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Do dnh huong cua cudc cdach mang théng tin va do su phdt
trién noi tai ciia todn hoc, viéc giang day todn bdc dai hoc va cao
hoc ¢6 nhiéu thay doi. Xu hwong chung la nhanh chéng cho hoc
vién ndm bdt duge cde kién thitc co ban vé todn hoc va khd ndng
ung dung, dong thoi su dung duodc cdc chuong trinh tinh todn
thuc hanh mét cdch thudn thuc.

Pé ddp tng nhu cdu dé, trén co sd dé tai khoa hoc Phan mém
Co so Todn hoc cua Trung tam Khoa hoc tu nhién va Cong nghé
Quéc gia do Vién Todn hoc chu tri thuc hién tw ndm 1996 dén
nam 1998, ching toi bién soan bo gido trinh Co so Todn hoc Cao
c@p gianh cho sinh vién dai hoc va cao hoc.

Boé giao trinh nay duoc bién soan dva theo néi dung chuwong
trinh todn cao cdp cua cdc khoa co ban trong cdc truong dai hoc
do B6 Gido duc va Dao tao qui dinh, két hop vdi cdc gido trinh
todn hién dang duoc giang day trong cdc truong dai hoc 0 Ha Noi
va moét sé nudc tién tién trén thé gidi. Muc dich cta gido trinh la:

1. Trinh bay nhitng khdi niém, nhitng nguyén ly co ban va can
thiét nhdt cia todn hoc, vdi nhitng chitng minh chdt che, 16
gic;

2. Ren luyén ky nang tinh todn thuc hanh trén may tinh va kha
ndang dp dung cong cu todn hoc trong viéc giai quyét cdc bai
todn thuc tién;

3. Gidi thiéu mot s6 huwdng phdt trién mdi trong todn hoc hién dai
dang dudc quan tam trén thé gidi.

Pé ddp yéu cdu thi nhdt, ching toi chi truong trinh dua
vao gido trinh nhitng phan ly thuyét ndng né va it s dung dén
sau nay. Phan bai tap duoc bién soan vdi muc dich giup hoc vién
cung c6 kién thic ly thuyét, khong sa vao nhitng ky sdo tinh todn
phic tap.

Muc dich thi hai duogc thé hién trong gido trinh boi phdan bai
tdp va tinh todn thuc hanh bién soan rdt cong phu cho titng
chuong. N6 giup cho hoc vién tiép cdn mot cach nhe nhang va
thodi mdi vdi cong viéc tinh todn cu thé, linh vuc luén bi xem la
ddang ngai nhdt déi vdi cde hoc vién bdc dai hoc ¢ nudc ta xua



nay. Nguoi hoc khéng chi cé thé thiz sic vdi nhitng bai todn thdch
dé’ (dé ren luyén tw duy), ma con biét s dung mdy tinh dé gidi
mét cdach dé dang nhitng bai todn héc bia ma ho tudng ching
khong thé nao gidi noi. Hi vong rang khi ra truong ho sé khong
con phai ngai ngung trong viéc dua cdc cong cu toan hoc vao cong
viéc cua minh. Thuc té cho thdy, ¢ ddu todn hoc phdt huy duogc
tdc dung thi ¢ dé thuong thu dudc nhitng két qud bt ngo.

Coéng cu tinh todan thuc hanh gidi thiéu trong gido trinh nay
la b6 chuwong trinh Maple V. Pay la by chuong trinh téng hop,
khd do s6, nhung hién nay da cé thé cai ddt trén mdy tinh cd
nhén vdi cdu hinh binh thuong (b6 nhé téi thiéu la SMB). Vi khd
nang bidu dién va tinh todn cuc manh (ké cd trén cdc ky hiéu
hinh thitc), noé hién dang dudc xem mot trong nhitng chuong trinh
phé bién nhdt sw dung trong cong tdc dao tao & cde truong dai
hoc trén thé gidi. Néu su dung dudc Maple mot cdch thudn thuc
thi hoc vién ciing dé dang tiép can vdi cdc chuong trinh tinh todn
phéﬁ bién khdc nhu: Matematica, Matlab, Mathcad,.. Bcing cac
hudng dén cu thé cho ting chuong, gido trinh giup nguovi doc tu
minh tung budc tién hanh cong viéc tinh todn mot cdch nhe
nhang nhw bdm mdy tinh bé tui, khong cin chudn bi gi ddc biét
vé kién thic lap trinh.

Dé dat dude muc dich thi ba, ching toi dua vao gido trinh
mot s6 chuong muc khong kinh dién (khéong bat bude déi vdi hoc
vién bdc dai hoc), gitip nguoi doc lam quen vi nhitng y tudng mdi
trong todn hoc hién dai, khich 1é su tim toi phdt trién nhitng cdi
ma lau nay duoc xem nhw la bit di bdt dich trong todn hoc co
dién. Phan nay chdce chdn sé dem lai hitng thi va nhitng goi y vé
mat dinh hudng cho nhitng nguoi cé6 nguyén vong duodc dao tao
cao hon vé todn hoc, nhdt la nhitng hoc vién cao hoc.

Gido trinh nay cing duoc thiét lip dudi dang siéu van bdn,
rdt thudn tién cho viéc doc va tra citu trén mdy tinh. Phan tinh
todn thuc hanh duoc thuc hién dé dang va thudn tién ngay trong
khuoén khé cia gido trinh (hoc dén déu thue hanh dén dé), nham
xod nhoa ranh gidi gitta hoc toan va lam toan. Ban doc c6 nhu
cdu vé gido trinh dudi dang siéu van ban va thuc hanh tinh todn
trén Maple V xin lién hé vdi cdc tdac gia theo dia chi cua Vién
Todn hoc (Puong Hoang Quéc Viét, Quan Cau Gidy, Ha N6i).
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7r0ng phan nay chidng t6i gidi thiéu véi ban doc cudn Giai tich 1

clia cac tac gia : Ts. Dinh Th€ Luc (cha bién), Ts. Pham Huy
Dién, Ts. Nguyén Xuan Tén, Pts. Ta Duy Phuong. Noi dung quyén
sdch bao gom nhitng kién thiic doi hoi hoc vién phai nim dugc vé
bd moén Giai tich trong nam thi nhit bac dai hoc.

Trong Chuong 1 ching toi khong trinh bdy chi tiét vé xay dung
truong so thuc (d€ khong lam lai phan viéc clia nhitng ngudi bién
soan gi4o trinh S6 hoc), ma chi sir dung ldt cat dé chiing minh sy
ton tai bién cla tap bi chan, mot tinh chit quan trong dugc dung
nhiéu 1an trong chuong trinh Giai tich, déng thoi lam quen sinh
vién v6i mon hoc T6 pod dai cuong thong qua cdc khai niém trén
duong thang thuc. Ngoai viéc sir dung trong gido trinh ndy, né gitp
hoc vién hiéu rd ban chat ctia nhitng khéi niém triru tugng trong 1y
thuyét To po tong quét. Bén canh nhiing khéi niém kinh dién nhu:
dao ham, vi phan, tich phan, chudi ham,... ching toi giGi thiéu
(trong Chuong 7) mot s6 mot khai niém méi cua Gidi tich khong
tron, moOt linh vuc dang dugc quan tam va tng dung. Chuong
phuong trinh vi phan (Chuong 11) dugc dua vao nham cung cd
nhitng kién thitc vé dao ham, tich phan va phuc vu nhu cdu tim hiéu
cac bai todn dat ra trong co hoc, vat ly, héa hoc, sinh hoc,... Ching
toi khong di sau vao Iinh vuc nay (dé tranh gay chong tréo véi
nhiing ngudi bién soan gido trinh phuong trinh vi phan) ma chi dat
muc dich giGi thiéu khai niém lam co s& cho viéc thuc hanh tinh
toan.

Dé nguoi doc dé tiép thu, ching to6i c6 ging trinh bay gido trinh
mot cach gon gang, don gian nhung day da. Ngoai trir nhitng phan
gianh lai cho bo mon khac, cdc van dé néu ra trong khuon khé gido
trinh giai tich déu dugc chiing minh chat ché va khdc triét. Phan
bai tap va tinh todn thuc hanh dugc bién soan cong phu, cé noi
dung bao quat tat ca nhitng chit dé€ co ban. Chiing toi hy vong rang
gido trinh s& 12 mot cAm nang t6t cho sinh vién cdc trudng k§ thuat
va tong hop.
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CHUONG 1

1.1.

Thi du

Tép hop va S6 thuc

Khdi niém té&p hop

- Tap hop

Tdp hop, trong Todn hoc, duogc xem 12 mot khdi niém “khdi dau” khong dinh nghia.
N6 dong nghia véi cdc tir ho, he, 16p.... va dugc dung dé mo td mot quén thé cha nhiing
doi tugng phdn biét dugc ma ching ta tu duy nhu mot thé tron ven.

Khi ta néi: Ho cdc dudng tron déng tam, hé cdc phuong trinh tuyén tinh, 16p cdc ham
da thdc, ciing c6 nghia 1a tap hop ctia cic doi tuong néi trén. Tap hgp xe co gidi cla
thanh phé Ha Noi, tdp hop cac sinh vién Viét Nam, tap hop nhiing duong phd xuit phat
tr H6 Guom, v.v... 1a nhitng vi du dién hinh vé khdi niém tap hgp khong chi trong
Toéan hoc, ma ca trong ngodn ngit thong thuong.

Nhitng thanh vién clia tap hop goi 1a phdn tir (hay diém). Cho A 13 mot tap, ta viét
xe A (doc: x thuoc A) cé nghia x 1a mot phan tlir ciia A, va viét x ¢ A (doc: x khong

thuoc A) cé nghia x khong phai la phan tir cua A.

. Dién ta tap hop

Dé dién td tdp hop ngudi ta ding dau méc {...}. Trong ddau méc ta c6 thé liét ké tat ca
cdc phan tir cta tap hop {x,,...,x, }, hodc néu thudc tinh chung (P) ctia cic phan tlr tp
hop béing cach viét {x : x thda man (P)}.

Thidu A ={1,2,3,4,5}

Thi du

hoacA =1{1,2,...,5}
hoac A = {x:x1as6 tunhiénsaocho 1 < x <5}.

. Tép réng

Ta quy uGc Tdp réng (hay tap trong) 1a tap hop khong ¢6 mot phan tir nao ca. Nguoi ta
thuong ky hiéu tap réng 1a <.

Tap hop cdc ciu thu béng dd Viét Nam da doat giai Olympic nam 1996 1a tap rong; tap
hop céc s6 1€ chia hét cho 4 1a tap rong.



Chuong 1. TAD HOD VA &0 THUC

1.1.4.

Thi du

1.1.5.

Thi du

1.2.3.

Thi du

Tép tring nhau

Tanéi tip A vatap B trung nhau (hay bing nhau) va viét A =B (doc: A bing B)
néu chiing ¢6 cling nhiing phan tu, tic 1a xe A khi va chi khi x € B. Khi chiing
khong tring nhau ta vi€t A # B.

A latap gdbm s 2 vasd 4, con B 1atap céc s6 chin duong bé hon 5. Tacé A = B.

Tap hgp con

Tanbéi A 12 tdp con cha tap B néu moi phan tlir cia A 12 phan ti cia B. Khi d6 ta
viet Ac B (doc: A nidm trong B), hoic B2 A (doc: B chita A). Néu A< B va
A=Btanéi A 1atdp con thdt sy cha B. Quy udc: Tap rong la tap con clia moi tap.

MBbi phén tr x clia A tao thanh tap con {x} cha A. CAn phan biét phin tir x cia tap
hop A (viét1a x € A) v6i tap con {x} cua tap hop A (viétla {x} c A).

Cac phép todn

. Hop cua hai tap

Hop ciia hai tdp A va B duoc ky hieu 4 U B (doc: A hop B) 1a tap gbém tét ca céac
phan ti thudc A hodc thuoc B. Nghiala, AU B ={x: x€ A hoic xe B }.

A={1,2,10{a,b}}, B={a2.lab}}, AUB= {12,10,{ab}.a}.

{a,b} 1a mot tap nhung nd lai 1a mot phan trcua A va cua B.

. Giao cua hai tap

Giao ciia hai tdp A va B dugc ky hieu 4N B (doc: A giao B) 1a tap gom tét ca cic
phén tir vira thuoc A lai vira thuéc B. Vay AnB={x:xe€ A4 va xe B}.

Véi A={ab,}, B={{a},bd}, thi AnB={b}.

Phdn bui

Phdn bi cia A trong B dugc ky hiéu B\ A4 1a tap gom tat ca cdc phan tir thuoc B
nhung khong thudc A. Doi khi nguoi ta goi B\ 4 1a hiéu cua B va A.
Vay B\A={x:xeBvaxeA4}.

A={1,5,10,b},B={5,h}.Khidé B\4=O.
Minh hoa hinh hoc:
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1.2.4. Tinh chét cua céc phép tinh

Cho A, B va C la ba tap hop bat ky. Khi d6 ta c6:
Tinh két hop
(1) AuBulC)=(4uB)uC,
1) An(BNC)=(AnB)NnC.

Tinh giao hodn
(2) AuB=BuUA,
(2) AnB=BNA4.
Tinh phdn phoi

B) AuBNC)=(AuB)N(A4uw(),
3) An(BUC)=(ANB)U(ANC),
4) A\N(BUCO)=(A\B)Nn(4\C0),
@) AN(BNC)=(4A\B)uw(4\C).

Chiing minh Dé ching minh déng thic X=Y giita hai tap X va Y ta chi ra rang
véi xeX thisuyra xeVl ticla X cY,vanguoclaivéi y e Y thisuyra y € X
ticla Y X .

Trudc hét ta ching minh (3). Cho x 1a phan tir bat ky cia AU (BN C) . Khi d6 x e 4
hoac xe(BNC). Néu xed thi xeduB va xeAuUC, cb6 nghia la
xe(AUB)N(AUC).Néu xe(BNC) thi xeB va xeC.Licdé xe AUB va
xe AuC,coénghiala x e (4 B)N (AU C). Nguoc lai, cho y 1a phan tir bat ky cua
(AuB)N(AuUC). Khi d6 ye AUB va ye AUC. Vay hoic yeAd tic la
ye AU(BNC), hoac ygA. Nhung y¢A thi yeB va yeC, c6 nghia la
yeBNC.Ritcuoc ye AU(BNC) va(3) la ding.

Nhitng déng thic khdc chiing minh tuong tu.

Chay 1) Dang cach dién ta, chiing minh trén c6 thé viét ngan gon nhu sau:

AVU(BNC)={x:xe 4 hoac xe (BN C(C)}
={x:xe A hoac {x e B va xe(C}}
={x:{xe A4 hodc xe B} va {x e 4 hoac xeC}}
={AUBIN{4UC }.
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2) Do tinh két hop, véi ba tap A, B, C cho truéc ta c6 thé 14y hop hai tap bat ky sau d6
mdi hop véi tap con lai va két qua déu cho ta mot tap, d6 1a hgp 4w BuU C . Tuong
tu nhu thé€ déi véi phép giao, cling nhu phép hop va phép giao clia nhiéu tap hon.

1.2.4. Tich cua céc tép hop

1.3.

1.3.1.

Ch

L <N

Thi du

C

v

Cho 2 tap hop A va B. Tap hop tit ca cdc cap diém (a,b), v6i a € Ava b € B, lap
thanh mot tap hop méi goi 1a tich ciia hai tdp A va B, va dugc ky hiéula A x B. Nhu
vay, mbi phan tir z clia tap tich A x B luon biéu dién duéi dang z=(a,b), véia € A, b
B, va nguoi ta goi a,b 12 cdc thanh phdn (hay foa do) cua z.

Phép Ung va luc lugng

Phép Ung

Cho A va B 1a hai tap khéc réng. Phép img tit A t6i B 1a mot quy tac cho phép v6i mdi
phén tr x € 4 chi ra dugc mot phan tir y € B tng v4i né. Thong thudng ngudi ta ky
hiéu f:A4— B c6 nghia f'1a phép tng tir A t6i B, va viét y = f(x) c6 nghia y dugc
ing vé6i x, hodc x ung v6i y (doi lic ta viet x > y ). Tap A duge goi 12 mién xdc dinh
ctia phép ting va tap B duoc goi 1a mién gid tri ctia phép tng. Khi B 1a mot tap hop s6
nao dé6 ngudi ta con goi f 1a ham so.

C6 thé nhiéu phan tir chia B dugc tng véi mot phan tir cia A va ¢6 thé mot phan tir clia
B duoc Gng véi nhiéu phan tir cia A.

Don iing 12 mot phép ting cho phép v6i moi phan tlr ciia A chi ra dugec mor va chi mot
phén tlr cia B ting véi né. (Diéu nay khong loai trir kha nang nhi€u phén tir cia A cling
dugc ing v6i 1 phan tir cia B).

Phép ting tit A tGi B duoc goi 1a phép iimg 1-1 (hay phép tiém) néu 2 phan tu khac nhau
trong A thi dugc iing v6i 2 phan tir khdc nhau trong B.

Toan ting 1a mot phép tng ma mdi phan tir cha tap B déu dugc ting vé6i (it nhat) mot
phan t trong A.

Song ving tir A t6i B 1a mot phép ting ma mbéi x € 4 chi ing v6i mot y e B va mdi
y e B chi dugc ing v6i mot x € A. Nhu vay, song ting vira 1a toan ting, vita 1a phép
ung 1-1.

a) A={ab,cd},B={123}.

Phép ing ar>1, b1, c—1Vj d+— 2 khong phai song ting tir A tGi B.
b)A={1.2,..n,..}, B={24,.2n,..}.

Phép tng n > 2n 1a mot song tng tir A téi B.

Néu c6 mot song ting f tit A t6i B thi ta ¢6 thé xay dung mot song tng tr B t6i A
bang cdch v6i mdi y € B tacho ting v6i x € 4 ma f(x)=y. Song dng nay c6 tén goi

1a song iimg nguoc cha f va thuong duoc ky hieula £,
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1.3.2.

Thi du

Thi du

1.3.4.

Dinh Iy

Chay
Thi du

Tuong duong

Hai tap A va B goi la tuong duong néu c6 thé xay dung dugc mot song iing giita A va B.
Khi d6 ta viet 4~ B.

a) V6i A 1a tap hop cac s6 thuc duong, B 1a tap hop cac s6 thuc am, thi 4 ~ B vi phép
ing a — —a la mot song tng.

b) A={1,2,...},B={x1,£2,... }.
Khid6 A~ B viphépung 2n+> —n va 2n—1+> n la song tng.

Néu A va B hifu han thi 4 ~ B khi va chi khi s6 phan tir ciia A bang s6 phan tir ctia B.

. Luc luong

Nhiing tap tuong duong thi dugc goi 1a cung luc luong.

Khi A ¢6 hitu han phan tlr thi ngudi ta thudng xem luc luong clia A 1a s6 phdn tik cua
né va ky hiéu la card(A) (doc 1a cac-di-nal ctia A) .

a) Tap A rong thi card(A) = 0.

b)A = {1,a,{10,b}} thi card (A)=3;

Khi A ¢6 vé han phén tlr thi ta n6i luc luong cua A 1a vo han (hay siéu han), va viét
card(4)= .

Tép dém duoc

Ky hiéu tap so6 tu nhién 1a N. Day 1a tap vo han.

Tap A goi la dém duoc néu né hitu han hodc tuong duong voi N.

Tdp con ctia tdp dém dvoc la tdp dém duoc.

Ching minh Duing phép song ing ta chi can ching to tap con cia N la tap dém
dugc. Cho 4 < N. Ky hiéu g, 1a phan tir dau cia A, a, la phan tir ddu cua 4\ {q, },
v.v... a, la phan td ddu ctia A\{a,,.,a,,}. Néu nhu dn s6 n nao d6
A\{a,,...,a,_ } khong c6 phan t&r nao thi A hitu han (né chi chia (n-1) phan ti) va,
theo dinh nghia, n6 1a d€m dugc. Néu véi moi n tap 4\ {a,,....a,_,} # D thi ta thiét lap
dugc phép ing f(n)=a, v6i moi n = 1,2,... N6 la mot song tng tixt N t6i A. That
vay, v6imdi n € N, f(n)1a phan tt ddu cia 4\ { a,,...,a,_, } nén s6 nay la duy nhét.
Nguoc lai v6i mbi a € 4, ta biét duge s6 cdc phan tlr ding trude nd, thi du 12 k, vay
f(k+1)=a. Song ung f chiraring A ~N khi A khong hitu han.

Khong phéi tap vo han nao ciing dm duoc.

a) Ho cdc cap so tu nhién {(m,n)}: m,n € N } 1a tap dém duoc.

That vay, x&p cc phan tir cta ho trén theo hang va cot nhu sau :
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Nhén xét

1.4.

1.4.1.

10

(LD (1,2 (1.3) (14

(2*1)/(2,2) /(2,3)/( 2.4)

(3,1)'/(3,2)/(3,3) (3.4)
(4*1)/(4,2) “4.3) (44

Xay dung phép ting t6i N theo quy tic “di theo dudng xién” :

(1,1) > 1

2D P 2;(02) - 3;

(13) > 4:22)  5:(3,1) > 6....
Dé kiém tra day la mot song ting. Do d6 ho cap cdc s6 tu nhién 1a dém dugc.
b) Ho X gom tét ca céc tap con cha N 12 tap khong dém duoc. Gia su tréi lai né 1a dém
duoc thi c6 mot song tng f tir X vao N. Ky hiéu x, € X la phan tit ting véi n,
nghia 1a f{ x, ) = n. Khi dy ta xay dung duoc tap X gbém cdc s6 tu nhién khong nam
trong tap Ung voi nd, nghia la X={n e N In ¢ x, }. Ta s& chi ra ring n6 khong
duoc ing véi s6 tu nhién nao. That vay, gia st ngugc lai ring X dugc tng véi s6 tu
nhién k ndo d6, tic 1a X = X, . Khi &y chi c6 2 kha nang: hoac 1a k nam trong X,
hodc 1a k nam ngoai X, . Trong trudng hop thit nhat thi k& khong thé 1a phan tir clia X
va diéu nay mau thuln véi viec X = X, . Trong truong hop thit 2 thi & s& 1a phan tir
ctia X va diéu nay ciing lai din dén mau thuén trén. T4t cd cdc mau thuin nay chiing to
ring gia thiet N dém duoc 1a khong thé xdy ra.
Phuong phap chitng minh trén cling cho phép ta di dén mot khing dinh téng quat 1a:

tap tdt cd cdc tdp con clia mot tap khac rong A (thudong dugc ky hiéu 1a 2%) 1a khong
cung luc luong véi A.

$6 thuc

D€ tap trung trinh bay cdc phuong phép co ban clia Giai tich toan hoc, chiing ta khong di
séu vao viéc xay dung khai niém sd thuc, mot viéc doi hoi nhiéu cong phu va thoi gian.
Trong phan nay ching ta chi nhac lai mot s tinh chat quan trong cla s§ thuc can thiét
cho viéc thiét 1ap cac nguyén 1y co ban clia Gidi tich va cac ting dung cta ching.

S8 hiu ty vl s8 vé 1y

Nhu trén, ky hiéu N 1a tap cdc s6 fw nhién va Z 1a tap cac s nguyén. Theo dinh

nghia s6 hitu ty 1a s6 c6 dang n trong d6 ne N, meZ va (m, n) =1 (u6c s6
n

chung 16n nhat ctia m va nla 1, hay m va n la hai s6 nguyén t6 cing nhau). Ta ky
hiéu Q 1a tap cac s6 hiu ry. Nhitng s6 khong biéu dién dugc dang trén goi 1a s6 vo 7.
Nhu vay, tap cc sd thuc bao gom tit ca so vo ty va hitu ty, va sé duoc ky hiéula R.
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Thi du

1.4.2.

Thi du

1.4.3.

1.4.4.

Tién dé

0,51a 86 hitu ty vi 0,5 =

N | —

0 1.2 .x o m. Af A ~
hong thé biéu dién du6i dang — néu 6 trén. That vay néu
n

=

q:\/z 1a s6 vo ty vi

V2 =" thi m?=2n?. Ching to m? 1 s6 chin, do d6 m 12 s6 chin: m = 2m'. Khi dy
n

n* =2(m')* va cé nghia n ciing 12 s6 chan. Diéu nay phi Iy vi (m,n) = 1.

Biéu dién sé thuc

Dé dé hinh dung ngudi ta hay biéu dién s6 thuc trén truc s6 Ox. Mdi diém trén truc nay
s& biéu dién mot so thuc. Piém O 1a goc va 1a biéu dién cta sé khong. S6 1 dugc biéu

dién boi di€ém bén phai goc sao cho doan [0,1] ¢6 do dai bang don vi. Khi d6 s6 hitu ty

q= ™ y6i m >0 s 1a diém nim phia bén phai géc sao cho doan [0, ¢] c6 do dai =
n n

1an don vi. SG hitu ty g =22 véi m < 0 s& la diém d6i xiing véi —— qua goc. Nhitng
n n

diém khdc trén truc s6 biéu dién nhitng s6 vo ty.

V2 1a diém ben phai goc toa do va cach goc toa do mot doan bang do dai dudng chéo

ctia hinh vuong vé6i canh don vi. Ta biét ring khoang céch ndy khong thé biéu dién

duoc dudi dang ty so cha hai s6 nguyén, cho nén né biéu dién mot s6 vo ty.

Cac phép tinh

Trong R ciing nhu trong Q c¢6 bdn phép tinh s6 hoc co ban: cong, trit, nhan va chia.
Céc phép tinh nay c6 tinh chat sau:

Giao hodgn : a+b=>b+ avaab = ba.

Két hop S (a+b)+c=a+(b+c)va ab(c)=a(bc).

Phdnphoi : a(b+c)=ab+ ac.

Thir tu

Bit cit hai phén tir @, b (thuoc Q hoic R) déu c6 thé so sanh a > b (a lénhon b), a = b
hoac a < b (a nh6 hon b). Thit tu (>) ¢6 tinh chit sau:

Bdc cdu ca>b,b>c thi a>c,

Tru mdt ca>bthi ¢6 ¢ da>c>b.
(Archimedes): Vi moi s6 ¢ > 0 ton tai so'tu nhién n > c.

Ngoai ra s6 hitu ty con ¢ tinh chat tri mat manh hon sau day: Cho a, b thuoc R. Néu
a>bthi c6 g thuoc Q déa > g > b.

11
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1.5.

1.5.1.

Thidu

1.5.2.

1.5.3.

Bién trén va bién dudi
Tap giéi ndi va can
Tanéi Ac R bichdn trénnéucésé a dé a<a véimoi a e A; s6 a nay goila cdn

trén cta A. Tuong tu A bi chdn dudi néu c6 s6 B (goi la cdn dudi) dé a > f v6i moi

a € A. Mot tap vura bi chan dudi vira bi chan trén goi 1a bi chdn hay gidi néi.

Bién trén cta A, ky hiéu sup 4, 1a can trén nho nhit ciia A. Néu sup 4 € A thi viét
max A thay cho sup A. Day 1a s6 16n nhét trong A.

Bién dudi clia A, ky hiéu inf 4, 1a can dudi 16n nhat cua A. Néu inf 4 € A thi viét min
A thay cho inf 4. Day la s6 nho nhit trong A.

A={x:0<x <1} thi moi a>1déu la can trén cla A, con bién trén ctia A: sup 4 =1.

Trong thi du ndy max A khong ton tai.

L4t cat trong Q va R.
Chia Q lam hai 16p khdc réng A va B sao choAUB=Q vaa<bvéimoi ac A,beB.
Phép chia trén goi la 14t cit va ky hiéu AlB. Dé thay chi ¢6 ba dang lat cat:

a) Trong A c6 s6 hitu ty 16n nhat va trong B khong c6 s6 nho nhat.

b) Trong A khong c6 s6 16n nhit va trong B ¢6 s6 nhd nhat.

¢) Trong A khong c6 s6 16n nhat va trong B khong ¢6 s6 nho nhat.
Trong 2 trudng hop dau 14t cit AlB xéc dinh s6 hitu ty, va trong trudng hop con lai 14t
cit AlB xac dinh s6 vé ¢y « thda min:

a<a<bNaecA beB.

Tuong tu, ta néi AlB 1a 14t cét trong R néu A=, B2, AUB=R, a < b véi moi
acAbeB.

3 (Dedekind): Véi ldt cdt AIB bdt ky trong R, luén luén ton tai so thuc o Ién nhdt trong A

hodc a nhd nhdt trong B.

Chang minh Xét A4y=4nQ, B, =BN Q. Khi d6 4, |B, lalit cat trong Q. N6

xac dinh s6 thuc o . Khi d6 ¢ € 4 hoic a € B,do AU B=R. Néu a e 4 thi dé6 la
s6 16n nhat trong A vi néu khong sé ¢6 s6 Be A dé a < B va theo tinh tri mat s& tim
dugc s6 hitu ty re 4 d€ a <r< fB.Vay re 4, va trdi v6i diéu a<a <b, vé6i moi

aedy,beB,. Tuong tu, n€u o € B thi nd 1a s6 nho nhat trong B.

Tén tai bién

Pinh ly Moi tdp khdc réng bi chdn trén (dudi) déu cé bién trén (dudi).

12
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Chung minh Gia st M R bi chan trén. Néu M ¢6 diém 16n nhdt x, € M (tic 1a

a<x,v6imoi a € M ),thi x, =supM vi moi cn trén cia M déu 16n hon hodc bang x, .

Néu M khong c6 diém 16n nhat, ta xay dung l4t cat AlB nhu sau:
B={x:xlacintréncia M} vaA= R\B.

Do M #< vabichan trén,nén A=, B+, AU B=R. Ro rang a < b v6i moi

ae A,be B .NG6i cdch khic A va B xéc dinh 14t cét clia R Theo BS dé Dedekind ta c6

thé tim duoc « 16n nhat trong A hodc bé nhat trong B, ky hiéu 1a «. Dé thay a ¢ 4 va
vith€ ¢ e B. Tacé a =supM theo dinh nghia.

Dai véi tap bi chan dudi, viéc chiing minh hoan toan tuong tu.

13
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Bdi tap va
Tinh todn thuc hanh Chuong 1

1. Céu hoi cling cé ly thuyét

1.1. Tap hop

Bdi 1 Gia sir A 1a tap tit c4 cdc udc s6 clia 60. Cac khang dinh sau day diing hay sai:
a)9e 4; b)15e 4; c)30¢gA4.
Liét ke tat ca cdc phin tir cua A.

Bai 2 Gid st A 12 tap tét ca cac nghiém cua phuong trinh

x*=7x+12=0.
Trong cdc ménh dé sau, ménh dé nao diing, ménh dé nao sai?
a)3ed; b)5e 4; c)ded; d)T7e¢A.

Liet ké tat ca cdc phan tu ctia A.

Bai 3 Gia slr A 1a tap tat ca cdc da thic mot bién véi hé s6 nguyén, cdc két luan sau day ding

hay sai:
a)x3—3x+leA; b)15¢ 4; c)x2+y2+3eA;
d)x4+12x+%eA; e)x3+%x2+leA.

Bdi 4 Trong cédc tap hop duéi day, cdc phan ti, trir mot phan tl, déu c6 chung mot tinh chat
nhat dinh. Hay tim phan t khong mang tinh chat ay:

a) {6, 15,84, 1670}, {2,7, 13, 25,29}, {1, 9, 25, 79, 121};
b) {tam gidc, hinh vuong, hinh tron, hinh thang, luc gidc déu}.

Bd&i 5 Mo ta tinh chat clia céc tap hop vo han sau va viét cong thic s6 hang tdng quat clia céc

tap hop:
345 6 24 6 8
A) v o 5 b Ty e v >
){491625 ) ){581114 )
111 1 1 1
==} d) {2,12,36,80,150,...} .
){2612203042 J ) ;
g ws L 217 15 *+1
Bai 6 Xét xem cédc so sau day: —,—7,——,2 s6 nao thuoc tap hgp A: Az{x:x:n il ,hg N}.
520 76 n’+4
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Bdi 7 Trong so cdc tap sau day, tap nao la rong:
a) Tap hop céc chif nhat c6 cdc dudng chéo khong béng nhau.
b) Tap hogp céc tam gidc c6 cac duong trung truc khong dong quy.
¢) Tap nghiém hifu ty ctia phuong trinh x> —=2=0.
d) Tap nghiém thuc ctia bat phuong trinh x> + x+1<0.
e) Tap nghiém nguyén ctia phuong trinh 4x* —1=0.
f) Tap nghiém tu nhién ctia phuong trinh 2x* —3x-9=0.
Bdi 8 Mo ta tap hop cédc diém M(x, y) chia mat phang thoa man:
a)3x+1<y b) (x-1*+(y-1)7* =1
c) y<x?—2x-3 d) |y|£|x—2|.

1.2. Phép Ung va tuong duong
Bdi 1 Hoi cdc tap sau day c6 tuong duong nhau khong:
a) Tap cdc so tunhién N va céc tap s6 nguyén Z.
b) Tap céc sO tu nhién va cic s6 hitu ty.
¢) Tap cdc nghiém phiic cta hai da thitc c6 cling bac n.
d) Tap céc nghiém thuc cua hai da thitc cting bac n.
e) Tap cdc diém clia mot canh hinh vuong va cac tap diém trén mot dudng chéo clia no.
/) Tap xéc dinh ctia mot ham s6 va do thi ctia né.

Bdi 2 Bing cdch thiét 1ap céc phép song ting, hdy ching minh ring cdc tap sau day 1a tuong
duong:

a) Tap cic s6 thuc R va khoang (0,1).
b) Tap hop cdc diém clia hai doan thang [a,b] va [c.d].

¢) Tap céc diém ciia hinh tron mé va tap cic diém clia mat phang.

2. Cac phép todn trén tap hop
Bai 1 Cho A, B, C 1a céc tap tiy y. Hay ching minh cdc ménh dé sau:

1) AnA=A4=A4AUA.

2) ANBCc A, ACAUB,ANBCB,BC AUB.

3) Néu Ac B thi AnB=A.

4) Néu Ac B thi AUB=B.

5) Néu Ac B thi BcC thi AcC.

6) Neu AcCvaBcCthi AUBcC.

7) NeuCcAvaCcBthiCcAnB.

15
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Bai 2 Cho A va B 1a hai tap con cua X. Ky hiéu CA 1a phén b cua A trong X, tiic 1a CA=X\A.
Hay chitng minh céc tinh chat sau day:
1) ANX =4, AV =A4, AnD=F, AuX=X.
2) ANCA=J, AuCA=X.
3) CCA =A.
4) C(A\B)=BuUCA.
5) Néu Ac B thi CBcCA.
6) Luat Moorgan
C(ANB)=CAUCB, C(AuB)=CANCB.
Bai 3 Chiing minh:
1) Tinh két hop cua hgp va giao cac tap hgp
a) AV(BUC)=(AUB)UC;
by AN(BNC)=(ANnB)NC.
2) Tinh giao hoén ctia phép hgp va giao cac tap hgp
a) AB=BU 4;
by AnB=BnNnA.
3) Tinh phan ph6i ctia giao d6i véi hop (hodc cua hgp doi véi giao) cac tap hop
a) AVBNC)=(AUB)N(4Au();
by AN(BUC)=(ANnB)u(AnC).
4) Tinh phan phoi cta hiéu d6i véi hop (hoac giao) cac tap hgp
a) AN\(BNC)=(4A\B)u(4\C);
b) AN(BUC)=(A\B)Nn(4\C).
Bdi 4 Chiing minh
a) A\[U{4,,i=1l.n}]=n{4\ 4;,i=1.n}.
by A\[N{A,,ael}=U{(A\A4,),aecl}, I latip chiso batky.
Bai 5 Ky hieu AAB=(A\B)U(B\ 4) la hiéu d6i xting cta hai tap hop A va B. Ching

minh ring
AAB=(AUB)\(ANB).

3. Phép Ung va
su tuong duong cua hai tép hop

Bdi 1 Cho phép iing f:X — Y va A, Blahai tdp con cia X. Chiing minh:
1) Néu A< B thi f(4A)c f(B);
2) f(A4uB)=f(A)V f(B);
3) fAnB)=f(AHN f(B).

16
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Bdi 2

Bai 3

Bdi 4

Bai 5

Bdi 6

4.

Bdi 1

Chophéping f: X — Y va A, Blahai tap con ciia Y. Hay chiing minh:
D S AVB)=fT (DU fT(B);

2) fT(ANB)=fT ()N fT(B);

3) STANB) =T (DN ST(B).

Cho g: X >Y.f:Y>Z va h:X —> Z, h(x) =f(g(x)). Chiing minh rang:
) h(4)=flg(HIVAc X ;

2) i (B)=g [/ (BIVEcZ.

Goi R 1atap so'thuc. Xét phép iing f tt R vao R dugc cho bdi cong thiic sau:
x> y= “; Voi x#2 vay(2) = L.
Y—

Ching minh ring f 12 song ding. Tim phép ting nguoc.

Cho phép ting x — y, y=x +1-24/x v6i 0< x. Chiing minh:

1) f khong phai 1a mot song tng.

2) Xdc dinh hai khoang ma trong moi khoang 4y f 1a song tng. Tim phép ting ngugc
trong mdi trudng hop.

Ching minh dinh 1y Cantor-Bernstein: Cho hai tap hop bat ki A va B. Néu ton tai
mot song ing f tit A 1én mot tap con B, cla B vamot song tng g tit B 1én mot
tapcon A, cua A thicictiphop A va B tuong duong .

Tap hop dém ducc
Chiing minh cdc tinh chat sau day cta tap d€m duoc:

® Tinh chdt 1: Diéukién cin va dii dé mot tap A dém dugc 12 ta ¢6 thé ddnh s6 né,
tiic 1a c6 thé biéu dién né duéi dang mot diy:

A={a,,a,,...,a,,..}.
®  Tinh chdt 2: Trong moi tap vo han déu c6 mot tap con dé€m dugc.

e Tinh chdt 3: Néu 18y mot tap hitu han M ra khoi tap dém dugc A thi tap con lai
A\M (phén bu ctia M trong A) 1a d€m duoc.

e Tinh chdt4: Hop cia mot tap dém dugc nhiing tap dém duoc 1a dém duoc.

Bdi 2 Chitng minh ring moi tap vo han déu c6 chita mot tap con thuc su tuong duong véi no.

5.

Bdi 1

$6 thuc
Chiing minh rang céc s sau la cdc s6 v 1y

ays; b)N2+43; )2 +3/3.

17
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Bai 2

Bai 3

Bdi 4

Bai 5

Bai 6

6.1.

Bdi 1

Bdi 2

Bai 3

Bdi 4

Bdi 5

Bdi 6

S6 120 16n hon /4 ++/7 —y/4+~+/7 =2 hay 0 ?

Ching minh ring néu a, b, ¢ thuoc Q thoad man dang thic Ja++b=c thi Ja va
Jb ciing thuoc Q.

Ching minh ring tap cac s6 hifu ¥ 12 dém duoc.

Ching minh ring tap cdc s6 vo ¥ ¢6 cung luc luong v6i R.

Ching minh dinh 1y Kantor: Tap tat ca cdc s6 thuc ndm gifta 0 va 1 1a khong
dém duoc.

Tép hop nghiém cua
phuong trinh va bat phuong trinh

Nhiéu tap hgp s6 trong Todn hoc thuong dugc cho bdi mot hé phuong trinh va bt
phuong trinh. Giai phuong trinh cling chinh 1a tim tap tat cad cdc nghiém cua
phuong trinh da cho. Trong chuong trinh phé thong, ching ta da biét gidi thanh
thao khd nhiéu loai phuong trinh va bt phuong trinh. Tuy nhién, & day ching t6i
mudn cung cdp mot s6 bai tap giai phuong trinh va bat phuong trinh c6 cach giai
hay hodc tuong doi kho, nham gidp cdc ban thir sitc, so sdnh va van dung kha niang
ctia mdy tinh (néu Ia bai tap kho, ban c6 thé nhd may tinh giai ra ddp s, tir d6 ban
c6 nhitng goi y tich cuc dé tim ra 10i gidi; néu la bai dé, ban c6 thé dung may dé
kiém tra dap s6). Ngoai ra, ban c6 thé tim ra nhiing cdch giai hay hon mdy, do dé
dap s6 gon hon. Ciing cin néi thém ring, ¢6 nhitng bai ban gidi dugc (nhd meo dat
an phu, v.v...) ma mdy khong giai ndi. Cudi cung, viéc giai thanh thao phuong trinh
va bét phuong trinh (tu luc va bang mdy) & chuong nay gidp ban dé dang gidi bai
tap (tu luc va bang mdy) & cdc chuong tiép theo.

Tap hop nghiém cua phuong trinh

Tim tap hop nghiém ctia cic phuong trinh sau:

xt+5x +6x* —4x-16=0.

\/;+\/x—5 =\/§.

V2-x? + /2—%:4—[“%.
X X

x+x10g23 :xlogZS )

Y2x-1-Yx-1=33x-2.

2x 1 1
S‘I +3‘I—+—:2.
x+1 2 2x
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6.2. Tép hop nghiém cua bat phuong trinh

Gidi cdc bat phuong trinh sau:

Bdi 1 x—_1<‘/x+l—‘/x—l.
X X X

Bdi2 2vx? —4x+5<x*—4x+2.
B&i3 vl+x—-+1-x<x.
Bdid 1-x<+/x*-2x2+1.

tan(ZxJ+2x+3
Bdi5 0<——=———.
V4-x* —x

Bdi 6 50<25F +5,

2x2 —11x+15
—<
2 -6
3¥ -2

<2— .
5x°+22x-15
72(3{—1)]

.. 1 [ 1 [ 2
Bai 9 (EJ < (EJ
logﬁ[;‘lj

log. ,(x*-6)>
logy, o (" =6 <24——2
2 12

Bai 7 0.

BGi8 0

Bai 10

6.3. Tép hop nghiém cua hé phuong trinh
Tim tap hop nghiém ctia cic hé phuong trinh sau:
B&i 1 {‘/;Jr\/;“@: 5
x+y=5
Bai 2 {‘/; 2y =2
N e

6.4. Tap hop nghiém cua hé bat phuong trinh
Tim tap hop nghiém ctia cac hé bt phuong trinh sau:
Bail {m =
4<x+5+/x=5
B&i 2 {—3 <x? +2xy-7y*
3x? +10xy —5y* <2
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Thuc hanh tinh todn trén may

Trong gido trinh nay ching ta sé sit dung mdy tinh dé gidi quyét cdc bai todn khé trong chuyén
nganh gidi tich. Hién nay c6 nhiéu b chuong trinh diuoc thiét ldp cho muc dich nay. Moi
chuong trinh ¢6 moét thé’ manh riéng. Chi can stk dung thanh thao mot chuong trinh la sé dé
dang sv dung cdc chuong trinh khdc. Trong khuon khé gido trinh nay chiing t6i gii thiéu bo
chuong trinh Maple V, hién dang duoc sit dung rong rdi trong cdc truong hoc d nudc ngodi.

7.0. So lugc vé Maple V

Maple V l1a bo chuong trinh tinh todn da nang khd d6 so, nhung c6 thé cai dugc trén
cdc mdy c4 nhan véi cdu hinh binh thuong (b nhé t6i thiéu 12 8MB). Cai dat chuong
trinh trén mdy 1a phan viéc clia cdc nha cung cép phdn mém, chiing ta chi cdn quan
tam tGi viéc sit dung chuong trinh dé€ tinh toan. Viéc khéi dong chuong trinh cling dé
dang nhu bat ky chuong trinh ting dung nao khac (nhu Word, Excel,...).

Céc lénh clia Maple rat gan véi cac ngdn ngit toan hoc, cho nén ngudi st dung chi can
nam ving cédc khai niém todn hoc co ban va nhitng qui uéc thong thuong vé thit tu thuc
hién cédc phép tinh, ma khong can phai biét truéc mot ngdn ngit 1ap trinh nao. Viéc viét
tén cdc khai niém todn hoc bing ti€ng Anh khong phai 1a diéu phién ha, vi cac khdi
niém nay von khong nhiéu, va ta cling khong can phai biét trudc vi s& duoc gidi thiéu
trong qud trinh thiic hanh tinh todn. Céc biéu thiic todn hoc dugc viét truc ti€p vao
dong 1énh va duge thuc hién theo thi tuc thong thudng. Chi can luu ¥ ring phép nhdn
duoc biéu dién bing ddu sao (thi du, ab dugc viét 1a a* b), phép [uy thira bing ddu mi
(thi du, @’ dugc viét 1a a*2), phép chia biéu thi biang gach chéo (thi du a chia cho b
dugc viét 1a al b), can bac 2 cua s6 a duge viétlasqrt (), v.v... Két thiic dong lénh
phdi 1a ddu chdm phdy (; ), trir phi ta khong muén cho két qua cta Iénh hién ra man
hinh (dé khong phai xem céc két qua tinh todn trung gian) thi ta két thic 1énh bing d4u
2 cham (: ). Thuc hién lénh bing cdch nhin phim “Enter”, khi con tr6 dang & trén dong
lénh.

Céc tinh todn d6i véi timg chuyén muc cu thé s& dugc huéng din song song véi cic
phan 1y thuyét. Ngudi hoc s€ thay cong viéc tinh toan cling nhe nhang va hap dan, chi
khong dang ngai nhu tra ban s6 va rit thudc logarit.

Ta bét ddu viéc tinh toan thuc hanh (cho chuyén muc nay ciing nhu cho bat cit chuyén
muc ndo sau nay) vdi viéc dua vao mot cum xit Iy bang cach an chudt vao niit c6 biéu
tuong “[>” (hodc bang chic ning Insert/Execution Group/After Cursor c6 sin trén thanh
lénh clia giao dién lam viéc). Mot dau nhac Iénh "[>" s& hién ra chd doi ta dua 1énh vao
thuc hién.

7.1. Cac phép todn trén tap hop

Viéc cho mot tap hop ciing déng nghia véi viéc dinh nghia tap hop d6 va duoc thuc
hién bang 1énh c6 cd phap nhu sau

[>A:={ cac phén t& cta tap hop};

trong d6 A 1a tén cha tap hop va “:=” 1a ddu dinh nghia (gébm ddu 2 chdm di lién véi
dau bang). Thi du, ta cho tap 4 gébm 4 phan tit a,b,¢,d bang dong 1énh sau:

[>A:={a,b,c,d};
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Sau khi &n phim “Enter” dé thuc hién lénh, mdy sé& cho hién két qua la
A= {a,b,c,d}

va mot ddu nhéc lénh “[>” tr dong xuat hién cho ta dua Iénh khic vao thuc hién. Thi
du, ta c6 thé dinh nghia ti€p mot tap hop B gom c6 6 phin tit ¢,d,e,f.g,h nhu sau

[> B:={c,d,e,f,g,h};

B:= {c,d,e,f,g,h} .

Bay gio ta c6 thé tién hanh cdc phép todn trén tap hgp nhu da hoc trong phén ly thuyét,
chi xin luu ¥ mdy tir tiéng anh: sgp 12 union, giao 12 intersect, phdn bit (tr) 1a
minus.

Thidu [>A union B ;
la.b,cde, f,g.h}

[>A intersect B ;

{e.d}

[> B minus A ;

fe.f.g.h} .

Muon biét phdn tir nay c6 thuodc tdp hop kia hay khong ta dung 1énh member. Néu
“c6” thi mdy cho tra 16i true (ding), con néu “khoéng” thi né cho tra 10i false (sai).

Thidy [>member (a,3) ;

true
[> member (c,A) ;
true
[> member (a,B) ;
false .

7.2. Tinh toén trén tép s6 thuc

Moi biéu thic s6 hoc déu c6 thé thuc hién dugc trén Maple mot cach don gian. Chi
viéc viét biéu thifc cin tinh vao sau ddu nhéc lénh theo qui tic da néi & trén (ding quén
ddu cham phay & cudi dong 1énh) va nhin phim “Enter”.

Thidu [>(2764+19!)/(31!-3~154+123456789) ;

9284194587059191808
4111419327088961408862781494553941

Maple c6 kha ning tinh todn chinh xdc trén moi s6 thuc, va vi vay khong cin phai dua
dir kién vo ¥ duGi dang cdc s6 thdp phdn xdp xi . Thi du, cdc s6 vO ty nhu

I, \/5 NI+ V2 , ... dugc dua vao tinh toan truc ti€p ma khong cin qua cong doan “xap
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Thi du

Thi du

xi bing céc s6 thap phan gin ding”. Ta c6 thé xem x4p xi thap phan clia bat ky 56 vo
£y ndo v6i do chinh xdc tuy thich (t6i hang ngan chit s6 thap phan). D€ thuc hién diéu
nay ta dung l&énh ddnh gia dudi dang thdp phdn c6 cu phap nhu sau:

[>evalf(a,n);

Trong d6 a 1a s6 vo ty, con n 1a s6 chit s6 thap phan (tic do chinh xdc cua phép xap
x1).

[>evalf (Pi,50) ;
3.1415926535897932384626433832795028841971693993751
Néu khong cho gia tri n thi may tu dong 14y do chinh xdc la /0 chit s6 thap

phan.Trong thyc t€, c6 nhitng s6 v 1y dugc biéu dién bang nhitng cong thic cong kénh
va phic tap, khién ta rat khé hinh dung gia tri ctia né. Thi du nhu:

JWr+rel —vnss

Khi 4y viéc biét dugc gia tri thap phan xap xi clia n6 1a rat ¢4 y nghia.

[> evalf (sqgrt(sqrt (Pi+3*sqrt (Pi+l))-sqrt(Pi+5)));
4330334698

R& rang, day 1a mot cong cu hitu hiéu dé so sanh cdc s6 vo ty phiic tap (chi can ddnh
gié hiéu clia chiing 1 ta biét dugc s6 nao 16n hon).

Trong qua trinh tinh todn, nhét 1a khi gidi phuong trinh, 18y gidi han, tinh vi phdn va
tich phdn.,... ta ¢6 thé gap phai nhitng s6 vé ty chua tiing duoc biét dén bao gid (nén
ciing chua timg dit tén hodc c6 ky hiéu biéu dién cho né). Khi &y mdy ciing khong c6
cach nao biéu thi cho ta xem duoc. Vi nhitng s6 nhu vay thi chi con cach 1a xem xdp
xI thdp phdn ctia n6.

7.3. Tim tép nghiém cua phuong trinh va bat phuong trinh
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1. Tim tip nghiém ctia phuong trinh f(x)=0.

Ta biét ring phuong trinh bac 2 c6 thé gidi dé dang bing can thiic, va do d6 c6 thé khong cin
nho t6i mdy. Phuong trinh bac 3 va bac 4 ciing gidi dugc bing cén thiic, nhung khong may ai
nhé duoc cong thifc giai ching (vi qud cong kénh phic tap). V6i phuong trinh bac 5 trd 1én (va
cdc phuong trinh vo ty) thi ching c¢6 cong thiic ndo dé nhé, dit muon. Néi chung, véi cic
phuong trinh tir bac 3 trd 1én ta thudng chi quen gii bing “meo” hodc “mo nghiém”, va chi c6
thé gidi duoc vai phuong trinh dic biét do con nguoi tu “thiét ké” ra. Truéc cdc phuong trinh
nay sinh tlr cdc bai todn thuc tién (khong dugc tao ra theo ¥ mudn) thi ta thudng phai bé tay.
Vi Maple, tinh trang nay s€ khong con nita. N6 s€ gitp ta vuot qua nhitng bai todn khé thuc sy
(chtt phai 1a “kh6 gia tao” do ai d6 dung lén).

Pé tién hanh gidi phuong trinh, ta dua vao cum xir Iy v6i ddu nhac lénh "[>" 16i tién
hanh khai bdo phuong trinh cin gidi f{x) = 0 (va dat tén cho né 1a egn) véi dong 1énh
c6 cu phap nhu sau:
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Thidu

[>eqn:=£f(x)=0;

Sau khi &n phim "Enter" s& xuét hién ra cong thiic biéu dién phuong trinh.

Sau ddu nhac "[>" ( tu dong sinh ra sau lénh trudc) ta dénh ti€p lénh gidi phuong trinh
vira nhép, ¢6 cu phap nhu sau:

[> solve (eqgn, {x}) ;
Sau khi 4n phim "Enter" may s& thuc hién viéc tinh todn va cho ta fdp nghiém cta
phuong trinh can giai.

V6i nhitng phuong trinh ngén gon (khong s¢ nhidm 14n), ta c6 thé géi gon ca 2 budc
trén trong 1 cau lénh

[> solve (£ (x)=0, {x});
Giai phuong trinh
x*+5x° +6x2 —4x-16=0

Nhdp phuong trinh

[>eqn:= x*4+5*x*3+6*x*2-4*x-16 = O0;
Sau d4u (;) ta &n phim "Enter" mdy hién phuong trinh can giai, tic 1a

eqn:=x4+5x3 +6x° —4x-16=0;

Gidi phuong trinh

[> solve (eqn, {x}) ;
Sau ddu (;) ta an phim "Enter" mdy s€ hién tap nghiém ctia phuong trinh gém hai

nghiém thuc va hai nghiém phitc nhu sau

x=+A5-1, f{x=-1-+5},
31 3 1
{x——E*‘El\ﬁ}a {x——g—zl\ﬁ},

trong d6 I 1a ky kiéu don vi do (chit khong phai 1a i nhu ta van quen dung).

Luu y Khi phuong trinh ¢6 nhiéu nghiém véi biéu dién cong kénh thi mdy c6 thé chi
cho ta mot trong s6 cdc nghiém. Néu muon biét tit ca, ta dung 1énh xem tdt cd cdc gid
tri tap nghiém véi cu phap

[>allvalues (V) ;

va khi nghiém 12 mot s6 vo ty chua ting thdy bao gio thi mdy dua ra nghiém tuong
trung dudi dang RootOfY...}. Ta c6 thé biét gia tri x4p xi thap phan cta né (véi do
chinh xdc tuy y) bang lénh danh gid xdp xi thdp phdn (da giéi thiéu & trén).

Thidy Ta giai phuong trinh x* — x> +6x> —x+3=0 bing lénh
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[> solve (x*4-x*3+6*x*2-x+3=0, {x}) ;

Roonf{Z“ -7’ +62° —Z+3}

va dé biét n6 la gi ta dung ti€p lénh xem xdp xi thdp phdn cua tdt cd cdc thanh phdn
trong tdp hop trén

[>evalf (allvalues (")) ;

{x =.4541395393-2.269448485*1}, {x = .4541395381+2.269448485*1},
{x =.4586046318e-1+.7469601590*1}, {x = .4586045942e-1-.7469601584*1}

Nhdn xét RO rang trén day 1a nhitng phuong trinh ma khong thé gidi dugc bang “meo” hay bang
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“mo nghiém”, ma chi c6 thé gidi bing cic phuong phap co ban véi su hd trg clia mdy
tinh.

a. Thuc hanh

1) Kiém tra céc lenh giai phuong trinh v/x ++/x =5 =+/5 du6i day réi thyc hi¢n
[> eqn:=sqrt(x) +sqrt (x-5)=sqrt(5) ;

[> solve (eqn, {x}) ;

hodc dung 1 1énh sau

[>solve (sqgrt (x) +sqrt (x-5)=sqrt (5), {x}) ;

2) Kiém tra cdc lénh gidi phuong trinh 2x ++/x —3 = 16 dudi day réi thuc hién
[> eqn:=2*x+sqrt (x-3)=16;

[> solve (eqn, {x}) ;

hodc dung 1 1énh sau

[>solve (2*x+sqrt (x-3) =16, {x}) ;

b. Bai tip ren luyén ky ndng

Hay gidi cdc phuong trinh sau bdng cd 2 cdch (ding mdy va khong diing may)

1) V2-x% + /2—%:4—(“1) : 2) Wx+2-42x-3=43x-5 ;
X X

3) \/x+2\/x—1+\/x—2«/x—1:xz3; 4) (Ax-DWx*+1=2x*+2x+1 ;

5) 11+ 2 (14 0® —Ji-nP)=241-22 . 6 [P 2o X

X 1-x

2. Tim tip hgp nghiém cta bit phuong trinh f(x)< 0.

Sau dua vao dau nhiac " [> " thi nhap dong lénh khai bdo va dit tén cho bat phuong
trinh f{x) <0 can giai
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[> ineq:=f (x)<0;
Sau khi 4n phim "Enter" s& xuat hién bat phuong trinh cin gidi va dau nhic mdi. Ta
vao tiép 1énh giai
[> solve (ineq, {x});
Sau khi 4n phim "Enter" mdy s& hién tap nghiém ctia bat phuong trinh cin giai.
Luu ¥ ring ddu < dugc biéu thi trong cau lénh bang 2 ddu “<” va “=” di lién nhau.
Thidu Ta giai bat phuong trinh 2+ x? —4x+5<x? —4x+2 nhusau
[> ineq:=2*sqrt (x"2-4*x+5) <= x*2-4*x+2;
ineq = 2Wx? —4x+5<x?—4x+2
[> solve (ineq, {x}) ;
(x<2-242}, {2+242<x}
a. Thuc hanh

1) Giai bat phuong trinh x-1 < ‘/x +l - ‘/x 1 béng cdc 1énh sau:
x x X

[> ineq:=sqrt (x+1/x) -sqgrt (x-1/x)>(x-1) /x;

[> solve (ineq, {x}) ;

3) Giai bét phuong trinh 1+ x —+/1—x < x béing céc lénh
[> ineq:=sqrt (1+x) -sqrt(1-x) <= x;

[> solve (ineq, {x}) ;

4) Giéi bat phuong trinh 1—x <+/x* —=2x? +1 bing cdc lenh
[>ineq:= 1-x <= sqrt(x*4-2*x*2+1);
[> solve (ineq, {x}) ;

b. Bai tip ren luyén ky ndng

Gidi cdc bdt phuong trinh sau bdng cd 2 cdch (dung mdy va khong ding mdy)

1) 2x-1<2x-3; 2) Jx=3++x=2<+x-1;
3) %<«/3—x—«/x+1; 4) 5—2x+4 <Ax+9;

5) 5¢x + > <2x+i+4

2\/; 2x
3. Tim tip hop nghiém cua hé phuong trinh va b4t phuong trinh
Trudc hét can timg nhap phuong trinh cta hé, thi du:

[>egnl:=£f[1] (x,y)=0;
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[>eqn2:=£[2] (x,y) ;

Sau d6 ta ra 1énh giai c6 cu phap nhu sau:

[> solve ({egqnl,eqn2}, {x,y});

Sau khi an phim "Enter" mdy s€ hién tap nghiém ctia hé phuong trinh cin giai.

V6i hé c6 nhiéu phuong trinh va nhiéu 4n ta cling lam twong tu.

Thidu Giai hé phuong trinh
{\/; + \/; +4/xy =5

x+y=5
bang cdc 1énh nhu sau day:
[>eqnl := sqgrt(x)+sqrt(y)+sqgrt(x*y)=5;

eqnl:=\/;+\/;+\/g=5

[> eqn2:=x+y=5;
eqn2:=x +y =135

[> solve ({egnl,eqn2}, {x,y}) ;
y=4x=1},{x=4,y=1}

Thidu Giai hé bat phuong trinh

Vadx-7 <x
4</x+5+45-x .

bing cdc lénh sau:
[> ineql:=sqrt (4*x-7)<x;
ineql =+4x-7 <x

[> ineq2:=sqrt (x+5) +sqrt (5-x)>4;

ineq2 =4 <+x+5++5-x

[> solve({ineql, ineq2}, {x});
{-4<x,x<4} , {4<x}

Thurc hanh
1) Gidi he phuong trinh

{@m:ﬁ
iy =2

bing céc lénh:

[> egnl:=sqrt(x)+sqrt(2-y)=sqrt(2) ;
[> egqn2:=sqrt(2-x)+sqrt(y)=sqrt(2) ;
[> solve ({eqnl,eqn2},{x,y})
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2) Giai hé phuong trinh

\/xz +y2 +\/E=8\/§
\/;+\/; =4
bing cdc lénh:
[> gnl:=sqrt (x*2+y*2) +sqrt (2*x*y)=8*sqrt (2) ;
[> eqn2:=sqrt (x)+sqrt(y)=4;
[> solve ({eqnl,eqn2}, {x,y})
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CHUONG 2

Ddy s6 va

Chuoi so

2.1. Gidi han cua day s6

2.1.1. Day s6

Day s6'la mét tdp vé han cdc so thuc dugc danh so' va xép thir ty danh sé tdng dan.
Diy 6 thuong duge ky hiéu 1

{a,,a,,..,a,,...}

hay { a,},,; hoac don gian hon { a, }.

Ciing c6 thé xem day so 12 tap gid tri cia hAm véi bién s6 tu nhién, dugc xép theo thit
ty bién tang dan: a, = f(n). Ta goi a, 1a s’ hang tong qudt clia day s6, n 1 chi so.

Thidu Véihamfin) =n, tacé a,=n, ticlacédiy {1,2,....n,...}.

Véi a,=1khi nchanva a,=0 khinlétacéday {0,1,0,1,0,...}.

2.1.2. Gi6i han

86" a dutgc goi la gidi han ciia ddy so'{ a, } néu vdi méi sé' duong & bdt ky ta cé thé' tim

dugc chi s6' n, (phy thudc € ) sao cho a, e(a—¢,a+¢) (ticla |a, — a| < & ) voi moi

nzn,.

Khi d6 ta viét a = lima, va néirang ddy s6 { a, } 1a hoi tu (t6i a).

n—0

-1" y y o 1.
), ta c6 lima, =0 vi v6i ¢ >0 bat ky, ldy n, du 16n dé n, >— thi

Thidy Vi a, =
n &

|a, —0|=l<g khi n>n,.
n
Dé dang kiém chiing rang v6i a, = (-1)" thi { a, } khong hoi ty.

Ménh dé Néu { a, } hoi tu thi gidi han clia né duy nhat.
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2.2,
2.2.1.

Ménh dé

Chay
2.2.2.

Ménh dé

2.3.

23.1.

Nhan xét

Ménh dé

28

Ching minh Gia st @ va b la hai gi6i han cta {a,} v6i @ > b. Khi d6 véi
1 N P

&=—(a-b)>0 ta s€ tim duoc n, sao cho a,e(a—¢&,a+¢) va v6i moi n=n,.
4

Diéunayvolyvi (a—¢s,a+e)n(a—&,b+e)=0.

Tinh chét cta céc day hdi tu
Tinh gi6i noi

Day so {a,} goi la bi_chdn trén (bi_chdn dudi) néu ton tai sé ¢ sao cho a, <c

(¢ <a,)vdi moi n. Khi day so vita bi chdn trén viva bi chdn dudi ta ndi né gidi noi.
Moi day hoi tu déu gidi noi.
Ching minh Gia st ¢ =lima,. Ldy & =1, theo dinh nghia cta gi6i han, ton tai n,

sao cho |an —a| <1 v6i moi n>n,. bat ¢ = max{‘al

yeoes |, ,a‘+1} ta co |an|<c v6l

moi n=1,2,... Vay { a, } gi6i noi.
Khong phai ddy gi6i noi ndo cling hoi tu, nhu day {(-1)"} chang han.

Tinh bdo todn thi tu

Gid sit a=lima,, b=1limb, va a, >b, vdéimoi n=n, naodo. Khidy a>b.
n—0 n—0

Ching minh Gia st nguoc lai 1a a<b. Ldy ¢ =b%a‘ Theo dinh nghia, tén tai

n,>n, di 16n dé a, e(a—¢c,a+¢e) va b, e(b—¢gb+&) v6i moi n>n,. Di nhién

a+e<b—¢.Dovay a, <b, v6i n>n,, miu thudn véi gia thiét, nhuvay a >b.

Ddy nho vé cling va ddy 16n vé cung
Dday nho vé cung
Ta néi { a,} la day nhd vé ciang néu né hoi tu t6i 0.

Gid sit {a,} va {b,} la hai day bat ky. Khi d6 cac ddy {a, +b,}, {a, —b,}.
{a,b,}.{a,/b,} (khi b, #0) goi la ddy tng, hieu, tich va thuong ctia hai ddy trén.

{ a, } hoi tu t6i g khi va chi khi day { a, —a } nho vo clng.
Gid sit { a, } la day nhd vo cing. Khi do:
i. Néu{b,}ladaynhovocungthi{a,+b,} cingla nho vo cung;

ii. Néu{b,} gioinoithi{ab,} laddynhdvocing.

n-n



Chuong 2. DAY 86 VA Criudi 80

Hé qua

2.3.2.

Nhan xét

24.

24.1.

Ménh dé

Q

o ®

ia st {a,} va{b, } nhd vo cung, khi d6 véi moi & >0, ta tim dugc

n n

Ching minh

N, dé a, e[~ 5] khi n> N, va tim duoc N, d€ b, e[—g,g] khi 7> N, . Do d6

N ™
L)

a,+b, e[—g,g hi n>max(N,;,N,), ching t6 lim(a, +b,)=0, tic 1a {a, +b,}
nho vo cung.

Bay gio gia st { a, } nho vo cling, con { b, } gidi ndi, tic 1a ¢ s6 ¢ dé

b,

<c¢ v6i moi
n. Cho &> 0 bét ky ta tim duoc N, dé a, e [—%,g] khi n>N,.Vay a,b, e[-¢.¢]
khi n> N,, ching t6 lima,b, =0 va { a,b, } 1a nhd vo cung.

