%= [T ([ k@ Pas s [ at [[[ Fy v
ot ” g on 4 J

(1.20)

Ap dung cong thitc Oxtrogradski, chi y ring 7 13 phép tuyén trong clia S, ta duoc

. ou ) —
/ dt /// (%OE — div(kgradu) — F(x, vy, z,t)) dv = 0. (1.21)
t1
v

Vi thé tich V dugc 14y bat ky, ta ¢6
ou , —
Ve = div(kgradu) + F(z,y, 2, 1). (1.22)
Phuong trinh ndy goi 13 phuong trinh truyén nhiét trong vdt thé dang huong khong

thudn nhdt. Trong trudng hop thudn nhat, ciac hé s6 v, p va k déu 1a hang s6, phuong
trinh truyén nhiét & trén trd thanh

ou o (0*u  u  u
Fri =A 1.2
8t (8272 + 8y2 + 8Z2> +f(l',y,2,t) u—{—f(x,y, th)a ( 3)
vl
a = ﬁ, f(xvy,z,t) = M
P P

Khi s6 chiéu giam, ta sé€ duoc cdc phuong trinh truyén nhiét trén ban mong (u =
u(x,y,t)) va trén thanh (v = u(z,t)). Tuong tu phuong trinh truyén séng, ta ciling thiét
lap cdc diéu kién ban ddu va diéu kién bién dé xdc dinh nghiém clia phuong trinh
truyén nhiét, ta dan dén bai toan gid tri bién-ban diu ctia phuong trinh truyén nhiét
hodc bai todn Cauchy cua phuong trinh truyén nhiét.
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1.3.3 Phuong trinh Laplace

Xét phuong trinh (??). Gia sir sau mot thoi gian nao do6, nhiét do trong moi truong
6n dinh, khong c6 su thay doi nhiét do theo thoi gian. Khi d6 ta dan dén phuong trinh

Pu  0Pu  Pu

A p—
4T e * 0y? * 022

0, (1.24)

goi la phuong trinh Laplace. Do6i v6i phuong trinh loai nay, ta thi€t 1ap cac bai toan
bién, véi cac gia tri trén bién dugc cho dudi dang truc tiép (u|s = ¢(P)) hoac gian ti€p
(% |s = ©(P)). Bai toan tim phan bo dimg ctia nhiét do bén trong vat thé theo nhiét do
da cho trén bién dugc goi la Bai todn Dirichlet, theo tén nha todn hoc L.Dirichlet la
nguoi diu tién nghién chiing minh tinh duy nhat nghiém cua bai toan nay. Bai toan tim
nghiém cua phuong trinh ding khi biét gia tri trén bién cua dao ham theo huéng phap
tuyén cua 4n ham duoc goi 1a Bai todn Neumann. Bai todn tim nghiém cua phuong
trinh khi biét gid tri trén bién cla téng giita 4n ham cin tim va dao ham theo huéng
phdp tuyén ctia 4n ham goi 1a Bai todn hén hop. Khi vé€ phai ctia phuong trinh 12 mot
ham khéc khong thi ta goi 1a Phuong trinh Poisson. Viéc nghién ctru cdc phuong trinh
O trén cling nhu cdc bai todn tuong tng khong chi ¢6 ¥ nghia vé mat dinh tinh ma
con ¢6 ng dung rat thuc tién trong cdc bai toan vat 1y, hoa hoc, sinh thdi hoc, ... .
C6 thé néu mot vi du don gian nhat 1a mo ta chuyén dong khong xody cla chat long
1y tudng (thuan nhat, khong nén dugc), tic la vect o van toc v cua chit long 1y tudng
s€ la vector thé, tic 1a ton tai ham th€ p(x,y, z) sao cho ¥(z,y,z) = —ggdgo. Khi dé
phuong trinh chuyén dong lién tuc cho ta

divv = 0,
hay
—).
div grady = 0,
tuc la 52 52 52
4 ' n LA
oxr?  0Oy?> 022

1.4 Phan loai phuong trinh vi phan cap hai trong truong hop hai bién

Chung ta di phan loai phuong trinh vi phan dao ham riéng cép hai trong truong hop
hai bién. Xét phuong trinh vi phan dao ham riéng cap hai tuyén tinh v6i cac hé so thuc

a(z,y) gy + 26(x, y)usy + c(z,y)uy, + F (2, y, u, g, uy) =0, (1.25)
va diém (z9,yo) cO dinh. Phuong trinh (2?) tai diém (x,y0) duoc goi l1a
a) thuoc loai ellip (hay phuong trinh elliptic) néu tai diém d6 b*> — ac < 0,

b) thuoc loai hyperbol (hay phuong trinh hyperbolic) néu tai diém dé % — ac > 0,
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¢) thuoc loai parabol (hay phuong trinh parabolic) néu tai diém d6 b? — ac = 0.

Néu phuong trinh (2?) thuoc mot loai nao d6 tai moi diém thuoc mién G thi néi ring
phuong trinh thuoc loai d6 trong mién G. Ngudi ta ching minh dugc ring qua phép
ddi bién bat ky

v6i £(z,y),n(z,y) € C*(G) va

D(&,n)
Dy £ 0, (1.26)

loai ctia phuong trinh s& khong thay déi. Tur do, thong qua phép déi bién (z,y) — (£,7),
ta s& dua phuong trinh dugc xét vé mot phuong trinh ¢6 dang chinh tic. That vay, véi
phép doi bién & trén, ta c6

Uy = Uy + UpT,

Uy = uey + Un1py,
Uga = Ugels + 2Uen€ane + UnyTs + Uear + UnTzas
Uy = Uge&aly + Ugy(Eany + EyNi) + UnyNatly + Uebay + UyNay,
Uyy = u&f; + 2ug,&yny + “7777772 + ugyy + unnyy-

Thay cac dai lugng trén vao phuong trinh (??) ta duogc
ai (57 77)“55 + 2b1<£7 77)“577 +c1 (67 n)unn + F1(£> 7, U, Uy, Ug) = 05 (127)
véi

ay = a&l + 2b&,&, + €,
bl = agxnx + b(ﬁxny + gynw) + ngmp (128)
c1 = ani + 2bn,n, + cnj.

Tinh toan don gian ta duoc
b2 —aje; = (b — ac)(&Emy — &) (1.29)
Néu chon &, n 1a cdc ham thoa man phuong trinh
azg + 2bzyzy + CZZ =0, (1.30)

thi trong (??) ta c6 a; = ¢; = 0, tdc la phuong trinh ban dau tré nén don gian hon,
tlr d6 dua phuong trinh duoc xét vé phuong trinh dang chinh tic. Bo dé dudi day thé
hién mai lién quan gitta nghiém cta phuong trinh (??) véi viéc dua phuong trinh (??)
vé dang don gian hon.
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B6 dé 1.1. Néu z = ¢(x,y) la mot nghiém cia phuong trinh (2?) thi hé thirc
o(x,y)=C, CeR, (1.31)
xdc dinh nghiém tong qudt ciia phuong trinh vi phdn thuong
ady® — 2bdxdy + cdz® = 0. (1.32)

Nguoc lai, néu o(z,y) = C la nghiém tong qudt ciia phiong trinh (??) thi ham z = ¢(z,y)
la nghiém riéng ciia phuong trinh (?7?).

Chiing minh.
(=) Theo gia thiét, vi z = ¢(z,y) la nghiém cua (??) nén ta cé

apl + 2bpapy + cpl =0, (1.33)
hay
2
a <—ﬁ> — 2% <—ﬁ> te=0. (1.34)
Py Py
Theo dinh 1y ham 4n, ham y = y(z) dugc xdc dinh tir he thic (??) ¢6 dao ham béng
J(z) = — 22 (1.35)
Py

T d6 suy ra (??).
(<) Ngugc lai, néi ring biéu thic (??) 1a nghiém cla (??) ¢6 nghia 1a 4n ham y(x)
xdc dinh tir hé thic (??) thoa man (??) v6i moi gié tri nao d6 cua hang s6 C.

Dé chitng minh ham z = (z,y) la nghiém cua (??) ta hdy ching minh ring (2?)
dugc thoa man tai moi diém (g, o) bat ky trong mién xdc dinh cla ¢(x,y). That vay,
xét diém (x, o), dat Cy = (w0, yo) va xét dn ham y(z) xac dinh tir hé thic

p(z,y) = Co.
Theo gia thiét, hAm y nhu trén s& thoa man (2?), tic 1a thoa man (2?) tai diém (g, yo).
Theo (2?), ta c6

%(Ioayo) (1.36)

yi{@o) == @y (0, Y0)

Thay vao (??) ta dugc (2?) tai di€ém (x, o) va do d6 c6 (2?) tai (zg,yo). Tl do suy ra
diéu phai chiing minh. O

Phuong trinh (??) duoc goi 1a Phuong trinh cdc duong ddc trung cua (2??), dudng cong
tich phan ¢(z,y) = C dugc goi la duong cong ddc trung cua (2??). Néu tir hé thic (2?)
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ta khong suy ra dugc 4n ham y theo x thi ta trdo doi vai trd clia y va x, tim a4n ham

x = z(y) thoa man phuong trinh

a—2bx' +cx’* =0.

Trong nhiing trudng hgp cu thé ta c¢6 thé dua cac phuong trinh vé dang chinh tic nhu

sau:

Truong hop phuong trinh hyperbolic Ta ¢6 § = b* — ac > 0.

1. Truong hop a # 0. Khi d6 phuong trinh (??) c6 hai nghiém thuc doéi véi v/

la
, b+ vb? —ac
Y= """
a
tr d6 suy ra hai nghiém
Yy = f1($,01>,
Yy = fQ(anQ)a

hay viét dudi dang tich phan téng quat
P1 (I’, y) = 017
P2 (:L'7 y) = 027

ap dung bo dé ta c6 thé xét phép dat

5 = (Pl(x,y),
n = pa(z,y),

va thay vao phuong trinh (??) thi a; = ¢; = 0, va phuong trinh ban dau sé

c6 dang chinh tac

uen = FY(&,m,u, ug, uy).

(1.37)

2. Truong hgp a = 0. Khi d6 phuong trinh cac duong dac trung ctua (??) c6

dang a — 2bz’ + cz’* = 0, ta ¢6 ngay dang chinh tic

Ugy = F* (2,9, u, ug, uy).

3. Néu thuc hién phép déi bién

gza_ﬁ7 77:04‘1‘57

thi dang chinh tic ctia phuong trinh (??) ¢6 dang

Uqa — U = (I)(Oé, ﬂ?ua uomuﬁ)‘

(1.38)

(1.39)
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Vi du 1.
Upg — TUgy + 12uyy + uy — 2uy — 3u = 0. (1.40)

Phuong trinh dudng dac trung y'> + 7y’ + 12 = 0 ¢6 biét thic A =1 > 0. Tir d6,
dp dung bd dé ?? & trén ta dugc nghiém cta phuong trinh dudng dic trung 1a

y = —3 vay = —4. Tir d6 ta c6 hai dudng cong tich phan tdng quét tuong ting
y+ 3z = Cy, (1.41)
y+ dx = Cs. (1.42)

bit ¢ = y + 3z, n = y + 42. T d6 phuong trinh chinh tac 1a

ugn + ug + 2u, + 3u = 0. (1.43)

Truong hop phuong trinh elliptic Ta ¢6 § = b —ac < 0. Gia thiét ring a, b, c 1a nhitng

ta co

ham giai tich doi v6i z va y. Phuong trinh duong dac trung cta (??) c¢6 hai
nghiém phiic lién hgp. Khi d6 nghiém téng quat cta phuong trinh dudng dic
trung c6 dang p(z,y) = C va ¢*(z,y) = C. Dat

£ = o(z,y),
n=¢"(z,y),
ta duoc
a1 = apl + 2bpapy, + cpiy = 0, (1.44)
c1 = ap? + 2050, + c<pZ2 =0. (1.45)

Ky hiéu ¢(z,y) = a(z,y) + i8(x,y), voi a, [ 1a cdc dai lugng thuc. Tach phan
thuc va phan ao trong (??) ta dugc

aa? + 2baay, + cozf/ = a3 + 208,83, + cﬂj, (1.46)
ac By + b(owfy + ayfy) + cay By, = 0. (1.47)

Bay gid xét phép déi bién

(Thyc chat ¢ day ta dat

0= 36ly) + '@y, 6= 3e(y) - ¢ ()
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ma thoi!). Tu céc tinh toan & trén, phuong trinh (??) s€ trd thanh

A2Unq + 2bUnp + Coups + Fo(a, B, u, uq, ug) =0, (1.48)
VOi ay = g, by = 0, V2 aycy —b3 > 0. Phuong trinh chinh tic clia phuong trinh (2?)
s€ c6 dang
Una + Upg = P(a, B, U, Uq, ug). (1.49)
Vi du 2.
Ugg + 2Ugy + dUyy — 2uy + 3uy = 0. (1.50)

Phuong trinh dudng dac trung: /> — 2y’ +5 = 0 ¢6 biét thic A = —4 < 0. Tir d6
phuong trinh cé nghiém phic 3’ = 1 + 2i, kéo theo dudong cong tich phan tuong
ung y — xz — 2tz = (. Dat

a=y—u, (1.51)
0= —2z. (1.52)

Tir d6 phuong trinh chinh tic tuong tng 1a

1
Una + Ugg + %(ua + 4dug) = 0. (1.53)

Truong hop phuong trinh parabolic Tuong tng véi truong hop 6 = v — ac = 0. Khi
d6 phuong trinh duong dac trung c6 nghiém kép

o(z,y) =C. (1.54)
Ta dung phép thé bién
v6i Y(z,y) thy ¥ thoa man
D(¢,¢)
0. (1.56)
Doy 7

Tinh toan tuong tu truong hgp hyperbolic, cac hé s6 aq, by triét tiéu, con ¢; khong
triét tieu. Khi d6 phuong trinh chinh tic clia phuong trinh (??) trong trudng hop
nay c6 dang

Upy = P(E, M, U, Uy, Ue). (1.57)

Chd ¥y ring trong trudng hop b = 0 thi phuong trinh (??) ¢6 sdn dang (??).
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Vi du 3.
Ugg + 4Ugy + 4y, + Sugy +uy + 12u = 0. (1.58)

Ta c6 phuong trinh dudng dac trung 1a y'> + 4y’ +4 = 0 c6 biét thitc A = 0, vay day la

phuong trinh parabolic. Phuong trinh dac trung ¢6 nghiém ¢ = —2, suy ra y + 2z = C.
Xét phép doi bien

&=y + 2z, (1.59)

V=v. (1.60)

RG rang & va 1) truc giao v6i nhau. Theo phan 1y thuyét, cic hé s6 a; va by triét tiéu,
con ¢; = 4. Vay ta ¢ dang chinh tic clia phuong trinh da cho 1a

Ay, + 5(2ue) + ue +uy + 120 =0 (1.61)
11 1
= Upy + Tl + 7Un +3u = 0. (1.62)

1.5 Tinh dat chinh ctaa bai toan phuong trinh dao ham riéng. Phan vi

du cuia Hadamard. Pinh ly Cauchy - Kovalevskaia

Trong cac bai toan vat ly dan dén céac bai toan cua phuong trinh dao ham riéng,
mot van dé thuc tién dat ra 1a cdc sai s6 do thuc nghiém, do dac cédc so liéu thuc tién
s€ anh huong dén sai s6 ctia nghiém. Do d6 viéc mo hinh héa toan hoc cac qua trinh
vat ly can thoa man cac doi hoéi sau:

e Nghiém clia bai todn phai ton tai trong mot 16p ham X nao do.
e Nghiém d6 la duy nhat trong mot 16p ham Y nao dé.

e Nghiém ctia bai toan phu thudc lién tuc vao cac dir kién da cho cia bai toan
(diéu kién ban dau, di€u kién cho trén bién, s6 hang tu do, cic hé s6 clia phuong
trinh.

