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Nguyén Thanh Long

Chwong 1. PO DO DUONG-HAM SO DO BPUQC

1. TAP DO BUOC
A. Ta nhéc lai mét s6 phép toan vé ho tap hop. Cho X 14 tap khac trdng va I 1a tap
céc chi s6. Néu irng vé&i mot chi sé i € I, ta cé duy nhat mét tap con 4; c X, ta ndi
rang ta c6 mot ho tap hop ky hiéu 1a (4,) s, hay {4:}ier, hay (4;,i € I), hay {4,,i € I}.
Ta dinh nghia phéan giao ctia ho tap hop (4:) ., 1a tap con clia X dwoc ky hiéu la
N A4; va dwoc xac dinh bdi

iel

NAi={xeX:xed,véimoiie I}.

iel

Noi khac di,

xeENA; = xe A, voimoii € L.
iel
Ta dinh nghia phén héi cta ho tap hop (4,):c, 1a tap con cla X dwoc ky hiéu 1a
U A4; va dwoc xac dinh b&i

iel

Udi={xeX:xed voiitnhdt moti e I}.

iel

Noi khac di,

xeUd, = Jdiel:xeA.
iel

Trwong hop riéng voi

)7 =41,2,...,n :taviét

NAi= NAi=A1NA42N...NA4n,

iel =1

Udi= Ud4di=A1UA4d2U...U4,.
iel =1

i)/ =N : ta viét

NAi= NA4di=A1N42N...,

iel =1

Udi= UdAdi=A1UA42U....

iel i=1

XN (ﬂ A,) = U @XN4), X\ (U Al> = N (X\N4,)).

iel iel iel iel




Néu khéng so' nham 14n ta con ky hiéu
A = X\ A.

(ﬂ A,) = U 45, (U Al-) = N A4§.
iel iel iel iel

Vi du. (Xem nhw bai tap). Xac dinh N 4; va U 4;, voi 4; = (=F, 521).
i€l i€l
B. Ta qui wéc mot sb ky hiéu va cac phép tinh
[~0,00] = R U {~0} U {0} = R,
(—o0,00] = R U {e0},
[_OO!OO) =R U {_OO}’
a+w=0w+a=0néul<a< oo,

. 0, Néu0 < a < o,
VA a.0 = w.q = i
0, néua=0.

Do do:

Céc qui tac vé dau (am, dwong) twong tw nhw phép nhan théng thuong),
chang han

—0 néu-w<ac<0,
.00 = 00,.q = .
0 néua=0.

C. Gi¢i han trén limsup va gi¢i han dwdi liminf.

C1. Gi&i han trén limsup. Ta cho day sé {a,} < R, ta dat
(i) Néu {a,} khéng bj chan trén, ta d&t lim sup a, = .

n—0

(i) Néu {a,} bi chan trén, ta dat

bir = sup{ak, a1, ar2,...y = SUp an, k=1,2,3,....

n>k

Khi do, b1 > b, > b3 >...
(ii)1 Néu {b;} khéng bj chan dwdi, ta dat lim sup a, = —o.

n—oo

(i), Néu {b;} bi chan dwdi, thi {b;} \, inf b;. Ta dat

k=1

limsup a, = lim by = lim (sup an> = inf (sup an>.
-0 k—o0 k—o0 n>k k>1 n>k

C2. Gi&i han dwéi liminf. Xét day sb {a,} — R, ta dat
(i) Néu {a,} khéng bi chan dwéi, ta dat lim inf a, = —o.

n—0o0

(ii) Néu {a,} bi chan duéi, ta dst

Ck = inf{akyak+laak+2|"'} = inf A, k = 1!2!31""

n>k




Khidod, c1 <cy <c3 <..

(ii)1 Néu {ci} khdng bi chan trén, ta d&t lim inf a, = co.

n—o0

(if)2 Néu {c;} bi chan trén, thi {c;}  sup c;. Ta dat

k>l

liminf a, = limc¢; = lim (inf a,,) = sup (inf a,,).
n-00 koo koo \ >k 1 \n>k

Chu y 1: Déi khi ngudi ta cling dung cac ky hiéu Tim a,, va lim a,, lan lwot thay

n—o0

n—00
cho limsup a, valiminf a,.

n—0 n—o0

Chu y 2: Ta cling dinh nghia lim sup a,, liminf a, cho day {a,} < R, nhw sau
limsup a, = inf (sup an>, liminfa, = sup (inf a,,).
n-0 >1 n>k n-o0 k>1 n>k
Chuy 3: limsup (—a,) = — liminf a,.
Chuy 4: liminf a, <limsup a,.
Chuay 5: Néu {a,} hoi tu thi
limsup a, =liminf a, = lim a,.

Chuy 6: Tacho day sé {a,} — R, ta dat

A= {a e R :a= lima,, v&i{a,} la day con cla {an}}.

k-0

Khi d6 ton tai amax, amin € 4 sa0 cho amin < a < amax, Va € A. Khi dé ta co

Ilm Sup ay = Amax Vé Ilm |nf an = dAmin-

n—o0 n—o0

Vi du. (Xem nhuw bai tap). Cho day sb thwc {a,}, sao cho limsup a, < 0 < a, Vi

moi n € N. Chirng minh rang a, — 0.
C3. Cho day ham {f,}, f» : X - R. Khidé sup f,, inf £, limsup f, va liminf £, 1a

n—o0 n—0o0

cac ham dwoc xac dinh trén X b&i



sup fn>(x) _ sup £3%), (inffn>(x) )

n—0 k>1 n>k

(Ilm sup fn>(x) =limsup f,(x) = inf (Sup fn(x)>,

lim |nffn>(x) =liminf f,(x) = sup (inff,(x)),

n—o0 e n>k

(Iim f,,)(x) —lim £,(x).

n—0 n—o0

Néu f(x) = lim £, (x), tdn tai & moi x € X, khi d6 ta goi /13 gi®i han tirng diém
cua day {f,}.

Dinh nghia 1.1.1. Cho X |a tap khac tréng. M6t ho 9t cac tap con clia X dwoc goi
la mét o — dai sé trong X néu cac diéu kién sau day thda:

(i) XeMm,
(i) Néu 4 e M, thi X\ 4 €M,
(iii) Néu 4; € M, j=1,2,... thi U2, 4; e IM.
Chua y: Ta suy tw (i) — (iii), rang
(4i) peMvVvig=X\XeN.
(51)) Néuldy A4,.1 = 4,2 =...= ¢ trong (iii), ta thly rang
Uli 4, € M, néud; e M voij=12,...,n

(6i) Néu 4, e 9, j=12,... thi N2 4; €M,

Néu 4,Be M, thiANB=X\(4UB) e M
vaANB=ANKX\B) e M.

Dinh nghia 1.1.2. Néu X c6 mét o — dai sb 91 trong X thi ta goi cap (X, 1) (hodc
van tat X) 1a mét khéng gian do duoc (measurable space), va phan ti cla 9t duoc
goi la tap do duwoc trong X.

Vi du 1.1.1. (Xem nhuw bai tap). Cho X 1a tap khac tréng va 9t ={¢, X}. Nghiém lai
rang Mt 1a mot o — dai sb trong X. Cau hdi twong tw v&i M = P(X) 1a ho tat ca cac tap
con cua X.

Vidu 1.1.2. (Xem nhw bai tap). Cho X = [0,1] va 9
dwoc khéng?

Vi du 1.1.3. (Xem nhw bai tap). Cho X = [0,1] va 9
[£,1] c6 do dwoc khdng?

(79)

P(X). Tap [+,1] ¢6 do



Chu thich 1.1.1. Cho F < P(X). Khi dé tdn tai mdt o — dai s& nhé nhat M+ trong X
sao cho F < Mt*. Ta con goi M* 1a o — dai sé sinh béi F.
That vay, ta goi Q 1a ho tat ca cac o — dai s6 91 trong X chira F. Vi P(X) ciing 1a

Mot o — dai s6 (Vi du 1.1.1), nén Q + ¢. Goi M* = N 9. D& théy ring F < M*, bdi
MeQ
Vi F < M véi moi M e Q. Ta chi cAn chirng minh rang 9t* 1a mét o — dai sb.
Gidstrrang 4, € M*, v&ij =1,2,... ,vanéu M e Q, thi 4, € M, nhw vay
721 A; € M, bdi vi M 1a mot o — dai s6. Vi Uz, 4; € M, véi moi M e O, ta két luan

rang Uz, 4; € 9. Hai tinh chat con lai trong dinh nghia X € M*, va X\ 4 € M* véi
moi 4 € M* dwoc chirng minh twong tw.

Pinh nghia 1.1.3. (B¢ do duong) Cho X la mdt khéng gian do dwoc voi mét o —
dai sb 9t va cho ham u : 9t — [0,]. Ta ndi u la mét do do duong trén Mt néu u thod
man cac tinh chét sau:

(i) Tinh chat cong dém dwoc (countably additive): u(UZ; 4;) = > HA), néu
Aj S m,] = 1,2,... va AiﬂAj = ¢, Vi ij.

()34 € M : 1 (4) < .

Dinh nghia 1.1.4. (D6 do phire) Cho X la mét khéng gian do duwgc véi mét o — dai
s6 Mt va cho ham u : M - C. Ta ndi u 1a mdt dé do phire trén M néu 1 thod man tinh
chat sau:

wUE A7) = 257, p(4)), néud; e M,j=1,2,...va A, NA4; = ¢, Vi + .

Dinh nghia 1.1.5. Cho X |a mét khéng gian do dugc véi mét o — dai sb Mt va cho
ham u la mot dé do (dwong hoac phire) trén 9t. Ta ndi (X, 901, u) la mét khéng gian do
(measure space).

Chu thich 1.1.2.

(i) V&i do do phire, chudi Z;il u1(4;) hoi tu voi moi day {4,} r&i nhau nhw trén, la
hoi tu tuyét dbi.

(if) Néu u 1a mot dd do dwong vanéu 4, B € M, va 4 < B thi u(4) < u(B). (Xem Vi
du 1.1.6).

(iii) Clng vay, néu 4, € M,j =1,2,... va A1 < A, < As ..., thi p(UZy 4;)
= lim u(4,). Xem Vidu 1.1.7).

(iv) Twong tw, néu 4; € MM, =1,2,... vad; D Ay D A3 D...,va u(41) < o, thi
WP A7) = lim p(4,). (Xem Vi dy 1.1.8).

(vi) Néu ,unlé+m(f)t dé dodwongvanéud; e M, =1,2,..., thi
u(Uz, 4;) < Z}Zlu(Aj). (Xem Vidu 1.1.9).