Néu { a, } nhd vé cang va { b, } hoi tu thi tich { a,b, } nhd voé ciing.

n-n

Chung minh Ta ¢6 { a, } nhd vé cung va { b, } gi6i noi. Theo ménh dé trén { a,b, }
nho vo cling.

Ddy Ién v6 cung

Ta goi {a,} la day lon v ciung néu véi moi s duong a ta cé thé tim dugc N dé

|an|>a voimoi n= N .
Day duong (ddy am) 16n vo cing néu d6 la day 16n vo cung va véi n du 16n
a, >0 (a, <0).Khi dé ta viet lima, =+oo (lima, = —o).
1) { a, } 1a day 16n vo cung khi va chi khi { € } 1a day nho vo ciing.

al‘l
2) {a,} va {b,} la nhimg day 16n vo cing dong ddu (duong hoac am), thi {a, + b, }
la ddy 16n vo clng.

3) {a, } 1a ddy 16n vo ciing, { b, } hoi tu v6i gi6i han khac khong thi { a,b, } 16n vo ciing.

M6t s8 quy tdc finh gi6i han
Cac phép tinh
Cho lima, =a , limb, =b. Khi do:
lim(a, +b,)=a+b, lim(a, —b, ) =a—b ;
lim(a,b )=ab, lim(a, /b,)=alb (khi b=0).
Chiing minh Ta ¢6 { (a, —a) } va { (b, —b) } 1a nhimg ddy nho vo cling. Cho nén
{(a,+b,)—(a+b)}, {(a,—b,)—(a-b)},
{(a,b,—ab)},{(a,-b,)—(a=b)}, {(a,b,—ab)}

29



Chuong 2. DAY 80 VA Ctiudl 80

24.2.

1a nhitng day nhé vo cting. Do d6:
lim(a, +b,)=a+b, lim(a,—-b,)=a->b, lim(a,b,)=ab.
Khi b #0 ta tim dugc @ >0 dé |b,| > v6i moi n di 16n. Do d6

a Cl

n

b bbb

n

—(ba, —b,a)= (b(a —a)—a(b, -b))

bi chan baoi

va {Z—”—%} 12 day nho vo cling, vi —| va céc day {(a, —a) },

n

““n

{(,=b)}

Hai nguyén ly co bén vé gidi han

Ta goi {a,} la day khong giam (khong tang) néu a,,, 2a, (a,,, <a,). Néu bat

déng thitc luon luon chat ta s& c6 diy don diéu tang (don diéu giam).

n+l

Pinh ly (Weierstrass): Moi day khong giam va bi chdn trén (khong tdng va bi chan dudi) déu

hoi tu.

Ching minh Ta chi can chiing minh cho trudng hop day khong gidm va bi chdn trén
(truong hop con lai chitng minh tuong tu). Khi tap 4 ={a, : n=1,2,...} bichan trén thi
a =supA ton tai (hitu han). Ta c6 o >a, v6i moin, va véibatky &> 0, tim dugc N
dé ay e[a—¢&,a]. Nhung {a,} khong gidm nén a, >a, tic la a, €[a-&,a] Véi

moi n > N . Diéu nay ching t0 lima, =« .

Dbinh ly da dugc chiing minh xong.

Chay Néu {a,} khong giam (khong tang) va khong bi chan trén (dudi) thi lima, =+

(lima, =—x).

Dinh ly Gid sit lima, =limb, =a va ton tai chi s6" n, dé sao cho khi n>n, thi c, bi kep

Luuy
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giita a, va b, (tucla a, <c,<b,). Khido{c,} héituva limc, =a.

Ching minh Véi moi ¢ >0, ton tai N,, N, sao cho a, e(a—¢,a+¢) khi n2 N,
va b, e(a—¢ga+e) khi n>N,. Ldy N, =max(N,,N,) ta cé a,b, s(a—¢a+¢g) v6i
moi n>N,. Th€ nhung a, <c, <b, khi n2n,, nén ¢, e(a—¢g,a+¢), véi moi
n 2 max(N,,n,) . Ching té a la gidi han cta {c,}.

Dbinh ly da dugc chiing minh xong.

Hai nguyén 1y trén tuy don gian nhung c6 y nghia vo cling quan trong. N6 chinh la
“chia khoa” cho ta tinh gi6i han cua hau hét cdc day (va sau nay la cdc ham) khong
tam thudng ma ching ta s€ gap trong sudt gido trinh giai tich.
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243.

Thidu 1

Thi du 2

Thidu 3

Mot s6 vi du vé finh gidi han cua dday sé

lim(l+%] = 1, VeeR

H—>00 n

That vay, bt dang thiic Bernoulli (d€ dang chiing minh béng quy nap) néi rang
(1+a)"21+an, Vael[-11], VneN.

Chonénkhindiléntacd |c|<n® ,va
c Y lel)' || |c]

(B (B PP,
n n n n

c ) lel)' 1 1 1
I+ —| S| l+—| = = <
n n ( n? )” (1 ] J" {_ nc|

n2+\c\

n2+|c| n2+|c|

Ti tinh chat cua ddy so” bi kep gitia 2 day s6 c¢é cung gidi han ta suy ra diéu can
chitng minh.

1 n
Xét ddy 6 u, = [1+—j :
n

Bing cach khai trién theo nhi thiic Newton

n ! n — —
u, :z i nik :ZL(I_k lj(l_k 2)(1_lj
im0 kl(n—k)! o k! n n n

va so sanh truc tiép ta thdy ngay u, <u,,, va

n n=1 n—1
u, szi<2+z;:2+2(l Lj:3_l<3,

k:()k' k:lk(k+1) k=1 E_k‘i‘l n

- . . e NN Ll . 1
v6i moi s6 n. Nhu vay day s6 tdng va bi chdn trén, cho nén giGi han lim(1+—)" ton
n—»0 n

tai. Nguoi ta ky hiéu gidi han nay la e. Day 1a mot s6 kha dac biét ma ching ta s€ gap
thudng xuyén trong chuong trinh giai tich.

V6i mbi s6 duong x ta xét day s6 v, = (1 +£j .
n
Tuong tu nhu trén, ta thdy ngay day la don diéu tang. Mat khac, né cling bi chan trén.
Thuc vay, 14y s6 nguyén duong N>x, ta cd
N

vﬂ=(1+£j <(1+Ej = (1+EJN ,
n n n

visgcé v, <3V véimein dilén, néu nhu véi moi s6 hitu ty ¢ i 16n bat déng thic
sau luon xay ra
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Thi du 4

Ménh dé

Ménh dé

32

q
[1+1J <3 .
q

Diéu nay duoc suy ra tir nhan xét ring luon tim dugc s6 tu nhién n sao cho
n<g<n+lva

q q n+l n
(1+1) <[l+lj <[1+1j :[1+1j [1+1j<e(1+1):e+e<3,
q n n n n n n
khi n du lén.

Nhu vay day v, 1a tdng va bi chdn trén, cho nén no c6 gidi han.

Véi s6 duong x taxétdayso b, = [l—ij .
n

Chd y ring

cho nén tir sy ton tai ctia cdc gidi han trong cdc Thi du 1,3 va cong thic tinh gidi han
ctia thuong ta suy ra ton tai gidi han

-1
1im(1—fj :|:lim(1+£]:| .
n—o0 n N—>00’ n

n
. . X N .. .
Gioi han llm(l + —j ton tai voi moi so thuc x.

n—0 n
Chung minh Ménh dé trén 12 su tdng hop cac két qua cta cdc Thi du 3,4

V6i moi s6 thuc a,b ta cé ddng thitc sau

1im(1+ﬂ+izj = lim(1+£j :
n—>o0' n n n—o n
Chung minh Chi y rang phuong phdp chiing minh trong Thi du 1 cho thdy két qua

van ding v6i ¢ khong phai 12 hing s6 ma 1a mot dai lugng bi chan khi n tién ra vo

ta co

cung, cho nén véi c=
n+a

a b)Y
I+—+— n
. ( n nzj . 1 bn
lim———=1lim 1+—2.— =1
Hn—>0 a" n—0 n a+n
(1+
n

Tir day ta ¢6 ngay diéu cin chiing minh.
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Hé qud

2.5.

25.1.

Ménh dé

2.5.2.

Ménh dé

lim[1+x+yj =1im(1+fj .1im(1+1j .
N—>00’ n n—oo n n—0 n

Chung minh St dung ménh dé trén véi a=x+y, b=x.y tasé c6

lim(l+x+y) :hm(u“hx—fj :lim((1+£)(1+1)j -
n n

n—o n n—o0 n n n—o
x n n
- lim(1+—j .1im(1+XJ .

N—>00 n n—0o0 n

Cadc khdi niém lién quan va
tiéu chuéin Cauchy

Day con

Gia st { a, } la ddy s6 va n; <n, <... 1a nhiing s6 ty nhién. Khi d6 { a, } dugc goi la
ddy concua{a, }.

lima, = a khiva chi khi moi day con { a, déu hoi tu tdi a.

Ching minh Gié st { a, } hoi tu t6i a va { a, } 1a mot day con. Cho & >0 bat ky, ta

tim dugc n, d€ a, e[a—é&,a+¢&) khi i > n,. Hién nhién 1a n, >i>n,, do vay

a, €la—e,a+¢e], véimoi n; 2n, . Ching t6 lima, =a.
Tréi lai, gia sit moi day con hdi tu téi a, vi { a, } ciing 1a ddy con cua chinh né nén
lima, =a.
.
biém tu

Ta n6i a 12 diém tu cta ddy s6 { a, } néu v6i moi £>0 va moi k>0 ta tim dugc

n>k dé a,e(a-ca+e).

Néu a 1a gidi han cla { a, } thi @ 1a diém ty cla ddy nay nhung tréi lai khong ddng, thi
du v6i a, =(—1)" thi ca diém 1 va —1 déu la nhitng diém tu cla { a, } nhung rd rang
day nay khong c6 gidi han.

Diém a la diém tu ciia { a, } khi va chi khi cé ddy con ciia { a, } héi tu ti a.
Chung minh Gia st ¢ 1a diém tu cua {a, }.

’ 1 1 . . D
Lay ¢= T ta tim dugc a, €(a —%,a +%) . Dé thay {ank } hoi tu téi a. Nguoc lai néu

c6 day con {a, } hoi tu t6i a thi v6i moi & >0, ta tim dugc n, dé a, € (a—¢&,a+¢)
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khi n,2n,. V6i ¢ > 0 va k cho truéc chi can 14y n; > max(n,,k) 1a ta cé
a, €(a—¢&,a+¢&). Ching t0 a la diém ty.

Pinh ly (Bolzano-Weierstrass): Moi ddy gidi noi déu cé diém tu.

Ching minh Gia st a, €[, f] v6i moi n. bat o, =a,f, = . Chia doi [, 5,].
Ky hiéu [«,, £,] la nita chita vo s6 a, . Lai chia doi [«,, ,] vaky hiéu [a;, f;] 1a
nua chita vo s6 phén tir cia { a, },...

1 y - s s y
Tacé S, —«, =2—n(a - P)i{e,} 1a ddy s6 khong giam, { S, } 1a ddy s6 khong tang.

Chiing bi chan nén ton tai gi6i han a =lime,,b=1imf,. Do lim(S, —a,)=0 ta cé

n’

a=b.Rorang a la diém tu.

2.5.3. Tiéu chudn hoi tu (Cauchy)

DBinh nghia Ddy { a, } goi la day co bdn (dday Cauchy) néu véi méi € >0 ton tai n,

sao cho |an —am| <& voimoi n,m=n.

Pinh Iy Day { a, } hoi tu khi va chi khi né la ddy co bdn.

34

Chung minh Gia st lima, =a . Khi d6 v6i moi >0 ta c6 thé tim dugc s6 n, dé

£ - . . E &
a, —a|<5,|am —a|<5 v6i moi m,n>n,. Do vay |a, —a|+|am —a|<5+5=5.
Tréi lai, khi { @, } 1a ddy co bdn thi né gi6i noi. That vay, 1dy ¢ =1 ta tim dugc s6 N

sao cho

a, —ay|<1 véimoi n>N . Dat

+1},

>

c= max{‘a1

oy iy
ta cé |an | < ¢ v6i moi n. Theo Dinh 1y Bolzano-Weierstrass s€ ton tai mot day con clia

day {a,}1a{a,q | hoitutdia chéng han. Ta s& chiing minh ring chinh day { a, }ciling

hoi tu t6i a. That vay, v6i moi £>0 ta tim duoc s6 i, d€ a, e (a —%,a +§) khi

i >i,.Cling v6i & >0 trén, do { a, } 1a ddy co ban, ta lai tim dugc M dé

£
a, —am|<5,
v6imoi n,m>M .Lay n, =max(M,n(i,)), v6i n > n, tacd

& &
a0 —a|<—+—_g.

|an —a| £|an —an(i)| + D)

Vay lima, =a.
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2.5.4.

Gi6i han trén va gi6i han dudi

Diém a goi 12 gi6i han trén (gi6i han dudi) cha { a, } néu véi moi & >0 va moi & ta im
dugc n,>0 va n, >k dé a,<a+e,(a,2a-¢), v6i moi n>=n, VA
a, €la—¢ca+e).

Ky hiéu gi6i han trén 1a limsupa, hay Enan , 8161 han du6i 1a liminfa, hay lima,.
n—o n—®

Dinh ly Day so'{ a, } la hoi tu khi va chi khi

Thi du

2.6.

2.6.1.

Thi du

limsupa, = liminfa,.
n—0 n—

Ching minh Gia st {a,} hoi tu t6i a. V6i ¢ > 0 bat ky, ta tim dugc N dé
a, €la—¢g,a+¢g] v6imoi n > N. Do vay a = lim supa, va a=liminfqa, . Trai lai, néu

n—0 n—>w

a= limsupa, = liminfa, , thi cho &> 0 batky ta s¢ tim dugc cic s6 N, N, sao cho

n—>0 n—>0

a,<a+& v6i moi n=N, va a,>2a—¢& v6imoi n=N,.
Ldy N 1a s6 16n hon ca hai s6 N,,N,, ta thdy a, €[a—¢,a+&] mbi khi n > N. Diéu

nay ching té6 a =lima,, .
H—»0

St dung dinh 1y trén ta thay rang day { (-1)" (1+ l) } khong hoi tu, vi
n

lim sup(-1)" (1+1)=1 va lim inf(—l)"(1+l):—1.
n—om n n—o n

Chudi sé

Khéi niém

Cho {a, } lamot ddy. Tagoi S, =a, +a, +..+a, 1atongriéng . Neéuday { S, } hoi tu
t6i S (hitu han) thi ta n6i chubi s6 a, + a, + ..., 1a hoi tu va goi S 1a 16ng clia chudi s6.
Ky hiéu

e}
S= > a

i=1 !

Néu ddy { S, } khong hoi tu, ta néi chudi phdn k.

1 n
1 11 1 1(2) - 1"
2" 2 4 2 2 1 2

Dé dang chitng minh ring

1Y
thn =lim(1 - (2) )=1,
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o 0]
cho nén chubi hoituva §= > izl .
2"
n=l1

b) a, =18, =n tién 6i o . Vay, chudi 3 a, 1a phanky.

n=1

2.6.2. Mt s6 finh chéat
Ménh dé Néu Y a, va ».b, hoi tu thi chudi téng Y (a, +b,) la hoi tuva

n=l1 n=1 n=1

i(an +b,)= ian + ibn .
n—1 n=l1 n=1

o0 0
Néu Y a, thivéi moi 6 a, chudi Y a a, ciing hoi tu va

n=1 n=1

n=1 n=
Ching minh Goi S¢,S”,5%",S% “ 1a tong riéng clia cdc chudi néu trong dinh ly.

Khi y: 4 =841+ 8P,
St =a S°.
Dung céc tinh chit clia day hdi tu ta s& cé

. b . . b < . .
limS;™” =lim Sy + lim S, va limS; “ =alimS;.
n—>00 n—>00 n—>00 H—>0 n—0

Tir day rit ra két luan cia ménh dé.

Ménh dé Néu D a, hoimuthi lima, =0.
n=1 n—e®

Chung minh Néu chudi trén hoi tu thi cdc day téng rieng { S, } va { S,,, } déu hoi tu

t6i mot gidi han S = Zan .
n=l1
Do vay:

lima, =lim(S

n+l

_S”) = thnH - limSn =5-85=0.

n—o0

Chay Tir lima, =0 chua thé suy ra chudi » a, hoi tu. Thi du chudi zl phan ky, mac du
noe n=1 n=1

a, = 1 1a hoi tu dén 0. That vay:
n

n+l1

e>(1+lj suy ra 1>ln(1+1j hay l>1n =In(n+1)—-In(n).
n

n n
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2.7.

2.7.1.

Ménh dé

Thi du

2.7.2.

Ménh dé

Tirday tacé S, =Zl > In(n+1)

i=1 L

Dodé lim S =oo,nghialachubi E 1 phan ky.

n— 0 n:ln

So s@nh chuoi
So sénh truc ti€p

o0 o0
Néu Zan hoi tu va |b,,| < a, véi moi n, thi chuéi an hoi tu.
n=l1

n=1

Ching minh Ta ching minh ddy t6ng riéng { Z b, } hoi tu. That vay, véi n va m bat ky:

(anj _(izn;b,-j =

Vi Z a, hoi ty, tir tiéu chuén Cauchy ta suy ra ngay diéu cén chiing minh.

n=1

m
= bn+i
1

=

m
< Z a,.; -
i=1

o 1\ 3
Chiing minh chui Z(;# hoi tu.
n=1

o R . - . . - .
Ta bi€t chuodi Z—n hoi tu t6i 1. So sdnh hai chudi ta c6:

n=1
w1
3t 3t T

(_l)n n3
32n

" n’
2n

hoi tu.
3

Theo dinh 1y =
n=1

So sénh ty s&

Cho hai chudi bdt ky Y a, va Y b, véi b, >0.

n=l1 n=l1

a e . N . a N = A

i) Néu » b hoituva hm—| ”| <o thi Y a, hoitu;
n . . b n Y .
n—»0

n=1 n n=1

o0 a o0
(ii) Néu Y b, phdn ky va limb—">0 thi Y a, phdn ky.

n=l1 n n=l1
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Thi du

2.7.3.

Ménh dé

38

0

. . 99 . e N . a P N . ~ 2

Ching minh Gia thiét an hoi tu va 11m|b—"|=a. Khi dy ton tai s6 S>a dé

n:] n—0 "

|a,|< b, v6i moi n. Chudi Y b, hoi tu, va theo dinh Iy so sénh truc ti€p Y  a, ciing hoi
n=1 n=l1

tu.

a.]

Trong trudong hop sau, do hmb— >0 tatim duoc s6 ny, 21 va £ >0 d¢ —a, 2b, véi
n—»o &

moi n>n,. Néu D a, hoity, thi ) a, ciing hoi tu. Theo dinh 1y so sanh truc ti€p,

n=1 n=n,

D b, hoity, vadodé Y b, hoity, trdi véi gia thi€t » b, phanky. Vay > a, phan

n=n n=1 n=l1 n=1
ky.
0 n3
Xét tinh hoi tu cua chuoi Z} -
=
| n3 /3271 © n3
Ta biét rang chuéi ) — hoi tu. Hon nita lim =0.Do vay Y —— hoi tu.
n=1 2" ' noo 1/2" ' n=1 32n '

Chudi dan déu

o0
Chudi ) a, goi la chudi dan ddu néu a,, <0, a,,,, >0 (hodc a,, >0, a,,,, <0 ) véi moin.

n=1

Pé tién 1gi nhiéu khi nguoi ta viét chudi dan dau dudi dang a —a,+a;—..v6i a,>0.
Gid sir chudi dan ddu a —a, +a; —... véi a, >0 théa man cdc tinh chdt sau:
i) Day{a,} laday gidm,

i) lima,=0.
n—w

Khi dé chudi hoi tu.

Chung minh Xét cdc tng riéng S,, va S,,,, ta co:

Sy, =(a;—ay)+(as —ay)+...+(ay, —a,,),
S2n+l :S2n +a2n+1‘

Nhan xét rang { S,, } 1a mot day tang, bi chan trén boi @,. Do d6 S =1limS,, ton tai.
n—oo
Hon nita lima,,,; =0, nén

n—0

lim§,,,, =1lim$,, + lima,,,, =S .
n—0 n—x0 n—x©
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Thi du

2.7.4.

Thi du

Ménh dé

Do ddy | S,, } va ddy {S,,,,} vét hét day { S, }, ching lai cling c6 gi6i han S, nén ta
kétluan lim S, =S va ching to chudi cho trudc hoi tu.

n—0

Xét hoi tu ctia chubi

Day 1a chubi dan dau, théa man moi yéu cau cta dinh 1y, nén chubi hoi tu.
Chubi hoi ty tuyét déi

a,| hoi tu.

Chudi Zan goi la hoi tu tuyét doi néu chudi Z

n=l1 n=1

Chudi Zan hoi tu ma chudi Z|an| phan ky thi ta néi chudi Zan hoi tu khong tuyét
n=l1

n=1 n=1

doi.

Chuéi Y (_21”) hoi tu tuyét d6i vi chubi zzin hoi tu.
n=1 n=l1

Chubi =D hoi tu khong tuyét doi vi chudi 1 han ky.
g tuy p y
n=1

n=1

Moi chudi héi tu tuyét doi déu hoi tu.

Ching minh Xét day téng riéng { S, } cha chudi hoi tu tuyét d6i » a, va ddy téng

n=l1

_Sn| :|an+1 +...+an+m|s Swim—Sal. Vi

n+m

rieng { S, } clia chudi i|an|. Ta co |S
n=l1

day { S, } hoi tu, nén d6 la diy co ban. Do vay { S, } ciing 1a day co ban va suy ra day

{ S, } hoi tu. Chiing 6 chuéi Y a, hoi tu.

n=l1
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1.1.
Bai 1

Bai 2

Bai 3

Bdi 4

Bdi tap va
Tinh todn thuc hanh Chuong 2

Dday sé

Céu hdi clng cé ly thuyét

Viét bon s6 hang diu ctia diy c6 s6 hang tdng quét sau:
1" sin% on
D1+ 2 ED IR 4
n+1 n!

Trong nhiing ménh dé sau, ménh dé nao ding, ménh dé nao sai, giai thich:

1. Mot day hoi tu thi gidi ndi.

2. Mot day gidi noi thi hoi tu.

3. Mot day dan ra vo ciing thi khong bi chan.

4. Mot day khong bi chan thi dan ra vo cing.

5. Diéu kién cén va du dé 11_130 u,=ala }11_{1310 U,., =a voikla mot so tu nhién cd dinh
nao do.

6. Diéu kién cén va di dé }g{lc u,=ala nliglc u, =a véi {”1} la mot ddy con cta day
sO tu nhién. A

7. Diéukién cdn va di dé limu, =a (a hitu han hodc vo han) 1a
n—>0

limu,, =a va limu,,,, =a.

n—>0 n—»o0

Gia sir day {x,} hoi tu, diy {y,} phan ky. C6 thé néi gi vé su hoi tu ctia cic day {u, }
véi:

l)un:xn+yi1; 2)un:xnyn'

o U
Gié st limu, =a,a #0 . Hiy ching minh lim—2*-=1.
n—>0 n—»0 un
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Bai 5

Bdi 6

Bai 7

Bdi 8

Bai 9

1.2.
Bdi 1

Bai 2

2, ~ 2 . 3 g . u N . S . u 2,0 X
Véi a=0 hay chitng minh ring néu lim —~L tén tai thi —1< lim —2~ < 1. V6i méi
n—>00 ui’l n—>o0 ui’l

Uiy un+l

|q| <1 hay tim vi du chi ra lim = ¢ . Tuy nhién, hay 1ay vi du ching td6 lim

n—w n—>0
ul’l uﬂ

c6 thé khong ton tai.

Ton tai hay khong giéi han limsinn .

Ching minh cic day sau day 1a nho vo cing:

Dou, = 2 u, =D Dy o

n

n n S

4) u, =sin L ; 5) u, =nq" véi |q|<1.
n

Ching minh céc day sau la I6n vo cung:
Du,=)"n; Du,=2"; 3) u, =Inlnn;

Y u,=n"véia>0; S)u,=q" Vi |‘1|>1'

Goi u, 1a s6 hang tdng quat cha cap s6 cong. Chiing minh ring limu, = . Diéu d6
n—0

con ding véi cdp s6 nhan khong?

Ching minh rang néu limu, = a thi lim| u, | = |a| . Nguoc lai c6 ding khong?
n—»ow n—»0
Tinh gi&i han cGa day
Tinh céc giéi han sau:
. n+(=D" . 5nt4+n-7 . n
1) Ilm———; 2) Iim—— 3) Iim ——;
naoon_(_l)” naoo7n2 —-2n+6 n—o ¢n2 +n+1
5-2" 1 nr 1+2+...+n
4) lim ; 5) lim—cos—; 6) lim ————;
) n—o 5 + 2”*1 ) n—w p 2 ) n—oo '9”14 + 1
. 1 1 1 . n.sinn!
7 lim(—+—+..+——); 8) lim > ;
w12 23 I’l.(l’l + 1) n—o pe 41

. 1 1 1
9) lim(l-—5)1=5)(--5).

Tim céc s6 thuc b,c,d sao cho day s6 {a,} xdc dinh bdi cong thiic
L= m123)
cn
thod man diéu kién:
3 .
a, == va lima, =—
8 n—>0
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Bai 3 Ching minh

n k
D lim<-=0. 2) lim”—=0 (a>1).
n—o pl n—w g
3) lim#¥/n=1. 4) lim&/n! =oo.

1.3. DAy don diéu va dday bi chdn

2
Bdi 1 Ching minh day u, = 32n2 +; la day don diéu tang. Tim limu, .
n-+ n—0

Bdi 2 Cho a va b la hai s6 duong (a < b). Hai ddy s6 {u,} va {v,} dugc xdc dinh nhu sau:

v, +u
pa— j— — —_ n n
Uy =avy = b, =u,v,,v,, = 5
Ching minh ring
. . a+b
limu, =limv,= .
n—o n—on 2

Bai 3 Tim gidi han cla cdc ddy sau:
1) 03;0,33;0,333;...;
2) 2 \/ﬁ; VZM;---
Bdi 4 Tim tdt cd nhiing a, thuoc R sao cho ddy {a,} xdc dinh bdi cong thiic
a,,, =2"—3a,, nlasoé tunhién,
la day so tang.
BGi 5 Ching minh rang day x, =(1 +%)” ,n=12,.. don diéu tang va bi chin trén, con

n+l

1 . .y NP £
day x, =(1+-)"" ,n=1,2,... don diéu gidm va bi chan du6i. Suy ra
n

limx, =limy, =e.
n—>0 n—0

Bdi 6 Chiing minh ring mot diy don diéu s& hoi tu néu né ¢6 mot day con hoi tu.

1.4. Tiéu chudn Cauchy

Bdi 1 Chitng minh su hdi tu clia cdc ddy sau bing tiéu chuin Cauchy:

sinl sin2 sinn cosl! cos2! cosn!
D x,= gt ; 2) x,= + +..+ ;
2 2 2" 1.2 23 n(n+1)
1 1 1
3) X, :1+2—2+3—2+...+n—2.
Bdi 2 Dung tiéu chuan Cauchy, hiy chitng minh su phan ky clia cdc day sau:
1) xn=1+i+l+...+L; 2) x,= ! + ! +..+ !
2 n In2 In3 Inn
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1.5. Gidi han trén, giéi han dudi
Bdi 1 Chitng minh ring

n—ow n—o0 n—>00 N0 n—o n—w n—o n—o

Hay chi ra cdc vi du chiing to c¢6 céc dau bat dang thitc that su.

Bdi 2 Ching minh riing néu lim x, ton tai thi v6i moi ddy {y, }ta luén c6
n—>0

1) ﬁn(x,, +y,)=limx, +Ey,,;
n—o n—0 n—0
2) lim(x,.y,) = limx,.lim y, .
n—»w n—o n—0
Nguoc lai, cho trude day {xn } , néu véi moi day { yn} it nhat mot trong hai bat ding
thidc sau dugc thod mén
1) ﬁn(xn +y,)= ﬁnxn +Enyn;
n—o0 n—0 n—0
2) lim(x,.y,) = limx,.lim y, (x, >0)
n—0 n— n—0
thi day {x, } hoi tu.

Bdi 3 Chiing minh riing néu x, > 0va Exn.ﬁnizl thi day {x, } hoi tu.

n—0 n—w x
n

Bdi4 Tim gi6i han trén va gidi han duéi cua cdc day sau:

1
) x, =1-— ; 2 x, = (<) 2+ ; 3) x, =1+ ——cos .
n n n+1 2
1.6. Bditdp ndng cao
Bai 1 Chiing minh ring v6i mdi s6 n nguyén duong cho trude phuong trinh
x@m = x 41
c6 ding mot nghiém thuc x,. Tim limx,, .
n—>0
x,’ X
Bdi 2 Cho day s6 dugc xédc dinh boi x; =1,x,,, = 0 ”97 +x,v6imoin>1. Tim lim Z—’ .
1= X

Bdi 3 Day s6 bi chan thod mén diéu kién: 2x,,, <x, +x,,, v6imoi n>1 c6 nhat thiét
hoi tu khong?

a . e
-1 hoac bang /a, , . Day s6 nay c6 thé c6 giéi

Bdi 4 Trong diy s6 duong, a, hodc bang 5

han thudc khoang (0,1) khong?

43



Bdi tap va tinh todn thuc hanh Chuong 2

ﬁf(2i—1)

B&i5 Cho f(n)=(n>+n+1)*+1 va a, ==———  Chiing minh ring lim na, =

Bdi 6 Cho so tunhién 3 <c¢ . Day s6 tu nhién {a,} dugc xay dung nhu sau:

5i-

an—l

a,=c,a,=a,, —{ } +1,n=2,3... ([x] 1a ky hiéu s6 nguyén 16n nhat khong vuot

qué x). Ching minh lima, =3.

n—>0

Bdi 7 Cho s6 thuc @ thudc khoang (0,1). Ddy s6 {x,} dugc xdc dinh bdi cong thiic

T .
4 arccosx,_; +— |+arcsinx,_,
2

Xy =a,x, = > a=12,...
Vs

Ching minh rang day {x,} c6 gi6i han hitu han. Hay tim gi6i han d6.
Bdi 8 Cho sd thuc a. Day {x,} dugc xédc dinh boi cong thic:

Xy =0a,X,,, = ‘xn —2(’”)‘ v6i moi n=0,1,...

n+l
Chiing minh rang ddy {x,} c6 gi6i han hitu han va hay tim gi6i han ay.
Bdi 9 Cho day x, = cos(%),xn+1 =3x,—1.Tim limx, .

H—»0

2

BA&i 10 Cho ddy s6 {x,} thoaman l<x, <2 va x,,, =1+x, :%’vé*imoi 1<n.

Chiing minh rang day {x,} hoi tu. Tinh gi6i han cta day.

Bdi 11 Cho dady s6 {x,} dugc xdc dinh nhu sau:
1

Chiing minh rang ton tai lim x, . Hay tim gi6i han do.

n—>0

x=1,x

2. Chuédi va téng cua chubi

2.1. Chlng minh truc ti€p su héi tu clia cdc chudi sau va tinh téng
g z 1

Bai 1 SR —
. Z:; (Bn-2)(3n+2)

= 3n% +3n+1
2

Bdi 2 _—
= P(n+1)’
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Bai 3 S Wnt2-2Vnt1+4n) .

n=l1

2.2. Chlng minh sy héi tu hay phan ky clGa chudi bdng déu hiéu so
sanh va tinh t6ng céc chudi hoi tu

Bail 21 .
n=l N +3

Bai 2 st
‘o (n+2)n

.. S n+2

Bai 3 —rc .
;WM

. 21

Bdi 4 >—.
n=1n2n

( 1)”
o 1+=
B&i 5 Y

2

n=l n
N 2" +n
Bai 6 > .
3”
n=1
B ien 2
S sin - n
Bai 7 -
=1 N

2.3. Chiing minh su hdi tu hay phan ky clGa chudi bdng tiéu chudn
Cauchy
Cho chubi s¢ duong Zun ,gid st lim&/n =C.

n=l1
1) Néu C < 1 thi chubi hoi tu;
2) Néu C > 1 thi chudi phan ky;
3) Néu C = 1 thi chua c6 két luan vé sy hoi tu ctia chubi.

Hay ching minh su hi tu clia cdc chudi sau theo tiéu chuén Cauchy:

- | 1,2
Bai 1 1+=)" .
;2,,( n)

B&i 2 Z(—””)”("*” .
n=2 I’l—l
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n"
In" n

B&i3 S
2o

2.4. Chiing minh su hdi tu hay phén ky cGa chudi bdng tiéu chudn
D’'Alembert

0
X o . U
Cho chuoi s6 duong Zun ,giastt lim—L=p.
n=l1 U,

1) Néu D < 1 thi chudi hoi tu;
2) Néu D > 1 thi chubi phan ky;
3) Néu D =1 thi chua ¢6 két luan v€ su hoi tu ctia chudi.
Dung tiéu chuan D’ Alembert hay xét su hoi tu clia cdc chudi sau:_
0 | 2
Bai 1 ()"
n=1 2(’7 )
. [ 3i+1
Bai 2 .
{11

n=1\_i=l

© n -2
Bai 3 Z’”{H%J'

ol o 1+ x? +cos? ka

2.5. Baditdp néng cao

Tinh céc tong sau:

0 3 _1\"\"
Bai 1 ZM
n=1 3n
.. = nle”
Bdi 2 ,,Z:;n(”*”’ .

Bai 3 >—
Bai 4 > f[(pﬂ'—l))
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Bdi 6 > -

n=1 2”
.. = Inm
Bai 7 — -
n=1 N
. - 1
Bai 8

nzz}\/;lnn'

B&i 9 Tim x dé chudi ) sinnx 1a hoi tu.

n=l1

B&i 10 Tim x dé chudi » cosnx lahoi tu.
n=0

B&i 11 Day {b,} c6 tinhchat: 0<b, limb, =+

n—0

Hay x4y dung day {a,},0<a,, v6i Zan <oo ma Za b, =+x.

n“n
n=l n=1

3. Thuc hdnh tfinh todn trén may

3.1. Tinh gi&i han cua day
Sau khi dua vao cum xU Iy (nhu da néi & phan thuc hanh tinh todn trong Chuong 1) tai
dau nhic " [> " ta dua vdo dong lénh c6 cd phdp dudi day (trong d6 a[n] la s6 hang
téng quat ctia ddy)
[>limt(a[n],n=infinity);
Chi y dimg quén dau cham phay (;) & cudi dong lénh. Sau dau nay &n phim "Enter"
thi viéc tinh giGi han cua day s€ dugc thuc hién va ta s€ c6 ngay dép so.
Thidu Tinh giGi han

limvn(Vn+1-+/n)

[limt(sgrt(n)*(sqrt(n+l)-sqgrt(n)),n=infinity);
1

2
Muon c¢6 duoc biéu thiic hién vé gidi han ctia ddy, ta vao lénh sau:

[>Limt(a[n],n=infinity);
Chiy Chi viéc thay chif cdi "L" vao "1" trong tir "limit".

Thi du FLimt(sgrt(n)*(sqgrt(n+l)-sqgrt(n)),n=infinity);
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3.2.

Thi du

48

An phim "Enter" sau ddu chdm phdy (;) & cu6i dong lénh,mdy s& hién biéu thic can

tinh gidi han:
limvn(Vn+1-+/n)

H—>0

Sau d6 danh 1énh
[>val ue("):
may s€ hién dap so: %

Pé cho cong viéc dugc mo td mot cach tudng minh hon (va sé tranh duge nham 14n doi
VGi céc bai todn cong kénh) ta hdy tién hanh qua cdc budc sau:

Buéc 1: Gén tén cho s6 hang tong quat clia ddy bing lénh:

_[>a[n]:=sqgrt(n)*(sqrt(n+l)- sqrt(n));

An phim "Enter" sau ddu cham phdy (;) & cudi dong lénh,mdy hién s6 hang téng quat

clia day so:
a, =~In(ln+1-+n)
BuSc 2: Dianh lénh:
[>limt(a[n],n=infinity);

An phim "Enter" sau dau cham phdy (;) & cudi dong 1énh,mdy hién ddp so:
I
2

Tinh t8ng cla chubi
Dé thuc hanh viéc tinh tong clia k s6 hang ddu ctia mot chubi so, hily vao dong Iénh
¢6 ¢t phép dudi day:
[>sum(a[n], n=1..Kk);
(trong d6 a[n] la s6 hang tong quat clia tong).

Muén tinh gi4 tri ctia chudi ¢6 s6 hang téng quat 1a a[n] thi ta cling 1am twong tu nhu
trén, chi khdc & ché ta thay k bang infinity, tic 12 dua vao dong lénh sau:

[>sum(a[n], n=1..infinity) ;

Sau dau chdm phay (;) ta an phim "Enter" thi viéc tinh téng s& dugc thuc hién va ta s&
c6 dap s0 .

[>sum(1/(n"*2), n=1..10);
1968329
1270080
[>sum(1/ (n"*2),n=1..infinity);
1 5
—7T
6

Muén c¢6 biéu thic tudng minh clia chudi, hdy thao téc nhu trong phéan gidi han cta day.



CHUONG 3

3.1.

3.1.1.

Thi du

TO6po trén truc so thuc

Tép doéng, tép mé

Tap déng

Cho A c R. Tandi A 1a tdp déng néu moi day hoi tu trong A c6 giGi han thuoc A.

V6i a,beR, a<b thi doan [a,b]:={x:a<x<b} latap dong vi néu a, €[a,b] va
lima, =z,tacé a<a,<b ,dodd a<z<b;

Trong khi d6 khodng (ab):={x:a<x<b} khong phai la tap déng vi day

b_‘ll e(a,b), nhung a=lima, ¢ (a,b).

a, =a-+

n

n+

. Tdp mé

Tanéi 4R 1a tdp mdnéu R\ A la tap dong.
Véi a,beR, a<bthi khodng (a,b) latap md vi R\ (a,b) ={ x:x<a hoiac x>b}la
tap dong.

C6 nhiing tap vira déng, vira md nhu tap R va tap rong. C6 nhiing tap khong mé va
khong déng nhu nita doan (a,b]:={x:a<x<b} hoic [a,b):={x:a<x<b}.

3 Tdp AR la md khi va chi khi cho diém x € A bdt ky ta cé thé tim thdy so tw nhién n

sao cho khodng (x — 1 X+ l) ndm gon trong A.
n n
Chung minh (=) Dung phan chiing. Gia sit A md, nhung ¢6 x, € 4 dé véi moi n,
. 1 1
doan (x, —l,xo +l) khong nam tron trong A, tic la tim dugc a, € (x, ——,x, +—) va
n n n n

a, ¢ A. Vay a, eR\A. Hon nita x, =lima, ma x, £ R\ A. Diéu nay ching to R\
A khong dong, trai véi gia thi€t A mé.

(<:) Ta s& ching minh R\ A d6ng néu nhu diéu kién néu ra & b6 dé thoa man. Thuc
vay, cho { a,} 1a day trong R\ A hoi tu téi x,. Khi d6 theo dinh nghia gi6i han véi

N . 1 1 .
moi n s&€ tim dugc m,, dé a,, € (x, ——,x, +—) khi m>m,.
n n

bicu nay chimg t6 x, ¢ 4 vado dé x, € R\A, vay R\ A dong.
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3.1.3.

Ménh dé

Ménh dé

3.2.

3.2.1.

50

Tinh chat
Giao hitu han tdp md la md va hop cua ho bdt ky tdp md la md.

k
Chiing minh Cho 4,,...,4, 1a nhiing tap md trong R. Néu 4=()4; 1a rong thi di
i=1

nhién A md. Néu A khdc réng, 14y x € 4 bt ky. Theo bd dé, ton tai n,,...,n, sao cho

1 1 ..
(x——,x+—)c 4,i=1..,k.Chon n, =max{n,,..n }. Khiay (x—i,x+i) cA.
i i n; n;

Theo b6 dé, A md. Bay gid cho { A,: e} ho tap md trong R (& day tap chi s6 7 ¢6
thé hitu han hodc vo han). Ky hiéu 4= Y A,.Ldy xe A batky. Khi dy ton tai e e/

dé xed,. Vi A, md, theo b6 dé ta tim dugc n dé (x—l,x+l)gAa. Do vay
n n
1 1 N 2 A ,
(x——,x+—)c A4, valai theo bdo d¢, A mo.
n n

Hop hitu han tép déng la dong va giao ciia ho bdt ky tdp dong la dong.
Chang minh Cho 4,,...,4, la nhimg tap déng trong R. Khi ay
k k
R\ (U 4) = (R\A).
i=1 =1

k k
Ta c6 R\ A, mé. Theo ménh dé trén, ~ (R\ A) md, do vay 4, dong. Tuong tu,
i=1 i=l1

cho {B,:ael}lahotap déng. Tacé R\ (m]Ba): UI(IR\Ba).Vl R\ B, mg, theo

ménh dé trén, U (R\B,) md, vado dé N B, doéng.
ael ael

a) Giao vo han tap mé khong nhat thiét 1a ma.

Thi dy véi 4 =(-~, 1+1) thi ~A,=[01] 1a tap déng.
n n n=1

b) Hop vo han tap dong khong nhat thiét 1a dong.

Thi du véi 4, [, 1-1] thi (4, = (0.1) Ia tap md.
n n

n=2

T6po
T6po trén R

Topotren R 1aho A cla cdc tap trong R thoa man nhitng tinh chét sau:
i) Giao clia hai phan tir cia A thuoc A.

ii) Hop ctia ho bat ky cdc phan tir cia A thuoc A.

iii) A chita R va &.

Cic phan tircia A thudng dugc goi la tap A - md.



Chuong 3. TO PO TRIN TRUC & THUC

Thi du

3.2.2.

Thi du

Ménh dé

3.2.3.

Thi du

Ménh dé

a) A ={4: A4 latap md trong R} 1a mot topo trén R (Theo Ménh dé 2).

b) A= {Rva J} 1amot topo tréen R. Day 1a topo tim thuong.

c) A ={A4: A4 latap con cha R} 12 mot topo trén R. Day 1a topo roi rac.

d) A ={A4: 4 1atap dong trong R} khong phai 1a topo trén R vi (ii) khong thda man.

Topo thong dung nhét trén R 1a topd trong Thi du a) va trong gido trinh ta chi n6i dén
topo nay.

Lan cdn

DBinh nghia Tdp U c R duoc goi la ldn cdn ciia x néu trong U cé mot tdp mo chiia x.
U ={x:-1<x<1} lalan can cta diém O nhung khong phai Ia lan can cua diém -1.
Tdp Ac R md khiva chi khi moi diém ciia A déu cé ldn cdn ndm tron trong A.

Chung minh Gia thiét A md. Theo bd dé , v6i moi x € 4 ta tim dugc n>1 sao cho
(x—ni,x+ni)<; A. Tap (x—%,x+ni) 1a mot lan can clia x nidm tron trong A.

Nguge lai, 1ay x € A bat ky. Khi d6 ¢6 1an can U cua x ndm tron trong A. Theo dinh
nghia U chia tap md V dé x € V. Theo b6 dé, ton tai n dé

(x—i,x+i)g VcUcA.
n n
Ciing theo b6 dé trén ta két luan A mo.

Piém tu

Piém x R goi la diém tu ciia tdp A <R néu méi lan cdn ciia x déu chita diém ciia A
khdc voi x.

a)A={x:x zi,n =1,2...} thi di€ém 0 1a diém tu cua A.

b) A =(1,2) thi moidiém x véi 1<x <2 1 diém tu ctia A.

Tdp AR dong khiva chi khi A chita moi diém tu cia né.

Ching minh Gia thi€t A déng va x 1a diém tu ctha A. Khi dy v6i mdi n>1, ta ¢6
(x —%,x + ni) N A= . Chon a, bat ky trong tap giao nay. Day {a,} hoi tu téi x.

ViA déng nénx € A. Nguoc lai, cho { a, } = 4 1a ddy bat ky hoi tu t6i x. Khi dy, hoac
1a x tring v6i mot trong cac phan tir cia ddy va suy ra x € A, hoac 1a x khac moi a,, .
Trong trudng hgp sau moi l1an can ctia x déu chia vo s6 phan tlr ctia day khéc x, do d6
x 12 diém tu clia A. Theo gia thiét x € A va ta két luan A déng.
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3.2.4.

Thi du

Ménh dé

3.3.

3.3.1.

Thi du

52

Co sé1an cén

Ho U cdc tdp mé trong R duoc goi la co sd ldn cdn trong R néu véi méi x e R va mdi
ldn can'V ciia x ta c6 thé' tim dugc Ue U sao chox eUCV .

a) U ={(x —l, x+l) ,x e R,n=123,.} 1acosdlan can trong R. That vay, gia
n n

st x € R va V1a mot lan can cua x trong R. Theo dinh nghia sé tim dugc tap mo&

Uc V chita x. Theo bé dé ton tai n sao cho khoang (x—l,xwtl) c U c V. Ching
n n

t0 U 1a co sd1an can trong R.

b) U ={ (x—l, x+l) ,xe Q,n=1,2.3,..} ciinglacosdlan can trong R. That vay,
n n

tuong tu nhu trong thi du trén, cho x € R va V 1a mot 1an can cua x trong R. Theo dinh
nghia s& tim duoc tap m& U < V chita x. Theo b6 dé t6n tai n sao cho

(x—l,x+lnggV.
n n

Néu x € Q thi khoang [x - l,x + lj la phan tir cia ho U. Néu x ¢ Q theo tinh trdt mat
n n

. | B y 1 -
va do x<x+2—, tim duoc s6 ¢ € Q sao cho x<c<x+2—. Khi d6 doan
n n

1 1 NS . N )
(c -—,c +—j c U <V valaphan tir cia ho U chita x. Nhu vay U la co s lan can trong R.
noon
Trong R ton tai co sé lan cdn dém duoc.

Chung minh That vay, trong Thi du b) trén day ta thdy Q la tap dém dugc nén co s&
lan can d6 dém duoc.

Tap Compact

Tap compact

Tdp AcR goi la compact néu moi day trong A déu chita day con hoi tu cé gidi
han trong A.
a) Néu A chita hitu han phan ti, thi A 1a tap compact. That vay, cho { a, } 1a day trong

A. Vi s6 phan tir A hitu han, s c6 it nhdt mot phan tit a € 4 sao cho c6 vo han phan tir
trong day trung véi ndé. Cac phan tr nay 1ap thanh mot ddy con hoitutéi ae 4.

b) A={x:x :l, n=12,..}U{0} la tap compact. That vay, A chita mot day hoi tu va
n

diém gidi han cua day (1a {0}). Cho nén, moi ddy trong A hodc Ia chi chita hitu han
phén tlr ctia A, hodc 12 chita mot ddy con cua ddy hoi tu. Dé thay rang trong ca 2 trudng
hop né déu chita mot day con hoi tu dén mot phan tir ndo do trong A.
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3.3.2.
Pinh Iy

Ménh dé

3.3.3.

Thi du

1
c) A={x:0<x<1} khong compact vi day { — } hoi tu t6i 0 ¢ A.
n

d) A={x:x>0} khong compact vi ddy {n} khong c6 mot ddy con nao hoi tu ca.

Tinh chét
Tdp AcR la compact khi va chi khi A déng va gidi noi.

Ching minh Gia thiét A compact. A phai gi6i noi vi néu khong s€ c¢6 day {a,} < 4
v6i lima, = oo hoac lima, = —co. Trong ca hai trudng hop {a,} khong chita day
con hoi tu. Tap A doéng vi moi day hoi tu s€ c6 gidi han trong A.

Nguoc lai, néu A gidi noi thi moi day trong A déu gi6i ndi va do d6, theo Dinh Iy
Bolzano-Weierstrass, s& c6 diém tu, tifc 12 c6 ddy con hoi tu. Néu A déng thi gi6i han
thuoc A. Do vay A compact.

Hop hitu han cdc tdp compact la compact; va giao ciia ho bdt ky cdc tdp compact
la compact.

Ching minh Vi hop hitu han cic tap ddng 1a déng va hop hitu han cdc tap gidi noi la
giGi ndi, nén 4p dung Dinh 1y 1 ta cé ngay két qua. Dadi véi giao clia ho bat ky céc tap
compact phép chitng minh hoan toan tuong tu.

Pha

Cho U 1aho bat ky céc tdp md trong R.

Ta néi U la phii cia tdp AR néu méi diém cia A déu ndm trong mot phdn it nao
dé cia U.

Cho U va U'lacdcphuctaA. NeuU'C U, tanéi U'1a phiiconcha U .

. 1 1 .
a) Vi A4=[0]1], ho U,={(-—,1+—):n=12,..} 1a mot pha cta A. Ho
non
U,= {(—2i,1 +2L) :n=1,2,...} cling 1a phli cha A, dong thoi 1a pht con cta U,.
n n

b) V6i A=R, ho U,={(-n,n):n=12,..} 1a phit cia A. Nhung ho
U,={(n,n+1):n=+1,£2,...} khong phai la phu ctia A.

3 Néu U la phii bdt ky ciia tdp AR thi U c¢6 mot phii con dém ducoc (ciia A).

Chung minh Néu U = {U,, :a eI} hitu han thi d6 1a phu dém dugc cua A. Gia thiét
U vo han. Ldy mot co sd ldn cdn dém duge batky { V,:n=12,... } trong R. Vi mbi n,
ldy a=a(n)el saocho V, cU,,, (n€u cd) vaky hiéu [, la tap cdc chi s6 a(n)
nay. Khi 8y 7/, d€m dugc va ta ching minh {U,:a €l,} pht A. Thuc vy, cho
x € A, do dinh nghia cua pht ta tim dugc @ € [ sao cho x € U, . Theo dinh nghia clia
o s& lan cén thi ton tai n dé x eV, c U, . Diéu nay c6 nghia 12 ¢6 a=a(n)el, dé

V,cU dodé xeU

a(n)> a(n)
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Pinhly Tdp AR la compact khi va chi khi moi phii ciia A déu chita moét phii con hitu han.

3.4.

3.4.1.

Ching minh Gia thi€t A compact va U 1a pha ctiia A. Néu U hitu han thi d6 1a phu
con hitu han can tim. Néu U vo han, theo b6 dé ta c6 thé gia thiét U dém dugc, tic 1a
taco U ={U,;i=1.2,..}. Néu v6i moi k, ho {U,,...,U, } khong phu A thi ta tim dugc

k
x, € A\ {UU i+ V1 A compact ta trich dugc ddy con { x;,, } hoi tu t6i mot phan tit
=l

x, € A.Gid st U, chia x,. Khi dy s& c6 N dii 16n d€ x,,, €U, ,Vn> N . Ngoai ra,

do tap diém {r, ), X2 sXpn ) 12 hitu han ta im duoc s6 L di 16n dé
L - M - A

Xy Xem t € UU;- Ly M =max{L,m} ta s& c6 {x;, }<JU,. Dieu ndy mau
=1 i=1

thudn véi viéc Iya chon x,, . Do vay phai tim dugc s6 k dé {U,,...,U, } phu A.

Nguoc lai, gia thiét diéu kién vé phl cta dinh ly ding. Ta ching minh A compact.
Trudc hét ta chi ra rang A gi6i ndi. Muon thé, 18y { @, } 1a day tdt ca céc s6 hitu ty. Khi
dého {U, =(a, —La, +1)yn=12,...} phi R, do d6 phu A. Theo dicu kién, s& tim duoc
kdé {U,,...U,} phi A. Khi d6 A s& bi gi6i noi boi s6 max{|a,|+1n=12,...k }. Theo

dinh 1y & phén trén, ta chi con phai chitng minh A déng. Béing phan ching gia sir A
khong d6ng ta s& tim dugc day { x, } = 4 hoi tu t6i x, ¢ A . C6 thé xem nhu cdc phan

tur ctia ddy 1a khdc nhau.
Xétho {U,:k=1.2,..} trong d6
U =R\({x,n=k+Lk+2,..30{x,}).
Pay 1a ho cdc tap m& trong R. Ho nay 13 phii clia A. That vay, véi x € A batky, ta
c6 hodac x ¢{x,} khidy x e U, v6imoi k, hoac x=x, naodd,khidy xeU,,.

Dé thdy v6i moi k, ho { U,,...,U, } khong thé ndo phi A dugc. Diéu ndy mau thuln vdi gia
thiét. Vay A dong. Theo dinh 1y trén, A compact.

Nguyén ly giao cua ho céc tép compact

Nguyén ly
Cho {4,:a eI} laho batky céc tap khdc rong trong R.
Ta néi ho nay cé tinh chdt giao hitu han néu véi moi by hitu han chi s6” a,,...,a, €1,

n
tacé (A4, =D .

i=1

Pinhly Cho {A4,:a €1} la ho cdc tdp compact khdc rong cé tinh chdt giao hitu han. Khi dé
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Chuong 3. TO PO TRIN TRUC & THUC

3.4.2.

Hé qud

Ching minh C6 dinh o,/ va dit U, =R\ A,. Gia st ()4, =, khi d6
ael

{U,;ael}laphucia Rvi U, mdva

UU.=UR\NA)=R\(N 4,)=R.

ael ael asl
Do vay {U,:ael} phu 4, . Theo dinh Iy phu tap compact, ta c6 thé trich dugc hitu
han phan tir U,,,,...,U,,, d€ tao thanh phit 4, . Nhu vay

k
(R\NA,)=R\((4,,).

1 i=1

(G

k
A“o gUUOQ =
i=1

N
Il

Nghiala 4, N4, N..N A4, = .Dicunay la mau thuan véi tinh chat giao hitu han

cuaho {4,:ael}. Vay ﬂAa .

ael

Ung dung

Cho truéc ho vo han cdc doan {[a,,b,}n=12,.} Iong nhau (nghia la
la,,b,1<la,_;,b,,]1, n=23,...). Khi dy ta cé

n=1°>"n-1

0

Nla,.b,1%2.

n=1
Ching minh Nhan xét rang ho trén 1a ho cdc tap compact. Ho nay c¢6 tinh chat giao
hitu han vi giao ctia moi ho hitu han cac doan nay sé 1a doan c6 chi s6 cao nhét (trong
ho) va do d6 1a khac réng. Theo nguyén 1y giao cia ho tap compact suy ra di€u cin
ching minh.
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1.
BAii 1

Bai 2

Bai 3

Bai 4

Bai 5

Bdi 1

Bai 2

Bai 3

Badi tap
Chuong 3

Tép mé, tap déng

! ,L],n =1,2,...Ching minh ring | J £, 1a mot tap khong déng.
2n+1 2n n=1

Cho E, =[
Bao déng clia A la tap gom cdc diém thuoc 4 va céc diém tu ctia né. Ky hiéu bao
déng cia A 1a [4]. Hay ching minh:

1) Bao déng ctia 4 1a tap déng nho nhét chia A.

2) Bao d6ng ctia bao déng cua A labao dongcua A4 : [[A]]=[4].

3) Néu 4 B thi [4] < [B].

4) [A U B]=[A4] v [B].

Gia st 4 1a tap m& trong R. Chitng minh ring véi moi B thuoc R ta déu c¢6 bao ham
thic A [B] <[4 Bl

Tim nhitng vi du vé hai tap 4,B trong IR sao cho cd bon tap 4 N [B], [4] N B,

[A1 " [B] va [4 N B] déu khdc nhau.

Tim vi du hai tap 4, B trén R, sao cho 4 m [B] khong chita trong [4 M B].

Piém tu

Tim tat ca cdc diém tu clia tap E = {— l,n = 1,2,..} U (1,2]u {3}.
n

Chitng minh réng tap X = o+ —"—:1 =" 4y € N chi c6 hai diém tu 12 0 va 1.
2 2n+12 2n+1
Diy {x,} dugc xdc dinh nhu sau: x, =a 1a mot diém bét ky trong doan [0,1] va

-1 . 1+ 0
X, =" khi n chinva x, :% khi 7 1&. Hoi ddy {x,} c6 bao nhiéu diém tu ?

n



Bai tap Chuong 3

Bdi 4

Bai 5

Bdi 6

Bai 7

Bai 8

Bai 1

Bai 2

Bai 3

Bdi 4

Mot day {a,} thoa man diéu kién: lim(a, +a,,;) =0. Ching minh rang day {a,}
n—»0
hoic c6 khong nhiéu hon 2, hoic c6 vo han diém tu.

Hay xay dung mot day cdc phan tir khdc nhau ma mdi s6 hang cta day 1a mot diém tu.

Tap phan tlr cia mot ddy nhu trén c6 thé 1a tap dong hay khong?

Hiy chiing minh tap bao gém cdc phan tir cia mot ddy bat ky va cdc diém tu cha nd

khong thé 1a tap md.

Khao sét tinh hoi tu cia mot ddy chi c6 mot diém tu (xét trudng hop diy gi6i noi va

truong hop khong gidi noi).

Mot diém clia mot tap duoc goi 12 c6 1ap néu ton tai mot 1an can ma trong d6 khong cé
diém nao khac cla tap ngoai diém da cho. Hay chiing minh rang mot ddy c¢6 vo han

diém tu co lap khong thé gidi noi.

Tap compact

Cho a va b 1ahai s6 duong (a < b). Hai day s6 {u,}va {v,} duoc xdc dinh nhu sau:
v t+tu
uo:a’vozb’un+l:unvi’t’vn+l: s 2 s .

Chiing minh rang

limu, =limv,.

n—x0 n—x0

Hay tim tat ca cdc tap compact trong R khi trang bi cho R mot trong nhitng t6po

sau:
i) Topod tdm thudng (chi c6 R va & 1a nhing tap md);

ii) Topo roi rac (mdi diém cta R 1a tap mo);

iii) Topo thong thudng (topo véi co sé 1an can 1a cac khoang).

Néu hop vo han cta cac tdp compact la tap dong (hay gidi ndi) thi tdp hop nay c6
compact khong? Giai thich vi sao.

Cho {An:n = 1,2,...} 12 ho cdc tap compact trong R. Gia st tim duoc s6 &k >3 dé véi

n
moi bo k s6 ny,n,,..,n ta c6 ()4, #¢. Hoi rang ho ndy c6 diém chung hay
i=1

khong? Vi sao?
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Bdi 5 Tim thi du mot tap déng, khong gidi noi c6 phli vo han nhung tir d6 khong thé trich ra
dugc mot pht con hitu han.

Tim thi du mot tap khong dong, gidi noi c6 phlt vo han nhung tir d6 khong thé trich ra
dugc mot phti con hitu han.

Bdi 6 Hiy chi ra vi sao truc s6 R (v6i topo thong thudng) lai khong compact. Néu nhu ta
mé rong R mot cach hinh thitc bing viéc thém hai diém, ky hiéuld — 00 va + 00 ¢6
tinh chdt sau: —oo<r <+ v6i moi r € R. Sau d6 ta trang bi trén tap md& rong
Ru {— oo,+oo} mot topo sau day: co s& lan can ctia méi diém r € R 1a co s& 1an can
trong topo binh thudng; co s& lan can cla diém — 00 gdm cac tap con dang

(reRir<-n};
Co s0 1an can clia + 00 gdm cdc tap con ¢6 dang
{reR:r>-n}.

Hay chitng minh ring R véi topo vira néu trén 13 tAp compact.



CHUONG 4

4.1.

4.2

4.2.1.

Thi du

Khéi niém ham sé
Cho X va Y 1a hai tap con khdc réng cta tap s6 thuc R.
Phép ving | tir X vao Y duoc goi la ham so'trén X.

Ta viét y = f(x) c6é nghia y la gia tri (trong Y) ting v6i x (trong X).

Nguoi ta goi x 12 bién doc ldp (hay doi s6) va y 1a bién phu thudc hay gid tri cha
ham s6 f tai x.

Tap X duoc goi 1a mién xdc dinh cia ham s6 f-

Tap R, ={yeY/3xe X :f(x) = y} dugc goi la mién gid tri (hay tdp dnh) clia ham f.

Mién gid tri khong nhét thiét bing toan bo Y.

V6i mbix € X c6 thé ¢6 nhiéu gid tri y clia Y sao cho y =f(x), khi &y tanéi f la
mot ham _da tri. Néu v6i mdi x € X chi ¢6 duy nhdt mot gid tri cha y € Y sao cho
y =f(x) thitanéi f 1a mot ham don tri. Trong gido trinh nay, néu khong néi gi
thém, ta chi xét f 1a mot ham don tri.

P e . « R ~ ~
Cac phuong phap biéu dién ham so6
Muoén xic dinh hdm s6 ta phai chi ra mién x4c dinh X R va quy tic (phép ting) 1.
Ham s6 thuong dugc xac dinh theo mot trong ba phuong phép sau day:

Phuong phdp gidi fich

Néu f dugc cho béi mot biéu thic gidi tich thi ta n6i ham s& duoc cho bang phuong
phdp gidi tich. Trong trudng hop nay, mién xdc dinh clia ham s6 1 tap tat ca nhiing gid
tri clia doi s6 sao cho biéu thitc c6 nghia.

Hams6 y=+/x-1+ 12 ¢6 mién xac dinh 1a
Y —

[xeR:x>1, x=2}.

Bai todn tim mién xdc dinh ciia ham s6 thudng dugc dua vé viéc giai mot hay nhiéu hée
phuong trinh va bt phuong trinh.
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Chay Doi khi mién xdc dinh cia ham s6 duge ghép thanh tir nhiéu khdc, va trén mdi khic

Thi du

4.2.2.

4.2.3.

60

ham s6 dugc cho boi mot biéu thifc giai tich riéeng. Nhitng ham nhu vay con dugc goi
l1a ham x4c dinh ting khiic, hay don gian 1a ham ting khiic.

Ham dau y= sign(x) (doi khi viét 1a sgn(x), doc la: signum cta x) 12 mot ham ting
khic, x4c dinh nhu sau:
-1 khix<0
sign(x) =<0 khix=0
1 khi x>1

Phuong phép bdng

Trong tu nhién ciing nhu trong k¥ thuat, nhiéu khi quan hé ham giita hai dai lugng
duoc thiét 1ap qua thuc nghiém hodc quan st tai nhitng thoi di€ém (hodc vi tri) nao do.
Thi du, s6 do nhiét do tai mot diém xac dinh nao d6 1a mot dai luong phu thudc vao
thoi gian. Nhitng gia tri do dac (quan sét) tai nhitng thoi diém (vi tri) khac nhau c6 thé
duoc xem 1a ham phu thuoc vao thoi diém (vi tri) do dac. Ta c6 thé xac dinh gid tri clia
ham tai bat ky thoi diém (vi tri nao) bang cdc thiét bi do dac sdn c¢6, nhung néi chung
ta khong thé tim dugc biéu thiic gidi tich biéu dién duogc két quéa do dac theo thoi gian
(vi tri) mot cach chinh xdc, ma thudng biéu thi ching dué6i dang bdng ghi s6'liéu. Khi
dy ta n6i ham duoc cho dudi dang bang. Cach cho ham nhu vay, mac du thudng cho
thong tin vé ham khong ddy du (khong tai moi diém), nhung lai rat pho bién trong thuc
tién. Mot trong nhiing linh vuc quan trong cla giai tich todn hoc 1a nghién ctiu phuong
phap “khoi phuc” thong tin (tai nhitng diém khong dugc cho) dé bién nhitng ham loai
nay thanh mot ham ma céc cong cu gidi tich c6 thé xit Iy dugc nhu moi ham thong
thudng khéc.

Phuong phdp dé thi

Phuong phép nay thuc chit 1a mot bién thé clia phuong phép bang. Thay vi cho mot
bang so6 liéu, ngudi ta cho mot tap hop diém trong mat phang toa do vuong géc (tic 1a
mit phang véi hé toa do Descartes (doc 1a Dé-cic)), va ham s6 f dugc xé4c dinh béi
phép cho tuong ting hoanh dé clia méi diém (trong tap diém di cho) véi tung do ctia
né. Trong trudng hop c6 nhiéu diém khdc nhau cing c6 chung mot hoanh do thi phép
ting s& la xac dinh khong duy nhat, va khi dy ta c¢6 thé thiét lap ham da tri, cho tuong
ting mot hoanh do véi tdp cdc tung do cia cac diém c6é chung hoanh do nay. Trong
khuon khé gido trinh ndy ta thudng chi xét cdc ham don tri, va khi ay phai gia thiét 1a
tap hop duoc cho phai thdoa man diéu kién la: khong c6 2 diém phan biét nao ¢6 cung
hoanh do.

Tap hop dé cho con ¢6 tén goi 1a do thi cha ham f, va thudong duogc ky hiéu 1a G,. Ro
rang hinh chi€u ctia tap G, 1én truc hoanh chinh 1a mién xdc dinh cia ham f, va hinh
chi€u cia G, lén tryc tung chinh 1a mién gid tri cia ham f. D€ thay rang mot ham s6

duoc cho bdi phuong phap bang hay phuong phép gidi tich thi cling c6 thé cho duoc
bang phuong phdp d6 thi, khi ta 1dy G, 1a tap nhiing diém (x,y), véix € Xva y=f(x).
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4.2.4.