J.S.Hadamard (186-1963) da dua ra khai niém vé tinh dat chinh (dat ding din,
dat tot — well-posed) ctia mot bai todn phuong trinh vi phan dao ham riéng: Mot bai
todn dugc goi l1a dat ding din néu thdéa man ca ba diéu kién trén. Néu khong thdéa man
mot trong ba diéu kién trén thi bai todn duoc goi l1a bai todn dat khong ding dan (dat
khong chinh — ill-posed problem).

Vidu4. 1. Xét bai todn Cauchy cho phuong trinh vi phan thuong

y' = f(z,y), (o) = vo.

Ngudi ta ching minh dugc ring v6i f thoa man diéu kién Lipschitz theo y va
lién tuc theo (z,y) trong mot mién nao dé chita (zg, 1) thi bai todn la dat ding
dan.
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2. Xét bai toan Cauchy cho phuong trinh Laplace do6i v6i ham wu(z,t):
Uy = —Uge trong € (1.63)
u(z,0) =0, u(z,0) = %sin kx, (1.64)
0<t<d, xzeR,

k 1a mot s6 nguyén duong nao d6 tuy y, 6 day coi X =Y = C?%(Q), véi
2= (0,0) x R. Nghiém cua bai toan (??)- (??) 1a ham

h(kt
w(z,t) = > 15:2 ) sin kz. (1.65)

Néu k — oo thi ; sin kz hoi tu déu theo = dén khong. Tuy nhién, véi z # jm, j =
1,2,... thi day ham u,(z, t) = 2 kt) sin kz khong hoi tu déu vé khong khi k — oco.
Vay bai todn Cauchy (??)- (2?) khong dat chinh trong 16p ham C?(Q).
Xét 2 C R”™ 1a mot mién trong R™. Ta xét bai toan Cauchy tim nghiém cua phuong
trinh dao ham riéng tuyén tinh céip hai tong quét

Z; &L’,@m] Z a;(z a(z)u = f(x), (1.66)
& day a;j, a;, a, f 1a cdc ham du tron. Ta nhac lai rang bai todn tim nghiém cla phuong
trinh thoa mén céc di€u kién ban dau tai ¢ = ¢, 1a bai todn Cauchy. Trong phuong trinh
vi phan thudng, tng vé6i truong hop n = 2, ta dd c6 dinh 1y Cauchy khang dinh ring
bai todn Cauchy c6 nghiém giai tich duy nhat trong mot 1an can nao dé cua t°, néu cac
hé s6 va s6 hang tu do cua phuong trinh 1a cac ham gidi tich trong khoang (a,b) > t°.
Mot cach tu nhién, ta tim cidch m& rong két qua trén cho truong hop phuong trinh
dao ham riéng. Gia st bién cua phuong trinh la z = (z, 29, ... ,z,) dugc tich thanh
r = (¢',x,) = (2/,t), trong A6 2’ = (z1,29,... ,24_1), t = z,, 6 day t dong vai tro
bién thoi gian con 2’ déng vai tro bién khong gian. Bai toan Cauchy ctia phuong trinh
dao ham riéng (??) 1a tim nghiém clia phuong trinh biét ring trén mat phang ¢ = t° va
trong mot 1an can cua x) c6 cic di€u kién ban dau
ou

E t=t0
Dinh 1y sau, mang tén nha nit todn hoc Nga S. V. Kovalevskaia (1850 - 1891), sé& chi
ra cdc diéu kién (cdn va du) dé bai toan Cauchy c6 nghiém giai tich duy nhat. Gia s
viét phuong trinh (??) duédi dang

W wa ax,ax +me o at+2b (z)u+ h(z), (1.68)

7]_ 7]_

— w (z). (1.67)

uli—po = ug(x'),

Dinh ly 1.1. Gia sit b;j, by, b;, b, h la cdc ham gidi tich trong mot ldn cdn nao do cuia

diém z° con g, uy, la cdc ham gidi tich trong mot lgn cdn nao dé ciia diém x}. Khi doé
bai todan Cauchy (2?)- (2?) ¢6 nghiém gidi tich® trong mot ldan cén nao dé cia diém z°

va la nghiém duy nhdt trong lop cdc ham gidi tich.

®Con goi 1a nghiém cé dién clia phuong trinh dao ham riéng
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Viéc chiing minh dinh 1y ndy ¢6 & phan phu luc cu6i gido trinh. Ciing c6 thé tham
khdo cédc sach trong phan tham khao. Mot chd y cudi cung cua chuong nay la dinh 1y
Cauchy - Kovalevskaia ciing ding trong truong hgp phuong trinh cap cao hon 2, khi
d6 ta s& c6 nhitng phat biéu twong tu dinh 1y vira néu.
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Bai tap chuong 1

0. (M6 hinh hod) Quan sit mot doan dudng dai 50m khong c6 diém dé trong mot
thoi gian 50 phit trong nhi€u ngay, ban thu dugc cdc két qua sau. (Coi tat ca cac loai
phuong tién giao thong 1a nhu nhau).

1.

Trong ngay diu tién, ta thay rang trong sudt thoi gian quan sat, tit ca cac phuong
tién giao thong déu di chuyén vé6i van téc hitu han va khong gap rac r6i gi.

. Trong ngay thit hai, ta van quan sat dugc hién tugng trén, dong thoi nhan thiy

rang: Trong thoi gian ndi trén da xuét hién cdc vu tai nan giao thong va lam
nhiing phuong tién tryc ti€p lién quan dén tai nan khong luu thong dugc nira va
khong anh hudng dén cac phuong tién giao thong khic. Trén doan dudng ndi
trén, tai mo6i di€ém ty 1¢ xudt hién tai nan giao thong 1a mot hing s6 A > 0 phu
thudc vao mat do phuong tién giao thong tai do.

Trong ngay thit ba, cac phuong tién giao thong khong gap tai nan di chuyén theo
mot trudng van toc thay déi, va khong phu thuoc vao mat do phuong tién giao
thong.

Trong ngay thi tu, ta nhan ra rang c6 mot mat do xe co cuc dai ppa € R tai moi
diém trén dudng, sao cho khi khi mat do xe cO vugt qua pn. thi ty 1é tai nan
giao thong s& gia tang tai di€ém do.

Hay mo ta cac qua trinh trén thanh cac phuong trinh dao ham riéng tuong tUng.

I. Pua cac phuong trinh sau vé dang chinh tic va phan loai ching

1.
2.

8.

Uy — TUgy + 12uyy + uy — 2uy — 3u = 0,

Ugg + 2Ugy + dUyy — 2Uy + 3uy = 0,

 Ugy — OBUgy + Uy — Uy +uy +u =0,

o Ugy + 2Ugy — Uy, + 2u, + 6uy =0,

. Uy — 2CO8 TUgy — (3 + sin® z)u,, — yu, =0,
e Y Uy + 2TY Uy + 202Uy, + Yu, = 0,

. €Uy + 26"y, + ePVuy, =0,

tan? xug, — 2y tan xu,, + y?u,, + tan® zu, = 0.

II.1. Tim nghiém tong quét clia cac phuong trinh sau:

1.

2.

Upy — 2SIN TUgy — cos? TUyy — COS TUy = 0,

Ty — YUy + % (uy —uy) =0,
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3. (2 — Y)Uay — Up +uy = 0, (01 ¥: dat v = (z — y)u),
4. Ugy + yu, + zuy + zyu =0, (goi y: dat u = e~ (@) /2
I1.2. Tim tich phan téng quét cua cdc phuong trinh sau:
. Uyy — aPuy, =0,

o Ugy — 2Ugy — 3Uyy = 0,

. Ugy + auy =0,

2
3
4. BUgy — DUgy — 2Uyy + Uy +uy — 2 =0,
5. Uyy + auy + bu, + abu = 0, a,b = const,
6

o Ugy — 2Ugy — 3uy + 6u = 2e™.

III. Tim cdc mién elliptic, hyperbolic, parabolic cua phuong trinh
(A + ) Uy + 20Ytgy — Y21y, = 0,
theo A.
IV. Dua vé dang chinh tac trong mién ma loai phuong trinh van giit nguyén.

1. um+4uwy+uyy+u$—i—uy+2u—x2y:0,

Y g 4wy, —u, =0, m e ZT,

2
3. Upy + TUY, = 0,
4. YUy + 20Ytyy + 22Uy, = 0,
5. sin® zu,, + Uyy = 0.

V. bit u = ve*®**t# va chon cdc tham s6 A, p thich hgp, hdy don gian hod céc
phuong trinh sau.

L. Ugy + Uy + oy + Buy +yu =0,
2. Upy = a%uy + Bu, + au,
3. Upy = auy + PBuy.

VI (*). Phép bién d6i Fourier F cua mot ham kha tich u(z,y) duoc cho boi cong
thic

1 A
Ful(€m) = o / / u(@, y)e N dady,  (€n) €R?, (1.69)
RQ
Xét phuong trinh
gy + buy, = f(2,y). (1.70)
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. Bién d6i phuong trinh trén bang phép bién d6i Fourier (z,y) — (£, 7).

. Tim nghiém clia phuong trinh trén tir viéc giai phuong trinh da duogc bién déi

Fourier v6i gia thiét ring u ¢6 gid compact, tic 1a tap

suppu = {(z,y) € R?, u(z,y) # 0}

la mot tap compact.

. Xét truong hopa=b=1,a=0,b=1,a=1,0=—1.
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CHUONG 2

Phuong trinh hyperbolic. Phuong trinh truyén séng trén day

2.1 Dat bai toan

Chidng ta nghién ctu phuong trinh truyén séng trén day rung, tir d6 nghién cdu tinh
chat cua cac phuong trinh hyperbolic

Pu 0%
= — —qQ —

ot? Ox?
hoac phuong trinh truyén séng khong thuan nhét

2 2
— % — Cﬂ% = f(z,t), u=u(zt), (z,t) €[0,1] x (0,+00), (2.2)

Dai v6i phuong trinh hyperbolic, ngudi ta dat van dé nghién ciu bai toan Cauchy tuong
ing cta ching. Ta xét bai todn Cauchy ctia phuong trinh truyén séng (??) sau

Cu =0, wu=u(zt), (z,t) €[0,1] x (0, +00), (2.1

Lu

0? 0?
55 =g @), (@0 €[00 x (0, +00), 23)
u(to,z) = g(x), =z €0, (2.4)
%(to,x) = h(z), x€]0,l]. (2.5)

Chi y rdng doan [0,1] c6 thé duogc thay bang ca truc thuc R. T chuong ??, ta da néu
ra cdch thiét 1ap dé dan dén phuong trinh truyén séng trén day cang thang. Ciing nhu
cac phuong trinh dao ham riéng khac, ta di chiing minh cdc Dinh 1y ton tai, duy nhat
nghiém va Dinh 1y vé su phu thudc lién tuc ctia nghiém vao céc dit kién ban ddu. Ta
c6 cac Dinh 1y sau.

Pinh 1y 2.2 (Pinh 1y duy nhat). Ton tai khong nhiéu hon moét nghiém u € C?*(Q) ciia
bai toan Cauchy (??), (??), (??).

Cha y.
e Bing cach co gidn hé toa do, dit t' = at, ta c6 thé gia st hé s6 a = 1.

e Biing cich tinh tién hé toa do, ta c6 thé coi ¢y = 0.
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e Dé ching minh Dinh 1y, ta ching minh rang hiéu cta hai nghiém bat ky cta bai
todn dong nhat bang 0. Gia sir u; va uy 13 hai nghiém cta bai todn trén, khi dé
hiéu v(z,t) = uy(z,t) — ug(z, t) thod man

v 0%
— 2.
8t2 8332, (aj7t) E [07 l] X (O’ +OO)7 ( 6)
v(0,2) =0, €0, (2.7)
0
a—?(O,x) =0, z€l0,. 2.8)
Khi d6 nghiém u(z,t) cta bai todn trén s& dong nhat bang khong.

< S s Ou o Ou
e Ta s€ su dung ky hiéu w; va u, thay cho cdc ky hiéu truyén thong N va 9z
T

tuong ung.

Ching minh. Gia st u(z,t) 1a nghiém cua bai todn Cauchy & trén, sao cho u kha vi lién
tuc cung vGi cac dao ham riéng cép hai trong 2. Xét non K cé mat day la t =ty =0,
cdc mat bén la cic duong dac trung. Khi do

Ut (utt - uwm) = 07

suy ra
I= // g (Ugy — Ugy ) dzdt = 0,
K
Lai c6
1 2
Ut * U = §8t<'u,t>, (29)
1
Up * Ugy = Op(Uy - Uy ) — §6t(u,52) (2.10)

T d6 suy ra
[=—Z= // (8t(u§ +u?) — 8,,:(2umut)) dxdt = 0.
K

Theo cong thuc Green,

1
= - 2usudt + (u2 + uf)dr = 0.
oK
Trong d6 0K duoc tao boi cdc duong dac trung cua phuong trinh (tic 1a cac duong
x+t=0) va dudng t =ty = 0, chd y rang trén dudng nam ngang t = t, = 0 ta ¢o
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uo = 0, tic 1a tich phan dugc 14y trén cac duong dac trung ma thoi. Tur cong thitc cua
duong dac trung ta suy ra hé thic

Uy = Tuy,

(vi hé s6 goc cua duong dac trung la +£1). Goi m la phuong ctia duong dac trung [ nao
d6 cua phuong trinh. Khi d6 trén duong dac trung [ ta cé
ou

5 — Uz _)7_' _'at
o = U cos(1m, T) + u; cos(r, )

= wuy(cos(m, &) & cos(m, 1)) = 0.
Vi vecto 1m vudng goc véi vecto phap tuyén 7 ciia duong dac trung. Vay ta ¢6 u(z,t) =

const = u(z,0) = 0, v6i moi (z,t) € K. Vi K dugc chon bat ky nén ta suy ra
u(z,t) = 0. Diéu phai ching minh. O

Nhu ta s€ thay tir cong thiic D’ Alembert trong phan sau, nghiém cta bai toan Cauchy
s& phu thuoc vao cdc dit kién ban dau la cdc ham dudi d4u tich phan: Khi thay déi
mot lugng nhd & cac dit kién ban dau g va h thi nghiém cua bai toan Cauchy s€ thay
ddi mot luong nho twong ting. Vi vay ta c6 khang dinh.
Pinh 1y 2.3 (Tinh 6n dinh ciia nghiém). Nghiém ciia bai todn Cauchy (2?)-(2?) phu
thuoc lién tuc vao cdc dit kién ban dau h va g.

