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Chuong 1

Khéng gian tuyén tinh dinh chuin

§ 1 KHONG GIAN TUYEN TiNH

Dinh nghia 1.1. [6] Gia st K 1a mot trudng s6 thuc hodc phitc. Tap hop X # 0

cung véi hai phép toan cong va nhan vo huéng thoa méan cac tién deé sau:
1) (X, +) la moét nhém Abel;
2) X cung v6i phép nhan v6 hudéng thoa man:
a) a(r +vy) = axr + ay véimoi x,y € X va véi moi o € K,
b) (o + B)x = ax + Bx v6imoi x € X va véi moi a, 3 € K,
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6 Chuong 1. Khdng gian tuyén tinh dinh chudn

c) a(B)x = (aB)x = afx v6imoi x € X va véi moi o, 8 € K,

d) lzr = xvéimoix € X,

thi X dudc goi 1a khong gian tuyén tinh (hay con goi 14 khong gian vectd) trén
truong K.

Vi du

1) X = R™ va K = R véi hai phép toan cong la cong cac thanh phan va nhan vo
huéng. Khi dé R” 1a mét khong gian tuyén tinh trén R.

DX =0 ={x=(£): & € C,> 7 |&|* < oo} véi hai phép toan cong la
cong hai day va nhan vo huéng. Khi dé6 £? 1a mot khong gian tuyén tinh trén C.

3) X = Ciop) = {z : [a,b] — C lién tuc } v6i phép toan cong la cong cac

ham va nhan vo huéng v6i mot ham. Khi dé X 13 mot khong gian tuyén tinh trén
C.
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§2. Khéng gian con 7

§ 2 KHONG GIAN CON

Dinh nghia 2.1. (Hé sinh) Cho z, z,...,x, 14 cdc phan t& trong khong gian
tuyén tinh X trén truong K va n s6 o; € K (1 < i < n). Khi dé phan ti
T = Z o;xz; dude goi 1a mot t6 hop tuyén tinh cta x1, zo, ..., x,. Gid st S C

i=1
X, S # 0 dude goi 1a hé sinh ctia X néu véi moi x € X déu 1a mot t6 hop tuyén

tinh ctia mot s6 hitu han cac phan ti caa S.

Dinh nghia 2.2. (Hé doc 1ap tuyén tinh) Gia st x4, x,, . . . , T, 14 cic phan ti trong
khéng gian tuyén tinh X ta néi cac phan ti nay 1a phu thudc tuyén tinh néu ton
tai cac sbé o, ¢ = 1,...,n khong dong thoi bang khong sao cho Z o,;z; = 0. Néu

i=1
ngudc lai ta néi cac phan ti nay doc lap tuyén tinh. Gida st S C X, S # 0 dudc

goi 1a hé doc lap tuyén tinh néu v6i moi hé con hitu han ciia S déu doc lap tuyén
tinh.

Nhan xét: Mot hé cac phan ti x, x,, ..., 2, € X la doc 14p tuyén tinh néu tur
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8 Chuong 1. Khdng gian tuyén tinh dinh chudn

Zaimi — 0Okéotheoar; =0v6imoiz =1,...,n.

i=1

Dinh nghia 2.3. (Co s6 Hamel ctia khong gian tuyén tinh) M6t hé S trong khéng
gian tuyén tinh X via 14 hé sinh vira 1a hé doc 1ap tuyén tinh thi S dude goi 1a co
s¢ cia khong gian tuyén tinh X.

Dinh nghia 2.4. Cho X la mét khong gian tuyén tinh trén truong K va M C X
khac rong. M dude goi 1a mét khong gian con cia X néu véi hai phép toan cong va
nhan vé huéng trén X han ché vé M thoa man cac tién dé ctia khong gian tuyén
tinh.

Dinh ly 2.5. Cho X 1a2 mét khong gian tuyén tinh trén trusng K va M C X khac
rong. Khi d6 diéu kién can va da dé M 1a khéng gian con 1a véi moi z,y € M va
vii moi a, 3 € K kéo theo ax + By € M.

Vi du
1) Tap hop cac ham s6 kha vi lién tuc trén doan [a, b] 12 mét khong gian tuyén
tinh con cua khong gian C|, ).
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§2. Khéng gian con 9

2) Khong gian ¢° (Vi du 2 muc 1) 1a khéong gian con cia khong gian £°° tap hop

tat ca cac day so bi chan.

Dinh ly 2.6. Giao cia mo6t ho tuy y cac khong gian con cia X la mét khong gian

con cua X.

Chung minh. Gia st (M;);c; 1a mot ho cac khong gian con cuaa X.
Pat M = NjerM;, khido 0 € M # (0. Giast z,y € M va o, 3 € K luc d6
axr + By € M; v6imoi ¢ € I. Suy ra ax + By € M. Vay M la mot khong gian

con cua X.

Dinh nghia 2.7. Cho A 12 mot tap con khac réng ctia khong gian tuyén tinh X.
Bao gid ciing ton tai khong gian con cia X chia A. Theo Pinh ly 2.6 giao caa
ho tat ca cac khong gian con ctia X chita A cling 14 mot khong gian con chita A.
Khong gian nay dudc goi 1a khong gian con sinh bdi A hay con goi 1a bao tuyén
tinh ctia A. Ki hiéu (A) hay LinA.

Dé mo ta cu thé khong gian con sinh béi tap hdp A, ta c6 dinh 1y sau

Trwong Van Thuong



10 Chuong 1. Khdng gian tuyén tinh dinh chudn

Dinh ly 2.8. Bao tuyén tinh ctia tap hop A 14 tap hop tat ca cac t6 hop tuyén tinh

cua cac phan tu caa A.