Viéc biéu dién tap G ; trong mat phéang toa do Descartes (d6i v6i ham s6 f cho bing
phuong phdp giai tich) ciing chinh 12 viéc vé do thi cia ham s6 do.

Trong thuc t€, ta thudng két hgp ca ba phuong phdp trén dé mo td ham s6. Biéu thiic
giai tich cho phép ta nghién ctu céc tinh chat dinh tinh, d6 thi cho ta mot hinh anh
truc quan va bang cho ta mot dinh luong cu thé cia ham s6. Ciing cin chd y thém 1a
khong phéi ham s6 nao ciing ¢6 thé mo ta chinh xdc duoc bang do thi, dong thdi ciing
c6 nhitng ham s6 mo ta dugc bang do thi hodc bang bang ma khong mo ta duoc béing
biéu thic giai tich.

Vé dé thi cia hdm sé

Nhu d néi & trén, vé d6 thi cia mot ham s6 f (dugc cho bing phuong phdp gidi tich)
c6 nghia 12 biéu dién trén mat phang toa do Descartes tap diém sau day

G, ={(x,y)eRxR |xeDf,y=f(x)};
trong d6 D, la ky hi¢éu mién xdc dinh ctia ham s6 f. V& ly thuyét, dé 1am dugc diéu
d6 ta phéi biét dugc gid tri clia hAm s6 tai moi diém va biéu dién tat ca cdc diém clia do
thi, nhung trén thuc t€ diéu d6 khong thé thuc hién dugc. Nguoi ta chi c6 thé cho duoc
nhitng biéu dién x4p xi clia d6 thi. C6 2 c4ch dé thuc hién diéu nay:

Phitong phdp 1: Vé truc tiép

Dua trén nhan xét rang mot dudng cong binh thudng ludn c6 thé xap xi duoc bang
duong gdp khiic v6i cac khic nhd. Duong gap khiic nay hoan toan duge xdc dinh boi
cac diém dinh, cho nén néu ta biét duoc cic diém dinh ndy thi ciing c6 duoc biéu dién
x4p xi ctia d6 thi. Do xdp xi cang chinh xdc néu cdc khic cang nhd (cdc dinh cang
nhiéu). Phuong phdp nay néu thuc hién mot cdch thii cong s& rat vat va (vi dé c6 mot
x4p xi tot phai biét dugc rat nhiéu dinh), nhung d6i v6i may tinh thi diéu nay trd nén
rit dé dang, va trén thuc t€ vdi su trg gitp ciia may tinh ngudi ta vé duogc cdc do thi véi
do chinh xdc cao tlly ¥ (bing mat thudng khong thé biét dugc do 1a chi mot hinh dnh
x4p xi). T4t ca cdc d6 thi minh hoa trong gido trinh déu dugc vé bang phuong phép
nay. Phan thuc hanh tinh todn v& d6 thi trén mdy tinh (cudi chuong) s& thém mot lan
gidp ching ta kiém nghiém.

Phuong phdp 2: Vé thong qua khdo sdt

Ngudi ta khdo sét c4c tinh chét co ban clia hAm s6 dé du dodn déng diéu clia nd trude khi
vé&. Bing c4ch nay ngudi ta khong cin phai biét thong tin vé ham tai qué nhiéu diém nhu
phuong phép trén, ma chi can quan tam dén mot s6 diém dac biét, phan chia do thi thanh
nhitng viing véi nhiing déng diéu co ban dé thé hién. Phuong phdp nay gidp cho viéc vé
d6 thi thii cong mot cach dé dang hon so véi phuong phép thd nhat. Tuy nhién, 16p ham
ma ngudi ta c¢6 thé v& duoc do thi theo phuong phap 2 khong phai 12 rong, va dé tién hanh
duoc phuong phdp ndy, ngudi vé phai ndm dugc nhitng kién thitc co ban vé khao sit ham
s6. Khi viéc tinh toan trén mdy tinh tr& nén phé bién thi phuong phap 2 chi con la
phuong tién dé cung c6 kién thic ly thuyét vé khao sat ham s6.
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4.3.

4.3.1.

4.3.2.

4.3.3.

Cac phép toan trén cdc hdm sé

So sanh hai ham sé

Gia st f va g 1a hai ham s6 xdc dinh trén tap X. Tanéi f va g bdng nhau (f = g)
trén X néu f(x) =g (x) véimoi xe X, f va g khdc nhau ( f # g ) néu ton tai mot
gid tri x, € X ma f(x,)#g(x,). Tanéiham f [én hon hay bang g (hay g nhd hon

hay bdng f) trén X néu f(x) > g (x) v6i moi x € X. Khi khong ton tai x dé dau
béang xay ra thi tanéi f Idn hon g (hay g nhd hon f).

Céc phép todn sé hoc

Cho f va g la hai ham s6 c6 cung tap xac dinh 1a X. Khi 4y cdc ham s6 dinh nghia
nhu sau

(o) = f(x) + g (x) ;
(-9 = f(x)-g®);
(F)x) =f(x). g x);

(ij(x) ;:ﬁ (khi g(x) #0)
g g(x)

duoc goi lan lugt 1a tong, hiéu, tich, thuong ciia hai ham sé f va g trén X.

Ham hop
Cho ham s6 u= f{x) x4c dinh trén X cR va ham s6 y = g(u) x4c dinh trén

U cR sao cho mién gid tri ciia f nidm trong mién xdc dinh cla g.

Ham hop cia f va g (ky hiéu: go f) la mot ham xdc dinh bdi cong thitc
(go f)x)=g(f(x)) véimoi xe X .

Thidy y =sin(x”) la ham hop ctia hai ham y =sin(u) va u=x>.

4.3.4.

62

Ciing can luu y rdng ndichung go f # fog.

Ham nguoc

Cho ham f:X — Y, ta xdc dinh mot ham méi /™' :Y = X theo quy tic: v6i méi
yeY tachotng véi x saocho f(x) =y, ticla: f'(y)=x<= f(x)=y.

77! duogc goi 1a ham nguoc ctia f. Nhu vay, mién xdc dinh ctia £ ' 1a mién gid
tri ctia f.

Ta thdly, do thi chia cdc ham f va f~' Ia trung nhau (trén cing mot hé truc toa do).
Khi ta dung x dé chi bién doc lap va y 1a bién phu thuoc clia ham nguoc £ ~', thi

d6 thi ctia n6 s& chuyén sang vi tri d6i xting v6i vi tri cii qua dudng phan gidc thit nhat
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(do diém (x, y) doi xding vé6i diém (y, x) qua phan gidc thd nhét). Nhu vay d6 thi cla
hams6 y = f'(x) d6i xting v6i d6 thi ciia ham y = f(x) qua phan gidc thit nhat.

Dé tim ham nguoc ctia f, coi y la cho trudc va ta giai phuong trinh y = f(x) tim x
theo y. Do phuong trinh nay c6 thé c6 nhiéu nghiém (ngay ca khi f 1a don tri), cho
nén ham ngugc clia né néi chung 1a da tri. Néu v6i méi y ta chi chon mot nghiém x
ctia phuong trinh trén thi ta dugc mot ham don tri, goi 1a nhdnh don tri cia ham ngugc
datri /7.

Ro rang khi /12 mot phép iing 1-1 thi £~' 13 mot ham don tri.

Nhan xét Cdc phép todn trén ham s6 thuc chét 1a nhiing cong cu "lam giau" 16p cdc ham da biét.

4.4,

4.4.1.

Thi du

Thi du, chi tir cdc don thic, bang 4 phép todn s6 hoc trén ham s6, ngudi ta xay dung
dugc 16p cac ham da thirc va phdn thitc vo cung phong phu; toan bd 16p ham luong
gidc va lugng gidc nguoc duge xay dung tir 2 ham luong gidc co ban sin(x) va cos(x).

Cac I6p ham c6 cdau tric dac biét
Khi nghién cttu ham s6, ta ¢6 gang phat hién nhitng tinh chat dic biét ctia nd. Diéu nay
cho phép ta hinh dung ddng diéu toan cuc clia ham s6 (trén toan mién xéac dinh) dua
trén céc thong tin trén mién hep hon. Sau day 1a mot s cau triic co ban can duge luu y.
Hdam don diéu

Ham fxdc dinh trén tdp X duoc goi la khong gidm (khong tang) trén X néu véi moi
X,X, € X, x, <x, taco

SO f(x)  (f(x)2f(x;))

Néu véi moi x,,x, € X, x; <x, tacé

S <f(x)  (f(x)>f(xy))

thi [ duoc goi la tdng chdt (gidm chdt) trén X.

Ham khong tdng (khong giam) duoc goi chung la don diéu.

Ham don diéu tang (giam) con dugc goi 1a ham dong bién (nghich bién).

Tinh chat don diéu cho ta hinh dung déng diéu d6 thi ctia ham trén X: D6 thi cha ham
don diéu tang (giam) di 1én (di xudng) tir trdi sang phai.

1) y =[x ] (Ham phén nguyén cua x ) 12 mot ham tang (khong chit) trén toan truc so.
C6 nhiing ham chi don diéu trén timg khoang chi khong don diéu trén toan tap xéc dinh.
2) Ham y =x - [ x ] la mot ham tang trén ting khoang[n ; n-1) v6i moi s6 nguyén n.
Mot ham c6 thé tang trén khodng nay va gidm trén khoang khéc.

3)Ham y = |x| tang trén [0; +00 ) va giam trén (-0 ; 0].

Ciing c4n luu ¥ ring ¢4 nhitng ham khong don diéu trén bat ky mot khoang nao.
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4.4.2.

Thi du

4.4.3.
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4) Ham Dirichlet y(.)xéac dinh nhu sau:
z(x)=1, néu x hitu ti,

x(x)=0, néuxvoti,

1a ham khong don diéu trén bat ky khoang nao.

Ham tudn hodn

Ham s6" f duoc goi la tudn hoan néu ton tai s6° T > 0 sao cho f(x + T)=f(x) vdi moi
X thudc mién xdc dinh ciia ham so.

Khi dy T duoc goi la chu ky cia ham so.

Tu dinh nghia ta thdy ngay rdng n€u f 1a ham tuin hoan véi chu ky T thi né ciing
tuan hoan véi chu ky n7 (v6i moi s6 tu nhién ), ching t6 tap xac dinh cua ham tuin
hoan la khong bi chan.

S6' T, >0 bé nhdt (néu cd) trong sé” cdc chuky T dugc goi la chu ky co bdn ciia f.

Tit nay vé sau, dé ngin gon, néu khong néi gi thém, thuat ngit "chu ky ctia /" duoc
dung dé chi chu ky co bdn clia né.

Cédc ham tuén hoan thuong gap khi ta nghién ctu hién tugng dao dong trong céc hé co
hoc, vat 1y, hoac sinh vat...

Khi f 13 ham tuin hoan véi chu ky T thi dé nghién cttu f trén toan truc s, ta chi cin
nghién cttu né trén mot khoang bing chu ky ctia n6 1a du.

1) Ham y = x- [ x ] 1a mot ham tuan hoan chuky 7= 1.

2) Ham Dirichlet 1a mot ham tuan hoan khong cé chu ky co ban, nhung cé chu ky 7T'la
s0 hitu ti bat ky.

3) Ham hing y = ¢ ciing 12 mot ham tuan hoan khong c6 chu k¥ co ban, nhung cé
chuky 71a mot so bat ky.

Hdam bi chdn

Trudc day ta da c6 khai niém tdp bi chdn. DGi v6i ham s0, ta cling ¢6 cic dinh nghia
v€ tinh bi chin sau day:

Ta néi f bi chdn trén (bi chdn dudi) trong mién X néu ton tai sé M (m) sao cho
f)EM (f(x) 2 m)vdimoix € X.

Néu f vira bi chén trén, vira bi chin dudi trong mién X thi ta néi ring [ bi chdn (gidi
noi) trén X.

Dé dang nhan thay rang f* gidi noi khi va chi khi ton tai s6 duong M sao cho
|f(x)|SM voimoi xe X .

Néu f bi chan trén thi d6 thi clia né ndm & phia dudéi dudng thang y= M; néu f bi
chan dudi thi dé thi cia né ndm ¢ phia trén dudng thang y = m; néu f bi chan thi do
thi ctia n6 bi "kAp" trong dai tao boi hai dudng thing y =m va y = M.
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4.4.4. Hdm chdn, hém 1é
Tanéi X < R 1a mot tdp doi xitng (qua goc toa dd) néuxe X kéo theo -x € X.
Gid sit ham fxdc dinh trén tdp doi ximg X. Ta néi f la ham chdn trén X néu f-x)=
fx)véimoix € X,vatandi f la hamlé trén X néu f(-x) = -f(x) vdi moi x € X.
Thidu Cdc ham y = cos(x); y = |x| ; y=x" la nhitng ham chén trén R. Cdc ham y = sin(x) ;
y =x’ la nhitng ham 1& tréen R.
Tinh chét 1) Ham chdn c6 do thi doi xiimg qua truc tung;
2) Ham 1€ ¢6 do thi doi xiing qua goc toa do.
Chung minh That vay, goi M(x,y) 1a mot diém trén d6 thi cia ham chdn y = f{x). Khi

dy y =f(x) =f(- x), suy ra diém M’ (-x,y) d6i xting v6i M(x,y) qua truc tung ciing
nam trén dé thi.

Tuong tu néu M(x,y) 1a mot diém ndm trén do thi cha ham 1A y= f{x) thi do
—y=—f(x)= f(~x), nén diém M (-x,—y), doi xtng v6i M(x,y) qua goc toa do,
ciling ndm trén do thi.
4.4.5. Ham 16i
Ham f xdc dinh trén mot khodng X duoc goi la 16i trén X néu bdt ddng thitc
Sflax +(1-a)x,) <of (x)+(1-a) f(x,) 4.1)
dugc nghiém ding véi moi x,,x, € X va moi ae [0,1].
Ham | duogc goi la lom trén X néu -f la [oi trén X.
Thidy y=x?, y=|x| lanhiing ham 16i trén R.
Ham y=x’ 16i trén (0,+c0) va 16m trén (—o0,0).
Ham [0i ¢6 dac trung hinh hoc don gian nhu sau:

Xét do thi chia ham f va mot cung noi hai diém
M (x;,y,) va M,(x,,y,), trong d6 y, = f(x,),
¥, = f(x,). Khi ay v€ phai cta (4.1) 1a diém nim
trén doan thang n6i hai diém M, ,M,, con v€ trai Hinh 4.1
cta (4.1) 1a diém nam trén cung M, M, v6i cing mot hoanh do x = ax, +(1-a)x, .
Nhu vay, ham 16i dugc dac trung boi tinh chét: Moi diém trén mot cung bat ky cua do6
thi ndm & phia dué6i day cung hodc 6 ngay trén day cung dy.
Tinh chét 1) Téng cia hai ham 16i trén X la mot ham 16i trén X.

2) Néu y = g(u) la mot ham 10i va don diéu tdng, con u= f(x) la ham loi, thi go f
ciing la mot ham [oi.
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Céc tinh chat va cdc dac trung khéac ctia ham 16i s& dugc dé cap sau hon khi ta nghién
ctru cdc tng dung clia dao ham.

Céc hédm so cap

Hdam da thic

Ham y=ayx"+ax"" +..+a, ,x+a, v6i n 1a s6
nguyén duong, a; e R, i=1,.,n; a,#0dugc goi la da
thitc bac n cua x.

Khi n=1 ta c6 ham affine (nhung d6i khi van quen goi 1a
ham tuyén tinh).

Ham y=2x+1 1a mot ham affine va c6 dé thi 1a mot Hinh 4.2
duong thing (nhu Hinh 4.2)

Ham y = x*-3x+1 la mot ham da thiic bac 3 va c¢6 do thi nhu
Hinh 4.3.

Hdam phén thic
Ham phan thiic

n n-1
_ aox +a,x +...+an_,x+an

X" +bx" o 4b, x+b, Hinh 4.3

la thuong ciia hai ham da thiic.
Ham phan thic

X7+

x-1
¢4 d6 thi nhu Hinh 4.4,
Hdam lay thua
y=x*,aeR
Hinh 4.4

Khi o la 56 nguyén duong thi lily thira bac o cla

mot s6 dugc dinh nghia nhu phép nhan cta s§ dy véi chinh né (o 14an), khi o 1a s6
nguyén dm thi lily thira bac o duge dinh nghia nhu nghich dao cta luy thira bac -a.
Phép khai cdan bdc nguyén duong chia mot s6 duge dinh nghia nhu phép tinh ngugc cta

phép nang 1én luy thira. Khi o 1a mot s6 hitu ty (nghia la o = £, véi p 1a s6 nguyén va
q

¢ 1a s6 tu nhién) thi lily thira bac o ctia mot s6 dugc dinh nghia nhu 1a hgp cua 2 phép
toan: ndng lén luy thira (v6i bac p) va khai cdn (v6i bac g). Mot cach tu nhién, nguoi ta
c6 thé hinh dung [uy thita bdc vé ty nhu 1a gi6i han clia ddy céc lu§ thira bac hitu ty,
nhung dé c6 dugc mot dinh nghia chat ché vé mat toan hoc thi hoan toan khong don
gian. Mot cach dinh nghia ham luy thira (v6i s6 mi bat ky) 1a thong qua ham s6 mi va
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Thi du

4.54.

ham s6 logarit s€ dugc dua trong phan sau.
Truéc mit, ta tam thoi 1dm viéc v6i ham lu§ thira
vGi s6 mil hitu ty.
Tap xdc dinh cta ham liy thita phu thudc vao
gid tri cia s6 mii . Thi du, Him y=x" (n
nguyén duong) xdc dinh v6i moi x; ham
1

— " xdo di - 5 —x2 =+lx
y=x" xécdinh v6i x#0. Him y=x?=+/x
xac dinh v6i x> 0.

Hinh 4.5
1) Ham lity thita 1/3 (hay con goi la can bdc 3)
y= Vx xdc dinh v6i moi x va ¢6 d6 thi nhu
Hinh 4.5.
2) Hamy = x'” xdc dinh v6i x # 0, va c6 do thi
nhu Hinh 4.6.

Hinh 4.6
Ham mia

Véi ham s6 mil ta cling gap phai tinh huéng tuong tu nhu véi ham lu§ thira, nghia la
chua biét dinh nghia gia tri clia nd tai cac diém vo ty nhu thé nao. Tuy nhién, véi
nhiting kién thic da biét vé ddy so'ta cling ¢6 mot phuong phdp dinh nghia ham mii.
Trudc hét ta dinh nghia mot ham s6 dién hinh sau day:

Phép cho tuong iing méi s6 thuc x véi gidi han ciia cia ddy s6

n
khi n tién ra vo cung, duoc goi la ham so” exp(.).

Trong khi nghién ctu vé gidi han day s6 ta da biét rang gidi han trén 12 ton tai v6i moi
X, cho nén ham s6 exp(.) c6 mién xdc dinh 1a toan bo truc so. DE thdy ring mién gid tri
ctia ham chi 1a nira truc s6 duong.

n—0

Ta biét ring exp(l) = lim(l + l} =e, vacling d@ ching minh dugc rang khi x 1a mot
n

56 hitu ty, tiic 13 ¢6 dang x =2, thi
q

exp(x) = exp[ﬁJ ={e” =¢".
q

Cho nén ham exp(.) 12 mot mé rong tu nhién cia ham mi (co s6 e) tir mién hifu 1y ra
mién vo 1y.
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Ciing dé dang chitng minh dugc ring nd 1a mot
ham don diéu tdang, c6 cac tinh chat twong tu nhu
luy thira bac hitu ty. Bing cdch vé truc ti€p, ta biét
d6 thi ctia ham exp(.) dugc mo ta trong Hinh 4.7.

Ham mii y =a*v6icos6 abiatky (a=>0,a=1) s&
dugc dinh nghia sau khi ta c6 ham logarit tuy nhién
(ham ngugc cua exp(.)).

Cach dinh nghia ham mil (exp(.)) nhu trén khong

cho dugc phuong phéap don gian dé tinh gid tri clia Hinh 4.7

ham, trlir & nhitng diém hitu ty (ma ta c6 thé tinh

dugc, mot cach khong 14y gi 1am dé dang, qua cdc phép Iuy thira va khai can cla so e).
Tuy nhién, cich dinh nghia trén ciing cho mot cach tinh xdp xi kha don gian (vé6i 3
phép tinh: cong, chia va nang 1én lily thira bac nguyén duong), du khong c¢6 dugc cong
thirc danh gia do léch. Mot cach dinh nghia ham exp(.) khac, thuan tién hon cho viéc
danh gia do lech khi tinh todn x4p xi s& dugc dua ra dua trén cdc nghién cidu vé chudi
ham sau nay.

Ham loégarit
y = In(x)
Ham In(x) 1a ham nguoc cia ham mi

y=exp(x).

Dé thay rang né c6 mién xéc dinh 1a (0;4+ ) ,
mién gid tri 1a toan bo truc s6, va 1a mot ham don
diéu tang. D6 thi ham luon di qua diém (1; 0) va
duoc mo ta trong Hinh 4.8.

Hinh 4.8

Ham nay con c6 tén goi la logarit tw nhién.

Ham s6 logarit v6i co s6 a batky (a>0,a #1) dugc dinh nghia theo cong thic
In(x)

log, (x) = m

Ham y = log,x ¢6 d6 thi dugc mo ta trong Hinh 4.9.

Ham so mii v6i co s6 a bat ky (a>0,a #1) dugc
dinh nghia theo cong thic sau
a* = exp(x.In(a)) = ™™,

R6 rang nd 1a ham xdc dinh trén toan truc s6 va
doéng bién khi a > 1, nghich bién khi a < 1.

) L ) , Hinh 4.9
Ham s6 luy thira v6i s6 mil bat ky cé thé duoc
dinh nghia theo cong thiic sau:

x* = exp(aln(x)) = e“"™

R0 rang n6 chi xdc dinh trén nira truc s6 duong va tring véi ham luy thita theo nghia
thong thudng khi a 1a s6 hitu ty.
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4.5.6.

Luu y

Cdc ham luogng gidc

1) Ham y = sin(x) c6 tap xac dinh 1a toan bo
truc sQ’, mién gid tri 1a [-1, 1]. Ham p= sin(x) 1a
ham 1A va tuin hoan véi chuky 2 7.

2) Ham y = cos(x) c0 tap xdc dinh la toan bo
truc s6, mién gia tri 1a [-1, 1].

Ham y = cos(x) 1a mot ham chin va tuin hoan
véichuky 2.

3) Ham y = tan(x) (c6 sach viét 1a tg(x)) dugc
xéac dinh badi cong thic

sin(x)

tan(x) = cos(x) |

P P Vs
N6 c6 mién xac dinh 1a moi x¢3+kﬂ', keZ,

va ¢6 tap gid tri 1a toan bo truc s6. DO thi cia nd
duoc thé hién trong Hinh 4.12.

4) Ham cotang: y = cot(x) (c6 sach viét la cotg(x))

xéac dinh bai cong thic

cot(x) = cos(x)

sin(x)

N6 ¢6 mién xdc dinh lamoi x#kxr , keZ,vacé
tap gid tri 12 toan bo truc s6. DO thi clia ham cot(x)

duoc thé hién trong Hinh 4.13.

Cdc ham y =tan(x) va y = cot(x) déu la nhiing

ham 1é va tuan hoan véi chu ky 7.

Hinh 4.10

Hinh 4.11

Hinh 4.12

Hinh4.13

Trong cac sich gido khoa & nuGe ta cdc ham tan(x) va cot(x) thudng dugc viét la
tg(x) va ctg(x). D€ hoc sinh khong bi bd ngd khi ti€p xtic véi céc tai liéu clia nudc
ngoai, ching t6i manh dan dua vao gido trinh nay tén goi cta ching theo thong 1é
chung, dugc nhiéu nude quen diing, nhat 1a trong cdc chuong trinh tinh todn thuc hanh
trén may. Mot di€u déng luu ¥ nita 12 cdc chuong trinh tinh toan trén may luon doi hoi
phai viét ham s6 theo ding “ct phdp” la: bién s6 phai luon luén & trong ddu ngoac
don. Ching t6i khuyén cdc ban hoc tré nén tuan thii nguyén tic nay (dé tranh mac 16i
khi thuc hanh tinh todn), nhung chiing t6i ciing khong c6 y dinh bai trir théi quen cla
cac th&€ hé trude thuong bo qua dau ngodc, nhat 1a d6i v6i cac ham lugng gidc va lugng

gidc ngugc
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C

v

1) Ham Arcsin: y = Arcsin(x).

V6i mbi xe [-1,1] phuong trinh x = sin(y) ¢ vo s6 nghiém
y. Ta ky hiéu tap tit ca cdc nghiém d6 1a y = Arcsin(x). Dé
c¢6 mot nhanh don tri ta xét mot khoang, trong d6 phuong
trinh x=sin(y) chi c6 mot nghiém duy nhét, thi du [—g,g].
Trén doan nay, ta ¢6 ham ngugc don tri, ky hiéu la
arcsin(x) va goi 1a nhdnh chinh.

T tinh chat ctia cdc ham luong gidc ta c6 biéu dién sau :

Arcsin(x) = (-1)* arcsin(x) + kz , ke Z

5

. . . N2
Vi sin(x)=0 nén arsin(0)=0, tuong tu ta c6 arcsin (T) =% ,

arcsinl —a Mac du sins—ﬂ =l nhung ta khong cé

2 6 6 2

.1 . e

arcsin(— )=5—7Z vi ham arcsin(x) cé mién gia tri 1a [— x ,E ]-

276 22
2) Ham Arccos: y = Arccos(x) 1a ham nguoc cia y= cos(x).

Arccos(x) = 2kn tarccos(x) , ke Z
trong do6, arccos(x) la nhanh chinh, 0<arccos(x)<r,
x €[-1,1], ¢6 d6 thi nhu Hinh 4.15.
3) Ham Arctang: y = Arctan(x) 1a ham nguoc cua tan(x).
Arctan(x) = arctan(x)+kn , ke Z
trong do, arctan(x) la nhanh chinh,
- % <arctan(x) < %,x € (—00;+0)
¢6 d6 thi nhu Hinh 4.16.
4) Ham Arccotang: y = Arccot(x)
l1a ham ngugc clia y = cot(x).
Arccot(x) = arccot(x) + knt

trong d6, k € Z , arccot(x) 1a nhanh chinh,

0 <arccot(x)<m, xe(—o0; +x)
va ¢6 d6 thi nhu Hinh 4.17.

Ta c6 thé tinh gia tri clia cdc ham arccos(x) ,
arctan(x) va arccot(x) mot cach tuong tu nhu
da lam cho ham arcsin(x) .

Hinh 4.14

Hinh 4.15

Hinh 4.16

Hinh 4.17
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1.

Bai 1

Bai 2

Bai 3
Bdi 4

Bdi 5

Bdi 6

2.
2.1,

Bdi tap vé
Tinh todn thuc hanh Chuong 4

Céu hoi cung cé ly thuyét
Cho y =f(x) va y = g(x) 1a chdn. C6 thé néi gi vé tinh chdn, 1& clia cdc ham sau day:
D y=f)tgx), y=fx)-gx) ;

2) y=fngx) ;
3) y=fix)+c, trong d6 c¢ la hing so bat ky.

Cho y=f(x) va y=g(x) 1a 1&. C6 thé néi gi vé tinh chén,lé ctia cdc ham sau day:
D y=fx)+ekx), y=Ax)-gx) ;

2) y=fn)gl) ;
3) y=flx)+c, trongd6 ¢ 1a hang s6 batky.

Tich ctia hai ham 16m c¢6 ludn 1a 16m khong?
Ching minh ring
1) Néu f{x) tang thi -f(x) giam;

2) Néu fix) tang va fix) >0 v6i moi x trén (a,b) thi giam trén (a,b).

C6 két luan gi vé:

1) Téng ctia mot ham chin va mot ham 1€;

2) Tich ctia mot ham chan va mot ham 1é.

1) Téng cuia hai ham tudn hoan ¢6 12 mot ham tuan hoan khong?
2) Tich cta hai ham tuin hoan c¢6 12 mot ham tuan hoan khong?

Tim khoang xac dinh cia ham s6

Bdi tap

Tim khodng x&c dinh cGa hém sé

1) y=+x>-3x+1; 2) y=In(2x’ +5x* —x+5);

—_ 2_
3) y= /11 x—3+log2 2x° =3x+1
2—x 1+x
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2.2.

Bai 1

Bdi 2

Bai 3

Bdi 1

Bai 2

Bdi 1

Bdi 2

Bai 3

Bai 1

Xem xét céu trac cua hédm sé

1. Tinh chan, lé

Ching minh ring cic ham sau day la chén:
1) y=5x"+2x* +1997 ; 2) y =sin® x+cos(2x); 3) y=+/x*-3
Ching minh ring cac ham sau 1a 1é:
D y=x"+7x; 2) y=sin’ x+5x°.
Xac dinh tinh chan Ié clia cic ham s6 sau:
l)yz\/l—HC+JC2 —\/l—x+x2; 2)y:a -1 ;
a®+1

3) y=lg(x+1+x*) ; 4) y:x+1g(x—+§) .

2. Tinh don diéu va su ton tai ham nguoc

Tim ham nguoc cta cdc ham sau day:
2" ax—>b
1) y= ; 2) y= ;
)y 1+27 )Y ex—d

3) y=+1-x> néu a) X=[-1,0], b) X=10,1]
Cho y 12 ham 4n clia x theo cong thic: y? +sin® x +2 — y = 0. Tim ham nguoc ctia né.

3. Tinh tudn hoan

Xét tinh tuén hoan va tim chu ky (néu cd) cta cdc ham s6 sau:
1) y= [x], trong d6 [x] 1a s6 nguyén I6n nhat khong vuot qua x.
2y y=x-[x] ; 3) y=tan(x)+ cos(%) .
Xét tinh tudn hoan cua cdc ham s6 sau:
e cos(x\/E) 2) y= sin(x)
1+[sin(x2)]? 1+sin(x+/2)?
Cho ham s6 xac dinh nhu sau:
A0)=0, néu x=" ik, A f(X)=—— néu x=Z+kr
' 2 ’ 1+tan’(x) 2 .

Ching minh rang ham s6 g(x) = fix)+fax) 1a tuAn hoan khi va chi khi @ 1a s6 hitu ty.
4. Tinh 16i va chiing minh bdt ddng thirc
Chiing minh bat dang thic Jensen:

Cho f(x) 1a ham 16i trén [a,b], x,,x,,...,x,1a céc diém thuoc doan [a,b] va 0<a,,

i=1..n thod man diéu kién: )_ a, =1. Khi 4y:
i=1



Bai tap va tinh todn thuc hanh Chuong 4

f(zn:aixij < Z’i: aif(xi)

Bdi 2 V6i a,b, x, y 1a nhiing s6 duong, hdy chitng minh bat déng thc:

(x+y)1n(’;}:) < xln(f}ryln(%)

Bai 3 Cho a,b,c 1 nhitng s6 duong. Chiing minh ring:

L))
3(a+b+c)

2.3. Vé db thi

Bai 1 Hay vé do thi cia cdc ham s6 1 bién sau:

1 1 ;1
1 = ; 2 = ; 3 =x"+—
) y=T3 ) Ve, )y .
2
X
4 y=—7: 5) y=v4-x’
I+x

Bdi 2 V& d6 thi clia cac ham 4n sau:

H x*+y’=1; 2) xX'y+y’x=4 .
Bai 3 V& d6 thi cdc ham (2 bién) sau day:
1) z=sin(x+y) ; 2) z = sin(x)cos(y) ;
3) z=(x+ y)sin( 5 ! 2] ; 4) z=(x+y)*sin(x)+ (x+ y)* cos(y) ;
X +y
5) z=x?cos(y) + y* sin(x) 6) z =™ (sin(x) + cos(»))

3. Thuc hanh finh todn trén may
Viéc vao chuong trinh va thiét 1ap cum xt ly dugc tién hanh nhu da gidi thiéu trong
phén tinh toan thuc hanh & Chuong 1.

3.1. Thuc hdanh tim tép xdc dinh cua hém sé

Bai todn tim tap xac dinh ctia ham s6 thuc chat 1a bai todn giai phuong trinh, bat
phuong trinh, hodc giai hé phuong trinh va hé bat phuong trinh. Vi vay dé tim tap xac
dinh ctia ham s6 ta c6 thé thuc hién céc thao tic trén mdy nhu cdc thao tdc véi bai todn
giai phuong trinh va bat phuong trinh. Thi du, ta tim tap xdc dinh cia ham s6

y= x? -1
bang cédc budc sau:
Budc 1: Vao lénh xdc dinh bat phuong trinh
[>ineq :=x"2-1>=0;
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3.2.

3.3.

Sau dau ";" dénh lénh "Enter", mdy s& hién phuong trinh hoac bt phuong trinh mo ta
diéu kién dé ham s6 c6 nghia. Trong trudng hop nay sé 1a

ineq:=0<x”—1
Budc 2: Ra lénh giai bat phuong trinh

[>sol ve(ineq, {x});

non

Sau dau ";", ddnh l1énh "Enter”, mdy s& hién nghiém cta bit phuong trinh trén, d6
ciling chinh la tap xdc dinh ctia ham s6 da cho, tic 1a
{x<-1}{1<x}

Thuc hénh xéc dinh mét hém sé:

Viéc xdc dinh (hay dinh nghia) mot ham s6 (cho bing biéu thic giai tich) thuc hién
dugc nho dong 1énh c6 cd phap nhu sau:

[> £:=x-> Bieu thuc cua x;

100 g1
Ta khai béo (dinh nghia) ham s6 £ (x) = 3. k)

k=1

bing dong lénh:

[> £:=x->sum(sin(k*x) /k,k=1..100) ;
Sau khi nhan phim Enter dé thuc hién lénh s& xuat hién cong thic biéu dién ham s6

PN sin}({kx) ,

k=1
va khi 4y ta c6 thé tinh gi4 tri chia ham tai méi diém bat ky (v6i do chinh x4c tity chon)
béng cdc cau lénh don gian nhu sau:

[>evalf (£(1));

1.060428939
[>evalf (£(Pi/5)) ;
1.241256676
[>evalf (£(Pi/2)) ;
.7803986631.
Ta c6 v& do thi cia ham nay nhu moi ham thong thudng khéc (nhu s€ huéng din trong
phan tiép theo).
Luu y ring “biéu thirc ciia x“ & day c6 thé 1a mot biéu thic gidi tich néi chung, va c6
thé chiia ca phép tinh gidi han, thi du ham s6 exp(x) cling 1a ham dugc dinh nghia theo
phuong phdp nay, bing dong lénh
[> £:=x->1imit ((1+x/n)*n,n=infinity) ;

Thuc hénh vé db thi cia héim 1 bién

Sau dau nhic " [> " ta dua vao dong lénh khéi dong chuong trinh vé dé thi ¢ cd phéap
nhu sau:

[>restart;
[>w th(plots);

Sau do6 ta v& d6 thi ciia ham y = f{x) bang dong 1énh ¢6 cii phéap nhu sau:

>plot(f(x),x=a..b,y=c..d, title=y=f(x)");
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Thi du

Thidu

3.4.

Trong d6 céc tham bién bi€u thi ring ta v& phan d6 thi cia ham f{x) nam trong hinh
chit nhat 1a tich Descartes ctia mién xéc dinh [a,b] va mién gid tri [¢,d] , vOi tiéu dé "y
= fix)". N&u khong cho gid tri clia tham s6 ¢,d thi chuong trinh s& tu dong xac dinh
mién gid tri cua ham (4nh clia mién xéc dinh da cho) va gdn gi4 tri bién clia mién nay
vao cho cdc tham s6 ¢,d.
Thi du, dé vé& do thi ctia ham s6 y = tan(x),
trong hinh ch nhat v6i x tt — 27 dén 27,
vay tir —4 dén 4, ta 1am nhu sau:

> plot(tan(x), x=2*RA..2*P,

y=4..4, title = y=tan(x)");
C6 thé vé do thi ctia nhiéu ham (trén cung
mot mién x4c dinh va mién gia tri), va cho
moi do thi mot mau khéc nhau.
V& d6 thi cha 2 ham y=x” (mau dd) va
y =sin(x) (mau xanh) trong mién x4c dinh
ladoan [-2, 2] :

>plot([x"2,sin(X)], x=-2..2,

col or=[red, bl ue]);
Khi ham khoéng lién tuc (gian doan) thi chuong trinh
tu dong noi cdc diém gidn doan lai thanh mot dudng
lién.
x—1

V& do6 thi ham y=——
lx—1] Hinh 4.19

[>pl ot ((x-1)/abs(x-1),x=-2..2,
y=-2..2);
Muoén loai bo chiic nang sinh dudng tu ndi lién
trong d6 thi (khi ham gidn doan) ta dua vao tham
s6 "di scont = true", cu thé 1a
Bplot((x-1)/abs(x-1),x=-2..2,
=-2..2,di scont=true);

Ham xdc dinh ting khic Hinh 4.20

Ham xéc dinh ting khdc (goi tat 12 ham timg khic) 12 ham dugc thiét 1ap tr mot s6 ham
khdc da biét trude f,,f,,...f, /. theo phuong thic sau day:

f =/, néuxthoa man diéu kién dk-1

f =/, néuxthod man diéu kién dk-2 va khong thoa dk-1

f =/, néuxthod man diukién dk-n va khong thoa cdc diéu kién dk-i, v6ii <n
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Thi du

3.5.

Thi du
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f = f,., trong truong hgp con lai (tic 1a trong trudng hop tét ca cac diéu kién dk-1,
dk-2,... dk-n déu khong dugc thoa man).

Cédc ham dang nay rdt hay gdp trong thuc tién. Ching rit phong phii va da dang. Viéc

xay dung mot ham nhu vay dugc thuc hién nh thu tuc ¢6 ci phdp nhu sau:

>f := pi ecew se(dk-1,f,,dk-2, f,,....,dk—n, f,, f,.1):

Cic diéu kién dk-i c6 thé 12 mot quan hé hoac mot t6 hop Boolean clia mot s6 bat ding
thic (nhung khong thé c6 dang thiic). Trong thuc t€, ngudi ta thuong chia truc s ra
thanh n+1 doan boi céc diém : a,,a,,...,a, va trén mbi doan cho ham nhan gi4 tri ca
mot trong sO cac ham cho trude. Khi &y ham f* dugc xac dinh nhu sau:

[>f .= piecewise(x<a,f,x<a,, f5,X2a,, [0 fo):
Do thi ctia ham nay ciing dugc v& nhu moi ham thong thuong.

[>f: =pi ecew se(x<=-1,
x"2-1, x<=1, - abs(x) +1,

sin(x-1)/x);
x? -1 x<-1
f= 1—|x| x<1
M otherwise
X

[>plot(f,x=-2..5);
Hinh 4.21
Vé dé thi ham dén
Mot 16p ham thd vi 12 16p cdc ham 4n, dugc cho bdi mot phuong trinh 2 4n: f{x,y) = 0.
Duéi mot s6 diéu kién nhét dinh, phuong trinh nay xéc dinh mot ham s6 y = h(x).
Trong trudng hop chung, cic diém (x,y) théa min phuong trinh nay tao thanh mot
dudng cong cho duéi dang tham s6. Ta c6 thé v& do6 thi clia ham nay bing lénh
i mplicitpl ot sau khi khéi dong chuong trinh
bang lénh with(plots) véi cii phap nhu sau:
[>with(plots):
>inplicitplot(f(x,y)=0,x=a..b,y=c..d);
x2 2
1) Ta vé Ellipse LY bang mot 1énh:
49 Hinh 4.22

[>inplicitplot(x"2/9+y"2/4=1, x=-4..4,y=-2..2);
2) V& duong cong y*> +x*—x? =0

[>inmplicitplot(x"2-y*2-x"4=0,x=-1..1, y=-1..1);
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3.6.

Thi du

Can luu y khi v& d6 thi, nén thay déi céc khodng
[a,b] va [c,d] dé dugc mot do thi gin v6i thuc t€
hon. Tuy nhién, d6 thi chi cho ta mot hinh anh
gan dung vai thuc t€ thoi. Hinh 4.23

3) V& d6 thi cia ham 4n x* — y*> =1 va ham hién

y=e" trén cing mot mién

[>inmplicitpl ot ({x*2-yr2=1, y=exp(Xx)},
Xx=-P..P,y=P..P);

Thuc hdnh vé dé thi hdm 2 bién

Cic ham 2 bién ¢6 d6 thi 1a mot mit (cong) trong Hinh 4.24

khong gian 3 chiéu. Tuong tu nhu trong trudng hgp ham 1 bién, ta chi c6 thé vé mat
nay trong mot mién giGi han boi mot hinh hop. Tham s6 vé mién xdc dinh (hinh chit
nhat) can phai cho truc, con mién gid tri s&€ duoc tinh mot cach tu dong. Mot diém
khéc co ban 1a 1énh vé do6 thi sé 1a pl ot 3d,

thay vi pl ot nhu trong trudng hop 1 chiéu.

x-

Ta vé& d6 thi ham hai bién z=¢ " bing

cac dong Iénh sau:
[> pl ot 3d( x*exp(-x"2-y"2),
X=-2..2,y=-2..2);
Tuwong tu nhu doi v6i ham 1 bién, ta cé thé

v€ d6 thi clia nhiéu ham (trén cing 1 mién

xac dinh). Hinh 4.25

77



CHUONG 5

5.1.

5.1.1.

Ky hiéu

Thi du

Thi du

Gi6i han va
Tinh lién tuc cua hdm sé

Gi6i han cua ham sé

Khdi niém giéi han

Gia sir f 1a mot ham s6 x4c dinh trén tap X va a 1a mot diém tu clia tap X.
Binhnghia S6° L duoc goi la gidi han cia ham f khi x dan téi a (hay: giéi han
chia hdm 1 tai @) néu véi méi & >0 bdt ky, ¢ thé tim dugc s6° 6 >0 sao cho véi moi

x € X thod man O<|x—a |<5 thi ta c6
|f(x)—L|<£

lim f(x)=L hay f(x)—> L khi x—>a.

X—a

Vé mdt hinh hoc, ta c6 thé hinh dung nhu

sau: néu L 1a giGi han cua f tai a thi véi

modi ¢ >0 tacé thé im dugc mot s6 & >0

sao cho do thi ctia ham f trén khoang

(a-S,a+5) nam tron trong hinh chit nhat tam

(a, L) kich thudc 1a 20 x2¢ . Hinh 5.1

limx? =0. That vay, v6i mdi & >0
x—0

cho trudc, ta tim duoc s6 & = \/E , va
tir bit ding thic [v—0/<+ve ta c6
ngay ‘xz —0‘ <Eg.

Tai diém x = @ ham s6 f c6 thé
khong xéac dinh, nhung giGi han cta

ham s6 tai d6 c6 thé van ton tai.

. P | ) foa
Ham so6 y—xsm; khong x4c dinh Hinh 5.2.

tai 0, nhung van ton tai giGi han lingxsinl =0 (Hinh 5.2).
x> X
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Thi du

Pinh Iy

Nhdn xét

That vay, v6i mdi ¢ >0 cho truGc, chon & =¢. Do |sina|<1, nén véi moi x # 0,
|x—0|<§,tacc’)

xsinl—0=|x|sinl S|x|<5:g.
X

X

Khong nhat thiét bao gio cling ¢ lim f(x) = f(a) .

x—a
Ham s6 y = f(x)=[1-|x|] ¢6 gi6i han bang O khi x tién 6i 0, tuy nhien f0) = 1.
Tur cdc vi du trén, ta thiy ring s6 & dugc chon néi chung phu thuoc vao ba yéu to: s6
g,diém a vaham f.
Trong Chuong 2, chiing ta di biét khdi niém ddy s6 va gidi_han ciia day sé. Dé thiy
dugc mai lién quan giita cdc khdi niém gidi han cia ham sé va giGi han cta day so,
chiing ta cé

lim f(x) =L khi va chi khi, véi moi ddy s¢ {x,}c X \{a} tién ddn dén a, day sé
xX—a
{f(x,)} hoi tuva lim f(x,)=L.

n—0
Chiing minh 1) Gia st lim f(x) = L . Ldy day s6 bitky {x, } = X \{a} rién ddn dén a,

X—a

ta chi ra rang ddy so” {f(x,)} hoi tu téi L. That vay, v6i s6 duong & nho bao nhiéu tly ,
tir dinh nghia giGi han cta ham f ta tim dugc s6 ¢ > 0 sao cho véi |x—a| <o thi
| f(x)- L| <¢&. Vi a lagi6i han cta day s6 {x,} nén, theo dinh nghia, ton tai s6 N sao
chovéi n>N thi |x, —d| <& . Két hop lai ta thdy ring néu n>N thi |f(x,)-L|<e.
Theo dinh nghia vé gidi han ciia ddy so ching ta c6 day s6" {f(x,)} hoi tu tdi L.
2) Nguoc lai, gia st ham f* khong c6 gi6i han tai a béang L, ta s& chi ra ring ton tai
day s6 {x,}c X \{a} tién ddn dén a, ma day céc gia tri tuong tGng ctia n6 {f(x,)}
khong hoi tu t6i L. That vay, khi ham f khong ¢ giGi han tai a béng L thi ¢6 nghia
12 ton tai s6 duong « sao cho v6i moi &> 0 luon tim dugc diém x cdch a khong qué
o, ma |f(x) —L| > . Lan lugt cho & nhan cac gid tri bang 1/n (v6i n=1,2,3,....), ta s&

f(x,) —L| > o . D& dang thay
rang day {x,} hoitudén a va {f(x,)} khong hoi tu t6i L.

tim dugc day cdc diém {x,} thoaman |x, —a|<1/n va

Dinh 1y da duoc chiing minh day da.

Dinh 1y trén khong chi cho phép ta hinh dung gidi han ciia ham sé thong qua ngon
ngit gidi han ciia ddy s6, ma né con dic biét tién 1gi khi ta can chiing minh su khong
ton tai ciia giéi han. Muon vay, ta chi can xay dung hai day s6 {xn}vz‘l {x',} cung tién

t6i a, sao cho lim f(x,)# lim f(x', ).
n—»w n—»o

Thi du 1) Ham y = sgn(x) khong cé gi6i han tai 0. That vay, chon {xn}—>0,xn >0 va
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{x',}—0,x', <0.Khi dy ta c6

limsgn(x,)=1# limsgn(x,") =-1.
n—o0 n—x0
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Ky hiéu

Thi du

2) Ham y=sinl khong c6 giéi han tai 0. That vay, chon x,,=L va
x nw

X, = 1/(% +2nr) , ne N.Khiay, cicddy { x,} va {x',} cung tién t6i 0, nhung

limsinx, =0#1=limsinx',.

n—>o0 n—>oo

3) Ham Dirichlet
1 khi x 1as6 huiity
x(x) = L
0 khi x lasé voty
1a ham khong c¢6 gidi han tai bat ky diém nao. That vay, v6i méi diém a bat ky, do
tinh tru mat cia Q va tinh trt mat cia R\Q trong R ching ta lu6n tim dugc day so
hitu ty {x,} vaday s6 voty {x’,} cing tién téi diém a. RS rang
lim y(x,)=120=lim y(x',)
n—w n—o©

cho nén ham khong cé giéi han tai a.

. Mot sé khai niém lién quan

1. Gioi han mot phia

S6" L duoc goi la gioi han phdi (gidi han trdi) ciia ham f khi x tién tdi a tir bén phdi
(tir bén trdi) néu véi méi €>0 ton tai s6 >0 sao cho |f(x) —L| <& voi moi
xeX,0<x—a<d (0<a—-x<3).

Gi6i han phai: lim f(x)= f(a+) ;
X—>a+
Giéi han trai: lim f(x)= f(a-).
x—a-—
Trong Thi du 5 ta c6:
sgn(0+) = lim sgn(x) =1, sgn(0-) = lim sgn(x) =-1
x—>0+ x—0-
1) Ham phan nguyén: y =[x ] c6 gii han trdi va phai tai O nhu sau:
lim[x]=0 ; lim[x]=-1.
x—0+ x—0—

2) Him y =+/x—1 chi ¢6 gi6i han phai tai x = 1 bing 0, khong c6 gi6i han trai vi véi
x < 1 ham s6 khong xac dinh.

Ménh dé Diéu kién cdn va dii dé’ton tai gici han lim f(x) = L la ton tai gidi han trdi, gici han
xX—>a

phdi tai a va
lim f(x)= lim f(x)=L.

Chung minh. Piéu kién can. Gia st lim f(x)= L. Tir dinh nghia ta suy ra ngay
xX—a

lim f(x)=L va lim f(x)=L.
x—a+ X—>a—
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Diéu kién dii. V6i moi s6 duong &, tir diéu kién lim f(x)=L suy ra tim dugc s6

x—a+
duong &, sao cho |f(x)—L|<g véi moi xe X, O<x—a<d,, va tir diéu kién
lim f(x)=L suy ra tim dugc s6 duong &, sao cho |f(x)—L|<g v6i moi xe X,
x—>a—
0<a-x<9,. Lay 5=min{51,52} ta s€ cé |f(x)—L|<£ v6i moi xeX,
O<x—a<d valO<a—-x<&,hay 0<|a—x|<d.Chingtd lim f(x)=L.
xX—a

Ménh dé da duogc ching minh xong.

2. Gidi han bang vé cung va gidi han ¢ vé cing
Néu véi méi s6 E > 0 tén tai s6 6 >0 sao cho fix) >E (f(x)<-E) véi moi x thod mdn
bdt ddng thirc 0 < |x—a| <O thitandi f coé gidi han bang + oo (—o0) khi x ti€n t6i a
va ky hiéu:

lim f(x) =+ (lim f(x)=—x).

xX—a xX—a

Thi dy 1) lim-—- = +oo.
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x=0 x

Bay gi0 ta gia thiét ring ham f xac dinh trén tap khong bi chan.
S6" L duoc goi la gidi han cia f khi x tién ra + o (—0) néu véi méi € >0 ton tai s6
M > 0 sao cho véi moi xe€ X thod man bdt ddng thiic x > M (x < -M) ta c6:

lf(o)-Ll<e.
Ky hiéu: lim f(x)=1L (lirIl f(x)=1L).

2) limL=0.

X+ X
Néu véi mdi s6" E > 0 ton tai s6 M > 0 sao cho f(x)>E (f(x) <-E) véi moi xe X
thod man x > M thi ta néi ham f ¢6 gidi han + o (—0©) khi x tién ra + o va ky hiéu:

lim f(x)=+00 (lim f(x)=+0)

Tuong tucho lim f(x)=-w va lim f(x)=—o0.

3) Xétham mii y = a*

V6i a>1 tacd: lima* =40 va lima*=0.
X—>+0 X—>—0

V6i 0<a<1 tacé: lim a* =0 va lim a® =+oo.
X—>+00 X—>—00

Ta ciing c6 thé md rong khai niém giéi han vé mot phia cho gidi han vo tan. Nhu

trong Thi du 2 ta c6: liml =+c0 va lim 1 =—00,

x—0" x x—0" X
4) y = tan(x).
lim tan(x)=-c va lim tan(x)=+o.
T N V4 _
x~>(5+k7r) x4)(3+k7r)
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Ménh dé

5.1.3.

Pinh Iy

5) y=log,(x)
V6i a>1: limlog,(x)=+% va lim log,(x)=-o,

X0 x>0
Véi O0<a<1: lim log, (x) =—-o va lim log,(x)=+o

x>0 x>0

Ciing cdn luu y rang lim log, (x) khong ton tai vi ham logarit khong xdc dinh bén
trai truc so thuc. o
3. Gidi han trén va gioi han dudi
Cho {x,} la mot day bat ky (trong X) hoi tu t6i a. Ta goi gi6i han il_r)g f(x,) (néu co)

la gigi han riéng cta f. Trong tap tit ca nhitng giGi han riéng ta c6 bién trén (goi 1a giGi
han trén) va bién dudi (goi la gi6i han duéi) ky hiéu

limf(x) va limf(x) hay limsup f(x) va liminf /(x).

X—a

Tén tai 1im f(x) khi va chi khi lim f(x) = lim f(x) .
Xx—a xX—a x—a

Chimg minh Diéu kién cdn Gid si ton tai lim f(x). Khi dy véi moi day {x,}c X,
x, > a tadéuco xllgla f(x,)= )lg: f(x). Diéu nay chiing to giGi han trén va gii han
du6i déu ton tai va bing nhau, tic Ia

lim f(x) = lim / (x).

x—a x—a
Diéu kién di Gia st A= @n f(x)=lim f(x). Khi 4y v6i moi day {x,}c X,

xX—a

x, = a gi6i han lim f(x,) ton tai va bang A. Vay lim f(x) ton tai.
x—a x—a

Tiéu chudn tdn tai gi6i han

Ton tai gici han hitu han cia [ tai a (tai &) khi va chi khi véi méi >0 ton tai s¢
6>0 (A>0) sao cho |f(x1)—f(x2)|<8 voi moi  x,,X, eX,O<|x1 —a|<5,

0<|x2 —a|<§ (x,x, > A).

Ching minh Diéu kién can Xét trudong hop a hitu han. Gia st lim f(x) = L . Theo dinh

nghia gi6i han v6i mbéi ¢£>0 ton tai & >0sao cho |f(x)—L|<£/2 v6i moi
xeX,0<|x —a|<§.Ch1’Ingt6V6ixl,xzeX,0<|x1—a|<5,0<|x2—a|<5,tacé:
‘f(xl)_f(XZ)‘ =‘(f(x1)_L)+(L_f(x2)‘ S‘f(xl)_l“""f(xz)_q <é.

Diéu kién dii Cho ¢ > 0. Theo gia thiét ton tai s6 & > 0 sao cho v6i moi cdp x;,x, € X
théa man 0<|x, —a|<5, 0<[x,-al<d thi |f(x)-f(x,)|<e. Lay day

{x,}.x, € X,x, # a bitky, ma x, — a . Ta s& ching minh lim f(x,) ton tai.
X,—>a
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5.2.

5.2.1.
Ménh dé

Ménh dé

Ménh dé
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That vay, vi x, >a nén ton tai s6 N sao cho v6i moi m, n > N thi 0< |xn - a| <0,
f(xn)_f(xm)|< <.

T tiéu chuan Cauchy vé su hoi tu chia ddy so suy ra ton tai gidi han lim f(x,)=L.
n—>0

0<|x,, —a| <& vatheo gia thiét ta c6

V6i moi ddy { x;, } khdc, ma x;, — a, ta ciing ¢6: lim f(x; )= L. That vay, gia st rang
n—0

lim f(x;)=L'~L .Khidy v6i ¢ = |L —L’| ton tai s6 N sao cho v6i moi n > N ta c6:
n—>0

R N AR EENVCA R (E

Tir day suy ra sai khac giita L va L' 1a nhd hon hian & Mau thuin nay chiing t6 L=1L'.
Theo dinh 1y vé quan hé giita giGi han cia ham s6 va giGi han ctia diy so ta suy ra
lim £(x) =L -

Trudng hop a vo han dugce chiing minh tuong tu, va dinh 1y duge chiing minh day da.

Tinh chat vé céc phép todn cua gidi han

Céc tinh chét co ban

(Tinh duy nhét cua gidi han) Gidi han ciia f khi x tién tdi a, néu cd, la duy nhdt.

Chung minh Suy tir tinh duy nhat ctia giéi han ddy s6 va dinh 1y vé quan h¢ giita giGi
han ham s6 va gidi han ddy so trong phan trén.
(Tinh bi chan) Néu ¢6 2 s6° A va B thod man A< f(x)< B vdi moi x trong ldn cdn
nao dé cia diém a va néu ton tai lim f(x)=L thi L, <L<L,.
xX—a
Pdo lai, néu ton tai lim f(x)=L va A<L<B thi ton tai s6 6 >0 sao cho
xX—a
A< f(x)<B voimoi xeX,|x—al<d.
Chung minh Phan thuan dé dang suy ra tir dinh nghia.
Dé chiing minh phan nguoc lai, chon & = min{L —A4,B- L} >0.Do lim f(x)=L nén
xX—a

tontai 6 >0 saocho L—e< f(x)<L+& véimoi x € X thod man 0<|x—a|<5.

Chiing t6:
A=L—(L-A)<L-e<f(x)<L+e<L+(B—L)=B.

Ménh dé da dugc chitng minh xong.

(Tinh béo toan thi tu) Néu f(x)> g(x) vdi moi x trong lan cdn nao dé cia diém a

va néu ton tai cdc gioi han lim f(x), limg(x) thi lim f(x) > limg(x).
xX—a xX—a xX—a X—a
Ddo lai, néu ton tai cdc gidi han lim f(x), limg(x) va lim f(x) <limg(x), thi ton
x—a x—a x—a x—a

tai s6 6 >0 sao cho f(x)<g(x) véimoi xeX,|x—al<d.
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Ménh dé

[ =¥

v

5.2.2.
Pinh Iy

C

v

Chung minh Phdn thudn. Gia st nguoc lai, lim f(x)=L, <limg(x)=L,. Chon L

sao cho L, < L < L,. Theo ménh dé trén ton tai céc s6 &,,0, >0 sao cho
fx) < Lvéimoi xe X,0<|x—d| <5,

g)>Lvéimoi xe X,0<|x—d|<5,.
bat 6 =min(J, J,),taco
fix) <L < g(x) véimoi xe X,0<|x—a|<5.
Diéu nay mau thuén véi gia thiét f(x) > g(x), cho nén ta phaic6 L, > L, .
Phdn ddo Suy ra tir phan dao ctia ménh dé trudc.
Ménh dé da duogc ching minh xong.

Néu lim f(x) = L thi lim|f (x)|=|L|.

Chung minh Cho ¢>0, vi lim f(x) =L nén ton tai s6 & >0 sao cho

|f(x)—L| <& v6imoi xe X,0<|x—d|<5.

Do ||A|—|B|| < |A—B| ta suy ra ||f(x)| - |L|| S|f(x) —L| <e.
Vay lim|f () =[L].

Dao lai khong ding, thi du 1ir13|sgn x| =1, tuy nhién ling sgn x khong ton tai.
X= X—>

Céc phép todn sé hoc cua gidi han

Néu ton tai gidi han hitu han }Cl_rg f(x) va }(iilgg(x) thi
D) lim[f(x) £ g(x)] = lim f (x) £ lim g (x) ;

2) lim £ (x).¢(x) = lim / (x).lim g(x)

fim L) _ 5

=4 (néu limg(x) #0).
e g(x)  limg(x) xoa

3)
(Céc dang thiic trén duoc hiéu theo nghia céc gi6i han & vé trai ton tai va bang vé phai).
Chung minh D& dang suy ra tir cac quy tac tinh gidi han cua ddy s6 va dinh ly vé
quan hé giita giGi han ham s6 va giGi han cta day s6.

1) Céc cong thiic trén van codn ding néu thay a bdi vo cing. N6 ciing ding cho gii
han mot phia.

2) Dé dang tim céc vi du chi ra ring cé4c gidi han cta vé€ trdi trong cdc cong thic trén
ton tai, ma timg gidi han lim f(x), limg(x) khong ton tai (tdc 1a v& phai khong c6).
X—a X—a
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5.2.3.
Dinh ly

5.24.

Dinh Iy

84

1) lime. f(x)=c.lim f(x);
2) im[£(x)]" = [lim /(01"

Dinh 1y trén cho phép dé dang tinh gidi han clia cdc ham s6 phic tap thong qua cdc
ham don gian hon, tuy nhién n6 doi héi cac gi6i han cia f va g phai 1a hitu han. Khi
ching khong phai 1a hitu han thi dinh 1y khong dp dung dugc va ta phai tim cac
phuong phap xir Iy dic biét d6i véi ting trudng hop cu thé. Cic trudng hop nhu vay
thuong duoc goi 1a cdc dang vo dinh, hay dang khong xdc dinh, bao gom:

0 o

o
s T O.CD, OO—CX)’I , 0
0 o

0
Gi&i han cua hédm hop
Cho f va g lahai ham s6 sao cho mién gid tri cuia [ nam trong mién xdc dinh ciia
g. Ngoaira, lim f(x) = A,lirr/lI g(y)=L .Khidy
x—a y—>
lim g[ f(x)]=L.
xX—a
Ching minh Do limg(y)=L nén v6i méi &£>0 ton tai S>0 sao cho
y—a

|g(y)—L|<g v6i moi y thda man 0<|y—A|<,b’. Vé6i >0 tim duge & trén, do
lim f(x)= A, ton tai s6 & >0 sao cho |f(x) - A| < f v6i moi x théa man. Ké&t hop

cé hai diéu trén ta thdy: Ve >0 35 >0 sao cho ‘g[f(x)] - L‘ < & v6i moi x théa man
0<|xr—a|<5.Ching t6 lim(go [)(x)=L.
X—a

Hai nguyén ly co bdan vé gidi han hém sé
Nguyén 1y sau day thudng dugc goi 1a nguyén 1y vé gidi han ciia ham don diéu bi
chdan.
Gid sit fla mot ham don diéu trén khodng (a,b) va ¢ la mét diém nam trong khodng dé.
Néu f bi chan thi ton tai cdc gidi han ting phia (hitu han) lim f(x) va lim f(x).
x—c¢ x—c*

Chung minh Khong 1am giam tinh tong qudt ta c6 thé gia thiét rang ham f 12 don
diéu tdng, va ta chi can ching minh su ton tai clia gi6i han trdi (cdc trudng hop con lai
ching minh tuong tu). Ldy mot ddy s6 tang dan {x, } hoi tu dén diém c. Do tinh don
diéu tang va bi chan clia ham f, ddy s6 {f{x, )} 1a tang va bi chan trén, cho nén né c6
gi6i han 1a L. Ta s€ chi rardng lim f(x) = L. That vay, v6i s6 duong & nho bao nhiéu

X—C
tuy y, ta tim dugc s6 N du 16n sao cho véimoi n>N tacé 0<L- f(x,)<¢.Lay
8 =c—x, >0, dé thiy ring v6i mbi x nim trong lan can § cua diém c vé phia trdi
(ttic 12 théa min ¢— & < x < c ) ta luon tim duoc n >N sao cho diém x, nim giita x
va ¢, va khi 4y (do tinh don diéu cua f')

fy)=fle=0)<fx)<f(x,)<L,
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Nhén xét

Dinh Iy

nghiala 0<L—f(x)<L-f(xy)<e,hay |L— f(x)|<¢. Tir dinh nghia vé gi6i han
tréi ta ¢6 di€u c4n chiing minh.

Tir cach ching minh trén ta dé dang thay ring néu ham don diéu ma khong bi chin
trong moi lan can ctia diém nao d6 thi né c6 gidi han bing vo cung tai diém 4y.

Nguyén 1y sau day thuong dugc goi 1a nguyén 1y v€ gidi han ciia ham bi kep giiia 2
ham co cung gioi han.

Gid st ton tai § >0 sao cho véimoi x € X thod man 0 <|x—a|< & ham f(x) bi "kep”
giita hai ham g(x) , h(x) (tikc la g(x) < f(x) < h(x)) va ton tai
lim g(x) = lim A(x) = L .
xX—a xX—a
Khi dy ton tai gidi han cua f khi x tién téi a va lim f(x)=L.
xX—a
Ching minh Cho ¢ >0, vi limg(x) =limh(x) = L nén tén tai &,,6, >0 dé
xX—a xX—a
L-eg<g(x)£L+¢ ‘v’xeX,0<‘x—a‘<§l,
L-e<h(x)£L+¢ VxeX,O<‘x—a‘<§2.
bat 6 =min(,,0,) . Dotinh bi kep cliaf, véi xe X,0< ‘x—a‘ <o ,tacod

L-eg<gx)Sf(x)<h(x)<L+e¢,
hay |L- f(x)|<&. Diéu ndy ching t6 lim f(x) = L va dinh Iy dugc chiing minh xong.

Luu y Hai nguyén 1y néu trén tuy don gian nhung khong tim thudng chit nao, vi chiing s& 1a

5.2.5.

cong cu chu yéu cho ta tinh gidi han cta hau hét cdc ham co ban thudng gap trong
chuong trinh giai tich (nhu s& thiy trong phan sau).

Gidi han cia mét s6 hdm co bdn

1. Gidi han cuia cdc ham da thitc va phdn thicc
Tir phép lay gi6i han clia téng, tich, thuong ta c6 ngay cich tinh gi6i han cta céc da
thiic va phan thic. Cu thé, néu P(x) va Q(x) 1a nhing da thifc thi

lim P(x) = P(a) ;

Xx—a

limM = M, khi Q(a)#0 .

—aQ(x)  O(a)
2. Gidi han cua cac ham luong gidc
Chd y ring 0 <|sin(x)|<| x|, cho nén
(x + xX—a

2 2
Tu nguyén ly vé€ giGi han ctua ham bi kep giita 2 ham ¢é cung gidi han ta suy ra
lim[sin(x) —sin(a)] =0, hay
X—a

| sin(x) — sin(a) | =| 2.cos a)sin(%)|£2.l.| |=|x—al,

limsin(x) =sin(a).