Vi du 1.1.4. (Xem nhw bai tap). Cho (X, 9, 1) la mét khéng gian do v&i u la mot dé
do duwong trén 9t Chirng minh rang u(¢) = 0.



Hwong dan: Lay A1 =4, A2 = ¢, ..., Apr = ¢, ..., ta cO 4 = U2y 4; va u(4) < .
Tw tinh chét cong dém dwoc, oo > u(d) = n(Uzy 4)) = ij‘ilu(Aj). Do chubi Zjﬁlu(Aj)
hoi tu nén lim u(4;) =0, ma 4; = ¢ voimoi;j > 2, nén u(¢) = lim u(4;) = 0.

oo oo

Ta cling chu y rang, v&i d6 do dwong y, diéu kién (i) 34 € M : u (4) < o trong
dinh nghta 1.1.3 ¢c6 nghia la u # « ma cé thé thay bang diéu kién twong dwong
1w(¢) = 0.Vidu1.1.4. chirardng u + © = u(¢) = 0. Pao lai, thi hién nhién, vi ta lay
A=¢.

Vi du 1.1.5. (Xem nhuw bai tap). Cho (X, 9, 1) la mét khdng gian do v&i u la mot dé
do dwong trén M. Chirng minh rang (tinh chat cdng hiru han): u(UL; 4;) = PIPIED?
néud, e M,j=1,2,....n,va A;NA; = ¢, Vi +j.

Hwéng dan: Lay A, = Az =...= ¢, ta cO ULy 4; = U2 4;. Vay
p(Uiy 4;) = u(Ugs 4)) = 2}21 MEDEDINTED) +Z;in+1 u(4;) = Z}Ll p4;).

Vi du 1.1.6. (Xem nhw bai tap). Cho (X, 90, 1) 1a mot khéng gian do v&i u la mét dé
do dwong trén Mt Chirng minh rang néu 4, B € 9, va A < B thi u(4) < u(B).

TacOB=AUBNA)vaAdn(B~\A) =¢. Tasuytwr Vidu 1.1.5rdng
p(B) = p(d) + p(B\A4) = p(4).

Vidu 1.1.7. (Xem nhw bai tap). Cho (X, 9, 1) la mét khdng gian do v&i u la mot dé
do dwong trén 9. Chirng minh rang, néu 4, € M, j = 1,2,... vd A1 < 4, ..., thi
pUzZ 4;) = lim u(4,).

n—>+00
Hwéng dan: Dat By = A1, By = Ao\ A1, ...,Bj = A;\ A;1 VOi j = 2,3,4,.... Khi do
Bj c EDI, va B,’ mB] = ¢, Vi ij, An = U}lzl Aj = UJn:]_ Bj va U;il Aj = U;il Bj. Do do
u(dn) =27 u(By) va
HUZ A) =200 p(By) = lim 300, u(B)) = lim p(d).
Vi dy 1.1.8. (Xem nhuw bai tap). Cho (X,9, 1) Ia mot khong gian do voi u 1a mét do
do dwong trén M. Chirng minh rdng, néu 4, € M, j = 1,2,... va 41 D A2 D A3 >...,
va p(A1) < oo, thi p(NZy 4;) = lim p(4,). Cho mét phan thi du Gé théy diéu kién

(A1) < ©” khéng thé bd qua d:lL;g’oc.
Hwéngdan: DatC; = 41\ 4, Khido C; e M,vaCy < C> < C3 ...,
pw(Cy) = (A1) — u(4;),
21 Cj = Uz (A1 N4)) = A1 NNE A
Ta suy ti Vidu 1.1.7 réng
p(d1) — p(NEy 4j) = u(d1 N NZL 4y) = pUE 6)
= lim u(Cy) = p(41) = lim u(4,).

n—>+00 n—>+oo

Vay u(NZi4;) = lim u(4,).

n—>+00

Phan thi du: Taldy X = N, va u 1a d6 do dém trén X, (Xem vi du 1.1.10). Gia st



Ay ={nn+1n+2,...}. Khidd 41 D A2 D A3 D..., N> 4 Ax = ¢, nhwng u(4,) = © voi
moin =1,2,3,...,tcla u(Niq 4,) = lim u(4,).

Vidu 1.1.9. (Xem nhu bai tap). Cho (X, 901, ) la mot khong gian do véi p la mot do
do dwong trén M. Chirng minh rang, néu 4; € M, j = 1,2,..., thi u(UZ; 4;) <
27 1))

Hu’(yng dan: Pat By = A1, By = A> N A1, B3 = A3 \ (A1 U A>2),... ,Bj = Aj AN (UJ,;ll Ay)
Vé’lj = 2,3,4,.... Khi déBJ € EDI, va BimBj = ¢, Vi ij, UﬁlAj ZU}QIB]‘ VéBJ‘ (- Aj vOi
Jj € N. Do dé

u(UEs 4)) = p(UEs B)) = 207, u(By) < 227, p(4)).

Vi du 1.1.10. (Xem nhu bai tap). Cho X la tap bat ky, v&i E — X, ta dinh nghia
u(X) = oo néu E la tap vo han va u(E) la sé phan tl trong E néu E 1a tap hiru han. Khi
dé (X, P(X), 1) 1a moét khéng gian do véi dd do i goi la mét dé do dém (counting
measure) trén X.

Vi du 1.1.11. (Xem nhw bai tap). Cho X 1a tap bat ky, va cho xo € X cb dinh. Ta

dinh nghia
1 X0 € E,
E) =
HE) { 0 xo ¢ E,

v&i E < X. Khi d6, u la dé do trén P(X). Ta goi u la khéi lvong don vj tap trung tai xo.

Vi du 1.1.12. (Xem nhuw bai tap). Cho (X, 9, 1) la mdt khdng gian do,vaf: X - Y
la mét song anh. Ta dat 9t ={AE) : E € M}, vav(D) = u(f (D)), VD € N. Chirng
minh rang, Cho (¥,M,v) |a mét khéng gian do.

Hwéng dan:

(@) (¥,7) la mét khdng gian do dwoc:

(i) YeNviY=1AX),XeMM,
(i) YN\DeNVDeNvi, Y\D=AX)\NAE) =fIX\NE),X\E € I,

(i) NéuD; e M,j=1,2,...va U2 D, = U AE) = AUL Ej), ULy E; € M.

(b) v la mét dé do dwong trén (¥, ).

())3D € N : v (D) < ©.?2??. Theo gia thiét ta cé IE € M : u (E) < . Chon
D =flE),taco D € Mvav(D) = u(f (D)) = u(E) < .

(if) Tinh chét cong dém dwgc: Néu D, = (E;)) e M,j = 1,2,... va D;N D, = ¢,
Vi+j,tacoE, e M, j=12,...va E.NE; =f1D;) NfYD)) =fXD:ND)) =¢,Vi=+.
Do tinh chat cong dém dwoc cua pu, ta duoc
v(U2y D;) = u(f Uz D)) = p(UE, (D)) = m(UEy Ef)

= ;ij_ ‘u(E/) = Z}il ‘u(fil(D])) = Z}il V(Dl)
Dinh nghia 1.1.6. (Day dui héa mét khong gian do) Cho (X, M1, 1) 1a mét khéng




gian do. bat
M*={EcX:34,BeIMsaochod c Ec Bva u(B\A4) = 0}.

Ta dat u*(E) = u(4).

Pinh ly 1.1.6. (X,9t*, u*) la mt khéng gian do.

Dinh nghia 1.1.7. (X,*, u*) dwoc goi la day du héa cia (X, 9, u). Néu I = M
thi ta goi u la mét d6 do day du.

Hwéng dan chieng minh dinh ly 1.1.6: Trwédc hét ta kiém tra lai rang u* dwoc
xac dinh t6t véi moi E € M*. Gidstrrang 4 < E < B, A1 < E < B1 va
(BN A) = u(B1 \ A1) = 0, v&i 4, B, A1, B1 € 9. Cha y réng

ANAL c ENA1 C By \Al,

dodoétaco u(4~\41) =0,do do u(4) = u(ANAx) +uAd N A1) = u(4NA4i). Ly luén
twong tw, u(41) = u(41 N A). Vay ta cé u(41) = u(A). Tiép theo, nghiém lai rdng 9t*
thod 3 tinh chat ciia mot o — dai sb.

(i) X € 9*, b&ivi X € M va <M < Mm*.

(i) Gid st rdng 4 < E < B, khidd X\ B c X\ E c X\ 4. Vay E € 9*dan dén
XNE e M, bdivi XNA)NXNB)=XNA)NB=B\A4,
UXNA)NXNB) =uBNA) =0.

(iii) Gid st rAng 4; c E; < Bi, E = U2y Eiy A = U2y A;, B = U?; By, khi d6
AcC Ec Bva

BNA =UZ (BiNA4) Uz (BiN4).

Vi hoi dém dwoc cac tap co do do zero cling la tap c6 dd do zero, do do
0<uBNA) < uU?, (BiN4;)) =0.Tasuyrarang u(B\ 4) = 0, nhw vay
E=U%E € M*, nBuE;, e M*voii=123,...

Cudi cung, néu cac tap E; € 9* 1a roi nhau tirng ddi modt nhw trong budce (iii), thi
céac tap 4, cling rdi nhau tirng déi mot gidng nhw vay, va ta két luan rang

wr(E) = u(d) = 357, u(4y) = 227, 1 (Ep).
Diéu ndy chirng té rang u* cong dém dwoc trén M~

2. HAM PO BUQC

Pinh nghia 1.2.1. Cho (X, 91) la mét khdong gian do dwoc, ham s : X - C ¢ dang
dwoi day duwoc goi 1a modt ham don gidn (simple function), van tét goi la ham don hay
ham béc thang

s(x) = Zj”:ll ajx4,(x) Vx € X,

1 xed4,
0 xe X\ 4.

Dinh nghia 1.2.2. Cho (X, 9) la mét khéng gian do dwgc, va ham f: X - [—o0,0].
Ta goi f1a mét ham thuc do duoc trén (X,9) néu f1((a,o]) = {x € X : fix) > a} e M

vOiai,...,on € C, A1,...,4,, € M, trong d6 y4(x) = {



voi moi a € R.

Dinh nghia 1.2.3. Cho (X;91) la mét khdong gian do dwoc, va hai ham u,v : X - R.
Ta goi f = u + ivla mét ham phirc do duwoc trén (X, 90) néu u va v 1a cac ham do dwoc
trén (X, 90).