Chiing minh. Dat M = {> oz, ; € K,m; € A,n € N*}. Theo Pinh 1y 2.5

M 12 mot khong gian con ctia X . Theo gia thiét A C X suyra (A) C M. Ngudc
lai, véi méi = € M c6 dang ) ayz; € (A). Vay M = (A).

Dinh nghia 2.9. Gia st M, N la hai khong gian con caa X. Ta ki hiéu ¥ =
M+ N={x=y+ zly € M,z &€ N }.KhidéY lamot khong gian con cta X,
Y dudc goi 1a tong cia M va N. Néu M N N = {0} thi Y dudc goi 1a tong truc
tiép cia M va N.KihiéuY = M & N.

Nhan xét: Taco M + N = (M U N).

Dinh 1y 2.10. Gia stt M, N 14 hai khong gian con cia X va Y = M + N. Diéu
kién can va da dé Y = M@ N lamoi = € Y c6 biéu dién duy nhit dudi dang
r=y+zvéiye Mvaze& N.
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§3. Khong gian tuyén tinh dinh chudn 11

Chiing minh. Piéukién can. Gia st Y = M P Nvaz =y + z =y + 2. Suy
ray—vy =2z —ze MNN ={0},.Vayy =y’ va z = 2.

Pieu kién da. Gia stz € M N N.Licdé x = = + 0 = 0 + «. Do tinh duy nhat
ctia biéu dién, suyraz = 0. Vay M N N = {0}. VayY = M & N.

§3 KHONG GIAN TUYEN TiNH DINH CHUAN

Dinh nghia 3.1. Gia st X 12 mét khong gian tuyén tinh trén trusng K (thuc hoic
phtic). Anhxap: X — R duge goi 1a mot so chuén trén X néu p thod man cac
diéu kién sau

i) p(z +y) < p(z) + p(y) véimoi z,y € X,

ii) p(ax) = ap(x) véimoi z € X va o > 0.

Tu dinh nghia ta suy ra p(0) = 0.

Dinh nghia 3.2. Gia st X 13 mot khong gian tuyén tinh trén trudng K (thuc hoic
phtic). Anh xa p : X — R dude goi 12 mot nta chuén trén X néu p thod man céc

diéu kién sau
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12 Chuong 1. Khdng gian tuyén tinh dinh chudn

i) p(z + y) < p(x) + p(y) véimoi z,y € X,
i) p(ax) = |a|p(x) v6imoi x € X va o € K.
Tu dinh nghia ta suy ra p(x) > 0 v6i moi « € X. That vay, v6i moi x € X ta co
0 =p(0) =p(z+ (—z)) < p(x) + p(—z) = 2p(x).

Dinh nghia 3.3. Ntta chudn trén X ducc goi 1a chuin néu tit p(xz) = 0 suy ra
x = 0. Nguoi ta thuong ki hiéu chuin béi || || . Nhu vay, mot chuin trén khong
gian tuyén tinh X 14 mot anh xa

I:X —R
thod man céc tién dé sau
i) ||| > 0 v6imoi xz € X;va |||l = 0 khi va chi khi z = 0,
ii) ||ax|| = |a||z|| v6imoi x € X va a € K,
i) ||z + yl| < [lz|| + [ly[| v6i moi z,y € X.

Khi d6 (X, || ||) dude goi 1a mét khong gian tuyén tinh dinh chuén.
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§3. Khong gian tuyén tinh dinh chudn 13

Gia st (X, || ||) 12 mét khong gian tuyén tinh dinh chuan. Khi dé anh xa
d:X XX —R
(way) = d(iB,’y) — ”:B - y“

14 mot métric. Ta goi d 1a métric dudce sinh ra tir chuan hay chuan cam sinh métric
d trén X. Nhu vay khong gian tuyén tinh dinh chuin la mét khong gian métric.

Khéng gian tuyén tinh dinh chuén (X, || ||) néu né day da véi métric dudc sinh
tit chuan thi X dudc goi 1a khong gian Banach.

Dinh ly 3.4. Trong mét khong gian tuyén tinh dinh chuin cac phép toan cong va

nhan vo huéng la lién tuc.

Chung minh. Gia st (x,), (y,) la hai day trong X va lim z,, = g, limy, =

| (Zn + yn) — (€0 + yo) || < [[n — zoll + ||lyn — yol| — 0, khin — oo.

Suy ra lim (x,, + y,) = ®o + yo. Vay phép toan cong lién tuc.
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14 Chuong 1. Khdng gian tuyén tinh dinh chudn

Gia st (av,) 1a day héi tu vé o, trong K. Khi d6

|onxn — aozo|| = ||an(Tn — o) + (an — ag)xo|

< |an|||®n — xo|| + |t — aol||To|| — 0, khi n — oco.

Vay phép toan nhan v6 huéng lién tuc.
Nhan xét: Chuan 1a mot ham lién tuc trén X.
Vi du
1) R™ 1a khong gian Banach véi chuan

n
1 A
lofl = (3 a2)3, véi@ = (21, @2, -, T0)-
k=1

That vay, hai tién deé i) va ii) ta dé dang kiém tra.

Bay gio ta kiém tra tién dé iii). V6i =, y € R™ ta phai chiing minh bat dang thic

(Z(wk +yi)?)? < (Z wz)% + (Z yi)%
k=1 k=1 k=1
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§3. Khong gian tuyén tinh dinh chudn 15

Ta co

n n

Y (@ + )’ =D (@ + 2zhuk + y7)

k=1 k=1
n n

n
= Zwi + ZQiEkyk + Zyi
k=1 k=1 k=1

Ap dung bét ding thiic Cauchy-Bunhiakovski ta dugdc

n n n

Z(a;kerk) <ka+z Z z2)? (Zy,g)%+zyg

Tu d6 suy ra bat dang thic can ching minh.