85



Chuong 5. CICL HAN VA TINH LIEN TUC CUA HAM 8O
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86

Trong truong hogp riéng ta c 11113 sin(x) =sin(0) =0.
X—>

Tuong tu nhu vay ta tinh duoc

lim cos(x) = cos(a)

va trong trudng hop riéng ta ¢ lin% cos(x) =cos(0)=1.
x—

Tir cac két qua trén va dua vao phép 1ay gidi han cta thuong ta c6

lim tan(x) = tan(a)
xX—a

lim cot(x) = cot(a) .

Mot trong nhiing két qua hay vé gi6i han ctia ham luong gidc 1a

lim sin(x) _

x—0 X

1.

Ching minh Nhan xét rang tam gidc vuong OBH nam gon trong hinh quat OBA, va
hinh quat nay lai ndm gon trong tam gidc vuong OAC, cho nén tir cong thic tinh dién
tich cac hinh nay ta suy ra doan thing BH nhé hon do dai cung AB, va do dai cung nay
nhé hon doan AC. Goi x 1a d¢ dai cung AB, ta c6
sin(x) < x < tan(x) ,
va suy ra
cos(x) < &(x) <1.
Nhu da thdy 1iné cos(x) =cos(0) =1, cho nén tir nguyén 1y vé
x>
gidi han cua ham bi kep giita 2 ham ¢é cing gidi han ta suy
ra di€u c4n chitng minh. Hinh 5.3
3. Gidi han cua ham sé mii

Ta dd dinh nghia ham s6 mii ¢ (con dugc goi 1a exp(x) ) nhu phép cho tuong ting moi

sO x VGi gidi han chia ddy s6 {(1+x/n)"},nghiala e’ :=exp(x):= lim(l + ﬁ] .
n—o0 n

Ta biét rang n6 1a ham don diéu ting va c6 ddy du cdc tinh chat tuong tu nhu 1y thira bac
hitu ty, thi du nhu ™ =e*.e”, e =1/e*. Bay gid ta hdy tinh gidi han cia ham nay
(tai mdi diém bat ky).
Dé y ring v6i x, =e"* —1 thi x, 1a s6 duong va

e=(+x) =l+ke, +..+x; >1+kx,
Chonén 0<ux, <(e—1)/k, vatutinh chat ctia ddy bj kep giita 2ddy c6 cung gici han

tasuyra limx, =0, hay la
k—o©

lime'* =1.
k—o
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Ménh dé

5.3.

5.3.1.

Tir day ta ciing c6 lime™* = 1/[lime"*] = 1 = lime"*.

k—o0 k—o0 k—0
Vi ¢'1a ham don diéu tdng nén né c6 gidi han trdi va gidi han phdi tai moi diém (theo
nguyén ly v€ gidi han cua ham don diéu bi chdn). Th m6i quan hé gitta gidi han ham
$O'Va gidi han ddy sd'ta suy ra

lim e* = lime*""'* = lim[e“ .e"*]=¢" lime"* =e“.1=¢" ,
x—a+ k—x k—0 k—0
lim e* = lime* " = lim[e“ .e*]=¢" lime™'* =e“.1=¢" .
x—a— k—0 k—0 k—0
Tiic 1a ton tai gigi han
lime* = e“.

xX—a

Mot trong nhitng tinh chét quan trong vé gi6i han ham mii thé hién & ménh dé sau.

X

e —1

lim =1.
x=0  x

Chung minh Chi y rang

(1+fj >l+x, Vx>-1, Vn>1
n

Qua gi6i han khi cho # tién ra vo cing ta suy ra e* >1+x. Thay x bdi -x ta cé
X

e >1-x, suyrakhi Ixl<1thi [-x>0va e < =1+
I-x I-x
Téng hoplaitacé x<e'—1< IL . Nhu vay khi x duong thi
-Xx
e’ -1 1
<
X I-x
va trong trudng hop x am thi cdc bat dang thic ciing déi chiéu. Tir ménh dé vé gidi
han ciia ham bi kep gitta 2 ham c¢6 gi6i han ta suy ra
lim& =1,
x>0 x

1<

Tinh lién tuc cua hdm sé
Khai niém lién tuc
Gia sir ham f* x4c dinh trén mot doan chia x, .

Binhnghia Ham f duoc goi la lién tuc tai diém x, néu:

1) Ton tai gidi han lim f(x);
X=X

2) f(xp)= lim /().

binh nghia trén c6 nghia la: khi bién s6 x dan tdi x, thi gid tri clia ham s6 tai x cling

tién dén t6i gid tri chia ham s tai diém x,,.
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Ménh dé

5.3.2.

88

Ky hiéu s6 gia ctia bién s6 la
Ax=x—x,
va s6 gia ciia ham so (twong ung véi s6 gia Ax cta bién s0) 1a
Ay = f(x) = f(xo) = f(xg + Ax) = f(xp) -

Khi ay dinh nghia trén twong duong véi dinh nghia sau day:
Ham f dugc goi la lién tuc tai x, néu lim0 Ay=0.
Ax—

Vi tinh lién tuc ctia ham s dugc dinh nghia thong qua khai niém giGi han nén ta con
¢6 nhitng dinh nghia tuong duong sau:

Ham f dugc goi la lién tuc tai x, néu véi moi day {x,} tién téi x, ta déu cé
lim x,)= /5

Theo ngon ngit € — o thi

Ham f dugc goi la lién tuc tai x, néu voi moi & >0 ton tai mot s6 & >0 sao cho vdi
f) = f(x)] <&

Ta c6 thé sir dung mot trong bon dinh nghia trén vao tiing hoan canh thich hop.

moi x: |x—a| <0 taco

Néu f lién tuc tai moi diém cta X thi ta néi né lién tuc trén X.

Tuong tu nhu trong khdi niém gidi han, ta c6 thé dua ra khai niém lién tuc trdi va lién
tuc phdi.

Ham f dugc goi la lién tuc phdi (lién tuc trdi) tai x, néu

lim f(x)=/(x) (lim f(x)=/(x).

X=X

1) Tt phép tinh gidi han cha cdc ham co ban (muc trén) ta suy ra cac ham da thiic,
phadn thiic, luong gidc va ham mii 1a lién tuc.

2) Nhimng ham y =[x], y=x—[x] 1a lién tuc phdi, nhung khong lién tuc trdi tai cic
diém nguyén.

3) Cac ham y =sgn(x), y= 1 khong lién tuc cd trdi va phai tai diém 0.
4) Ham Dirichlet khong lién )tcuc tai bt cit diém nao.
Ham f lién tuc tai x, khi va chi khi né lién tuc trdi va lién tuc phdi tai dé. Khi dy
lim f(x)= lim f(x)= lim f(x).
¥, Xorxg+ ¥
Ching minh Suy ra tir dinh 1y vé quan hé gitta giGi han va gidi han timg phia.
Diém gién doan
Nhitng diém ma tai dé ham so"khong lién tuc (titc la gidi han }LI’IQ f(x) khong ton tai hodc
gidi han dé ton tai nhung khong bang f(x,)) dugc goi la diém (g;;dn doan clia f .

Tuong tu ta c¢6 thé dinh nghia diém gidn doan trdi va gidn doan phai.
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5.3.3.

Pinh Iy

Pinh Iy

Ta c6 thé phan loai cdc diém gién doan theo nguyén nhan gay ra su gian doan do.
Gid st x, 1a diém gidn doan trdi. Khi &y c6 ba kha nang xay ra:

a) Ton tai gioi han trdi (hitu han) nhung f(x;) # f(x,) ;

b) f(xy) =0 ;

¢) Khong ton tai gidi han trdi.

Néu f gidn doan tai x, do a) thi tandi x, 1a diém gidn doan loai I.

Néu f gidn doan tai x, do b) hoac c) thi ta néi x, 1a diém gidn doan loai 2.

Néu f* gidn doan tai x, nhung f(x,)= f(x,) vakhdc f(x,) thitanodifcé gidn doan
khit duoc tai x,. Néu f ¢6 gidn doan khit dugc tai Xy thi thay gid tri ca ftai x, bing

f(x;) tadugc mot ham lién tuc tai x,, .

Céc dinh Iy co bdn vé hdm lién tuc

(Bolzano-Cauchy 1) Néu f lién tuc trén [a,b] va f(a).f(b)<0 thi ¢é it nhdt mot
diém c €(a,b) sao cho f(c)=0.

Chimng minh Khong han ché téng quat, ta ¢6 thé coi f(a)>0, f(b)<0. Chia [a,b]

thanh hai doan bi diém chia “2 Neu f(“;b )=0 thi c=2*2 chinh 1a diém
cn fim. Néu f(“;b)>0 thi ta chon [al,bl]z[ﬂ,b}, néu f(“;b)<o thi ta
a+b

chon [al,bl]: [a, } Nhu vay, c6 thé xdy ra kha nang sau hitu han n buéc ta di

dén diém ¢ =2 erb" v6i f(c)=0, con trong trudng hgp nguoc lai thi ta dugc mot

day vo han cdc doan 16ong nhau [anfl,bnfl]c [an,bn] sao cho f(a,)>0, f(b,)<0.
b-a

n

Hon nita, b, —a, =

— 0 khi n — 0. Theo tinh chét ciia ho cdc doan 16ng nhau
ta tim duoc diém cela,,b,], VneN. Vi |a,—c| va |b, —c| déu khong vuot qud
|bn —an| =(b—a)/2" cho nén cung tién tGi 0 khi n tién ra vo cung, nghia la
nlir;l a, = lglo b,=c. Vi f(a,)>0 va f(b,)<0,Vn,nén theo tinh chit lién tuc clia
ham f ta cé liglof(an)=f(c)20 va %i_r)rolof(bn):f(c)SO. Ching t6 f(c)=0.Ma
f(@)#0,£(b)#0. Vay ce(a,b).

Dinh 1y da dugc chiing minh xong.

(Bolzano - Cauchy 2) Gid si f lién tuc trén [a,b] va f(a)=A#B=f(b).Khi dy f
nhdn moi gid tri trung gian giiia A va B. (Ta ndi : f ldp ddy khodng [A,B] ).
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Ménh dé

Hé qué

5.3.4.

Ching minh Coi 4 < B.Gia st C lamot so batky gittaA vaB, 4<C < B . Xét ham
s6 g(x)=f(x)—C.Rdrang g lién tuc va g(a).g(b) <0. Theo dinh Iy trén ton tai s6
ce(a,b) saocho g(c)=0,ticla f(c)=C.

Ham don diéu ting (hodc gidm) chi c¢é thé cé diém gidn doan loai I.

Chung minh Suy tir sy ton tai gi6i han timg phia ctia ham don diéu.

Néu f don diéu tang (giam) trén doan X, nhdn gid tri trong doan Y va ldp ddy doan
dy thi né lién tuc trén X.

Chung minh Suy ra tir dinh 1y trén nhu mot bai tap van dung.

Céc tinh chat khédc cia ham lién tuc s& dugc thiét 1ap cling vdi tinh lién tuc déu cua
ham trén doan (trong phén sau).

Cac phép todn véi ham lién tuc

1. Cdc phép todn s6 hoc

Ménh dé Cho f, g la hai ham lién tuc tai x,. Khi dy:

a) ftg,f.g ciingla nhitng ham lién tuc tai x,,.
b) A voi g(xy)#0 la ham lién tuc tai x,.
g
Ching minh D& dang suy ra tir dinh nghia va céc tinh chat cta gi6i han.

2. Tinh lién tuc cua ham hop

Ménh dé Néu f lién tuc tai diém x, va g lién tuc tai diém y, = f(x,) thi go f ciing lién tuc

tai diém x,.
Chung minh Dé dang suy ra tir dinh 1y vé gi6i han ctia ham hop.

3. Tinh lién tuc cia ham nguoc

Ménh dé Gid sit ham y = f(x) xdc dinh va lién tuc trén khodng X, don diéu ting (gidm) chdt

Thi du

90

trén X. Khi dy ton tai ham nguoc don tri x= f~'(y) lién tuc va don diéu tang (gidm)
trén Y = f(X).

Chung minh Tir dinh 1y Bolzano-Cauchy ta suy ra f 14p ddy Y, do d6 v6imdi yeY
ton tai x € X sao cho y= f(x). Do tinh chdt don diéu chat cia f phén tt x Gng véi
y 1a duy nhat. Chiing to ton tai ham nguoc don tri f~'. Hon nita, /™' 13 ham tang.
That vay, gia st y, <y,, tic la f(x)=y, <y, = f(x,). Tk tinh chit don diéu tang
clha [ suyra x; <x,,hay /7' (y)=x<x, =/ (n).

Theo hé qua vé tinh lién tuc clia ham don diéu, suy ra /' ciing lién tuc trén Y .
(Phuong trinh Kepler) Ham s6 y =x — ¢gsin(x), 0 <& <1 1a don diéu tang ngat va do
d6 x dugc xac dinh duy nhat theo y, hon nita x 1a ham don diéu tang ngat va lién tuc
theo y. (Phuong trinh Kepler xuat hién trong co hoc thién thé).
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5.3.5.

Nhéin xét

Binh Iy

Lién tuc déu

Ham sé duoc goi la lién tuc déu trén tdp X < R néu nhu véi méi s6 duong & (nho bao
nhiéu tity y), ta tim dugc so duong S sao cho

Vx,yeX, |x-y<s = |[fx-f)|<e

Néu ham 12 lién tuc déu trén tap X thi né lién tuc tai moi diém trén tap d6 (vi trong
dinh nghia trén ta c6 dinh diém x thi s& suy ra ngay ham lién tuc tai diém nay).

Diéu nguoc lai néi chung 1a khong ding. Thi du: Ham y=1/x 1a lién tuc trén khoang
(0,1), nhung né khong lién tuc déu trén khoang nay. That vy, tén tai &£ =1 sao cho
v6i moi s6 duong & luon ¢6 2 s6 x,y cach nhau khong qua & ma gid tri ham trén 2
diém nay léch nhau mot khoang 16n hon & cu thé véi x=a va y=a/2, trong dé
1 1 1 1 1

x—y‘=a/2<5v€1 S P S PR
x yl |la 20 22«a

O<oa<min(1/2,8), ta cé

Dé tra 16i cho cau hoi khi nao diéu nguoc lai 1a ding, ta ¢6 két qua sau.

(Cantor) Ham lién tuc trén doan thi ciing lién tuc déu trén doan do.

Chung minh Bang phan ching, gia st ring ham f lién tuc, nhung khong lién tuc déu
trén doan [a,b]. Khi &y ton tai s6 duong € sao cho véi moi s6 6> 0 luon tim duge 2
s6 x,y €[a,b] thbaman |x—y|<5 va |f(x)— f(»)|>&. Nhuvay, véi méi s6 trong

day 0, =1/n, tas€ tim dugc cap s6 x,,y, €[a,b] thdéa man
<1l/n (D

|xn —Vn

|/ =)

>e. 2)

Do {x,} nim trong tap compact [a,b] ta tim duoc ddy {x’,} (la tap con cha day {x,})
hoi tu dén mot diém ¢ trong doan [a,h]. Song song vdi né ta c6 day {y’,} cung cap

thda man cdc diéu kién (1) va (2). T diéu kién (1) ta suy rarang limx', = c = lim y',
n—0 n—0

va tr day két hop véi diéu kién (2) ta ¢6

e<lim|f(x,) = /()| =[/ (€)= /()| = 0.

Diéu nay 1a mau thun vi ¢ phai 1a mot s6 duong.
Dinh 1y da dugc chiing minh xong.

Ky hiéu dao dong cua ftréntap X la
o= sup {f(x)- f()].

x,xeX

Hé qud Néu f la lién tuc trén [a,b] thi vi méi &> 0 ton tai 5> 0 sao cho trén méi doan

cia [a,b] cédodai 6 dao dong ciia [ khong vuot qud ¢ .

Chung minh Suy ra tit Binh 1y Cantor.
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Hé qud (Weierstrass 1) Ham lién tuc trong doan [a,b] thi bi chdn trong doan dé.

92

O

L <Y

Ching minh Theo Pinh ly Cantor, ham 1a lién tuc déu, cho nén tim dugc s6 duong &

sao cho
vx,yelabl, |x-y<s = |f(x)-r)|<l. 1)

Phan doan [a,b] ra thanh hitu han cic doan nhd cé do dai khong vuot qua o va goi M,
m (theo thit tw) 12 gid tri [6n nhdt va nhd nhdt ctia ham s6 trén tap (hitu han) céc diém
ddu miit ctia cac doan nho vira phan. Lay diém x bat ky trén doan [a,b], ta tim duoc
diém x’ 1a ddu mit chia mot trong cdc doan nho néi trén va cach diém x khong qué J.
Twr (1) ta c6

< () - f(x) <1,

cho nén
m=1<f(x)-1< () f(X)+1<M +1

nghia la f(x) luon bi chdn dudi bbi s6 m-1 va bi chdn trén boi s6 M+1. Day chinh la
diéu can chiing minh.

(Weierstrass 2) Ham lién tuc trén doan thi dat dugc cdc gid tri I6n nhdt va nhd nhdt
(tai nhing diém ndm trén doan do).

Chung minh Ta chi can ching minh rang ham dat gid tri Ion nhdt (d6i v6i gid tri nho
nhdt viéc ching minh hoan toan tuong tu). Néu ham 1a lién tuc trén doan [a,b] thi nd
bi chédn, va suy ra n6é cé can trén hitu han trén doan nay, ky hiéu 1a M. Theo dinh
nghia vé can trén, v6i mbéi s6 tu nhién n, ton tai diém x, €[a,b] sao cho

f(x,)=M - 1 . Viday s6 {x,}] nadm gon trong tap compact [a,b] cho nén né c6 mot
n
day con hoi tu {x,,} v6i gidi han 1a mot diém nam trong [a,b], ky hiéu 1a x,. Tir bat
. 1 . , .
dang thic f(x,;)) =M —m, Vn(k), va do tinh lién tuc cta f, sau khi cho n(k)
n

tién ra vo cung ta dugc  f(x,)>M . Do M la can trén nén diéu nay c6 nghia la

f(x,)=M ,hay x, chinh la diém dat gid tri 16n nhat cha f trén doan [a,b].

Dinh ly da dugc ching minh.

Céc dinh ly trén s& khong con ding néu ta thay doan [a,b] bang khodng (a,b). That
1 . , L N .

vay, ham y =— lién tuc trén khoang (0,1) nhung n6 khong bi chdn va khong dat gid
X

tri 16n nhat trén khoang nay.



Bdi t&p va

Tinh todn thuc hanh Chuong 5

1. Céu hdi cling cé ly thuyét

BGi 1 Chiing minh ring néu f{x) lién tuc tai x, , thi |/(x)| ciing lién tyc tai x,. Nguoc lai c6

ding khong?

Bdi 2 1) Ching minh ring hAm y = lcosl khi x — 0 khong phai 1a vo cuing 16n (VCL),
X

nhung ciing khong gidi ndi.

2)Ham y=(1+sinx)tanx c6 phaila VCL khong khi x — 0 ?

Khi x > ?

2. Tinh giGi han

Tinh gi6i han cha cdc ham s6 sau:

3
1) limxz*_'-1 ;
ol x” +1
4_
3) i
X2 X _8
. \/x+1—\/§
5) im————— ;
x—1 [l)
x3 -1
7) lim sin(cos x) :
AZ) T
2
. 2 o .
9 lim sin(2x) 51?(x) sin(4x)
x—0 X

3. Khdo sét finh lién tuc cua hém sé

>

3 f—
2) limei1 ;
x—l X _1

4) ling\/x2+2x+3—«/x—2 :
X—>
7_ 2
6) lim———— ’3‘“ :
=0 2x" +x7 +1997

1—cos(x)cos@x)cos@x)

2 ’
X

8) lim
x—0

10) lim =052 fcos(zj‘)
x>0 sin(2x)

B&i1 Chohamsd y= x+ 1,néux<1va y=3—ax’ néux >1. Tim gid tri cha a d€ ham

s0 lién tuc.
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Bdi 2 Tim diém gidn doan clia ham s6 va cho biét diém gidn doan thuoc loai nao:
1

X 1-¢-T
) y=—; 2) y=e I, 3)y = x—E(x).
Sin x

BGi 3 Cho f 1a mot ham lién tuc bt ky trén R . Tén tai hay khong nhitng ham lién tuc g(x)
va h(x) sao cho

f(x)=g(x)sin(x) + hA(x)cos(x) .
Bdi 4 Khdo sdt tinh lién tuc clia cidc ham s6 f{g(x)) va g(fx)), trong d6
S (x) = sign(x),g(x) =1+x—[x] .

4. Thuyc hanh finh giéi han

D€ thuc hanh tinh gi6i han, hdly dua vao dong 1énh ¢6 cd phdp nhu sau:
Climt(f(x),x = a);
Trong d6 f(x) la bi€u thic céan tim gi6i han va a 1a diém tai d6 cin tinh gidi han
(néu a la oo thi ta viét x = infinity ). Sau dau (;) ta an phim "Enter” thi viéc tim gidi
han s€ dugc thuc hién va c6 ngay dap so.
Thi du [>limt(((sin(2*x))"2-sin(x)*sin(4*x))/x"4, x=0);
{6}

5. Tim diém gién doan cta hém s3

Viéc khao sit tinh lién tuc clia mot ham s6 tuong duong véi viec tim cdc diém gidn
doan clia né. Muén tim diém gian doan clia ham s6 f(x) ta hdy goi chuong trinh nay
ra bing lénh

[>readlib(discont):
roi st dung dong 1énh ¢6 ci phdp nhu sau:

[>di scont (f(x), X);

Thi dy [>readlib(di scont):
[>di scont (1/(x-1),Xx);
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CHUONG 6

6.1.

6.1.1.

Pao ham

M6t s bai todn dan t6i
khéi niém dao hdm
Bdi todin vé van téc tic théi clia chuyén dong

Ta biét ring khi mot vat roi tu do thi khodng céch £ giita né va diém ban diu tang ty 1é
v6i binh phuong ctia thoi gian roi ¢, cu thé 13 h:=h(1) = g.t’ (trong d6 g ~9,8m/s°). Nhu
vay vat roi khong chuyén déng déu (trong gidy ddu tién né roi dugc 9,8m, trong gidy
th 2 né roi dugc h(2)-h(1)=9,8.3=29,4(m), trong gidy thit 3 nd roi dugc A(3)-
h(2)=9,8.5=49 (m)....). Trong trudng hop nay, vdn téc trung binh khong thé phan 4dnh
diing vdn téc roi thuc sy clia vat & cdc thoi diém khdc nhau. D€ xdc dinh chinh xdc hon
vdn téc thuc sy cha vat tai mot thoi diém ¢, nao dé, ngudi ta tinh vdn toc trung binh
clia né trong mot khodng thoi gian cuc nhdé At (xung quanh thoi diém ¢,), van téc trung
binh nay la
L h(ty + A= h(t)) gty + A — gyt + 2ty At + (A1) — 1]

At At & At &2t + A1)

th

Khi khoang thoi gian A¢ cang nho thi van tdc trung binh néu trén cang phan anh trung
thanh van toc cla vat roi tai thoi diém ¢, cho nén ngudi ta dinh nghia védn toc thuc su
(hay vdn toc tiic thoi) cha vat roi tai thoi diém ¢, (ky hiéu 12 v(z,)) bang gidi han cla
vdn toc trung binh khi khoang thoi gian Az tién t6i 0, nghia 1a

. h(t,+ A —h(t
v(t,) = hm—(o )=h(ty) )
At—0 At
Va tir dang thiic trén ta dé dang tinh dugc vdn toc tiic thoi ciia vdt roi tai thoi diém 2,12

h(ty + Af) — h(ty)
At

t,):= li = lim g.(2¢, + Af) =2gt, .
v(Zy) lim A}g)g( o T A =2gt,

Phuong phdp xac dinh vdn toc tifc thoi néu trén hoan toan c6 thé duoc md rong ra cho
mot chuyén dong bdt ky, néu nhu ta biét dugec ham S(¢) biéu dién quang dudng di clia
chuyén dong theo thoi gian, va néu nhu gidi han sau day 1 ton tai

lim S(t, + Ar)-S(¢,)

At—0 At
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Chuong 6. DAO HAM

6.1.2. Bdi todn vé ti€p tuyén ciia mét dudng cong

6.2.

6.2.1.

96

Cho dudng cong dugc xdc dinh nhu 1a d6 thi cha ham s6 y = f(x), diém M (x,,»,)
6 dinh, con diém M (x,y) di dong doc theo dudng cong. Puong thing MM, dugc
goi 1a cat tuyén cta duong cong (C).

Vi tri gidi han (néu cé) cia cdt tuyén MM, khi M tién t6i M, doc theo duong cong
(tir cd hai phia) dugc goi la tiép tuyén ciia duong cong tai M, .
Goi o va O, theo thit tu, la géc gilta cét tuyén va
ti€p tuyén véi chiéu duong truc hoanh. Tir dinh nghia
ti€p tuyén, do x >x, khi M > M, va tan(e) la
ham lién tuc, ta c6 cong thiic tinh hé s6 géc ctia duong
ti€p tuyén nhu sau:
. . x)— f(x
tan(e,) = lim tan(e)= lim M .
MM, X=X, X — X,
Néu ky hiéu Ax=x— x, thi cong thic trén c6 thé viét

lai thanh Hinh 6.1

S (xg +Ax) = f(x,)
o .
Hai bai todn trén (va nhiéu bai todn thuc t€ khic) c6 chung mot ban chét 1a tim gidi
+ Ax) —
han dang lim S (% ) f(x()).
Ax—0 Ax
mdi trong todn hoc 1a dao ham ctia ham s6.

) =

Viéc xét gidi han nay dua t6i mot khdi niém

Pao hdm cua hém sé

Pao ham
Cho ham s6 f x4c dinh trén lan can cta diém x,.

Néu ton tai gici han
o LG D)= 1)

h—0 h

thi gidi han nay duoc goi la dao ham ciia ham f tai diém x,, .
Khi dy ta ciing néi f ¢é dao ham tai x, va gioi han néu trén duoc ky hiéula f'(x,) .

Néu f ¢6 dao ham tai moi diém x € (a,b) , ta néi rang f c¢é dao ham trén (a,b).
Theo thong 1& nguoi ta hay ky hiéu A=Ax va goi né 1a 56’ gia ciia bién sé. Nhu vay, ta
c6 thé viét lai dinh nghia dao ham nhu sau:
S (xg +Ax) — f(x,) ‘

Ax
Biéu thic Ay = f(x, +Ax)— f(x,) cdn c6 tén goi 1a s6 gia ham sé (Gng voi s6 gia
bién s6 Ax ). Nhu vay:

S(x) = Aliglo
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& S G)

"(x) = lim
f ( 0) Ax—0 Ax  xox, X=X,

Chay Doi khi dao ham cla f ciing duge ky hiéu 1a Df. Néu y = f{x) thi dao ham ciing duoc

6.2.2.

6.2.3.

ky hieu la Dy.

Pao ham béc cao

Cho y = f(x) la ham s6 c¢6 dao ham tai moi diém x. Khi &y phép iing mbi diém x véi
gid tri dao ham ciia f tai x (tGc 12 f'(x)) cling 1a mot ham s6. Ham nay dugc ky hiéu
1a f' (hoicla f'()).

Néu ham s6” [ ¢6 dao ham thi dao ham ciia né duogc goi la dao ham cdp hai ctia ham s6¢
y=f(x),ky hieua £”, hay f"(x) hodc D%,

Pao ham cua dao ham cdp hai (néu ton tai) duoc goi 1a dao ham cdp ba ciia ham s6 va
duoc ky hiéula £, hay f"(x) hoiac D’f.

Tong quét, ta dinh nghia: Dao ham cta dao ham cdp n—1 cla ham s6 y = f(x)duoc
goi 12 dao ham cdp n clhia ham s6 y, va duoc ky hiéu bang mot trong cac biéu thiic

Dny’ y(n)’ an’ f(n) .

Thi du tinh dao hdm bdng dinh nghia
1. Thi du tinh dao ham cua da thirc
Cho f(x)=x"+3.Tatinh f(x) tai diém x bat ky.

Cho /& nhé tuy y. Xét dai lugng
fx+h)—f(x) (x+h)’ +3=(x"+3)  h((x+h)’ +(x+h)x+x7)
h h h
Cho /& — 0, ta dugc

3,4 (.3
limEEM A3ZOT ) e by + (et B+ x2) = 3
h—0 h h—0

Vay ham s6 f 13 ¢6 dao ham va dao ham clia n6 tai diém x 1a f'(x)=3x>.

Tuong tu nhu trén ta ciing ching minh duoc ring ham s6 3x* c6 dao ham (tai moi
diém) va dao ham cuia n6 bang 6x. Nhu vay c6 nghia 1a ham f ¢6 dao ham bdc 2 va

f"(x)=6x.

2. Thi du tinh dao ham cua ham cdn thiic

Cho f(x)=+/x . Tinh dao ham clia f tai diém x>0 batky.
Theo dinh nghia

Vx+h—+x
h

J'(x) =lim
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= lim|

(m—ﬁ][mﬂﬁj
h Jx+h++/x

TN ok S ! L
0 h(x+h+4x) 0 x v h+ax 24x
Vay f'(x)=(\/§)'=%-

3. Pao ham cua ham luong gidc
Cho f(x)=sin(x).Tinh f(x) taidiém x=a.
sin(x)

Chd ¥ ring lim———==1 va limcos(x) = cos(a), ta cé:
x—0 X x—>a

ho . h
_sin(a+h) —sin(a) _ 2cos(a+-)sin()

f@=fim = - ——y
sin(™)

= }11_1)13 cos(a + E). %1_1)13 =[cos(a)].1=cos(a)

4. Pao ham cua ham s6 mii

Trong khi xem xét v€ giGi han clia cic ham s6 mi ta da chi ra ring

lim& =1
x=>0  x
Tur day ta suy ra
x+Ax X Ax
. - . -1
[e*]'= lim &~ — " lim =e'.l=e".
Ax—0 Ax A0 Ax

6.2.4. Y nghia cta dgo ham
Tir hai bai todn trén ta thay: Vé mat Hinh hoc, dao hAm ctia ham s6 y = f(x) tai diém
x, chinh 1a hé¢ s6 géc cla ti€p tuyén véi dudng cong (d6 thi) y=f(x) tai diém
M(x9,,) -
Vé mat Vat ly, dao ham ctha ham biéu dién qudng duong di theo thoi gian chinh 1a vdn
t6¢ tifc thoi cha chuyén dong tai thoi diém x,, .

6.2.5. Dao ham mét phia

Néu ton tai A)lclng Ey thi gidi han dé duoc goi la dao ham phdi cua ham tai x,va ky hiéu
-0+

f!(xar) = A)ICEIS+ f(xO +A§;_f(x0) .
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Thi du

Nhén xét

6.2.6.

Thi du

Luuy

6.2.7.

Tuong tu cho dao ham trdi.

Minh hoa hinh hoc: Dao ham phai (trdi) chinh 1a hé s6
gbc clia"ti€p tuyén phai” (trai), tic 1a hé s6 géc cua vi
tri giGi han cla cét tuyén doc theo dudng cong tir bén
phai (tr bén trai).

1)Ham y=[x c6 f'(0")=1=-1=/(0").

2) Ham y :‘xz —1‘ c6 dao ham trdi va phai tai diém

N Hinh 6.2

x,=11a
f)==2=2=f'(1").

Tur dinh 1y v€ gi6i han trai va phai ta suy ra: f c¢6 dao ham tai x, khi va chi khi tai d6
n6 c6 dao ham trdi va dao ham phai bing nhau.

3) y=max{x+2,x| c6 dao ham trdi va phai tai -1 va 2 Ia
') ==2=1=f'(-1"), f'27)=1=f'2")=4.

Do d6 n6 khong c¢6 dao ham tai x; =—1 va x, =2.

1
4) Ham s6 y= x.sm;, x#0
0, x=0
R p N PR e . Ay ] R L. .
khong c6 dao ham trdi va phai tai x=0, vi E:SIHE khong c6 gi6i han khi

Ax—0.

Dao hdm bdng vé cuing

Néu Alimo% = +o0 (—o0) thi, mot cich quy udc, ta néi f c6 dao ham tai x, bdng
VO cung.

1) y=3/x ¢6 y'(0")=y'(07) =40,

2) y=+/x 6 ¥'(0") =+ con y'(0”) khong ton tai.

Trong khuon khé gido trinh nay dao ham bdng vo cing duge xét dén nhu mot trudng
hop ngoai I¢, cho nén, néu khong néi gi thém, thanh ngit “cé dao ham” ludén dugc hiéu

la “c6 dao ham hitu han”.

Lién hé gilia dao hém va tinh lién tuc cua hém sé

Ménh dé sau cho ta biét quan hé giita su tén tai dao ham va tinh lién tuc cia ham s6.

Ménh dé Néu f c6 dao ham tai diém x, thi né lién tuc tai x,.
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Nhdn xét

6.3.1.

Ménh dé

Chung minh Néu f ¢6 dao ham thi Alimo Af =0 (vi ngugc lai thi / khong thé ¢
X —

dao ham hitu han). Diéu nay cé nghia la lim f(x)= f(x,), hay f lién tuc tai x,.

Diéu khéng dinh ngugc lai ctia dinh 1y trén khong ding. Vi du ham s6 f(x) = |x| lién
tuc tai 0 nhung khong c6 dao ham tai 0 (Thi du 4).

Céc phép todn co bdan trén dao ham

Trong muc nay ta xét mot so tinh chét quan trong ctia dao ham. Nho chiing ma ta tinh
dugc dao ham cta nhitng ham s6 phiic tap thong qua dao ham ctia cdc ham co ban. Vi
du muén tinh dao ham ctia ham s6

A+x)° (x> +7x+8)°
X+ 7x+1 ’

fx)=

ta khong can phai dua vao dinh nghia cta dao ham va tim gidi han cta biéu thic

lim f(x+Ax)_f(x)
Ax—0 Ax

ma chi cin tinh duoc dao ham cla don thitc va cach lay dao ham cla tong, cla
thuong,... Dong thoi ta cling tinh dugc dao ham ctia cdc ham [ogarit, ham liiy thita téng
quét, ham lugng gidc, ham lugng gidc nguoc,... thong qua viéc tinh dao ham ctia ham
s6 exp(.), ham s6 sin(.) va cdc quy téc 1ay dao ham ctia ham hgp, ham ngugc,... Trude
hét ta luu y

DPao ham ciia ham hdng (f(x) = ¢ véi moi x) dong nhdt bang khong.

Chitng minh c¢6 ngay tlr dinh nghia ctia dao ham.

Cdc phép todn s6 hoc

Néu fva glacé dao ham tai x,,thi f+g,f.g cing cédao ham tai dé va
@ (S E8)(x)=1"(x) £ &'(xp),

(i) (f8)(xg)=f"(x))g(xg) + f(x)g (xp) -

(ii)) Néu g(x,)#0 thi é ciing ¢6 dao ham tai x, va

s

J 8(xy) /" (x9) = f (59)g' (o) '
g

gz(xo)

(=)' (x) =

Ching minh
(i) Suy ra ngay tir tinh chat clia phép 14y gi6i han clia tong (hiéu).
(i1) Ta c6 nhan xét sau day

Sx+m).g(x+h) = f(x).g(x) = [f(x+h) = f(D)]g(x+ )+ f()[glx+h) - g(x)].
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6.3.2.

Ménh dé

Chia ca 2 vé&€ cho A 16i cho 4 tién dan t6i 0, luu ¥ rdng do tinh lién tuc cia ham g ma
g(x+h) tién t6i g(x), tir dang thic trén ta ¢ diéu phai chiing minh.

(iii) Ching minh bang nhiing 1ap luan tuong tu.

Ménh dé da duoc chiing minh day da.

1) Néu fcé dao ham tai x,va c la hang so, thi ¢f ¢é dao ham tai x, va
(cf ) (x0) = ¢f"(x).

(Pay 1a hé qua cua (ii) trong trudng hgp g 1a ham hing).

y . | . . R
2) Néu g c6 dao ham tai x, va g(x,)=0,thi — ciing cé dao hamtai x, va
g

’

) g
(gJ(x“ 22 (x,)

(Pay 1a he qua cla (iii) khi £ bing 1).

Pao hédm cua hédm hop

Cho f:X - U cédaohamtai x,, g:U — Z c6 dao ham tai u, = f(x,). Duéi day
1a cach tinh dao ham ctia ham hop g[f(x)] (hay con duogc ky hiéu la go /') thong qua
dao ham f va g

Néu u= f(x) cédao ham tai x, va y = g(u) cé dao ham tai uy = f(x,), thi go f

ciing c6 dao ham tai x, va

(g ) (xo) = {glf (x)]}' = &' (up).f"(xo) -
(V€ phai la: dao ham cia y theo u nhan véi dao ham cia u theo x).
Chung minh Ta chi y rang

glf (x+m)]-glf(x)]
Sx+h) = f(x)

bat y, = f(x,) va Ay = f(x,+h)— f(x,), tir biéu thic trén ta c6
)

glf (x+m]-glf(x)]=

Lfx+h)= f(x)]

ol (g + )] gl ()] = L0 A= 8o

A LS (g + 1) = 1 (x0)]
y

Chud y ring khi & tiént6i O thi Ay ciing ti€n t6i 0, cho nén sau khi chia 2 vé& cha biéu
thic trén cho A 16i cho /i tién t6i 0, tir dinh nghia ctia dao ham ta suy ra diéu phai ching
minh.



Chuong 6. DAO HAM

6.3.3.

Ménh dé

Thi du

6.3.4.

Pao hdm cua hdm nguoc
Gid sit x = f(y) cé dao hamgi y, € (a,b)va f'(y,) # 0. Néu ton tai ham nguoc y = g(x)
lientuc tgi x, = f(y,) thitontgidao ham g'(x,) va
1
g'(xg)=——.
TS0

Chung minh Theo dinh nghia ham ngugc chiing ta c6

x= fTg()],
cho nén 18y dao ham ca 2 vé& va dp dung cong thiic dao ham ham hop cho v€ phai ta duoc

1= 7"[g(x)]-8'(x0)
bé y rang y, = g(x,) ta c6 ngay diéu can chiing minh.
Cho x=f(y)=y>, ye(0,0). D& dang thdy ring f c6 ham nguoc
y=gx) =f"(x)= Jx . Ta ap dung dinh 1y trén va c6 ngay két qua
1 1 1
g)=— ==
[ 2y 24x

ding nhu da biét trude day bang cach tinh truc ti€p theo dinh nghia.

Dao hém céc hdm so cap

Dua vao cdc két qué tinh dao ham (bang dinh nghia) déi v6i cdc ham don thiic, ham s6
sin, ham s6& mii, két hgp v6i cdc quy tac da thiét 1ap trong phan nay, ching ta dé dang
suy ra céc cong thic tinh dao ham (con goi 1a goi 1 bdng dao ham) duéi day:

1. y=c=const y' =0Vx.

2. y=x y' =1Vx.

3. y=x" (nnguyén duong) y =nx"",.

1 o

4 y:; yVi==——7, x#0

5 y—\/; y’—L x>0
2/’

6. y=e" V' =e" Vx.

y=a“,a>0 y'=a"IlnaVx.

7. y=In(x) y'==,x>0

x
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6.4.

64.1.

Pinh Iy

1
=log (x = , x>0.
y=log, (x) Y= @)
8. y =sin(x) y'=cos(x) Vx.
9. y=cos(x) y'=-sin(x) Vx.
' 1 T \
10. y=tan(x) y=—7F:, x #(2k+1)— (k nguyén).
cos” (x) 2
' 1 R
11. y=cot(x) y'=————, x#kn (k nguyen).
sin” (x)
. , |
12. y = arcsin(x) y' = —l<x<l1.
1-x7
, 1
13. y=arccos(x) Yy =———-1<x<l.
V1-x?
, 1
14. y= arctan(x) y'= > Vx
I+x
, 1
15. y= arccot(x) y =- > Vx.
I+x

Céc dinh ly co bdan

Pinh ly Fermat (vé diéu kién cuc tri)

Tru6c hét ta trinh bay dinh 1y vé gid tri cuc tiéu, cuc dai clia hAm s6 ma ta goi chung 1a
cuc tri. Cho ham s& f xac dinh trén khoang (a,b). Ta néi rang f dat cuc tiéu (cuc dai)
tai ce(a,b) néu f(c)< f(x) (f(c)= f(x)) ding v6i moi x €(a,b).

Dinh 1y sau cho ta diéu kién cdn cha cuc tri.

(Fermat) Cho f xdc dinh trén khodng (a,b). Néu f dat cuc tri tai diém c € (a,b) va
f'(c) tontai, thi f'(c)=0

Ching minh Ta ching minh dinh 1y nay cho trudng hop cyc dai, trudng hop cuc tiéu
ching minh hoan toan tuong tu.

Gia strrang f{c) 1a gi4 tri cuc dai chaham f trén (a,b), vd f(c) ton tai.

Xét dai lugng

J(e+Ax)— f(c)
. ;

trong d6 Ax 14y di nho dé ¢+ Ax € (a,b). Vi f(c) la cuc dai nén
fe+Ax)< f(c) hay f(c+Ax)—f(c)<0.
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6.4.2.

Dinh Iy

Thi du

Cho nén khi Ax >0 thi
fle+A)—f©) _,
Ax

Khi Ax — 0 thi dai luong ndy tién t6i f'(c). Vay

f'(c):gigl()wﬁo'
Khi Ax <0 thi
S+ M) - 1)
Ax

Qua gidi han ta dugc

f'(e)= lim

[+ M= f@©)
0=/ .

Tur hai diéu trén ta suy ra f(c) = 0. Dinh ly da dugc ching minh.

Pinh ly Rolle

Xét ham s6 f xdc dinh va lién tuc trén doan [a,b]. Poan d6 thi néi hai diém (a,f(a)) va
(b,f(b)) dugc goi la cung. Ta gid st f(a)= f(b) vaham s6 f c¢6 dao ham trén khoang
(a,b). Khi &y chac chan s& c6 diém c € (a,b) dé tiép tuyén di qua diém (c,f(c)) cta d6
thi s& song song véi truc Ox . Cu thé ta c6

(Rolle): Cho f la ham lién tuc trén doan [a,b] va cé dao ham tai moi x € (a,b). Néu
f(a)= f(b) thi ton tai it nhdt mot diém c € (a,b) dé f(c)= 0.

Ching minh T gia thiét lién tuc cla f trén doan déng [a,b], theo Dinh ly
Weierstrass, ham f phai dat gid tri cuc dai va gid tri cuc ti€u trén [a,b], tic 12 ton tai
cdc diém x,,x, € [a,b] sao cho

SGa)=min f(x)=m va f(x;) = max f(x)=M .
C6 hai kha nang:
a) m =M. Khidy f(x)=const trén [a,b], dod6 f'(x)=0 v6i moi x e (a,b).
b) m<M.Khidy vi f(a)=f(b) nén it nhat mot trong 2 diém x,, x, s& khong tring
v6i cac ddu miit a va b. Theo Dinh Iy Fermat thi dao ham bang O tai diém nay.
Dinh ly Rolle da dugc chiing minh xong.
Ta 4p dung Dinh 1y Rolle cho ham f{x)=cos(x) trén doan (7,57).

Do f(zn)=—1= f(57) va ham cos c6 dao ham [cos(x)]'=—sin(x) trén toan doan
(7,57) néntaldy a=, b=>57 thi moi diéu kién cta dinh 1y trén déu dugc thoa man.
Theo dinh 1y nay ta suy ra ton tai diém c € (7,57) dé [cos(x)]'=0. D6 chinh 1a céc
diém x =2737,47.
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6.4.3.

Dinh Iy

Thi du

6.4.4.

Dinh Iy

Pinh ly Lagrange vé gid tri trung binh
Day 1a su tdng quét héa Pinh 1y Rolle. Ta biét ring hé s6 géc ctia duong thiang qua hai

diém (a, fla) va (b, f(b)) trén d6 thi chia ham f chinh I dai luong M. Vi he

s6 goc cla ti€p tuyén doi vé6i do thi tai diém (c, f{c)) chinh bang f(c), cho nén, néu
dudng ti€p tuyén tai (c, f{c)) song song véi day cung ndi (a, fla)) va (b, (b)) thi phai cé

fB)-f@

fe===—t

(Lagrange): Cho ham f lién tuc trén doan [a,b] va cé dao ham tai moi diém ciia
khodng (a,b). Khi dy ton tai it nhdt mot diém c € (a,b) dé

o LO-f@
b-a
Ching minh bat
g0 = ) -LO LD ).

Ta ¢6 g(a) = g(b). Ham s6 g thdéa man moi diéu kién cha Dinh 1y Rolle. Theo dinh 1y
ndy ta suy ra ton tai it nhat mot diém c € (a,b) dé g'(c) = 0. Chd ¥ ring

’ ' b) - a

£©=7(o- L0 1@
b-a

Nén tir dang thic trén ta c6 ngay diéu can chiing minh.

Mot 6 t6 chuyén dong trén dudng thing theo cong thic y =s(?).

Ta biét rang dai luong

s(b)—s(a)
b—a

14 vdn toc trung binh cta 6 t6 trong khoang tir a dén b. Theo dinh 1y gi4 tri trung binh
ton tai it nhat tai mot thoi diém ¢ nao do gitta (a,b) sao cho vdn téc tiic thoi cha 6 tO
ding bang vdn téc trung binh nay.

Céc hé qua

(Cauchy): Cho cdc ham f, g lién tuc trén doan [a,b] va cé dao ham tai moi diém ciia
khodng (a,b), ngoai ra g'(x)#0 trén (a,b). Khi dy ton tai it nhat mot diém c € (a,b) dé
S )= f(a) _ f'(c)
gb)-gla) g'(o)
Ching minh Tur Dinh ly Lagrange va diéu kién g'(x) #0 trén (a,b) ta suy ra rang
g(b)—g(a) # 0. Xét ham s6
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Hé qua

f(b)~f(a)
g(b)—g(a)

ta thdy ring n6 thoa man moi diéu kién ctia Dinh ly Rolle. Cho nén tim dugc ¢ € (a,b)

Fx)=f(x)-f(a)- [g(x) - g(a)]

sao cho F'(c)=0. Béng tinh todn truc ti€p ta suy ra ngay day chinh 1a diém can tim.
Néu dao ham cua ham s6 bdng 0 trén mot doan nao dé thi ham s6 dé la hang trén
doan dy.

Ching minh That vay, cho g, b 12 hai diém khdc nhau (bét ky) thuoc doan cho trude.
Theo dinh ly gi4 tri trung binh ta tim dugc diém ¢ € (a,b) dé

S(b)-f(a)
b-a
Tur day suyra f(b) = f(a).Chonén f 1a ham hing.

= f'(c)=0.

Néu hai ham s6 ¢é cung mot dao ham trén doan cho trudc thi chiing chi sai khdc nhau
mot hdng so.

Chung minh Suy ra tir h¢ qua trén bang cach xét hiéu ctia hai ham.



1.

Bdi 1

Bdi 2

Bdi tap vé
Tinh todn thuc hanh Chuong 6

Céu hodi cing cé ly thuyét
Tim cho sai trong tinh todn sau ri sira lai cho diing:

1) [sin(2x)]' = cos(2x);

2) i[e(zx)] =2xe
dx

3) [xsin(x)]' = 1+ cos(x).
Cho f{x) 1amot ham chan (1¢ ), kha vi trén (—o0, 00) .
a) Ching minh ring /(x) 1a mot ham 1€ (chén).

b) Diéu ngugc lai ¢6 diing khong ?

Tinh dgo hdm cia hdm sé théng thudng

Tinh dao ham ctia cdc ham s sau:

1) y=5x3—3x2—x—23 ; 2) y=esm2%’ ;
3) y=x’Vx’+1 ; 4) y=—x+2dx*+4 ;
2
5) y=cos’(2x) ; S8
sin(2x)

7) y =In[sin(x* +1)] ;

Tinh dao hadm cGa hém én

] soody L
Tinh dao ham D tia céc ham 4n sau:

dx
1) x*—y*=3 tai (2,1) ;
2) x2y+xy2 =12 tai 3,1) ;
3) 2y3 +4xy+x2 =7 tai (1,1) ;
4) x5+y3x+yx2+y5:4 tai (1,1) ;

107



Bai

té@p va tinh todn thuc hanh Chuong 6

5) 2% 4 gin(y) = 2 tai (1,75 .
T 2

4. Cac dinh ly gid tri trung binh va Ung dung
Bdi 1 Chitng minh ring v6i moi —1< x <1 ta luon c6
T

arcsin(x) + arccos(x) = 5

B&i 2 Chiing minh ring phuong trinh 2xarctan(r) = In(1+ x*) c6 mot nghiém duy nhat x =0 .

B&i3 Cho m >0 con a,b.c Ia ba s6 bit ky thoa min diéu kien ——+—2—+< 0. Chiing
m+2 m+l m

minh ring phuong trinh  ax® +bx+c¢ =0 c6 it nhit mot nghiém thuoc khoang (0,1).

B&i 4 Chiing minh bt ding thic <=2 < 1{%} <4 ;b .
a

Bdi5 Cho a, b, ¢, d 1a c4c s6 bat ky. Chitng minh bat dang thitc

1
(abc+abd+acd+bcd}(3j <\/ab+ac+ad+bc+bd+cd
4 B 6 '

Bdi 6 Chiing minh réing biéu thiic

2 arctan(x) + arcsin( 2x > J
I+x
nhan gid tri 7 néu 1<x vanhangidtri —7 néu x<-1.
Bdi 7 Ching minh rang véi hai s6 a, b bat ky
a) |sina - sinb| < |a —b|;
b) |arctan a —arctan b| < |a - b| .

BGi 8 Cho ham s6 lién tuc f :[0,1] > [0,1] ¢6 dao ham trén (0,1) thod man f{0) = 0 va
(1) = 1. Chitng minh ring ton tai a,b trén (0,1) sao cho a = b va f(a).f(b) = 1.

BGi 9 Chiing minh ring x"+/1-x <

v6i moi x thuoc (0,1) .

1
+2ne

5. Baitdp ndng cao

sin(3x) N sin(5x) N sin(7x)
3 5 7

5)r

Bai 1 Cho f(x) =sin(x)+ . Ching minh rang:




Bai tap va tinh todn thuc hanh Chuong 6

B&i 2 Cho ham
2(x) = lim tlim cos" (ranx)|.
m—>0 n—»0
Chiing minh rdng y(x) 1a ham Dirichlet, titc 12 y(x) =0 khi x 12 s6 vo ty va y(x) =1
khi x 1a s6 hitu ty.

Suy ra y(x) gién doan tai moi diém x.

6. Thuc hdnh tinh todn dao ham
D¢ thuc hanh tinh dao ham , hiy dua vao dong 1énh c¢6 cd phdp nhu sau:
>diff(f(x),x);

Trong d6 f(x) 1a ham s6 va x 1a bién s6 ma ta can tinh dao ham. Sau d4u (;), 4n phim

"Enter" thi viéc tinh dao ham s€ dugc thuc hién va s€ c6 ngay dap so.

Thi du [>di ff(x"2*sqrt(x"2+1),Xx);

2)6\/)62 +1+

3

x“+1
Muon biéu dién qué trinh nay mot cich tudng minh (qua cdc cong thic quen biét) ta
dung céc th tuc sau day:
Xac dinh ham s6 bing dong 1énh c¢6 ct phéap nhu sau:
[> f:=x -> Biéu thiic ctia x
Thiét 1ap cong thiic dao ham clia f{x) theo bién x bing dong 1énh c6 ci phdp nhu sau:
>Dff(f(x),x);
Tim gi4 tri thuc t€ cha biéu thic trén biang dong lénh ¢6 ct phap nhu sau:
[>f_prim=val ue(");
Muon rit gon biéu thic nay ta dung 1énh:
[>simplify(");
Thidy [>f:=x->5*x"3- 3*x"2-2*x"(-3);

2

f=x—5x -3x? 3

£(5x3 —3x? —%j
ox X

[>Di ff(f(X),X);

[>f_prim=val ue(");
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6
x*

f_prim:=15x* —6x +

Thidy [>f:=x -> ((cos(x))"2/sin(2*x));

cos(x)?

S=x = e

[>Diff(f(x),x);

a cos(x)?
& sin(2x)

[>f_prim=val ue(");

cos(x)sin(x) ) cos(x)? cos(2x)

Jprimi= 2 ) sin(2x)’
[>sinplify(");
cos(x)?
—1+cos(2x)*

(Luu y ring may khong viét cos”(x) , nhu chiing ta hay viét, ma viét 1a cos(x)?).



CHUONG 7

7.1.

7.1.1.

Nhén xét

Thi du

Ung dung
cua dao hédm

Vi phén
Khai niém
Vi phan la mot khéi niém doc 1ap nhung cé quan hé mat thié€t véi khai niém dao ham.
D¢ trinh bay khai niém nay ta dua ra

DBinh nghia Ham s6" r(x) dugc goi la mét dai lugng v cung bé bdc cao tai lan cdn
diém a néu nhu né théa mdn diéu kién sau

lim 7 _o.
xX—a x p— a
Khi 4y, v6i Ax=x—a, ngudi ta néi ring r(x) 12 vo ciing bé bac cao hon Ax (tai 1an can
diém @) vaky hiéuné 12 o(Ax). Néu a =0 thi Ax=x va trong trudng hop nay mot
dai luong vo ciing bé (bac cao hon x tai lan can diém goc) s& dugc ky hiéu 12 o(x).
Nhu vay, theo dinh nghia ta c6
fim 289 _
A0 Ax

0.

Nh6 lai réing s6 gia clia ham s6 y = f{x) (tuong ng vdi s6 gia Ax cia bién so) thudng
dugc ky hiéu la Ay, chiing ta dua ra
Binh nghia Ham f duoc goi la khd vi tai diém x, € (a,b) néu ton tai mot s6" K sao
cho Ay —K.Ax la mét dai luong vo cung bé bdc cao tai ldn cdn diém x,, nghia la

Ay = f(x, +Ax)— f(x,) = K.Ax+0o(Ax) .
Biéu thitc K.Ax duoc goi la vi phdn cdp I ciia ham f tai diém x, (iing véi s6 gia bién
s6'la Ax ) va duogc ky hiéu la dy.
Tur dinh nghia ta c6 ngay vi phan cta bién s6 doc lap ding béng s6 gia cla bién so,
nghiala: dx=Ax.Vavivay nguoi ta con viét vi phan ciia ham s6 1a dy = K.dx
Ham y=x’ 1a ham kha vi tai diém x = I va c6 vi phan tai d6 1a dy = 2dx, bdi vi
(1+Ax)* =17 =2.Ax + (Ax)” ma dai luong (Ax)’ rd rang 12 mot vo cling bé bac cao
(dé dang kiém tra bang dinh nghia).
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7.1.2. Quan hé gitra dao ham va vi phén

Pinh ly [ khd vitai x khiva chi khi né ¢é dao ham tai x .

Nhén xét

Thi du

Nhén xét

Chung minh Gia st f kha vi tai x, khi d6 ta c6
Ay = K.Ax + o(Ax)

@’ va khi cho Ax — 0 ta thay ring gi6i han EII’(I) Ly 12 ton tai.

Suy ra & =K+
Ax
Nhu vay, theo dinh nghia, ham f 1a ¢6 dao ham tai x, va ngoai ra

f'(x)=K.

Dido lai, gia st /' c6 dao ham tai x. Khi &y ton tai ilrr}) Ey = f'(x), hay dai lugng

A ,
u(Av) === ['(x) *)
s€ tién t6i 0 khi Ax tién tGi 0. Nhu vay dai lugng r(Ax) := Axu(Ax) s€ la vo cung bé
bac cao khi Ax tién t6i 0. Biéu thic (*) c6 thé viét lai thanh
Ay = f'(x)Ax + r(Ax) = f'(x).Ax + 0(Ax)
Diéu nay c6 nghia rang f 12 ham khd vi tai x, va ngodi ra
dy=f'(x).dx .

Tur dinh ly trén va cdc cong thiic tinh dao ham cua tong, hiéu, tich, thuong, ham hop,
ham nguoc,... clia cdc ham s6 ta dé dang tinh dugc vi phan clia mot ham phiic tap
thong qua vi phan ctia cac ham don gian

dutv)y=duztdv,
d(uv)=udv+vdu.

Chinh m&i quan hé mat thiét néu trén giita dao ham va vi phdn da dan dén mot céch ky

hiéu dao ham nira, thong qua khai niém vi phan, dé la i, 4 f, L yeee .« Xin luu y
dx  dx dx

rang day 1a nhiig ky hiéu mang tinh hinh thic (ma khong c¢6 nghia 1a thuong cta 2
dai luong).

. Vi phén vé phép tinh xép xi

Dinh nghia ctia vi phan cho thay ring né 1a mot x4p xi t6t clia s6’ gia ham sd'tai 1an can
diém dang xét. Do léch giita né va s6 gia ham s6 1a khong déng ké so vé6i do lech clia
bién s6 so v6i diém dang xét, cho nén dai lugng  f(x,)+dy s& la mot xdp xi tot clia
f(x,+Ax). Nghia la

SOy +Ax) = f(xy) +dy = f(x,)+ [ (x)dx = f () + /" (x,).Ax .

Nhu vay, dé c6 mot x4p xi tot clia gid tri ham s6 tai cac diém lan can x, ta chi can biét
duoc gid tri va dao ham ciia ham s6 tai ding diém x,. Ching ta hdy minh hoa diéu nay
qua cdc vi du du6i day.
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Thi du

T6ng quét

Thi du

7.2.

7.2.1.

Hay tinh /29 .
Ta biét ring khong thé tinh chinh xdc duoc gid tri nay, cho nén ta phai tinh x4p xi cia né.
bat f(x)= 3/x . Khi x = 27 ta tinh dugc chinh xdc /27 =3. Ngoai ra ta con biét rang
1 1
"2 == = .
1N =30 = s
Lay Ax =2 vadp dung cong thic f(a+ Ax) = f(a)+ f'(a)Ax ta dugc

329 ~ F27)+ £1(27)2 = 3+2—27 =3+0,0741=3,0741.
Vay V29 ~3,0741.

Muén tinh gid tri ham s6 f tai mot diém b nao d6 thi:

1) Chon diém a gin diém b ma fla), f(a) la tinh dugc.

2) Lay Ax=b—a (Ax c6 thé duong hodc am tly theo vi tri ctia b).
3) Tinh f(a)+ f"'(a)Ax . D6 chinh 1a xap xi ctua f(b). Ta viét

f)= f(a)+(b-a)f'(a).
Tinh gi4 tri xdp x{ cha ham y = tan(x) tai c4c diém gan % .
R Y N
Ta cé f(z)—tan(4) I,
f@=sec’(x), = () =sec’ ()=(2) =2.

. z R A T PN s A 2 ~ ? N
Vay tai cdc diém gan 2 ham tan(x) dugc tinh mot cach xap xi bang

=+ rEix=Ey = _Z
p(x)—f(4)+f(4)(x 7 T2

Cong thirc Taylor

Pat vén dé

Phin trén ta da thay rang ham affine
S+ () (x = xp)

12 mot xap xi khd t6t cha ham f trong lan can cta diém x, . Day 1a cdch x4ap xi don
gian, dé tinh todn, tuy nhién do chinh xdc khong that cao (chi 1a vo cling bé bac cao
hon 1 ma thoi). Khi ¢6 nhu cdu tim mot xap xi v6i do chinh xdc cao hon, ta phai tim &
ngoai 16p ham affine, va 16p ham tu nhién dugc dé y t6i sé 1a 16p cac ham da thiic, tic
l1a ham s6 c6 dang
P(x)=a,+ax+.+ax".

LGp ham nay tuy 1a phi tuyén, nhung dé tinh toan, cho nén ciing rat pho bién. M& rong
truc ti€p phuong phap x4p xi mot ham bang vi phdn da dua dén phuong phdp dung da
thic Taylor mo ta dudi day.
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7.2.2.

Thi du

7.2.3.

Ménh dé

Pa thic Taylor
Cho ham sé' f ¢6 dao ham cdp cao hon n tai x, . Khi dy da thiic
" (n) X
PO = )+ )+ .

(x=x,)+.. -1—(x—xo)”
duoc goi la da thitc Taylor bdc n tuong ting vm' ham f tai x,.

Tim da thitc Taylor bac 5 cia ham f(x) =sinx tai diém x, =0.

Ta c6 bang tinh dao ham cap cao cia ham s¢ sinx tai diém x = 0 nhu sau:

£(x) =sin(x) = £(0)=sin(0) =0,
f'(x) =cos(x) = f'(0)=cos(0)=1,
f"(x) =—sin(x) = f"(0)=—sin(0) =0,
f"(x)=—cos(x) = f"(0)=—cos(0)=—
¥ (x) =sin(x) = ™ (0)=sin(0)=0,
79 (x) = cos(x) = 19 (0)=cos(0)=1.
Vay
P.(x) = f(0)+ f'(0)x = x
3
P(x) = £(0)+ [ (O)x +f( RUIS
= X — ?
P = [+ O .+ L0 "0,
=x_x_3+£ Hinh 71
3 s

D¢ thay dugc tinh ning xap xi clia da thitc Taylor d6i v6i ham phi tuyén néi
chung, va d6i v6i ham sin(x) néi riéng, ta hdy quan sdt cdc do thi ctia chiing
(nhu trong Hinh v& 7.1)

Phdn du va dang Lagrange cla phén du

Cho ham s6 f va da thic Taylor P, (x;a) bac n tuong tng v6i f tai a. Dé lam rd kha
nang xap xi clia da thic Taylor, ta xem xét biéu thic

R,(x;a) = f(x)=F,(x;a),

con dugc goi 12 phdn du hodc sai s6 cua ham f khi ding xdp xi la da thitc Taylor.

Biéu thitc P, (x;a)+ R, (x;a) thudng dugc goi 12 khai trién Taylor (bac ) ctia ham f{x).

Néu f c¢6 dao ham lién tuc toi cdp (n+1) trén [a,b] , thi tén tai s6 ¢ € (a,b) sao cho

R (ab) =L (O

(n+1)! (b-a)™
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Nhén xét

7.3.

7.3.1.

Pinh Iy

Chung minh Ky hiéu « la s6 théa man

f(k)(a) k a _ n+l

f(b)-f(a)= Z ) —a) +—(n+1)!(b a)".

Xétham s6 A(x) = f(b)— f(x)— Zf m(") Cx)f % (-
k=1 k' (}’l"rl)' '

Ham A(x) c6 dao ham lién tuc trén [a,b] va h(a) = h(b) = 0. Theo dinh 1y gid tri
trung binh ta tim duoc c¢ € (a,b) sao cho A'(c) =0, tic la

0="1(c)= —% £ ()b -c)' +%(b—c)" .

Suy ra a = £ (c) va ménh dé da duoc chitng minh xong.

Dinh 1y trén cho thay riang khi dao ham cép n+1 clia f 1a bi chan thi su sai khac giita
ham s6 f va da thic Taylor clia né 1a mot vo cung bé bac cao cdp n+l, va vi vay da
thitc Taylor 12 mot xap xi 1y tudng khi n da 16n.

Tim giGi han
Gidi han dang khéng xdac dinh %

("Hopital 1): Gid sit f,g la cdc ham khd vi lién tuc trong lan cdn diém a théa man

diéu kién fla) = g(a) = 0. Néu ton tai gidi han lim A Ex; = L thi ciing ton tai gidi han
xX—a g x
m—f(x) =L.
x—>a g(x)

Ching minh Sir dung Dinh 1y Rolle cho ham
F(y)=[g(x) -g@]f ) +[/(@)- f(0)]g(y)
ta tim dugc diém ¢ nam giita @ vad x sao cho
[f(x) = f(@)]g'(§) =[g(x) - g(@)]f'(C) -

Dé y ring fla)=g(a)=0 ta c6 f(x)g'(¢)=g(x)f'(¢). Do su ton tai cha gi6i han
T AC))

x—a g’(x)

=L ta suy rarang g'(x) # 0 tai nhiing diém khdc a trong lan can di nho

ctia diém a va theo dinh 1y gia tri trung binh g(x) # 0 tai nhitng diém x #a trong mot
lan can da bé ctia a. Nhu vay tir dang thiic trén ta suy ra

S _ Q)

gx)  g'©)

Dé y ring khi x tién dan t6i a thi ¢ ciing tién dan t6i a (do bi kep giita x va a), cho
nén tir day ta cé ngay diéu can chiing minh.
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7.3.2. Gii han dang khéng xéc dinh 2
[o.0]

Pinh ly (I’'Hopital 2) Gid sit f,g la cdc ham khd vi lién tuc trong lan cdn diém a va théa man

7.4.