Vidu 1.2.1. (Xem nhu bai tap). Cho (X,91) la mdt khéng gian do dwoc va ham
/1 X > R = [-o,00] ham thwc do dwoc trén (X,91). Chirng minh rang cac tap
S (@, 0]), fH([=0,a)), [ (=0, a)), [ ((a,0)), f([a, D)), [ ((a,B]), f((a, b)) va
f1({a}) la do duorc.

Hwéng dan:

(G) /t((a,©]) € M Va e R. (Do dinh nghia).

(D) f1([~o,a)) € M Va e R.? Chay rang

(0@ = U [<oa-4]1= U (B\(a-4)),
n=1 n=1

Vi

0
xeU [wa-+t]eo IneN:xe[-va-1] = -ox<a
n=1

Vay

FH([=0,a)) =f-1(£'3 (Wwa—%,oo])) — U Y (R (@-1,%])
n=1 n=1

0

LR\ (@~ 50D ]
=1

U N fYa— o)) e,
n=1

do dinh nghia 1.1.1.(i)-(iii), (6i).

(i) f1((=o0,a)) € M Va € R. ? Chay réng

(<0,0) = U (-ma-1]= U ([~w,a- L]0 (=n,0])
n=1 n=1

0

- U ((W\ (a— %,OOD N (—n'OOD’
n=1

Vi

x ey (—n,a—i] < dneN:xe (-na-

n
n=1

1

n

] —©w<x<a.

Vay
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[H((»,a)) =f‘1(fj ((W\(a—%,oo])ﬂ(—n,oo])>

et
:n{_'jl [F((R\(a-1,%)) N (o)) ]

:nfjl (RN (= +]) nfH(Emee))]

=nt“31 [(FA®) N A +,00)) NfA(n, o)) ]
=U [N fA((a— £,0]) N2 ((n00])] € M,

n=1

do dinh nghta 1.1.1.(i)(ii), (7i).

(4)) f1((a,0)) € M Va € R. ? Chu y réng

Vi

Vay

(@x)= Ua+in)= U (—on)nla+L,0)
n=1 n=1

= U (om0 (R N[0+ 1)),

o0
xeU [a++,n) o IneN:xela+in < a<x<o.
n=1

S (@) =f1(5 (oom 1 (RN [0+ %>>>>
n=1
- U f—1<[—oo,n) N <W N\ [Foa+ %)>>
n=1
= U [Foom) nfA(R N [oa+ 1) ]
=1

= U [Fi(=om) NN fHoa+ 1))] e M,
n=1

do (jj) va dinh nghia 1.1.1.()—(iii), (7i).

(5)) f1([a,b)) € M Va,b € R. ? Chly rang
[a,b) = [-,b) N[a,] = [-0,b) N (R \[-0,a)).

Vay

fi(ab)) =f1([~o,b) N (R \[-0,a)))

= f1([~0.0)) Nf (R N [0,a))

= f1([~0.0)) N X\ f([~w,a))] € M,
do (jj) va dinh nghia 1.1.1.(i)—(ii), (7i).

(6)) f1((a,b]) € M Va,b € R.? Chiy rang
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(a,b] = [—oo,b] N (a’oo] = <W\ (b,oo]) N (a,OO]_
Vay

fab]) =R\ (b)) N (a,0])

= (RN (b,]) Nf((a,])

= [XNfH (b, o] NfH((a,0]) € M,
do dinh nghta 1.1.1.(i)=(ii), (7i).

(7)) f1((a,b)) € M Va,b € R.? Chayrang (a,b) = [-o,b) N (a,0].
Vay

fHa,b)) =1 [-0,b) N (a,])
= f1([~0,b)) NfH((a,0]) €M,
do (jj) va dinh nghia 1.1.1. (7i).
(8)) f1({a}) € M Va e R.? Chuyrang
{a} = [~w,a] N[a,%] = (R \ (a,]) N (R N\ [~0,a)).

Vay

@y = (RN (@) N (RN [-0,0)))
=71 <W N (a,oo]) nf*t <W N [—oo,a))
= [T R) N (@) N [ HR) N (0,a) ]
= [XN (@, 0D] N XN fH([-0,a))] € M,
do dinh nghia 1.1.1.(i) — (iii), (7i).

Vidu 1.2.2. (Xem nhw bai tap). Cho (X, 91) la mdt khéng gian do dwgc va ham
f: X - R ham thwc do dwoc trén (X,90). Gia st /1(X) < R la tap hiru han. Chirng
minh rang f1a ham don.

Hwéng dan: Gia st AX) = {a1,a2,...,anr € R, a; # a; Vi # . Khi do
A = Qaiy) e Mva f= 37 ax4,

Vidu 1.2.3. (Xem nhwv bai tadp). Cho (X, 91) la moét khéng gian do dwoc va ham
hang 1 = C 1a do dwoc trén (X, D).

Hwéng dan: That vay, néua > C, thi f1((¢,0]) = {xre X: flx) > a> = ¢ € M, coN
néu nhw néu a < C, thi f((a,»]) = {x € X: flx) > a> = X € M.

Vidu 1.2.4. (Xem nhw bai tap). Cho (X, 91) la mot khédng gian do dwoc va ham
/1 X - R ham thuc do dworc trén (X,90), va k € R. Chirng minh rang kfla ham do
dwoc trén (X, ).

Hwéng dan: That vay, néu k > 0, thi {x € X : kflx) > a} = {x € X : flx) > <} € M,
con néu nhw néu k < 0, thi hién nhién.

Vidu 1.2.5. (Xem nhw bai tap). Cho (X, 91) la mét khéng gian do dwoc va va ham
/. g X » R hai ham thuc do dwoc trén (X, 9t). Chirng minh rang f+ g, f— g la ham do




12

dwoc trén (X, ).
Hwéng dan:
a) f+gla ham do duoc.

f)+g(x) >a = fix) >a-gk) & Ir, € Q: fix) >r, >a—gk).

Vay thi
ZeX: ) +g() >ar =U {x e X:fx) > r > a—gx)
n=1
:6 feX fx)y>rmyN{xeX:glx)>a—r,;

n=1
—U o)) Ngt((a—rmoc]) € M.
n=1

b) f—gla ham do dwgc??: Ta co g la ham do duwoc, suy ra (—g) la ham do dugrc.
Vay f— g = f+ (—g). cling la ham do duoc.

Vidu 1.2.6. (Xem nhw bai tap). Cho (X, 91) la mét khéng gian do dwoc va ham
£ X - R ham thyc do dwoc trén (X,901), va a > 0. Chirng minh rang |f(x)|* la ham do
dwoc trén (X, ).

Hwéng dan: Ta ¢6 Va > 0, rang

xeX:|[fx)|*>a} ={xeX:|[flx)]>al}
={xeX:flx)>a’}U{xeX:flx)<-a} e M.

Con néu nhw a <0, thi {x € X : |f(x)|* > a} = X € M.

Vidu 1.2.7. (Xem nhw bai tap). Cho (X, 91) la mot khéng gian do dwoc va va ham
£, g : X > R hai ham thyc do dwgc trén (X,90%). Chirng minh rang f+ g, fg, max{f,g},
min{f,g} la ham do dwoc trén (X, ).

Hwéng dan: Dya vao céc déng thire

fg=+1(f+2?*- (- 272l
max{f,g} = 3[f+g+|f-zll,
min{f,g} = S[f+g- -l

Connéunhwa <0, thi {x e X: |[fx)|* > a} = X e M.

Vi du 1.2.8. (Xem nhu bai tap). Cho (X, 21) la mét khdng gian do dwgc va ham £,
g : X - R hai ham thuc do dworc trén (X, 9t). Chirng minh rang, néu g khong triét tiéu
thi £ 1a ham do duoc trén (X, ).

Hwéng dan: (i) Cha y rang, g—lz la do dworc vi, v&i moia € R,
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) 1
Néua<0: (L) (@) ={rex: -t

Néua>0: (?>_1((a,oo]) ={xeX: gzl(x) ay
- e X1l < L)
={xeX:gkx) >—%}m{xeX: —g(x)>—%} c M.

(i) Ta c6 £

Vidu 1.2.9. (Xem nhu bai tap). Cho (X, 91) la moét khéng gian do dwoc va cho day
ham sé do dwoc{f,}, f, : X - R. Chirng minh rang, sup s |nff,1, lim sup f, va liminf f,

Nn—0 n—o0

la cac ham do dwoc. Néu ton tai lim £, thi n6 ciing 1a ham do duoc.

n—o0

= g—lz(fg) la do dworc.

Hwéng dan:
(i) V&i moi a € R, ta co

xeX: sup fulx) >ay =X~\<{xeX: supfulx) <a}

—X\N {xeX: filx) <ad
n=1

U (X\{reX: fir) <a})

n=1
= G {xeX: fulx) >ay € M.
n=1

(i) inf £, 1a ham do dworc, vi inf £, = — sup (—f»).

(iii) lim sup £, la ham do dwoc, vi limsup f,(x) = inf (sup fn(x)>.

100 10 21\ n>k

(iv) liminf £, 1a ham do dwoc, vi  liminf £,(x) = sup (inffn(x)>.
n>k

(iv) Néu tén tai lim £, thi lim £, = lim sup f; ciing 1& ham do duorc.

n—o0 n—0

n—00 n—00 >1

n—o0

Vi du 1.2.10. (Xem nhuw bai tap). Cho (X, 91) la mét khdng gian do dwgc. Chirng
minh rang

x4 la cac ham do duwgc < 4 € 9.
Hwéng dan:
() 4. 1a cac ham do dwoc = 4 € M.
Thatvay 4 = {x e X : y4(x) = 1} = y1({1}) e M.
(i) 4 e9m = y.lacac ham do duoc.
That vay, v&¢i moia € R, ta cd
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NDa=>1:4{xeX: yulx) >a} = ¢ € MM,
(Da<0:{xeX:yslx)>ar =Xe MM,
iND0<a<l:{xeX:yisx)>ar=4¢€M.
Vidu 1.2.11. (Xem nhuw bai tap). Cho (X, 91) la mét khdng gian do dwoc. Chirng
minh rdng ham don s = > @i, VO a,.. am € R, Ay, A, € M, 1& ham do duoc.
Hwéng dan: (Xem nhw bai tap).
Pinh ly 1.2.1. Cho (X, 90) la mt khéng gian do dwoc, va ham f: X —» [—w0, ] la
mot ham do dwoc trén (X, 91). Khi dé ton tai mot day cac ham don {s,} sao cho
fx) = lim s,(x), Vx € X.

n—>0

Néu f(x) > 0, Vx € X, thi c6 thé chon day {s,} sao cho
0 < sp(x) < spa(x) <...<fx), Vrn e N, Vx € X,
fx) = lim s,(x), Vx € X.