2.2 Phuong trinh chuyén dich

Phéan nay nhiam bé trg cho viéc tim nghiém ctia phuong trinh truyén séng bing cong
thitc D’ Alembert. Xét phuong trinh

ur +bu, =0, (x,t) € R x (0,+00). (2.11)

Ta tim nghiém cta phuong trinh trong 16p cdc ham s6 c6 dao ham riéng lién tuc. Chud
¥ rang khi xem v€ trdi ctia phuong trinh (??) 1a mot ham theo (z, ¢;b) thi dao ham theo
huéng (b, 1) triét tiéu. Khi do, véi mdi diém co dinh (z,t) € R x (0, +00) ta dat

2(s) = u(x + sb,t + s).
The thi
2(s) = bug(z + sb,t + s) + u(x + sb,t +s) =0,

ttic 12 z(s) = const. Tir d6 suy ra néu biét gid tri clia u trén cac duong thang c6 vecto
chi phuong 1a (b,1) thi c6 thé xdc dinh dugc gid tri clia u trén toan mién R x (0, +o0).
Xét bai todn Cauchy

ur +bu, =0, (x,t) € R x (0,+00), (2.12)
u(z,0) =g(z), xR (2.13)
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Puong thang di qua diém (z,t) c¢6 huéng la (b, 1) dugc tham s6 héa 1a (z + sb, t + s).
Vi u 12 hiing s6 trén dudng thang d6 va u(x — tb,0) = g(z — tb) nén suy ra nghiém cta
bai toan la

u(z,t) = glx —tb), (z,t) € R x (0,+00).

Khi v& phai cua phuong trinh (??) 1a mot ham f(z,t¢) khong dong nhédt bang khong,
thuc hién tuong tu trén ta suy ra duoc nghiém cua bai todn Cauchy tuong tng 1a

t
u(z,t) = g(x — tb) +/ flx+ (s—1t)b,s)ds, (z,t) € Rx (0,400). (2.14)
0
Chu y. Phuong phdp ma ta sit dung & muc nay dua trén co sd dua mot phuong trinh

dao ham riéng vé phuong trinh vi phan thudng tuong dng. Nguoi ta goi phuong phéap
nay la phuong phdp ddc trung.

2.3 Nghiém cta bai toan Cauchy cta phuong trinh truyén séng. Cong
thitc D’Alembert

Xét bai toan Cauchy thuan nhat

Pu 0%
w =a w, (.'lj,t) € R x (0, +OO), (215)
u(z,0) =g(z), z€R, (2.16)
%(z, 0) = h(z), z€R, 2.17)

& day cac ham g va h dugc gia thiét 1a da biét. Ta can tim nghiém cta bai toan duogc
biéu dién qua g va h. Chud y rang phuong trinh (??) c6 thé viét dugc dudi dang

0 0 0 0 B 9 B
(& + af)_x) <a — a£> U= Uy — @ Ugy = 0. (2.18)

bat v(z,t) = (£ — a) u(z,t). Khi d6 phuong trinh (2??) trd thanh
vz, t) + avy(z,t) =0, xRt >0. (2.19)

Ap dung nghiém clia phuong trinh chuyén dich & trén (phuong trinh (22)) véi b = a ta
tim nghiém bai toan (??)- (??) dudi dang v(z,t) = a(z — at), trong d6 a(z) := v(x,0).
K&t hgp vai (??) ta duoc

w(z,t) — auy(z,t) = a(z —at), trong R x (0,00). (2.20)

Ap dung cong thitc nghiém (??) cha phuong trinh chuyén dich khong thudn nhat véi
b= —a, f(z,t) = a(r — at) ta suy ra nghiém cua bai toan la

u(z,t) = B(x + at) + /o a(xz +a(t — s) —as)ds
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déi bién y := = + at — 2as ta dugc

—pera)t o [ a0 =u(w0),

20’ r—at

0 day « va (8 1a cac ham can tim théa man bai toan Cauchy dang xét. Thay nghiém
vira tim dugc vao bai toan ta dugc

B(z) = u(x,0) =g(z), =z€R,
a(z) =v(z,0) = u(z,0) — auy(z,0) = h(z) — ¢'(x), =z €R.

Vay nghiém can tim 1a

1 z+at
u(z,t) = §(g(m +at) + g(z — at)) + 2_a/ h(y)dy, ze€R,t>0. (2.21)
r—at

Cong thitc (??) duoc goi 1a cong thirc D’Alembert. Vay ta ching minh dugc Dinh ly
ve su ton tai nghiém cua bai todn Cauchy cho phuong trinh truyén song.

Pinh 1y 2.4 (Pinh 1y ton tai nghiém). Gid s g € C*(R), h € CY(R), cho trudc va
ham w dugc xdc dinh bdang cong thite (2?). Khi dé, cdc khdang dinh sau day la ding

1. ue C*R x [0, +0)),
2. Uy — a*ug, = 0 trong R x (0, +00),
3. véi moi 2° € R,

lim  wu(x,t) = g(2°), lim  wuy(z,t) = h(z°).

(z,t)—(x0,0%) (2,t)—=(20,07)

Chitng minh. Céc bu6c & trén da ching minh céc khéng dinh 1. va 2. D€ chiing t6 3.,
ta kiém tra truc ti€p giéi han trong khang dinh. Diéu niy hoan toan dé& dang doi véi
céc ban. L]
Bén canh viéc xdc dinh nghiém ctia bai todn Cauchy cho phuong trinh truyén séng theo
Dinh 1y ?? ta c6 thé xdc dinh nghiém cua bai todn trén bing phuong phdp téch bién.
Ta c6 phuong trinh cac dudng dac trung ctia phuong trinh hyperbolic ¢6 dang

dz? — a*dt? =0, (2.22)
hay
dx —adt =0, dx—+ adt=0. (2.23)
Nghiém ctia n6 c6 dang
x —at = Ch, (2.24)

x + at = Cs. (2.25)
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Thuc hién phép déi bién

E=x+at, n=ux—at, (2.26)
ta duoc
0%u
9ean 0 (2.27)
T d6 suy ra
ou
— = *(n). 2.28
o fr(n) (2.28)

Tich phan (??) theo 7 ta duoc

wamzjfwm+ﬁ@=ﬁ@+ﬁw. (2.29)

R3 rang v6i moi ham f(€) va g(n) kha vi trong (??), bang cich dao ham ta c6 két
luan ching déu 1a nghiém ctia phuong trinh duoc xét. Nhu vay biéu thic (2?) ding 1a
nghiém ctia phuong trinh truyén séng dang xét, ta dugc nghiém téng quat ctia phuong
trinh (??) c6 dang

u(z,t) = fi(x + at) + folz — at). (2.30)

Gia st bai toan Cauchy (2?)-(22)-(??) c6 nghiém, khi d6 nghiém duoc biéu dién bing
cong thic (??). St dung cac dit kién ban dau ta tim dugc dang ctia cac ham f;. Ta c6

u(0,2) = fi(x) + fa(z) = g(x). (2.31)
Pao ham hai vé€ ctia (??) va cho ¢t = 0, ta dugc
af{(z) — afs(z) = h(z), (2.32)
suy ra
1 x
file) ~ fle) =5 [ @+ C. .33)
Tur c4c tinh toan trén ta suy ra
1 1 [ C
fi) = 59la) + 5o | @)+ 5, @2.34)
1 1 [* C
fule) = 59(a) = 5 [ hlEdE - 5. @2.39)

Thay vao (??) ta dugc nghiém téng quat ctia phuong trinh 1

g(z + at) + g(z — at) N 1 /”“t

u(z,t) = h(&)dE. (2.36)

2 2

—at

Vay, tit cac Dinh 1y 2?2, 22, 22, ta ¢6 khang dinh

DPinh ly 2.5. Bai todn Cauchy (??)-(??)-(??) ciia phuong trinh truyén séng duoc ddt diing
ddn.



25 Chuong 2. Phuong trinh hyperbolic

2.4 Nghiém cua bai toan bién-ban dau. Phuong phap tach bién

Xét bai toan bién-ban diu

Uy = @ Upe, (2,1) € (2.37)
uw(z,0) = @o(x), z€]0,1], (2.38)
u(z,0) = ¢1(x), z€]0,], (2.39)
u(0,t) = u(l,t) = 0. (2.40)

Ta s& di tim nghiém khong tdm thudng cla bai todn bién-ban dau trén c¢6 dang tach
bién u(z,t) = X (z)T'(t). Thay biéu thiic nghiém vao phuong trinh (??) ta dugc
T”(t) X”(l’)
") X (z) = a*T(t) X" = =-A 2.41
OX(@) = @TOX'@) = =T =A@
0 d6 X 1a mot hiang s6. Tir phuong trinh trén ta suy ra mot hé phuong trinh vi phan
thuong

{T”(t) +a?\T(t) =0, (a) (2.42)
—0.

X"(x) + AX (z) (b)

Giai (22)(b), st dung diéu kién & bién dé tim gid tri A thich hop. Ta c6 cdc trudng hop
sau:

e )\ < 0: Phuong trinh vi phan thuong c6 nghiém
X(z) = CLeV = + Che VA2,
Thay céc diéu kién bién
X(0)=C1+Cy =0,
X(1) = CreV N 4+ Che VA =,
suy ra
C,=0Cy=0.
e )\ =0: Dé dang suy ra C; = Cy = 0.
e )\ > 0: Phuong trinh vi phan c6 nghiém
X (z) = Cy cos VAz + Cysin vV Az
Thay cédc di€u kién bién
X(0)=Cy =0,
X (1) = Cysin VAl = 0,

Chd y rang nghiém can tim khong tdm thuong ta suy ra C, # 0. Vay

k272

2’

sinVAN =0 < \= k=41,42,...
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Thay A vua tim duogc vao (??)(a) ta c6

k22
T"(t) + l_zT(t) = 0. (2.43)
Phuong trinh ¢6 nghiém
km . km
Ty(t) = By cos Tat + A sin Tat. (2.44)
Tir nhitng 1ap luan trén suy ra phuong trinh truyén séng dang xét ¢6 nghiém dang
k k k
ug(z,t) = (Ak COS Tﬂat + By, sin Tﬁat> sin Tﬂx (2.45)
Ta xay dung chudi hinh thiic
u(z,t) iu (x,t) = i <A cos klat + By sin k—ﬂat) sin k—ﬂx (2.46)
7 k=1 o k=1 ' ! ' ! l .

va xédc dinh hé s6 A, va By, sao cho chudi trén thoa man cic di€u kién ban diu cla
bai todn. Gia st chudi c6 thé dao ham hinh thic timg tir theo ¢, ta c6 cdc hé thic

> k
u(e,0) = Y Asin =z = po(a),
k=1

k k
%aBk sin Tﬁx = p1(x).

NE

u(z,0) =

£
Il

1

Gia slr o va ¢; ¢6 thé khai trién thanh chudi Fourier theo {sin k7 /l} trong doan [0, ].
Khi d6 ta xac dinh dugc hé s6 A, va By theo cac cong thic

2 ! k
A = 7/ @o(x) sin Tﬂmda:, (2.47)
0
2 [ k
By, = Tra i ¢1(x) sin Tﬂxdx. (2.48)

Cu6i cung ta di tim cac diéu kién cla , va ¢; dé chudi (??) véi cdc hé s6 dugc xdc
dinh & (2?) va (2?) thuc su 1a nghiém clia bai toan bién-ban ddu dang xét. Cu thé 1a ta
can tim diéu kién dé chudi (??) hoi tu déu. Skt dung cdc két qua cua giai tich Fourier
ta co

e Ham ¢, trong [0,!] c6 cac dao ham lién tuc cho tGi cap hai, c6 dao ham céap ba
lién tuc ting khic va

©0(0) = ¢o(l) = ¢5(0) = ¢y (1) = 0.
e Ham ¢; trong [0, ] kha vi lién tuc, c6 dao ham cap hai lién tuc ting khic va
¢1(0) = ¢1(l) = 0.

(Chi tiét chitng minh c6 thé xem & [?, ?].)
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2.5 Truong hop ngoai luc khac khong

Bai todn Cauchy

®u  0*u
2 = a2 T/ @), (2,0 € (0, +00) xR, (2.49)
u(z,0) =g(z), z€eR, (2.50)
ou
5 (@0 =h(z), zeR, 2.51)

c6 nghiém duy nhat phu thuoc lién tuc vao diéu kién ban dau va dugc xdc dinh theo
cong thic D’ Alembert

_ g(IE + CLt) + g(ﬂ? — CLt) 1 ztat 1 t r+ar
u(z,t) = 2 + %/z_at h(§)dg + %/0 dr L_M f(&,7)dé

(2.52)

2.6 Giai bai toan bién-ban dau véi vé€ phai khac khong

Ta ciling stt dung phuong phdp Fourier dé x4c dinh nghiém cta bai todn bién-ban
dau vé6i vé€ phai khac khong. Xét bai todan véi cdac diéu kién Cauchy va di€u kién bién
thuan nhat:

Uy = a*Uqgy + f(2,1), (2,1) €Q (2.53)
u(z,0) =0, wu(x,0)=0, €0, (2.54)
u(0,t) = u(l,t) = 0. (2.55)

Ta s€ di tim nghiém khong tam thudng cua bai todn bién-ban dau trén c6 dang tach
bién .
krx
u(x,t) = Ti(t) sin —,
(2.6) = 3 Tilt)sin

krx

va gia sit ham f(z,¢) c6 thé khai trién thanh chudi Fourier trong [0, {] theo {sin £~

> k 2tk
t)zkzz‘;fm)sin%x, filt) =3 / sin 7 r(a, t)da.

Thay biéu thitc nghiém vao phuong trinh (??) ta dugc

k
(T} + WiTy) sm —_ Z fr(t) sin Lx (2.56)

NE

B
Il

1

Dong nhét hé s6 hai vé€ ta dugc hé phuong trinh vi phan

T]é/ + w]%Tk - fk7
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v6i diéu kién c6 nghiém ctia phuong trinh 13 T3(0) = T;(0) = 0. Ap dung ly thuyét
phuong trinh vi phan thudng ta c6 ngay cong thiic nghiém cua phuong trinh 1a

To(t) = wik /0 Fo(7) sinwi(t — 7)dr

1 [ 2 [ k
= — [ sinwg(t — 7)dr= / f(z7)sin T dz
CL)k 0 l 0 l

2 [ : k
=— [ sinwg(t — T)dT/ f(z7)sin —dex,
lwk 0 0 [

vGi diéu kién ham f(z,t) lién tuc, c6 dao ham riéng lién tuc dén cép hai d6i véi bién
x va cap mot doi véi bién ¢, thoa man

f(07t> :f(l7t> =0.