74.1.

diéu kién lim f(x) =lim g(x) = oo . Khi dé néu tén tai gici han lim f,gx; =L thi ciing
X—a X—a X—a g x
ton tai gidi han lim S ) =L .
x—a g(x)
Chiing minh Tir diéu kien limZ Ex; L, ta tim duoc s6 duong M vi, v6i méi s6
X—a g x

duong (du nho) &, ton tai &, > 0 sao cho <M khi |x—al<9,.

f'() L‘<g ‘f'(x)
g'(x) g

Chu y rang v6i méi x, thod man |x, —al|<J, tacéd

f(x):f(x)—f(xo)'f(X)[g(X)—g(xo)]:f(X)—f(xo)'l—g(xo)/g(x)
g(x)  g(x)—glx)) gL (x)—f(x)] gx)—glxy) 1-7(x,)/ f(x)
1-g(x,)/ g(x)

1= f(x,)/ /(%)
sao cho |I(x,x,)—1|<&/(2M) . Mat khic, do Dinh ly Cauchy ta tim dugc diém ¢ ndm

SO =f(x) _ f')
g)-glx,) g'(o)

bat I(x,x,) = ta thdy lim/(x,x,)=1 cho nén ton tai s6 duong & <,

giita x va x, thod man

Tong hop lai, v6i méi s6 duong ¢ ta da tim duoc s6 duong & > 0 sao cho v6i | x—al< &
thi

&L‘

MI(x,xo) -L
g(x)

g'(x)

< <

M[l(x,xo)—1+1]—L.
g'(x)

& &
<fim-to=g,

< |f'(")—L‘+|f'(x)[1(x,x0)—1] CeM

") |g'(x)

nghia la ta c6 diéu can chiing minh.

Nguyén ly cuc tri caa hém sé

Piéu kién can bdac nhat

Cho ham f xdc dinh trén khodng (a,b). Ta néi rang f dat cuc tri dia phuong tai
c €(a,b) néu tim dugc ldn cdn cha c (trong khodng (a,b)) dé f dat gid tri 16n nhat
hodc nho nhét trén lan can nay tai diém c¢. Di nhién, néu f dat cuc tri trén (a,b) tai
c¢ € (a,b) thi né6 ciing dat cuc tri dia phuong tai ¢, nhung diéu ngugc lai khong ding.
Thi du ham f(x) = x* —1| dat cuc dai dia phuong tai x = 0, nhung khong dat cuc dai
trén khodng (-2,2) tai diém dé.
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Pinh Iy

7.4.2.

Ménh dé

7.4.3.

Ménh dé

Cho ham f xdc dinh trén (a,b) va dat cuc tri dia phuong tai ¢ € (a,b). Néu f khd vi
tai ¢ thi f'(c)=0.

Ching minh Pay chinh 1a Dinh 1y Fermat di dugc chiing minh trong chuong trudc.

Ménh dé ngugc lai cha dinh 1y trén 1a khong ding. Tir tinh suy thodi clia dao ham

(béng 0) tai diém x, chua thé suy ra x,la cuc tri cia ham s6. Thi dy, ham s6 y =x’

c6 dao ham suy thodi tai x = 0, nhung khong dat cuc tri tai 0.

Piéu kién du bdc nhat

Cho ham f lién tuc trong lan cdn (x, —6,x, +8) cia diém x, va gid sit rang f c6

dao ham tai moi diém trong ldn cdn dy.

i. Néu khi x di qua x, ma dao ham déi ddu tir am sang duong thi ham so dat cuc
tiéu tai x, .

ii. Néu khi x di qua x, ma dao ham doi ddu tir duong sang am thi ham sé dat cuc dai
tai x,

iti. Néukhix di qua x, ma dao ham khong doi ddu thi x, khong phdi la cuc tri .

Chung minh Gia thiét diéu kién dau tién cla dinh lythoa man. Néu x, khong phai la

diém cyc tiéu, ta s& tim dugc diém x trong khoang (x, — &, x, + &) sao cho fix) < fl x, ).

Theo dinh Iygid tri trung binh, ton tai diém ¢ trong khoang gifta x va x, sao cho

f(x)—f(x)= f'(c)(x, —x). Vay, néu x <x, thi f(c) > 0, va néu x >x, thif(c) <0.

Chiing t0 /(x) khong thé d6i ddu tir am sang duong khi qua x, , diéu nay trai véi gi thiét.

Céc diéu kién khdc ching minh tuong tu.
Piéu kién cuc tri béc 2

Cho ham f khd vi lién tuc trén (ab) va c6 dao ham bdc hai lién tuc tai diém

ce(a,b):

i. Néu f dat cuc tiéu dia phuwong tai c thi f(c)=0 va f"(c)>0. Nguoc lai, néu
f(©)=0 va f"(c)>0 thi fcé cuc tiéu dia phwong tai c.

ii. Néu f dat cuc dai dia phuong tai ¢ thi f(c)=0 va f"(c)<0. Nguoc lai, néu
f©)=0va f"(c)<0 thi f ¢ cuc dai dia phuong tai c.

Ching minh Ta chi can chiing minh phan (i), phan con lai chiing minh tuong tu.

Diéu kién cdn: Tinh suy bién ctia dao ham bac nhat tai diém ¢ da duoc chi ra trong Dinh
ly Fermat. Ta chi can chiing minh tinh khong am clia dao ham bac 2 tai diém c. Tir khai
trién Taylor ta c6

@) =f(c)+f'(c)(x—c)+%(x—c)z

trong d6 ¢ 1a diém nam trong khodng (x,c). Do f'(¢)=0 nén v6i x#c tacé

['6) = 2(x =) [f ()= f ()]
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7.5.

7.5.1.
Ménh dé

7.5.2.

Ménh dé

Khi cho x tién dan dén c¢ thi vé€ phai luon luon khong am (vi ¢ 1a diém cuc tiéu) va
v€ trai tieén dan t6i ’(¢) (vif’(.) 1a ham lién tuc va ¢ luon ndm gitta x va ¢). Diéu
ndy c6 nghia rang /’(c) 12 khong am va diéu kién can da duoc ching minh xong.
Diéu kién dii: Gia st f(¢)=0 va f"(c)>0.Vi

lim Sf'e+Ax) lim S'(c+Ax)-f'(c)

Ax—0 Ax Ax—0 Ax

= f"(c)>0

nén khi Ax di nho, f'(c+Ax) cing dau vé6i Ax. Ching t6 dao ham déi dau tir am
sang duong khi x di qua c, va vi vay ham s6 dat cuc tiéu tai c.
Ménh dé da duogc chiing minh xong.

Khdo sat cac tinh chat caa hdm sé

Tinh don diéu

Ham khd vi la don diéu tdang (gidm) khi va chi khi dao ham ciia né khéng dm
(khong duong).

Chung minh (=) Néu /' 1a ham kha vi va don diéu tang thi ta c6

S (x +Ax) - f(x)
Ax

>0 véimoi Ax>0 .

Suy ra
ooy = i S+ AY) — f(x)
f()=Jim S0

Tuong tu, néu f 1a don diéu giamtacé f'(x)<0.
(&) Cho x, >x, batky. Theo dinh Iy gid tri trung binh ta c6

f(xz)_f(xl)

Xy =X

= /()

v6i ¢ 1a mot diém nao d6 trén khoang (x,,x,) . T day ta suy ra rang [f(x,)— f(x,)]
la cting dau véi f'(c), va do d6 f's€ 1a don diéu tang khi /" 1a khong am, va l1a don diéu
giam khi 1’ 1a khong duong. Ménh dé da dugc ching minh.

Tinh 16i
Ham khd vi la 16 khi va chi khi dao ham ciia né la mot ham don diéu tdng.

Ching minh (=) Néu f 1a ham 16i thi v6i moi x,,x, € R, 1 €(0,1) tacé
f[txl +(l_t)x2]_f(x2) — f[tx1 +(1_t)x2]_f(x2)
t

t('xl _xz)

f(xl)_f(xz)2

Cho ¢ giam dan vé 0 ta c6

(xl _xz)

VACHRNACHPNACH CAR
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Tuong tu ta ciling cé
f(xz)_f(xl)zf’(xl)(xz _x]) .
Bing c4ch cong 2 bat ding thiic trén theo vé ta thu duoc
0= f'(x1)(xz _x1)+f’(x2)(x1 _xz) = [f/(xl)_f'(xz)](xz _‘xl) .
Diéu nay suy ra f 1a ham don diéu tang.
(<) Nguoc lai, gia st f(.) 12 ham don diéu tang, ta s& chi ra ring f 13 ham 16i. Bing
phan ching, gia st raing f* khong 16i, khi d6 tim dugc cdc diém a < b va s6 o € (0,1)
sao cho
flaa+ (1 —-a)b]>af (a) + (1-a) f(b).

bat c=aa+(-a)b,tacéa<c<bva a=(b-c)/(b-a). Nhu vay,

b-c c—a
+
b—af(a) b—a

fle)> 1) .

Tir day suy ra

fl-fla_ fO)-s

c—a b-c

Theo dinh ly gi4 tri trung binh ta tim dugc cac diém ¢, € (a,¢), £, €(c,b) sao cho

f'(§1)=f(c)_f(a) S(b) - f(a)
c—a b-a

ACO

biéu nay mau thuan véi tinh don diéu tang ctia ham f(.), virdrang 1a ¢, <<, .

Ménh dé da duoc chiing minh day da.

Hé qud Ham khd vi bdc 2 la 16i khi va chi khi dao ham bdc 2 ciia né khong am.

7.5.3.

Nhén xét

Ménh dé

Ching minh Suy ra tir 2 dinh 1y trén.

Diém uén

Cho dudng cong y = fix) c6 dao ham trén khoang (a,b). Véi c € (a,b), ta néi diém

M(c, fic)) 1a diém udn cha d6 thi néu tim dugc mot s6 & >0 sao cho ham s6 16i trén

khoang (¢—9J,c¢) va 1om trén khoang (c,c+ ), hoac nguoc lai, ham s6 16m trén

khoang (¢ —0J,c) valéi trén khoang (c,c+9).

C6 thé n6éi mot cach ngan gon nhu sau: Piém uon 1a diém ma tai d6 d6 thi ham s6

chuyén tlr Idm sang 16i hodac ngugc lai.

T ménh dé & phén trén, ta dé dang suy ra:

Gid sit ton tai mot s6° 6 >0 sao cho ham s6 y = f(x) cé dao ham bdc hai trén khodng

(c=0,c+08). Khidy

i. Néu f"doiddu khix di qua c thi M(c, f(c)) la diém uon ciia do thi.

ii. Néu f"khong doi ddu khi x di qua c thi M(c, f(c)) khong phdi la diém uén ciia do
thi ham so'.
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Chung minh Tir (i) suy ra: khi d6i s6 x di qua ¢ thi d6 thi ham s6 doi mién 16i sang
16m hodc nguoc lai. Chiing t6 M(c, f{c)) la diém u6n ctia d6 thi ham so6.
Trong truong hop (ii) tinh 16i (16m) cta do thi ham s6 vin gilt nguyén. Do dé diém
M(c, f(c)) khong 1a diém uon.

Thidy Tim diém u6n ctia d6 thi hams6 y=x*—4x’ +3.

Ta c¢6: y'=4x’ —12x*; y"=12x" —24x; y"=0 khi x=0 hodc x=2. Viy” la tam
thiic bac hai ¢6 hai nghiém phan biét nén qua diém nghiém x=0 va x =2 né doi
ddu. Chiing t6 ham s6 d6i mién 16i sang 1dm hodc 16m sang 16i. D6 thi ham s6 ¢6 hai
diém u6n M,(0,3) va M,(2,-13).



Bai 1

Bai 2

Bai 3

Bai 4

Bai 5

Bai 1

Bai 2

Bdi tap vé
Tinh todn thuc hanh Chuong 7

DPao ham bdc cao

Tinh dao ham bac hai ctia cdc ham s6 sau:

x x* 1
) y=—7=; 2) y= ; 3) y=2x——;
x+1 x—1 X
sin(x
4y y=+x ; 5) y=—(); 6) y=tan(x’);
X
tan(3x)
7 = .
) v 1+2x

Tim dao ham bac 10 tai x =0 chahamsé y = x’ cos(2x)
. ) N . . B ym 3 ym s X N ) L 1
Ching minh rang bi€u thic z == ——(=)" khong doi khi thay y boi — .
yoo2y y
Gia st f{x) 1a mot ham chdn, hai 1an kha vi lién tuc va f”(0) khac 0. Ching minh ring
x =0 1a diém cuc tri chia ham s6.

Cho f(x) = eH khi x>0va fix) = 0 khi x<0. Chiing minh ring f{x) kha vi vo han

lan.

Khai trién Taylor cGia hém s6
Tim khai trién Taylor bac 5 clia cac ham s6 sau tai diém x =0

1) y =sin(x)+cos(x); 2) y=xsin(x) ; 3) y=e"sin(x) ;

4)y = tan(x) + cot(x) ; 5) y=e ™ ; 6) y = arcsin(x) + sin(x) .

Tim khai trién Taylor bac 6 clia cdc ham s6 sau day tai diém x =1

1) y:&)fx); 2) y=sin(x)cos(x); 3) y=x"+3x" +4x* +7x" +2x> + x+13

121
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A sin(x) ; 6) y=xe"™ +arcsin(x—1) .

X

4) y:sin(x)Jrl ;S y=—
X sin(x)

3. Khdo sat hdm sé va (ing dung

3.1. Tinh don diéu
Bai 1 Tinh dao ham bac nhét va khéo sét tinh don diéu clia cdc ham s6 sau:
1) y=x’e" ; 2) y=xIn(x*+1) ;

3
X

x=2
Bdi 2 Chung minh ring f'(x) + af(x) khong giam khi va chi khi f’(x)e® khong giam.

3) y= arctan(x)e“‘2 ; 4) y=

3.2. S dung tinh don diéu dé gidi phuong trinh va béit phuong trinh
Bdi 1 Tim céc nghiém am ctia phuong trinh x° —2x°-3=0 .
Bdi 2 Giai bat phuong trinh  6(4—x7) < x(x* +x* +16).
Bai 3 Gidi hé phuong trinh
¥ +3x-3+In(x*—x+1)=y
Y +3x-3+In(y’ —y+1)=z

22 +3x-3+In(z’ —z+1)=x
Bdi4 Cho biét 2b+3c=0. Chiing minh ring phuong trinh  acos(2x)+bcos(x)+c =0

luon luon cé nghiém thudc khoang (O,%) .

3.3. S dung finh don diéu dé ching minh bét déng thirc
Bai 1 Chidng minh ring 1—l <In(x) v6imoi x € (0,1).
X

Bdi 2 Tim tat c4 cdc gid tri clia @ sao cho bat dang thitc sau luon ding véi moi x >0 :
x—ax’ <In(l+x)

2
Bdi 3 Ching minh ring v6i moi x duong thi 1-— x? <cos(x).

Bai4 Cho 0<a<b< % . Chitng minh ring 2[cos(b) — cos(a)] < asin(a) — bsin(b).

1+x
1+

Bai 5 Ching minhring (x—y)2-(x+y))<2In véimoi x>y > 0.
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3.4. Khdo sat tinh 16i, Idm cda hdm sé

Tinh dao ham bac hai va xét tinh 16i, Idm ctia cac ham s6 sau:

2
Bai1 1) y=3x"-5x* ; 2 y= 4l

2 x
Bai2 1) y=xe"‘2 ; 3) y=tan(x)+e* .

3.5. Khdo sat cac diém ddc biét clia ham sé

Tim c4c diém dic biét (diém cuc tri,diém uon) clia cdc ham so6 sau:

Bail 1) y=x'-4x’+6x" ; 2) y=x'+4x’+6x" -2
N 1 x+1
Bai2 1 = 2 = .

)y x’—=3x+2 )y x*+1

3.6. Timgié tri 16n nhét va nhé nhét cia ham sé
. e l-x+x’

Bai 1 Tim gid tri I6n nhét va bé nhat cua ham s6: y=——

I+x+x

x*+(a+1)x+2

> Iuén c6 cuc tri.
X +x+1

Bai 2 Chdng minh ring v6i moi a=0,hamsd y=

Bai 3 Dung dao ham cép hai dé tim cuc tri chia cdc ham s6 sau:
D y=x’(a-x)

2) y=x"e™

. cl 1z v N ” . T P N N
Bai 4 Tim gia tri 16n nhat cia ham s6 y =cos” xsin?x (0< x,x SE) ,trong d6 pva gla

nhiing s6 tu nhién 16n hon 1.

4. Tinh gi6i han dang khéng xéc dinh

Bdi 1 Sir dung quy tac I’Hopital dé tinh cc gi6i han sau

D) limlZ9s® 2 fimE =L
0 x? ’ —0cos(x)—1
3) lim sin(x) — x : 4 1im In(x —a)

x=0cos(x)—1 —0ln(e’ —e®)

Bai 2 Giai thich tai sao cdc giGi han sau khong dung dugc quy tic 1’Hopital, va tinh céc giGi

han d6 bing cdch khéc:
1) lim X + sin(x) : 2) lim X +cos(x) :
x—=0 C()t(_x) x—>00 X
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1

—— x“sin(—)

3) lim VY 4) lim— X
xoo  x x>0 sin(x)

B&i3 Tinh lim->t 1)
=0 cot(x)

5. Thuc hdanh finh todn trén may

5.1. Tinh dao ham béc cao trén may

Ta tinh dao ham c4p 2 bing cach tinh 2 14n dao ham bac nhit. Nghia 12 ta s& lam
nhitng budc sau:
1. Tinh dao ham bac nhat cua ham f{x) va thu dugc ham g(x) = f(x);
2. Tinh dao ham bac nhét chia ham g(x) dé c6 dugc ham g'(x) = f"(x):
Budc 1: Vio lénh

>diff(f(x),x);
Trong d6, f{x) la ham ma ta cin tinh dao ham, x 1a bién. Sau ddu chdm phdy (;) &n
phim "Enter”, trén man hinh s€ hién ra cong thic dao ham bac nhét cta flx).
Budc 2: Vao tiép lénh tinh dao ham ctia biéu thic trén

[>diff(",x);
Sau ddu chdm phdy (;) 4n phim "Enter" , ta s& duoc dao ham bac hai ctia f(x).

Thidu [>diff(x"3-3*x"2+2*cos(Xx) , X);
3x% —6x —2sin(x) .
>diff(",x);
6x — 6 — 2 cos(x).
Muén c6 cong thitc tudng minh biéu dién qua trinh tinh dao ham bac 2 clia mot ham
s0, ta c6 thé thuc hién céc th tuc tuong tu nhu doi véi ham f(x) = Ll dudi day:
X+

[>f:=x->x/ (x+1);

>Dff(f(x),x);

[>f_prinme: =val ue(");

[>sinplify(");

>Dff(",x);

[>f_prime: =val ue(");
(C4c ban hay tu thyc hién trén may va xem két qua).
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5.2. Tim khai trién Taylor cia ham sé

Muon tim khai trién Taylor bac 7 clia ham s6 y = f{x) tai diém x = a ta st dung cau
lénh c6 ci phap nhu sau:

[>tayl or(f(x),x=a,n);
Thidu [>tayl or (x*sin(x), x=0, 10);

x’ —lx4 +Lx6 —Lx8 +0(x")
6 120 5040

[>tayl or (sin(x)+cos(x),x=1,7);
(sin(1) + cos(1)) + (cos(1) —sin(1))(x — 1) + [— %sin(l) - %cos(l 0)j(x -+
+ (— lcos(l) + lsin(l)j( -1’ + (Lsm(l) + icos(l)j( -+
6 6 g 24 24 g

+ (&)Cos(l)_lé()sin(l)j(x—l)s +(_7;osm_7;0°05(1)j(x—1)6 +0((x=1)7)

Khi khong chi rd bac ctia da thiic khai trién thi chuong trinh luoén ngm dinh 7 = 6.
Thidu [>tayl or (exp(x)+1/x, x=1);

(e+1)+(e—1)(x—l)+(%e+l)(x—l)2 +(—l+éej(x—l)3 +[ie+l)(x—l)4 +

1 5 6
+ | —e—-1|(x-1)"+0((x-1
(1 0 j( ) +0((x=1)")
5.3. Tim khodng don diéu, mién 18i, cuc tri va diém uén clia hdm sd
Viéc thuc hanh tinh todn ctia phan nay thuc chat 1a tinh dao ham va tim giéi han cta
ham s6 (da dugc tién hanh trong cac chuong trude). Sau khi da tinh dugc dao ham cuaa
ham s6 thi viéc giai cdc bai tap & phan nay trd nén rat dé dang.
1. Tim khoang don diéu cua ham so
Dé tim khodng don diéu clia ham s6 ta thuc hién cdc buéc sau:

Budc 1: Tim dao ham cua ham s6: ddnh cdc 1énh (xem phan Thuc hanh tinh todn dao
ham Chuong 6).

[>diff(f(x),x);
Trong d6 f{x) 1a ham s6 va x 1a bién s6 ma ta can tinh dao ham.

Budc 2: Dé tim khodng dong bién ctia ham s, (ttic 1 tim nhing khoiang ma dao ham ctia
ham s6 khong am) dua vao dong 1énh xac dinh bat phuong trinh véi cd phap nhu sau:

[>ineq := bieuthuc f'(x)>=0;
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Thi du

Thi du

Budc 3: Giai phuong trinh bing lénh

[>sol ve(ineq, {x});
Midy s€ cho biét nghiém ctia bt phuong trinh 0 < f'(x) , va d6 ciing chinh 13 khoang
dong bién ctia ham s6 da cho.
Tim khoang don diéu clia ham s6: y =x" —6x° +4x—38
Budc 1: Tinh dao ham béang 1énh:

[>di ff(x"3-6*x"2+4*Xx-8, X);

3x* -12x+4

Budc 2: Thiét 1ap bat phuong trinh
[>i neq: =(3*x"2- 12*x+4>=0) ;

ineq:=0<3x" —12x+4

Budc 3: Giai bat phuong trinh

[>sol ve(ineq, {x});

(x< 2—%/8},{2%\/33 X}

2. Tim mién 16i, mién lom ciia ham s6
Dé tim mién 16i, 16m clia ham s6 ta phai 1am c4c budc sau:

Budéc 1: Tinh dao ham bac nhat: ddnh cdc 1énh (xem phan Thuc hanh tinh todn dao
ham Chuong 6).

[>diff(f(x),x);
Budc 2: Tinh dao ham bac hai: d4nh lénh tinh dao ham ctia biéu thifc trén
>diff(",x);
Budc 3: Giai bat phuong trinh f"(x) >0 dé tim mién 16i clia ham s6, bang lénh
[>sol ve(">=0);
Mady s& cho biét nghiém clia bat phuong trinh f"(x) >0, d6 cling chinh 12 mién 16i cia
ham s6 da cho.
Tim khoang 16i, 16m cia ham s6 y = x* —2x°
Budc 1: Tim dao ham bac nhat
[>di ff(x"4-x"2,Xx);
4x’ —2x
Buéc 2: Tim dao ham bac 2
[>diff(",x);
12x* -2



Bdi tap va tinh todn thuc hanh Chuong 7

Thi du

Budc 3: Giai phuong trinh tim mién duong ctia dao ham bac 2 (mién 16i clia ham s6)
[>sol ve(">=0);

1 1
(—oo,—g\/E),(g\/E,o@

3. Tim cuc dai, cuc tiéu

C6 hai phuong phép tim cuc tri cua ham s6. Phuong phdp 1: ding dao ham bac nhit va
tinh don diéu ctia ham s6, Phuong phap 2: duing dao ham bac hai.

Phuong phap 1 Tim cuc tri bang dao ham bdc nhdt
Budc 1: Tim dao ham ctia ham s6
>di ff(F(x),%);
Budc 2: Giai phuong trinh f'(x) = 0 dé tim cac diém nghi ngd 1a cuc tri

[>sol ve(f' (x)=0, x);
Budc 3: Tim khoang dong bién va nghich bién ctia ham s&

[>solve(f' (x)>=,Xx);
Budc 4: Xétxemtai x,:
1) Néu dao ham déi dau tir duong sang am thi x, 1a diém cuc dai;
2) Néu dao ham déi ddu tir am sang duong thi x, 1a diém cyc tiéu;
3) Néu qua x, dao ham khong déi dau thi x, khong phai 1a diém cyc tri .
Tim cuc tri cla ham s6  y=x"—6x> +4x—8
Buéc 1: [>di ff (y=x"3-6*x"2+4*x-8, X) ;
3x° —12x+4

Buéc 2: [>sol ve(3*x"2- 12*x+4=0, X) ;

0=3x"-12x+4

Buéc 3: [>sol ve(3*x"2- 12*x+4[ >=0, X) ;
(-02-246),2+5V6,2)
Buéc 3b: [> sol ve(3*x"2- 12*x+4<=0, x) ;

(2—§\/3,2+§\/3)
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Thi du

2.6

Qua x, = 2—T dao ham déi dau tir duong sang 4m nén x, =2 —

2.6

dai, con qua x, :2+T dao ham bac nhat déi ddu tr am sang dwong nén la

26 1a diém cuc

x2:2+2

cuc tiéu cia ham s6 y=x" —6x" +4x—8.

Phuong phap 2 Tim cuc tri bang dao ham bdc hai

Budéc 1: Tim dao ham cua ham s&
>di ff(f(x),%);

Budc 2: Giai phuong trinh f(x) = 0 (dé tim cdc diém nghi ngd 1a cuc tri)
[>sol ve("=0, x);

Buéc 3: Tim dao ham bac hai
>diff(f"(x),x);

Budc 4: Tinh gia tri cha dao ham bac hai tai nhitng diém ma tai d6 dao ham bac nhat
béng khong.

Budc 5: So sdnh gi4 tri cia dao ham béc hai véi s6 0 va két luan
Timcuc triclia y=x’—6x> +4x-8
Budc 1: Tim dao ham bac nhat:
[>di ff(y=x"3-6*x"2+4*x-8, X);
3x° —12x+4
Budc 2: Tim nhitng diém ma dao ham bac nhat bang 0:
[>sol ve(3*x"2-12*x+4=0, X) ;

@+346.2-28)
Budc 3: Tim dao ham bac hai:
[>di ff(3*x"2-12*x+4, X) ;
6x — 12

Budc 4: Tinh gia tri cha dao ham bac hai tai nhitng diém ma tai d6 dao ham bac nhéat
bing khong, bing lénh

[>subs(x=2+2/ 3*sqrt (6), 6*x-12);

a16

[>subs(x=2-2/3*sqrt(6), 6*x-12);
~ 4416

Budc 5: So sdnh gi4 tri cia dao ham bac hai véi s6 0 va két luan.
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Thi du

Trong vi du nay ta thay:

26

Vi y"(2+T):4\/€>o nén x, _o4 26

\/_

12 diém cuc tiéu;

2.6

Con y"(2—22) =46 <0 nén x, =2—

1a diém cuc dai ctia ham s0.

4. Tim diém uon
Piém u6n 1a diém ma tai d6 do thi ham s6 d6i mién 16i sang 16m hodc 16m sang 16i,

tic 12 diém ma tai d6 dao ham bac hai déi dau. Vi vay, muon tim diém u6n ta phai
thuc hién cdc thao tac sau:

Budc 1: Tinh dao ham bac nhat
>di ff(f(x),x);
Budc 2: Tinh dao ham bac hai
>di ff(",x);
Budc 3: Giai cédc bat phuong trinh f"(x) >0, f"(x)<0
[>sol ve(">=0);
[>sol ve("<=0);
Néu x, 12 nghiém cua ca hai bat phuong trinh trén thi n6 chinh 1a diém uon.
Tim diém u6n ctia ham s6 y = x* —2x’
Budc 1: Tinh dao ham bac nhat
>di ff(x"4-x"2, X);
4x® - 2x
Budc 2: Tinh dao ham bac hai
>di ff(",x);
12x* -2
Budc 3: Giai cic bat phuong trinh:
[>sol ve(">=0);
(~o0 ——J‘ 61l L 6.)

[>sol ve(12*x"2- 2<=0);

[——f o]
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Két luén x = —% 6 va x= é\/g 12 hai diém uon clia d6 thi ham sé da cho.

5.4.

Bdi 1

Bai 2

Thuc hanh tinh gi6i han dang khéng xéc dinh

Muén tinh giGi han dang khong xdc dinh, ta st dung cédc lénh tinh giGi han thong
thudng da thuc hién trong Chuong 5. Chi ¥ ring phuong phdp I’Hopital (st dung dao
ham) l1a mot phuong phép manh dé tinh gi6i han dang khong xédc dinh, nhung khi giai
trén mdy ta s€ khong thiy c6 gi khac biét v6i cac 1énh tinh gi6i han & Chuong 5, vi
ring mdy da tu dong xu ly cédc truong hop khong xdc dinh (bdng phuong phdp
I’Hopital).

Tim hmln(x——a)
an(e’ —e®)

>limt(ln(x-a)/ln(erx-era), x
1

a);

RO rang day 12 dang khong xéc dinh, nhung may da tu dong xir Iy bang phuong phép
I’Hopital va khong yéu cu ta phai cé giai phap gi dic biét.
Tuy nhién, c6 nhitng tinh huéng khong xac dinh kh4 1it 1éo, doi khi khién cho may
khong xtt 1y néi, va khi 4y ta phai ra tay can thiép méi xong.
2x L : _
limE sn;(x) : Sx
=0 5xT X
Blimt((er(2*x)*sin (X)-5*x)/(5*x"2+x"3) , x=0) ;
undefined (khong xac dinh)
RO rang 1a mdy "bo tay".
Muon tinh giéi han ndy, ta phai 4p dung hai lan quy tic I’Hopital dé duoc dép s6
2x L3 _
lim® sn;(x) : Sx _ 2 '
=0 5x" +x 5



8.1.

Thi du

CHUONG 8

Dao ham suy réng

Hdam khdéng kha vi

Trong chuong truGe chiing ta da thdy vai trd quan trong cta dao ham trong viéc khao
sdt ham s6. N6 1a cong cu hitu hiéu gidp ta xac dinh ddng diéu va cau tric cua ham,

ciing nhu tim cdc diém dic biét (cuc tri, diém
udn,...). Tuy nhién, trong thuc t€ khong phai lic nao
ta cling gap nhitng ham khd vi (c6 dao ham), ma
nguoc lai, nhiéu khi ta gap phéi nhitng ham khong
kha vi (nhat 1a trong cédc bai todn xudt phat tir k§
thuat va kinh t€). Thi du vé nhiing ham nay c6 thé
tim thdy mot cdch dé dang.

1) f,(x)=sgn(x) 12 ham khong khd vi tai diém

x=0, (Hinh8.1).

2) f(x)= 3\/; 1a ham khong kha vi tai diém x =0,
(Hinh 8.2).

3) f(x)=|x*~1| 1aham khong khd vi tai diém
x=1va x=-1,Hinh8.3).

4) f(x)=max{x+2,x’} 1a ham khong kha vi tai
cicdiém x=-1va x =2, (Hinh 8.4).

3

=)
BN
=

-2

-3

Hinh 8.1

Hinh 8.2

Hinh 8.3

131
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Nhén xét

8.2. Pao ham theo hudng

8.2.1.

x.sir{lj khi x# 0 .
5) f(x)= *

0 ki x=0

12 ham khong kha vi tai diém x =0, (Hinh 8.5).

7,

Trong Thi du 1 ta ¢6 ham s6 khong [ién tuc tai
diém x = 0, cho nén n6é duong nhién khong thé kha
vi tai diém d6 (vi néu n6 khd vi thi phai lién tuc). Hinh 8.4
Trong céc thi du con lai ta déu thdy cdc ham lién tuc

tai moi diém, nhung c6 thé khong kha vi tai mot so y
diém. Ly do la tai nhitng diém d6 khong ton tai gigi
han

3 2z -1 o0 1 2 3

limg *)
A0 Ax

(nhu trong dinh nghia dao hdm). Diéu ddng luu tam
12 tai nhitng diém khong kha vi ndy méi ham c6 mot .
ban sic riéng. Trong cdc Thi du 3, 4 ta thay nhing Hinh 8.5

ham [ién_tuc nhung bi "gdy khiic" tai mot s6 diém. Tai nhitng diém gy khic nay gi6i
han (*) theo huéng am hodc duong riéng ré (gidi han phai hodc trdi) thi ton tai, nhung
khong béing nhau, cho nén giéi han chung (*) cling khong ton tai va vi vay ham khong
kha vi. Thi du 2 cho ta thdy mot ham lién tuc tron tru (khong gay khiic) tai goc toa do,
nhung qué doc nén gidi han (*) biang vo cung (khong hitu han !), va ciing khong duoc
xem 1a ham khd vi. Trong Thi du 5 ta thdy mot ham lién tuc tai géc toa do, nhung lai
"dao dong manh" khi & gan diém nay khién cho gi6i han (*) khong thé ton tai va vi thé
ham khong kha vi tai day.

Nhu vay ddng diéu cta nhitng ham khong kha vi 1a rat da dang. C6 nhitng ham "gan"
kha vi (lién tuc va c6 dao ham theo hudng, nhu trong cdc Thi du 3, 4), va cé nhiing
ham khéc xa v6i ham kha vi (khong lién tuc hodc gi6i han (*) khong thé ton tai theo ca
hai huéng, nhu trong céc Thi du 1, 5). Vi trong thuc tién thuong hay gip phai nhiing
ham khong kha vi, cho nén ngudi ta thiy cin phéi c6 dugec mot kiéu "dao ham" nao d6
(trudc hét 1a cho nhitng ham "gén kha vi"), dé mong c6 dugc mot s thong tin "kha di"
thay th€ cho nhiing thong tin vé dao ham theo nghia c¢6 dién (khong ton tai). Nguoi ta
goi nhiing kiéu dao ham (khong kinh dién) nay 1a "dao ham suy rong". Chiing 1a déi
tugng nghién ctu ctia mot Iinh vuc méi trong Todn hoc hién dai 1a "Giai tich khong
tron". Trong khuon khd clia gido trinh Toan hoc co s&, ching ta khong c6 diéu kién di
su ma chi ¢ thé buéc ddu lam quen véi mot s6 khai niém trong linh vuc méi mé nay.

binh nghia

Ham 56" dugc goi la khd vi theo hudng u € R tai diém x, néu nhu ton tai gidi han

i G ) = £(5)

t—>0+ t
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8.2.2.

8.2.3.

Ménh dé

(Gi6i han d6 s& dugc goi 1a dao ham theo hudng ctia ham s6 f theo huéng u € R tai
diém x, va dugc ky hieula f'(x,;u) ).

Dé thiy f'(x,;1)1a dao ham phdiva f'(x,;—1) 1a dao ham trdi cha f tai x,.
Néu ham s6 1a kha vi theo moi huéng (tai mot diém) thi dugc goi 1a khd vi theo hudng
(tai diém d6). RS rang néu ham f 14 khd vi tai diém x, (theo nghia thong thudng) thi

né ciing la khd vi theo hudng tai d6, va ta c6 cong thic lién hé gitta dao ham véi dao
ham theo hudng nhu sau

S, = f(x,)

P = lim LGOS
t—0+ t t—0+ tu
- i HE L2 e

Nhu vy dao ham theo huéng cia mot ham kha vi 12 mot ham tuyén tinh (theo bién
huéng u).

C6 thé kiém ching thdy rang nhitng ham trong céc Thi du 2, 3 1a kha vi theo huéng,
nhung khong kha vi (theo nghia thong thuong) tai nhiing diém "gdy khic". Nhiing
ham s6 néu trong cac Thi du 1, 4, 5 12 khong kha vi theo bat cit huéng nao tai diém
goc (x,=0). Dé dang tim dugc vi du nhimg ham kha vi theo huéng nay ma khong kha
vi theo huéng khéc (tai mot diém da cho).

Nhén xét

Trong nhitng ham khong kha vi (theo nghia thong thuong) thi 16p ham khd vi theo
huong ddng duoc quan tam du tién, vi né khd gan v6i ham kha vi. Véan dé dat ra truée
hét 1a lieu c6 thé két hgp céc thong tin vé dao ham theo cac huéng khdc nhau (tai mot
diém) dé dua ra duoc mot thong tin chung vé ham (tai diém do), twong tu nhu thong tin
vé dao ham. Nhiing nghién ctu sau hon cho thdy ring cong viéc nay khong phai ldc
ndo ciing mang lai két qua mong mudn, vi trong trudng hop téng quét cic dao ham
theo huéng lién hé v6i nhau kha "long 1€o0". Két qua chi c6 thé dat dugc khi dao ham
theo hudng c6 mot so tinh chat da tot (di€u nay ciing ¢6 nghia 1a ham f phai c6 mot
céu tric "dh dep"). Nhu ta dé thdy, néu dao ham theo huéng 13 fuyén tinh (theo huéng)
thi ham 12 khd vi. Truong hop khong kha vi gan giii nhat 1a khi dao ham theo hudng 1a
dudi tuyén tinh (theo huéng), cho nén truéc hét ta hily xem xét cu thé truong hop nay.
Dé thay ring 16p ham nay da rong, ta chi ra mot 16p ham kha thong dung c6 tinh chat
nhu vay.

Dao ham theo hudng cua ham 16i

Ham 16i 1a khd vi theo huéng (tai moi diém).

Ching minh Khi f 12 ham 16i thi v6i huéng u # 0 va cédc s6 duong a < £ ta luon c6

f(x+au) =f[(1—%)x+%<x+ﬂu)]s (1—%)f(X)+%f(x+ﬂu),

SOrtauw) - f(x) [+ fu) = f(x)
a - B ’

tac 1a
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Nhu vay ham s6 ¢(¢) = w

la don diéu tang theo ¢, cling tdc 1a né gidm
ddn khi t tién dan vé 0 (tlr bén phai). Mat khac

f(x)=f[tT11(x+tu)+ﬁ(x—u)]£t—}rlf(x+tu)+tﬁf(x—u)

cho nén f(x)— f(x —u) SM' C6 nghia 1a ham ¢(r) bi chan dudi. Tix
day suy ra su ton tai ctia giéi han

lim (1) = lim LCH =S 0D _ iy

t—>0+ t—>0+ t

Ménh dé da dugc chiing minh.

Ménh dé Pao ham theo huéng ciia ham 16i (tai méi diém) la dwdi_tuyén tinh va lién_tuc (theo

8.3.

8.3.1.

bién huong).

Ching minh Trudc hét ta nhan thdy, v6i moisé >0,

f'(x; Au) = lim —f(x + )~ f(¥) = Alim —f(x * tﬂl;) mAG)) =
>0+ t 10+ t
o St = ()
=4 A}grol+ A =4 (xw)

cho nén ham f'(x;.) 1a thuan nhat duong.
Mait khdc do ham £ 12 16i, véi céc huéng bat ky u,v € R, ta c6

! 1 .
Sl 1+ ]- /() _ . f[g(x+21u)+5(x+21v)]—f(x) g

U . — 1
f (X,u"’\))—}l}or} t 10+ t

lf(x+2tu)+%f(x+2tv)—f(x)

< t
:thl}} f(x+2t2ut)_f(X) +t1ir£ f(x+2t2vt)_f(x) =f'(x,u)+f'(x,v)

cho nén ham f'(x;.) 12 du6i coéng tinh. Téng hop lai ta c6 f'(x;.) 12 dudi tuyén tinh.
Vi moi ham duéi tuyén tinh 1a ham [6i, cho nén né ciing lién tuc tai moi diém.
Ménh dé da duoc ching minh xong.

Duéi vi phdn
Pat vén dé

Khi mot ham s6 1a kha vi theo (moi) hudng, va dao ham theo huéng c6 mot s6 tinh
chat di t6t, ngudi ta c6 thé tim céch téng hop cdc thong tin vé dao ham theo ting
hudéng, dé c¢6 dugc mot thong tin téng thé vé dang diéu ctia ham tai lan can diém do.
Khi dao ham theo huéng khong phai 1a ham tuyén tinh theo huéng (ciing tic 1a khi
ham khong kha vi, nhu da xét & phan trén), thi thong tin nay khong thé "mach lac" nhu
dao ham; tuy nhién, né ciing rat hitu ich trong viéc khao sat cac tinh chat cua ham va
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Ménh dé

Nhén xét

8.3.2.

nguoi ta xem né nhu 1a mot dang md rong cua dao ham va goi 1a "dudi vi phan". N6
dugc dinh nghia truGe hét cho nhiing ham khd vi theo hudng, v6i dao ham theo hudng
12 ham dudi tuyén tinh.
Khi f'(x;.) la dudi tuyén tinh thi ton tai 2 sO thuc a, b (phu thudc vao x) sao cho vdi
moi ¢ €la,b] ta co

f'(x;u) 2gu véimoiu € R.

Chung minh Do f"(x;.) 1a dudi tuyén tinh nén
0=7"(x0)=f"(x1-1) < f"(xsD) + f'(x=1),

tic la
A G VRS AC
bat
a==f'(x;=D), b=7"(x;1) (1
ta c6
f'(u)y=u.f"(x;1)=ub >ug, Yu>0,V¢ela,b],
va

f'(xu)=—-u.f'(x;—1)=ua 2 ug, Vu<0,Vgela,b].
Tong hop lai, v6i méi ¢ [a,b], ching ta cé
f'(gu) 2gu , véimoiu e R

Ménh dé da dugc chiing minh.

Néu c6 doan s6 thuc [a’,b" ] sao cho
cela',b] = [f'(xu)>cu, VueR, ?2)

thi ta c6 a'.1< f'(x5l) va b'>2— f'(x;—1), tic 1a [a',b']c[a,b], véi a,b duogc dinh
nghia boi (1). Nhu vay[a,b] 1a doan s6 thuc 16n nhét trong s6 cac doan [a’,b’] thoa
man (2).

Dinh nghia Dudi vi phdn ciia mét ham s6 [ khd vi theo huéng tai diém x va cé dao
ham theo hudng f(x;.) dudi tuyén tinh la tdp hop tdt cd cdc s6 thuc, ky hiéu la of (x),
sao cho véi méi ¢ € &f (x) ta cé

f'(x;u) 2qu, VueR .

Nhan xét

Nhu vay khéi niém dudi vi phdn & day méi chi duge dinh nghia cho nhitng ham khd vi
theo hudng va c6 dao ham theo hudng 1 dudi tuyén tinh. Cho nén, trong pham vi gido
trinh nay néu ta néi mot ham c6 dudi vi phan thi ta luon tu hiéu ring ham dé cé céc
tinh chat trén.
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8.4.

8.4.1.

Nhén xét

Nhén xét

Ménh dé

Tinh chét cua duéi vi phdn va (ng dung

Cdc tinh chat chung

1) J'(x) ton tai (duy nhat) va 1a doan s6 thuc [a,b], véi a, b dugc dinh nghia theo
cong thirc (1).

2) D& dang kiém chiing rang ham f 12 khd vi (theo nghia thong thudng) tai diém x
khi va chi khi duGi vi phan ¢f(x) cliané tai x chi gdbm mot phan tit duy nhat. Khi dy

o (x) = [-f (=D, (D] = {/" (D} = {/"(x).1} = {/" (%)} .

3) Ham 16i luon c6 duéi vi phan tai moi diém.
Cho [a,b], [¢,d] = R. Ta dinh nghia

Aa,b]={2x: x [a,b]},

[a,b]+[c,d]= {x+y:x €la,bl,y e[c,d]}
Dé kiém tra rang: A[a,b]=[Aa, Ab], [a,b]+[c,d]=[a+c,b+d]
Gid st f la ham c6 dudi vi phan tai diém x. Khi dy
i. OM(X)]=rf(x), LeR.
ii. O[f(x)+g(x)]=0f(x)+0g(x), voi moi ham g c6 dudi vi phdn tai x.
iii. o{g[f (O]} = g'[f(%)].0f (x), véi moi ham g khd vi tai diém f(x).

Chung minh Phan (i) suy ngay tir dinh nghia dudi vi phan. Phan (ii) dé dang ching
minh tir cidc nhan xét sau day
Lf +glxD) = f(xD) +g(x3D),
Lf+g10e=1) = f(x=1) + g(x;-1).
Phén (iii) duoc suy tir phép tinh dao ham clia ham s6 kép, cu thé 1a
[ge f](xl) = g'[f(D].f(x:D),
[go /T (x=D) =g'[f(D].f(x=1).
Ménh dé da duogc chiing minh day da.

8.4.2. DuUdi vi phan cua hém 16i

Ménh dé

Khi f la ham 10i thi
cedf(x) < [f(xX")-f(x)=2c(x'—x), Vx'elX.

Ching minh Pat u = x’—x . Nhu di chi ra trong chiing minh ménh dé vé dao ham
S(x+tu)— f(x)
t

theo huéng ctia ham 16i, ham s6 ¢@(¢)= 1a don diéu theo t, tic 1a né

gidm dén khi 7 tién dan vé€ O tir phia bén phai. Suy ra v6i moi ¢ € & (x) ta ¢
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SO = f(0)= =f"(xu)2gu=¢(x'-x).

t—>0+

S+ u) SO i LEH ) = ()
t

Nguge lai, nfu  f(x')— f(x) 2 ¢.(x'-x), Vx'e X, thi v6i moi huéng u va moi s6
>0tacé f(x+tu)— f(x)=tcu . Sau khi chia cd 2 v&€ cho ¢ va qua gidi han véi ¢
ti€ndénOtacod f'(x;u) >gu . Nhu vay ¢ € & (x), va ménh dé dugc ching minh.

8.4.3. Khéo sét ham sé bdng duéi vi phan

Ménh dé

Nhéin xét

Gid sit ham f lién tuc trong doan [a,b] va c6 dudi vi phdn tai moi diém trong khodng
(a,b). Khi dé:

i. Néu fcé cuc tiéu tai diém c € (a,b) thi 0 € of(c).
ii. 3dce(a,b),Icedf(c), [f(b)—f(a)=g(b-a).
iii. Néu 0gdf (x) vdi moi x €(a,b) , thi [ la don diéu trén khodng (a,b).

Chung minh (i) Khi f ¢6 cuc tiéu tai ¢ thi v6i moi u € R va moi ¢ di bé ta c6

flc+tu)— f(c) 20, suyra llmM >0,ticla  f'(c;u)=0u, Vue R.

Theo dinh nghia cta dudi vi phdn ching ta c6 0 € of (¢c).
Phan (i) duoc ching minh.

b
(i) bat g(x) = f(x) - S ) f( %)
cho nén né dat cuc tiéu tal dlem ¢ nao dé trong doan [a,b]. Vi gid tri tai 2 dau miit a,b
1 trung nhau, nén suy ra c¢6 diém cuc tiéu & trong khoang (a,b). Tt phan (i) va 4p

fB)-f@
b—a o

———x,taco g(a) = g(b). Vi ham g lién tuc

af (b) bf(a) _
—a

dung cong thitc tinh duéi vi phan clia tdng, ta c6 0 € dg(c) = of (c)+

tifc 1a tim dugc ¢ € & (c) sao cho Ozgw .Tlr day suy ra (ii).
-a

(iii) Gia st f* khong don diéu trén [a,b], ta tim dugc x, y,z € (a,b) saocho x <y <z va

f@elf(x),f(»]. Néu f(z) > max{f(x),f(y)} thi do tinh lién tuc f phai dat cuc
dai tai c €[a,b]. Theo (i) ta c6 0edf(c). Diéu nay trdi v6i gia thiét, cho nén phan (iii)
dugc chitng minh. Ménh dé da dugc ching minh ddy du.

1) Phan (i) 1a diéu kién cdn cta cuc tri.

2) Phan (ii) chinh 1a dinh 1y gid tri trung binh quen biét.

3) Phan (iii) c6 thé dugc cu thé héa nhu sau:

Néu 0 ¢ of (a,b) == {0f (x) / x€ (a,b)} thi
a) Hodc ¢ >0, VYgedf(a,b),vakhidy f la don diéu tdng trén khodng (a,b);
b) Hodc ¢< 0, Vgedf(a,b) ,vakhidy f ladon diéu giam trén khodng (a,b).
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8.5. Thi du minh hoa

(Céch chitng minh hoan toan tuong tu).

Thidu 1) f(x)=sgn(x) la ham khong kha vi theo huéng tai diém x = 0, vi n6 khong lién tuc

tai d6. Tai nhitng diém con lai ham kha vi lién tuc va c¢6 dao ham Ia 0, va do dé6
of, (x)={0}, Vx =0.

2) Him f(x)=3/x 1a lien tuc tai moi diém, nhung khong kha vi theo huéng tai diém
x = 0, vi tai diém nay ta c6

_ 3
SO+ - f(0) _ e - e i r—>0+,
t t 3\/1_2

tiic 12 khong ton tai £(0;1). Tuong tu ta cling thdy rang /(0;—1) khong ton tai. Tai
nhitng diém con lai c6 thé chitng minh dugc ring ham la kha vi va do d6

, 1
o (x) ={f'(x)} = {W}, Vx#0 .

3) f(x)=|x"~1| 1a ham khong kha vi tai cdc diém x =1 va x = —1, nhung la khé vi
theo huéng tai nhitng diém nay. Bang tinh todn truc ti€p, ta d& dang thdy ring

a+e1?=1/-0 o 2sf

7'(1;1) = lim = lim(2+1)=2,
t—>0+ t—0+ t t—0+
[(1-£1)*=1]-0 _2
F(1=1) = lim‘ | — 1im 2T~ im(2—1)=2,
t—>0+ t t—>0+ t t—>0+

vadoddétaco of (1) = [/ (-1, /' (D] = [-2,2].

Tuong tu ta c6 of (=1) = [- /" (=1=D), /" (=L;D] = [-2,2].

Tai nhitng diém con lai ham 1a kha vi, va ta c6 dudi vi phan clia né tring véi dao ham.
Cu thé 1a:

2x khi x ¢ (—1,1)

@r(x)={_ 2 khixe(-1)

4) f(x)=max{x+2,x’}. C6 thé chiing minh ring f 12 mot ham [6i, cho nén né khd
vi theo hudng tai moi diém. Tuy nhién né khong kha vi tai x = —1 va tai x=2. Tai day
ching ta c6:

SE=D) =2, 1D =1 = of(=D) =[-2]] ;

f'@-D=-1LfZ)=2 = J(2)=[.2].

Tai nhitng diém con lai ham f 1a kha vi, cho nén duéi vi phan cta né tring véi dao
ham. Cu thé 1a
2x khi x ¢ (-1,2)

J(x):{l khi xe(-12)



Bai 1

Bai 2

Bai 3

Bdi tap vé
Tinh todn thuc hanh Chuong 8

Khdo sat finh khdng kha vi

1. Chitng minh réing ham s6 sau day khong kha vi theo hudng tai x = 0
X sinl khi x= 0
S ="
0 khi x=0

2. Tim cuyc tri cua cdc ham trong cic thi du trén.

3. Xét tinh don diéu ctia cac ham néu trong cac thi du trén.

Tinh dao ham theo hudng va tinh duoi vi phdn suy rong:

D y:|x|+‘x2—l‘ ; 2) y:xsinl; 3) y:xzsinl;

X X
4) y=max{sinx,cosx}; 5) y=x’signum(x) ; 6) y:‘ax2 +bx+c‘ ;
7) y=max{x® + x+1,—x> +3x+5} ; 8) y=1n|x|

N g . n? .’ ”’
Bai tGp kiém tra kién thiuc
Thé nao 12 ham khong kha vi tai diém x=a ?

(a) La ham khong lién tuc tai diém x=a .
(b) La ham géy khic tai diém a .
fa+Ax)—f(a) .

(c) Laham khong c6 giéi han lim

Ax—0 Ax
Trong cac ham sau thi ham nao 1a khong kha vi tai O :
2 .1 .
.sin— khi x# 0
@ feo=h] 2 ) feodr-n] 5 © fo=1" P
0 khi x=0

Ham kha vi theo huéng u tai diém x , néu nhu

(a) Tén tai gi6i han hngw ,
u— u

(b) Tén tai gi6i han hn&w ,
> u
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Bai tap va tinh todn thuc hanh Chuong 8

Bai 4

Bai 5

Bdi 6

BGi 7

Bai 8

(c) Ton tai gi6i han lim
t—0+

[l =)
t

Tim nhitng Ménh dé ding trong s6 sau day:

(a) Ham f lakhd vitai a thiné cé dao ham theo moi huéng tai diém do,

(b) Ham f c6 dao ham theo moi huéng tai diém « thi né kha vi tai diém do,

(¢) Ham f kha vi khi va chi khi né ¢6 dudi vi phan gébm mot phan tir duy nhat,

(d) Ham f kha vi tai diém «a khi va chi khi ton tai dao ham theo 2 huéng u =1 va
u=-1,v6if(a;1) = —f(a;-1).

(¢) Ham f kha vi tai diém a khi né c6 dao ham theo moi huéng tai diém dé va dao
ham theo hudng 1a mot ham tuyén tinh theo hudng.

Ham 16i ¢6 nhiing tinh chét sau:

(a) Lién tuc tai moi diém ,

(b) Kha vi tai moi diém ,

(c) C6 dao ham theo huéng tai moi diém.

Dao ham theo hudng clia ham 16i c6 nhiing tinh chat sau:
(a) Loi theo hudng ,

(b) Tuyén tinh theo huéng ,

(c) Lién tuc theo huéng ,

(d) Thuan nhét duong theo huéng.

Ham s6 ¢6 duéi vi phan, néu nhu:

(a) NO kha vi theo moi hudng ,

(b) Dao ham theo hudng ctia n6 1a lién tuc ,

(¢) Dao ham theo hudng la dudi tuyén tinh ,

(d) Dao ham theo hudng la tuyén tinh .

Du6i vi phan ctia ham f(x)=Jx| tai diém x=01a gi ?

@ F0)=0;, ® FO=-11}, (©FO=-L].

Tinh todn thuc hdnh

Hién nay, thuat toan tinh dudi vi phan suy rong cho cac ham khong tron néi chung con la mot
vén dé dang dugc quan tam nghién ctu. Trong khuon khé clia gido trinh nay ta chi xem xét
nhitng ham khong tron don gian nhét, cho nén viéc tinh todn dudi vi phan suy rong cta ching
khong phai 1a phiic tap 1dm. Trong cdc vi du va bai tap néu trén ta thdy cdc ham dugc xét déu 1a
tron ting khic. Vi vay, trit mot s6 hitu han diém, du6i vi phan suy rong clia cdc ham nay tring
v6i dao ham clia chiing va vi vay c6 thé tinh d& dang bing cac 1énh tinh dao ham thong thudng
da hoc & phan dao ham va vi phan (Chuong 6). Tai nhitng diém khong tron, duéi vi phan suy
rong cua ham 1a mot tap 16i compact (mot doan) c¢6 2 dau muit 1a giéi han cla dao ham tir 2
phia, cho nén ciing c6 thé tinh d& dang bing c4c lénh tinh gisi han da duoc biét trong phin tinh
gi6i han cua ham s6 (Chuong 5). Viéc dap dung cac chuong trinh di biét trong tinh todn thuc
hanh & Chuong 5 va Chuong 6 dé tinh cho cic bai tip & chuong nay 13 mot viéc don gian va
khong can phai huéng dan gi thém.



CHUONG 9

9.1.

9.1.1.

Tich phan xdc dinh

Khéi niém va caéc thi du
Pinh nghia

Phép tinh tich phan (xdc dinh) c¢6 coi ngudn tir thoi xa xua, khi ngudi ta tim dién tich
ctia mot hinh ¢6 dang phic tap bing cach phan chiing thanh téng nhitng hinh nhé c6
dang don gian hon. Ta d& dang hinh dung ring mot mién phang c6 bién cong (tit phia)
ludn c6 thé chia thAinh mot s6 "hinh thang cong" (titc 12 hinh thang vudng c¢6 mot canh
bén 1a cong). Cho nén, viéc tinh dién tich chia mot hinh bat ky thuong duoc quy vé viéc
tim dién tich cia mot hinh thang cong. V& mat todn hoc, mot hinh thang cong c6 thé
dugc biéu dién nhu phan mat phiang dugc gidi han bdi d6 thi clia mot ham s6 y=f{x)
va 3 duong thang c6 phuong trinh don gian 1a: x=a , x=b, y=0.

Muoén xac dinh dién tich mot hinh thang cong nhu

vy ngudi ta phan né thanh nhitng hinh thang cong Y
nho hon (v6i phan canh cong rdt ngin) va xap xi
mdi hinh thang cong bé nho nay bang mot hinh chir
nhdt (bing cdch don gian 1a thay canh cong boi
mot doan thiang). Tong hop tat ca dién tich céc hinh
chit nhat bé nhd ta ¢c6 duogc dién tich xap xi cla
hinh thang cong ban d4u. C4ch lam thong minh nay
da dugc dua ra tir thoi Archimedes (th€ ky thi 3
truc Cong nguyén). Tuy nhién, khi ay nguoi ta
chua thé 1y gidi dugc cdch lam dé hop 1y dén dau (Dién tich xdc dinh nhu vay chinh
xac dén miic nao? Cach tinh dién tich nhu vay c6 phu thudc vao phuong phap phan
nhd cdc hinh hay khong? C4ch xap xi canh cong bing canh thang nhu thé nao 1a thoa
ddng? Nhitng hinh nhu thé€ nao thi ¢6 thé tinh duogc dién tich chinh xdc theo phuong
phap d6 va cong thic tinh nhu thé nao ?...). Phép tinh tich phan ra doi da 1am séng to
nhitng cau hoi d6. Trudc hét ta dua ra mot khai niém bé tro:

Hinh 9.1

Phdn hoach ciia doan [a,b] = R la mot day hitu han s6" x,,x,,..,xy thod man
a=x,<x <.<xy=b.

Bé réng clia phan hoach 1a khoang cdch 16n nhat gitta 2 diém ké tiép nhau, titc 1a bang

max{x; —x,_, :i=12,..N}.

Néu f 1a ham s6 xdc dinh trén [a,b] va P 1a mot phan hoach cta [a,b] thi, véi mbi bo

s6 ¢, e[x, ,x;1,Vi=1.2,..,N, tong Riemann cha f tng v6i phan hoach P dugc xéc

dinh nhu sau
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9.1.2.
Thi du

S= Zf(ci)(xi =Xi1)s

Nhu vay, ty theo viéc chon céc di€ém ¢; ma ta ¢6 cdc tong Riemann khdc nhau (ing
v6i mot phan hoach cho truéc).

DBinh nghia Ham 56" f duoc goi la khd tich Riemann trén [a,b] néu ton tai s6 AR
sao cho véi méi s6 & >0 tim duoc s6 § >0 dé moi tong Riemann ciia f ving véi
phdn hoach bdt ky c6 bé rong nhé hon § déu nam trong lan cdn cua diém A véi bdn
kinh ¢ (nghia la |S - A| <&, hay S ndm trong ¢ -ldan cdn cia A).

Khi dy, s6 A dugc goi 1a tich phdn Riemann cua ham f* trén doan [a,b], va duoc ky

b
hiéu la J. f(x)dx .

Nhén xét Tich phan Riemann clia ham f trén [a,b] 12 duy nhét. That vay, néu c6
2 s6 A,, A, cung la tich phan cua f trén [a,b] vA A, < A, thi 1dy s6 duong
e<(A,—A)/4 tas€ co (4, —¢,4,+&)N (4, —¢,4, +&) la tap rong. Nhung theo
dinh nghia tich phan Riemann thi lai tim dugc mot téng Riemann (v6i phan hoach du
min) ndm trong ca 2 1an can trén va dan t6i mau thuln.

Ngoai khdi niém tich phan Riemann néu trén, ngudi ta con dua ra mot s6 khdi niém
tich phan khac. Pang chu y hon ca 1a tich phan Lebesgue. Cac khéi niém sau nay chi
yé&u phuc vu cho céc 16p ham “tho hon”. Néu mot ham da kha tich theo nghia Riemann
thi n6 kha tich theo moi nghia khac va khi dy cdc tich phan la tring nhau. Muc dich
ctia ching ta 1a trinh bay nhiing khai niém chung nhat cho nén ta chi dé cap dén tich
phan Riemann va, trong gido trinh nay, thuat ngf tich phan duoc mac dinh hiéu 1a tich
phan Riemann.

T dinh nghia ta thdy tich phan xédc dinh c6 thé dugc hinh dung nhu 1a gidi han ciia
tong Riemann khi phan hoach dugc 1am vun vé cung (tic 1a bé rong ctia né tién dan vé
0). R6 rang viéc tinh tich phan x4c dinh theo dinh nghia nhu trén la khong don gian
chiit ndo, vi ching nhiing phai tinh cdc téng Riemann rit cong kénh ma con phai tim
“giGi han” cua chdng nita. Tuy nhién, giai quyét cong viéc phuc tap nay lai 1a “s&
trudng” clia may tinh. Cac chuong trinh tinh todn thong dung hién nay gitp ta tinh tich
phan xdc dinh mot cdch nhe nhang dén bat ngd (nhu sé thdy trong phan tinh todn thuc
hanh). Ngoai ra, & cudi chuong nay cong thic Newton-Leibniz s€ cung cdp cho chiing
ta mot phuong phép loi hai dé tinh tich phan x4c dinh khong thong qua téng Riemann
d6i v6i nhitng ham c6 cau tric dic biét.

Mot s6 thi du don gidn

1) f(x)=c, Vx €[a,b]. Khi a4y moi tong Riemann déu tring nhau va la

Zf(ci)(xi —X)= CZ(xi —x;)=c(b-a) .
i=1 i=l

b
Cho nén jf(x)dx =c(b—-a) .
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9.2.

9.2.1.
Ménh dé

0 khi —L1]\ {0
> f<x>={a el LI

R& rang v6i mot phan hoach bat ky ¢6 bé rong & thi tong Riemann ctia f c6 gid tri
tuyét doi khong vugt qua 2|a|5 . Khi cdc phan hoach nay c6 bé rong nhd dan vé 0 thi
céc tong Riemann tuong ting ciing vay. Suy ra

j).f(x)dxzo .

1 khi x la so huii ty,
3) f(x)=

0 khi x laso voty.

RO rang tich phan Riemann ctia f trén doan [0,1] 1a khong ton tai, vi v6i mot phan
hoach bat ky ta déu c6 thé tim duoc 2 téng Riemann khéc nhau ¢6 gia tri 1a 0 va 1, tic
1a khong thé ndm chung trong mot 1an can du nho cta bat ci diém nao.

Cdc finh chét co ban

Cdc phép tinh trén cdc hdm kha tich

(1) Néu f,g la nhitng ham khd tich trén doan [a,b] thi ham (f +g) la khd tich
trén doan [a,b] va

b b b
[(£ @)+ g(dx = [ £ (x)dx + [ g(x)dx

(2) Néu [ la ham khd tich trén doan [a,b] va c la mot s6 thuc thi c¢f la ham khd
tich trén [a,b] va

jicf(x)dx = c.}f(x)dx .

b b
Chiing minh (1) Lay A= j f(x)dx+j g(x)dx, va cho &> 0 bat ky, ta tim duoc s6
6 >0 dé v6i moi phan hoach c6 bé rong nhd hon § va moi tong Riemann clia f va g

b
S, - j F(x)dx

(ky hiéu tuong tng la S, va S, ) ta déu c6

<6‘
)
2

S, — jzg(x)dx

£
<,

2
cho nén khi &y moi téng Riemann clia (f + g) sé thda man

1)1 =4 =[S, +5, -4 < + <e.

f+g

b
S, - j F(x)dx

S, - jzg(x)dx

Nghia la, (f + g) 1a kha tich va tich phan ctia n6 1a A.
(2) Chitng minh Ia dé dang, vi
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b b
Sy —cf x| <|dS, — [ f(x)dx] .

9.2.2. Tinh don diéu cua fich phan

b
Ménh dé (i) Néit f la ham kha tich va khong am thi [ f (x)dx>0.
b ,
(i) Néiu f(x)> g(x), véi moi xe[ab] thi [ f(x)dx>[g(x)dx .

Chiing minh (i) R6 rang moi téng Riemann cba f 12 khong am. V6i moi &> 0, tim
duoc tong Riemann S, thbamédn A>S, —&>-¢. Tudaysuyra 4>0.

b
(i) f(x)2gx) = f(x)-g(x)20= j[f (x)—g(x)]dx =20
b b ’ b b
& [ f(r)dx — [ g(x)dx 2 0 [ () 2 [ g(x)ekx .

9.2.3. Tinh bi chdn cla tich phéan
Ménh dé (Pinh 1y trung binh)

Néu f la ham khd tich trén doan [a,b] va m < f(x) < M vdi moi x €[a,b] thi

b )
m(b—a) < j F(x)dx<M(b-a). Iy

‘ m
Chung minh Suy ra ngay tir phan (ii) cia ménh dé
trén. .
Ménh dé nay cé y nghia hinh hoc don gidn la: Dién ~ o] a b
tich hinh thang cong nhd hon dién tich hinh chit nhdt
chita no va lon hon hinh chit nhdt ma no chiia. Hinh 9.2

Néu f la ham khd tich trén [a,b] thi ta ddt

a b
j F(x)dx = —j F(x)dx
b a

va

jf(x)dx =0,Ycela,b].

Hé qud Cho a, b, ¢ la cdc s6 bdt ky, [ la ham sé xdc dinh trén mot khodng chita cd 3 diém
dé. Néu 2 trong 3 dai luong

b c c
[fdx, [fdx, [f(x)dx
a a b
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9.3.

9.3.1.

ton tai thi dai luong thit 3 ciing ton tai, va ddng thitc sau théa man
b c c
[ f(x)x + j F(x)dx = j F(x)dx.
a b a

Ching minh Suy ra ngay tir dinh nghia.