Chirng minh.
(i) Gia st f{x) > 0, Vx € X, thi xét mot day cac ham don {s,} nhw sau

sa(x) = { " neulx) = n

L, néu £l < flx) < 4, (L <i<n2v).

nzn

Dé thay s, la ham don, vis, = Y ’2‘—le +nxr, VOI E,; = ([ ’;l 27D
i=1
Fy = f([n,]). ‘
Hon nra s, (x) > s,(x) > 0, Vn € N, Vx € X. Ta nghiém lai rang f{x) = lim s,(x),

n—o0

Vx € X.
Ciing chu y rang
n2" . . n2"
SHOm) = U A5 5)) = U Eu,
i=1 =1
n2" . )
X = f1([0,]) = fH([0,m) Uf([n,0]) =U fH([ 5 50)) Uf ([, 0]).
i=1
- Néu flx) < oo, thi ton tai n > flx). Do d6, co i : £ < flx) < -4, do vay s.(x) = L.
Suy ra |s,(x) — f(x)| < % - 0, khin - oo.
- Néu f(x) = oo, thi x) > n v&i moi n. Do d6, 5,(x) = n - .
Vay flx) = lim s,(x), Vx € X.

(ii) Xét ftay y. Ta viet fix) = f*(x) =/ (x), Vi f*(x) = 5 ()] +Ax)),
f(x) = %(]f(x)| — flx)) la cac ham do dwgc, khdng am. Theo nhw trén thi co hai day
ham don {s;}, {s;} 1an lvot hdi tu tivng diém dén cac ham f*, /. Do dd s, = s} — s, la
ham donvas, =s)—-s, > ff—f =1.




15

Chwong 2. TICH PHAN VOI DO DO DUONG TONG QUAT

1. TICH PHAN HAM DUONG DO bUQC

Dinh nghia 2.1.1. Cho (X, 9) la mét khéng gian do dwgc va cho ham u la mét do
do trén M1. Cho E € Mt va mét ham don khong am s = 37 a;x.4,. Ta dat

[ sdu =307 aiu(E N 4)),

va ta goi IE sdy 1a tich phan cla s trén E.

Chu thich 2.1.1. Qui wéc 0.00 = 0 dwoc dung & day; cé thé xay rarang a; = 0 va
u(E N A4;) = o véi motj nao do.

Pinh nghia 2.1.2. Cho (X, 9, 1) la mét khdng gian do, cho E € 9t va mdt ham
f: X - [0,0] do duoc trén (X, 901). Ta dat

jEfdu = sup{jEsdy : s la ham don trén X sao cho 0 < s Sf},

va ta goi fEfdu la tich phan Lebesgue cla ftrén E dbi véi dd do u. Cha y 1a co thé

[ fdu = o.
E
Chu thich 2.1.2. M&t ham sb c6 thé cé nhiéu tich phan tiy vao cach chon do

do.

Pinh ly 2.1.1. Cho (X, 90, u) 1a mdt khéng gian do, cho 4, B, E € 91,0 < ¢ < o va
hai ham f, g : X - [0,] do dwoc trén (X,21). Khi do ta co

() [ fdu= [, xefin,
(i) [fdu <[ gdunéuf<g,
iy [ fdu<] fdunéud c B,

(iv) [, ofdu=c| fau.
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(v) [ fdu=0,néuflx) = 0Vx e E, cho du u(E) = =,
(vi) [, /du =0, néu u(E) = 0, cho du flx) = o Vx € E.
Hwéng dan chirng minh Dinh ly 2.1.1:

() J.fdu=[ xefdu.

Dé& cho gon, ta ky hiéu F(f) = tap cac ham don s trén X saocho 0 < s < f.
Ta viét Binh nghia 2.1.2. vé tich phan Lebesgue clia ftrén E déi véi dd do u nhw
sau.

Jfdp = sup{jEsdu ‘s e 37(/)},

Trwdc hét ta nghiém lai rang (i) dang v&i f = y4, A € 9, va v&i £1a ham don.
* (i) dang vOi f= y4, A € I BOi vi

[ fdu = [ xadp = w(ENA) = [ gmadu = [ gexafdp = | xufdp.
** (i) dung voi f= Z;il ajxa, Aj € M. Bdivi

Joxefau= [ xe (S aiza )du = [ (0 iz )du = ", au(E N 4) = [ _fdu

**Vs e F(f) = sye e F(fxe) :
'fEsdu = szxEdu < Sup{JXs;(Edu = IEsdu 1S € éF(f;(E)} = _[XZEde-
Vay
(1)
[ fdu < | xefdu
**se F(fyp) = s F():
jEsdu < Sup{fEsdy 1S € 37(]‘)} = _[E fdu.
Vay
(@)
Jyxe fdp < ] fu
T ™ va @ ta suy ra (i) dung.
(i) [ fdu <[ gdunéuf< g Diéundy déthay viF(H c F(g).

iy [ fdu<] fdunéud c B,

Chayrangnéud c B, thi y4f< yzf, do dé
[ fau = oafdu < [ s fdu = | fu

(v) [ ofdu=c[ fdu. Néuc = 0thi hién nhién. Gia st c > 0.
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fchdu = Sup{jEsdu IS € 3’(0])} = Sup{jEsdu L e 37(/)}
= Sup{chrdu r=%€ 3"(/)} = cSUp{jErdu ‘re (‘F(/)} = c_[Efd,u.

(v) jE fdu = 0, néu flx) = 0 Vx € E, cho du u(E) = . Dung (iv).

(vi) jEfdy — 0, néu u(E) = 0, cho du flx) = « Vx € E. T dinh nghia.
Pinh ly 2.1.2 (Dinh ly hi tu don diéu Lebesgue). Cho (X, 90, 1) 1a mét khdng
gian do, va {f,,> la day ham do dwoc tir X va [0, «], va gid st rang
(i) 0<filx) <fox) .. fulx) <...< 0 Vx € X,

(ii) lim £, (x) = flx) Vx € X.
Khi dé ta c6 f do duwoc va
lim ijmdu = fodu.

m—o0

Hwéng dan chirng minh Dinh ly 2.1.2:
Vi ijmdu < ijm+1du, tdn tai a € [0,], sao cho

(1) |
Theo viduy 1.2.9, thi £ =lim f, la ham do duwoc. Vi f,,(x) < f(x), nén ta co

Nn—0

im ijmdu - a.

5

[ fudp < | fdu voi moi m, do d6 theo (1), ta c6
2
(2) o < _[deu.

Dé chirng minh « > [ fdu, ta chi can ching minh réng
(3) chsdu <a, Vs e F(f), Ve e (0,1).

Chos = Z/’il ajx4, € F(), c € (0,1).

Ta dat
(4) E,={xeX: fulx) >ces(x)}, neN.

Chu y rang méi E, do dwoc, E1 < E; < Es..., vax-u E,.
n=1
Dé thay dang thirc ndy, ta xét x € X.
Néu f(x) = 0, thix € E.
Néu f(x) > 0, thi cs(x) < fx), vi0 < ¢ < 1. Do d6 x € E, v&i mét n nao dé. Vay

O) [ fudu = [, fodw = e],, s = 3] ajp(En 014)
S dung vi du 1.17, ap dung cho day {E, N 4,} :
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E1NA; C EaNA; C EsNAn..,VAXN A =U E,NA; = A,
n=1
ta co

(6) u(4)) = u(XNA4;) = Uy (En N 4))) = Iir+n p(En N A4)).
Vay
(7) 227 au(En N Aj) »> 207 ayp(4)) = IXSdH-
Vay, cho n - o, ta suy ttr (1), (5), (7) rang
8) a > cjxsdu. Choc—1_,tacda> szd,u.
Sau d6 14y Sup trén s € F(f), ta co
(9) IEfdu = Sup{_[ESd/,L iS5 € éFQ‘)} <a.

(2)=0)= a =] fdu.

Dinh ly 2.1.3 (B dé Fatou). Cho (X, 9%, 1) 1a mot khéng gian do, E € M va {f,,}
la dady ham do dwgc ttr X va [0, ]. Khi d6 ta cé

jE “r,,i:onffmd” < Ilmmal)nf fEfde-

—>

Hwéng dan chibPng minh Pinh ly 2.1.3 (B6 dé Fatou).
bat
(1) gr(x) = inf f,(x), (k=1,2,3,....x € X)

m=>k

Khi d6, g«(x) < fi(x), do do

() [ gudu <[ fidy, (k=1,2,3,...)
M&t khéac, 0 < g1(x) < g2(x) <..., mbi g; la do dworc, va gi(x) - liminf £, (x), khi

m—o0

k — co. Dung dinh ly héi tu don diéu 2.12, ta c6

(3) lim [ awdp =] lim inf /., (x)d
Tw (2), tacd
4) LLT IE grdy = “T inf jE grdy = SIran]iQf jE grdy < Sljlpli:f jE fedu = Iir: inf jE fidu.

Tt (3), (4) d&n dén [, liminf fdu < liminf | f.du.

m—oo m
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2. HAM KHA TIiCH LEBESGUE

Pinh nghia 2.2.1. Cho (X, 9, 1) la mét khdng gian do, & day u la mét dé do duwong

trén X. Ta ky hiéu £(X, ) la tap tat ca cac ham do duwoc f: X - Csao cho
[, Wdu < co.

Mot ham 1 e £(X, 1) goi la ham kha tich Lebesgue trén X theo dé do u. Chl y rang
tinh do dwoc clia £ dan dén tinh do dwoc cla |f| (mddun cla f), do dd jX [fldu dworc
xac dinh.

Néu chi xét mét d6 do u, khédng so nham lan, ta co thé ky hiéu cho gon lai
LX, 1) = L£(X). Néu f = u + iv, trong d6 u, v 1a cac ham thwe do dwoc trén X, va néu
f e £(X), ta dinh nghia

_[Efdu = _[E utdu — jE u-du + iIE vidu — ijE vdu, |(x)

vé&i mbi tap E € 9.