Cu6i cung ta di dén bai todn bién-ban dau téng quat. Xét bai todn

Uy = @*Ugy + f(2,1), (2,1) €Q (2.57)
u(z,0) = ¢(x), w(z,0) =(z), =« ][0, (2.58)
u(0,t) = p(t), u(l,t) =v(t), t>0. (2.59)

Xét ham u*(z,t) = u(t) + F(v(t) — p(t)), dat

u=v+w+u, (2.60)
trong d6 v l1a nghiém cua bai toan

Uy = Uy, (T (2.61)
U(l’,O) = ¢*(m)a ut(l.?O) = ¢*($), LS [07”7 (2.62)
w(0,t) = u(l,t) =0, t>0, (2.63)

=
M
2

v6i ¢*(z) = ¢(x) —u*(z,0), P*(x) = ¢¥(z) — u;(x,0), con w thoa man bai todn

Uy = QP Ugy + fH(2,1), (2,1) €Q (2.64)
u(z,0) =0, wu(z,0)=0, =ze€]l0,], (2.65)
uw(0,t) = u(l,t) =0, (2.66)

voi f*(x,t) = f(z,t) — (u}, — a®u’,) . Cdc bai todn xdc dinh v, w déu da duogc xét &
trén, vi vay ta c6 nghiém cua bai toan can tim la (2?).
2.7 Y nghia vat ly

Phuong trinh truyén séng mo ta hién tuong truyén séng trong moi trudng thuc
t€, nhu cdc hién tugng truyén séng am trong khong gian (Gng véi trudong hgp ham
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u = u(z,y, z,t)), 6 d6 ham séng mo ta séng am dugc truyén trong khong gian theo céc
mit ciu c6 ban kinh phu thudc vao thoi gian ¢; hién tuong truyén séng trén mat phang
(nhu séng trén mat nudc, u = u(z,y,t)); hién tuong truyén séng doc trén day (iing véi
truong hop ham u = u(z,t)). Bai todn Cauchy cua phuong trinh truyén song trén day
thé hién qué trinh quan sét soi day dao dong khi biét tru6c trang thdi ban ddu clia toan
bo soi day. No6i chung ta luon c6 thé bi€u dién nghiém dudi dang mot chudi Fourier
vGi cdc gia thiét thich hop. Khi nghién cttu bai toan bién - ban dau ctia phuong trinh
truyén séng, & chuong nay ta han ché€ & truong hop khong gian mot chiéu nén hién
twong khong 18 rang, khi nghién cttu dao dong trén mit phing (n = 2) thi tifc 1a ta
di nghién cttu mot mang rung khi biét duoc cédc trang thdi ban dau cua mang va di€u
kién cho trén bién clia mang dang xét. Mot cich tong quét, khi nghién citu nghiém
ctia phuong trinh hyperbolic, nguoi ta di nghién ctu nghiém trong trudng hop n = 3
van = 2, tir d6 tong quat hod lén trudong hop n chin va 1é, cdc tinh chit clia nghiém
ctia phuong trinh trong hai trudng hop trén 1a dic trung cho cédc truong hop so chiéu
khong gian tuong tng la chan hoac 1é. Ngoai cac nghiém giai tich (theo dinh 1y Cauchy
- Kovalevskaia) khi cac ham cho trudc 1a du tron, trong truong hop cac ham cho trudc
khong du tron, tham chi chi kha tich (trong thuc tién la nhu vay, doi khi cic ham dé
chi 1a mot tap hop céc so liéu do dac duoc, rat roi rac va khong lién tuc) thi nguoi ta
can phai mo ta nghiém cua phuong trinh trong mot 16p ham khac, vi du nhu 16p ham
kha tich, hay trong cdc khong gian ham thich hop, 6 day la cdc khong gian Sobolev
thich hgp. Day la mot linh vuc rdt rong 16n, phiic tap va cling khong kém phan ly thu:
Nghién cttu dinh tinh cdc phuong trinh dao ham riéng.
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Bai tap chuong 2
I. Chiing minh rang néu f(z), ug(x), ui(z) 12 cdc ham diéu hoa trong R™ , g(t) €
C'([0, +00)) thi nghiém cua bai toan Cauchy

uy = a*Au + g(t) f(x),
u(z,0) = uo(z), (2.67)
u(z,0) = ug (),

dugc tinh qua cong thic

u(z,t) = uo(z) + tus (z) + f(x) /Ot(t —7)g(7)dr. (2.68)

II. Giai cac bai toan duéi day, v6i ¢t > 0, z € R.

Uy = dUyy + Tt Uu Ugpy + €
a. :
u(z,0) =0, u(z,0) = . u(z,0) =sinz, w(z,0) = x + cos z.

Ut = Uge + SIN T,
u(z,0) = sinz, u(z,0) = 0.

III. Giai cac bai toan sau:

Ugg + 2Ugy — 3Uyy = 0,

u(z,0) = 322, u,(z,0) =

L. |z] < 4o0.
4y — Sy, = 0,

2.
{u|p = 8z — 472, u,|r = 5 + 4z,

& day T 1a duong thang y = 3z.

4y2um +2(1 = YUy — Uy — 1+y 7 (2us — uy) =0,

y<x70) = h( )7

3. |z| < 4o00.

Ugg + 2 COS TUgyy — sin? TUyy — Sinxu, = 0,

4. |z| < 400, I' = {y = sinz}.

)Ir = g(x), uy(z, y)lr = h(z),
IV. Tim diéu kién can va du dé céc bai todn sau c6 nghiém, v6i —oco < x < +00.

Ut = Uz,
u(2,t)|z—t=0 = g(), ut(x,t)]z—1=0 = h(x),

1. |z| < +o0.

& day I' 1a duong thang y + = = 0.
U|1" - g ua:ll" = h(l‘),

2Ugy + 3umy + uyy = 0,

& day I' 1a duong thang = — 2y = 0.
’LL|1“ - g uwlF = h(l'),

3.

5 {um + dUgy — DUy + Uy — Uy = 0,
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gy + 10ugy + 3 :07 ) N N 2
4., { " tay T Sty & day T 1a duong thiang y — 3z = 0.

ulr = 9(2), tz|r = h(z),
V. Tim nghiém cua bai toan.

'utt =4Uy,, O <z <,
I. ¢ u(z,0) =sinz, uy(z,0) = —2sinz + 8sin 2z,
Lu(0,t) =0, u(m,t) =0,

.
Upp = Uge, 0 < T < T,

2. S u(z,0) = sin® z, uy(x,0) = 3sinx + 4sin 2,
L u(0,t) =0, u(m,t) =0,

)
U = azuzaxa 0<z< é’
3. S u(x,0) = —2sin Z2 cos ZE, uy(x,0) = 222 sin 3%,

L u(0,8) =0, uz(£,¢) =0,

.
U = AP Uyy, 0 < x < T,

4. S u(z,0) =1+ 3cosz, us(z,0) = —4cos? x — cos,
L u(0,8) =0, ug(m,t) =0,

(

U = Uge + bx(z —0), 0 < <Y,
5. U(:IJ,O) = 07 Ut(l',()) = 07
L u(0,8) =0, u((,t) =0,

(
Uy = Uge +x(m — x) cOst, 0 < x <,

6. U(:IJ, O) = 07 Ut(l',()) = 07
Lu(0,8) =0, u(m,t) =0,

(

Uy = Ugg, 0 < < L,
7. Su(z,0) =z + 1, u(x,0) =0,
(w(0,8) =t + 1, u(l,t) =t +2,

(
Uy — Uy + 2u; = 42+ 8 cosz, 0 <z < I,

8. S u(z,0) = cosz, u(z,0) = 7z,

Lu(0,) = 2t, u(3,t) =

.
U = Uge — 4u, 0 < x < 1, Uy = Ugy — 2Us — U, 0 < T < 1,

9. u(z,0) =2* — z, u(z,0) =0, 10. < u(z,0) = 7z — 22, wy(z,0) = 0,
u(0,t) = u(l,t) =0, u(0,t) = u(m,t) =0,

\
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CHUONG 3

Phuong trinh elliptic. Bai toan bién cua phuong trinh Laplace

Trong chuong nay ching ta s€ nghién cttu phuong trinh elliptic thuong gap nhat, do
la phuong trinh Laplace

Pu  Pu

Au:@—f‘a—f—

0, u=u(z,y), (z,y) € QCR? 3.1)

(trong truong hop v€ phai khac khong, ta ¢6 phuong trinh Poisson

0*u  0%*u 9
Au_@Jra—yQ—f(x,y), u=u(z,y), (z,y) € Q2 CR?), (3.2)

O day gia thiét © 1a mot mién gidi noi trong R? véi bién 0. Trong chuong nay, ching
ta s& dé cap trudc hét dén ham diéu hoa va mot so tinh chat co ban ctia ham diéu hoa.
Ti€p d6 ching ta s€ nghién cttu nghiém cua (??) hoac (??) d6i v6i hai bai toan bién
ctia phuong trinh la bai toan bién Dirichlet va bai toan bién Neumann, nguyén 1y cuc
dai cuc tiéu, cdc Dinh ly ton tai duy nhat nghiém ctia phuong trinh, su phu thudc lién
tuc vao dit kién ban dau va di kién trén bién. Cudi cung, sit dung phuong phap tach
bién ta ciing c6 thé xay dung nghiém cuia bai todn bién Dirichlet.

3.1 Ham diéu hoa. Cac tinh chat co ban

3.1.1 Ham diéu hoa

Pinh nghia 3.2. Ham u(z,y) duoc goi 1a diéu hoa tai diém (x, 1) néu né c6 dao ham
cap hai lién tuc tai diém d6 va thoa man phuong trinh (??). Ham u(z,y) diéu hoa tai
moi diém (z,y) € Q dugc goi 1a diéu hoa trong mién gidi noi Q. Trudng hop Q khong
giGi noi, ham wu(z,y) dugc goi 1a diéu hoa trong Q néu né diéu hoa trong moi mién
con gidi noi ; cua ) va thoa man danh gia tai vo cung

lu(z,y)] < C khi |(z,y)] — oo, C' la hang so. (3.3)

Vi du 5.

o Ham u(z,y) = % 1a ham diéu hoa trong mat phang R*\{0}.
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e Ham u(z,y) = 2% — y? 1a ham diéu hoa trong moi mién gidi noi clia mat phang
R2.

e Ham u(z,y) = sin(zy) khong l1a ham di€u hoa trong R2.

Chu y. Doi khi ta can nghién ctru phuong trinh Laplace trong hé toa do cuc. Sut dung
phép déi bién sang hé toa do cuc

x =rcosf, y =rsin,

ta dua phuong trinh (??) vé dang toa do cuc

10 [ ou 1 0%u

3.1.2 Nghiém co ban cua phuong trinh Laplace

Trong khong gian hai chiéu (z,y) € R?, ta tim nghiém V (P, Q) clia phuong trinh (2??)
doi véi bién P(x,y) va tham bién Q(, () sao cho nghiém chi phu thudc vao khoang
cich gifta hai diém, tic 12 vao dai lugng r = PQ = /(z — )2 + (y — ¢)%. Ldy Q lam
goc toa do, ta co

V(P,Q) =V(r).
Thay vao phuong trinh (??) véi chd y rang V' khong phu thudc 6, ta duoc

Av—li( dV):o.

rdr Tﬁ

< V(r)=Clnr+ ;.
Két hop véi diéu kién giGi noi & vo cung (??) ta suy ra

1
V(r)=In - (3.5)
Ham V(P,Q) = In %, dugc goi 1a nghiém co ban cia phuong trinh (2??) trong trudng
hop n = 2. Ham V diéu hoa trén mat phang toa do tai moi diém P # @, vikhi P — Q
thi V(P,Q) — +oo. Chi ¥ thém rang nghiém co ban (??) khong diéu hoa & vo ciing
vi khi r — oo thi V(r) — —oc.

Chi §.

1. Trong truong hgp n > 2, nghiém co ban cua phuong trinh Laplace dugc cho boi

cong thic
1

o rn—2 '

V(P,Q)
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2. Gia st u(z,y) 1a ham diéu hoa. Khi d6 ta c¢6 cong thic bi€u dién tich phan cta

ham diéu hoa
1 0 1 1 Ou
P)=— In— | —In—— .
U( ) 27’(’/ { 8V (HTPQ> nTanl/}ds’ (36)

6 day dao ham 0/0v dugc 14y theo phdp tuyén trong. Cong thic (??) duoc goi
12 biéu dién Green clia ham diéu hoa thuoc 16p C? tai diém P € Q bat ky thong
qua gia tri u(Q) trén bién O va gia tri cia dao ham theo phéap tuyén du/Jv trén
0.

3.1.3 Cong thitc Green doi véi toan tu Laplace

Vi céc gia thiét vé mién © va cdc ham diéu hoa u(z,y),v(z,y) € C*(Q) N CHQ)
& trén, ta ¢6 (st dung cong thitc tich phan timg phan)

// v—dxdy = // @@d:rdy + g V,ds (3.7

Lam tuong tu cho dao ham riéng theo bién v, roi 14y téng hai biéu thitc vira nhan duogc
ta c6 Cong thiic Green thir nhdt

Ou v 8u ov ou
// vAudzrdy = // (&E 9z 3y 8_y) dxdy + /{m vads. (3.8)

Déi vai trd clia u va v trong cong thiic (??) r6i 14y (??) trir di biéu thiic méi nhan duogc
ta c6 Cong thitc Green thir hai

ou ov
//Q(UAU — ulAv)dzdy = /(99 <v$ - ua) ds. 3.9

3.1.4 Cac tinh chat co ban cia ham diéu hoa
Ta néu ra day mot so tinh chat don gian ctia ham diéu hoa.

1. Ham diéu hoa trong Q C R? ¢6 dao ham moi cap trong mién do.

Ching minh. That vay, gia stt u(z,y) 1a ham di€u hoa trong Q va Py(zg, 7o) 1a
mot diém bat ky trong Q. Lay ' CcC Q, tic 12 Q' ndm gon trong , chita F.
Khi d6 u kha vi lién tuc dén cép hai trong €. Xét hinh ciu V, := V (P, ¢) tam
Py ban kinh e d nho sao cho V C . Theo cong thiic bi€u dién tich phan cla
ham diéu hoa trong mién ' v6i diém P(z,y) € V. ta ¢6

1 0 1 10u
(.’17 y) o /89/{ 8V (hl > In ;a}dSQ, (3.10)
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trong d6 Q(&,n) € 99 1a mot diém bat Ki, r = rpg. Diéu ndy c6 nghia 1a d6i vai
moi diém P € V. va v6i moi @ € 9§, ham dudi dau tich phan cua (??) 1a ham
lién tuc va c¢6 dao ham moi cap doi vé6i bién P. (Chd ¥ rang tich phan trong (2?)
la tich phan duong loai 1, 1y theo bién clia mién Q). Vay theo Dinh 1y vé tich
phan phu thudc tham bién, ham u(z,y) c6 dao ham moi cap trong mién V., cic
dao ham &y duoc tinh bang cdch 14y dao ham dudi dau tich phéan theo (z,y). Vi
Py dugc chon tiy y nén di€u d6 suy ra chiing minh cta tinh chat nay. U

. Gia st u(z,y) 1a ham di€u hoa trong mién kin  + I". Khi d6 ta c6

—ds = 0.
pﬁns

O day dao ham theo huéng dugc 14y theo huéng phdp tuyén trong clia mién.