Su tén tai cua fich phén

B3 dé co bdn

Ham f la khd tich trén doan [a,b] khi va chi khi moi tong Riemann ting véi cdc phdn
hoach cé bé rong di bé la sai khdc nhau mot luong dii bé, nghia la

Ve>0,35>0, d(B)<d,d(P)<8 =S, (P)-S,(R)|<e

(trong d6 d(P) 1a ky hiéu bé rong cta phan hoach P, con Sp(P) la tong Riemann
tng v6i phan hoach P.(i=12)).

Chung minh Theo dinh nghia, néu f 1a kha tich trén [a,b] thi V& >0 36 >0 sao
b
cho v6i d(P)<8 th |S,(P)~ [ f(x)dx |<§. Khi dy v6i moi B, P, ma d(P)<&,
(i=12) taco
b b
S, (P)=S (P SIS, (R) = [ f(x)dx |+, (P) — [ f(x)dx|< &

Nhu vay mot chiéu ctia bé dé da dugc chiing minh.

Dé ching minh chiéu ngugc lai ta 14y diy e, :Zi va diy o, 40 sao cho

n
|Sf<Pl>—S,(P2)|<% khi d(P)<3,,(i=12).

L4y day cdc phan hoach P, thdéa man d(P,)<J,. Taco d(P,)<0J,,Ym>n, va cic
téng Riemann S" =S ,(P,) lap thanh mot day Cauchy, boi vi

S"—S'"\<i, Vm>n.
2n

Nhu vay {S"} hoi tu t6i mot s6 A. Tir bat déng thic trén, sau khi qua giéi han véi m

y 1 L . .
tién ra vo clng, ta cé ‘S” —A‘ <2—,Vn. Liy s6 £>0 bat ky, ta tim dugc N dé
n

%<5.Lé{y 6=0y. Luu yrang v6i d(P) < 3§, thi
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Nhén xét

9.3.2.
Dinh Iy

Nhén xét

9.3.3.

B3 dé

1 1 1
=—<Eé&.

|5, (Py = A|s, (P =8| #]s" — <+ o=

Theo dinh nghia ta suy ra ham f 12 kha tich va bé dé dugc ching minh ddy du.
b
B6 dé cho ta thay ring tich phan J f(x)dx ton tai khi va chi khi cdc téng Riemann

a

thdéa man tiéu chudn Cauchy khi cho bé rong clia phan hoach nhé dan vé 0. Va khi dé,

b
ton tai gidi han d(l}l)r)ri . S,(P)= :[ f(x)dx.

Tinh khé tich cla hém lién tuc
Ham sd'lién tuc trén doan [a,b] thi khd tich trén doan do.
Chung minh Ta biét rang néu f la lién tuc trén doan [a,b] thi né lién tuc déu trén
doan d6, nghiala Ve > 036 =J(¢) sao cho
[ x| <0 = |f(x) - f(xy)| <.
Nhu vay ciing ton tai s6 ¢ sao cho

=] < 8" = | F ()~ £ () <ﬁ.

Lay 2 phan hoach batky B,P, v6i d(P)<6'(i=1,2) tathdy ngay
[/ (R)=5, (P <[ max |7 ()= Sl -a) <.

Va theo bo dé co ban ta suy ra f 1a kha tich.

Dinh 1y trén cho ta thdy rdng 16p ham kha tich chita toan bo 16p ham lién tuc. Tuy
nhién, c6 rdt nhiéu ham kha tich ma khong lién tuc (don gian nhu 12 thi du 2 & phéan
ddu cha chuong nay). Cho nén, viéc tim ra cdc tiéu chudn kha tich téng quét hon (cho
cdc ham khong nhat thiét lién tuc) 1a rat can thiét.

Ham béc thang

Ham s6° f xdc dinh trén doan [a,b] duoc goi

la ham bdc thang néu nhu c¢6 mor phdan hoach ‘
X,, X,y Xy cUa doan [a,b] sao cho f nhdn

a o
gid wi  hang  tén  mdi  khodng |
(xl'—l’xi) (l:4aaN) . Hinh 93

Ham bdc thang la khd tich. Ngodi ra, néu c; la gid tri ciia f trén moi khodng (x,_,,x;)
thi

b N
[ £ G =i =) -
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Nhén xét

9.3.4.
Dinh Iy

Ching minh Pinh nghia ham s6 ¢, nhu sau
c, khi xe(c_,x;)

@;(x)=40 khi xela,b]\[x_,x,]
f(x)khi x=x,_, hay x=x,

N
RO rang f(x) = Zgol. (x). T dinh nghia ta dé dang thdy rang mdi ham ¢, () 1a kha

i=1
b
tich va I(P,- (x)dx =c¢;(x; —x,;) . Vi tong cua cdc ham kha tich 1a kha tich, cho nén bd

dé trén dugc chiing minh xong.

R rang cdc ham bac thang 1a khong lién tuc va bé dé trén cho ta mot vi du dién hinh
v€ cdc ham kha tich khong nhat thiét lién tuc. N6 cling dong thoi cho thdy méi quan hé
khang khit gifta tich phan ciia mot ham béc thang khong am véi dién tich clia mién
gi6i han boi truc hoanh va dé thi clia ham d6. Dé thay hét tinh "khuoén mau" cta 16p
ham béc thang trong tap hop cdc ham kha tich, ching ta s& chi ra rang 16p ham khd
tich chinh 12 16p nhitng ham c6 thé duogc x4p xi tot béi cac ham bdc thang.

Tiéu chudin khé tich
Ham f :[a,b] — R la khd tich khi va chi khi né bi kep giita hai ham bdc thang cé tich
phdn gdn nhau bao nhiéu tuy y. Nghia la, véi méi & >0 t6n tai cdc ham bdc thang
f1, /o trén [a,b] sao cho

L)< f(x) < fr(x),Vxela,b],

va

b
[1/00-fiur<e .

Ching minh (=) Néu f 12 khd tich thi v6i mdi &> 0 ton tai s6 & >0 sao cho vdi
phan hoach P ={x,,x,,....xy} (d(P)<d) va cdc téng Riemann bét ky

N N
§S= Zl:f(cl )x —x), S'= %f(c;)(xl =xi)s ¢cf €lx ;]

ta ludn co

S &
|5 -5= 1 €)= F DI =) < 5 -

i1
Dic biét, voi moi j, néu chon

;L —

c;=c¢; ,Vi#]

~ 2, . ’ z
thi suy ra, véi moi ¢ €[x;_;,x;], taco

J1o

e = Fepfor; ;) <7
Nhu vay
[Fepl<fiep+5

;, Vel elx;,x;].
(x; —x;)

1
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Nghiala f(-) bichan trén mdi doan [x j-1»X;]. Chonén ta c6 thé dat

m; =inf{f(¢), t €[x,_;,x;]},
M, =sup{f(?), te[x,_,x;1},
va dinh nghia cdc ham bac thang f,, f, nhu sau

m; khi xe(x_,x;),i=12,..,N
fi)=1 " . :

min{m,,...,my } khi x=x;,i=0L..,N

M, khi xe(x._,x;),i=12,..,N
Six) = . )

max{M,,...M} khi x=x;,i=0,1,...,.N

RO rang
H(D) < f(x) < f5(x), Vx e[a,b].

Ta s& chi ra ring

b
(L) = fo(0)dx <5

That vay, chon céc diém ¢,,n, €[x, ,,x;]i=1,2,...,N sao cho

ey <m it
F) > My =
Suyra M, —m, < /()= 16+ 505

Ta co

b N

(1200 = fi(0)dx = 3" (M, = m)(x, = x,,) <

a i=l1
&
2(b—a)

Z[f(ﬂ;)—f(§i)](xi—xi_1)+ (b-a)

<
=1
al &
<DL )= FEDNx = x) | 5
i1
N N
Vi Z f(m)(x; —x;,) va Z f(&)(x; —x; ;) 1a cdc tong Riemann trén phan hoach P cho
i1

i=1

nén hiéu cta chiing khong vugt qué g Nhu vay

b
!;[fz(x)—fl(X)]dx < §+§:s ,

(<) Gid st £ c6 tinh chat néu trong ménh dé, tic 1a v6i mdi & >0 ton tai cdc ham
bac thang f|, f, sao cho

Hhx) < f(0) < f1(x),  Vxela,b]
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b
&
JUs (= fioldr <<
Ta chon s6 6 >0 du bé sao cho

b
S, (B)=[fidr|< S, VR.d(B)<s

b
&
IS, (P)=[ (x| < S, VP, d(R)<5 .

Dé dang thay rang néu S ,(P) la tong Riemann clia f trén phan hoach P, thi ta c6:
b
S, (P)=S, (B <, (P)=S, (R)<|S, (P)=[ f(x)dx | +

b b b
1S, (B)= [ e+ [ fo(de= [ fi(yde| < T+ S+ T =

T b6 dé co ban ta suy ra ham f 1a kha tich, va dinh ly duoc chitng minh xong.

Nhén xét Chd y ring phin dudi do thi clia ham bac thang nidm trén truc hoanh chinh 1a hgp clia
céc hinh chit nhat, cho nén ménh dé trén cho ta mot hinh dnh hinh hoc rat tudbng minh
vé ham kha tich, cu thé 1a: mot ham 12 kh4 tich khi va chi khi phan dudi doé thi chia ham
nay c6 thé dugc xdp xi bdi cdc hinh chit nhdt v6i do chinh xéc tly .

9.3.5. Cdc hé qud quan trong
Hé quad (i) Ham khd tich trén doan [a,b] thi ciing bi chdn trén doan [a,b].

(ii) Cho f xdc dinh trén [a,b], c € (a,b). Ham [ la khd tich trén [a,b] khi va chi
khi né khd tich trén méi doan con [a,c], [c,b], va trong truong hop dé:

b ¢ b

If(x)dx = If(x)dx + If(x)dx .
Ching minh Suy ra tir dinh 1y trén.
Néu [ la ham khd tich trén [a,b] thi ta ddt

a b c
j F(x)dx=— j F(x)dx va j F(x)dx=0,Vce[a,b].
b a c

9.4. Dinhly co bdn cla
phép tinh fich phéan

Cho ham s6 f lién tuc trén mot khoang U . Ldy a € U va dinh nghia ham s&
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F(x)= j F(t)dt .

Ham nay x4c dinh véi moi xe U (vi f lalién tuc).

9.4.1. Dinh ly co ban
Pinhly Ham s6" F(x) la khd vi trén U va
F'(x)=f(x) .
Chung minh Ta can chirarang Vx, e U

i FOO=F(x,)

X=X, X—X

:f(xo)'

o

Dé ¥ ring
[ fe— [ rayar
POZF0) ey i)
0 X=X,
— [ - | £t | =——{[LF0)- £,
|x—x, | M M |x = %5,
va

U@ = F 0k <1 [ max|£(©) = £, e | ==, | max| 1)~ £,

0

Cho nén
tim | ZCO =) ) = tim e |7(©) (s, )| = timsupl 0 - /3, )] =0
XX, xX—x, x—>x, Ce[x—x, XX,

do f laham lién tuc.
Dinh 1y da dugc chiing minh xong.

Hé qud Néu f la ham lién tuc trén mot khodng thi ton tai ham F xdc dinh trén khodng dé va
c6 dao ham la f.

Chung minh Suy ra ngay tir dinh ly trén.

9.4.2. Cong thitc Newton-Leibniz

Pinh ly (Newton-Leibniz) Néu F la ham so xdc dinh trén khodng U < R va ¢é dao ham la
thi

b
[ f(o)dx = F(b) - F(a).

Ching minh Ta c6
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9.4.3.
Ménh dé

9.5. Y nghia hinh hoc va

9.5.1.

L= f0dn = f ()= 1) =0,

nén F(x)—jif(t)dt=c. Thay x=a tacé c=F(a) cho nén F(x)=jf(t)dt+F(a).

Tu day, ta ¢6 ngay diéu can ching minh.

Cdng thic déi bién
Cho U,V la cdc khodng bdt ky trong R, ¢:U —V la ham khd vi lién tuc,
f:V —Rlaham lién tuc. Khi dé,¥a,beU ,

@(b)

b
[ flop@lp'@ydu = [ f)dv.
a o(a)
y
Chung minh bat F(y)= J.f(v)dv,‘v’y eV. Rorang F lahamkhaviva F'=f.
p(a)
P(x)
Ham G(x)= jf(v)dv 14 hgp ctia 2 ham kha vi lién tuc F va ¢, cho nén ciing la
p(a)
kha vi lién tuc. Theo quy tic 14y dao ham ctia ham hop ta c6:

G'(x) = Flp)p'(x) = flp(x)]p'(x), VxeU .
Nhu vay

G(x) = [ flp)p'w)du+c,

v6i ¢ 12 mot hing s6 ndo d6. Cho x=a ta c6 ¢c=G(a)=0, va cho x=b ta ¢ diéu
cn chimg minh.

Ung dung cua fich phén xéc dinh

Khéi niém vé dién tich ctia mién mét phéng

Ta da ting biét vé dinh nghia va cdch tinh dién tich ciia hinh vuong va hinh chit nhat.
Trén co sO d6 ta tinh duge dién tich ctia mot hinh tam gidc bat ky bang cach tach no
thanh 2 tam gidc vuong (nura ctia hinh cht nhat). Dién tich cua da giac bat ky lai dugc
tinh nhu téng cla cdc tam gidc hgp thanh. Xa hon nifa, ta da biét dinh nghia va tinh
dién tich cia mot hinh tron nhu gidi han cta dién tich cdc da gidc déu noi ti€p (hodc
ngoai tiép) hinh tron d6 khi s6 canh tié€n ra vo cung. Tuy nhién, cdc phuong phap nay
khong cho phép ta xédc dinh dién tich cia mot mién giéi han boi mot dudng cong lién
tuc bat ky (thi du nhu mat nuéc hé Hoan Ki€m). Bay gio ta c6 thé sit dung tich phan
xdc dinh dé 1am diéu dé.
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9.5.2.

9.5.3.

Y nghia hinh hoc cta fich phén
Trudc hét, ta xdc dinh dién tich cia mot hinh thang
cong D giGi han bdi d6 thi cia mot ham lién tuc
f(x)>0, vacéc dudong thang x =a,x=b,y=0.
Ldy mot phan hoach bat ky P: a=x, <x,..
<xy =bvacic diém ¢,,n, €[x,_;,x;] sao cho
S(&) =min{f(x)/xe[x;;,x]1}
S () =max{f(x)/xe[x,_,x]} Hinh 9.4

Ti ménh dé vé tinh bi chan cla tich phan (dinh [y trung binh, xem hinh v& minh hoa

N
9.2), ta thily rang S, (P) = Z f(&)(x; —x,_;) 1a tdng dién tich cla cdc hinh chit nhat

i1
N
nam gon trong mién D va S, (P)= z f(m)(x; —x,,) 1a téng dién tich cdc hinh chit
i=1
nhat pht kin mién D. Nghia 1, n€u nhu mién D duogc gdn mot gia tri dién tich 1a S(D)
nao do thi
Smin (P) < S(D) < Smax (P) (*)

Khi phan hoach cang min thi S,;,(P) cang 16n dan 1én va S,,(P) cang nho dan di. Vi
ham s6 lién tuc nén né 1a khd tich, suy ra S,;,,(P) va S, (P) sé cung nhau tién dan dén
gié tri tich phan ctia ham nay (vi chdng cung 12 nhiing t6ng Riemann). Tu biéu thic
(**) ta suy ra gid tri tich phan cia ham phai trung v6i S(D). Nhu vay, s€ 1a hop 1y néu ta
dinh nghia dién tich clia mién D 1a

b
S(D) = j F(x)dx .

Day 1a cong thiic tich dién tich ctia mién D c6 dang
himh thang cong nhu trong Hinh vé 9.4. Tix day dé
dang tinh dugc dién tich mot mién E giGi han boi 2
duong cong nhu trong Hinh 9.5

Hinh 9.5

bang cach 14y hiéu cua 2 tich phan cdc ham f, va
fi, tic la ta co

b b b
S(E) = [ fo(x)dx=[ fi(x)dx = [[f5(x) = f; (x)]d.

V6i cdch chia mot hinh thanh nhiing phan cé dang don gian hon (nhu D hoic F) ta ¢6
thé tinh dugc dién tich clia hdu hét cdc hinh gap trong thuc té.
Tinh thé tich cac vat thé 3 chiéu

Ta da biét tinh thé tich cdc hinh ldp phuong va hinh hop chit nhdt. Sau dé, ta ciing da
tinh duoc thé tich ciia mot ldng tru thong qua dién tich ddy va chiéu cao ciia ldng tru.
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Trong phdn nay ta sé xdc dinh dién tich ciia nhitng vdt thé da dang hon trong khong
gian (3 chiéu).

1. Cong thirc tinh thé tich

Gia st vat thé (H) nim trong khong gian. Chon truc toa do Ox. Mat mat phang (P)
vuong géc véi Ox tai diém x cat vat thé (H) theo mot thiét dién c6 dién tich bing S(x).
Gia thiét rang S(x) 1a mot ham lién tuc.

Dé tinh thé tich clia phan vat thé (H) duoc gi6i han
boi 2 mat phiang vuong géc vé6i Ox tai cic diém a va
b, ta ldy mot phan hoach clia doan [a,b] gém cic
diém chia

a=x,<x <..<x,=b.

Trén mdi doan [x,x;,,] (i=0,...,n) chon mot diém tuy Hinh 9.6
¥ v6i hoanh do ¢, Qua méi diém c; dung mot mat phang vuong géc véi Ox va cat (H)
theo thiét dién c6 dién tich 1a S(c;). Dung hinh tru ¢6 chiéu cao bang A, = x,,; —x, va
mit ddy 1a thiét dién ndy. Ta biét rang thé tich cla hinh tru d6 bang S(c,)A, . Téng thé
tich ciia tat ca cdc khoi hinh tru nhd chinh 12 mot x4p xi cha thé tich vat thé (H), va
béang

S(e)A, +...+S8(c,)A, .

Day chinh 1a téng Riemann cia ham S(x) ing v6i phan hoach da biét clia doan [a,b].
Véi cdc suy luan tuong tu nhu d6i v6i khéi niém dién tich ¢ phan trén, ta di tGi dinh
nghia thé tich V ctia hinh (H) 1a

V= j-S(x)dx.

2. Thé'tich cdc hinh ddc biét
a) Thé'tich hinh chép

V6i mot hinh chép (khong nhat thiét tron xoay)
c6 dién tich ddy 1a B va chiéu cao & thi dién
tich thiét dién (vuodng géc véi chiéu cao va cdch
dinh mot khoang bing x) s& ty 1& v6i binh
phuong clia x/h, nghia 1a S(x) = B(x/h)*. T cong
thic tinh thé tich & phan trén ta c6 0 z h

t o2 i Sy =h Hinh 9.6
V:JS(x)dXZJBx—dx:Bhizj‘xzdx:Bh’zx—x !
0 0 h2 0 31x=0

b) Thé tich hinh chdp cut
V6i hinh chép cut ¢6 ddy 16n B, ddy nhd B’ va chiéu cao h, thi bing lap luan tuong
tu nhu trén ta tinh dugc dién tich thiét dién di qua diém méi diém x thong qua B,B’,h
r6i dp dung cong thic tich phan ta thu dugc cong thiic

V= %(B + B'+vBB")h

c¢) Thé'tich khéi tron xoay
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Khéi tron xoay dugc tao béi mot phan mat phiang quay xung quanh mot truc nao dé.
Khi phan mat phang dugc gi6i han boi do thi dudng cong y=f (x) va cac duong thing
x=a, x=b, y=0, con truc quay dugc chon la Ox, thi
thiét dién clia n6 tai mdi diém x 12 mot hinh tron cé
dién tich 1a S(x)= nf*(x). Cho nén, thé tich ctia khoi
tron xoay nay duoc tinh bing cong thic

b
V=;zjf2(x)dx.

d) Thé'tich hinh cdu Hinh 9.7
Hinh ciu 1a mot dang dac biét cua khdi tron xoay,

khi /(x) c6 d6 thi 1a mot nita vong tron (tdc 13 f(x) =+ R> —x? ), cho nén ta dé
dang tinh dugc thé tich ctia n6 la

R R
V= [r(R =x") dx=r [(R* - x")dx :%;:R?
-R —-R



Thi du

Bdi tap vé
Thuc hanh tinh todn Chuong 9

Thuc hanh tinh tich phén xac dinh
D¢ thuc hanh tinh tich phan x4c dinh, hdy vao dong Iénh c6 ci phap nhu sau:
[int(f(x),x = a..b);

Trong d6 f(x) la biéu thitc duéi ddu tich phan a, b 1a can dudi va can trén. Sau dau (;)
ta &n phim "Enter" thi viéc tinh tich phan xac dinh s& duoc thuc hién va sé cé ngay dap
sO.
[>int(1/(x"2-5*x+6), x=0..1);
2 1n(2) — In(3)
Muén c¢6 cong thiic biéu dién tich phan, ta ddnh cdc dong lénh c6 ct phdp tuong tu nhu
trén , nhung thay i nt bdil nt | tic la:
[>Int(1/(x*2-5*x+6), x=0..1);
(1
—————dx
0 X —3x+6
Va dé c6 gid tri s6 clia biéu thic trén ta diing lénh
[>val ue(");
2 In(2) - In(3)
trong d6 (") ngu y chi biéu thiic ngay trudc do.
Luu y ring khi két qua 12 mot biéu thitc cong kénh thi ta c6 thé t6i gidn bang lénh
si mpl i fy (don gian héa) nhu da biét.
Trong nhiéu trudng hop, két qua tinh todn 1a nhitng s6 vo ty, chua c6 cong thiic biéu thi
qua cic ky hiéu thong thuong (tic 1a qua cidc ham s6 va cic s6 ma ta da biét) thi may
dé nguyén cong thic (nhu sau mot lénh “tro”). Nhu vay khong c¢6 nghia 1a may khong
lam viéc (tinh todn), ma ngugc lai mdy van 1am viéc binh thuong, chi ¢6 diéu n6é khong
biéu thi dugc két qua thong qua céc loai ky hiéu ma ta di biét. Trong tinh huéng nhu
vily, ta van c6 thé nhan biét dugc két qua tinh toan clia mdy bdng cach bao né cho ta
mot wéc lugng xAp xi (v6i do chinh xéc tuy ¥), bing cau lénh “ddnh gia xap xi biéu
thac trén dudi dang thap phan v6i do chinh xac t6i #n chit s6 thap phan ”, ¢6 cd phap
nhu sau:

[>eval f(",n);

155
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Thi du

[>i nt (si n(x)/(x+sqrt(x)) x=0.. 1);
j sm(x)
A
[>val ue(");
j sm(x)
i
[>eval f(", 10);
3615792078

Nhu vay, mic dit n6 ¢6 ca mot “kho” cdc ham va ky hiéu tugng trung rat dé s6 (ma ta
chua timg thay bao gi®), Maple ciing khong thé vét hét cac trudng hop gap phai. Cho
nén, khi thdy Maple tung ra mot biéu thiic véi cdc ky hiéu “la hoac” thi ta cling khong
c6 gi phai ngac nhién. Chi viéc dung 1énh evalf (") (nhu & trén) la ta c6 thé biét “né
la gi?”.

Luu y rang Maple tinh tich phan x4c dinh bang thuat todn co ban, ma khong phai bang
"meo", cho nén trong mot s6 trudng hop né khong tinh nhanh béng ta, thi du

[>Int(sin(x)/ (14+x"*2) ,x=-Pi..Pi);

T sin(x) g
S+ x?

[>value (") ;
% Ci(rw- I)sinh(l) + %Ci(n + I)sinh(1) - %Ci(-n - I)sinh(1) - %C i(-m + I) sinh(1)

Nhu vay mdy cho ta mot két qua kha cong kénh, trong khi chang cén tinh ta cing biét
ring tich phan trén bing 0 (vi ham du6i ddu tich phan 12 1é va mién 14y tich phan Ia d6i
xitng qua goc toa do). Tuy nhién, & day khong thé xem phuong phdp co ban 1a "yéu
thé" hon so v6i meo vit, boi vi cong thiic "cong kénh" trén cho phép ta tinh duoc tich
phan trén bat c doan nao, con "meo vat" thi khong thé (ban nao khong tin xin tinh
thir tich phan kia trén doan tir 0 dén 1 xem sao).

Mu6n kiém tra xem Maple c6 biét rang biéu thitc cong kénh trén 1 bang 0 hay khong
ta dung 1énh

[>evalf(",100);
0

Nhu vay 1a n6 ciing biét. Tuy nhién, khi tinh toan trong pham vi d¢ chinh xac thép thi,
do sai s6 tinh todn, may c6 thé khong nhan ra diéu nay. Thi du, néu ta tinh toan véi do
chinh xéc chi t6i 50 chit s6 thi mdy sé cho két qua 1a

[> evalf(",50);

3.107%1
Tuy nhién, nhiéu khi Maple cling to ra "tinh tdo" khong thua gi ching ta, thi du



Bai t&p vé thuc hénh finh todn Chuang 9

2.1.

2.2,

[>int (sin(x)/ (1+x*2) ,x=-1..1);
0
[>int(sin(x)/ (1+x"2) ,x=-2..2);
0
va n6 dé dang tinh dugc tich phan trén moi doan bat ky, thi du
[> Int(sin(x)/ (1+x*2) ,x=1..2);

2 .
J-sm(x2) dr
1 1+x

[>evalf(");
.3055892508

Tinh tich phén xéc dinh cta
cdc 16p ham cu thé

Tinh tich phén cdc ham phén thic

p 1 Eox b

1) | ——dx; 2) dx; 3) dx ;
£x2—5x+6 !;(x+1)2 ‘([(x+1)3
1 1 s 1
J‘%dx; 5) zx—dx; 6) J‘%dx;
0 (2x+1) o X +1 o X +4x° 43

Tinh tich phén cdc hadm md, logarit

1 1
1) jxexdx; 2) '[(x2+2x)exdx; 3) j e —dx ;
0 0 ol+e™
¢ lnx . 1
4) [xIn? xdx ; 5) | —dx: 6) | ———dx;
! ! x? !(e* +D)(x* +1)

1 1
8) j (2x—1)e* ™ dx. V6imoi n> 0, hiy chiing minh j Qx-1)""e" ™ dx=0.
0 0

9) Cho I, :jle—_rdx (n=123..).
+e

a) Timh [, .

e —1

-1

b) Chimg minh rang 7, =

n-1
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2.3. Tinh fich phéan cac ham lugng gidc

Bdi 1 a) Tsinz(x)dx; b) ]fcosz(?ax)dx; c) ifrcos4(x)dx .
0 0 0

t
B&i2 Tinh | [4cos4(x)—%]dx va gidi phuong trinh fz) = 0.
0

.. _ . ¢ xsin(x)
Bai 3 Tinh Jm
0

Bai4 Tinh

a)JTExsin(x)dx ; b)JTEx3 sin(x)dx ; c).rfxsinz(x)dx ;
0 0 0
H o1 T xcos(x)
. . d
d)j xS ()ax ; o] M rsinn ™ {[Hsin(x)]2 ’
4 2 o sin(x)
’ d
'([cos (x) £s1n (x) icosz(x)+3 g
4
4sin’ (x) t xsin(x)
H|l————d
)I 1 +c0s(x) ’ )'([ 9 + 4cos’(x)
Bai 5
a)JTEtanz(x)dx; b)j'tanﬁ(x)dx ; c)J’Esin“(x)dx ;
0 0 0
m 2n m
d) [1-sin(x)dx ; e) j 1+sin(x)dx ; e sin® (x)dx
n 0
e’ 1
g)Jcos(ln(x))dx ; h)Jsm (x) i)fxarctanz(x)dx ;
0 0
2.4. Tinh tich phén cdc hém vé ty
7
2 3 x+l T dx
1 dx ; ; ) | — .
) inqux2_1 * 2 j\/3 +1 )‘!\/2+x+1

3. Cdac phuong phdp tinh tich phén xac dinh
3.1. Phuong phdp déi bién

Bdi 1 Tinh cdc tich phan sau bang phuong phép déi bién
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Bai 2

3.2.

Bdi 1

Bai 2

Bai 3

Bai 4

Bai 5

Bdi 6

BGi 7

Bai 8

2 4 1 \/;
) sz a’ —x*dx 2) j dx 3) j dx

0 ol+ \/; 0 1+x

1 2 2

X x° =1

4) dx 5) dx

‘([ V1+x ‘!. X

i
Tim a va b sao cho ! = aco's(x) + bco.s(x) Twr @6 hay tinh [ = I dx .
cos(x) 1-sin(x) 1+sin(x) 1 cos(x)

Phuong phép finh fich phén ting phén
Tinh cdc tich phan sau bing phuong phép tich phan ting phan

0 H 3
) j xe” dx 2) |xcos(x)dx 3) [cos(In(x))dx

0 1

3 |
4) I e” cos(x)dx 5) Jxarctan(x)dx

0 -1

i

6) Bing cdch viét: J = J J' ———dx va stt dung cong thic tich

X =
o COS (x) Ocos(x) cos (x)
phan timg phan, hay tinh J.

Tinh dién tich hinh thang cong

Tinh dién tich phan mat phing gidi han boi cdc dudng cong c6 cdc phuong trinh dudi day:
y=x>-2x vd y=x
y=3x-x°, y=0, x=0, x=3.
y:‘x2—4x+3‘ va y=3-x.
y?—2y+x=0, y+x=0.
y:|1n(x)|5 y:(), x:L, x=10.
10

2 2
a) y=+2x, yz%. b) axzyz, ayzx—.

y:sinz(x)+sin(x)+1, y=0, x=0, ng.

y =arctan(x), y =arccot(x), x=0.
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2 2 2

B&i 9 Tim dién tich phan Ellipse % + % =1 nim & phia dudi parabolla y = 93% :

Ba&i 10 Cho dudng cong (P) ¢6 phuong trinh y2 =2x .
a) Xdc dinh duong chuén, tiéu diém ctia (P) va vé (P).
b) Tinh khodng céch ngén nhat gifta (P) va dudng cong x—-2y+6=0 (D).
¢) Tinh dién tich hinh phang gi6i han béi (P), truc Ox va ti€p tuyén cta (P) tai 4(2,2).

Bdi 11 Tinh dién tich S, cua hinh giGi han boi cic dudng

y=ln(£), y=0, x=1, x=e,
x

trong d6 k 1a s6 duong .
Hay tim cdc s6 nguyén duong k saocho S, <e—2.

2
X

8x” +1

a) Khao sdt va v& do thi ham y = f{x) v6i x>0.

b) Tinh dién tich hinh phing gi6i han béi d6 thi ham s6 va duong y=0.
n 2

c)bat u, =) —————. Tukét qua cha cau b) suy ra limu, .
;(21{)3 +n’ n—>

B&i 12 Cho f(x)=

Bai 13 Ching minh ring ham s6
2 2

X X
F()C): TIH()C)—T, x>0
0, x=0

xIn(x), khix>0

12 mot nguyén ham ctia ham s6 f(x) = .
e 1 {o, Jhi x =0

Tinh dién tich hinh chén bdi %28 thi ham s6 y = f(x) va doan [0,1] cta truc Ox, biét don
vi do dai trén truc Ox bang 2 cm, con don vi do dai trén truc Oy bang 3 cm.

Bai 14 Chohams6 y=e" —In(x)
a) Khéo sat va vé do thi (C) cia ham s0.

b) Viét phuong trinh ti€p tuyén véi (C) tai x = 1.
¢) Tinh dién tich hinh gi6i han bai (C) , truc hoanh va hai dudong x=1, x=e.

5. Tinh thé tich khéi tron xoay

Goi (S) 1 hinh phang gi6i han bdi do thi ham s6. Tinh thé tich kh6i tron xoay tao béi
(S) khi quay quanh truc Ox trong cac truong hop sau day:

) y=xe* (0<x<1), x=1, y=0.

2) y=lnx, y=0, x=1, x=2.

I
=
I
A

3)y=\/cos4(x)+sin4(x), y=0, x=g
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4) y: 1 S y:O’ x:E, X=£
\/ cos*(x)+sin*(x) 4 3

5 —\/ 2 in* =0, x= _T

) y=4/cos”(x)+xsin”(x), y=0, x=0, x==.

6) y=\/1+COS4(x)+Sin4(x)’ y=0, ng, xX=1.

7) Tinh thé tich hinh xuyén tao nén khi quay hinh tron dudi day quanh truc Ox
a) x* +(y-2)*<1.
b) x> +(y—b)*<a®* (0<a,a<bh).
8) Goi (D) 1a mién dugc xdc dinh boi cdc dudng
y=0, y=2x-x".
a) Tinh dién tich mién (D).
b) Tinh thé tich khéi tron xoay dugc tao thanh khi quay (D) quanh

+) truc Ox ;
+) truc Oy.

6. Su dung tich phan dé tinh téng

n-1 :
. R y in .S
Bail V6imoi ne N, diat §, = E cos— . Tim  lim—*.
=0 n n—®x pn

B&i2 Tinh lim>L, trong do s, =Zl/(1+sin’2—”)
n

n—o®o n a

1
Bdi 3 Tinh j(l —x%)"dx . Tirkét qua dé, ching to ring
0

(-DH*C m N s

——=[]2i |/ 2i+1) |,

25 (e
n!

trong d6 C, = ————.

m!(n—m)!

o).

i 2n+1

ﬁ(Zi -1)°
i=l

Bai4 Ching minh cong thic J. Wallis tinh s6& Z —lim

n—w0

7. DPdng thic véa bét ddng thiic tich phén

Bai 1 Ching minh ring néu f{x) va g(x) 1a hai ham lién tuc xé4c dinh trén [a,b] thi ta c6

b 2y b
{ | f(x)g(x)de <[ £ (x)dx.[ g* (x)dx.
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Bai 2

Bai 3

Bai 4

Bai 5

Bdi 6

8.1.

Thi du

Cho f 1a mot ham lién tuc trén [0,1]. Chiing minh réng:

T fsin(x)]dx = 2.2[ f[sin(x)]dx .
0 0

Cho a >0 va f{x) 1a mot ham chan, lién tuc trén tric s6 thuc. Ching minh rang véi moi x
taco

j AQ)

a +1

dt = j f@tydt .
0

X

Cho f 1a mot ham lién tuc trén doan [0,1]. Chitng minh ring:
[ xf Tsin(x)]dx = g [ flsin(x)ldx .
0 0
Cho f{x) 1a mot ham lién tuc trén [a,b] va fla + b —x) = f{x). Chitng minh réing:

b b
[/ oy = ("—;b) [ £

a a

Ta néi rang hai ham f(x)va g(x) la truc giao v6i nhau trén doan [-7,7] néu

j f(x)g(x)dx =0. Hay ching to rang ham U, (x) = cos(mx) truc giao v4i cdc ham

U, (x) = cos(kx) (k #* m) , V,(x) =sin(nx) , trong d6 k, n, m 1a nhitng s6 tu nhién.

Thuc hdnh finh dién tich va thé fich

Tinh dién tich
Viéc tinh dién tich clia phan mat phiang gi6i han bdi d6 thi clia mot ham s6 va ba
duong thang y = 0 (truc hoanh), x = a, x = b ciing chinh la tinh tich phan xé4c dinh
ctiaham dotir a dén b.
Tinh dién tich hinh thang cong gidi han bdi dudng cong y =3x—x”, truc Ox va cic
duong thang x = 0, x = 3.
Budc 1:

[>Int((3*x-x"2),x=0..3);

Sau ddu (;) ta &n phim "Enter" thi trén man hinh s€ hién cong thic tinh tich phan (dién
tich) can tinh.

3
j3x —x*dx
0
BuSc 2: Tinh dién tich cling chinh la 14y gid tri s6 clia biéu thifc trén, nghia 1a bing
dong 1énh (& d6 area trong ti€ng Anh c6 nghia la dién tich):
[>area: =val ue(");

Sau d4u (;) ta &n phim "Enter” thi mdy s€ cho ta dép so.
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8.2. Tinh thé tich khai tron xoay

Ta da biét cong thiic tinh thé tich khéi tron xoay tao bdi mot hinh thang cong gi6i han
bdi cac dudng y = f(x), truc Ox, x = a, y = b dugc tinh theo cong thiic

b
y= Infz(x)dx .

Do d6 viéc tinh thé tich khéi tron xoay dugc dua vé bai toan tinh tich phan xé4c dinh va

ta can thuc hién céc thao tdc sau:

BuSc 1: Thiét lap cong thitc tinh bang lénh c6 cti phap nhu sau:

[>1nt (Pi *(f(x))"2, x=a. .b);

Trong d6 f{x) la ham biéu dién dudng cong, con a, b 1a can dudi va can trén. Sau ddu
(;) ta &n phim "Enter" thi trén man hinh s& hién cong thic tich phan dé tinh thé tich
khoi tron xoay.

Budc 2: Ly gid tri s6 clia biéu thifc ndy (ttc 12 s6 do thé tich) bing lénh (trong d6
volume theo tiéng Anh c6 nghia la thé tich):

[>vol ume: =val ue(");
Sau ddu (;) ta &n phim "Enter" trén man hinh s& hién gi4 tri thé tich khoi tron xoay.

Hay xem xét mot s6 thi du:

Thiduy 1) Tinh thé tich khéi tron xoay nhan duogc khi quay hinh thang cong giéi han boi
parabolla y* =2x, x =3 quanh truc Ox.

[>Int(Pi *2*x, x=0.. 3);
3
I27zxdx
0

[>vol une: =val ue(");

volume := 91t

2) Tinh thé tich khai tron xoay tao bsi Ox, dudng cong y = \/ 1+cos*(x)+sin*(x) , va
. N T
cac duong xz;, X=T.

>Int (R *(1+(cos(x))MH(sin(x))"4),x=Ri /2. .F);
[>vol ume: =val ue(");

(Ban doc hay tu cho mdy chay va xem két qua).
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10.1.

10.1.1.

Nhén xét

10.1.2.

Nguyén ham
Tich phén bat dinh
Tich phén suy rong

Nguyén ham va tich phan bat dinh
Cong thic Newton-Leibniz dd m& ra mot phuong phép tinh tich phan xac dinh vo cling
doc dao, khong cén ¢6 su trg gidp cla may tinh. Thay vi tinh cdc tdng Riemann cia
ham f va tim gidi han cta ching, ngudi ta chi can tim mot ham ma c¢6 dao ham béng
/- Mot ham s6 nhu vay khong chi gitip cho viéc tinh tich phan xdc dinh tré nén dé
dang, ma con rét hitu ich trong viéc nghién citu dinh tinh. Toan bo phan nay dugc danh
cho viéc thiét 1ap cac cong cu tim ham s6 thud vi d6.

Khéi niém vé nguyén hédm
Nguvén ham cia ham s¢" f xdc dinh trén khodng U < R la mot ham F khd vi trén
khodng U < Rva c6 dao ham bdang f trén khodng doé.
Su ton tai nguyén ham cta mot ham lién tuc da duoc bao ddm bdi mot hé qua néu
trong chuong trude. Dang chid ¥ rdng nguyén ham ctia mot ham s6 xac dinh khong duy
nhat. Boi vi néu F 13 nguyén ham ctia f thi v6i moi hing s6 Ce R, ta c6 (F +C)
cling 1a nguyén ham ctia /. Tuy nhién, hai nguyén ham cua ciing mot ham s6 ciing chi
c6 thé sai khac nhau mot hang s6 ma thoi. Thuc vay, néu F, va F, 1a cdc nguyén ham
cua f trén khoang U < R, thi ta c6:

(F-F)=FK-F=[-f=0,

va tir mot hé qua cla dinh 1y gid tri trung binh ta suy ra (F; — F,) 1a mot hdng s6.

Tich phan bét dinh

Viéc tim nguyén ham cia mot ham sé dugc goi la phép ldy tich phdn bdt dinh cua
ham dé va ky hiéu la

[ Fxyax .

163
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Nhén xét

10.1.3.

Ménh dé

Ménh dé

Nhén xét

(Pé cho ngéan gon, ngudi ta goi phép 14y tich phdn bdt dinh don gian 12 tich phdn va
goi nguyén ham cta ham f 1a tich phdn chia ham f).

Thudt ngit va ky hiéu & day duogc thira hudng tir phép 18y tich phdn xdc dinh nhé cong
thiic Newton-Leibniz, bdi vi né cho thay rang khi phép 14y tich phdn bdt dinh ma thuc
hién dugc thi kéo theo luon phép 14y tich phdn xdc dinh ciing thuc hién dugc

Viéc ldy tich phén bdt dinh, theo dinh nghia, xem ra c6 vé khd ‘mo mdm’, vi né khong dia trén
mot thudt todn kién thiét nao. N6 doi hdi nguoi ta phdi "thudc” bdng tinh dao ham cua ham sé
trude khi ldy tich phdn (tuong tu nhu ta phdi thuéc bdng citu chuong vé phép nhan dé ma lam
phép chia). Tuy nhién, sy "mo mam" nay khong lam cho nguoi ta e ngai, bdi vi trong nhiéu
truomg hop né don gidn hon rdt nhiéu so véi viéc tinh tich phdn xdc dinh thong qua cdc tong
Riemann (nhdt la khi khong c6 may tinh tro giip). Chinh 1y do nay da thoi thiic nguoi ta thiét
ldp cdc cong cu hitu hiéu dé cé thé tinh dwoc cdc tich phdan bdt dinh. Cdc cong cu nay thuong
quy viéc ldy tich phdn ciia mot ham phiic tap vé viéc ldy tich phdn cia cdc ham co bdn. Diéu
nay ciing cé nghia la cdi "bdng ciu chuong” vé dao ham ma nguoi ta cdn thudc long sé gidm di
rdt nhiéu (chi cé dong trén mot s6 ham co bdn).

Cdc tinh chdt va quy tdc co bdn

1. Tinh chdt tuyén tinh

Néu f va g la cdc ham s6 c6 nguyén ham trén khodng U < R, thi ham (f + g)va
ham c.f (véi ¢ eR) ciing c6 nguyén ham va

@ [Lf )+ g@ldx = [ f(x)de+ [ g(x)dx
(ii) J'cf(x)dx = cj f(x)dx .
Ching minh Suy ra truc ti€p tir tinh tuyén tinh ctia phép ldy dao ham.
2. Cong thike tinh tich phdn tirng phan
Néu f,g la cdc ham khd vi lién tuc thi

[f0g')dx = f(x)g(x) - [ g(x)f (x)dx .
Ching minh Déng thic trén tuong duong véi

S(0gx) = [ f(0)g' (X)dx+ [ g(x) [ (x)dx .
Theo ménh dé trén, di€u nay tuong duong véi

@) = [[f(0)g'(x)+g(x)f'()dx,
nghia 1a [/(x)g(x)] = f(x)g'(x)+ g(x)f'(x) . Day 1a cong thiic quen biét vé tinh dao
ham cua tich hai ham s6, cho nén ménh dé dugc chitng minh xong.

1) Ménh dé trén cho phép ta tinh tich phan ctia /' thong qua céc thong tin vé dao ham
ctia né. Thuc vay, 18y g(x)=x taco

j F(x)dx = j F)(x)dx = f(x)x— j x.f(x)dx.

Diéu nay rét c6 ich khi dao ham clia f ¢6 cdu tric "don gidn bt ngo".
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Thi du: V6i f(x)=In(x) tacé jln(x)dx =x.In(x) — Ix.ldx =xIln(x)—-x +C.
X

2) Ménh dé trén ciing thuong t6 ra hitu ich khi " ¢6 céu trdc "khong phic tap hon" f.
Thi du: [e” sin(x)dx =[ e*[—cos(x)]'dx = —e” cos(x) — [[-cos(x)].[e" ]'dx =
=—e" cos(x) + jex cos(x)dx =—e™ cos(x) + Jex [sin(x)]'dx =
=—e" cos(x) +e” sin(x) — f e’ sin(x)dx=—e" cos(x) + e” sin(x) — I e” sin(x).dx,

. sin(x) — cos(x)

va tlr dang thic trén ta d& dang rit ra je" sin(x).dx=e 5

3. Cong thiic doi bién
Ménh dé Néu f cé nguyén hamla F va u= g(x) la ham khd vi thi

[ fle()g (0dx = [ f@)du = Flu(x)]+c .

Chung minh Suy ngay tir dinh nghia tich phan bat dinh va cong thic 1dy dao ham
ctia ham hop.

Nhén xét Cic cong thic trén tuy don gian nhung rit quan trong, vi hdu hét cic ham thuong gap
déu duoc xay dung tir cic ham co ban trén co s& phép tinh thong thudng va phép 1ay
ham hop. Cho nén néu biét duoc tich phan clia cdc ham co ban, thi cic ménh dé€ trén s&
giup ta tim duoc tich phan cta nhiing ham réit da dang.

5
Thi du Tinh j'cos4 (x)sin(x)dx . Chon u = cos(x)va f(u) =u*. Tacé F(u)= u? +c¢ vadodo

J‘cos4 (x)sin(x).dx = —I cos” (x)[—sin(x)].dx = _ﬁ to=_ cos’ (x) te

5 5

10.1.4. Tich phén céc hdm co bén
Sau day cong thic tich phan cdc ham co ban (suy ngay tir cong thic tinh dao ham).

+1
xOl

Tich phén ham Idy thia [ x“dx =4 a.+1
1n|x| +C, a=-1

+C, aeR\{-1};

Tich phdn ham sé ma

jexdx:eX+C; Jaxdx: @ +C, a>0, a=#l.
In(a)
Tich phén cac ham luong giac
jcos(x)dx =sin(x)+ C ; Jsin(x)dx =—cos(x)+C ;

]

dx =—cot(x)+ C ; j >

dx = C
sin? (x) cos” (x) v =tan(x) +
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Nhén xét

10.2. Tich phan suy rdng véi can hiu han

Céc cong thic tich phan cdc ham co ban tuy khong nhiéu, nhung néu biét két hop véi cdc quy
tic trong phan trén thi ta c6 mot cong cu manh dé 14y tich phan c4c loai ham kh4c nhau. Trong
mot thoi gian dai, ngudi ta di say sua vdi cong viéc day tri tué nay. Pay la mot san choi danh
cho nhitng bo 6¢ thong minh. Biét bao cong cu va k§ thuat sic séo da duge dua ra dé duong
ddu vé6i nhiing bai todn tim nguyén ham héc bda. Tuy nhién s6 nguyén ham ma ngudi ta tim
dugc van chang thim vio dau. V& nguyén tic thi moi ham lién tuc déu cé nguyén ham, nhung
phin 16n cdc nguyén ham 13 khong thé biéu dién duoc thong qua cdc ham co ban ma ta biét

. . ) o sin(x) o
(bang mot cong thiic giai tich). Xét mot vi du don gian: ham s6 f(x) = (x) 1a ham lién tuc
(néu ta dinh nghia gi4 tri clia n6 tai diém 0 13 bang 1), v
nhung nguyén ham ctia n6é khong thé biéu dién dugc qua 15
cac ham ma ta da biét (ban nao khong tin thi hay thir xem). 1.0
Nguoi ta da cho né mot céi tén riéng biét 1a Si(x). Doi véi 0.5

mdy tinh thi nhitng ham kiéu nay ching cé gi 1a “khéc

thuong” ca. N6 xit 1y cdc ham nay ciing hoan toan nhu véi corr
moi ham khéc. Thi du, né dé dang vé cho ta d6 thi cia ham
nay nhu Hinh 10.1 (xin hdy thir lai bing chuong trinh thyc
hanh vé do6 thi trén mdy da hoc trong chuong ham s6).
Hinh 10.1

10.2.1. D&t van dé

Thi du

Ta da dinh nghia tich phdn xdc dinh cho ham s6 f trén doan [a,b] va ta biét rang tich
phan theo nghia nay chi ton tai d6i v6i nhitng ham bi chdn va a, b 1a hitu han. Khi
ham f khong bi chian hodc a, b khong hitu han thi khong thé dinh nghia duoc tich
phan Riemann vi téng Riemann c6 thé khong xac dinh dugc (va do d6 khong thé néi gi
vé gidi han clia n6). Tuy nhién, ta c6 thé dua ra mot khai niém tich phan suy rong cla
tich phan Riemann.

Vx x

1
gi6i noi trén [0,1], né khong duoc xéc dinh tai diém 0. Ta xét tich phan j de , VOi

1 i1 R 1
Xét ham y=—, xe€(0,1]. Tich phan |—=dx khoéng ton tai vi ham — khong
£«/§ Jx

Jx

£ >0 du nho, va thdy ring ham % xdc dinh va gidi ndi trén doan [¢,1] va tich phan
X

xdc dinh clia né ton tai, cu thé 12

o —y

L = 20y | = 2J1-24e = 2(1-+e).
\/; €
Tir day ta cé
1
lim ] =gy = 2.

e>0 ¢ ,\/;

Diéu nay goi cho ta y tudng md& rong dinh nghia tich phan xdc dinh cho ham khong
gi6i nodi trén doan hitu han.
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10.2.2.

10.2.3.

Thi du

10.3.

10.3.1.

Pinh nghia

Cho ham so" f lién tuc trén moi diém ciia doan (a,b]. Néu gidi han

lim J f(x)dx

0" a+e

ton tai, ta néi rang f cé tich phdn suy réong (hay tich phdn hoi tu) tir a dén b.

b
Gia tri clia gi6i han nay ciing dugc ky hiéu 1a I f(x)dx .

b
Néu gigi han lim J.f(x)dx khong ton tai thi ta néi rang [ khong cé tich phdn suy
0"
ate

rong (hay tich phdn phdn ky) tix a dén b.

Tuong tu, néu ham f khong xé4c dinh tai diém b thi ta ndiring f c6 tich phdn suy
b-¢
rong (hay tich phdn héi tu) tt a dén b néu lim j f(x)dx ton tai.
&e—>0"

Téng quat hon, néu ham £ khong xéac dinh trén mot s6 diém hitu han ctia [a,b], ta
ciing ¢6 thé dinh nghia duoc tich phan suy rong cia f tt a dén b. Vi du, f khong
xdc dinh tai ¢ € [a,b] thi ta dinh nghia

b c—€ b
[feodx=tim [ fo)de+ lim [ f(x)dx.
" e—0" ” £—0" oie

Mbt s6 thi du

1) Xét tich phan suy rong clia ham f(x) = Lz trén doan [-1,1]. Ta cé
X
1 1
j—zdx = lim J—dx + lim —de = hm[———l]+ lim [——1]
| X

e>0” ¢ p—o" B X £—0 & p—o*
Tong clia gi6i han nay khong ton tai nén ta néi rang tich phan I—dx phan ky
—I
1 &
dx dx dx
2) Tinh Tacé SO [ i [ gim [
‘[\/_ '[\/_ —)C '([\/; saO’:flﬂl_x 5%0*";\/;

= lim (=2+/& +2) + lim (2 - 24/5) = 2+2=4.
0" 50"

Tich phan suy rdng véi cdn vé han

Dbinh nghia va thi du

Bay gio ta xét trudng hop a hoic b khong hitu han. Tic 1a, c¢6 thé a =—oo, hoic
b =+, hoac (a,b)=(—w,0). Trudc hét ta xét truong hop a > -, b=+ . Ta dinh
nghia tich phan suy rong cia ham f tit a t6i +o0 nhu sau:
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Cho ham f lién tuc véi x> a. Néu gidi han

b
s o

1on tai, thi ta néi rdang fcé tich phdn suy rong tix a t6i + o (hay tich phdn hoi tu).
+o0

GiA tri ctia giGi han nay dugc ky hiéu 1a I f(x)dx.Tacé

+fof(x)dx = bl_i)rgojzf(x)dx .

b
Néu gidi han [Eim j f(x)dx khong ton tai thi ta néi rang [ khong cé tich phdn suy
—>0

rongtic a téi_+o hay f cé tich phdn phdn ky tiv a dén + o .

b b
Thi du 1) Tinh j—dx Ldy b > 1 bat ky, ta c6 J.dex_[—l} :_%H.
X

+00

Vay lim j—dx_ hm(—;+1)_1 tifc 12 j—dx_l
1 X

2) Xét jcos(x)dx .Taco Jcos(x)dx =sin(x) |{; =sinb.

Khi b =+ gidi han lim sind khong ton tai, nén _[cos(x)dx phan ky.

b+

Tuong tu ta dinh nghia tich phdn hoi tu hay phdn ky cho truong hop (—oc,b).

Con vdi truong hop (— o, + oc) ta dinh nghia If(x)dx la tong If(x)dx+ If(x)dx

—00 —00

Tich phdn nay duoc goi la hoi tu néu cd hai tich phdn jf(x)dx va If(x)dx déu hoi

—0

tu. Nguoc lai, ta ndi tich phdn If(x)dx phdn ky.

—00

3) Xét j —dx . Truéc hét ta thdy
1+ x?
o0 1 b
j > dx = lim > dx lim [arctan(b) — arctan(0)]
o 1+x bty 14+ x
0
T
Tuong tu ta cé = lim dx=—.Va
g '[ +x? aﬁ-wj‘l+x 2 Y
+00 1 +00 1
dx = dx + dx=rm
J 1+x2 J‘l—i-x J.l—i-x
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Ttc 1a ham . ¢6 tich phan suy rong tir —co dén + oo, hay tich phan trén 1a hoi tu.
+x

10.3.2. Mot sé tiéu chudn hdi tu
Ménh dé Cho ham so" f, g lién tuc trén doan [a,+). Gid thiét rang 0< f(x) < g(x) véi moi x

va tich phdan I g(x)dx hoi tu. Khi dy tich phdn I f(x)dx hoi tuva
If(x)dx < Ig(x)dx.

t
Ching minh Ta dat h(t):jf(x)dx Vv6i t>2a. Vi f(x)20 nén v6i 1, >¢, thi
h(t,) = h(t,). Hon nita, ta c6

h(t) = j'f(x)dx < jg(x)dx < +j:ig(x)a’x,

tic 12 A(f) khong bao gid vugt qua B = Tg(x)dx. Tir d6 suy ra tén tai tl_l)IBO h(t) va
gi6i han nay luon luon nhé hon hoac bénguB. Cho nén

o0 o0

[f(dx< [g(x)dx.
Ménh dé dugc chiing minh xong. ' ‘

T ’ . 9 , e _2 P ~ _2 —
Thi du Xét su hoi tu cta tich phan je “dx. V6i x>1thi x> >x chonén e™ <e™.Ta
0
b

¢6 lim [e™ dx=lim(e' —e )=
b—>+o0 1 b—+o0

+00
. Sir dung ménh d¢ trén ta suy ra J e dx hoi tu.
1

Q |~

1
. N 2 ,e . A —x? A
Ngoaira, vi 0<e™ <1 v6imoi 0<x<1 nén je “dx <1.Chonén
0
00 ; 1 ) +o0 N 1
je"x dx=je"x dx + Je_x dx<1+—.
0 0 1 e

+00
Vay tich phan je dx hoi tu.
0

Hé qud Cho f va g lién tuc véi x > a. Gid thiét rang 0< g(x) < f(x) va tich phdn Ig(x)dx

phadn ky. Khi dé tich phdan '[f(x)dx ciing phdn ky.

Chung minh Dung phuong phép phan ching va ménh dé trén.
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+00 +00
Ménh dé Néu f la ham lién tuc va j| f|dx hoi tu t6i 6 L, thi j f(x)dx ciing hoi tu véi gii

han nam giita L va -L.

Chung minh Ta s& phan ham £ thanh 2 ham khong déi ddu dé c6 thé dp dung ménh
dé trén. Dt

f(x) khi f(x)>0 f(x) khi f(x)<0
g(x)= 0 hi ; h(x) = .
i f(x)<0 0 khi  f(x)>0.

+00 +00
R6 rang fix) = g(x) + h(x). Ta sé& chi ra ring j g(x)dx va j h(x)dx déu hoi tu. Thuc

+00
vay, tacé 0< g(x) <|f(x)|, nén j g(x)dx hoi tu dén mot s6 A nao d6 thdéa mén

a

b
0<A<[|f(|=L.

Vi +f)(—| S(0)dx hoi tuva 0> h(x)>—|f(x)| nén f h(x)dx ciing hoi tu t6i mot s6 B
nao z’lé thoa man '
b
0> B>—[|f(x)ldr=—L.

Tir d6 suy ra tich phan [ (£ (x))dx = [[g(x) + h(x)]dx hoi tu t6i G (4 + B), va s

nay thuoc doan [-L,L].

Ménh dé dugc chiing minh xong.



Bdi tap vé
Thuc hdnh tinh todn Chuong 10

1. Tinh tich phén bat dinh

Bdi 1 Hay tinh cdc tich phan bat dinh sau day:

3 2 _ _
1 j5x +3;c +2x ldx; 2) J-2)3c l’x;
X +x x +1
2 2
J- X +22x+5 di: 4) j."‘a)c3 +3x+3 -
(x+1D)°(x=2) x> =3x+2
Bai 2
a) Xac dinh cdc hing s6 A4, B sao cho
3x+1 A B

= + .
(x+1°  (x+D)’ (x+D)’
b) Dua vao két qua trén, tim ho nguyén ham ctia ham s6

3x+1

f(x)= Gl

Bai 3 Bing phuong phap hé s6 bat dinh, hiy biéu dién x* +x* +1 thanh tich cta hai thira s6

bac hai. Sau d6 tinh %dx .
x'+x"+1

Bai4 Tinh
2

Nt

dx.

Bai 5 Tinh cdc tich phan sau:

D e +1letdx; 2) j(ln—")dx;
X
1-x Inx

3) len(1+x]dx; 4) I(7)dx.

171
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B&i 6 Ching minh ring F(x) = |x| - In(1 + |x|) 1a mot nguyén ham ctia ham s6  f(x) = ILH .
+|x]

Bdi 7 Tinh

| J-s¥nx—cosxdx; 2) JA1+'sm2x s

sin x + cos x sin” x
3) Icos3 (x)sin xdx ; 4) I(Zx —3)cos’ 4xdx;
5) J.xcos\/;dx; 6) J.ex cosxdx;
2
7) Ix—dx; 8) J'xsinxdx;

(xsinx +cosx)’

9) .[xcosxdx .

2. Cac phuong phap tinh
tich phén bét dinh

2.1. Phuong phép déi bién

Bdi 1 Bang cac bién phu lugng gidc thich hop, hay tinh céc tich phan sau:
2
D [Va-2Par: 2 [N g
x

3) Ix3 1—x2dx; 4)

dx ;

1

J.xz\/xZJrZS
3

5) [©-x")2dx; 6) [xv4+x’dx;

7 ‘[\/4x2 —9dx .

3
Bai 2 Tinh tich phan I (;C—Dde bang hai cdch déi bién sau day r6i so sanh 2 két qua
X+

nhan duoc:
a) bat x=tant¢

b) bat u=x>+1.

3
Bdi 3 Tinh I al 0 dx bang hai cdch sau day va cho biét cdch nao dé hon:

(x
1) Phan tich phan thic dudi dang tong clia cdc phan thic don gian.

2)Patédnphu u =x —1.
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Bai 4

Bai 5

Bdi 6

2.2.

Bai 1

Bai 2

Bai 3

Bai 4

Bai 1

Tinh J.x\/l—i-xdx theo hai céch:

a) bat u=+1+x;

b) Pbat x=tan’s.
3
Tinh [———dx theo hai cich:
d+x

a) Pat u=1+x";
b) bat x=tan0.

Tinh cac tich phan sau:
3
X x 1
a) dx ; b) |——dx; c) dx .
J-)c4+1 '[x4+1 J‘x4+1

Phuong phép finh fich phén ting phén

Tinh cac tich phan sau theo phuong phép tich phan timg phan:
1) J.ln(x+1)dx; 2) sz In xdx ;
3) sze_xdx ; 4) Je"zx sin 3xdx ;

Inx

sinx

Biét ring tich phan bat dinh f( )dx 1a ton tai nhung khong biéu dién duoc qua céc

x
ham co ban (biang mot biéu thiic giai tich). Hay chi ra rang jln(cos x)dx cling nhu vay.

Biét Ixtan(x)dx khong biéu dién dugc qua cdc ham co ban, hdly ching minh ring

j ( al )dx ciing khong biéu dién dugc qua cdc ham co ban.
COSX

Bién doi tich phan j dx vé céc tich phan khdc nhau bing cdc cich:
x* +1
xdx

V1+x? .

a) Tinh tich phan timg phan v6i dv=

b) bat x =tan(¢);

¢) bat u=+1+x*

Cadc bai tdp khéc

Tim chd sai trong suy luén sau: Theo phuong phdp tich phén timg phan véi
1 . d.
U=— , v=sin(x), dv=cos(x)dx, du= _cc?s(zﬂ’
sin(x) sin” (x)

ta co:
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Bai 2

Bai 3

Bai 4

Bai 5

Bdi 1

Bai 2

Bai 3

cos(x) , 1 (x) os(x)
'[ sin(x) = sin(x) Sin(x) +Is1n(x) sin (x) - 1+'[ sm(x)
oy Icos(x) n+_[ cos(x) d
sin(x) sin(x)
Suyra:0=1=2=..=n (!)
1
Ch =
0 f=—
a) Tim A4,Bsaocho f(x)= 4 + B .
x=2 x+2

b) Tinh dao ham cdp n cua fx).

¢) Tim ho cac nguyén ham cua f(x).

3
X

(x=1)°
a) Hay khao sit va vé dé thi.

Chohamsé y=

b) Tinh j F(x)dx .
d[f (sinx)]

X

¢) Tinh

X

Tim cong thic truy hoi dé tinh jx”e" dx

Tim cong thic truy hoi dé tinh:

a) jsin”(x)dx; b) J

cos” (x)

Tich phdn suy rong

] B
bat I(x)_Jl‘ 1t +1)

Cho a,b 1a hai s6 thuc, dat f(x)=

dt(x>1). Tim lim/(x).

2ax b

¥+l x+2°

4x -2

1)T“1m a,b de f(X):m

t
Véi a,b tim dugc, hdy tinh limj f(x)dx.
—>0
0

t
2) X4c dinh quan hé giita a va b dé limj f(x)dx ton tai hitu han.
[—00

n n-1 _
Ky hieu 1, = [~
Lox+1

a) Day {/,} bichan;

dx Ching minh:
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Bai 4

Bai 5

Bdi 6

Thi du

b) I, , <1, v6imoi nlas6 tu nhién.

n-1 —

bat I(x)= j 2 _e M.
0

a) Tinh I(x) khi x = In2.

b) Giai va bién luan phuong trinh  I(x) = m
2xln(x)
x?)?
In(x)

X

Tinh [(¢) = j dx.

Ky hieu J(¢)= J'[

Tinh J(¢). Tix d6 suy raring J(f) <2 véimoi 1 <1

} dx voi t>1.

Thuc hénh finh tich phén bét dinh
D¢ thuc hanh tim tich phan bat dinh, hiy vao dong 1énh c6 cd phép nhu sau:
[>int(f(x),x);

Trong d6 f{x) la biéu thic duéi ddu tich phan bat dinh. Sau d4u (;) ta &n phim
"Enter" thi viéc tinh nguyén ham s€ dugc thuc hién va sé cé ngay dap so.

[>int((3*x"2+3*x+3)/ (x"3- 3*x+2), X) ;

In(2+x)— 3 +2In(-1+x)
- X

Muén c6 cong thitc biéu dién tich phan bat dinh truéc khi nhan dép s6, ta dinh céc
dong 1énh c6 ci phap tuong tu nhu trén, nhung thay chit i (thudng) bing chit I (hoa),
tic la:

[>1nt (1/ (x"2-5*x+6), X) ;

va sau khi cho mdy thuc hién ta s& nhan dugc biéu thic sau day

'[ x* - ;x +6 i
Dé nhan gi4 tri clia tich phan nay ta diing lénh:
[>val ue(");
—In(x —2) + In(x —3)
va néu thay két qua c6 vé cong kénh thi c6 thé "rit gon" bing cau lénh:

[>simlify(");
Trong truong hop nguyén ham la mot ham "chua ting thdy bao gio" (nghia la khong
thé biéu dién qua nhitng ham s6 ma ta da biét) thi mdy chi cho ra cong thiic tich phan
(nhu két qua clia mot 1énh tro) va lénh [> value (") chiang dem lai cho ta thong tin
gi. Nhu thé€ khong c6 nghia 1a mdy "bé tay", ma ngugc lai, né van lam viéc "khong ché
vao dau dugc", mién 12 ta biét cdch bao né cho xem két qua duéi dang khéc (chi
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khong phéi 1a cho xem biéu thic nhu ta vin quen lam). Thi du, nguyén ham ctia ham
s6 sau day khong thé biéu dién dugc qua cdc ham s6 ta biét:
[>int(sin(x)/(x+sqrt(x)), x);
sin(x)

e

Nhung ta biét ring nguyén ham ndy tén tai, va theo dinh 1y Newton-Leibniz thi né
biéu dién dugc dudi dang tich phan xdc dinh véi can 1a bién s6. C6 nghia, né 12 mot
ham f(t) x&c dinh nhu sau

f(t):=int(sin(x)/(x+sqrt(x)),x=0..t);

Chuong trinh tinh todn cho ta bi€t moi thong tin
vé ham nay, ddy di va phong phi nhu bat ky
mot ham quen thuoc nao khdc. Thi du ta ¢6 thé
bao mdy cho xem gia tri cia ham tai bat ky
diém nao, hoac hon thé, ta cé thé bdo mdy v&
cho ta d6 thi ctia ham trén bat ky khoang nao:

[>pl ot (f(t),t=0..10); o
Nhu vay ta da dugc thdy mot diéu thd vi la: tich  © 2 ¢ 6 8 10
phdn xdc dinh chinh la cong cu dé tinh nguyén Hinh 10.2

ham, chit khong phai 1a nguge lai (nhu 1au nay
nhiéu ngudi nham tudng va dén moi stc luc cho viéc tinh nguyén ham théng qua cic
loai meo muc, tiéu x4o,...).