Vay (R™, || ||) 12 mét khong gian tuyén tinh dinh chuin. Hon nita, ta da biét méi
day (x.) hoi tu trong R™ khi va chi khi cac day (zc,(f)) (k=1,...,n) hoi tu trong
R, va (z4) 12 day co ban trong R™ khi va chi khi cac day (z\*) (k = 1,...,n) la
day co ban trong R, nén R" la mot khong gian Banach.
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16 Chuong 1. Khdng gian tuyén tinh dinh chudn

2) Tap hop Ciu gom cac ham lién tuc trén doan [a, b] véi phép cong 1a cong
ham s6 va nhan v6 huéng véi ham sb tao thanh mot khong gian tuyén tinh. Ham
xac dinh bdi

s Clap) — R

w— ||| = max|a(t)

xac dinh mot chuan trén C|, ;. Hon nita, C, ;) 12 khong gian Banach.
That vay, gia st (x,,) la day co ban trong khong gian C|, . Khi do, lim ||z, —

m,n— o0
x,|| = 0, nghia la véi ¢ > 0 tuy ¥, ton tai s6 tu nhién n, sao cho ||z, — x,|| < e
vii moi m, n > ngy. Suy ra

max |x,,(t) — x,(t)| < € v6i moi m,n > ny. (1.1)

t€[a,b]
V6i mbi t € [a, b] c6 dinh, tit bat dang thiic trén ta c6 |x,,(t) — =, (t)| < e v6i moi
m,n > ng. Vay (,(t)) 1a day co ban trong K. Vi K 1a khong gian day du nén day
(,(t)) hoi tu trong K. Pat z(t) = lim x,(t) ,véit € |a,b], ta dudc mot ham =
xéc dinh trén [a, b]. o
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§4. Chubi trong khéng gian tuyén tinh dinh chudn 17

Cb6 dinh m > ng va chon — oo, tit (1.1) ta suy ra

max |z..(t) — z(t)] < e. (1.2)
t€|a,b]

Diéu nay ching t6 su hoi tu ctia day (x,,(t)) vé =(t) 12 hoi tu déu. Vay = € Cla,b)-
Tu (1.2) ta dudce ||z, — z|| < € v6i moi m > ny. Vay

lim ||z, — x| = 0.
n—oo

§4 CHUOI TRONG KHONG GIAN TUYEN TiNH BINH CHUAN

Dinh nghia 4.1. Cho (x,,) 1a mét diy trong khéng gian tuyén tinh dinh chudn X.
Ta lap mot day mdi xac dinh béi

S1 =1

Sy =x1 + T3

Sp, =1+ x2+ ...+ xp.
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18 Chuong 1. Khdng gian tuyén tinh dinh chudn

Khi d6 day (s,) dude goi 1a mot chudi, s, goi 1a tong riéng thi n cta chudi va
oo
ngudi ta thuong ki hiéu chuoi nay la > x,,.

n=1

Néu day (s,,) hoi tu dén mot phan tit s € X thi ta néi chudi > z,, hoi tu va c6
n=1

tong 1a s. Ngutdc lai, ta néi chuoi phan ky.
Néu chubi Z ||z, || hoi tu thi ta néi chuoi Z x,, hoi tu tuyét doi.

n=1 n=1

Tuong tu nhu cac chubi sb thuc, chudi trong khong gian tuyén tinh dinh chuén
ciing c6 nhitng tinh chat sau.

Dinh ly 4.2. Tong, hiéu ctia hai chudi héi tu 14 mét chudi hdi tu. Tich cta mot
chudi hoi tu véi mot s6 12 mot chudi hoi tu.

Dinh ly 4.3. (Tiéu chuian Cauchy) Cho X 14 mot khong gian Banach. Gia st chudi
S~ x,, hdi tu. Khi d6, véi moi e > 0 déu ton tai ny € N sao cho

n=1

n+p

) all<e

k=n-+1

Trwong Van Thuong



§4. Chubi trong khéng gian tuyén tinh dinh chudn 19

v6l moi n > ngvamoip € N,
Ngudc lai, néu mot chubi thoa méan diéu kién nay thi né hoi tu.
Chiing minh. Theo gia thiét chudi S x,, hoi tu, diéu nay c6 nghia 1a day tong

n=1

riéng (s,,) hoi tu. Do dé day (s,,) 1a diy co ban, nén véi moi € > 0 ton tai ny € N

sao cho ||s,p — sn|| < ev6i moi n > ny vamoi p € N. Suy ra

n+p
1> xll <e
k=n+1
v6l moi n > ngvamoip € N,
. . . . X . n+p . .
Ngudc lai, gia st v6i moi € > 0 ton tai ng € Nsaocho || > x| < e, v6i moi
k=n-+1

n > ngvamoi p € N. Suy ra day (s,) 1a diy co ban. Theo gia thiét X 1a khéong
gian Banach, nén day (s,,) hoi tu. Vay chuoi > «,, hoi tu.