Chiing minh. Ap dung cong thitc Green thit hai, v6i ham v = 1. (|

. (Pinh ly gia tri trung binh)

Pinh 1y 3.6. Gid situ(x,y) la ham diéu hoa trong hinh tron kin bdn kinh R Qr+T'g
nao dé. Khi dé gia tri cia u(x,y) tai tam Py(xg,yo) ciia hinh tron sé bang gid tri
trung binh cua u(x,y) trén duong tron Uy, tic la

1

E /. u(z,y)ds. (3.11)

w(@o, Yo) =
Dinh 1y van ding khi ham u(z,y) di€u hoa trong hinh tron Qx va lién tuc trong
hinh tron kin Qg + 'z bang cdch dp dung Dinh 1y cho hinh tron kin tam r < R

roi cho r — R. Ta di dén mot két luan: Gid tri ciia ham diéu hoa tai tam hinh
tron bang gid tri trung binh cua ham diéu hoa trong hinh tron.

Chiing minh. Ap dung cong thiic (22) cho tam P, cta dudng tron T'y va chid y
rang

khi d6 ta c6

1 1 1\ Ou
U(x()’yO)%/rR {u-;—ln (;> 5} ) ds

1
S )d __1 —
5 R FRU(ZCy s n /
1

-5 % . u(z,y)ds. (theo tinh chat 1.)
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4. (Nguyen ly cuc dai cuc tiéu) DE don gian, ta c6 thé viét u(P) thay vi viét u(z,y),

véi P = P(z,y) € Q C R2

Dinh ly 3.7 (Nguyeén ly cuc dai cuc ti€u). Néu mot ham diéu hoa trong Q C R?
dat cuc tri tai mot diém trong ciia Q thi ham dé chi cé thé la hdang s6. Néi mot cdch
khdc, ham diéu hoa lién tuc trong Q) va khdc hdng sé chi cé thé dat cuc tri tai cdc
diém & trén bién cuia mién Q.

Chitng minh. Gia st ham u(P) dat gié tri cuc dai ctia né tai mot diém trong ctua
Py € Q. Ta chiing minh rang ham d6 dong nhét hang s6. Trudc hét, xét hinh tron
B(Py,r) tam Py béan kinh r bat ky, sao cho hinh tron d6 va ké ca bién S, clia n6
nam gon trong Q. Ta ¢6, v6i moi P € QN S,, u(P) < u(P). Gia sit c6 mot diém
P" € S, sao cho u(P') < uw(F). Vi ham u lién tuc trén S, nén ton tai mot lan
can o(P') sao cho u(P) < u(F), P € 0. Theo cong thiic trung binh tich phan &
tinh chat 2, ta co

1
u(P) = 5 /S u(P)ds

_ ! (P)ds + — [ u(P)d
- 27 ST_UU ° 2mr ou °
<t w(Py)ds + — /u(P)ds

2rr Js o 0 2nr J, 0

1 1

= %U(POWSH — ol +o]) = ﬁU(P0)|5r| = u(FH).

& day |S,| 1a chu vi dudng tron S, = S,.(F). Diéu nay 1a vo ly. Vay khong ton
tai P’ € S, sao cho u(P') < u(F), tic la trén S, ta cé u(P) = u(P,). Vi duodng
tron S, dugc 14y bat ky nén ta suy ngay ra u(P) = const trén toan hinh tron
B(Py,r). Xét Q € Q bat ky. Ta ndi Q va P, bdi mot duong gay khiic ¢ nao d6
sao cho moi hinh cdu tAm nam trén dudng dé vdi ban kinh § du bé déu nam tron
trong Q. Khi d6 moi diém thuoc hinh tron B(P,,§/2) déu thod man qua trinh &
trén, goi giao diém ctia dudng tron S, (Fy) v6i £ 1a diém Py. Ta ¢6 u(Py) = u(FR).
Lap lai qud trinh trén ta suy ra sau hitu han buéc,

w(Py) =u(Py) =+ =u(P,) = u(Q).
Vay ta c6 diéu phai ching minh. O
Chi y. Ta c6 cach phat biéu twong tu d6i v6i Dinh 1y ?? nhu sau:
Dinh ly 3.8. Gid thié¢t rang u € C*(Q)NC(Q), 2 la mét mién bi chéin va u la ham

diéu hoa trong Q). Khi dé

max u = maxu.
Q oN

Hon nita, néu ) lién thong va ton tai o € U sao cho u(xy) = maxu, thi u = const
Q

trong ().
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Chimng minh. Gia st ton tai zo € Q v6i u(zg) = M := maxu. Khi d6, véi
0

0 < r < dist(zg, OU), st dung cong thic gia tri chinh cho phuong trinh Laplace®
ta co

M = u(xy) = ]{ udy < M. (3.12)
B(x07 )

Vi dang thic chi xay ra khi w = M trong B(zo,r), ta thiy ring u(y) = M véi
moi y € B(x,r). Vay tap {z € Q,u(z) = M} vira m¢ vira dong tuong doi trong
Q, vay né triung v6i Q. Tir d6 suy ra diéu phai ching minh. U

Ta ¢6 cac hé qua ctia Dinh 1y ?? sau.

Hé qua 3.1. Ham diéu hoa u(P) lién tuc trong mién kin Q2+ S, va u(P) > 0 (tuong
ing, uw(P) < 0) trén bién S, thi u(P) > 0 (tuong ung, u(P) < 0) trong toan mién
Q.

Hé qua 3.2. Néu uy(P) va uz(P) la hai ham diéu hoa trong S, lién tuc trong
mién kin Q + S va us(P) = uy(P) (tuong iing, uz(P) < uy(P)) trén bién S thi
us(P) = uy(P) (tuong ting, us(P) < uq(P)) trong toan mién ).

Hé qua 3.3. Néu ui(P) va uz(P) la hai ham diéu hoa trong <, lién tuc trong mién
kin Q + S va |uy(P)| < ug(P) trén bién S thi |ui(P)| < uy(P) trong toan mién ).
Ddc biét, néu A la mot hang s6 va |ui(P)| < A trén bién S thi |uy(P)| < A trong
toan mién ().

Hé qua 3.4. Ham diéu hoa u(P) lién tuc trong mién kin Q + S va u(P) = 0 trén
bién S thi bang 0 trong toan mién ).

Dinh 1y 3.9 (Bat dang thitc Harnack). Gid sit u la mot ham diéu hoa khong am
trong Q. Khi dé voi moi mién con bi chdn bdt ky Q¥ CC Q, tén tai hang sé' C > 0
sao cho

supu < Cinf u.

Q' o

5. (Pinh ly trung binh dao)

DPinh ly 3.10. Gid si Q la mot mién giudi noi va u(z,y) la mot ham lién tuc trong
Q. Néu doi véi bdt ki hinh cdu Vi tam Py(zo,y0) bdn kinh R ndm hoan toan trong
Q, ham u(z,y) déu théa man ddng thiic vé gid tri trung binh (2?) thi u(z,y) la ham
diéu hoa trong .

@Cong thiic gié tri chinh cho phuong trinh Laplace: Néu u € C?(Q) 1a ham diéu hoa, thi

u(z) :7{ udS :f udy,
OB(zx,r) B(z,r)

V6 ting hinh cau B(z,r) C Q.
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Chitng minh. Gia st trong €, u(z,y) thoa man déng thic (??). Xét mot hinh ciu
Vr bét ki tam Py ban kinh R chda hoan toan trong 2. Xét ham di¢u hoa v(z, y)
trong Vi sao cho trén bién 0V ta c6

(2, y)love = u(®, y)lov-
Ham diéu hoa nay ton tai, theo cong thiic Poisson va né thoa mian (??). Vay biéu
thiic

w(z,y) = v(z,y) — u(z,y)
cling thoa man (??). Trén bién 0Vg ta c6 w(z,y) = 0, vi vay, theo hé qua cua
nguyén 1y cuc dai cuc tiéu, w(z,y) = 0 trong Vi, suy ra v trang v6i mot ham
diéu hoa trong Vx, tic 1a né cling 1a mot ham di€u hoa trong Vz. Vi Vi lay bat
ky trong Q nén u(z,y) 1a ham diéu hoa trong (. O

. Pinh ly Harcnack. Cic ching minh cuia hai Pinh Iy Harcnack dué6i day c6 thé

xem trong [?].
Dinh ly 3.11 (Pinh ly Harcnack 1). Gid sir {u,(z,y)} la ddy ham diéu hoa trong
mién Q C R? gi6i noi, ¢é6 bién T tron timg khiic, lién tuc trong mién kin Q+T. Néu
day {u,(z,y)} hoi tu déu trén bién T thi

(a) Day {u,(x,y)} hoi tu déu trong mién kin Q1 +T.

(b) Ham gidi han u(z,y) cia day la mot ham diéu hoa trong mién Q.

(c) Trong mi mién con kin Q' C 0, ddy cdc dao ham cdp tiry y ciia {u,(z,y)} héi

tu déu dén dao ham tuong vng cia ham gidi han u(z,y).

Dinh ly 3.12 (Pinh ly Harcnack 2). Néu day don diéu {u,(x,y)} cac ham diéu
hoa trng mién Q, hoi tu tai mot diém Py(xo,yo) nao dé thi day dé hoi tu trong toan

Q dén mot ham diéu hoa u(zx,y) va su hoi tu dé la déu trong moi mién con kin
Q.

3.2 Bai toan Dirichlet trong (Bai toan bién thir nhat)

3.2.1 Dat bai tosn

Gid sit Q C R? la mot mién gici noi voi bién S tron ting khiic va ¢(P) la mot ham

cho trudc lién tuc trén S. Tim ham u(P) diéu hoa trong ), lién tuc trong mién kin
Q+ S, sao cho tai bién S gid tri ham trung voi ham o(P) o trén, tiic la thod man bai

toan

Au =0 trong §, (3.13)
uls = ¢(P). (3.14)

Ta ¢6 cac Dinh 1y sau.
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Dinh ly 3.13. Nghiém ciia bai todn (??)-(??), néu ton tai, la duy nhdt.

Ching minh. Gia su bai toan (??)-(??) c6 hai nghiém wu;(P) va us(P). Khi d6 hai ham
u1(P) va uy(P) déu thoa man bai toan (??)-(??) va hiéu cta ching u(P) = u;(P)—uz(P)
thod man bai toan
Au =0, (3.15)
uls = 0. (3.16)
Ta ¢6 u(P) la ham diéu hoa, lién tuc trong mién kin 2 + S va triét tiéu trén S, vay
theo hé qua ?? ta ¢6 u(P) = 0 trong mién Q. Tir d6 suy ra u;(P) = uy(P). O

Dinh ly 3.14. Nghiém ciia bai todn (??)-(??), néu ton tai, sé phu thuoc lién tuc vao diéu
kién bién.

Chiing minh. Gia st trén bién S, hai nghiém u, (P) va uz(P) thoa man |u; (P)—us(P)| <
e, thi theo hé qua ?? ta c6 |uy(P) — ua(P)| < ¢ trong (. O

3.2.2 Ham Green. Dinh ly ton tai nghiém

Xét bai toan (??)-(??). Ham Green clia bai toan (??)-(??) 1a ham G(P, Q) phu thudc
bién P va tham bién (), sao cho:
e Neu PcQ+5,Q € 9, thi ham G(P, Q) biéu dién dugc du6i dang
1 1
2w rpPQ
trong d6 rpg 12 khodng céch giita hai diém, g(P,Q) 1a ham diéu hoa theo bién
P €, lién tuc va c6 dao ham riéng cdp mot lién tuc trén 2 + S.
e Trén bién S, ham G(P, Q) thoa man diéu kién

G(P,Q)|pes =0, VQ €.

Dé kiém tra ring ham G(P,Q) la ham diéu hoa khi P # Q (vi ham ln% la ham
diéu hoa khi r # 0,) déng thoi ham ¢ thod man diéu kién bién

11 1
—In—.
2r T

9(P,Q)|pes = —

Khi P — Q thi G — oo, ta goi di€ém Q 1a cuc diém cua ham Green. Néu gia thiét

c6 nghiém va ham Green G cua bai todn (2??)- (??) trong mién  thi nghiém s& dugc
biéu dién qua ham Green va dit kién bién ¢ theo cong thiic

u(Q):/Swgo(P)ds. (3.18)

8I/p
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Nhu vay, néu trong mién € ta biét dugc ham Green va nghiém kha vi lién tuc trong
mién kin Q + S cta bai todn (??)-(??) ton tai thi nghiém d6 dugc biéu dién bing cong
thic (??). Ham Green G c¢6 cac tinh chat:

1. Pat gi4 tri duong tai moi diém ctia mién Q. That vay, xét mién ). giéi han bdi
mit S vao mit cdu S, ¢ tam 1a cuc di€ém @, ban kinh € kha nho sao cho S, C Q.
Vi G(P,Q) — +oo khi P — @ nén véi ¢ < 1, G(P,Q)|pes. > 0, trén mat S ham
G triét tieu. Vay G(P,Q)|pesys. = 0. Theo nguyén ly cuc dai cuc ti€u thi trong
Q., G > 0. Dau biang khong thé xdy ra vi khi d6 G dat cuc tiéu trong 2., trdi
nguyén ly cuc dai cuc tiéu. Vay G > 0 trong ., v6i moi € > 0, suy ra G > 0

trong Q\{Q}.
2. Tinh d6i xing, G(P,Q) = G(Q, P). Viéc chiing minh tinh chit nay xem [?].

Chd ¥ rang né6i chung ta khong xay dung dugc cong thiic tuong minh cho ham
Green ma chi lam dugc di€u nay trong mot sO trudng hop dac biét. Ngudi ta da thiét
lap duoc cong thitc Green doi véi cac truong hop:

e Mién Q 12 hinh tron. Ta ¢c6
1 1 R1
G(P,Q)=— (ln— — ln——,) , (3.19)

Voi p=0Q, r = PQ, r = PQ', Q' 1a diém nghich ddo cta @ doi v6i dudng tron,
ttic 1a thod man hé thitc 0Q.0Q’ = R?, R 1a ban kinh dudng tron. Tix cong thiic
Green (??), ta xay dung dugc nghiém tuong minh cua bai toan Dirichlet (??)-(?7?).
Tu cong thic (2?), tinh % ta duoc

0G(P.Q) 1( 1 31)'

(3.20)

In- —In——
T pr

onp  Onp2rm

Dit toa do P va Q 1a (&,n) va (z,y), chd y rang r = /(£ — 2)2 + (n — y)?, v

0 0 —~ 0 . =
o 8_5 cosné + 8_77 sin né, (3.21)

0(lni 1 — 1 ) -~ .
( T) = ——"- (-2 =—-.cosa, VOILa=r€ (dau — vi r hudng vao trong).