CHUONG 11

11.1.1.

Thi du

Day ham va
Chuéi hdm

Ddy ham
Cdc khdi niém vé thi du

Day ham 1a mot ho dém duoc cdc ham s6 cling xdc dinh trén mot tap X nao d6 duoc
danh s6 theo thit tu tang dan, ky hiéu 1a {f,}.

Véi mbi x € X cho trude, tap gid tri cha ho ham nay tai x 1ap thanh mot day sé
{f,(x)} . Néu day so'nay 1a hoi ty thi ta n6i rang day ham 12 hoi tu tai diém x.

Néu day ham {f,} hoi tu tai moi diém x € X, thi ta n6i ring day ham {f,} la hoi tu,
hay hoi tu diém (hodc héi tu don gidn). Khi dy, do tinh duy nhat clia gidi han méi day
s0, ta c6 thé thiét 1ap dugc mot ham s6 f bang cach cho tuong tng méi diém x € X
v6i gi6i han cua day s6 {f,(x)}, tic la

f(x)=1lim f,(x), VxeX.
n—>0
Ta n6i rang ham  f 12 gidi han ciia day ham {f,}, hay day ham {f,} hoi tu (diém)
dén ham f .

Day ham duoc goi 1a bi chdn (hay con goi 12 bi chdn déu) néu nhu tén tai s6 duong M
sao cho
| f,(x)|SM, VxeX,Vn=123,..
Day ham duoc goi 1a don diéu tang (don diéu giam) néu v6i moi n ta cod
fn(x)Sf,,H(x), VXEX (f,,(X)anH(X), VXEX)

Xét ddy ham s6 cho bdi cong thitc  f, (x) = arctan(nx) . Pay 1a ddy nhitng ham lién tuc
xéc dinh trén toan bo truc s6, ¢6 d6 thi nhu trong Hink 11.1. Day ham nay 1a bi chdn
déu (boi hang s6 7/2 ). Day ham khong phéi 12 don diéu khi X 14 toan bo truc so,
nhung lai 12 don diéu néu X 1a nira truc s6.

Ta hdy tim gi6i han ctia ddy ham nay.

Véi x>0, tacéd lim f, (x) = limarctan(nx) = lim arctan(y) =7/2 ;
n—w n—w y—o

177
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Nhén xét

Nhén xét

Thidu

Véi x=0,tacéd lim f,(0) = limarctan(0) =0 ;
Hn—>0 n—»0

Vé6i x<0, tacéd lim f, (x) = limarctan(nx) = lim arctan(y)=-7z/2;
n—>0 n—»wo y—>—©

Tém lai, gidi han cta ddy ham néu trén 1a
ham s6 sau day

arctan(4x)

/2 khi x>0 1 arctan(x)
f(x)=40 khi x=0
—-/2 khi x<0 7 E;
RO rang day 1a mot ham gidn doan (tai
diém 0).
Nhu vay, giéi han cha mot diy nhiing ham ¢
lién tuc hoi tu diém c6 thé 1a mot ham Hinh 11.1

khong lién tuc. Ngoai ra, néu ta dinh nghia

khodng cdch gitta 2 ham s6 h va g (cung xdc dinh trén tap X) 1a dai lugng
| h—g|l=sup{| ~A(x)—g(x)|,x € X} thi con thdy khoang cach gitta f, va f khong
tién tGi 0 khi 7 tién ra vo ciing (ma ludn luon bang 7/2). Nghia 1a cac ham f, khong hé
“tién gdn” t6i gi6i han £ . Piéu nay cho thay rang khai niém gidi han diém ctia day ham
khong mang ban chat “xap xi” t6t nhu c6 thé mong doi. Vi vay nguoi ta dua ra mot khai
niém khdc vé gi6i han ctia ddy ham, cu thé 1a

binh nghia Ddy ham {f,} , xdc dinh trén tdp X, dugc goi la hoi tu déu dén ham so” f
trén tdp X néu nhu, véi méi so duong € (bdt ky), ¢é thé tim dwoc so tw nhién N (du l6m)
sao cho véi moi n> N thi

| i) =f()[<e, VxeX. )

Tur dinh nghia ta thdy néu day ham {f,} 1a hdi tu déu t6i ham f trén tap X thi né
ciing hoi tu diém t6i ham nay trén tap X. Diéu nguoc lai néi chung 1a khong ding. Thi
du trén da cho ta thdy mot day ham hdi tu diém t6i mot ham s6 nhung khong héi tu
déu t6i ham d6 (vi diéu kién (*) khong thé xay
ra v6i nhitng s6 & nhd hon 7/2). Sau day ta

xem xét thém mot so6 thi du khéc. 0.8

Xét day ham {f,} v6i f,(x)=x".Néuldytap *¢
X =[0,4] (véi ¢ < 1) thi ta dé& dang chiing minh
dugc rang dday ham nay hoi ty déu t6i ham
doéng nhét bang 0 trén tap X. Boi vi v6i mdi s6 0.2
duong € bat ky ta luon tim duge s6 tu nhién N

(dG 16n) sao cho v6i moi n > Nthi ¢"<g, va 0.2
khi 4y ta c6

[x"-0<Kqg" <&, VxelX.

0.4

Hinh 11.2

Tuy nhién, néu 1y X=[0,1) thi ta lai thdy rang ddy ham ndy khong hoi tu déu trén tap
X, mac dit né hoi tu diém t6i ham f déng nhat bang O trén tap nay. Thay vay, véi s6
tu nhién 7 16n bao nhiéu ching nita ta van tim duoc diém x, ndm trén tap [0,1) va thoa
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Nhén xét

Tinh chét

11.1.2.

DPinh Iy

man (x,)" >21/2 (chi viéc chon 1>x, > 1/4/2 ). Nhu vay, hé thiic (*) khong thé thoa
man v6i nhimg s6 € nho hon 1/2, va do d6 ddy ham f, (x) = x" khong hoi tu déu t6i
ham f trén tap [0,1).

Vi du trén cho thdy ring tinh h¢i fu déu khong chi phu thuoc vao tinh chat ctia day
ham, ma con phu thudc védo céu tric cla tdp xdc dinh.

Néu day ham {f,} la hoi tu déu trén tdp X, thi

(i) Vi méi hang so” ¢ bdt ky, day ham { c.f, } ciing la hoi tu déu trén tdp X;

(ii) Voi moi day ham {g,} hoi tu déu trén X, day ham {f, +g,} cing la hoi tu déu trén
X

Chung minh Dé dang suy ra tir dinh nghia.
Cdc tiéu chudn vé héi tu déu

(Tiéu chudn Cauchy). Diéu kién cdn va du dé day ham {f,} hoi tu déu trén tdp X la,
v6i méi 56 duong € (nhd bao nhiéu tiy ), ta luon tim duoc s tw nhién N (di Ion) dé
vdi bdt ky 2 s6 tw nhién n,m nao Ion hon N ciing xdy ra hé thiic sau ddy

| fu()—f,()Se, VxeX. (%)

Ching minh Piéu kién cdn. Néu day ham {f,} 1a hoi tu déu trén tap X thi v6i moi
s6 duong € (nhd bao nhiéu tuy y), ta luon tim duge s6 tu nhién N (du 16n) sao cho véi
moi 6 tu nhién 7 va m 16n hon N ta déu c6

| fu()—f(x)|sel2, VxeX,

[ f()-f,(0)|€e/2, VxelX,

va tr day suy ra

| [ =[S [, )= SO [+ ()= f,(x) |se/2+6/2=¢, VxeX
nghia la ta c6 (¥%).
Diéu kién du. Tir diéu kién du cta dinh 1y ta suy ra ring, v6i méi diém x cho trudc,
day so {f,(x)} 1a mot day Cauchy, cho nén né hoi tu dén mot s6 nao d6. Ham s6 cho
tuong ting mdi diém x e X vdi gi6i han cta day s6 {f, (x)} dugc ky hieula f(x). Ta
s€ chi ra rang day ham {f,} 1a hoi tu déu dén ham f trén tap X. That vay, diéu kién
dl néi 1én ring véi moéi s6 duong €, ta luon tim dugc s tu nhién N (dh 16n) dé hé thitc

|/, () —f,(0)<e, VxeX.

nghiém ding vé6i bat ky 2 s6 tu nhién 7,m nao 16n hon N. Béng céch cho m tién ra vo

cung va dé y rang f, (x) s& tién t6i gidi han 12 f(x), ta suy ra

| (D) -f(x)<e, VxeX .

Day chinh 1a diéu cin chiing minh.
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Dinh Iy

11.1.3.

Dinh Iy

Binh Iy

(Weierstrass) Ddy ham {f,} la hoi tu déu dén ham f trén tdp X néu ton tai day sé

dwong {a,} hoi tu dén 0 va théa man diéu kién sau day vdi moi n
[ f,(0)-f(x)[<a,, VxelX.

Ching minh Do day {a,} hoi tu dén 0 nén, v6i mdi s6 duong & (nhd bao nhiéu tity
), ton tai s6 tu nhien N (dG 16n) sao cho moi s6 tu nhién # 16n hon N thi sé c6
a, <& . K&t hop véi diéu kién cta dinh 1y ta c6

| i) - f(x)[<a, <6, VxeX.
Day chinh 1a diéu cin chiing minh.
Tinh chét cda day hém héi tu déu

Néu day cdc ham lién tuc {f,} la hoi tu déu dén ham [ trén tdp X thi ham f ciing
la ham lién tuc trén tdp X.

Chung minh Ta cén chi ra rang v6i mbi diém a thuoc tap X thi luon c6
lig}f(x) =f(a).

Nghia 12 v6i méi s6 duong £ (nho bao nhiéu tiy ¥) ta phai tim dugc s6 duong § sao cho
|[x—al£d = |f(x)-fla)Ke.

Muén tim s6 8§ nhu vay ta dua vao tinh hoi tu déu ctha diy dé chon s6 tu nhién N (du
16n) sao cho

[ fv(x)—f(x)£e/3, VxelX.
Tiép theo, do tinh lién tuc cha ham £, (tai diém @) ta chon dugc s6 duong & sao cho
[x—al<d = |fy(x)—fy(a)[£e/3.
Nhu vay, téng hop lai, véi moi x thdaméan |x—a|< S ta s€ co
S =f@[<] f) = [y [+ fy () = fy @+ fy(@) - fla)|<e/3+/3+&/3=¢
Day chinh 1a diéu cin chiing minh.
Néu day cac ham lién tuc {f,} la hoi tu déu dén ham f trén doan [a,b] thi vdi moi

diém ¢ ndm trén doan nay ta c¢é ddy ham F,(x)= Ifn ()dt la hoi tu déu dén ham

c

F(x)= [ f(t)dt trén dogn [a,b]; va vi vdy
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jlim £, (t)dt = lim j £, @)t
¢ n—o n—oo v
(nghia 12 tich phdn cta ham gidi han bing gidi han cta ddy tich phan cac ham ).

Ching minh Su ton tai ciia cdc ham F, va F da dugc dam bao do tinh lién tuc ctia
cdc ham f, va f trén doan [a,b]. Ta chi cin ching to rang véi moi s6 duong ¢ (bat
ky), c¢6 thé tim dugc s6 tu nhién N (dt 16n) sao cho véi moi n> N thi

|F,(x)-F(x)[<e, Vxela,b].

Do tinh hdi tu déu chia day ham {f,} va f trén doan [a,b] nén véi mdi s6 duong &, ta

tim dugc sO tu nhién N sao cho v6i moi n > N thi
| () - f(x)I<elb-a), Vxelab].

Khi ay ta c6
()= F@)|=| [ £,0de ~ [ £ | < [1 £,(6)~ f()lde <] x—al e (b-a)<e

va day chinh 1a diéu can ching minh.

Nhdn xét Dinh 1y nay cho ta kha nang chuyén phép lay tich phan cta gii han (cia mot day
ham) sang phép 18y giGi han ctia ddy cdc tich phan.

Pinh ly Gid sit day cdc ham {f,} khd vi lién lién tuc trén doan [a,b] cé ddy cdc dao ham
{ fn } la hoi tu déu trén doan nay. Néu cé 1 diém c trén doan [a,b] sao cho day sé
{f,,(c)} hoi tu, thi day ham {f,} séla hoi tu déu trén doan [a,b] toi mot ham s6 khd
vilién tuc f c¢6 tinh chdt nhu sau

[lim £, ()] = f'(x) =lim f,(x). Vxe[a.b].
Chung minh Ldy day cdic ham F, xdc dinh nhu sau
F,(x)= ff,; (t)dr .
Theo dinh 1y da dugc chiing minh & trén, diy ham nay 1a hdi tu déu t6i ham s
F( = ttim £, 0t

bé y rang f,(x)=F,(x)+ f,(c), cho nén ddy ham {f,} s&1a hoi tu déu trén doan
[a,b] t6i ham sO sau day

F(x)+ lim £, (c).
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Nhén xét

11.2.

11.2.1.

bat f(x)=F(x)+ lim f,(c) ta c6 ngay diéu can chimg minh.
n—x0

Pinh 1y trén di cho ta kha ning chuyén phép 1ay dao ham clia gidi han thanh phép lay
gidi han clia cic dao ham.

Chu6i ham
Khai niém

Cho day céc ham s6 {f,} xdc dinh trén tap X. V6i méi s6 tu nhién k ta thiét lap rong
riéng

k
S () =2/,
n=l1

Céc tong riéng nay cling lap thanh mot ddy ham, xéc dinh trén tap X.

¢ Néu day céc tong rieng { S, } hoi tu tai diém x, € X thi ta néi rang chudi ham

D f,(x) hoi tu tai diém x,.
n=1
¢ Néuday cdc tong rieng { S, } hoi tu tai moi diém trén tap X thi ta ndi rang chudi

ham Y f, (x) hoi tu (hay hoi tu diém) trén tdp X .

n=l1

¢ Néu day cdc tong rieng { S, } hoi tu déu trén tap X thi ta néi rang chudi ham

Z S, (x) hoi tu déu trén tap X .

n=l1

Gidi han cla day tong riéng dugc goi 1a tong ciia chudi ham, tic la
0 ) . k
Z,fn (x) = ]ll_l;gsk (x) = ]11_1;1;;]‘/1 (x) .

Nhu vay gia tri ctia chudi ham tai mdi diém 1a mot chudi s6. Nghia 12, moi tinh chat vé
chubi s6 c6 thé dugc chuyén sang cho chudi ham hoi tu diém.

V6i mbi s6 ty nhién N, ta xét ddy ham { f, ,n=N+1,N+2,...} va c6 thé thiét lap

chudi 7y (x)= Y f,(x) va goi n6 la phdn du cha téng rieng S, . Vi tong riéng cta
n=N+1

chudi nay chi sai khdc véi téng riéng ctia chudi Z £, (x) mot ham ding bang S, (x),
n=1

cho nén dé dang chiing minh dugc ring chudi hoi tu khi va chi khi phan du (cha mot

téng riéng ndo do) 1 hoi tu, va khi ay véi moi s6 tu nhién N ta luon cé

S (1) = Sy (1) +ry (1)
n=l



Chuong 11. DAY HAM & CHUOI HAM

Nhén xét

11.2.2.

Binh Iy

Dinh Iy

Dinh Iy

Nhu vay chudi ham ciing ¢6 ban chat tuong tu nhu ddy ham, cho nén tix cdc két qua vé
day ham ta d& dang suy ra cdc két qua doi v6i chudi ham. Cac két qua nay s& dugc hé
thong lai trong phan tiép theo.

Cdc tinh chéit va ddu hiéu hdi tu cGa chudi hdm

Néu cdac ham f, la lién tuc trén tdp X va chudi z S, (x)la hoi tu déu trén tap X thi
n=l1

tong ciia chudi ciing la ham lién tuc trén tap X.

Ching minh Vi tdng riéng ctia ddy ham lién tuc ciing 12 ham lién tuc, va téng cua
chubi, theo dinh nghia, 12 gi6i han cha ddy cac téng riéng, cho nén dinh ly duoc suy
ngay tir tinh lién tuc clia giGi han clia day ham lién tuc hdi ru déu da duge ching minh
O trén.

Néu cac ham f, la lién tuc trén doan [a,b] va chudi Z S, (x)la hoi tu déu trén doan
n=1

[a,b] thi, véi moi sé c €[a,b], chudi ham

M8

[ £, (s

n=l1

la hoi tu déu trén doan [a,b] va ta cé

Tifn(t)dt =ijffn(f)dt, Vx [a,b]

c n=1 n=l ¢
Chung minh Tacé
3 [ £, (0t = lim[ 3 [ % (z)dzJ - 1im[ | S/ (t)dtJ = lim [ S, (1)d.
n—>»0 k=1 - n—0 - k=1 n—0 v

n=l ¢
Vi day ham {S,(¢)} 1a hoi tu déu (theo dinh nghia vé su hoi tu déu cua chudi

Z £, (x)), cho nén tir dinh 1y vé tich phdn cia day ham hoi tu déu ta suy ra day ham

n=1

{j S, (t)dt} 12 hoi tu déu. Tur day suy ra chudi Z:[fn (t)dt 1a hoi tu déu. T dang

n=l ¢
thic trén, sau khi chuyén gi6i han vao duéi ddu tich phan (thuc hién dugc nho tinh Adi
tu déu ctia day) ta c6 ngay diéu can chiing minh.

Gid sit rang cdc ham f, la khd vi lién tuc trén doan [ a,b] va chudi cdc dao ham

Z £ (x) la hoi tu déu trén doan [ a,b). Khi d6, néu cé mot s6' ¢ €[a,b] dé cho chudi s6

n=1

Z f,, () la hoi tu, thi chudi ham Z £, (x) la hoi tu déu trén doan [ a,b), va ngoai ra

n=1 n=1
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Pinh Iy

Hé qua

[if,, (")J AT

Chung minh Bing phuong phép twong tu nhu trén, chi khac & chd ta dp dung dinh ly
v€ dao ham cta day hoi tu déu.

(Tiéu chudn Cauchy): Piéu kién cdn va dii dé chudi ham ). f, (x) hoi tu déu trén tap X
n=1

la, vdi méi 56 duong & (nhd bao nhiéu iy ¥), ta tim dugc s6 tu nhién N (du Ion) sao cho,

véi moi s6 tw nhién k > N va s6 tw nhién m bdt ky, bdt ddng thitc sau ddy luén duoc

thoa man

k+m

| > f,(0)|<e, VxeX.

n=k+1
Ching minh Dé ¥ ring
k+p
| Skep (D)= (D) =] D/, (0]
n=k+1

cho nén dinh ly nay dugc suy ra ngay tir tiéu chuan Cauchy cho dday ham hoi tu déu,
khi day ham duoc xét 1a ddy cdc tdng rieng S P

Néu chuéi ham Z [, (x) hoi tu déu trén tdp X thi day ham {f,}la hoi tu déu dén 0
n=1

trén tdp X.

Chung minh Tir tiéu chuéin Cauchy, chon m = 1 ta suy ra diéu can ching minh.

Chudi ham Zf,, (x) hoi tu déu trén tip X khi va chi khi
n=l1
lim sup |y (x)|=0. *)
N—>w© cy

Ching minh Tir tiéu chudn Cauchy, chon k =N vacho m tién ra vo cling ta ¢6 (¥).
Ngugc lai, néu c6 (*) thi v6i moi £>0 ton tai s6 tu nhién N (dt 16n) sao cho

‘rm(x)|<§3 vaN, VxeX.
Cho nén

m+p
| 2 a1, ) =1, D[] 1y, D) [+, (D) €6, VM2 N, p20,xeX.

n=m

Lai theo tiéu chuan Cauchy ta suy ra chudi hoi tu déu.

Hé qué da dugc chiing minh.
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Dinh Iy

Nhén xét

Thidu

Dinh Iy

o0
(Weierstrass) Chudi ham Z [, (x) hoi_tu déu trén tdp X néu nhu ton tai chudi sé

n=l1

o0
duong Zan hoi tu va thda man diéu kién sau
n=l1

| f,(x)|<a,, YxeX,Vn=123,.

Chiung minh Chd y riang

k+m k+m k+m
| Y L@, Da,, VxeX
n=k+1 n=k+1 n=k+1

cho nén sir dung tiéu chuan Cauchy ta suy ra diéu cin chiing minh.

1) Véi chitng minh nhu trén ta ciing suy ra dugc ring chudi ham 12 hdi tu tuyét doi (va
déu trén tdp X).
2) Dau hiéu trén tuy don gidn nhung rat hitu ich (vi rat dé kiém tra, cho nén dé st dung).

Ta dé dang nhan ra tinh /i fu déu ctia chudi ham Z sm(nx) (trén toan bo truc s6), vi rang
n=l n
| Sm(fx) | < iz . Yn=123,..
n n

<1
va chubi sd Z_z

(D4u hiéu Dirichlet). Néu day ham {a,(x)} la don diéu va hoi tu déu dén 0 trén tdgp X
va néu day ham {b,(x)} cé day cdc tong riéng (ky hiéu la {B,(x)}) bi_chdn (déu)
trén tdp X , thi chudi

4, ()b, (x)

n=1
la hoi tu déu trén tdp X.
Chung minh Diéu kién thi 2 cia dinh 1y ¢6 nghia 1a ton tai s6 duong M sao cho
|B,(x)| <M, VxelX,Vk=123,.

Diéu kién thit nhét cho thdy ring v6i mdi s6 duong ¢ ta ludn tim duge s6 ty nhién N
sao cho v6i moi n > N thi

0<|a,(x)|<e/(3M), VxelX.

Chu y rang
m+p m+p m+p
Zan Z(l [B B ] m+p n+p + Z[an 1 —a ]Bn 1
n=m n=m+l
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Nhén xét

Thi du

Pinh Iy

va do tinh don diéu clia ddy ham a, thi cac dai luong (a,.;-a,) c6 cing ddu, nén

m+p m+p m+p
‘ Z[an—l —-a,lB, < Z|an—l —-a,|M= z(an—l —a,)| M :"am “Apip M.
n=m+1 n=m+1 n=m-+1
Vi vay chiing ta c6
m+p
| > a,(0b,(0) <] a,,,(®) | M+|a,(x)-a,,,(x)| M <
n=m

< (la,(x)|+2]a

m+p

€ 2¢
(x) |)M§(W+W)M—8,

v6i moi n > N.
Theo tiéu chuén Cauchy ta c6 diéu can chiing minh.

Dau hiéu Dirichlet thudng khé kiém tra hon tiéu chuin Weierstrass, cho nén né chi dugc
dung khi khong ép dung dugc tiéu chuin Weierstrass, nhu trong trudng hgp sau day.
Xét tinh hoi tu déu cua chudi ham ZM Vi chudi zl khong hoi tu nén ta
n=1 n n=l1
khong thé dp dung dugc tiéu chudn Weierstrass. Dat a, = 1 va b, (x)=sin(nx) , ta
n
thay ring day a, 12 don diéu va hoi tu déu dén 0 (vi né khong phu thudc vao x) va
B, = Zbk |= |Zsin(kx) |< 1/(sin£)
k=1 k=1 2
cho nén B, bi chdn déu trén moi doan khong chia cac diém 1a boi clia 27 . Theo diu
sin(nx)

hiéu Dirichlet ta suy ra chudi Z

n=1

12 hoi tu déu trén moi doan noi trén.
n

(Dau hiéu Abel). Néu day ham {a,(x)} la don diéu va bi chdn déu trén tip X (bdi s¢

duong M), con chudi an (x) la hoi tu déu trén tip X, thi chudi

n=1

S a, ()b, (x)
n=1

la hoi tu déu trén tap X.

Ching minh Vi chubi an (x) 1a hoi tu déu nén v6i mdi s6 duong &, ton tai sO tu
n=1
nhién N sao cho v6i moi s6 tu nhién #n > N va moi s6 tu nhién p ta c6

m+p

\Zb,,(xnsﬁ, YreX .

n=m

Véi céch lap luan twong tu nhu trong ching minh dinh 1y trén ta suy ra ring
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11.2.3.

Pinh Iy

Hé qua

m+p

&

| 224, ()b, (0 |S (2] a,,, (1) | +]a, (D)) <&
nem M

va tlr tieu chuén Cauchy ta c¢6 diéu cin chiing minh.

Chuédi lay thia
Chudi lity thira (hay chubi liiy thira tam tai goc) 1a chudi ¢6 s6 hang tong quét 1a ham

lity thia, tic 12 u, (x) =a,x".

Nhu vay chubi liiy thira (tam géc) c6 dang Zanx” , trong d6 a, 1a cdc hing s6 (goi 1a
n=0

cdc hé so cha chubi). Biang phép dich chuyén toa d0 x — x—x, ta c6 chudi liy thira

tam tai diém x, véi dang sau day:

0
Da,(x—x)" .
n=0

1. Bdn kinh hoi tu ciia chuoi liy thita

Dé dang thay rang chudi liiy thira luon hoi tu (diém) tai tam ctia né. Cé nhitng chudi
Ifiy thira chi hoi tu tai 1 diém d6 ma thoi (thi du khi chon a,=n"). Mot trong nhiing nét
dic biét chia chudi lily thira 1a ¢6 tinh chat sau

(Abel) Néu chudi liy thita (tam tai goc) héi tu tai mot diém ¢ nao dé thi né hoi tu
tuyét doi trén cd khodng (-|c),|c|).

Chimg minh Do chudi ) a,c” hoi tu nén ddy { a,c" } tién dén 0, va do d6 bi chan

n=0
| x|
|

(khi n tién ra vo cung). V6i xe(—|c),|c]|) thi —‘ =g <1, chonén dé dang suy ra su
¢

hoi tu ctia chudi
n
o0 o0 x
Slaxl" =Y a,e" |(Uj .
n=0 n=0 | c |

nho dau hiéu Weierstrass, vi ta biét rang chudi ZMq” 1a hoi tu (v6i moi s6 M). Dinh
n=0
1y da dugc chitng minh xong.

Néu chudi lity thita khong hoi tu tai diém c thi né ciing khong hoi tu tai moi diém ndm
ngoai doan [—|c|,| c]]-

Ching minh That vay, néu né hoi tu tai mot diém b nao d6 ndm ngoai doan

[—|cl,|c|], thi theo dinh 1y trén n6 s& hoi tu trén ca khoang (-b.b), trong d6 c6 diém c,

tic 1a suy ra mau thuén.
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Binh Iy

Nhén xét

DBinh nghia Bdn kinh hoi tu ciia chudi lity thia la mét s6” R >0 xdc dinh nhu sau

1
- limsup4/| a, | ’

n—0

R

trong d6 ta quy uéc R = 0 khi limsup4/|a, | bang vé cung, va R béang vé cung khi
n—>0
limsup4/| a, | bang 0.
n—0

Khi R e (0,0) thi

(1) Chudi lity thixa hoi tu tuyét doi va déu trén méi doan nam trong khodng (—R,R) .
(ii) Chudi lity thita khong hoi tu tai moi diém ndm ngoai doan [-R, R].

Chung minh (i) V6i méi doan [r,7,] < (—R,R) ludn ton tai s6 duong a va s6 duong

g (@0 bé) sao cho [n,r,]c[-a,a]lc[-s—a,a+e]c(-R,R). Nhu vay ta cé

<1 1
|x[<a, Vxe[n,n], va limsupif|a, |=—<
n—»o0 R a+ée

duoc s6 tu nhién N (dd 16n) sao cho

1 n
|an<( j Vn>N.
a+é¢

. Theo dinh nghia v€ limsup ta tim

Khi 4y ta c6

|anx"|<(ij S(Lj , Vxeln,n],Vn>N.

a+é¢ a+ée

Vi chubi s6 (cap s6 nhan Iui vo han) Z(Lj la hoi tu nén, theo ddu hiéu
n=0 &

Weierstrass, ta suy ra chubi Z\ a,x" | 1ahoi tu déu trén doan [r,r,] .

n=0
(ii) V6i x ¢[—R,R] ton tai s6 duong a thdoa man R < a <| x|, va tir dinh nghia limsup
ta tim duoc s6 tu nhién N sao cho

la,x" |>(mj >, Vn>N.
a
Tu day suy ra chudi khong hoi tu vi s6 hang téng quét ctia n6 khong tién t6i 0 khi n
tién ra vo clng.
Dinh 1y da duogc chiing minh day du.

1) Cich ching minh trén cho thay ring phéan (i) cha dinh 1y van ding khi R bang vo
cung.

2) Do dinh 1y trén, khoang (-R,R) con ¢6 tén goi 1a ving hoi tu (hay mién hoi tu). Nhu
vay, tinh hoi tu cha chudi Ity thira & trong mién hoéi tu (-R,R) da dugc 1am rd. Tuy
nhién, viéc khdo sat sy hoi tu clia chudi tai cic diém bién clia mién (tic 12 tai diém R
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Dinh Iy

va -R ) 1a vén dé rat tinh t€ va can dugc xur 1y bang cac ky thuat tinh dic biét trong timg
trudng hop cu thé.

2. Cdc tinh chdt co bdn ciia tong chudi liiy thira
(1) Tong cuia chudi lity thita la mot ham lién tuc trong viing hoi tu cia chudi;

(ii) Tong ciia chudi lity thita la ham khd vi lién tuc cdp vé han trong ving héi tu va dao
ham ciia né bdng téng ciia chudi cac dao ham, cu thé'la dwoc tinh bdi cong thiic

(Zanx”J = nan)c"_1 , Vxe(-R,R). (*)
n=1

(iii) Tich phdn ciia téng chudi lii thita bdng tong chudi cdc tich phdan cdc ham liy thia,

[Zax Jd X" ye.
o On—i—l

Ching minh (i) Mot diém bat ky trong mién hoi tu (khoang (-R,R)) ludn ¢6 thé dugc

tite la ta co cong thiic

chita trong phan trong clia mot doan nao d6 cling ndm trong mién ndy. Theo dinh ly
trén chudi hoi tu déu trén doan d6. Vi cdc ham lfly thira 1 lién tuc nén do tinh lién tuc
ctia téng chudi hoi tu déu ta suy ra diéu can chiing minh.

. < . -1 — . -1 . . n—], — . " h ~ P k, h
(i) Vi limsup”|a, |n =limsup™d| a, | ,I,E?o In limsup4/| a, | , cho nén ban kin

H—0 H—>x0 n—>0

hoi tu ctia chudi Z:nanx”’l bang ban kinh hoi tu cta chubi Zanx” . Theo dinh 1y

n=1 n=0
trén, chubi Z:nanx”"1 12 hoi tu déu trén moi doan ndm trong khoang (-R,R), va suy ra
n=l1
12 hoi tu déu trén lan can (dt nho) ctia mdi diém cho trude. Tir dinh 1y vé dao ham cta

o0
chudi cdc ham kha vi hoi tu déu ta suy ra chudi ) a,x" 1a ham khd vi va dao ham
n=0

ctia né dugc tinh theo cong thic (*). Vi Z:nanx”’l cling 12 mot chudi ldly thira nén
n=l1

(theo 14p luan trén) né ciing 1a ham kha vi trén vung hoi tu ctia né (tic 1a ciing trén
khoédng (-R,R)). Tém lai, dao ham cta chubi Iy thiva la mor chudi liiy thira ¢6 chung
vung hoi tu véi chudi ban dau. Vi moi chudi lity thiva déu khd vi trong ving hoi tu, cho
nén suy ra chudi liy thira 14 khd vi vo han ldn trén ving hoi tu cia né. Phan 2 da dugc
ching minh xong.

(iii) Chiing minh hoan toan tuong tu nhung st dung dinh 1y vé tich phan cua chudi
ham hoi tu déu.

Dinh 1y da dugc ching minh day du.
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Hé qud Goi f(x) la téng clia chudi liiy thita. Ta c6 f*(0) = kla, , va suy ra cich tinh cic hé s¢
cuia chudi thong qua dao ham ciia tong chudi nhu sau

0

ook

Chung minh Suy ra ngay tir phan (ii) ca dinh ly trén.
3. Biéu dién ham sé qua chuéi liiy thira - Chuéi Taylor

Ta néi ham s6 f(x) dugc biéu dién qua chudi liy thiia trong ldn cdn ciia diém x, néu

nhut né bdng t6ng ciia mot chudi lity thiva ¢é tdm tai x, va cé ban kinh hoi tu khdc 0.

Nhén xét Ta da biét ring chubi lily thita (c6 ban kinh hoi tu khéc 0) thi khd vi vé han tai ving
hoi tu ctia né, cho nén mot khi ham  £'(x) biéu dién dugc du6i dang chubi lily thira thi
né ciing phai kha vi bac vo han, va theo hé qua trén thi hé s6 ctia chudi biéu dién s&
duoc tinh qua dao ham ctia ham theo cong thuc sau

JANED)

T
va suy ra chudi lily thira biéu dién ham s6 trong lan can mot diém chinh 13 chubi
Taylor ctia ham tai diém d6. Tuy nhién, day méi chi 12 diéu kién cdn ma khong phai 1a
diéu kién di dé mot ham biéu dién duoc dudi dang chubi lily thira.

Thi du Ham
-1/x? . Y
e , khi x#0
f(x)= _
0, khi x=0 s
.51
12 khd vi vo han tai lan can goc (dé dang kiém ,
tra) nhung né khong thé biéu dién dugc dudi I
dang chudi liiy thira (v6i ban kinh hoi thu khéc ’ y=expl-1/xd
0). That vay, néu nhu né biéu dién dugc thi cic
hé s6 ctia chudi phai thda man hé thic o iy
(k) =7 0 2
a =L O o wk-123.. B v
R
va do d6 chubi phai dong nhat bing 0. Diéu nay Hinh 11.3

12 mau thuén vi f(x) khong déng nhat bang 0
trong bat ky 1an can di nhd nao.

Nhdan xét Néu nghién ciu k¥ ta s& thdy ham nay c6 dic tinh 1a cdc dao ham bac cao ctia n6, ké tir
bac 2 trd di, ¢6 “do doc” rat 16n tai gan diém goc toa do (mac du bang O tai chinh diém
g6c). Dao ham bac cang cao thi do doc cang 16n (xem hinh v& minh hoa bén canh, d6
thi cia dao ham tir bac 2 trd lén gdn nhu ciing song song véi truc tung). C6 nghia “thu
pham” & day chinh 1a dao ham cdp n clia ham sé (tai cic diém x khdc 0) da tang qué
nhanh theo n .
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Cho nén dé cho ham c6 thé biéu dién dugc dudi dang chudi lily thira (trong mot lan
can nao d6) thi phai trdnh tinh trang trén. Chinh x4c hon ta ¢6

Ménh dé Néu ton tai cdc sé duong ava & sao cho
|/ @) 0" ), Vxe[-6,6]
thi chuéi Taylor
© (n)
:E: jﬂ (O)Xﬁ
n=0 n!
hoi tu tuyét doi va déu (dén ham f) trén moi doan nam trong khodng (-a, ) , trong dé

a=min(5,a™").

Chung minh Theo cong thiic khai trién Taylor véi phan du dang Lagrange ta c6
n=1 £(k) (n)
Lf(xj — zz.fq (O)xk +.f‘ (ex).xn

k=0 k! n!

. 0e(0]).

Tu diéu kién ctia dinh 1y va dé y ring 0 < @< 1, ta suy ra ring

(n)
L@~ oqax.

Véi mbi x e (—a,a), dai lugng lax!” ti€n dén 0, va vi vay chudi liy thira 1 hoi tu t6i
f(x). Tinh hoi tu déu va tuyét doi ¢6 dugc nhu cdc tinh chét cia mot chudi liiy thiva.
Ménh dé da duogc chiing minh xong.

Hé qud Néu 1™ (x) bi chan déu trén doan [-R,R] (vdi moi n) thi

© (n)
f(x)= Z—f n'(o)x”, Vx € (-R,R).

n=0
Chung minh Khi &y ta c6

Rn
n!

AW
n!

<M

——0

(n—w)

cho nén hé qua 1a hién nhién.

Thi du Tur hé qua trén ta dé dang suy ra cdc cong thitc sau day

2 n

e =exp(x) = T S , Vx € (—0,0)
2! n!

3 2n+l1
sin(x) = 2-X 4 4= 4., Vre(-o,0)
o3 2n+1)!

x2 x2n

cos(x) = 1l-——+ .. +(-1)'"—+... , Vx € (—o0,00)
2! 2n)!
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Nhén xét

11.2.4.

2 n

In(1+x) = f+%+...+—+... . Yxe(-LD)
n

Cong thitc biéu dién ham s6 exp(.) nhu trén cho ta thém mot phuong phap dinh nghia
ham s6" mi. Phuong phdp ndy c6 phan “cong kénh” hon va ddi hoi st dung cac kién
thitc cao hon (so vdi kién thitc vé giéi han day s6), nhung bl lai né cho mot danh gid
tuong minh vé do chinh xdc khi x4p xi né bang da thic (Taylor).

Chuéi lugng gidc

Chudi luong gidc la chudi cé cdc so hang tong qudt la ham liuong gidc dang

f,(x) =a, cos(nx) + b, sin(nx)

trong d6 a, va b, 1a cac hé s6 khong phu thudc vao x.

Nhu vay, dang téng quét ctia chubi lugng giac 1a

"70 + [a, cos(nx) + b, sin(nx)]

n=l1

1. Su hoi tu cia chuoi luong gidc

Tix cdc ddu hiéu hoi tu cta chubi (bat k) ta suy ra cdc ddu hiéu hoi tu cho céc chudi

luong gidc nhu sau

(1) Néu cdc chudi hé s6 Y a, va Y b, 1ahoi tu tuyét d6i thi chubi luong gidc 1a hoi
n=1 n=l1

tu tuyét d6i va déu (trén moi doan bat ky). Diéu ndy suy ra tir dinh 1y Weierstrass véi

nhan xét rang | sin(nx) [<1 va | cos(nx) |<1 v6i moi n, x.

(2) Néu céc day s6 {a, } va {b, } 1a don diéu gidm va ti€n dén O thi chubi lugng gidc

12 hoi tu tai moi diém x # 2kz. (Nhu da chi ra trong phan ddu hiéu hoi tu Abel va

Dirichlet).

Gia sir chubi luong gidc 12 hoi tu déu trén doan [0,27] . Khi ay téng clia né

0

f(x) = a7° + Z[an cos(nx) + b, sin(nx)]

n=1

1& mot ham lién tuc trén doan [0,27], va v6i moi s6 nguyén p thi chudi

f(x)cos(px) = a_20 cos(px) + i[a,, cos(nx)cos(px) + b, sin(nx) cos(px)]

ciing 12 hoi tu déu. Tir cong thic tich phan téng ctia chudi hoi tu déu va luu ¥ tinh
vuong goéc timg doi mot ctia hé cac ham luong giac {sin(x), cos(x), sin(2x), cos(2x), ...,
sin(nx), cos(#nx),... }, nghia la

2z

I sin(nx)cos(px)dx =0 v6éimoi np

0



Chuong 11. DAY HAM & CHUOI HAM

2z 0 khi p#n
I cos(nx) cos(px)dx = . )
0 r khi p=n

ta suy ra

2
a, = 1 jf(x) cos(nx)dx, n=123,..
7
0

Tuong tu nhu vay ta c6

27
b, =l If(x) sin(nx)dx, n=1273,...
o

2. Chuéi Fourier

Gia st f 1a mot ham s6 kha tich trén doan [0,27] va tudn hoan vé6i chu ky bang doan
nay. Khi dy ¢6 thé tinh dugc céc ddy so sau day

2z
a,= l jf(x) cos(nx)dx, n=0,1,23,.. .
Vs
0

2z
b, - If(x) sin(nx)dx, n=123,..
)

va thiét 1ap chubi luong gidc

Lo | i[an cos(nx) + b, sin(nx)].

n=l1

Chudi nay ¢4 tén goi l1a chubi Fourier ctia hAam f* va cic s6 a,, b, dugc goi 1a céc hé s6
Fourier. Tong riéng cha chudi nay la

S,(x)= %) + Zn:[an cos(nx) + b, sin(nx)].
n=1

Ta s& nghién ctiu xem v6i ham f nhu thé€ nao thi chudi Fourier ctia né hoi tu, va khi
nao chubi hoi tu dén chinh ham £, D€ lam diéu nay ta cin bo dé sau.

3 Gid sit f la mot ham s6 khd tich va tudn hoan véi chu ky 2z . Néu ky hiéu S, (x) la

y’a [N 9 e . 2 N [N
tong riéng cua chudi Fourier cua ham f, thi

S, (x) f(x) = %j[ P+ 20) - foop @D,
0

2sin(t)
Chiung minh Luu y rang

2
a, cos(kx) + b, sin(kx) = 1 I[ f(t)cos(kt)cos(kx) + f(¢)sin(kt)sin(kx)]dt =
7%
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1 2z
=— [ f(®)cos(x—t)at,
0

27
va a—0=Ljf(t)dt , tasuyra
2 27y

27
S, (x)= % jf(t)[% +cos(x—t)+...+cosn(x—1t)]dt
0

Chd y rang ZCOS(]OC) _sin(n+1/2)x 1 , taco

i 2sin(x/2) 2

5.0 = i fre sinf(n+1/2)(x=0]
0

. oox—t
2sin(——
( 5 )
bat u=(¢t—x)/2 taviét lai cong thitc trén nhu sau

sin[(2n -+ Du]

2sin(u) )

1 Vi
S, (x)=—[f(x+20)

o
Trong trudng hop dac biét v6i f(x)=1 ta dé dang thdy rang S, (x)=1 va tir déng
thic trén ta c6 hang dang thic sau

1= lJ- sm[(2.n +1u] "
ry  2sin(u)

cho nén, véi moi ham f{x),

sin[(2n +Du] ’

sksk
2sin(u) )

F@=~[ £
)

Tir (*) va (**) ta suy ra diéu can ching minh.
B& dé H¢ sd Fourier ciia mot ham khd tich thi tién téi 0 khi n tién ra vo cing.
Chung minh DE thay rang b6 dé 1a ding v6i ham bdc thang 1 khic c6 dang

[ khi xela,f]c[0,27]

f(x)={0 khi xe[0,27]\ (e, B)

vi khi dy hé s6 Fourier clia n6 c6 dang a, =/[sin(na) —sin(nf)]/n (va tuong tu doi
véi b,).

Tur day suy ra b dé ciing diing v6i cac ham bac thang tong quat (tudn hoan vdi chu ky
2m), vi n6 la téng clia hitu han ham bac thang 1 khic.

Luu ¥ ring khi / 1a ham kha tich (bat ky) thi v6i mdi s6 duong & ta luon tim dugc
ham bac thang g sao cho |f{(f)-g(¢)| < £ v6i moi x trong doan [0,27]. Cho nén véi hé
s6 Fourier a, clia ham f ta c6 ddnh gia sau

la, |< f| f(@)—g@)|de+] Jirg(t)cos(nt)dt | <27+ | fg(t)cos(nt)dt .
0 0 0
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Ménh dé

Nhén xét

Binh Iy

Sau khi qua giéi han (v6i n tién ra vo cung) tasuy ra 0 <limsup|a, |<27¢.

n—0
Vi diéu nay thoa man v6i moi s6 duong & (nho bao nhiéu tiy ¥) cho nén ta suy ra
limsup | a, |=0, va diéu nay ciing c6 nghia la lima, =0. Mot cich tuong tu ta ciing

n—>x0 n—>0

c6 limb, =0, va bd dé da dugc chiing minh ddy di.

n—>0

F(x+20)+ f(x—2t) =2

y la khd tich thi chudi
sin(¢)

Néu c¢6 sé" | sao cho ham sé () =

Fourier ciia ham f hoi tu tai diém x t6i so 1.

Chung minh Nhan xét ring tich phan trén doan [0, 2] cta ham f (kha tich va tuin
hoan vé6i chu ky 27) ciing bang tich phan clia né trén bat ci doan nao c6 do dai bing
2m. Cho nén ta cé

S (x)——”j'2 Flx+ zt)wd
’ T 212 sin(?)
——”fﬂ Z)Md j Frr2nSlCntD
i sin(t) T3 sin(?) -
lf [f(x+20)+ f(x - 21)]%"81”]@ .
T 9
Tur day suy ra
Sn(x)—l:lf [f(x+20)+ f(x—2t)— ZZ]MCZ
o sin(?)
/2
_ U [ (@) sin[(2n + edr .
z 0

Nhu vay S,(x)-/ ding bing hé s6 Fourier (thtt 2n+1) cha mot ham khd tich nhan gia
tri ¢(t) trén doan [0, /2] va nhan gid tri 0 trén mién [-/2,0). Theo BS dé 2 ta c6
S,(x)-I hoi tu dén 0. Nghia 1a S,(x) hoi tu dén /, va ta c6 diéu can ching minh.

Vi ham s6 1/sin(¢) 12 lién tuc tai moi diém khac 0, cho nén ham ¢(#) 1a kha tich trén
moi doan [a,n] cling nhu [-7,-a], v6i a > 0. C6 nghia 1a sy kha tich cia ham @(#) chi
con phu thudc vao tinh chat ctia ham £ trong lan can cta diém x ma thoi. Nhu mot
trudng hop riéng cia ménh dé trén ta ¢

Néu ham f cé dao ham trdi va dao ham phdi tai diém x thi chudi Fourier cia né
hoi tu tai diém x tdi gid tri f(x).

Chung minh Trong diéu kién cta dinh 1y, v6i /=f(x), ham

S(x+20)+ f(x=2t)-2f(x)
sin(?)

p(t) =
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c6 gi6i han khi ¢ ti€n dén 0 (bang £'(0-)+ f'(0+)). Vi vay néu ta cho né nhan gia tri
tai goc bang gi6i han nay thi n6 s€ trd thanh ham lién tuc tai goc, va do d6 né 1a kha
tich. Tir ménh dé trén ta c6 diéu can ching minh.

Thiduy Véi ham f{x) = x trén khodng (-7,) va bang 0 tai c4c diém dau mit ( va -7), ta tinh
duoc chudi Fourier clia n6 1a

sin(2x) N sin(3x) (o1 sin(nx) . J

2(sin(x) - 3 .. "

Dé dang kiém tra ring c4c diéu kién clia dinh ly trén nghiém ding, cho nén

x= 2(sin(x) _Sin2x) | sin3x) L pyen SN0 J .
2 3 n
Trong truong hop riéng, khi x=m/2 tacé
LT SO N L
4 35 2n+1
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1. Baditép cling cé ly thuyét
Bdi 1 Ching to téng

© x2
Z (1+x2)"

n=0
2

cua chudi cdc ham lién tuc £, (x) = — 1a mot ham gién doan tai x = 0.

_x
(1+x2)
Bdi2 Cho

£, (x) =lim(cosm!zx)™" .
n—o0

Chiing to ham gi6i han f(x):= lim £, (x) 12 ham Dirichlet (tGc 1a f(x)=0 khi x vo
ty va f(x)=1khi x hitu ty). Tir d6 suy ra, f(x)la mot ham khong lién tuc tai moi
diém va khong kha tich Rieman.
Bai3 Cho
sin nx
7

Chung t6 ham gidi han 1a f(x):=1lim f, (x) =0 véi moi x.

Ju(x)=

Suy ra day dao ham {f; (x)} = W cos x| khong hoi tu t6i dao ham cita gii han f"(x).
B&i4 Cho
fi(x)y=n’x(1-x*)", 0<x<Ln=12,..

Chiing t6 ham gidi han1a f'(x):=lim f, (x) = 0, v6i moi x, va
1 1
limj S (xX)dx # J limf, (x)dx.
n—)wo 0]’!—)@

Bai 5 Cho day ham bi chin déu
fo(x)=sinnx (0<x<27,n=1273,..).

Chiing minh rang khong ton tai day con nao clia day trén hoi tu.

197
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Bdi 6 Cho ham

I <x<
PI=1 ¢ lex<2

va @(x+2)=g(x) v6i x[0,2].

Xay dung ham f(x)nhu sau: f(x)= i(%jn¢(4" X).

n=0
Chitng minh ring f'(x) lién tuc trén R , nhung khong kha vi tai moi diém.

2. Tinh téng cla chudi hdi tu

2. sin nx 2 n?+1
1 5 2 x"
) ; n! ) ; 2"n!
© © 2
3 1) (2n 4 Dx H Y
) Z( )" (21 +1) ) ;(IHZ)"
> xn > n .
DEDYCE 6 Y-y ;
n=l1 . n=1

3. Tim mién héi tu cua chudi hdm

Bdi 1 Tim mién hoi tu clia cdc chudi ham sau:

© ln © n
) §<—1)"—“nx ; 2) 21(5;”)

Bdi 2 Tim nhiing gid tri ctia x dé chudi ham sau hoi tu:

© (_l)n
Zh’l(l + TJ .

n=1
B&i 3 Ching minh ring chudi ham sau phan ky v6i moi x:

3L cos[n(x+ In(n(m)))].

—2Inn

Bdi 4 Ky hiéu M la tap tat ca céc diém x € M ma day Z sin(n!7zx) hoi tu. Chiing minh ring
n=0
a) M tru mat hdu khip noi, titc 12 moi khoang déu céat M.

b) eeM .
¢) M khong chita mot khoang nao.
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4.

Bai 1

Bai 2

Bai 3

Bdi 4

Bdi 5

Bdi 6

Chubi héi tu déu

Chitng minh ring dé day ham { £, (x)} hoi tu déu trén tap X t6i ham f(x), diéu kién
cdn va du la limsupr, (x) =0, trong d6 7, (x) = |/ (x) - £, (x)|.

n—0 oy

Xét su hoi tu déu cua cdc day trén cdc khoang tuong tGng

D f,(x)=x", a) OSXS% ; b) 0<x<1;
2) fi(x)=x"—-x"", 0<x<I; 3) f,(x)=x"-x*, 0<x<1;
nx , 1
4) f,(x)= , 0<x<1; 5)f,(x)=,]x"+—, —0o<x<©0;
l+n+x n?
1 . sin(nx) .
6) f,(x)=n(|x+——-~x), O<x<ow; 7)) fi(x)=—2, —w<x<o;
n n
8) fn(x)zsin(fj, —®0<x<0; 9) f,(x)=arctan(nx), 0<x<o;
n

10) f,(x)=xarctan(nx), 0<x<oo;

~ 0 x2n
Chuéi -1)"
;( ) (2n)!

c6 hoi tu déu trén (—oo,+00) hay khong ?

0 _ 2\n
Chudi wa ¢6 hoi tu déu trén [— V2,42 J hay khong ?
n=1 n

Chiing t6 ddy ham

1
f.(x)= , O<x<lLn=12,3,...,
nx+1

hoi tu t6i  f(x) =0 trén (0,1), nhung khong hoi tu déu.
Cho day ham

2
X

fi()=

7 » 0=x<ln=123,.
x° +(1—nx)

Ching minh ring { £ (x)}bi chiin déu trén [0,1] va

limf,(x)=0 , 0<x<1,
n—0

nhung khong ¢6 moét day con nao hoi tu déu trén [0,1].
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Bai 7

Bai 1

Bai 2

Bdi 1

7.1.

Bdi 1

Cho day ham £, (x) =1% , n=1,2,3,..., x 1a s6 thuc. Chiing minh ring {f, (x)}hoi
+ nx

tu déu t6i ham f va ta ¢
£'(@)=lim £, (x)
ding v6i moi x khac 0, nhung khong ding khi x = 0.

Chuai Iy thua

Phan tich
1

A+0)1+x)1+xH)(1+x%)

du6i dang chubi liiy thira.
Xdc dinh ban kinh, khoang hoi tu va nghién ctu ddng diéu tai ciac diém bién cta

khoédng hoi tu chia cdc chudi liiy thira sau:

n YR +I(7_2) (x+l) 3 2) ig!n))'x” L3 i(ui)"zx".

n=1

Chudi Fourier

Phan tich ham

y= sin{arcsin(iﬂ
s

duéi dang chudi Fourier.

Thuc hanh tinh todn

Thuc hanh finh giéi han ctia déy hdm hodic t6ng clia chudi hdm

D6i v6i mot day ham hoac chudi ham hoi tu, ta c6 thé dung MAPLE dé tinh ham giéi
han hoic t6éng ctia chudi ham. C4c thao tac giong hét nhu tinh gi6i han clia day hoac
tong clia chubi s6 (xem thuc hanh tinh toan chuong 2). Két qua 1a mot ham s6 (n6i
chung phu thudc vao bién s6 x).

Tinhténg  f(x)=1+ Zx—'.
n=1 M.
[>1+sum(x*n/n! ,n=1..infinity) ;
1 +exp(x) (1 - exp(-x))

[> simplify (") ;
exp(x) .

B&i 2 Tinh gidi han £ (x) = lim(1+2)" .
n—>0 n
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Bdi 3

Bai 4

Bdi 5

Nhén xét

7.2.

Bai 1

[>1limit((1+x/n)*n,n=infinity) ;

exp(x) .
Tinh giéi han lim———— .
g e (1+n°x?)
[>1limit (x*n/ (1+n*2*x*2) ,n=infinity) ;
0.
0 _ n—1
Tinh Z% .
= (1+x7)"
[>sum((-1)*(n-1)/ (1+x*2) *n,n=1. .infinity) ;
1

x*+2
; SRS
Tinh ;m
[> sum(x*2/ (1+x*2)*n,n=1. .infinity) ;
1
Tong trén bang 0 khi x = 0 va bang 1vé6i moi x khéc 0.

Nghién ciiu céc finh chét ctia déy hdm hodic t8ng clia chudi hdm

Nho MAPLE, ta c6 thé kiém tra tinh ding déan clia cic phép todn: 14y gi6i han, l1dy dao
ham, 14y tich phan... thuc hién trén chudi.

sin(nx)

Jn

Nghién cttu ddy f,(x)=
Tim ham giéi han:
[>1limit(sin(n*x) /sqgrt(n) ,n=infinity) ;
0
Nhu vay ham gi6i han bang f(x) =0 v6i moi x.
L&y dao ham cta ham giGi han:
[>diff (limit (sin(n*x) /sqgrt(n) ,n=infinity) ,x);
0 .
Lay dao ham ctia f, (x):
[> diff (sin(n*x) /sqrt(n) ,x);
cos(nx)\/;
Tinh dao ham cua tai x = 0:
[> subs (x=0,cos (n*x)*n*(1/2));
cos(O)\/;

DPon gian:
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Bdi 2

7.3.

Bai 1

[> simplify (")
Jn

Nhu vay, ta di dén két luan: Pao ham clia gi6i han khong bing gi6i han clia dao ham
(tai diém x = 0).
sin(nx)

Jn

Néu tinh gi6i han cla dao ham clia ham tai diém bat ky clia ham f, (x) = thi
may tra 10i khong xdc dinh:
[>1limit (diff (sin(n*x)/sqgrt(n),x) ,n=infinity) ;

undefined .

y . = (=) X"
Tinh giéi han lim(1-x)) ———— .
gi6i han lim( )Z )
[>1imit ((1-x)*sum((-1)*(n-1)*x*n/ (1-x~(2*n)),
n=1..infinity) ,x=1,left);

12 In(2)

Nghién clu sy héi tu cia ddy hdm vda chudi hdm

Gia sit day ham {f, (x)}hoi tu (c6 thé khong déu) t6i ham f(x). Ham f(x)n6i chung
khong mo ta duogc dué6i dang biéu thiic giai tich thong qua cdc ham da biét, vi vay ta
khé c6 thé hinh dung ra déng diéu ciing nhu cdc tinh chat clia né. Tuy nhién, ta c6 thé
coi cong thic f(x) = 11133 f, (x)nhu 1a dinh nghia cia ham f(x), va nhu vay ta c6 mot
phutong phdp méi dé biéu dién ham s¢ thong qua khdi niém gidi han, va 16p ham nay
thuc su rong hon han 16p cdc ham thong thudng (cho bing cdc biéu thic gidi tich).
MAPLE la mot cong cu dic luc gitp ta nghién citu cdc ham loai nay. Thi du, nhd
MAPLE, ta c6 thé tra 10i cac cau hoi: Him f(x) c6 xac dinh tai mot diém nao d6 hay
khong (ddy {f,(x)}c6 hoi tu tai diém d6 hay khong); Tinh gié tri chia ham f(x) tai
cdc diém cu thé; V& do thi cia f(x) trén mot doan bat ky,.... Chinh ching ta da dung
phuong phap nay dé xay dung ham sé mii exp(x) trong Chuong 4, n6 chinh 1a gigi

han cua day ham da thiic kha don gian la (1+£j . V6i MAPLE, chiing ta c¢6 kha
n
nidng nghién ciu nhitng ham phic tap hon rét nhiéu.
Nghién ciiu sy hoi tu ciia chudi f(x)= > .
n=1

Budc 1: Khai bao (dinh nghia ham f(x)):

[> £:=%x->sum(x*n/n,n=1. .infinity) ;

Budc 2: Tinh gi4 tri ciia ham s6 tai mot s6 diém (xét su hoi tu diém ctia chudi khi x
nhan céc gi4 tri cu thé). Thi du

[>£(0.1);
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.1053605157
[>£(0.5);

.6931471806
[>£(1);

oo (VO cung)

Chiing t6, ham s6 cho boi cong thidc trén khong xdc dinh (bing vo clng tai x = 1 (téng

0

Zl bang vo ciing).

n=l1 n
[>£(-1);
In(2) .
Pé kiém tra, ta c6 thé tinh lai tdng Zﬂ :
n=1 n

[>sum((-1)*n/n,n=1..infinity) ;
-In(2)
Chiay Néu tinh gi6i han clia tdng riéng ctia ddy nay thi mdy tra 10i tong khong xdc dinh :
[>1limit(sum((-1)*n/n,n=1. .k) k=infinity);

undefined .

n

B&i 2 Nghién ctu ham f(x) =1+ x' .

n=1
Budc 1: Khai bdo (dinh nghia ham f(x)):

[> £ (x) :=x->1+sum(x*n/n! ,n=1. .infinity) ;
f(x):=x—>1+zx—' .
n=1 12

Budc 2: Tinh gid tri cia ham s6 tai mot s6 diém (xét sy hoi tu di€ém cta chudi khi x
nhan céc gid tri cu thé).
[>£(0.1);
1.105170918 .
[>£(0.2);
1.221402758 .
[>£(0.999999) ;
2.718279110 .
[>£(1);
exp(l) .
Pé kiém tra, ta tinh
[>Sum(1+n/n!,n=0..infinity) ;
o1
n=0 n'
[>value (") ;
exp(l) .
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[>evalf (") ;
2.718281828

Tinh téng f(x) =

[>1+sum(x*n/n! ,n=1..infinity) ;
1 + exp(x) (1 - exp(-x))
[> simplify (") ;
exp(x) .

Bai 3 Nghién cttu ham f(x) = Z su;clcx
k=

Budc 1: Khai bdo (dinh nghia ham f(x)):
[> £:=%x->sum(sin(k*x) /k,k=1..infinity) ;

i sin kx

k=1

Budc 2: Tinh gi4 tri ciia ham s6 tai mot s6 diém (xét su hoi tu diém ctia chudi khi x
nhan cdc gid tri cu thé).

[> £(0.2*Pi) ;

i sin.6283185308%
k=1

[>evalf (") ;
1.527278662 .

[> £ (Pi) ;
i sin kPi
k=1 k

[>evalf (") ;

[>£(0.1*Pi) ;

i sin.3141592654k
k=1

[>evalf (") ;
1.692237735

[>£(Pi/2) ;
i sinl/2kPi
k=1

[>evalf (") ;
7853981634 .

Viéc tinh chudi (vo han) thudng mat nhiéu thoi gian hon la tinh téng (hitu han).
Cho nén, khi chi can tinh gdn diing thi nén tinh téng riéng vdi s6 s6 hang du 16n.
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Thi du, ta c6 thé tinh gid tri gan ding cla téng vo han tai cac diém cu thé béing
céch tinh téng dén s6 hang thit 100 nhu sau:

[> £:=x->sum(sin(k*x) /k,k=1..100) ;
100 o1
fexo Zs1nlcx

~ ' 1.5
[>evalf(£(1)); O;(\M

1.060428939

[>evalf (£(Pi/5)) ; o o5
1.241256676 . M\} -

[>evalf (£(Pi/2)) ; '
17803986631 . Hinh 114

Ta c6 thé vé& do thi ctia ham tdng f'(x) bang lénh

[>plot(f(x),x=-0.5..0.5);

Muén chinh x4c hon, ta tinh tdng dén s6 hang thi 1000:
[> £:=x->sum(sin(k*x) /k,k=1..1000) ;

1000 o1
k=1 k
[>evalf (£(1)) ;
1.070694159 .

[>evalf (£(Pi/5)) ;
1.255098227

[>evalf (£(Pi/2)); '——""“""‘"J

7848981639 .
. . . . Hinh 11.5
Ta c6 thé v€ d06 thi ciia ham tong f(x) bang 1énh

[>plot(f(x),x=-0.2..0.2);

So sénh cdc két qua tinh toan va do thi, ta c6 thé két luan vé do chinh xdc trong tinh

toan.

Trong cdc bai trén, mac dii ta khong c6 cong thitc tudng minh clia ham so, nhung ta van cé
thé nghién citu né twong déi ti mi: tinh gid tri gan ding clia ham s6 tai cdc diém cu thé, vé
do thi ham s6 (1a téng cia mot chubi ham). Nhu vay, MAPLE md ra mot kha nang méi

nghién cttu ham s6 mot cach truc ti€p ma khong can (va khong c6) cong thitc biéu dién.

B&i4 Nghien ciuham  f(x)= Slzzkx .
k=1
[> £:=x->sum(sin (k*x) /k*2,k=1. .infinity) ;
2. sin kx
f =X —> zk—z .
k=1
[>£(1);
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i sin(k)
el
[>Sum(sin (k) /k*2,k=1..10) ;

i sin(k)
k=1 k 2

[>evalf (") ;
1.019570958 .
[>Sum(sin (k) /k*2,k=1..100);

f sin(k)

=K
[>evalf (") ;

1.013856043
[>Sum(sin (k) /k*2,k=1..1000) ;

%ﬁj sin(k)
=k’

[>evalf (") ;

1.013959029 .



CHUONG 12

12.1.

12.1.1.

Phuong trinh vi phén

Mét vai bai todn
Bdi todn tdng trudng hodic suy thodi

C6 nhiéu dai luong trong thuc t€ nhu s6 lugng dan s6 hodc dong vat, nhiét do clia vat
thé néng, lugng hoa chat tan,... thay ddi theo t6c do ty 1é vé6i dai luong tic thoi. Ta c6
thé biéu dién sy thay d6i nay boi phuong trinh:

o=k, )
trong d6 £(¢) 1a dai luong tai thoi diém ¢, k 1a hing so6 ty 1&, con £ (f) 12 dao ham cta f
biéu dién t6c do thay déi. Phuong trinh (1) 1a phuong trinh vi phan vi trong phuong
trinh nay c6 tham gia dao ham cta ham f theo f. Nguoi ta n6i day 1a phuong trinh vi
phéan bac 1 vi chi ¢c6 dao ham bac mot trong d6. Néu cé su tham gia clia dao ham bac &
thi phuong trinh dugc goi 1a phuong trinh vi phan bac & Néu ¢6 nhiéu phuong trinh vi
phan thi ta c6 hé phuong trinh vi phan.

Nghiém ctia phuong trinh (1) 1a mot ham s6 g(f) ma khi thay g vao f trong (1) ta c6
dang thitc ding véi moi . Muon tim ra £ ta viét phuong trinh trén duéi dang:

b _
=

Hién nhién f{7) = 0 1a nghiém cta phuong trinh da cho, nghiém nay dugc goi 1a nghiém
tdm thudng .

Ta gia thiét f = 0 va bién d6i % = kdt . Lay tich phan hai v€ ta c6:
[
A
hay
In| f(£)| =kt +c.
Do dé:

f(t)=ae,

trong d6 & 1a hiing s6 14y gi tri bat ky. Cho trude dai lugng £(0) tai thdi diém 7= 0 ta
xdc dinh dugc hing s6 a = f(0), vay:

f(©=f(0)e".

207
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12.1.2.

Dé xem day c6 phai la nghiém phuong trinh (1) hay khong chi can 14y dao ham roi the
vao (1). Ta ching minh ring day 14 nghiém duy nhat. That vay, gia s g(£) 1a mot
nghiém cua (1) v6i g(0) = f(0).
Xét ham A(t) = e ¥ g(t) . Ta c6

n(t)=-ke g(t)+e ™ g'(t) =—ke ™ g(t)+e M g(t)=0.

Ching t6 4 12 mot hing s6. Thuc ra 4(0) = g(0) = f(0).