n=1
Dinh 1y 4.4. Cho X 1a mét khong gian tuyén tinh dinh chuén.
a) Néu X 1a khong gian Banach thi moi chudi trong né héi tu tuyét doi deu hoi

tu.
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20 Chuong 1. Khdng gian tuyén tinh dinh chudn

b) Néu moi chudi trong X hoi tu tuyét doéi déu hoi tu thi X 1a mot khong gian
Banach.
Chiing minh. a) Theo gia thiét chudi > ||, || hdi tu nén véi mdi ¢ > 0 déu ton
n=1

tai ng € N sao cho
n—+p

Sl < e

k=n+1
véimoi n > ngvamoip € N,

T dinh nghia cta chuén ta luén cé

n+p n+p
| Z okl < Z [EZA[
k=n+1 k=n+1

Suy ra rang véi méi e > 0 déu ton tai n, € N sao cho

n—+p

1) zll<e

k=n-+1

e @)
v6i moi n > ny vamoi p € N. Vay chuoi > «,, hoi tu.
n=1

Trwong Van Thuong



§4. Chubi trong khéng gian tuyén tinh dinh chudn 21

b) Gia st (x,,) 12 mot day co ban trong X. Khi d6 véi mbi s6 tu nhién k , ton tai

mot so tu nhién n; sao cho véi moi m > n, va moi p > n; ta co

lem — 2]l < o7

Ta chonn; < ny < ... < ni < ... . Khido, day con (x,,) caa (x,) hoi tu. That
vay, ti bat dang thic trén ta cé

0 0 1
Z ”wnk+1 - wnkH < Z? =1,
k=1 k=1

nghia 1a chuoi
Tny + (Tny — Tny) + oo o + (Tnyy — Tny,) + - -
héi tu tuyét d6i. Theo gia thiét, chubi nay hoi tu vé = € X. Vay
fim 0, =
Day co ban (x,,) c6 moét day con (x,,) hoi tu nén no la moét day hoi tu. Vay X la

mot khong gian Banach.

Trwong Van Thuong



22 Chuong 1. Khdng gian tuyén tinh dinh chudn

§ 5 KHONG GIAN CON VA KHONG GIAN THUONG CUA KHONG GIAN TUYEN
TINH BINH CHUAN

Dinh nghia 5.1. Gia st (X, || ||) 12 mot khong gian tuyén tinh dinh chuin va M

12 mét khéng gian con tuyén tinh ctia X. Khi d6, ham sb6

| sz = 1[I}, : M — R
12 mot chuédn trén M. Khong gian tuyén tinh dinh chuin (M, || ||»s) dude goi la
khéng gian con ctia khéng gian tuyén tinh dinh chuén (X, || ||).

Dinh ly 5.2. a) Gia stt X 1a mét khong gian tuyén tinh dinh chudn va M 1a mot
khong gian con cia X. Khi d6 M 14 mot khong gian con déng cta X.

b) Néu X 1a moét khong gian Banach thi khong gian con déng M ctia X ciing la
mot khong gian Banach.

Chiing minh. Dé dang ching minh dinh ly nay.

B6 dé 5.3. (Riez) Gia st M 1a mot khong gian con déng thue su ctia khong gian
tuyén tinh dinh chudn X. Khi dé v6i mdi o € X \ M vAméi 0 < € < 1 ton tai
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§ 5. Khéng gian con va khéng gian thuong ctia khdng gian tuyén tinh dinh chudn 23

mét phan ti z € Lin{ M, =y} saocho ||z|| = 1 va ||z — y|| > ¢ véimoiy € M.
Chiing minh. Theo gia thiét 2, € X \ M. Vi M déng nén
= M) = inf — .
d = d(zo, M) = inf |lzo —y|[ >0

V6i 0 < & < 1 va theo dinh nghia ctia infimum ton tai phan t vy, € M sao cho

d
|0 — yol| < —.
€
o Lo — Yo .~ < . fe  Re ,
Dat z = ” i Rorang ||z|| = 1va z € Lin{ M, x,}. V6i méi y € M ta co
Lo — Yo
Lo — Yo
ly — 2] = [ly — |
lzo — yoll
1
= I (llzo — yolly + yo) — ol
lzo — Yoll

V1 [[zo — wolly + yo € M nén |[[([[zo — yolly + yo) — xol| = d. Vay ta suy ra
|y — 2] > e.
Tu Dinh ly Riez ta suy ra hé qua sau

Trwong Van Thuong



24 Chuong 1. Khdng gian tuyén tinh dinh chudn

Hé qua 5.4. Gia st M 1a mot khong gian con déng ctia khong gian tuyén tinh
dinh chuan X va M # X.Khi d6 v6i méi e > 0 ton tai o ¢ M sao cho ||zo|| = 1
va ||lzg —y|| > 1 —evéimoiy € M.
Dinh nghia 5.5. (Khéng gian thuong) Cho X 14 mét khong gian tuyén tinh dinh
chuan va M la moét khong gian con déng ctia X. Khi d6 X /M 1a mot khong gian
tuyén tinh, dudc goi 1a khong gian tuyén tinh thuong. Trén X /M ta xac dinh
chuin nhu sau

Giasuz € X/M khid6 z = « + M trong d6 x € X. Dat

|2l = inf |yl = inf |l + ull, = € 2.

Khi d6 || || 12 moét chudn trén X /M. That vay, ta cé

1) ||z|| > 0véimoiz € X/M ;

|Zz|| = 0 khi va chi khi ;relg |ly|| = 0. Do d6 ton tai mét day v, € = va y,, — O.
Vi Z déng trong X nén 0 € . Vay & = M (day la phan ti 0 trong X /M).