0& r r r
(3.22)

Tinh toan tuong tu doi véi cdc dai lugng con lai clia biéu thitc (??) 16i thay vao
cong thic nghiém (??), ta dan dén cong thic nghiém co ban cta bai toan Dirichlet
can tim

1 2 R2 o )02
u(P) = u(p,0) = %/0 R T 2Ry o _w)go(w)dw. (3.23)
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Cong thiic (??) duoc goi 1a cong thic Poisson, bi€u thic
R2 _ p2
21(R? + p?> — 2Rpcos(0 — ¢))

duoc goi 1a nhan Poisson. Ta ¢6 mot so tinh chat ctia nhan Poisson nhu sau.

— Nhan Poisson khong am. Diéu nay hién nhién vi p < R.
— Nhan Poisson 1a mot ham diéu hoa déi vé6i tham bién.
— Nhan Poisson thoa man hé thic

1 2 R~ p?

2 Jo R?+ p?> —2Rpcos(f — 1)

ds = 1.
Cong viéc cua ta 1a kiém tra ring (??) ding la nghiém cta bai toan Dirichlet, tiic
12 kiém tra né thod man phuong trinh va c4c gia tri trén bién.

e Ta ciing c6 thé dinh nghia ham Green d6i véi mién (2 1a nira khong gian, mién
la mot nén trong khong gian.

3.2.3 Bai toan Dirichlet ngoai
Gia str doi v6i mién ngoai € ctia mat tron, xét bai todn
Au =0, (3.24)
u|SR - QO(IE, y)7 (325)

lul < C, p=+/22+ 132 (3.26)

Sir dung phép bién déi Kenvin

2
pp' = R?, v(p',0) = u(p,0) = U(%, 0), (3.27)
ta dua vé bai toan Dirichlet trong
Av =0, (3.28)
U|SR - SO(QZ',y) (329)

Khi dé ta cling c6 cic Dinh ly tuong tu bai todn Dirichlet trong, d6 la
DPinh ly 3.15. Bai todn Dirichlet ngoai chi cé nghiém duy nhat.
Dinh ly 3.16. Nghiém cuia bai todn Dirichlet ngoai phu thudc lién tuc vao dir kién bién.

Va ta c6 cong thiic Poisson tuong tng trong truong hop nay la

1 2m p2 o R2
u(P) = u(p,0) = %/0 R 7 2Rpcos(9—w))@(¢)dw' (3.30)

D6i v6i bai todn Dirichlet ngoai, ta ¢ thé mo ta ddng diéu nghiém cta cdc dao
ham tai vo cung nho cong thic Poisson. Ta c¢é Dinh ly
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DPinh 1y 3.17. Gid sit u(P) la ham diéu hoa trong mién vo han Q) vdi bién S gidi nji. Ky
hiéu D*u la dao ham cdp k cua w. Khi dé ta c¢é danh gid khi P — oo
Ch

| D*ul < Pt

(Cr > 0). (3.31)

Chu y. Trong truong hgp n > 3, lap luan tuong tu trén ta ¢ bai toan Dirichlet ngoai
can xdc dinh la

Au =0, (3.32)
uls, = @(x,y), (3.33)

C
ul < S =V (3.34)

Tuwong tu cac Pinh 1y trén, ta c6 danh gid & vo cung giong nhu Dinh 1y ??

o

|[DMul < =t

(Cy, > 0). (3.35)

3.3 Bai toan Neumann

Muc nay chi nhim muc dich gidi thiéu mot s6 khai niém vé bai todn Neumann.
Cac ching minh ¢6 thé tim trong [?, Chuong 8, Phan C].

Pinh nghia 3.3. Gia st «(P) la ham xdc dinh trong mién 2+ S, v 1a phap tuyén trong
cua mat S tai diém Q € S, P nam trén phdp tuyén v di qua di€ém Q. néu giGi han
Ou(P)

ton tai, déu theo @ va 1a mot ham lién tuc cta diém @ trén S thi ta néi u c6 dao ham
déu theo phdp tuyén trén bién S.

Mat bién S dugc goi 1a mit déu néu tai moi diém @ déu ton tai phdp tuyén xac
dinh, va tai moi diém Q déu c6 thé xay dung dugc mot hé toa do dia phuong (z,y)
sao cho truc y trung v6i phuong phdp tuyén, va trong lan can trén S cua Q ta c6 biéu
dién y = f(x), v6i f € C2.

Bai toan Neumann duoc dat nhu sau: Tim ham diéu hoa u lién tuc trén mién kin
Q+ S sao cho dao ham déu theo phdp tuyén trén bién S trung véi mot ham (Q) lién
tuc cho trudc trén bién Q. Tiic la thoa man bai todn

Au =0, (3.37)

lim 240 _ »(Q), VQ e S. (3.38)

P—Q Ov

Néu Q 1a mién gidi noi thi ta c6 bai toan Neumann trong, néu  khong gidi noi va ¢
bién gidi noi thi ta cé bai todn Neumann ngoai, khi d6 ta c6 thém rang budc & vo cung
do6i v6i nghiém cua bai todn. Bai toan Neumann con dugc goi 1a bai toan bién thit hai
ctia phuong trinh Laplace. Dinh 1y vé tinh duy nhat nghiém cta bai toin Neumann
duoc phat biéu nhu sau.
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Pinh 1y 3.18. Trong truong hop mdt phdng, nghiém ciia bai todn Neumann trong va ngodi
la duy nhdt. Trong truong hop khong gian cé s6 chiéu lon hon 2, hai nghiém ciia bai todn
Neumann trong sé sai khdc nhau mot hang sé cong, va nghiém cia bai todn Neumann
ngodi la duy nhat.

3.4 Giai bai toan Dirichlet trong trén mat tron bang phuong phap tach
bién
Bén canh viéc xac dinh nghiém cta bai toan Dirichlet trong cho phuong trinh
Laplace (2??), ta c6 thé xac dinh nghiém clia bai toan trén biang phuong phdp tach bién.
Xét bai toan
Au =0, trong mat tron ban kinh R, (3.39)
ulr = f(s), (3.40)

trong d6 I" 1a bién clia mat tron, f(s) la ham lién tuc cho trude trén I'. Pua phuong
trinh (??) vé toa do cuc, ta duogc

10 [ Ou 1 0%u

va tim nghiém riéng cua phuong trinh duéi dang tach bién u(r,0) = R(r)®(6). Thay
vao phuong trinh (??) va tinh todn ta dugc

d ( dR 2P
— | r— il
dr dr TE

et = )\ )\ R . 3.42
5 o~V (ER) (3.42)
Ta c¢6 hé phuong trinh tuong tng
" + \d =0, (3.43)
d ( dR
—r— ) — = 0. 44
r o (r dr> AR=0 (3.44)

Vi ham u(r, §) 1a ham tuan hoan nén wu(r, 0+27) = u(r,0), tk d6 suy ra ®(6+27) = (),
tic 1a ® 1a mot ham tuan hoan. Néu \ < 0 thi tir (2?) ta c6

®(h) = AeV= + Be VN, (3.45)

khong 1a mot ham tudn hoan, vay A = n? > 0 thod man diéu kién ham u tudn hoan
chu ky 27. Vay bi€u thic nghiém cua ® c6 dang

®,(0) = Acosnf + Beosnf, n=0,1,2,... (3.46)
Dong thoi, véi gia tri A = n?, phuong trinh (??) ¢6 dang

r’R" +rR —n’R = 0. (3.47)
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Phuong trinh (??) ¢6 nghiém tong quéat

Ro(?") = Cl -+ 02 In T, (348)

R,(r)=Csr"+Cyr™, n=1,2,.... (3.49)
Vay nghiém riéng cua phuong trinh (??) c6 dang

C1+ Csylnr, =0,
un(r,0) = Ry(r)@,(0) =4 17T "’ (3.50)
(Cor™ + Cyr~")(Acosnd + Bsinnb) n #0.
Vi u 12 ham diéu hoa trong mat tron nén lién tuc tai »r = 0. Do d6 trong bi€u thitc
nghiém (??), hé s6 cta Inr va r~" triét tieu.Vay ta tim dugc dang nghiém riéng cua
phuong trinh (??) la

Un(r,0) = Ry(r)®,(0) = r" (A, cosnf + B,sinnf), n=0,1,2,.... (3.51)

Vi phuong trinh Laplace c6 tinh tuyén tinh, nén t6ng hitu han

N
Sn(r,0) = Z r" (A, cosnf + B, sinnh) (3.52)

n=0

cting 1a ham diéu hoa, cho N — oo, ta dugc chudi

oo
> r"(Ay cosnf + By sinne). (3.53)
n=0
Ta can xdc dinh A,, B, sao cho chubi trén hoi tu va téng ctia né 1a mot ham diéu hoa
lién tuc trong mat tron kin » < 1, tir d6 suy ra nghiém téng quat can tim c6 dang
o
u(r,0) ~ Y r"(Ay cosnf + By sinnf). (3.54)
n=0
Cho r — 1 d€ su dung diéu kién trén bién I, ta tim dugc cdc hé so tuong tng cua
chudi Fourier

1 2

Ay = — .

o=5 | ) (3.59)

1 21

A, =— f(6) cosnbdb, (3.56)
T
1 027r

B, = —/ f(@)sinnddd, n=0,1,2,.... (3.57)
™ Jo

Sir dung cdc kién thiic cua Giai tich III, ta c¢6 thé ching minh ring biéu thic (??) voi
cac hé s0 A;, B; xac dinh trong (??), (??), (2?) chinh 1a nghiém cla bai toan bién
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Dirichlet trong ctia phuong trinh Laplace can tim. That vay, trudc tién ta xét f(0) € C2.
Khi d6 f ¢6 thé khai trién dugc thanh chudi Fourier va céc hé s6 Fourier clia f(6) thoa
man danh gid

27
A, = 1 f(0) cosnbdf = _11 f (0) sin nfdo (3.58)
T Jo nw Jo
1
———/ 1"(6) cosnbdh = O( 2), (3.59)
n
tuong tu
1 2
= —/ f(6) sinnfdf = ——/ f'(6) cosnéde (3.60)
T Jo
2m
= —%l f"(6) sinnfdd = O (i?) . (3.61)
n2m Jo n

Trong mat tron r < 1, ta c¢6 danh gia |r"(A, cosnf + B, sinnb)| < |A,| + |B,|. Do d6
chudi (2?) thira nhan chudi 1am troi

(e 9]

> (14n] +|Ba)). (3.62)

n=0

Theo danh gia (??), chudi trén hoi tu, vay theo tiéu chuidn Weierstrass, chudi (??) hoi
tu déu theo (r,#) trong mat tron don vi, téng cta chudi, u(r,) c6 thé duge viét 1a

u(r,f) = lim Z’/‘ (Ancosnf + B,sinnd) = lim Sy(r,0). (3.63)

N—+o0 N—+o0

Diéu nay c6 nghia 1a u 1a giGi han cua mot diy ham di€u hoa hoi tu déu trong mit
tron don vi, vay theo Dinh 1y Harnack 1, ham u(r, §) cling 1a mot ham diéu hoa trong
mit tron r < 1. Do tinh hoi tu déu trong mit tron r < 1 va cdc hang thic cua chudi
déu lién tuc trong mit tron, ta suy ra tinh diéu hoa ctia ham v trong mat tron r < 1.

Dé chiing minh cong thic trén trong trudong hop ham f(#) khong thuoc C?, ma
chi gia thiét 1a lién tuc, ngudi ta xay dung mot day ham f,,(6) € C?, hoi tu déu dén
f(6) trén duong tron r = 1. Khi d6 ta tim dugc nghiém w,,(r, ) cla bai toan Dirichlet
tuong tng v6i f,,. Theo ching minh trén, day {u,,} 1a cdc ham di€u hoa trong mat
tron 7 < 1, lién tuc trong mat tron kin » < 1 va gid tri bién f,,(#) hoi tu déu dén f(0).
Khi d6, theo Dinh ly Harnack 1, giéi han cua day {u,} cling 12 mot ham diéu hoa
trong mat tron r < 1 va lién tuc trong mat tron r < 1. Cong viéc con lai cua ta 1a kiém
tra xem u c6 dugc bi€u dién boi cong thic (??). Goi hé s6 cua khai trién Fourier cta
fm(0) la A™ va B™. Ta c6é doi v6i moi n,

1
A, — A" = =
s

n

/o%[f(g) — fm(0)] cos n&d&‘ < 1

™

/0 O — fa(®)d8] <= (364
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v6i m db 16n va e da bé. Tuong tu | B, — B™| < €. V6i khai trién

= Z r" (A cosnb + B)sinnb)

n=0

ta co

Zr”(An cosnf + By, sinnf) — u,,(r, 6)

n=0

Z — A™) cosnb + (B,, — B)") sinnf|
—0

<2EZT”:251_
n=0

Diéu nay c6 nghia 1a biéu thiic

N 00
u(r,0) = ]\}131)0 Z (A, cosnb + B, sinnf) = Z (A, cosnb + B, sinnf)| (3.65)
n=0 n=0

chinh 1a nghiém cta bai toan Dirichlet trong trén mat tron don vi. Vay, két hop céac
Dinh 1y ??, ?? va cong thitic nghiém (2??) ta c¢6 khang dinh

Pinh 1y 3.19. Bai todn Dirichlet trong cuia phitong trinh Laplace duwoc ddt diing ddn.

Chi y. Trong truong hop mit tron dugce xét c6 ban kinh R thi bang cich dat p = r/R,
ta dua dugc vé bai todan Dirichlet trong mat tron don vi p < 1. Nghiém cua bai todn
twong tng khi doé sé la

i( ) (A, cosnb + B, sinnf). (3.66)

n=0
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Bai tap chuong 3

I. Hay
1. Thir tryc ti€p rang ham u(z,y) = —Inr, r # 0 1a nghiém phuong trinh Laplace
Au = 0.

2. Tim biéu thic cla todn tir Laplace trong

(a) hé toa do cuc x = rcosp, y = rsin p, (trudng hop trén mat phang),
(b) hé toa do tru x = rcosy, y = rsiny, z = z, (truong hop trong khong gian),

(c) hé toa do cau x = rcospsinf, y = rsinysinf, z = rcosf, (truong hop
trong khong gian),

II. Chiing minh rang nghiém phuong trinh
Au+auy +buy, +cu=0, c¢<O0, (3.67)
khong dat cuc dai duong hodc cuc tiéu am tai mot diém trong ctia mién. T d6 suy ra

tinh duy nhat nghiém cta bai toan Dirichlet trong mién gidi noi 2 véi bién 9

{Au + augy +buy, +cu =0, c¢<0, (3.68)

ulog = f(,y).