O day u* va u~ 1an lwot 1a cac phan dwong va phan am cla u = u* — u~. Cong thirc
twong minh 6 thé viét u* = max<{0,u} = L (ju|+u), va u~ = min{0,u} = L (Ju| — u). Mot
cach twong tw v* va v~ cling thu dwoc tlr v. Ciing chu y rang 4 tich phan trong (*) tén
tai nhw trong dinh nghia 2.1.2. Hon niva, ta c6 u* < |u| < [f],... Nhw vay ca 4 tich phan
trong (*) 1a hiru han. Vay (*) xac dinh va tich phan jEfdu e C.

Trong trwdng hgp ham f: X - [—w, ] do dwgce trén X, cho E € 9. Ta dinh nghia
jE fdu = jE Frdu — jE f-du néu it nhat mot trong 2 tich phan jE Frdu, jE #du 1a hiru han.
Nhw vay tich phan jE fdu € [—o0,00].

Pinh ly 2.2.1. Cho (X, 90, i) la mdt khéng gian do, cho f va g € £(X,u) vaa € C.
Khi dé f+ g, af € £(X,u) va ta co

| f+@du = [ fdu+ | gdu,
fXafdu = anfdu.

Hwéng dan chirng minh Dinh ly 2.2.1.
al Xét ' va g do dwoc khéng am.
Chon hai ddy tang cac ham don {s%}, {s'?}, sao cho s 1 fva s 1 g. Khi d6
s+ 582 1 f+g.
Tw dang thire

(1 IX(sfnl) +s,(3)>du = j.ngnl)d,u + IXsr(f)d,u,

~—
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ta st dung dinh ly héi tu don diéu 2.12, ta cé
lim [ sidu = [ fdu.

k—o0

oy m =

IX(f+ 2)du :LLT IX<sr(nl) +s§%)>d,u = LLFLI IXSr(nl)d,u + LIIQ j.ngf)d.U

= _[deu + Ingu.
b/ Xét f va g la cac ham thyc do dwoc. Bat 7 = f+ g, ta co

@) mt—h=f-f+g-g
Do do6
@) i +f +g =h +f+g*
Ap dung tich phan cho tdng cac ham khéng am
(5) th+du + ij‘d,u + jX g du = th‘du + ij+du + jX grdu
hay
:[Xh*d,u - th*d;f szf*d,u - ij*d;f + :[Xngd,u - ng*d;f

hd, _[ i _[ d
_[X u Xfu Xgu

c/ Xét f va g la cac ham phtc do dwoc. f=u+iv,g=w+iz.Dath = f+ g, tacod

(6)

(7) h=Reh+ilmh=u+w+i(v+2z)

thdu = jX(Re h)du + i jX(lmh)du = jx(u +w)du + i jX(v +2)du
= [ udu+ [ wdu+i([ vdu+ ] zdp)
=\qudy + invdul + \wadu + inzd,ul
o fy
Dinh ly 2.2.2. Cho (X, 9, ) la mét khéng gian do, cho '€ £(X, u). Khi do
I, fau] < ], N
Hwéng dan chirng minh BDinh ly 2.2.2

PatZ=[ fduDoZ e C, nénton taia € C, |o| = 1 sao cho aZ = |Z|. Dat
u = Re(af). Khi d6 u < |af| = |f|. Do d6

[ fdu| =121 = azZ=of fdu=| afdu=[ udp<| |fdn.
Chu y rang jxafdu la sb thue.

(8)
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Pinh ly 2.2.3 (Dinh ly hoi tu bi chan Lebesgue). Cho (X, 0, 1) la mdt khéng
gian do, va {f,} la day ham phtc do dwoc tir X sao cho

(i) S =lim f,(x) ton tai Vx € X.

Néu ton tai g € £(X, 1) sao cho
(i) [u)| <glx) Vm=12,...; Vxe X
Khi do

fe L, lim [ |fo = Adp valim [ fodu = [ fdu

Hwéng dan chirng minh Dinh ly 2.2.3
Do [f(x)| < g(x) va fdo duac, f e L£(X,1). Vi |fu(x) — fix)| < 2¢(x), ta &p dung B& d&
Fatou (Dinh Iy 2.1.3) cho ham 2g(x) — [f,(x) — fx)| va dan dén
[, 2gdu < Iiﬂlnf | 2g = Ifu =)
(1) = [ 2gdu + liminf (=] |f—/fldp)

m—oo

— szgdu — lim sup jX|fm — fldu.

Vi IXngu hiru han nén, lim sup lefm — fldu < 0. Diéu nay dan dén ton tai
IT lefm — fldu va = 0.Ma diéu ndy dan dén lim jX Fmdu = jX fdu, b&i vi

I
> m—o

I Sodie = [ fdp| = |[ o= | < [ Vo= fidp 0.

Dinh nghia 2.2.2. Cho (X, 9, 1) la mét khéng gian do, véi u la mot dé do duwong
trén X va E € M. Ta xét mot ho tinh chat P = {P(x) : x € E}. Ta néi P ding hau hét
trén E (theo dd do i) néu tdn tai mot tap N € Mt sao cho N < E, u(N) = 0, va P(x)
ding Vx € E \ N. Ta con viét " P ding h.h. trén E", hay " P dung a.e. trén E " (almost
everywhere). Khai niém hau hét phu thudc vao dd do cho trwdc va dé cho ré ta sé viét
" P dung h.h.[u] trén E", hay " P dung a.e. [u] trén E ".

Vi du nhw, néu hai ham fva g do duoc trén X va néu u({x € X : fix) = g(x)}) =0,
thi ta néi rang f = g h.h. [u] trén X.

Cho (X, 91, 1) la mét khdng gian do, v&i u la mét dé6 do dwong trén X. Khi d6
L(X, 1) 1a mdt khdng gian vecto trén R dbi véi phép cong va nhan théng thuwéng. Cho f
va g e L£(X,u), taky hiéuf~ g néu f= g h.h. [u] trén X. C6 thé kiém tra dwoc rang ~
la mét quan hé twong dwong trén £(X, ).

Ta ciling cht y réng néu / ~ g, khi d6 v&i moi E € 90, ta ¢ jE fdu = jE gdu.
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Dé thay diéu nay, ta phan tich £ = (E \ N) U (E N N) thanh hdi cta hai tap r&i nhau
ENXNVAaENN,VOIN={xeE:flx)+gx)f=g trén ENXNvau(ENN)=0.

Pinh nghia 2.2.3. Ta ky hiéu L1(X,u) = £(X, 1)/ ~ la tap thwong (tlrc tap cac lop
twong dwong trén L(X, u) déi véi quan hé twong dwong ~). Khi dé L1(X, u) cling 1a
mot khéng gian vecto trén R dbi véi phép cdng va nhan nhu sau:

F+Z=f+rgva of =af, Vf,ge LX), Va € R,
Néu khéng so' nham 18n, ta co thé ky hiéu cho gon lai L1(X, u) = L*(X). Trén L1(X)
ta xac dinh mét chuan
A =[, Ndu vf e L)
Pinh ly 2.2.4. (L1(X, ), ||-]|) 1a mét khdng gian Banach.
Chirng minh BPinh ly 2.2.4 nhuv bai tap

Vi du 2.2.1. (Xem nhw bai tap). Cho f: X - [0,0] va f € £(X, 1). Chirng minh rang
u({x eX:ﬂx~) =oo}) = 0.

Hwé&ng dan: (Xem nhw bai tap).

Pat4d, = {x € X: fix) > n}.

Khido 4, e M, 41 D A2 D...0 A, D...va{x € X : flx) = o}y =Ny 4,.

Mat khac

wldn) = 5 [ onxadp < 5 ga fdu < 5 [, fdu — 0.

Khi d6, ap dung vi du 1.1.8, ta co
p({x € X 1 flx) = o)) = p(Nyy 44) = lim p(4,) = 0.

Vidu 2.2.2. (Xem nhuv bai tap). Cho f: X > [—x,0] va f € L(X, 1). Chirng minh
rang u({x € X : |f{x)| = w}) = 0.

Hwéng dan: Dung bai tap trén vai £ thay bai |f].

Vidu 2.2.3. (Xem nhw bai tap). Cho (X, 9, 1) la mét khéng gian do véi dd do
dwong pu.

(a) Giastr f: X - [0,0] do duoc, E € M va jE fdu = 0. Chirng minh rdng = 0 a.e.
trén E.

(b) Gid str f € £(X, u) va jE fdu = 0 VE € M. Chirng minh rang /= 0 a.e. trén X.

(c) Gid sr f € L(X, 1) va |ijdu| = IX [f|du. Chirng minh rang ton tai mét hang sé
a sao cho af = |f| a.e. trén X.

Hwéng dan chirng minh Vi du 2.2.3.

(@) Pat A, = {x e E: flx) > 1. Khidd {x € E : fix) > O} = U2, 4.
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) = 5 [ aadu <[, gafdp <[, fdp< |, fdu=0.
Vay,taco u(4,) =0.Vi{x e E: fix) >0} = Uy, 4,, taco
ux e E: flx) > 0p) = u(Upg 4n) <D wqu(d,) =0.Vayf=0a.e. trén E.
(b) P&t f= u+iv, VAE = {x € X : u(x) > 0}. Khi d6
IEfdy:O<:> RejEfdu:jE uduzOVéImIEfdusz vdu = 0.
Déc biét, Re jE fdu = IEudu = jE utdy = 0. Do d6 tir (a), ta cé u* = 0 a.e. trén E.

Dodéu® =0ae. tren X.(ViX\NE=4xeX:ukx) <0} ={xeX:u'(x) =0}). Twong
tw ta cling co

u- =vt=v =0a.e.trén X.
(c) (i) Néu af = |f| a.e. trén X, a € C, thi |a| = 1 va
Jo Widu = [ afdp = Re [ afdp = [ afdp| = la||[, fdu| = |], fdu]
(i) bat Z = fod,u. ChuylaZzZe C nénténtaia € C, |a| = 1 sao cho aZ = |Z|.
Dat U = Re(ayf). Khi d6 U < |af| = |f]. Do d6
I fdu| =12 = aZ = a[ fdu = | af du
— Re anfdu = jXRe(af)du — jXUdy < jX 1] dp.

(Chu y rang jxafdy la sb thwc). Vay

I fdu| = [, Vdu = [ Udp = [ du = [ (1N = U)dp = 0.

Vi |f| - U >0, nén (a) chirng td rang |f] — U = 0 a.e. trén X. Diéu nay néi rang
Re(af) = U = |f] = |af| a.e. trén X. Do d6 Im(af) = 0 a.e. trén X. Vay af = |of]| = || a.e.
trén X.