2) Véiméi & € X/M va a € K ta cé

|laz|| = inf |ly|| = inf ||au|| = |af||Z]|.
Yyearx UET
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3) V6i moi z,y € X /M taco

[z + 9yl < |lz+u+y+v| <|z+ul+[y+ v
v61l moi u, v € M. Do do
r + yl|| < inf inf = ||z yll.
& +gll < inf llz -+l + inf lly+ ol = 2] + |7
Vay (X /M, || ||) 12 mét khong gian tuyén tinh dinh chuin va dudc goi la khong
gian tuyén tinh dinh chuédn thuong cia X theo khong gian con déng M.

Dinh ly 5.6. Gia st X la mét khong gian Banach va M la mot khong gian con
déng ctia X . Khi d6 khong gian tuyén tinh thuong cling 14 mot khéng gian Banach.
Chitng minh. Gia st chudi S #, hoi tu tuyét déi trong X /M. Khi dé, v6i mdi

n=1

n € N ton tai u,, € M sao cho

B 1
|Tn + un|| < [|Zn]| + o’
Do do

Z |n + unl| < Z |Znll + 1,
n=1 n=1
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26 Chuong 1. Khdng gian tuyén tinh dinh chudn

nghia 14 chudi S (z,, + u,) hdi tu tuyét déi trong khong gian Banach X, nén né

n=1
o0

hoi tu. Pat p = > (z,, + u,). Khi dé

n=1

Tim 1> (@ + we) — 2ol = 0.
k=1
Vi) (xr +ug) —xo € ) &, — To Nén
k=1 k=1

1> @k 4+ wi) — @oll > 1D Zn — Zol|-
k=1 k=1
Suy ra

n
lim E T, = Xg.
n—00

k=1

Vay X /M la mot khong gian Banach (theo Dinh 1y 4.4).
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5§ 6 TOAN TU TUYEN TiNH LIEN TUC

Dinh nghia 6.1. [6] Cho X, Y 12 hai khong gian tuyén tinh dinh chuén trén cung
truong K. AnhxaA: X — Y goi 1a lién tuc tai xp € X néu véi moi day
(x,) C X ma x,, — xothi Az, — Axy. A dudc goi la lién tuc trén X néu né6 lién

tuc tai moi diém = € X.

Dinh ly 6.2. Cho X, Y 1a hai khong gian tuyén tinh dinh chuin va A 1a toan ti
tuyén tinh tit X vao Y. Khi d6 cac ménh dé sau tuong duong.

a) A lién tuc trén X.
b) A lién tuc tai diém x, € X.
c) A lién tuc tai 0.

d) Ton tai mét s6 M dudng sao cho véi moi z € X ta c6
la A bi chan).

Az|| < M||z|| (nghia

Chitng minh. a) = b) hién nhién.
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28 Chuong 1. Khdng gian tuyén tinh dinh chudn

b) = c¢) Gia st day «,, — 0. Khi do, day =,, + ¢ — x(. Theo b) ta c6 A(x,, +
xg) — Axp. Vi A tuyén tinh nén Ax,, = A(x,+xo—x0) = A(x,+x0)—A(x0) —
0 = A(0). Vay A lién tuc tai 0.

¢) = d) Tu gia thiét A lién tuc tai 0 nén véi e = 1 ton tai & > 0 sao cho véi
)

2||]]

2
( ")l < 1. Vi vay [ Az|| < sl Néu z = 0 thi

2|
|A(0)|| < M. Vay A bi chin.

d) = a) Gia st «,, — x. Khi d6

moi x € X thoa man |

Az, — Az|| = ||A(zn — 2)|| < M|z, — x||.
Vay A lién tuc tai € X. Vi x chon bat ky nén A lién tuc trén X.

Dinh nghia 6.3. Cho A 132 mét toan ti tuyén tinh lién tuc tit khéng gian tuyén
tinh dinh chuidn X vao Y. Theo DPinh ly 6.2 luén ton tai s6 M > 0 sao cho

|Az|| < M||z|| v6i moi € X, nén ta c6 thé x4c dinh chuin cia A nhu sau

|A|| = inf{M > 0: Vz € X, ||Az| < M|z| } (1.3)
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goi 1a chudn cia todn ti.

Dinh ly 6.4. Cho A 14 mét toan t& tuyén tinh lién tuc ti khéng gian tuyén tinh
dinh chuan X vao Y. Khi d6

Az _
|A|| = sup ol = sup [|Az| = sup [|Az]. (1.4)
w20 |zl e Jell=1
L o A=l L 5

Chung minh. Dat a = sup , b= sup ||Az|| va c = sup ||Az||. Theo trén

w0 ||z <1 Jl|=1

|| Az|| . . o s -
ta co ”—” < a,do d6 ||Az|| < a|lx|| v6i moi x € X. Tu dinh nghia caa ||A|| ta
x

suyra ||A|| < a.

x )
V6i moi « € X khac 0 ta dat w = ——. Khi d6 ||u|| = 1. Vi A tuyeén tinh nén

[E2n
B |Az| r
a = sup = sup||A(—)|| = sup ||Au| < sup ||Aul.
20 ||| 240 ||| luf|=1 lul| <1

Vay
Al < a<ec<hb. (1.5)

Mat khac, v6i moi [[z|| < 1,ta co |[Az|| < [[Afl[|z] < [|A].
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30 Chuong 1. Khdng gian tuyén tinh dinh chudn

Suy ra
b= sup |Az| < [A]. (1.6)

lzl| <1

Tu (1.5) va (1.6) ta dudgc (1.4).

§7 KHONG GIAN CAC TOAN TU' TUYEN TiNH LIEN TUC

Cho X, Y la hai khéng gian tuyén tinh dinh chuén trén cuing moét trusng K. Ki
hiéu £(X,Y) l1a tap hop tat ca cdc toan ti tuyén tinh lién tuc tit X vao Y. Dé
dang kiém tra £(X,Y) 1a moét khong gian tuyén tinh v6i hai phép toan: cong hai
anh xa va nhan anh xa véi vo huéng. Dinh ly sau sé chiung to £(X,Y) la mot
khong gian tuyén tinh dinh chuén.