Vay g(6)= f(0)e" = f(1).

Véi f(0) >0 cho trude, néu k>0 ta c6 su tang trudng va néu k <0 ta cé su suy
thodi (dai lugng f(r) giam theo thoi gian).

Vén té¢c ban ddu cua vé tinh

Chiing ta cin x4c dinh van t6c ban ddu cta vé tinh sao cho vé tinh nay c6 thé vuot ra
khoéi quy dao trai dat. Goi m 1a khéi lugng vé tinh va M 1a khoi luong trdi dat, x(¢)
1a khoang cdch vé tinh t6i tam trai dat tai thoi diém 7. Khi d6 theo dinh luat Newton ta
c6 phuong trinh:
d*x m.M
m " k R (2)
trong d6 k 12 hing s6 hap din. V& trai 1a luc chuyén dong clia vé tinh, v& phai 1a luc
hiit ctia trdi dat nguoc véi huéng chuyén dong. Pay 1a phuong trinh vi phan bac hai vi
c6 dao ham bac hai cia x tham gia.

Phuong trinh (2) c6 thé viét don gian:

d’x a
=——, 3)
dr’ x?
z R ~ . N N P Mm .
trong d6 a = kM. Dé xac dinh a ta dung cong thic mg=F =k Ok trong do
9,81 2 i e NP f A TVE hAr (R
= 10 km/sec” la gia toc roi tu do, R = 6400km 1a ban kinh trdi dit. D€ nhan thay

N A

a=g.R=9818"10km’ /sec’. Trd lai phuong trinh (3), ding ky hiéu v = % 12 van

) . L , s d’x dv _dv d
toc chuyén dong cua vé tinh va sir dung cong thic bién doi _2x B vﬂ ,
dt® dt dx dt  dx

ta thu dugc phuong trinh vi phan bac nhat:

dv a
V—= ——2
dx x
hay
vdy = —iz dx
x

2

L4y tich phan hai v€ ta duoc: V? =2
X
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12.2.

12.2.1.

Thi du

2
Khi x =R, van t6c v = v, la van toc ban ddu cha vé tinh nén ta xdc dinh ¢ = VTO - 64a00 .
Suy ra
M a
Viw, a
2 2 6400
Khoang cach x dat cuc dai khi v =0 vakhi d6: x= a >
a_ v
6400 2

Muén cho x tié€n t6i gia tri oo thi mau s6 chia biéu thiic trén phai bing 0 va ta c6

4
vy = / 2a N 2.9,8.87.10 ~112km/ sec
6400 6400

Pay la t6c do ban ddu ma vé tinh phai c6 dé roi khoi trdi dat vao vil tru véi khoang
céach dén t6i vo cling.

Qua hai bai toan trén chiing ta c6 thé hinh dung dugc tdim quan trong ctia phuong trinh
vi phan. N6i chung khong ¢6 mot phuong phéap van nang nao dé gidi cdc phuong trinh
vi phan, va khong phai phuong trinh vi phan ndo cling giai dugc. Moi 16p phuong trinh
c6 mot phuong phép giai dic thi. Trong gido trinh nay, nham muc dich gitip ngudi doc
lam quen v6i khdi niém phuong trinh vi phan va sit dung né trong mot s6 mon hoc
khac (vat 1y, co hoc, moi trudng, sinh thi,...), vé mat 1y thuyét ching toi chi gidi thiéu
mot s6 dang phuong trinh vi phan tuong doi don gian, ma tap trung nhiéu hon vao viéc
thuc hanh tinh todn giai phuong trinh vi phan trén mdy tinh (trong phan bai tap va tinh
todn thuc hanh). Ban doc mu6n tim hiéu k§ hon vé chuyén nganh nay xin xem gido
trinh Phuong trinh vi phan.

Phuong trinh vi phén cé bién téch

Pinh nghia
Phitong trinh vi phdn ¢é bién tdch la phuong trinh dang:
y'=g()h(y) (1
Dang tuong duong la:
a(x)dx+b(y)dy =0. 2)

(a) j—y =xy® 1a phuong trinh c6 bién tich. R5 rang y = 0 12 nghiém tdm thudng cia
X
phuong trinh. Ta gia thiét y(x) # 0. Khi d6 phuong trinh trén dugc viét:

dy
—2=xdx.

y

(b) yy'= ciing 1a mot phuong trinh c6 bién tach, c6 thé viét dudi dang:

cosx
e
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y1+ y? dy = cos xdx .

12.2.2. Phuong phép gidi
Gia su ta c6 phuong trinh vi phan c6 bién tich & dang (2). Khi 4y 14y tich phan ta dugc
[b(y)dy =—la(x)dx +c,
trong d6 hing s6 ¢ dugc xdc dinh boi gia tri cia y(x,) =y, tai mot diém x, cho
truée, y(x,) =y, dugc goi la dicu kién khai dau.
Thi du 1) Giai phuong trinh vi phéan:
(A=p)y'=x?y —x* =y +1, p(0)=1.
Pé gidi phuong trinh trén ta thuc hién nhitng buéc sau:
e Bién ddi v& phai x*y> —x* —y> +1=(x> —=1)(y* =1) va dua phuong trinh vé
dang bién tach:
W
y+1

3
e L4y tich phan hai vé€ ta c6 ln|y+1| = _x?+x+c , hay

e Xdc dinh hing s6 a qua di€u kién khéi ddu: 1=p(0)=a—1.Vay a=2.

—+
e Kiém tra lai nghiem y=2e¢ 3 -1 cla phuong trinh ban diu va két luan dé6
chinh 1a nghiém can tim.
Thi du 2) Mot chét phéng xa phan ra véi vé6i toc do ty 1€ thuan véi khoi luong clia né. Hay
tinh chu ky nira phan 13, tic 12 thoi gian dé chat phéng xa con mot nia.
Dé giai phuong trinh trén ta thuc hién nhitng budc sau:

e Lap phuong trinh clia bai todn phan ra (nhu bai toan tang trudng). Goi f{¢) la
lugng phéng xa & thoi diém ¢ Khi d6

S O==k@),

trong d6 & > 0 12 hang s6 ty 1¢ (tuy thudc vao chat phong xa; doi véi radium
k=0,000428/ nam).

af

e Chuyén phuong trinh vé dang bién tach: 7 =—kdt .
e Tich phén hai vé€ ta c6 1n| f | =—kt+c, hay
fH=ae™.

e Hing s6 a dugc xdc dinh boi f{0) lugng chdt phong xa & thoi diém ¢ = 0:

a=£(0).
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e Kiém tra lai ta thdy f(t)= f(0)e”™ l1a nghiém phuong trinh ban dau.

. , - 1
e Tai t=r1,,, chukyntra phanra, f(rm):Ef(O).

Do d6 7,,, :%In(Z) .

12.3. Phuong trinh tuyén tinh cép mot

12.3.1. Phuong trinh thudn nhét
Phutong trinh tuyén tinh cdp mot thudn nhdt la phuong trinh dang
y+p(x)y=0. e
bay 1a mot phuong trinh c6 bién tich v6i y # 0,
L =—P(x)dx.
y
Do d6 nghiém s& 1a y = 6'67I oo
Ngoaira y =0 ciing la nghiém, n6 ting vé6i ¢ =0.
Thiduy Gidi y'+ycos(x)=0, y(0)=1.
Theo phuong phép trén:

— p(x)dx

y=ce — Ce—sin(x)

Hing s6 ¢ duoc xdc dinh boi diéu kien y(0) =1, tic 12 ¢=1.Tacé y=e "™ vakhi
thir vao phuong trinh thi d6 ding 1a nghiém cén tim.

12.3.2. Phuong trinh khéng thudin nhét

Phuong trinh tuyén tinh cdp 1 (khong thudn nhdt) la phuong trinh dang

y+p(x)y =q(x), 2)
trong d6 q(x)#0.

Phuong phdp gidi:
e Trudc hét giai phuong trinh thuan nhét ta thu dugc nghiém
y= We*fp(x)dx ,
trong A6 W 1a hing s6 bat ky.

~[p(x)dx

e Tim nghiém cta (2) du6i dang y =W (x)e c6 nghia la xem W nhu mot

ham can tim dé y thoa mén (2).

Ta Cé Q = d—Weffp(X)dx _ p(x)We*IP(X)dx .
dx dx
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Thi du

Thi du

Thay thé vao (2) ta thu dugc phuong trinh ma W phai thoa man

oy AW
e PO 2 < g(x). 3)
dx

¢ Giai phuong trinh c6 bién tach (3) ta thu duogc
W= Jq(x).ejp(x)d"dx +c
v6i ¢ 1a hing s6 bt ky.
o Thay y={(q(x)e”™%ax+cle "% vao phuong trinh (2) ta két luan day la
nghiém can tim.

e Néu cho truéc diéu kién khoi ddu thi hing so6 ¢ s& dugc xdc dinh cu thé.

1) Gidi phuong trinh y"+ysin(x) = sin(x), y(%)zZ .

cos(x)

Trude hét giai phuong thuan nhat y'+ysin(x) =0 ta thu dugc y =We
Tim nghiém phuong trinh khong thuan nhat dué6i dang y = W(x)e"j PO ta thu duoc
phuong trinh d6i v6i ham W:

e W _ sin(x).

Giai phuong trinh nay ta cé W = [sin(x)e Pdx + ¢ =e ™ ¢,

Suyra y=1+ce®™ Thayy va y vao phuong trinh ban dau:
[1+ ce ™ T+[1 + ce®™ Jsin(x) = —esin(x)e®™ + sin(x) + esin(x)e ™™ = sin(x)

Vay y =1+ ce®™ la nghiém ctia phuong trinh.

Dé xdc dinh ¢ ta sir dung diéu kién khéi dau y(%) =1l4+c=2,vasuyrac=1.

Nghiém cintim1a y =1+ ™)

2) H6 Hoan Kiém tai thdi diém 7= 0 chia 2.10° lit nudc sach. Citr mot gidy nudec
chdy vao hé tr cong ranh ctia cu dan xung quanh 1a 60 lit, trong d6 ¢6 10 lit chat 6
nhiém va lugng nudc thoat khoi ho 1a 60 lit. Tim luong chat 6 nhiém c6 trong ho theo
thoi gian. Tinh gia tri gidi han.

Pé giai bai todn trén ta goi y(#) 1a luong chat 6 nhiém tinh theo don vi lit c6 trong ho
tai thoi diém 7. Ty 1¢ chdt 6 nhiém chia trong 1 lit nudc hé s& 1a y(¢)/2.10°. Toc do
thay déi clia y bang Iuong chat 6 nhiém chay vao ho (10 lit/giay) bét di luong 6 nhiém
chay qua 6ng thoat( 60.y(¢)/2.10% it/ giay). Vay ta c6 phuong trinh:

y'=- y+10. 4

2.10°
Dbay la phuong trinh tuyén tinh cdp mot khong thuin nhéat. Nghiém cua phuong trinh

thudn nhat y'= -

y la

2.108
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12.4.

12.4.1.

—-3.107¢
y=we .

Tim nghiém cta phuong trinh (4) dudi dang w(t)e‘3'1°77’

ta thu dugc phuong trinh doi
£ s, ¢ -3.107¢
véiwla: w'e =10.

1 -7 1 -7 -7 .
Suy ra w:glOs.e“O "+¢ ,dodé y:(§108e3‘10 "4+¢)e! ' Khi t=0,y=0,do

d6 ¢ xdc dinh duoc tir 0 :%108 +c,ticla c¢= —%108. Vay y =§108(1—e3<1°’”).

[

1 . x o
Khi t—>o,tacé y > 5 -10% . Nhu vay, khi ¢ du 16n, lugng chat 6 nhiém s& chiém g
lugng nuée trong ho.

Mot s6 phuong trinh dac biét
Duéi day chdng ta s€ xem xét mot s6 phuong trinh khong tuyén tinh dang dac biét
thudng gap ma cé thé gidi dugc bing cich chuyén vé phuong trinh tuyén tinh.
Phuong trinh Bernoulli
Phuong trinh Bernoulli la phuong trinh dang

Y+ p(x)y=q(x)y”, (M
trong d6 a 1a hing s6, p(x) va g(x) 1a nhitng ham lién tuc. Tuy phuong trinh nay
khong tuyén tinh nhung bang phép bién déi don gidn ta c6 thé quy vé phuong trinh
tuyén tinh.
Phuong phap gidi.
C6 thé gia thi€t a = 0 va a. # 1 vi néu khong (1) s& 1 phuong trinh tuyén tinh nhu trinh
bay & phan trude. Khi 4y ngoai nghiém y = 0, d€ tim nghiém y # 0, ta chia hai vé& (1)
cho y“:

Lt ()= (). @)
y y
Pat w=y"* tacé W :(l—a)% . Do d6 (2) tuong duong véGi phuong trinh tuyén tinh
Yy

w+(1-a)p(x)w=(1-a)q(x).

Giai phuong trinh nay ta thu dugc nghiém w va suy ra nghiém cua phuong trinh
Bernoulli 1a
1

y' = Wi va y=0.

Thi du 1) Giai phuong trinh ' +y = y?e*

Gidi

’

. 1
Day 1a phuong trinh Bernoulli. Pat w=— tacé w'= _Lz'
y y

Phuong trinh trén c¢6 dang
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Gidi

12.4.2.

Thi du

Gidi

w-w=—e".
Phuong trinh tuyén tinh cap 1 nay c6 nghiém téng quit w=(c —x)e* véi c bat ky.
Vay nghiém cua phuong trinh ban dau 1a
| R
y= e vay=0.
c—x

2) Bai to4n tang trudng clia mot quan thé (trong mot hé sinh thdi) phic tap hon so véi
bai todn & muc 12.1.1 ¢6 dang f'(t)=¢ —kf* trong d6 & va k 1a nhiing hing s
dwong (thanh phan — kf? xuét hién khi ¢6 quéa nhiéu dan s6 va ty 1é tir vong tang). Cho
trudc f(0) = y,. Hay tim dan s6 f{7) tai thoi diém 7 bt ky va tim gidi han khi ¢ — .

Day la bai toan Bernoulli. bat w = 1 va thay vao phuong trinh trén ta cé

. 1
w+ew—k=0 véi w(0)=—.
Yo
Giai phuong trinh tuyén tinh nay s&€ thu duoc nghiém

w= [1+§y0(e‘” —1)}/(%@5’).

Nhuvay f()=—2  Khit—w,tacé lim=%.
1+~ yo(e® =1) e
&

Phuong trinh Riccati
Phuong trinh Riccati la phuong trinh dang

Y=g () + g, (0)y +q5(x)y (1)
trong d6 ¢q,(x), g,(x) va g;(x) la nhing ham lién tuc. Pay ciing 1a phuong trinh
khong tuyén tinh nhung c6 thé dua vé dang tuyén tinh néu biét mot nghiém riéng.

Phuong phdp gidi.
Gia st biét trude nghiém riéng y,(x). Khi dy dat y = y,(x) +l va thay vao (1) ta thu
duoc phuong trinh tuyén tinh d6i véi ham w(x): "

w'+ (g, (X) +2g3 3, )w—gq5 =0

Gidi phuong trinh nay ta thu dugc nghiém tong quit w, va nghiém tng quét cta (1)
s€la y, =y +w,.
Gidi phuong trinh y' =1+ x% —2xy + .
Ta dé dang thdy rang phuong trinh c6 mot nghiém riéng y, (x) = x .
Dit y = x + - ta c6 phuong trinh d6i véi w 1a
w

w+(=2x+2)w—-1=0.
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12.4.3.

Thi du

Gidi

12.5.

12.5.1.

Giai phuong trinh tuyén tinh nay ta thu dugc nghiém w=c -x v6i ¢ 1a hing so bét ky. Vay

nghiém cuia phuong trinh ban ddu 1a y = x + ,CER.

cC—X

Phuong trinh Clairaut
Phuong trinh Clairaut la phuong trinh dang
y=x'+ 10", (1)

trong d6 f la mot ham kha vi. Pay ciling 14 mot phuong trinh khong tuyén tinh va cé
thé dua vé phuong trinh tuyén tinh.

Phuong phdp gidi.
e Dat w=)' valdy dao ham 2 v& theo x ta cé
xw'+ ff(w)w' =0.
Tir day ta thu dugc hai phuong trinh
w=0, (2)
x+ f'(w)=0. 3)
e Phuong trinh (2) cho nghiém w(x) = ¢, do d6 y =cx+c¢, . Thay vao phuong trinh
(1) ta s€ xdc dinh ¢, = f(c) . Nhu vay y = cx + fic) 1a mot nghiém cua (1).

e Phuong trinh (3) cho ta phuong trinh d6i v6i w ma tir d6 ¢6 thé tim w theo x r6i tinh
y= dex +c,.

Giai phuong trinh y =xy’+ (y)>.
Theo phuong phdp trén, nghiém thit nhat clia bai todn 1a y =cx+c¢” véi ¢ bat ky.
Ngoai ra phuong trinh (3) cho ta nghiém y = —ixz. Thay ham s6 nay vao phuong

trinh du ta thdy day diing 1a mot nghiém cua nd.

Phuong trinh tuyén tinh cép hai

Phuong trinh thuén nhét
Phuong trinh tuyén tinh cdp hai thudn nhdt la phvong trinh ¢é dang

Y+ p(x)y' +4(x)y=0. (D
Trong gido trinh nay chiing ta chi xét trudng hop dac biét 1a cic ham p(x), g(x) 1a cac
hing s6 p va q.
Pé giai phuong trinh trén ngudi ta tim hai nghiém riéng doc lap tuyén tinh tic 13 hai

nghiém bat ky f{x) va g(x) sao cho khong c6 s6 a # 0 dé fix) = ag(x). Nghiém téng
quat cua (1) s€ céd dang y = ¢, f(x)+c,g(x) Vbi ¢;,c, 1a hai s6 bat ky.
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Ménhdé Néuy = f(x) va y = g(x) la nghiém ciia (1) thi véi moi c,,c, ham y=c, f(x)+c,g(x)
cing la nghiém ciia (1).
Chang minh Ta cé
S+ pf"(x)+4f (x) =0 va g"(x) + pg'(x) +qg(x) = 0.
Do dé

Yoy +qy=(c f(x)+c,8(x)" + ple f(x) +c,8(x) +qle, f(x) +c,8(x))
=c;(f"(x)+ pf'(x) + qf (X)) + ¢, (g"(x) + pg'(x) + qg(x)) =0,

c6 nghia la y thoa man (1).

Phuong phap gidi.

e Lap phuong trinh dac trung dang

A+ pl+g=0 )

va giai d€ tim nghiém A4,,4,. (That ra, phuong trinh dac trung ndy thu dugc bang
céch tim nghiém cta (1) duéi dang y = e™).
Néu A,,4, la nhitng nghiém thuc khic nhau cla (2) thi cic nghiém riéng
y, =e™,y, =™ la doc lap tuyén tinh v nghiém téng quit ctia phuong trinh s&
1a y=ce™™ +c,e™ véi ¢,c, 1ahai s6 bat k.

e Néu A =4, la nghiém cta (2) thi y, = e 1a mot nghiém riéng. Ngoai ra
y, = xe"* ciing la nghiém riéng vi

(xe’llx)" + p(xe’llx)' + q(xel‘x) = (242 +pl, +q)xe/1‘x +Q24, + p)xei‘x =0.

Khidy y =c,e™ +c,xe™ Vvéi ¢,,c, 12 hai s6 bit ky s& 1a nghiém tdng quat chia (1).

e Néu 4,1, 1a nhitng nghiém phic cla (2), c6 dang A, = B+ 7,4, = - i, thi bang
céch thay truc tiép y, = cos(yx)e”™ va y, =sin(yx)e™ vao (1) ta thay day 1a nhiing
nghiém riéng cta (1). Do y, va y,doc lap tuyén tinh, nghiém téng quat cta (1)
trong truong hop nay s€ 1a y= ef”‘[c1 cos(yx) + ¢, sin(yx)] véi ¢,,c, 1a hai s6 bat
ky.

Thi du 1) Giai phuong trinh vi phan
y'—4y'+5y=0.

Gidi Phuong trinh dac trung 1a 4> —41+5=0 va c6 nghiém Ay =2+i,A, =2-i. Vay
nghiém téng quét ctia phuong trinh la

y = e*[¢, cos(x) + ¢, sin(x)] .
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2) Tim nghiém phuong trinh y"+5y"—y =0 thoa man diéu kién khoi ddu tai x =0
la y=1va y'=1.
Gidi Phuong trinh dic trung 1a 2% +51 -6 =0 va c6 nghiém A, =—2,1, =—3. Nghiém tong
quét sé 1a y = c,e”*" +c,e . Nghiém riéng thda min diéu kién khéi dau kéo theo cac he
0 ¢;,c, phai thda man
y(0)=c, +c, =1,
y'(0)=-2¢, =3¢, =1.

Suyra ¢, =8/5,c, =-3/5.Vay y= %(se*x —3e™*) 1a nghiém cin tim.

12.5.2. Phuong trinh khéng thudin nhét

Phuiong trinh tuyén tinh cdp 2 (khong thudn nhdt) la phuong trinh dang
y'+p(0)y'+q(x)y = k(x). 3)

Ciing nhu phan trudc, ching ta chi xét trudng hgp p(x) va g(x) 1a nhitng hing so

(p(x)=p va q(x) =q).

Phuong phdp giai

e Trudc hét gidi phuong trinh thuan nhat y”"+ py'+¢ =0 va thu dugc nghiém tong

quat y, .
e Tim mot nghiém riéng y, clia phuong trinh (3).
e Nghiém tong quat cua (3) s& c6 dang y =y, +V.-

Céach tim nghiém riéng y, trong mot so truong hop

Truong hop 1: k(x)=e”™P,(x) v6i ar1a hing s6 va P, (x) la da thic bac n.
e Néu a khong phai 1a nghiém ctia phuong trinh dic trung, nghiém riéng cta (3) ¢6
thé tim dugc dudi dang
v, =e70,(x)

véi O, (x) la mot da thic cung bac véi P, (x). Cic hé s6 clia Q,(x) dugc xac dinh

bang cdch thay y, vao phuong trinh (3) va dong nhét cdc hé s6 cla cdc lily thira
cling bac cua da thic & hai vé& clia phuong trinh sau

0,(x)+Qa+p)0,(x) +(a® + pa+q)0,(x) =F,(x). 4

e Néu ¢ 1a mot nghiém don cla phuong trinh dac trung thi hé s6 ctia Q, (x) trong (4)

bang 0 con hé s6 2a + p # 0. Dé (4) diing thi phai giit nguyén s6 hé s6 cia da thitc

0, (x) va tang bac lén mot bang cach nhan x v6i Q, (x). Nghiém riéng cua (3) s&

c6 dang y, =xe“Q,(x). Tuong ty néu « la nghiém kép ctia phuong trinh dac
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Thi du

Gidi

Thi du

Gidi

trung thi ca hai he s6 ctia Q,(x) va Q! (x) bing khong cho nén phai nhan x> véi

0, (x) . Nghiém riéng clia (3) s& ¢6 dang y, =x’e™Q, (x) .
1) Giai phuong trinh " —y = xe™.
Phuong trinh dac trung A* —1=0 c6 2 nghiem A, =1 va 1, =—1. Nghiém téng quat
ctia phuong trinh thudn nhat y"—y =0 Ia

Y. =ce +cet
Ta tim nghiém riéng dudi dang y, = xe”* (a + bx) . Céc hé s6 a,b duge xdc dinh bing
cach thay y, va
" 2| x
V" = [(a+b)+ (4b+ ayx+ bx’ |
vao phuong trinh vi phan di cho
[Z(a +b)+ (4b + a)x + bx? ]ex —(ax +bx?)e* = xe*.

Suy ra 2(a + b)x + (4b + a) x- ax =x , tic la

2a+b)=0 ,
4b=1.

1 1 . , NP
Vay b = Z,a = o va y, = x(— i + ix)ex . Nghiém tong quat cta phuong trinh la

I 1
y= x(—Z+ZxJex + et +e,e”

v6i ¢;,¢, lanhitng s6 thuc tuy y.
2) Tim nghiém phuong trinh

Y42y +y=e"(x* +1)
thoa man diéu kién khoi ddu y(0) =0, y'(0) = 1.

Phuong trinh dic trung A% +24+1=0 c6 nghiém kép 1a A = -1. Nghiém tng quat
ctia phuong trinh thudn nhat y"+2y"+y =0 la

y.=ce " +cyxe .
Tim nghiém riéng dang
Y, =e*(a+bx+cx?).
Céc hé s0 a,b,c dugc xdc dinh bang céch thay y,,y’, va y} vao phuong trinh dau

[a+b+2c+(2c+b)x+cx2]e’C +2a+b+(2¢+b)x+cx2]e’C +(a+bx+cex?)e” =e* (x* +1)
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Thi du

Gidi

Tic 1a 3(a+b)+2c+a+(3(2c+b)+b)x+4cx” =x* +1. Suy ra
3a+tb)y+2c+a=1 ,
32c+b)+b=0,

4c=1.
1 3 13 13 3 1, . .
Ta ¢c6 c=—,b=——,a=— va =e'(——=x+—x"). Nghiém tong quit clua
4 8 32 Ir (32 8 4 ) g g4
phuong trinh la
X 13 3 1 2 -X -X
=e"(——-—=x+—x")+ce " +c,xe
(32 g ¥t ra :

Cdc hé s0 ¢;,c, dugc xac dinh tir diéu kién khoi dau
y(0)=1+4¢, hay ¢, =-1
1 61
"0)y=—-1+c¢c, =1 hay ¢, =—.
y'(0) 2 2 Y=o

Loi giai clia bai todn s€ 1a y =e” (E - gx + lxz) —e '+ ﬂxe"" .
32 8 4 32

Truong hop 2: k(x)=e* [P(x)cos(Bx)+Q(x)sin(Bx)] trong d6 a,f 1a hing s6, P(x)
va O(x) 1a nhitng da thitc. Trong trudng hgp nay ngudi ta cé thé tim nghiém riéng dang

v, = e [P(x)cos(Bx) + O (x)sin(Bx)]

trong d6 P(x),0(x) la nhimg da thitc c¢6 bac bing bac cao nhét cia P(x) va O(x) néu
a £ ifkhong phai 1a nghiém ctia phuong trinh dac trung hoac nghiém riéng dang

¥, =xe“[P(x)cos(Bx) + O (x)sin(Bx)]
v6i P(x),0(x) nhu trén, néu a + i 1a nghiém cia phuong trinh dic trung.
Giai phuong trinh y"—6y’'+13y =e” cos(x) .

Phuong trinh dic trung A> —61+13=0 c6 nghiém Ay =34+2i va A,=3-2i.
Nghiém téng quét clia phuong trinh thudn nhat y”"—6y'+13y =0 Ia

v, =e>*[c, cos(2x) +c, sin(2x)] .
Ta tim nghiém riéng dang y, = e*[acos(x) + bsin(x)].
DE xdc dinh cdc hé s6 a va b, tinh y!,, y"
y, =y, +e'[-asin(x)+bcos(x)]
v, =y, +e'[-asin(x)+bcos(x)] -y, =2e"[-asin(x) + bcos(x)]

roi thay vao phuong trinh diu ta cé
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[(7a — 4b)cos(x) + (4a + Th)sin(x)|e* = e* cos(x).

So sanh hé s6 trong hai v€ ctia phuong trinh cho ta hé phuong trinh d6i véi a va b:

Ta-4b=1
4a+7b=0.

Suyra a=— va b= —%. Nhu vay nghiém riéng cin tim sé 1a

65
- .
Y, =—e [Tcos(x)—4sin(x)]
65
va nghiém téng quat clia phuong trinh dau 1a

y= éex [7 cos(x) — 4sin(x)]+e’*[c, cos(2x) + ¢, sin(2x)] .



1.

1.1.
Bai 1

Bdi 2

Bai 3

Bdi 4

Bdi 5

Bai tap va
Tinh toan thuc hanh Chuong 12

Gidi phuong trinh vi phén

Phuong trinh vi phén cé bién téch
Tim nghiém téng quat clia phuong trinh

xdx + y*dy =0
va chon ra dudng cong tich phan di qua diém (0,0) .
Giéi cac phuong trinh:

dx dy
1) —+—==0;
\/; \/;

2) (x+2x))dx+(y+2y)dy=0;

p—E Lo, 4) 2xy1-y2dx + ydy = 0;
1-x* 1-y?
, x+1 L
5 y'= 7 ; 6) y=e"7;
vy +1
7 y=E 8) (2 +xy%)dx + (x* — yx?)dy =0
X
9) y =YL, 10) (1+y*) (™ dx—e’dy)—(1+y)dy=0;
X
1) y'=-2xy; 12) xcos(x)dx+(1-6y°)dy=0, y(7)=0;

Mot vat c¢6 khoi luong m duoc ném thang ding xuéng dudi tir mot do cao nao dé. Tim
quy luat thay déi van téc clia vat, biét ring c6 hai luc tic dung lén vat: luc hiit cla trdi
dat va luc can cua khong khi (ty 1€ v6i van téc vGi hé so ty 1€ k).

Toc do phan ra clia mot chét phéng xa tai méi thoi diém ty 1é thuan véi khéi luong clia
n6 tai thoi diém dy. Hay x4c dinh ty 1é phan tram kh6i lugng m,, clia chat phong xa bi
phén ra sau 200 nam, biét rang chu ky phéan ra cta chét phong xa (thdi gian chit phéng
xa phan rd hét mot nira khoi luong) 14 1590 nam.

Mot tén lira dugc phéng thiang ding véi van téc v, =100m/s . Stc can ctia khong khi
lam gidm chuyén dong cha tén llta bing cdch truyén cho né mot gia t6c am bing
— kv?, trong d6 v 12 van tc titc thoi clia tén lita, con k 1a hé s dong hoc vii tru. Tinh
thoi gian tén ltra dat vi tri cao nhat.

221
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1.2. Phuong trinh vi phén tuyén tinh

Bdi 1 Gidi phuong trinh vi phan tuyén tinh thuin nhat

va tim nghiém thoa man diéu kién khoi ddu: y=2 khi x=1.
BGi 2 Giai phuong trinh vi phan tuyén tinh khong thudn nhat
, 1
y+—y=3x
x
va tim nghiém thod man diéu kién khéi dau: y=1 khi x=1.

Bdi 3 Giai cdc phuong trinh sau bang cdch sir dung cong thic nghiém téng quat:

1) y'+y=sin(x); y(z)=1; 2) (1+x%)y 23y =(1+x2)
3) Yy +y=2xe " +x°; 4) y'+tan(y)= .
cos(y)
dy 2
5) = —2xy=6xe" ; 6) V+y= ;
)Y ) YEYE T
7) (2¢” -x)y'=1; 8) x*y' +xy+1=0;
9) (xy+e’)dx—xdy=0; 10) 2x(x* + y)dx =dy;
11) y=x(y" —xcos(x)); 12) xy'+(x+1)y=3x%";
13) (xp'—DIn(x)=2y; 14) y' +xp=x"+1.
Bdi 4 Tim nghiém téng quat sau khi di doén truéc mot nghiém riéng:
D y+y=x+1; 2) y+y=2e";
3) y4+xy=x+1; 4) y’+y=l—L2;
X x

Bdi 5 Tim nghiém véi gid tri khoi dau x,, y,:
, 3 2
D y+—y=—=, x=1L y,=1 2) xy
X x
3) xy'=x+2y, x,=0, y,=0; 4) xy'=x-y, x,=0, y,=0;
5) x'=x+y, x,=0, y,=0;
B&i 6 Chung minh ring phuong trinh vi phan tuyén tinh

V' +p(x)y =q(x)
c6 nghiém riéng dang y, =b la phuong trinh véi bién tach.

B&i 7 Ap dung phuong phap déi bién hodc dao ham hai vé, hiy dua phuong trinh sau day vé
dang phuong trinh vi phan tuyén tinh va giai ching:
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Bai 8

Bai 9

Bai 10

Bai 11

Bai 12

D Dy =D =y 2) xdx=(x*=2y+1)dy;
3) x(e-y")=2; 4) (x* =1)y'sin(y) + 2xcos(y) = 2x — 2x°;
5) y(x)= jy(t)dt +1+x; 6) I‘(x —t)y(t)dt =2x+ ]iy(t)dt ;

0 0 0

Tim quy luat bién thién cua dong dién trong mang dién c6 cudn tu cam néu 7 =/, khi
t=0, U=Asin(at), A=const.
N BN A A 92 z < A N 1 R z A
Tim dudng cong ma ti€p tuyén cua né cat truc Oy mot doan bang — tong cic toa do
n
cla ti€p diém.
Tim duong cong sao cho tung do trung binh ctia n6 trong doan [0, x], (tdc 1a dai luong

17 . y aen . be
—J ydx ) ty 1& vé6i tung do ctia di€m ung véi can bén phai ctia doan [0, x].
X

0

Tim dudng cong AM sao cho hoanh do cua trong tam ctia hinh OAMP béng % hoanh
do cla diém M.
Ching minh rdng nghiém ctia phuong trinh tuyén tinh 3’ + p(x)y = g(x) v6i cdc gia

tri khoi ddu x,,y, c6 thé viét dudi dang

—:lEp(t)dt —jp(t)dt
y=ye "  +[q&e’  d&.

Thuc hdanh gidi
phuong trinh vi phdn trén may

Dung MAPLE V ban c6 thé tim nghiém chinh x4c clia rat nhiéu phuong trinh vi phan
thuong (ODE). Hon nita, MAPLE cho phép tim nghiém x4p xi cta bat ky phuong trinh
vi phan nao. Ngoai ra, né con vé dugc d6 thi nghiém cua céc phuong trinh vi phéan.
Diéu nay rat c6 loi khi ta mu6n biét ddng diéu thay déi clia nghiém khi gidi cdc bai
todn cu thé.

Dé tién hanh giai phuong trinh vi phan, ta khdi dong chuong trinh va nap géi cong cu
chuyén dung cho chuyén muc nay bing cdc 1énh sau

[>restart;
[>wi t h( DEt ool s) ;

Sau khi &n phim [Enter] cho I1énh thuc hién, ta s& thay hién ra danh muc cic cong cu
chua trong goi:

[DEnormal, DEplot, DEplot3d, Dchangevar, PDEchangecoords, PDEplot, autonomous,
convertAlg, convertsys, dfieldplot, indicialeq, phaseportrait, reduceOrder, regularsp,
translate, untranslate, varparam]
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2.1. Gidi phuong trinh vi phén thuéng
Mot s6 ky hiéu can nhé:

1. Ky hiéu D(y) 1a dao ham bac nhat cia ham y.
2. Ky hiéu D(D)(y)(x) 1a dao ham bac hai cua y theo x.
3. Ky hieu D@@k c6 nghia 1a D dugc két hop véi chinh né k 14n.

Mudn giai phuong trinh vi phan thuong, ta chi cin dung mot dong 1énh ¢6 ci phéap nhu
sau:

[> dsol ve({deq, x(to)=xo},x(1));
Trong d6 , deq 1a phuong trinh vi phan, X(t) 1a nghiem, X(t,) =X, la diéu kién

khoi ddu. Néu tim nghiém téng quat thi ta bo diéu kién khoi ddu X ('t o) =X, . (Khi
khong c6 diéu kién khoi dau, MAPLE tu dong sinh ra cdc hing s6 _Cl1 trong két qua).

Sau ddu ”; 7, &n phim “Enter”, trén man hinh s€ hién dap so.

Cha y Dau ”; ” biéu thi su két thic ctia dong 1énh. Thi€u dau ”; ” may hiéu la dong Iénh chua
két thic, né khong giai va bdo 16i.
C6 thé néi, hiu hét cic phuong trinh vi phan giai dugc bing cAu phuong déu gidi duoc
nho MAPLE.

1. Phuong trinh vi phén tach bién
Dang 1 & =1
dt
[>dsol ve(D(x) (t) =f(t),{x(t)});
x(t) = j f(tdt+C .

2
-1
[>dsol ve(D(x) (t) =2/ (t"~2-1),{x(t)});
x(¢t)=—-2arctan h(¢) + C1

Thi du Giai phuong trinh vi phan ? =
t

(arctan h(#) 1a ham ngugc ham tan hyperbolic).

+C . Hai dép s6 c6 vé khdc nhau, dé so

Nhén xét Dép s6 c6 thé viét dudi dang x(¢) = In t_i
t+

sanh ta dung lénh convert (expr, | n) (chuyén déi biéu thic expr vé dang
logarit tu nhién)

[>convert (x(t)=-2*arctanh(t)+_C1,In);
x(H)=-In(z+ 1) +1In(1 - )+ _Cl.
Dang 2 %:g(x)

[>dsol ve(D(x) (t) =9(x),{x(t)});
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x(1)

d.
- [Fsi=cr.
0 g(xl)
. . .o dc  x* -1
Thi du Giai phuong trinh vi phan Z = 5

[>dsol ve(D(x) (t) =(x"2-1)/2,{x(t)});
2 arctanh(x(¢)) + t=_CI .
1+ Ce'

Nhan xét Dép s6 con c6 thé viét dudi dang x = ~ . D€ so sinh ta dung lénh convert

1-Ce
(chuyén déi vé dang In(.)).
[>convert (2*arctanh(x(t))+t=Ci,1n);
In(x(?) + 1) - In(1 - x(#)) + ¢ = C1.

Dang3 f(t)dt+ g(x)dx=0
[>dsol ve(D(x) (t)=-(f(t)/g(x)),{x(t)});

x(1)
| gdy +[fdr=ct.

0
Dang4 M (H)N(x)dt + P(1)O(x)dx =0

[>dsol ve(D(x) (t) =((Mt)*N(x))/ (P(t)*Qx))).{x(t)});
x(1)
[ 20 4 (MO ¢y
o N P(1)
Thi du Gidi phuong trinh vi phan %:_ Zifi—l)li :
[>dsol ve(D(x) (t) =-((t*(x"2-1))/((t"2-1)*x)),{x(t)});
t* +Cl1
-1
Nhan xét Diap s6 con ¢ thé viét dudi dang (x> —1)(t* -1)=C .
Thi du Gidi phuong trinh vi phan

x*(f) =

2xV2x—x*dt —(4+tH)dx =0 .
[>dsol ve(D(x) (t)=(2*x*sqrt (2*x-x"2))/ (4+t"2),{x(t)});

2—x

X
Nhén xét May giai thi€u nghiém dac biét x = 2.

+ arctan(ij =C1 .
2

2. Phuong trinh vi phan thuin nhat

Phuong trinh vi phan x = f(¢,x) dugc goi 1a thuan nhét néu f 1a mot ham thuén nhat
bac 0, nghia la, f(At,Ax)= f(¢,x) v6i moi A batky.
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Thi du Giai phuong trinh vi phan thuan nhat % = 221x
1" —x

2

[>dsol ve(D(x) (t) =(2*t*x)/ (t 22-x~2), {x(t)});

t
Tt)-FX(ZL)—Cl .

Nhan xét Diép s6 con c6 thé viét dudi dang 1> + x* = Cx.

3. Phuong trinh vi phan tuyén tinh

Phuong trinh vi phdn tuyén tinh thudn nhdt

dx
=4+ p()=0
7 p()

[>dsol ve(D(x) (t)+p(t)*x=0, {x(t)});
x(t)=exp - p(t)dt _C1

Phuong trinh vi phdn tuyén tinh khoéng thudn nhdt

dx
E+ p(t) =q(1)

[>dsol ve(D(x) (t) +p(t) *x=q(t), {x(t)});
x(t) = exp([ - p(t)dt)([ exp([ - p(H)dtg(t)dt + C1) .
Thi du Giai phuong trinh vi phan
y+y=x+2 .

Ta c6 thé chi ding mot 1énh dé giai phuong trinh nhu cac thi du trén. Tuy nhién, c6 thé
tudn tu thuc hién cac budc sau dé dugc cong thiic tudng minh hon trén man hinh:
Budc 1: Dinh nghia phuong trinh cin giai la di ff _eq:

[>di ff_eq: =D(y) (x) +y(x) =x+2;
Lénh trén hiéu 1a D(y) (x) +y(x) =x+2 dugc gén tén la di ff _eq. Ta cling c6
thé thay biang mot ky hiéu tuy chon khéc.

Sau ddu “; ” an phim “Enter”, trén man hinh hién phuong trinh
diff _eq=D(y)(x)+ y(x)=x+2.

Budc 2: Giai phuong trinh bang lénh:
[>dsol ve({diff_eq}, {y(x)});

a9

Sau dau “; ” dn phim “Enter”, trén man hinh s€ hién cong thiic nghiém cua phuong
trinh vi phéan di cho:
y(x)=x+1+Ce™".
Thi du Giai phuong trinh vi phan
' —y=x
v6i diéu kién khoi dau y(0) = 1.
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DPay 1a mot phuong trinh tuyén tinh khong thuan nhat:

yr_l:x2
X

Buéc 1: Thiét lap cong thic biéu dién phuong trinh bing Iénh:
[>di ff_eq2: = x*D(y) (x) - y=x"3;
diff _eq2:=xD(y)(x)—y=x>
Budc 2: Vao diéu kién dau bang dong Iénh:

[>init_con:= y(0)=1;
init _con:=y(0)=1.

Buéce 3: Giai phuong trinh vi phan bang lénh:
[>dsol ve({diff_eq2,init_con}, {y(x)});

May c6 giai nhung khong cho tra 16i vi phuong trinh vo nghiém (khong cé nghiém di
qua diém (0,1)).

Ta c6 thé dung ky hiéu di ff (f (t),t) 1a "ldy dao ham ctia f theo x " dé thay thé
cho céc 1énh D( y) ( X) trong céc thi du trén.
. g dy o B
Thi du Giai phuong trinh Et +y=0.
Budc 1: Géan tén deq cho phuong trinh (ky hieu di ff thay cho D).
[>deq: =di ff(y(t),t)*t 2+y(t)=0;
% 2
deq =|—y@®)t"+y@)=0.
q ( et )J y()
Buic 2: Giai phuong trinh

[>dsol ve(deq, y(t));

1

y(t)=e'Cl .
Néu mudn, ta c6 thé tim nghiém ting véi gia tri khéi ddu y(1) = a:

[>dsol ve({deq, y(1)=a}, y(t));

=22
e

Phuong trinh dua vé tuyén tinh khong thudn nhdt

f’(x)% £ p(0) £ () = 4(0)

[>dsol ve(D(f) (x) *D(x) (1) +p(t) *f (x) =q(t) , {x(1)});
[l o) (x(e) — "™ g(e)de 41 (e

~ fx@ PN it = 1 - f(x(z)jeI POt L dt = Cl
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Thi du Giai phuong trinh vi phan x%+1x2 =1,
[>dsol ve(x*D(x) (t) +t*x"2=t "2, {x(t)});
X6 =+ %Ie”z Jzerf(in+eCl .

2fe " dt
Ham erf duoc dinh nghiala erf(x)=—2——.

NF3

d
4. Phuong trinh Bernouli d—); + p(t) = q(t)x*

Thi du Giai phuong trinh Bernouli v6i a = % , tic 1a t% —4x=1* \/; .
t

[>dsol ve(t*D(x) (t)-4*x=t"2*sqrt (x), {x(t)});
A0
t= Cle *

5. Phuong trinh Riccati % = P(t)x* + Q(t)x + R(1)

Phuong trinh Riccati gidi duoc bang cdu phuong

Thi dy Giai phuong trinh Riccati % = %3 + x4 e |
dt t 2t
[>dsol ve(D(x) (t)=(al t)*x*2+(1/ (2*t)) *x+c, {x(t)}):
_ eNi(Clsin(2+act) - cos(2+act)

X0 = Vac(Cleos(2act) +sin2vact)

Thi du Giai phuong trinh Riccati % =ax” +bt™* .

[>dsol ve(D(x) (t)=a*x"2+b*t~(-2), {x(t)});
2ax(t)t+1
5 V4ba-1 ]
t=Ce v 4ba-1

arctan[

Thi du Giai phuong trinh Riccati ? —ax?+ 254 <.
t t t

[>dsol ve(D(x) (t)=a*xA2+b* (x/t) +c/t~2, {x(t)});

[ 2ax(1)+1+h ]
arctan| ———

) V4ac-1-2b-b*
t=Ce Vdac-1-2b-b*
. . . . dx , 1
Thi du Giai phuong trinh Riccati m =x"+—.
t t

[>dsol ve(D(x) (t) =x"2+1/t"2,{x(t)});

2 1
=3arctan 7(2x(t)t+l)\/§
t = Ce3 [3 j .
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Thi du Giai phuong trinh vi phan % =x+t™

[>dsol ve(D(x) (t)=x"2+t"(-4), {x(t)});
Ct sin(lj - Ccos(lj + tcos{lj + sin(lj
(t)=— t t t t
x ol Jreod )
Csin| — |+ cos| —
t t

Phuong trinh Riccati khong gidi dwoc bdng cdu phuong

Thi du Giai phuong trinh Riccati % = %xz +%x+ c.
[>dsol ve(D(x) (t)=(al/t)*x"2+(1/t)*x+c, {x(t)});
J' Jac(ClBessellY(0,2+/act) + BessellJ(0,2v/ac+1)
a(ClBessellY(1,2\ac/t) + BessellJ(1,24/act)

Trong d6, BessellY (v,x)BessellJ(v,x) la cic ham Bessel loai 1 va loai 2, tiic ching la

nghiém ctia phuong trinh vi phan
2 "

Yxy'+H(x? —v?)y =0.
6. Phuong trinh khong giai dugc qua dao ham
dx
F(x,—,1)=0
(x ar 1)

dx|
dt|

[>dsol ve(D(x) (t) +abs(D(x) (t)) =0, {x(t)});
x(#) = RealRange(-infinity, 0) ¢ + _ClI,

Thi du Giai phuong trinh vi phan % +|—

nghia l1a nghiém ctia phuong trinh ¢c6 dang x =at+ C v6i moi a <0 va C bat ky. Tuy
nhién, méy giai thi€u nghiéem x=—t> +C khi 1<0.

2
Thi du Giai phuong trinh vi phan (%) —(x+ t)% +xt=0.

[>dsol ve((D(x) (t))"2- (x+t)*D(x) (t) +x*t, {x(t)});
x(t):%t2 +C va x(t)=Ce'".

dx dx
Phuong trinh Clairaut x=—1t+ g(—
dt 8 dt )

[>dsol ve(x=D(x) (t) *t +g(D(x) (t)), {x(t)});
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2.2,
Ghi nhé

Thi du

Thidu

230

o
t=——o(T
é,Tg()

P va x(t)=g(C)+1tC
x(t)Zg(T)—T(Eg(T)j

Phuong trinh vi phén bac cao
Dao ham bac hai ctia y theo x duoc ky hiéula D(D(y) (X) .
Nghiém téng quat ctia phuong trinh vi phan bac hai phu thuoc vao 2 tham s6 tu do.
Céc budc giai phuong trinh vi phan bac cao giong nhu giai phuong trinh vi phan bac nhét.
Giai phuong trinh vi phan tuyén tinh cép hai
Y'4+5y'+6y =0

v6i diéu kién khéi dau: y(0)=0,'(0)=1.
Budc 1: Ta gan tén diff_eql cho phuong trinh cén giai

[>diff_eql: =D(D(y) ) (x) +5*(y) (x) +6*y(x) = O;
Sa}u ddu chdm phdy (;), an phim "Enter", trén man hinh s& hién phuong trinh vi phan
can giai:

diff_eql := (D?)(y)(x) + 5 D(y)(x) + 6 y(x) =0 .

Butéce 2: Nhap diéu kién khoi dau bing lénh

[>init_con:=y(0)=0, Xy)(0)=1;
Sau déu (;) danh lénh [Enter] s& hién ra cong thic mo ta diéu kién dau:

init_con :=y(0) =0, D(y)(0) =1

Budc 3: Giai phuong trinh vi phan bing l1énh

[>dsol ve({diff_eql,init_con},{y(x)});

Sau dau ";", danh 1énh "Enter", trén man hinh s€ hién cong thitc nghiém cta phuong
trinh vi phan cin giai:

y(x)=e —e7.

Giai phuong trinh vi phan tuyén tinh cap hai:
y"—=3y"—10y =sin(x) + 3 cos(x)
v6i diéu kién khéi dau  »(0) =1,'(0) =1.
Butéce 1: Nhap phuong trinh béng 1énh:
[>di ff_eq3: =D(D(y)) (x)-3*D(y) (x)-210*y=si n(x) +3*cos(x) ;
diff _eq3:=(D*)(y)(x) —3D(y)(x)— 10y =sin(x) + 3cos(x) .
Bude 2: Vao dit liéu diéu kién dau:
[>init_con:= y(0)=1,Dy)(0)=1;
init _con:=y(0)=1LD(y)(0)=1.
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Budc 3: Giai phuong trinh:
[>dsol ve({diff_eq3,init_con},{y(x)});
Sau khi thyc hién lénh, mdy cho cong thiic nghiém ctia phuong trinh vi phan can giai

3 2 . 47 . 5 .
X)=——C08(x) ——Sm(x)+—e " +—e
»(x) T (x) T (x) o1

Ta c6 thé dung ky hiéu diff(y(x),x,x) "1ay dao ham bac hai clia y theo x " dé thay thé
cho 1énh D(D(y))(x) trong cic thi du trén.

Maple c6 thé gii cac phuong trinh vi phan véi nghiém mo ta qua cdc ham dac biét.

2
Thi dy Gidi phuong trinh x*| < y(x) |+ 5 -2 y(x) | =0 .
ox ox

[>dsol ve(x*2*di ff (y(x), x, x)+5*di ff(y(x),x)=0,y(x));

5

y=C, +C,(xe* + 5Ei(1,—§))
X

Ei(n,x) 1aky hiéu ham tich phan mii:
—Xxt

Ei(n, x) = [<—dt .
t
1

2.3. Hé phuong trinh vi phén thuéng
Ghi nhé Cic budc giai phuong trinh hé vi phan tuong tu nhu gidi phuong trinh vi phan bac nhat.
Nghiém t6ng quat ctia hé 2 phuong trinh vi phan bac nhat phu thudc vao 2 tham s6 tur do.
Thi du Giai hé phuong trinh vi phan thuong bac hai (khong ¢ diéu kién khoi dau) sau:
(D*)()x)=2(x)
(D*)(2)(x) = y(x)
Budc 1: Gan tén SYS (viét tat cha chit system - hé) cho hé phuong trinh cén giai:
[>sys: =(D@@) (y) (x) =z(x) , (D@&) (z) (x) =y(x);
sys = (D?)()(x) = 2(x),(D*)(2)(x) = p(x) .
Budc 2: Giai hé phuong trinh vi phan béing lénh
[>dsol ve({sys},{y(x),z(x)});

1 1 1 1
x)=— Cle™ += Cle* += Clcos(x)—— C2e¢ ™+
{r(x) a- a- - (x) a-

l_C2e" +1_C2sin(x) +1_C3e’x +1_C3e" —l_C3 cos(x)
4 2 4 4 2

—l_C4sin(x)+l_C4ex —l_C4efx,
2 4 4

1 1 1 1 . 1 _
z(x)=—_Cle™ +— Cle® —— Clcos(x)—— _ C2sin(x)+— _C2e" 1 C2e™
4 4~ 2~ 2 4~ 4~

+1_C3e_“ +l_C3ex+l_C3cos(x)—l_C4e_’r +1_C4ex +1_C4sin(x)}.
4 4 2 4 4 2
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Thidu

24.

Thidu

232

Giai hé phuong trinh vi phan
o 2
—y(x)=z(x), —z(x)=y(x
dcy( )=z(x) > (%)= y(x)
vGi diéu kién khoi dau y(0)=0, z(0)=2.

Buoc 1: Géan tén SyS cho hé:
[>sys: ={di ff(y(x), x)=z(x),diff(z(x), x)=y(x),y(0)=0, z(0)=2};
595 1= () = 20, - 2(0) = 30, 50) = 0,2(0) =2}

Buoc 2: Gan tén cho nghiém:
[>fens: ={y(x), z(x)};
fens ={y(x),z(x)}.
Budc 3: Giai hé phuong trinh vi phan:
[>dsol ve(sys, fcns);
{y(x)=e"—e ", z(x)=e" +e"}.
Gidi va tim nghiém theo céc phuong phép tuy chon

Khong phdi phuong trinh nao ciing c6 nghiém dudi dang biéu thitc giai tich thong
thuong, cho nén khong c6 gi ddng ngac nhién khi ta thdy MAPLE "khong chiu" cho ta
két qua ddi v6i mot s6 phuong trinh nao d6. Hay xem xét

Giai phuong trinh di f(x)+ £ (x)x =sin(x) .
X

Pé gidi n6 ta dua vao dong lénh

[>dsol ve(diff(f(x), x)+f (x)"5*x=si n(x), f(x);
Sau khi ra lénh gidi (an phim “Enter” sau dau cham phdy “; ), ta thidy mdy c6 chay
nhung khong dua ra két qua gi. Tuy nhién, xin ditng that vong, MAPLE van lam viéc
"khong ché vao dau duoc” néu nhu ta biét day né lam viéc mot cach hop ly.

Lénh giai phuong trinh vi phan c6 cii phép téng quat 1a:
[>dsol ve(degns, vars, keyword) ;

Trong d6 deqns 1a cdc phuong trinh vi phan, vars 1a cdc bién nghiém, phan
keywor d cho phép ta xdc dinh phuong phép giai va dang biéu dién nghiém. Cich
biéu dién mic dinh 1a "chinh xdc " (exact). Néu chon cach biéu dién nghiém nhu vay
ta s& khong phai cho gid tri & phan keyword. Néu c4ch biéu dién ay khong thanh (nhu
ta thdy trong thi du trén day), hoac khong phai 1a ¥ ta muon, thi ta ¢6 thé yéu ciu mdy
cho ta mot trong cdc cdch biéu dién sau day:

¢ Véi keyword dugce cho duéi dang t ype=seri es thi mdy s& cho ta nghiém
duéi dang chudi.



Bdi tdp va tinh todn thuc hanh Chuong 12

¢ V6i keyword duge cho duéi dang t ype=numeri ¢ thi mdy s& cho nghiém
dudi dang mot ham tugng trung ma ta c6 thé biét dugc gia tri s6 cha né tai bat ky
diém nao.
¢ Véi keyword duge cho dudi dang ouput =basi ¢ thi mdy s& cho ta tap ham
co s& ma tap nghiém duge cang trén d6 (nhu mot bao tuyén tinh). Né&u phuong
trinh khong phai 12 thudn nhat thi mdy sé cho ta thém mot nghiém riéng, dé moi
nghiém bat ky déu c6 thé biéu dién qua tap nghiém co s& va nghiém riéng nay.
Thong thudng, nghiém c6 thé dugc cho dudi dang mot ham 4n (tic 12 mot phuong
trinh biéu thi mai lién hé giita ham s6 y va bién phu thuoc x khong thong qua céc dao
ham), hoac dudi dang cdc bién phu thuoc tham s6. Néu ta mudn bat nd phai cho ta
nghiém dudi dang hién (tiic 12 mot ham s6 ctia y theo x ) thi ta cho keywor d du6i
dang explicit=true. (Vi khd nang nay thuong khé c6 thé thuc hién dugc nén
ngudi ta thudng cho gid tri mac dinh 1aexpl i ci t =f al se).

Muén biéu dién dugc nghiém thong qua cdc ham diac biét kiéu Dirac(.),
Heavi si de(. ) .... thi ta phai cho keywor d 1a et hod=I apl ace.

Trong thi du néu trén, v6i diéu kién ddu la  £(0) = %, néu ta cho may tim nghiém dudi

dang chudi, né sé cho két qua ngay 1ap tuc:

[>dsol ve({f (0)=1/2, di ff (f(x), x) +f (x) A5*x=si n(x) }, f (X)

series);
1 31, 977 .
X)=—+—x"——=x" +0(x").
S 2 64 12288 )
ﬂzz—y—x
Thi du Gidihe {9
E:
dx Y

v6i gid tri khoi ddu y(0) =0,z(0) =1.
1) Theo phuong phap méac dinh:
[>sys:=di ff(y(x),x)=z(x)-y(x)-x,diff(z(x),x)=y(x):
fens: ={y(x), z(x)}:
[>dsol ve({sys, y(0)=0, z(0)=1}, fcns);

z(x) = %\/ge(_;(\/gmx] —%\/ge(;(ﬁ_”x] +x+1Ly(x)=
_I%Jal;NMHJ+I%J§i;ﬁln]+I_%JQNSmj_%e(;ﬁun]

2) Tim nghiém duéi dang chudi (v6i diéu kién dau 1a y(0) =0,z(0)=1)
[>dsol ve({sys, y(0)=0,z(0)=1},fcns, type=series);
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2,1 s 5 4 1 5 6
X)=x—x"+—x ——x +—=x"+0(x"),
() AR YRIRET: (x7)

1o T T4 1T 5 6
z(x)=14+=x"—=x"+=—x" ——x" +O0(x")}.
*) 2 3 8 24 (3

3) Véi diéu kién ddu nhu trén, tim nghiém bang phuong phdp s6, va yéu cau mdy cho
biét gid tri clia nghiém tai cdc diém x =1, x=15, x=1.7
[>F: =dsol ve({sys, y(0) =0, z(0) =1}, fcns, t ype=nuneri c¢) ;
F :=proc(rkf45 x) ... end

[>F(1);

[x = 1, y(x) = .343731408276753914, z(x) = 1.25897207653682308]
[>F(1.5);

[x = 1.5, y(x) = .237649509495644756, z(x) = 1.40935827136441327]
>F(1.7);

[x = 1.7, y(x) = .163416733680997378, z(x) = 1.44974926864546538]
Thi du Giai phuong trinh vi phan bac 2
y'=2x"y

bing phuong phap s6 (v6i chuong trinh mang tén dverk78 ) va cho gia tri clia nghiém
va dao ham ctia n6 tai cac diém x = 1, x = 1.5, x = 1.7 du6i dang bang so liéu:

[>sys2: ={(D@®) (y) (x) =2*x*3*y(x), y(0) =1, y) (0) =1} :
[>s: =dsol ve(sys2,{y(x)}, type=nuneric, met hod=dver k78,
val ue=array([1.0,1.5,1.7]));

S =
e

L. 21701324352 5314170 1.9360378831 1791480
1.5000000000 0000000  4.2682679662 7041372 83639169165 4069902
1.6999999999 9999996  6.7103985466 5199442 17.2757972122 874470

Ta c6 thé 14y ra timg s6 liéu ctia bing (ma tran) nay, thi du nhu:
[>s[1,1][3];
o
Z3(x) ,
57

[>s[2,1][2, 3];
8.36391691654069902 .
Thi du Giai phuong trinh vi phan tuyén tinh bac 2 khong thuan nhat
2x"+y' 43y =x
va cho biét hé co s& cua tap nghiém (cing mot nghiém riéng)
[>sol ve(2*x*di ff (y(x), x$2) +di ff (y(x), x) +3*y=x, y(X),
out put =basi s) ;
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2.5.

Thi du

x4 cos(\/gx/;) x4 sin(\/g\/;)
Wedx  Wex

MAPLE con c6 thé bién ddi mot hé phuong trinh vi phan thuong bac cao vé hé phuong
trinh vi phan bac nhét bang 1énh convertsys. Hon nifa, lénh dsolve cia MAPLE con
c6 thé giai rat nhiéu phuong trinh vi phan bang phuong phdp s6, st dung céc phuong
phédp c6 dién, ngoai suy mot va nhiéu budc, cong cu gidi phuong trinh vi phan thuong
Livermore Stiff...

B

1
93

Vé db thi nghiém cua phuong trinh vi phén
Dé vé& do thi nghiém ctlia phuong trinh vi phan, ta nhap cac dong lénh sau
[>wi t h( DEt ool s):
[>DEpl ot (deqns, vars, trange,inits, eqns);
hoac
[>DEpl ot (deqns, vars, trange, i nits, xrange, yrange, eqns);
Trong do:
deqns - bang céc phuong trinh vi phan bac nhat hoic mot phuong trinh vi phan bac cao.
vars - bién phu thudc hoic bang cac bién phu thudc.
t range - mién thay déi cua bién doc lap.
i ni ts - diéukién khdi ddu xdc dinh dudng cong nghiém can vé.
yr ange - mién thay déi ctia bién phu thudc thit nhat.
Xr ange - mién thay déi cuia bién phu thudc thit hai.
eqns - cdc tuy chon (mau, tiéu dé, do dam nhat cta do thi,...).
V& d6 thi cia nghiém ctia phuong trinh vi phan
d’y d’y _dy

cos(x)——— T—=y—-X
()dx dx? dx 4 2/\

v6i diéu kien khoi diu  p(0)=1, 1'(0)=2,

y(z)

EN

"(0) =1, bién doc lap x thay doi trong doan [- / 7 0 !
2.5,1.4], bién phu thuoc y thay déi trong doan [- -2
4,51, chon budc 1a 0.05.
—4
>DEpl ot ({cos(x) *di ff X), x$3) -
[>DEpl ot ({ cos(x) (y(x) ) Hinh 12.1

di ff (y(X),x$2) +Pi *
diff(y(x),x)=y(x)-x},{y(x)},x=-2.5..1.4,[[y(0) =1,
D(y) (0) =2, (D@@®) (y) (0)=1]], y=-4..5, st epsi ze=. 05) ;
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Thi du V& do thi clia nghiém ctia hé phuong trinh

X'=y—z
V'=z—x
Z'= x_yZ

v6i diéu kién khoi dau x(0)=1, »(0)=0,
z(0) =2, bién doc lap ¢ thay déi trong doan [-
2,2], bién phu thuoc y thay déi trong doan  [-
4,5], chon budc: 0.05, yéu cau mdy cho biéu
dién ctia 2 thanh phan [z(¢), x(f)] clia nghiém.

[>DEpl ot ({ D(x) (t) =y(t)-

]

2(t)

—; —0.5 0 05 ~—de—t-5" 2
z(t)

Hinh 122

z(t), D(y) (t)=z(t)-x(t),D(z)(t)= x(t)-

y(t)*2}, {x(t),y(t),z(t)}, t=-2.

.2, [[x(0)=1,

y(0) =0, z(0)=2]], st epsi ze=. 05, scene=[ z(t), x(t)]);

V6i phuong trinh vi phdan béc nhdt hoac hé phuong trinh vi phdn bdc nhdt 2 dn thi
may khong chi vé& cho ta nghiém ma vé ca truong vecto.

Thi du V& d6 thi cla nghiém cua phuong trinh vi

SONONONONIONNNN
SOOI N NN\
SOOI NN\
——OCSONONONON N
N N
e T T S N

N

[7772722%
[/ S s E
VPP PP
VOO PP oL

phan
1
ﬂ=—(—x—1/)c2 +4y),
dx 2
bién doc lap x thay ddi trong doan [-3,3],
bién phu thuoc y thay déi trong doan [-3,2].
(Khi khong cho diéu kién dau thi may khong
cho ra mot nghiém cu thé nao, ma chi cho
mot truong vecto).

[>DEpl ot (di ff(y(x),x)=1/2*(-x -

(x"2+4*y(x))*(1/ 2)), y(x), x=-3.

title="Restricted domain’);
Thi dy V& do6 thi ctia nghiém clia hé phuong trinh
' 1 _
vi phan r=al=y) , bién doc lap ¢ '
y'=03y(x-1)

thay déi trong doan [-7,7]. Véi céac diéu
kien khéi ddu 1a [x(0)=1.2, y(0)=1.2] va "'
[x(0)=1, y(0)=0.7], may s€ cho ta tung
nghiém tuong tng. 0.9

[> DEpl ot ({di ff(x(t),t)=x(t)* 0.8
(L-y(t)),diff(y(t),t)=3* o7
y(t)*(x(t)-1)}, [x(t),
y(t)],t=-7..7, [[x(0)=L1.2,
y(0)=1.2],[x(0)=1,

SN
oA

VoL Sl s

A A
AT

P P o s i s e il

Restricted domain

Hinh 12.3
.3,y=-3..2,

Lotka—Volterra model

?/ s S G NN NN
s = SRR
2y S
74 N
ay 4% (o N
Y Y 4= XN
[ ;
{44 { |

§ i S r
WL\ ~ 7
Y\ N 2
R\ = 7~
N N ~ v > A A R
ARRY T~
N N NS = v v v v ¥ WA

0.6 0.8 1 1.2 1.4 1.6 1.8

Hinh 12 4

y(0)=.7]],stepsize=.2, title= Lotka-Volterra nodel *);
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Thi du V& do6 thi cia nghiém ctia phuong trinh vi phan
y'=—y—x*, bién doc lap x thay ddi trong
doan [-1,2.5]. Cdc diéu kién khoi dau Ia
[y(0)=0], [¥(0)=1], [y(0)=-1], va tiéu dé:
‘Asymptotic solution’ (Nghiém tiém can).

[>DEpl ot (D(y) (x) =-y(X)-x"2,
y(x),x=1..2.5[[y(0)=0],
[y(0)=1],[y(0)=-1]1,
title="Asynptotic solution’);

Asymptotic solution

P PP
Pt
P e e e

N [0 oo rr e
YL o s

B OCEECEE
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