Pinh Iy 2.2.5. Cho (X,, 1) 1a mot khong gian do, va {f,,} 1a day ham phtrc do
dwoc xac dinh a.e. trén X sao cho

(i) X ], Vinldu < oo
Khi d6 chudi ham
(i) fx) =2 fu(x) héitua.e. trénX, fe L(X,pu), va

(i) [, Sl =20 [, S
Hwéng dan chieng minh Binh ly 2.2.5. Bat S, = {x € X : f,.(x) xac dinh}. Ta
cO u(X\S,) =0.Dat o(x) = Z:;l [fn(xX)], vOi x € S = N5y Sw. Khi d6
HXNS) = p(XN Ny Sw) = w(Usy (XN Sw)) = 0. Do (i), va st dung dinh ly héi tu don
diéu voi

On(x) = 20 @) S ®@) = X7 )| VGix € S = Ny S
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ta co
Jg @du=lim [(@rdp = 1im [ 35, [fu()ldn

= im 3 [ ol = 30 I Vil = 350, nlde < oo

NéuE = {x e S:X:®() < o}, tasuyrardng (Xem Vidu 2.2.2), y(X\E) = 0.
Chudi ham (ii) hoi tu tuyét dbi tai mdi x € E, va néu fx) duwoc xac dinh bdi (ii) voi
x € E, thi |flx)| < ®(x) trén E, do (1), ta c6 f € L(E, u). Néu Gy(x) = fozl fm(x), khi dé
|Gn| < @, Gy(x) - flx) v&i moix € E, va do Binh ly 2.2.3 (Binh ly hdi tu bi chan
Lebesgue), ta co

@ [ fu= 1] Gudu= lim [ 3 fudu =37, [, fudu

(2) suy ra (iii), b&i vi u(X\ E) = 0.

(1)
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Chwong 3. PO DO DUONG THONG DUNG

1. DO PO LEBESGUE TREN R

Dinh nghia 3.1.1. Goi F la ho t4t ca cac phan hoi ctia mét sd hiru han cla cac tap
cé dang: (a,b], (-»,c], (d,»), (—w0,0), VOi a, b, ¢, d € R. Khi d6 ta co
Dinh ly 3.1.1. F c6 cac tinh chét sau

(i) ¢,ReF,
(i) Néu E e F,thi R\E e &F,
(i) Néu E; e F,j=1,2,...,mthi U’

=1 Ej S }’

Chu y: F chwa phai la mét o —dai sb.

Pinh nghia 3.1.2. Cho E € &. Khi d6 E |la hdi hiru han cac tap r&i nhau c6 dang:
(a,b], (—o,c], (d,©), (—0,®), V&i a, b, ¢, d € R. Ta dinh nghia d6 dai cta E la téng cac
dd dai cac tap twong (rng trong phan hoi d6 va ky hiéu 1a /(E). Hién nhién I(E) e [0, x].

Dinh ly 3.1.2. / ¢6 c4c tinh chéat sau

(i) (¢) =0,

(ii) I(E) >0,VE e &F,

(iii) NEUE; e F,je N, E;NE; = ¢, Vi #j,vanéu Uz, E; € F, thi
(U2 E)) = Z:Zl I(E)).

Hwéng dan chieng minh Pinh ly 3.1.2. Khang dinh (i), (ii) la hién nhién dang.

Ta chi can kiém tra khang dinh (iii): Néu E; c6 dang (—«, ¢] ho&c (d, ) hodc (—w, «) thi
(iii) 1a hién nhién dung. Ta chi can xét £ = U, (a;, b;], dwa bai toan vé dang E = (a, ]
va E; = (a;, Bj], trc 1a néu (a, ] = UZ; (@), B/ va (a;, Bj] roi nhau, ta can chirng minh
rang f-a =37 (B - ).

*Tachayrang U (a,f] < (a,f],dodo f—a > Zl_’il(ﬂj - a;).

*Choe>0,0<e< B-a Khido[a+egp] Uz (0j— =B+ %)

[Moi bao pht mé& clia mét tap con déng va bi chan ctia R déu cé bao pht con hiru
han®(Xem chu thich dw&i day: CHU THICH: Gia str 4 — R |a tap con dong va bi chan
va {O;}jes la mdt ho cac tdp mé trong R sao cho 4 < Ujes O;. (Ta goi O;}jes la mot phd
mé& cla 4). Khi d6 ton tai mét tap con hiru han K = Jsao cho 4 ¢ Ujek Oj]

Khi do, ton tai mét so hiru han cac khoang mé (a;, — i,ﬁjk + 257) k=1,2,-+-N,
sao cho
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[05 + 8’[3] - U;{\le (ajk - i’ﬁjk + ;_k)
T ta co
B-a-e=1l(a+epl) < (UL (@ - 2B+ 2))
< Zk:ll<(ajk - E’ﬁjk 2k )> Zk ]_(ﬁ]k Qj, + 2,_k>
=Y B +2X) A <Y (Bima)+26) &
=37 (B —a) + 2.
Dodo B—a < Z;il(ﬂj —a;)+3¢, Ve e (0,—a). Vay B—a < Z;il(ﬂj - a;j).
Vi du 3.1.1. (Xem nhuw bai tap). Cho 4; € &, j € N, sao cho U?; 4; € F. Chirng
minh rang /(U2 4;) < >0 1),
Hwéng dan: (Xem nhw bai tap).
DatE, = A1, Eo = Ax N A1, E3 = A3 \ (A1 UA2),s e+, Eps1 = Ajs1 N Ujkzl Aj. Do d6 ta
co
E;eF,jeNENE; = ¢Vz¢],Ule Uz 4, e &F.
Dung dinh ly 3.1.2, ta ¢6
(U2 4)) = l(UZy E)) = Z;l I(E)) < 2}21 I(4;)-
Pinh nghia 3.1.3. Cho E£ c R, va dat Z(E) la ho cac day {E;} < & sao cho
E c UZ E;. bat
I*(E) = inf{zjf'il IE)) : {E;> e Z(E)}.
Pinh ly 3.1.3. Cho 4,B c R, tacd
(i) I*(9) =0,
(i) [*(E) >0, VE c R,
(i) 1*(4) < I*(B), néu 4 c B,
(iv) I*(E) =I(E),VE € &,
() NeuE, cR,j=12.. thiI*(UX E)) < Z}'Zl I*(E)).

Hwéng dan chiePng minh Pinh ly 3.1.3. Khang dinh (i), (ii), (iii) 1a hién nhién
dung. Ta chi can kiém tra khang dinh (iv), (v):
Kiém tra khang dinh (iv): Cho £ € #. TadatE, = E, E; = ¢, Vj > 2. Tacd
{E;} € A(E), do d6 tr dinh nghta ta c6 I*(E) < I(E). Ta chi can kiém tra bat dang thirc
ngwoc lai. Cho {F;} € 4(E),taddt 4, = ENF,tacO E C U2y F; = U2y 4; € F. Ap
dung 3.1.1,ta cé
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IE) < I(UEs A)) < 207 I04)) < 227 I(F)).
Tir dinh nghia ta c6 /(E) < I*(E).
Kiem tra khang dinh (v): Cho ¢ > 0. Do
I*(E)) = inf{z;‘;l I(Fp) : {Fiwen € Z(E,-)}.
Nén voi mij € N, ta co {Fj;}wen € A(E;), sao cho
2 [F) < IF(Ep) + %
Tachuyrang E; < Uy Fjx, do 36 UZ; E; < UZy Ug, Fjx. Diéu ndy déan dén
{Fayjaen € A(UZ; Ej), do d6 ta co
FURME) <X S IF < X7 (FE)+£) = X7 I'(E) +e.
Ma diéu nay dung v&i moi & > 0, nén ta c6 I*(U7; E)) < 2 E.
Dinh nghia 3.1.4. Dat 9t la ho cac tap £ < R c6 cac tinh chat sau
(*) I*(4) = IF(ANE)+I*(ANE), V4 < R.
Chu y 3.1.1. Do dinh Iy 3.1.3, ta ¢6
(*) <= [*(4) = I"(ANE)+[*(ANE), VA C R.
Pinh ly 3.1.4.
(i) O la mét o —dai sb.

() Neuk; e M, j=12... ENE =¢ Vi#jthil"(U E) =37 I"(E)).

Hwéng dan chirng minh Binh ly 3.1.4.
Kiém tra khang dinh (i): 90t 1a mét o —dai s6.22?
()R € M. 22. Vi F(ANR) + (AN R) = [*(4) + *(¢) = I*(4), V4 < R.
()RNE €M, VE € M. ?2?7?. Vi
FUAUNRNE) + AN RNE) = (AN E) + (4~ E°)
= FANE) + I*(ANE) = I*(4), V4 C R.
(jii) Trwdc hét ta kiém tra VE1,E; € M =E; UE, € M??? Viv4 c R, tacod
FAN(E1UE2) +1*(AN(E1UE2))
=IFAN(E1UE)NED)+1I*(AN(ELUE) NES) +I*(AN (E1 UEZ)C)
=IANE)+IFANENES)+1*(4NESNES)
=I"(ANE)+I*ANES) =1"(4), VA < R.

(4)) Trwoc hét ta kiém tra VE1, E; € 9, E1 N E2 = ¢, thi
l*(El UEz) = l*(El) + l*(Ez)



28

Chuyrang E1 NE; = ¢ = E» C ES,

VA c R, tacd

FAN(EL1UER) =IFAN(ELUE) NED) +I*(AN(E1UE>) NEYS)
=I'ANE)+I*ANE2NES) =I*(ANEL) +I*(ANE>y).

LAy 4 = R, ta ¢ I*(E1 U E3) = I*(E1) + I*(E>).
Bang qui nap, ta cd: NEU E; € 9, j = 1,2,... N, thi UY, E; € .