II. Tim phép thé ham v(z,y) = ¢(x,y)u(x,y), dua phuong trinh (??) vé phuong
trinh Av 4+ Av = 0.

IV. Ky hiéu H(Q) la tap hgp cdc ham di€u hoa trong 2 C R2. Chiing minh rang

1. H(Q) la mot khong gian vecto, moi t6 hop tuyén tinh ctia ham diéu hoa ciing 1a
ham diéu hoa.

2. H(Q) 6n dinh v6i phép 1ay dao ham: dao ham riéng u, va u, cia ham diéu hoa
u cling 1a cdc ham diéu hoa.

3. Néu u,v € H(Q) thi wv € H(?) <= gradu-gradv = 0.

V. Gia st u(z, y) 1a ham diéu hoa. Chiing minh rdng cdc ham sau ciing 1a ham diéu
hoa.

1. u(x + h), h = (hy1, he) la mot vecto bat ky.
2. u(Az), X € R bat ky.

3. u(Cx) , C € R**? ]a mot ma tran truc giao bat ky.
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VI. Giai c4c bai toan Dirichlet:

Au =0, trong (2, O T nr o L S

1. v6i  1a mat tron tdm O bén kinh 2, I' 1a bién cua (2.
ulp = 3 — 4y? — dzy?,
Ay = 2z, trong (2, . N . < 1 )

2. v6i €2 1a mét tron don vi, I' 1a bién cua (2.
ulr =z — 2 + 2332,
Au = 12(z* — y?), trong €, . N . . )

3. v6i ) 1a mat tron don vi, I' 1a bién cua €.
U|F =1y,

Au =0, trong {2, ) . .
4. { ’ 8 voi Q 1a phan ngoai clia mat tron tam O bén

ulp =2 —y +y° — 2%y + 2%,
kinh 2, I" 1a bién cuta €.

Au =10, trong {2,
5. Qulp=1 =z — vy, v6i 2 12 hinh vanh khan 1 <7 < 2.

Ulpeg =In2 — —y+a;

VII (*). Dung cong thitc Poisson tinh truc ti€p nghiém cua bai toan Dirichlet

{Au =0, trong 2,

u|gn = cos b,

v6i mat tron €2 ban kinh R.

VIIIL. Cho Bg(0) 1a hinh trdn tam 0 ban kinh R. Chuyén phuong trinh Laplace sang
toa do cuc (p,p). Tim nghiém cua bai todn Dirichlet véi céc diéu kién bién dugc cho
nhu sau:

1. u|p:R:27
2. u|p—p = acosp,
3. u|p=p =1+ 2siney,

4. ulp—p = asin® ¢ + bcos? v, a, b = const.

IX. Giai bai toan Dirichlet trong hinh chit nhat.

Au=0, 0<z<2, 0<y<l,
1. ¢ u(z,0) =u(z,1) = sin 222,

u(0,y) = u(2,y) =0.
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Au=0, 0<z<a, 0<y<hb,
2. qu(z,0) = Bsin 2%, u(x,b) = 0,
u(0,y) = Asin 3¢, u(a,y) = 0.

X (*). Xét bai toan

—Au = Au, trong (2,
(3.69)

ulag =0.

Néu ton tai s6 A sao cho bai toan trén ¢6 nghiém khong tam thuong u # 0, thi ta goi A
la gid tri riéng, nghiém v tuong ung dugc goi la ham riéng cia toan tu Laplace trong
(). Hay tim gia tri riéng va ham riéng cua toan tir Laplace trong céc truong hgp sau.

. Q={(z,y):0<z<a, 0<y<b},

2. Q={(zy): 2* +y* < 1}
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CHUONG 4

Phuong trinh parabolic. Phuong trinh truyén nhiét

4.1 Mé dau. Pinh ly cuc dai cuc tiéu

Trong chuong nay ta nghién citu phuong trinh truyén nhiét trén thanh

0 0?
a_? :a28—;2‘+f<x,t), w=u(z,b), (z,t) € R x (0,00). @.1)
Dai v6i nghiém cua phuong trinh truyén nhiét, ta ¢6 mot nguyén 1y cuc dai cuc
tiéu twong tu phuong trinh Laplace. Ta xét trudng hop don gian v6i f = 0 va mién xac
dinh cta u 1a Vr = [a,b] x [0,T]. Gia sit ham v € C*!(V7), tdc 1a w kha vi lién tuc hai
1an theo bién z va kha vi lién tuc theo bién ¢ trong mién trong cta V. Ta cé dinh ly.

DPinh 1y 4.20. Gia sit u(x,t) la nghiém cia phuong trinh (??) trong mién Vr, lién tuc
trong mién kin V. Khi dé nghiém u(x,t) dat gid tri cuc dai hodc cuc tiéu ciia né trén
bién 8VT

Viéc chitng minh dinh 1y nay 1a tuong tu chitng minh dinh 1y cuc dai cuc tiéu clia
phuong trinh Laplace. Trong trudng hgp mién Vi 1a vo han, ta c6 dinh 1y cuc dai cuc
ti€u tuong ung.

Dinh ly 4.21. Gid sit u(z,t) la nghiém cia phuong trinh (??) lién tuc va gidi noi trong
mién Vp = R x [0,T). Khi dé néu M va m la cdn trén va cdn dudi cia nghiém u(z,t)
tai t =0, tuc la

M =supu(z,0), m = inf u(z,0).
z€R zeR

Khi dé trong mién Vrp, ta cé
m < u(z,t) < M.

Phuong trinh (2?) 12 mot phuong trinh dao ham riéng, vi vay dé c6 thé xac dinh
duy nhat nghiém ta cin dua vao cac diéu kién ban dau, tic 1a phan bé nhiét do trén
thanh & trang thai ban dau, va diéu kién bién, tic 1a nhiét ¢ hai ddu cua thanh dugc
xét. Bai toan c6 dit kién ban dau duoc goi la bai toan Cauchy, bai toan con lai 1a bai
toan hoén hop, hay bai todn bién - ban dau.
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4.2 PDinh ly duy nhat va su phu thuoc lién tuc cna nghiém vao dir kién
ban dau cua bai toan Cauchy

Bai todn Cauchy cua phuong trinh truyén nhiét: Tim ham u lién tuc va gidi ndi khi
t > 0, thod man phuong trinh truyén nhiét

ou 0%
E—& @, t >0, 4.2)

va khi t = 0 trung véi mot ham lién tuc va gioi ndi g(z) cho trudc

u(z,0) =g(z), zeR 4.3)

Ta c6 dinh ly.

Dinh ly 4.22. Nghiém gidi noi ciia bai todn (??)-(??) la duy nhdt, phu thudc lién tuc vao
gid tri ban dau duoc cho khi t = 0.

Chitng minh. Tl nguyén ly cuc dai cuc ti€u trong mién vo han (dinh 1y ??) ta c6: Néu
c6 hai nghiém w(z,t) va v(z,t) sao cho

sup |u(z,0) — v(x,0)| < ¢, 4.4)

z€R

thi trong mién S =R x [0,T], T < oo, ta déu ¢6
lu(z,t) —v(z,t)] <e, V(x,t)eS. 4.5)

Ta c6 diéu phai ching minh. O

4.3 Giai bai toan Cauchy bang phuong phap tach bién

Xét bai todn Cauchy

ou 0%
pri a L (z,t) € R x (0,00), (4.6)
u(z,0) =g(z), z€R, 4.7)

trong d6 ¢ 1a ham lién tuc va gidi noi cho trude. Trudce tién ta tim nghiém riéng gidi
ndi cua (??) dudi dang

u(z,t) = X(x)T(t). (4.8)
Thay vao (??) ta duoc

T X'(@)
a?T(t)  X(x)

= —p (= const .) 4.9)
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T d6 ta ¢c6 h¢ phuong trinh vi phan thuong

T'(t) + a*uT(t) =0,
X"(x) 4+ pX(z) = 0.

Vi nghiém gi6i noi nén x> 0, ta dat u = A\2. Thay vao hé phuong trinh ta dugc

T'(t) + a®>N°T(2)
X"(x) + XX (z) =

0, (4.10)
0. (4.11)
Tur do

T(t) = e ™,
X(x) = Acos Az + Bsin\z, (A, B 1a cdc hing s6, ¢6 thé phu thuoc \.)

Vay nghiém cla phuong trinh wy(z,t) s€ c6 dang
ur(z,t) = e “MA(N) cos Az + B()) sin Az]. (4.12)

Tich phan (??) theo A dugc

u(z,t) = / e~ NMUA(N) cos Az + B(A) sin Az]dA, (4.13)

Ham nay ciing 12 nghiém cta phuong trinh (2?) néu tich phan hoi tu déu va cé thé dao

ham du6i ddu tich phan hai lan theo x va mot lan theo ¢t. Dé tim nghiém ctia bai toan

Cauchy (??)-(??), ta di tim cdc ham A()\) va B(\) thoa man di€u kién ban dau (??).
Ta gia st ¢6 thé biéu dién u(x,0) = g(x) dudi dang tich phan Fourier

[e.9]

g(x) = —217r /OO d\ /OO g(&) cos A(§ — x)d§
— 00 D — 00
1

=5 cos)\x/ 9(¢) cos)\fdf—l—sin)\m/
T J oo _

[e.e] —0o0

g(&) sin )\fdf] dA.

Trong (??) cho t = 0 va dong nhat véi biéu dién duéi dang tich phan Fourier ciia ham
g O trén ta tim dugc A()\) va B()\) c6 dang

A(N) L /00 g(&) cos \dE, (4.14)

:% N

B(\) ! /00 g(&) sin \dg, (4.15)

= % .
thay vao (??) ta dugc

u(z,t) = %/_ d)\/_ g(&)e N cos (€ — x)dE
- %/ d)\/_ g(&)e= "N cos A(€ — z)dE.

0 00
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Thay d6i thi tu 1ay tich phan va stt dung cong thiic

oo 2
/ e~ cos BAdN\ = ?6_457, (4.16)
ta duoc
u(z, ) S g(€)de. 4.17)
2a\/_
Cong thic (??) dugc goi 1a cong thiic Poisson doi vdi bai todn Cauchy (??)-(??). Dat
+6_4S§:—)2ﬂ Vol T <t
F(& 1;x,t) = < 2ay/n(t=7) ’ ’ (4.18)
0 nguoc lai.
Khi dé cong thic Poisson (??) cé dang
(o) = [ Fe.0:20(0)de. (419

Ham F(¢,7;z,t) duge goi 1a nghiém co ban ciia phuong trinh truyén nhiét. Chi y rang
khi (¢,7) # (z,t), d6i v6i bién (z,t) ham F thoa man phuong trinh (??), con do6i véi
bién (£, 7) ham F' thoa man phuong trinh lién hop v6i phuong trinh (2?)

o ,0%

Ta ¢6 khang dinh

Dinh ly 4.23. Gid sit ham g(x) lién tuc va gidi noi. Khi dé bai todn Cauchy (??)-(2?) ¢é
nghiém u(x,t) dugc xdc dinh bang cong thiic (7).

Chiing minh. Dé chiing minh dinh 1y ndy, truéc hét ta ki€ém tra rang cong thic (2?) thoa
man phuong trinh (2?) v6i ¢ > 0. Chd y rang nghiém co ban (??) thoa man phuong
trinh (2??), vi vay ta chi can chiing minh ring c6 thé dao ham du6i dau tich phan hai
1an theo bién x va mot 1an theo bién ¢, tic 1a chiing minh rang tich phan nhan dugc
bang cdch dao ham hinh thlic biéu thic duéi dau tich phan theo x hodc ¢ 1a hoi tu trong
mién chit nhat 0 < ¢ < T, |z] < N, v6i moi to, T, N tuy y duong. Dic¢u nay ding
vi ham ¢ gi6i noi, con ham gme T giam vé 0 khi z — oo nhanh hon moi ham da
thitc, va khi d6 ham dué’i ddu tich phan khong 16n hon C/(1 + £?). St dung tinh hoi
tu cta tich phan [ o T +§2 d¢ va tiéu chuan Weierstrass suy ra tich phan dang xét hoi tu
deu, tdc 1a diéu ta can ching minh.

Ti€p theo, ta ching minh rang ham cho bdi cong thic (??) giGi nodi trong mién
t > 0. Diéu nay dé dang suy ra tir tinh giGi nodi ctia ham g, tdc 1a ta ¢6

(¢=a)?
e ar|g(€)]dg

lu(z,t)|

a\/_
<
Za\/ﬁ

(6—2)2

e 1%t dé = M. (4p dung (??)).
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Cu6i cung ta ching minh ham cho bdi cong thic (??) thoa man diéu kién ban dau,
tirc 1a
limu(z,t) = g(z). 4.21)

t—0

O
Vay, tir dinh ly ?? va ?? ta suy ra
Dinh ly 4.24. Néu nghiém tim trong l6p ham gidi noi voi dit kién ban ddu gidi noi thi
bai todn Cauchy (??)-(??) ciia phuong trinh truyén nhiét trong mién t > 0 dugc ddat diing
ddn.
Chi y. Nghiém cua bai toan Cauchy cua phuong trinh truyén nhiét sé kha vi moi cap
trong mién ¢ > 0, va moi z € R, khong phu thuoc vao viéc ham g c6 dao ham trén
R khong. Tinh chat nay phan biét phuong trinh truyén nhiét véi phuong trinh truyén
song.

4.4 Bai toan bién ban dau tha nhat

Xét bai toan bién ban dau thit nhat khong c6 v€ phai

Uy = a* Uy, (7,t) € Vo,
u(z,0) = p(z), 0<z <], (IBVP)
u(0,t) = u(l,t) = 0.

Trong d6 ham ¢(z) dugc gia thiét lién tuc, kha vi ting khic, va ¢(0) = ¢(I) = 0. Ta
s& str dung phuong phép tdch bién Fourier dé gidi bai todn. Gia st nghiém gi6i noi cua
bai todn la u(z,t) = X (z)T'(¢t). Thay vao phuong trinh ta duogc

X'(z)  T'(t)

X()T'(t) = *X"(2)T(t) <= X)) @70 —A.

T d6 suy ra mot hé phuong trinh vi phan thuong sau
X"(x) + XX (z) =0, (4.22)
T'(t) = M\a®T(t) = 0. (4.23)
Lam tuong tu bai todn hén hgp hyperbolic ta dugc

k272
A, = Z

Tir d6 suy ra dang nghiém cua phuong trinh la

k=1,2,3,....

k )
Xp(z) = Apsin T”x T(t) = Bpe (%),
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L&y chudi hinh thiic
u(z,t) = Zuk(:c,t),
k=1
la nghiém cta phuong trinh. Véi

2 [ . km
Ce=7 [ wle)sin e
0
thi « 12 nghiém cta bai todn. Ta c6 thé ching minh dugc ring véi cdc gia thiét trén
ctia ham ¢ thi ta ¢c6 nghiém thuc su cua bai toan.
Xét bai toan bién ban dau thd nhat véi v€ phai khac 0

(IBVP-f)

Ta tim nghiém giGi ndi cua bai toan dudi dang

u(z,t) = Z T(t) sin kTW:E
k=1

Thay vao phuong trinh ta duoc
- kra\” km - km
! . o .
Z (Tk(t) + <T) Tk(t)> sin —-2 = Z fr(t) sin ~ %
k=1 k=1
trong dé

l
k
) =7 [ 6 0ysin s

Vi {sin &2z} 1a h¢ truc giao nén déng thic trén xay ra tuong duong véi hé¢ phuong trinh
vi phan thudng
kma

TI) + (T) Tot) = fu(t), T(0) = 0.