Dinh ly 7.1. £(X,Y) 12 mét khong gian tuyén tinh dinh chuén véi chuin x4c
dinh béi (1.3). Néu Y 1a mot khong gian Banach thi £(X,Y) ciing 12 mot khong
gian Banach.
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Chitng minh. V6imoéi A € L(X,Y) theo (1.3) ta cé ||A|| > 0; gia st ||A]| = 0,
khi do ||Ax|| < [|Al|||lz|| = 0 v6imoi x € X. Vay Az = 0 v6i moi « € X, nghia
laA=0.GastA,Be L(X,Y)vaa € K,taco

|aAll = sup |[aAz| = |af| sup ||Az]| = |afl||All-

||z]|=1 |z||=1
A+ B| = sup (A + B)z|| < sup | Az + sup |Bzx|| = [|All + [|B]|-
Vay £(X,Y) 1a mot khong gian tuyén tinh dinh chuén.
Gia st {A,} 1a day co ban trong £(X,Y). Véi mdi « € X cb dinh ta c6

|An — Anz|| = ||(An — An)z|| < [|[An — An|||]] (1.7)

Vi {A,} 1a diy co ban nén khi n, m — oo vé phai cia (1.7) dan vé khong. Do d6
day {A,(z)} 1a day co ban trong Y. Theo gia thiét Y Banach nén {A,(z)} la day
héi tu trong Y. Dat Az = lim,,_... A,z v6i méi « € X. Khi 46 A xac dinh mot
anh xa tit X vao Y va dé dang kiém tra dudc A la tuyén tinh.

Hon nita, A 12 gi6i ndi vi {A,,} 1a day co ban trong £(X,Y). Khi d6 ton tai mét
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32 Chuong 1. Khdng gian tuyén tinh dinh chudn

s6 M > 0 sao cho ||A,|| < M véi moi n € N. Vi vay véi moi = € X ta cé
| Az = lim [|Auz]| < Mz].

Vi {A,} 12 day co ban nén véi méi e > 0 ton tai ny € N sao cho véi moi
m,n > ngtacéd ||A, — A.|| <e.

58 KHONG GIAN TUYEN TINH BINH CHUAN HU'U HAN CHIEU

Trong muc 1 ta da biét cac khéng gian K™ 1a nhitng khéng gian tuyén tinh dinh
chuén hitu han chiéu trén truong K. Bay gio ta sé xét cac khong gian tuyén tinh
dinh chuén hitu han chiéu trén K.

Dinh ly 8.1. Moi khong gian tuyén tinh dinh chuén n chiéu trén truong K déu
dong phoi tuyén tinh véi khong gian K”.

Chuing minh. Gia st X la mot khong gian tuyén tinh dinh chuén n chiéu trén
truong K. Goi {e, e2, ..., e,} 1a mot co s6 cia X. Khi d6 véi mdi € X déu biéu
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§ 8. Khdng gian tuyén tinh dinh chudin hiru han chiéu 33

dién duéi dang

n

L = Z ek

k=1
trong do &, € K,k = 1,2,...,n. Xét anh xa

A: X — K"
xéc dinh béi Az = (&1, &2, ...,&,) = . Khi d6 A 12 mot song anh tuyén tinh.
Bay gio ta ching minh A 1a mot phép dong phoi. Trudc hét, ta chiing minh A—!

lién tuc. That vay, v6i moéi = € X ta co

lell = 11> &rexll < Y 1€kl llexll-
k=1 k=1

Ap dung bat ding thic Cauchy- Bunhiakovski ta duge

n

S ledllerl < O llerl?2(Y 16?2 = M|z|| = M||Az]],
k=1 k=1

k=1
/. n 1
Vi M = (32— |€k]*)2. Suy ra
|A™ 2] < M||Z||, véimoiz € K",
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Vay A~! bi chan. Do d6 A~—! lién tuc.
Dé chiing minh A lién tuc ta dat

S={xeK" :|z| =1}.
Khi d6 S 1a tap hdp compact trong K™. Xét ham s6 f : S — R xac dinh nhu sau
fz)=z|,z €S

Vi f(z) = ||[A'Z|| va A~! lién tuc nén f lién tuc trén S. Vi S compact nén ham
f dat gia tri nhé nhat o trén S, nghia 1a ton tai moét phan t& § € S sao cho
f(g) = a=|ly|l > 0. Vivay, ta co

|lx|| = f(:f:) > «a, v6i moi & sao chol||z|| = 1.

Véi x € X bat ky ta diat z =

|| I 1zl ||
1 N
Vay ||Az|| < —||z||, v6i moi € X . Diéu nay ching té6 A bi chan, nén A lién tuc.
«

Hé qua 8.2. Moi chuin trong khéong gian tuyén tinh dinh chuén hitu han chiéu
déu tuong duong véi nhau.
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Chitng minh. Gia stt X 1a khong gian tuyén tinh dinh chuén n chiéuva || ||+, || ||
12 hai chuan trén X. Goi {e;, es,...,e,}lamot cosécta X va X; = (X, || |1), X, =
(X, || [|2). V6i mbi & € X biéu dién dudi dang z = >  &ey,

k=1
taxétanhxa A : X; — K", va A1 : K" — X,

w'_)(€17€27”'95n) — .