Hon ni¥a néu cac E; rdi nhau thi 7 (UY, E;) = Zj]il I*(E)).
(5j))Bay gioxetE; e M, j =1,2,... , E;NE; = ¢, Vi # j, ta s&€ chirng minh rang
21 E;j e M, val*(UE, E)) = ij‘il I*(E)).
TadatE = U2 EjvaFy = UY Ej = Fy1 UEy.
Chayrang Fy c E = E€ c F§, I*(ANFS) > I*(4 N E°)
V4 c R, tacod
I*(4) = I"(ANFy) +I*(ANF§) = Z,Zl IF(ANE;)+I*(ANFS)
> Zjﬁl I*(A N E;) + (4 N EC).
Do dinh ly 3.1.3, (v), ta co
VA4 c R, taco l*(4) > Z]‘.jl FANE)+I*ANES) > I*"(ANE)+I*(ANEC).
Tlrchuy3.1.1,tasuyraE = Uz E; € M. Tachon 4 = E, khi do
I*(E) > Z]f'il I*(E;) va cling tir dinh ly 3.1.3, (v), ta ¢ I*(E) = Z]f'il I*(E;).
Pinhly 3.1.5. & c M.
Hwéng dan chirng minh Dinh ly 3.1.5.
ChoE e FvadcR. Choe>0.Dol*(4) = inf{zj;l I(Fp) : {Fiwen € Z(A)}, ta
CO {Fi}ken € :4'(A), sao cho
Do [F) < I"(4) +e.
Do dinh |y‘3.1 3, (v), taco
Tachuyrang 4 c UZ, Fi, do do
ChuyrangANE c Uy (FxNE), ANES < UL, (FrNE°),
VA c R, tacod
FANE)+IF(ANES) <Y " I"(FxNE)+Y,  I"(FrNE®)
=2 UFNE)+I(FyNEC)) =" I(Fi) < I*(4) +&.
Tw chay 3.1.1, tasuy rarang E € M.
Pinh nghia 3.1.5. Bat u(4) = I*(4), A € M. Khi dé (R, 9, ) la mdt khéng gian do
va dé do dwong u goi la dé do Lebesgue trén R.
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Pinh Iy 3.1.6.
(i) Cho E € M va B c R saocho B  Eva u(E) = 0. Khi do B € M.
(i) 90 chira tt ca cac tap mé va déng cla R.
(iii) V&i moi E € M ta co
u(E) = inf{u(G) : E < G, G m& trong R}
(iv) V&i moi E € 9 ta co
u(E) = sup{u(K) : K c E, K compact trong R }.
(v) VOIimoi EeM,vaaesRa=+0,tacd
pla+E) = w(E), p(ak) = |au(E),
trongdéa+E={a+x:x e EyvaaE = {ax : x € E}.

2. DO PO LEBESGUE TREN R”

Ta sé thiét 1ap do do Lebesgue trén R" nhd vao khong gian do (R, 0%, i) v&i d6
do Lebesgue trén R.
Dinh nghia 3.2.1. Goi &, |a ho tat ca cac phan hoi cia mét sd hiru han cla cac 6
cé dang:

E=Eixe+eexE, VOIE,+++, E, € F.
Dinh ly 3.2.1. F c6 cac tinh chat sau
@) ¢, R"eF,,
(i) Néu Ee F, thi R"\E e F,,
(iii) Néu E; e F,,j=1,2,....mthi UL E; € F,.

Chu y: F, chwa phai la mét o —dai sb.

Dinh nghia 3.2.2. Cho E = U E;, V&I E; € &, la nhing 6 r&i nhau:
E; =Ej1xe+eexEj,, VO Ej1,++ Ej, € F.

Ta dinh nghta thé tich cha E |a
V(E) = 227 u(Eja) » -p(Ejn).

Hién nhién v(E) € [0, x].
DPinh ly 3.2.2. v c6 céc tinh chét sau

(D) vi¢g) =0,
(@) v(E)>0,VE e F,,
(iii) NEUE; € F,,j e N, E;NE; = ¢, Vi # j, vanéu Uz, E; € F,, thi

V(UL E)) = 37, v(E).
Ly luén twong tw nhw trén ta cling co:
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Pinh nghia 3.2.3. Cho E = R”, va dat 4,(E) |a ho cac day {E;} < &, sao cho
E c Uz E;. bat
v (E) = inf{zjﬁl v(E)) : {E;) € ZH(E)}.
Pinh ly 3.2.3. Cho 4, B c R", ta c6
() v*(¢) =0,
(ii) v*(E)>0,VE c R",
(i) v*(4) < v*(B), néu A c B,
(iv) v*(E) =v(E), VE € F,,

(") NeuE; cR" j=1.2,.. thiv: (U E) < D7 vi(E).

J
Dinh nghia 3.2.4. Dat 901, la ho cac tap £ < R” co6 cac tinh chét sau
(x%x) vA)=v*ANE)+v*(ANE), VA cR",
Chuy 3.21.Dodinhly 3.2.3, tacé
(x*x) & v =>vUANE)+v*(ANE), VA c R",
Pinh ly 3.2.4.
(i) 9, 1a moét o —dai so.

(i) NEuE; € MyjeN ENE; = ¢, Vi=+j thivi(U: E;) = Zjijlv*(Ej).

Pinhly 3.25. F, c 9m,.

Pinh nghia 3.2.5. Bat u,(4) = v*(4), 4 € M,. Khi dé (R*, M, u,) la mot khdng
gian do va doé do dwong u, goi la do do Lebesgue trén R”. Néu E € 91, thi ta néi E |a
tap Lebesgue do duorc.

Pinh ly 3.2.6.

(i) Cho E e, vaB cR" saocho B c Eva u,(E) = 0. Khidé B € M,,.

(ii) 9, chira tat ca cac tp mé va dong cda R”.

(i) V&imoi E € M, tacod

pn(E) = inf{u,(G) : E < G, Gm& trong R}
(iv) V&imoi E € M, tacod

1n(E) = sup{u,(K) : K < E, K compact trong R" }.
(V) VOIimoi EeM,,vaaeR" ceR,c+0,tacd

pn(a+E) = pu(E), un(cE) = |c|n1un(E),
trongdda+E={a+x:x e EyvacE =A{cx:x € E}.
Pinh ly 3.2.7.
(i) Cho E la mét tdp mé cda R". Khi d6 c6 mét ddy cac 6 roi nhau {P;}, P; = (a1,
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Bi1) xe+« x(ajn, Bjn) SA0 cho
Uz Pj € E < UZy [@a, Bja] X+ = « X[, Bjn] VA
2L v(P) = u(E) = 207 v(leja, Bial -+« X[@jn, Bjal).
(ii) Cho E € 9m,,.. Khi dé‘
Un(E) =0 < Ve > 0, ton tai mot day cac 6 {(a;1, Bj1) x+ « « x(atjn, Bjn)}, SA0 cho
E < UZy [aja, Bia] X+ =« x[@jn, Bjnl,
2y vaja, Bial x= + « X[ajm, Bjn]) < €.
(iii) Vvoi moiE c R”. Khi dé
E € M, < ton tai mt day cac tdp mo {G;} va mdt day cac tap dong {F;} trong R"

saochoF; c Ec G; VjeNva ,un(G% Gj) AN Gj F,-)) =0.
=1 i=1

(iv) GoiM, la mét o —dai s6 nhé nhét chira F . Khi d6 M, < 9, va
VE e M,,J4,B e N, A < E < Bva u,(4) = pus(B) = us(E), un(B\A4) = 0.

3. D0 bO TREN bUONG

Pinh nghia 3.3.1. Cho /= (f1,* + -.f») € C*((c,d);R") va [a,b] < (c,d). Ta noi
C = f([a,b]) 1a mét dwdng cong thudc Iop CL.
Cho 2m + 1 sb thwc ag,ai,+ * *,am, co, * * *, cm-1 |& Mot phan hoach cta doan [q, b], tlrc
la
a=ap<ay<-++*<dm1 <dam=Db,
¢i € lai,aim1] Vi=0,1,¢¢en-1
Ta ky hiéu P = {ag,a1,+* *,am,co,c1,* * »,cn-1 la phan hoach cua doan [a, b].
D0 min clia phéan hoach Pla |P| = max (a; — ai1).

1<i<m
D&t 4; = fla;),Vi = 0,1,- - -, m. Ta tinh d6 dai cla doan thang 4:4,..
V&i m5| 1, tén tal Ci1,***Cin € [a,-,a,-+1]
s
Aidin = Aidis1 = Ain — A4i Zﬂai+1) —ﬂai)

= (fi(an1) —fi(ai), = « - fu(ain1) — fu(ai))

= (fi(cin)(am — ai), =+« fu(cin)(am — a:)).
Vay

Midia] = 141 = Ai| = JValea)F + -+ Hfolean) (asa - ai).

Do cac ham f}, - - -1, lién tuc trén [a, b] nén cac ham nay ciing lién tuc déu trén
[a,b]. Do d6, khi |P| di nhd
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idsal = [|ficen

? Foeee +an(01’) ‘ ? (a1 —a;) = ||f,(Ci) || (ai1 —a;).

Do d6, d6 dai ctia dworng gap khac 44 - - -4, dwoc xap xi bdi

S il = X0 e || (@i — an).
Do d6, 3t |1£'(en) || (@it = a) — [ ||f'@) || dr khi|P| — 0.

Dinh nghia 3.3.2. Cho ((¢,d), M, u) la mot khdng gian do va dé do Lebesgue thu
hep trén (c,d). Cho h € C*((c,d);R). Ta dat

fs) = (s,h(s)), Vs € (¢,d),
X = fl(c,d)),
N = {AE) : E € M},

v(4) = jf_l(A) J1+h%du, VA €N

Khi d6 (X,91,v) la mdt khéng gian do. Ta goi v 1a do do trén dé thi X.

Dinh nghia 3.3.3. Cho ((¢,d), M, u) la mot khdng gian do va dé do Lebesgue thu
hep trén (c,d). Cho f'= (f1,+ « -,f») € CX((c,d);R"). Ta dat
X = fle,d),

N = {AE) : E € M},

V) = [ AT e Af d, VA€,

Khi do (X,91,v) la mét khéng gian do. Ta goi v la do do trén duwong cong X.
Dinh ly 4.3.1. Cho ((¢,d), M, u) va (X,91,v) la cac khdong gian do nhw trong dinh

nghia 4.3.3. Cho h € £(X,v). Khi d6 anh xa t — h(f(1) || /') || 1& u - kha tich trén (c,d)
va

J.thv - J.(C'd) h(f(1)) ||f’(t) || du.

Pinh nghia 3.3.4. (Tich phan dwong loai 2). Cho f = (f1,- - +,.f») € C((c,d);R") va
[a,b] < (c,d). Ta xét C = f{([a,b]) la mdt dwdng cong thudc 1&6p CL. Goi O < R” la mot

6chtraC, F = (F1,+ -+ F,) : Q- R". Tich phan dwong loai 2 cia F trén C dwoc ky
hiéu Ia jCF(x)dx dinh nghta nhw sau

JCF(x)dx = j.[a’b] <F(f(z))' JH0) > ||f’(t) ||dt

ol
= | Z(F ). @0))de = 37 | b Fi(A0)f; (t)dt.
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DPinh nghia 3.3.5. (Tich phan dwdng loai 2 trong R?): f{t) = (x1(2),x2(2)),
F(x) = (F1(x), F2(x)).
Ta viét va ky hiéu lai

[ Fidvi + Fadvy = [ _Fi(x)dvs + Fa(x)dxa = | "(F(R0).L' () dr

= ["[F1a () x2()x1 (1) + Faa (), x2()x5(0) ]t
Hoac viét theo ky hiéu théng dung: 1) = (x(1),y(?)), F(x,y) = (P(x,y), O(x,)).
Ta viét va ky hiéu lai
_[Cde +Qdy = _[CP(x,y)dx + QOx,y)dy = _[Z(F(f(t)),f’(t»dt

= [P, )Y (1) + QW) (1) (1) .