Giai phuong trinh trén ta duogc

Ti(t) = /Ot e’(k_f)z(t*T)fk(T)dT.

4.5 Y nghia vat ly

Nghiém ctia bai todn Cauchy, xét vé phuong dién vat 1y, mo ta nhiét do phan bo
trén mot thanh dai vo han cdch nhiét v6i moi truong xung quanh khi cho truéec phan
b6 nhiét do & thoi diém ban dau. Mot céch 1y tudng, tir cong thic nghiém cta bai todn
Cauchy ta c6 thé thay chi sau mot khoang thoi gian ¢ rit nho, nhiét do & moi diém cua
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thanh déu thay d6i so véi trang thdi ban ddu. Trong thuc t€ diéu nay la vo 1y nhung
khi xét tai nhitng diém ¢ rat xa goc quan sat va tai nhitng thoi diém ¢ rat nho, diéu nay
khong khac mdy so véi thuc t€. Vi vay cong thitc Poisson c6 thé coi la biéu dién kha

tot quy luat truyén nhiét trén thanh.

Bai tap chuong 4
I. Giai bai toan

1 {ut:uaxzza t>07x€R7

u(z,0) = cos 3z.

{ut = Yugg, t>0,zeR,

u(z,0) = sin 2z cos 4z.

; {ut = 16y, t>0,z€R,

u(x,0) = cos? 4z.

4 {ut:4um, t>0,zeR,

w(z,0) = e

5 {ut:9um, t>0,reR,

u(z,0) = e~ +2z+2

II. Tim nghiém khong gidi ndi cua bai toan

{ut:um, t>0,zeR,

u(z,0) = 2* — 2z + 3.

III. Giai bai toan bién ban diu

(

U = YUz, t>0,0<z<
I. ¢u(z,0) =sinz(l —4cosz), 0<z<m,
| u(0,8) = u(m,t) =0, t > 0.
(1w = a2y, t>0,0<z
0<z<1/2,
2. Qu(z,0) = v z<lf
1—2x 1/2<z<],

(u(0,t) = u(l,t) =0, t > 0.
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GIAI MOT SO BAI TAP

Chuong ??
L.4. Ugzz + 2Uzy — SUyy + 2uz + 6uy, = 0.
Tacod=1+3=4>0. Vay phuong trinh nay thudc loai hyperbolic. Ta dua
phuong trinh vé dang chinh tic. Xét phuong trinh dudng dic trung

'=-1 = y+z=0C,
P2/ —3=0 < Y Y !
Pat

E=y+az, n=y—3.

Khi d6 vi phuong trinh thuoc loai hyperbolic nén a; = ¢; = 0. Ta c6

bl = gmgy + (Swny + gynw) - 3779:771/
=1+(1-3)+9=8.

Uy = Uy + UpNy = Ug — Uy,

Uy = Uy + UyTy = Ug + Uy,
Vay phuong trinh chinh tic 1a

Ugy — Ug = 0.
L5. uy, — 2cos xul, — (34 sin® z)uy, — yul, =0,
Tac6 § = cos’z + 3 +sin?z = 4 > 0. Vay phuong trinh nay thuoc loai hyperbolic.

Ta dua phuong trinh vé dang chinh tic. Xét phuong trinh dudng dic trung

y/2+2COS$y/—(3—|—SiIl2,I'):O PN y/:—COS.T+2 <—> y—|—sinx_2x:Ch
Y =—cosz—2 <= y+sinz+2z=0Ch
bat
E=y+sing—22, n=y+sing+n
Suy ra
l’zn—_g y:&—n_sinn_g
4 7 2 4

Khi d6 vi phuong trinh thudc loai hyperbolic nén a; = ¢; = 0. Ta tinh truc ti€p cic
dao ham riéng cta u theo z,y qua cac dao ham riéng &, .

Uy = (COSn;§—2)U/§+(COSU;§+2>U/”,

57
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Upy = (Uy)z = (00577; —2) Uge + 2 cos ;gu@—l— (cosn;£ —|—2) U,
— 2 —¢
Upz = (Ug)z = <COS 7 Y 2) Uge — 2 (4 — cos? L > Ugy,
2
+ (cos 1 1 3 + 2) Uy — SIN Ug — sin 1 Uy,

Uyy = (Uy)y = uge + 2Ugy + Upy-

Vay phuong trinh chinh tic 1a

16ug, + (&Tn — sin %) (cos 7 ; §(u§ + uy) + 2(ue — un)> = 0.

I1.2. Ugy — Ylyy + %(uz —uy) =0, z,y>0.
Ta c6 0 = 2y > 0, vy phuong trinh thudc loai hyperbolic. Phuong trinh duong dac
trung c6 dang

)’ —y=0 < y':i\/% — Jy=xvr+C.

Pat
E=Vy+vT, n=\y-r.

Tinh todn cidc dao ham riéng tuong tng ta dugc

Uy, = 1 Ug — 1 u
T BT ()
1 1
TS ST
1 1
1

2
Uyy = (Uy)y = TEEEE (“££ + 2ugy + Uy + et n(ué + un)) :

Thay vao phuong trinh ban ddu ta dugc dang chinh tac —ug, = 0. Vay phuong trinh
c6 nghiém la

u(é,n) = g(&) + h(n) <= u(z,y) =9(\/y+Vz)+h(\/y — V),

vGi moi ham ¢ va h. (Chd y rang & day ta van st dung ham u doi véi bién s6 € va n.)
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Chuong ??
ILa. {utt = duy, + 7t,
u(z,0) =0, u(z,0) = x.
Vi céc dir kién Cauchy khong duoc cho trén dudong dac trung nén bai todn Cauchy
c¢6 nghiém duy nhat. Ap dung cong thiic nghiém cho & cau I. ta dugc cong thic nghiém
ctia bai toan Cauchy la

u(z,t) = uo(x) + tur () + f(z) /Ot(t —7)g(T)dT

¢
t
:tx+x/(t—T)TdT:t:E+?x.
0

u(z,0) = ¢(x), u(z,0) = p(x).

(=) Ta c6 cong thic nghiém tong quat cua phuong trinh 1a

IV.a. {utt = Ugg,

u(z,t) = flx +t) + glx — 1),

v6i moi ham f, g ¢6 cdc dao ham riéng cap hai lién tuc. Ta s& tim diéu kién rang buoc
gilta cac gia tri ban dau. Pao ham nghiém theo ¢ ta duoc

w=f'(e+1) - g'e—1).
Thay céc diéu kién ban dau vao nghiém va biéu thiic vira nhan duogc

u(, y)lary=0 = f(22) + 9(0) = ¢(z),
u(, Y)lasy=0 = f'(22) — ¢'(0) = ¢(x).

Dao ham phuong trinh thi nhat hai 1an, thd hai mot 1an roi khir f”(2z) ta dugc
¢"(z) = 2¢/(z). (4.24)

Pay chinh Ia diéu kién dé bai todn c6 nghiém. Tur biéu thiic nghiém & trén ta suy ra
nghiém, néu co, la vo so.

(<) bay gid ta ching t6 rang ¢6 thé xédc dinh nghiém cua bai todn tir cdc diéu kién
ban diu dugc xdc dinh tir (??). Tich phan hai v€ cta (??) ta dugc

&' (z) = 2¢(x) + 2. (4.25)



60 Giai mot s6 bai tap

Ta co
f(2z) = ¢(z) — 9(0), (4.26)
f'(2z) = ¥(x) + 4'(0), (4.27)
dao ham phuong trinh thi nhat,
f'(2z) = ¢' (). (4.28)
Tu (2?), dat £ = 2x ta duoc
1©=0(5) - 900 @29)

Cho ¢(0) = « bat ky ta s€ suy ra ham f(£). Dong nhat (??) va (??) va st dung (??) ta
duoc

1

29/(2) = (x) + ¢ (0),

suy ra

§(0) = 56/(x) ~ () = A

Vay, v6i cac dit kién ban dau ¢(z) va ¢ (z) rang budc véi nhau theo (??), ta tim dugc
ham g € C? sao cho ¢g(0) = a tuy ¥, ¢'(0) = A\, va ham f € C? dugc xédc dinh tir (2?2).
Hién nhién nghiém ctia bai toan, dugc xay dung tir hai ham g va h, 1a vo s6.

Uty = Wy,
V.a. w(z,0) =sinz, uy(x,0) = —2sinz + 8sin 2z, 0 < z < 7,

u(0,t) =0, u(m,t) =0,¢t > 0.

Hién nhién cidc ham cho & dit kién Cauchy thod min diéu kién dé bai todn cé

nghiém. Ta st dung phuong phép Fourier dé tim nghiém bai todn dudi dang

u(z,t) = Z (A, cos 2kt + By, sin 2kt) sin kz, (4.30)
k=1
trong d6
2 (" .
A = —/ sin x sin kxdz, (4.31)
m™Jo
1 ™
By, = p (—2sinz + 8sin 2z) sin kxdx. (4.32)
T Jo

St dung tinh chat

T 07 )
g/ sinmx sin nzdxr = { m 7 n (4.33)
0

1, m=n,
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Ta suy ra cac hé s6 can tim la

2 ™
A = —/ sin? zdx = 1,
0

™

A, =0, Vk=23,.

:——/ sin® xdx = —
:—/ sin? 2xdx = 2,

B, =0, Vk=3/4,.
Vay nghiém can tim 1a

1
u(z,t) = cos2tsinz — 5 sin 2¢ sin z + 2 sin 4t sin 2.
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Chuong ??
IV.1. Giai bai toan Dirichlet
{(a) Au =0 trong 2,

) ) (4.34)
(b)  wu|pr =3 —4y® — 4xy?,

v6i  1a mat trong tam 0 ban kinh 2, ' 1a bién cuta (.
Trong hé toa do cuc r06, phuong trinh (??)(a) c6 dang
ror \_ Or r2 062
con diéu kién bién (2?)(b) tré thanh

ulp = 3 — 4r?sin? @ — 47> cos O sin® 6.

St dung phuong phép tach bién tim nghiém cta bai todn bién Dirichlet trong trén mat
tron, ta c6 cong thitc nghiém cua bai toan bién c6 dang

u(z,t) = Z r"(Ay, cosnb + B, sinnb).

n=1
Tir diéu kién bién ta c6
u(r,0) = 3 — 4r*sin® § — 4r° cos f sin® 0

=3 — 16sin? 0 — 32sin? O cos §

=3 —8(1 — cos260) — 16 cos 8(1 — cos 20)

= —5 + 8cos 260 — 16 cos 6 + 16 cos § cos 260

= —5+ 8co0s20 — 16 cos 6 + 8(cos f + cos 30)

= 8cos 30 + 8 cos 20 — 8cosf — 5.
St dung cong thitc xdc dinh hé s6 clia khai trién Fourier clia nghiém bai todn (D) va
két qua

1 [ 0 m#n,

2w 0 1 m=n,

cosnb cosmldl = {

ta co
A0:—5,A1:—8,A2:8,A3:8,An:0, Vn > 3.

Vay nghiém can tim cta bai toan la

u(r,0) = 8r® cos 30 + 8% cos 20 — 8rcosf — 5
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= 8r®(4cos® — 3cos ) + 8r*(2cos”>§ — 1) — 8rcosf — 5
= 32r° cos® 0 + 167% cos? § — 247° cos ) — 8rcos @ — 8r* — 5.

Thay (r,0) boi (z,y) ta dugc nghiém cua phuong trinh

u(z,y) = 82 + 82 — 8y* — 8x(3z* + 3y* + 1) — 5.

IV.2. bt v = v — 23/3. Khi d6 bai toan (D) v6i u s€ trd thanh

{(a) Av =0 trong {2, 435)

(b) vlr =z — 52° + 2zy”.

IV.3. Dua bai todn dang xét vé hé toa do cuc réi chuyén vé bai toan Dirichlet trong
bang céch dat u(r,6) = r'v(r’,0), v6i rr’ = 4. Khi d6 bai todn (D) v6i u s€ trd thanh

{(a) Av =0 trong €, 4.36)

() vlr=1+3(y* -2y +a2*—y).
IV.4. St dung phuong phap Fourier dé tim nghiém ctia phuong trinh Laplace du6i dang

u(r,0) = R(r)®(0) = C, + Colnr + Z(anr" + b, ") cosnb + (c,r" + d,r7 ") sinnb.

n=1
Thay céc diéu kién bién tuong tng ta duoc
G =0,C =1,

ai=1,a,=0,n=23,...,b,=0,n=1,2,...,
d=-1,d,=0,n=2,3,...,c,=0,n=1,2,....

Vay ta dugc nghiém cua bai toan la
L.
u(r,0) =Inr + rcosf — —siné,
r

hay biéu dién theo (z,y)

1
u(w.y) = 3in(at +4) 2 - Lo

V., VL. Str dung cac cong thitc da biét va phuong phap Fourier néu trong bai trén.



64 Giai mot s6 bai tap

Chuong ??
L.1. St dung cong thitc Poisson dé xdc dinh nghiém cta bai toan

{ut:ummu t}O,IEER,

u(z,0) = cos 3.

Ta c6 nghiém cta bai todn c¢6 dang

)2
u(z,t) exp{ ST:)} cos 3xdx.

2\/_
Thyc hién phép ddi bien » = $=2, sit dung dang thic

52

1 o0
—/ e’ cos Bzdz = ﬁe 102
VT o a

va chd y rang tich phan % 1= e~*#gin Bzdz = 0, ta suy ra nghiém cta bai todn 12

u(z,t) \/_/ e cos(3z + 6v/1z)dz
\/_/ e (cos 3z cos(6v/z) — sin 3z sin(6v/1z))dz

_cos 3z
— \/7_r

= cos3xe”

e’z cos(6v/t2)dz

9t

Thir 1ai thdy day chinh 1a nghiém cua bai toan can tim.
bap so:

1. u(z,t) = cos 3ze ™.

2. u(z,t) = 5(e ¥ cos 3z — e~3* cos 6z).

=

3. u(z,t) = (1 + e 1024 cos 8z).
4. u(z,t) = (1+ 16t)"2exp {—%} :

5. ula, 1) = (14 86) /2 exp { - ==t22eszeiom |
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II. Ta can xay dung nghiém khong gidi ndi cliia bai toan

{ut = a’Au, t>0,zeR"

(Trong bai nay, a = 1, n =1, va ham f(z) = z? — 2z + 3.)
Ta chiing minh rang nghiém ctlia bai todn trén c6 dang

trong d6 A*f(z) = A(A* 1 f(2)), Af(z) = Z Uy, s, Di€u chiing minh nay khong kho

chiit nao, chi can thu truc ti€p vao phuong trmh dau, con khi cho ¢ — 0 thi ta ¢6 di€u
kién dau ngay. Khi d6 nghiém cta bai todn cua chuing ta s€ la

u(z,t) = x> — 2 + 3 + 2t.
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