Khi d6 A 14 song anh tuyén tinh. Hon niia theo dinh 1y trén A 1a phép dong
phdi tuyén tinh khong phu thudc vao chudn trén X. Do dé anh xa dong nhat
id : A~'0A 1a phép dong phdi tit X; vao X,. Vay hai chuén || ||, va || || 14 tuong
duong.

Dinh ly 8.3. Moi toan ti tuyén tinh tit mot khong gian tuyén tinh dinh chuén

hitu han chiéu vao mot khong gian tuyén tinh dinh chuén bat ky déu lién tuc.

Chiing minh. Gia st X 1a moét khong gian tuyén tinh dinh chuén n chiéu va
A 13 mot toan tit tuyén tinh tt X vao khong gian tuyén tinh dinh chuén Y. Goi
{e1,e2,...,e,} 12 modt co s6 trong X. Khi d6 v6i moi = € X dudc biéu dién dudi
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36 Chuong 1. Khdng gian tuyén tinh dinh chudn

dang
132212::€k6k.
k=1

Hon nita, moi chuén trong khong gian hitu han chiéu 1a tusng dudng nén ta cé6 thé

chon chuén xac dinh
= 1
el = (O 1&l*)?.
k=1
Vi A tuyén tinh nén ta c6

lAz|| = A" &xer)|
k=1
<Y &Aler)l <3 1€l Aexl)
k=1 k=1
< N1 | Ael?) < M|,
k=1 k=1

trong do M = (>, _, | Aex||?)z. Vay A bi chin. Do d6 A lién tuc.
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Dinh 1y 8.4. Diéu kién can va da dé khong gian tuyén tinh dinh chuidn X c6 sb
chiéu hitu han 12 hinh cau déng don vi B’(0; 1) trong X 1a mét tap compact.

Chiing minh. Piéu kién can. Gia st X la khong gian tuyén tinh dinh chuén hitu
han chiéu, c6 s6 chiéu la n, khi dé X dong phéi véi K™. Vi vay B/(0;1) = {x €
X :

Piéu kién d4. Bang phan ching, gia st X la khong gian vé han chiéu. Chon

|z|| < 1} la anh lién tuc cia mét tap compact trong K” nén né compact.

x; € X sao cho ||z|| = 1, khi d6 X khoéng thé trung véi khong gian con déng
mét chiéu sinh béi «;, theo Hé qua 5.4 ton tai = € X, sao cho ||z3|| = 1 va
|25 — x1]| > %. Do X v6 han chiéu nén X khéng trung véi Lin{z,, z,}. Ap dung
| > 1, k=1,2.
Bing qui nap ta xay dung dudc mét day {x,,} sao cho ||z, || = 1 va

Heé qua 5.4 1an nita sé ton tai x5 € X véi ||zs|| = 1 va ||z —

|Tr, — T || > %
v6i m # n. Vi vy moi day con caa day {z,} C B’(0;1) khong hoi tu. Suy ra
B’(0;1) khoéng compact. Diéu nay trai véi gia thiét. Vay X 1a khong gian hitu han

chieu.
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Chuong 1. Khdng gian tuyén tinh dinh chudn
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Chuong 2
Ba nguyén ly co ban cua giai tich ham

§ 1 NGUYEN LY BI CHAN DEU - DINH LY BANACH-STEIHAUS

Cho X, Y 1a hai khong gian tuyén tinh dinh chuén va (A;);c; 12 ho c4c toan ti
tuyén tinh lién tuc tit X vao Y. Khi d6 néu {A;| € I} 1a tap hop bi chin trong
L(X,Y) thi v6i mdi € X tap hop {A,;x|i € I'} 1a tap hop bi chin trong Y. Van
de dat ra 1a diéu ngudc lai c6 con ding khong? DPinh 1y sau sé tra 16i cAu héi nay.

Dinh ly 1.1. (Banach-Steinhaus)[6] Cho X la khong gian Banach va Y 1a khong
gian tuyén tinh dinh chudn. Gia st {A;|i € I} 14 ho toan ti tuyén tinh lién tuc

39
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tit X vao Y sao cho v6i moi € X tap hop {A;x|i € I} bi chan trong Y. Khi d6

{A;|i € I} 1a tap hop bi chin trong £(X,Y); nghia la ton tai moét sé6 M duong
sao cho

|A;]| < M, véimoii € I.

Chitng minh. V6iméin € Nvai € I, ta diat

Bui={reX : [Ax| <n}

vi A; lién tuc nén B, ; dong. Pat B,, = () B,,;. Khi d6 B,, dong trong X.
icl
Mat khac, v6i mbi « € X tap hop {A;x | i € I } bi chan trong Y, nén ton tai

s0 M, duong sao cho |A;xz|| < M, véimoiz € I. Chonn > M, khi dé x € B,,.

Vay X = (] B,..
neN

Vi X la khong gian Banach nén né thudc pham tru thi 2, do dé ton tai s6

nguyén duong ng sao cho B,, # (). Theo cach xay dung tap hop B,, la tap hop
déng nén B,,, # (. Do dé6 ton tai hinh cau mé B(x(, r) chia trong B,,.
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41

Vé6i méi © € X khac khong, ta ¢

Ty + —” II c B(wo,’l") C Bno-

Nhu vay véi méi i € I, ta déu c6

Ai(@o + ool <

Tu do suy ra

A (2|| ||)II_IIA( To + ” ”)II+||A i(zo)|l

< no + || Ai(zo) ||
Vi A; tuyén tinh nén, ta dudc

2|| |

hay

4n
1A; ()| < —°||m|| véi moi z € X.