DPinh nghia 3.3.6. (Tich phan dwdng loai 2 trong R3): f{t) = x(¢) = (x1(£), x2(2),
x3(2)), F(x) = (F1(x), F2(x), F3(x)).
Ta viét va ky hiéu lai
ICFldxl +F2d)€2 +F3d)€3 = ICFl(x)dxl +F2()C)d)€2 +F3(x)dX3

= ["(FG0).1 @ )t = [ Fe(@)x1 (1) + Fa(x()xa(0) + Fa(e()x5(0) ]t

Hoac viét theo ky hiéu théng dung:

- S = (@0).p(0),2(0), Fx,y,2) = (P(x,3,2), Q(x,,2), R(x,,2)).
Ta viét va ky hiéu lai

ICde + Qdy + Rdz = J.CP(x,y,z)dx + O(x,y,2)dy + R(x,y,z)d=z
= ["(F(R0).f (1))t
= JZ[P(x(t),y(t),Z(t))x/(t) + O(x(0),y(1),2®)y' () + R(x (), y(®), (1)) (1) 1dt.

4. DO DO TREN MAT

Dinh nghia 3.4.1. Cho a = (a1,a2,a3), b = (b1,b2,b3) 1a hai vecto doc lap tuyén
tinh trong R3. Dién tich hinh binh hanh S sinh ra b&i 2 vecto nay 1a do dai cta tich hai
vecto (tich c6 huwédng) duwgc cho béi

di(S) = llax b,
a x b 1a tich hai vecto a, b dwgc xac dinh b&i

ax b = (azbz —asby,asb1 —aibz,a1br —azb1)

- -

i j ok
= a1 a as = (a2bz —asby)i + (asb1 —aibsz)j + (a1b2 — a2b1)k,

b1 by b3
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& day ma tran trén day viét mot cach hinh thirc dé dé nhé. Vay dién tich hinh binh
hanh S la

dt(S) = ||a X b|| = J(a2b3 — agbz)z + (agbl - a1b3)2 + (a1b2 — a2b1)2 .

Ta xét mat cong trong R® nhw sau. Cho U la tdp mé trong R? va h € C*(U;R). Dat
S = ALy, h(xy) : (xy) € U
Ta ndi S 1a db thi trén U. C6 thé noi mot d6 thi la mot bién dang ctia mién phang U
thanh mot mat theo phwong thang ding.
Cho U la tdp mé& trong R? va mot don anh e C1(U;R3). Ta goi S = AAU) la mot mat
duoc tham sb héa trén U. Cho a = (x,y) € Uva b = f(a). Cho
¢ = (¢1,02) € C*((-1,1); U) sao cho ¢(0) = a. Dat g(¢) = (1)) Vt € (-1,1). Khi do
C = g(-1,1) la mét dwdrng cong ndm trong mat cong S va di qua diém b. Tiép tuyén
clia C tai b c6 phwong la vecto g'(0) va g'(0) cling dwoc tinh theo cong thirc dao ham
ham sé hop
g'(0) = DA(¢(0)).¢'(0) = %(QJ(O))(P&(O) + §—§(¢(0))¢’z(0)
= 91(0)Z-(a) + 95(0) - (a).
Vay tiép tuyén vai C tai b 1a dwdng thang
D =b+1(910)F (@) + 005 (@)) 11 € Ry
nam trong tap hop
P = {b+s%(a) + t%(a) : s, t € R},

P chinh 1a m&t phang di qua diém b va song song v&i hai vecto -2 (a) va %(a).
Mat phang nady chira tat ca céc tiép tuyén tai b ctia moi dwérng cong trong S di qua b.
Ta goi P la méat phadng tiép xtc cua S tai b. V& mat hinh hoc, thi cac diém trén mat
cong S (gan diém b) kha gan cac diém trén mat phang tiép xuc P. Piéu ndy cé thé
nhin lai theo ly ludn Toan hoc bang cach dat a = (x0,y0) € U, b = fla). Chor > 0, va
xét

gx,y) = fla) + (x—x0) (@) + = y0) - (@) © (xp) € Ba,r).

Ta cé g(B(a,r)) < P vado fkha vinén |g(x,y) — f(x,y)| kha bé khi r bé.

Cho 81 > 0, 5, > 0 (kha b&), ta xét Us = [xo,x0 + 81] X [yo,vo + 82] hinh chi¥ nhat
trong U. Khi d6 g(U1) la hinh binh hanh ndm trén mat phang P c6 hinh chiéu |én mat
phéng Oxy 1a U;. Trong khi d6 A{U:) cling 1a mét manh cé dang t& giac cong nam trén
mat cong S ¢6 hinh chiéu Ién mat phang Oxy cling la Uy. Hai hinh A{U1) va g(U1) ciing
kha gan nhau (gan nhuw triing nhau néu 81, 8, kha bé). Nhw vay ta cé thé xap xi dién
tich cua manh f{U;) b&i dién tich ctia hinh binh hanh g(U1). Chu y la hinh binh hanh
g(U1) ndm trén mat phang tiép xtc cla S tai b = fla), ¢ mét dinh 1a fla) va cé 2 canh
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lién tiép xac dinh bdi 2 vecto vi = 51 (a) va vy = 52 (a). Dién tich cua hinh binh
hanh ¢(U;) la d6 dai cua tich vecto
vix v = 8182-L(a) x g—;(a).
Ly luan twong tw nhw trong dinh nghia dé dai dwdng cong, ta cé thé dinh nghia
dién tich ctia mat cong S la tich phén dwdi day
di(S) =

Z(xy) x L xy) || dedy.

Cho S = flU), Vi f = (f1,f2.f3) € CL(U;R3), ta viét
L) = (L), L6y, Z@y),
L) = (L), Ly, L@y),

%(x,y) X a—y(x,y) = (w1, w2, w3),

vOi

wi = L2060 L () - L (6) L (),
w2 = L (6, 0) L () - L (6L (),

wa = L6 ) L () = 22 (6 ) L (x,).

Vay dién tich cia mat cong S la

dt(S) = IU Jwi+ w3+ wj dxdy.

Ta c6 dinh ly sau day

Dinh ly 3.4.1. Cho Q la mét tdp mé cua R? va (Q, 9, u2) la moét khdéng gian do, voi
U2 la do do Lebesgue thu hep trén Q. Cho mot don anh f'= (f1,/2,/3) € C1(Q;R3). Ta
dat

X =),

N ={AE) : E € N},
92 93 93 of2

W= T e
w, = Lo 9 s
2 ox Oy ox oy’
wa = B9 9 h
3 ox Oy ox oy’

v(4) = If‘l(A) JWi+ w3 +whdu,, VA4 € M.

Khi dé (X, 91, v) la mdt khong gian do.
Trwéng hop don gidn hon, dé 1a S 1a mot db thi:

S = Q) = {G.yh(x,y) : (xy) € Q},
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tdre |éf1(x,y) = x=f2(x’y) = y’f3(x’y) = h(x’y) Do déa w1 = —%(x,y), w2 = —%(X,y),
ws = 1. VAy ta cé két qua sau
Dinh ly 3.4.2. Cho Q la mét tdp mé cua R? va (Q, 9, u2) la mot khdéng gian do, voi

12 la dé do Lebesgue thu hep trén Q. Cho mét don anh 4 € C1(Q;R). Ta dat

S, py) = (x,p,h(x,y))  V(x,y) € Q.
Xét mot khong gian do (X, 91,v) nhw dinh ly 3.4.1. Khi do6

v =, \/l "

Khi dé (X, 91, v) la mét khéng gian do.
Bay gi¢, ta cho F : § - R la ham v —do dwgc. Twong ty nhw trong tich phéan
dwdng, ta cling dinh nghia tich phan cdia ham F trén mat cong S nhu sau

JgFdS = [ F(fGe,)) Jwitey) + wh(x,p) + whlx,y) dxdy.
Trudng hop S 1a mét d6 thi thi

on |?

ox

ah

oy

2
du, VA € N.

+

[ (Fds = F(xy,h(xy))/1+| |*+ |2 |* dxdy.

Cho D la mét tap m@ cta R® sao cho mat cong S = AQ) < D. Cho
F = (F1,F2,F3) : D > R3. Tai mdi diém b = f(x,y) € S, ta c6 mat phang P tiép xuc vé&i S
tai b va vecto w = (Wl,WZ w3) vuéng goc véi P (con goi la phap tuyén cda S tai b).

Gia st P = {b+5-L(a) + 1= (a) : 5, € R} |a méat phang tiép xuc vai S tai b, co
nghia la hai vecto a(a) va W (a) la doc lap tuyén tinh, tlec la w = 0.

Gia str rang mét cong S & mét khéng ky dj, tiec 1a L (x,y) va %(x, y) la doc lap
tuyén tinh vé&i moi (x y) € Q.

Vecto n(b) = = wews) g4 13 vecto phap tuyén don vi cda S tai b. Hinh

lhw H wZwdwd

chiéu clia F(b) = (F1(b),F2(b), F3(b)) trén n(b) la vecto co6 sb do dai sb la
g(b) = (F(b),n(b)) = Fr(bwisFa(b)wyFs(bws

wi+wi+wi

Do do, ta dinh nghta tich phan cta ham F trén mat cong S nhw sau

J Fds = [, a(b) JwF+w§+w] dxdy
_ J~ Fl(b)w%&(b)wa m dxdy

= IQ [F1(f(x,y)w1 + F2(flx,y))w2 + F3(f(x,y))ws]dxdy.

Trwdng hop S 1a mét dd thi ta co flx,y) = (x,y,h(x,y)) V(x,y) € Q. Khi dé, tich phan
cla ham F trén mat cong S dwgc tinh nhw sau
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[(FdS = [ [ -Fr(e,p,he3)) 2 (np) = Fa(o,p,h(x, ) 2 (x,) + Fa(x,p, h(x,»)) Jdxdy.