R ng .. ..
Vay ||A;l| < ——, véimoiz € I.
r
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Dinh nghia 1.2. Cho X,Y la hai khong gian tuyén tinh dinh chuén va (A;) la
ho céc toan tit tuyén tinh tit X vao Y. Néu véi mbi « € X ton tai mot s6 duong
M, sao cho ||A,(x)|| < M, v6imoii € I thitanéiho (A;) bichin diém. Néu ho
(A;) C L(X,Y)vatap {A;: ¢ € I} bichan trong £(X,Y) thita néi ho (A;) bi

chan deu.

Nhén xét. Tu dinh 1y trén ta suy ra rang néu X 1a khong gian Banach va ho
(A;) C £L(X,Y) bichan diém thi bi chin déu.

Dinh ly 1.3. Cho X 1a mot khong gian Banach, Y 14 mot khong gian tuyén tinh
dinh chudn va (A,,) 1a day cac toan ti tuyén tinh lién tuc tit X vao Y. Néu véi
mbi z € X sao cho A,z — Ax, khi n — oo thi A 14 toan ti tuyén tinh lién tuc
va

JAJ| < Tim [|An].

n—0o0

Chiing minh. Theo gia thiét véi méi « € X, Az = lim A,z nghiala day (A,x)

n—00

hoi tu trong Y, do d6 tap hop { A, x| n € N} bi chan trong Y. Theo dinh ly Banach-
Steinhaus ton tai s6 M duong sao cho || A,|| < M véi moi n € N.
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Mat khac, ta co

[Anz|| < [[An]l||]]

nén
Tim [| Ay < lim || A, ]
hay
| Al < lim || A, 2]
Suy ra
|[Az| < M||z||

Vay A lién tuc va ta co
|A]| < lim || A,

Dinh nghia 1.4. Cho X, Y 1a hai khong gian tuyén tinh dinh chuin va ho (A,)acr
cac toan ti tuyén tinh tit X vao Y dudc goi 14 ho dong lién tuc déu néu véi moi
e > 0ton tai s6 & > 0 sao cho véi moi € X thod méan ||z|| < § thi [|[A.z| < €

v6i moi o € 1
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Dinh 1y 1.5. Cho X, Y la hai khong gian tuyén tinh dinh chuin va ho (A,)qcr
cac toan ti tuyén tinh tit X vao Y. Ho (A, )acr dong lién tuc déu khi va chi khi
(Aqy)acr bl chan deu.

§ 2 NGUYEN LY ANH XA MO

Dinh nghia 2.1. Cho X, Y 14 hai khéng gian tuyén tinh dinh chuén. Anh xa A
tit X vao Y dudc goi 12 4nh xa mé néu véi moi G mé trong X thi A(G) mé trong
Y.

Dinh ly 2.2. (Nguyén ly anh xa md)[6] Cho X, Y la hai khong gian Banach va A
toan anh lién tuc tu X vao Y. Khi do A la anh xa mé.

Chung minh. Ta ching minh dinh ly nay theo 3 budc

1) Ta chiing minh ton tai s6 » > 0 sao cho

By (0;2r) C A(Bx(0;1)).
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That vay, ta cé thé biéu dién

X = G ”I’I,Bx(o; ].)

n=1
Vi A toan anh nén -
Y = | nA(Bx(0;1)).

n=1
Theo gia thiét Y 1a khong gian Banach nén né thuéc pham tru thi 2, theo Pinh
ly Baire ton tai ny € N sao cho noA(B;(O; 1)) # 0. Suy ra A(BXO(O; 1)) # 0.
Do d6 ton tai s6 » > 0 va yy € Y sao cho By (yo;4r) C A(Bx(0;1)). Viy, €
A(Bx(0;1)) nén —yy € A(Bx(0;1)). Tu dé6 suy ra

Vay

By (0;2r) C A(Bx(0;1)).

2) Bay gio ta chiing minh By (0;7) C A(Bx(0;1)). Diéu nay nghia 1a v6i mbi
y € Y thod man ||y|| < r ta chiing minh ton tai # € Bx(0;1) sao cho y = Ax.
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Theo 1) ta cé véi mdi e > 0 ton tai = € X sao cho ||z|| < s vathod ||y — Az|| <
e. Voi e = % khi d6 ton tai 21 € X sao cho ||z1]| < % va thod ||y — Axzq|| < L.
Lai theo 1) véi ||y — Azq|| < . ton tai zz € X sao cho [|zs|| < -; va thoa
ly — Az, — Axs|| < 3. Tiép tuc qud trinh khi d6 ton tai day («,,) trong X thoa
|Zn|l < 55 VA |y — Azy — -+ - — Az,|| < o

Ta thay chudi Z ||z, || hoi tu, vi X 1a khong gian Banach nén chuoi Z x, hoi
n=2 n=1

tu vée € X. Theo gia thiét A tuyén tinh lién tuc nén ta cé

Ax = A(lim zn:wk,) = lim zn:Aa:k = y.

n—00 n—00

3) Gia stt G mé trong X. Lay vy, diém bat ky trong A(G), khi d6 ton tai z, € G
sao cho yy = Axy. Vi G md nén ton tai Bx(xo;e) C G hay o + Bx(0;¢) C G.
Khi d6 ta c6 yo + A(Bx(0;¢)) C A(G). Theo 2) ton tai s6 » > 0 sao cho

By(O; ’I"€) C A(Bx(o, 8).

Suy ra yo + By (0;7re) C A(G), hay By (yo;re) C A(G). Vay A(G) la tap md.
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Heé qua 2.3. Cho X, Y la hai khong gian Banach va A la song anh tuyén tinh lién
tuc tit X vao Y. Khi d6 A 14 phép dong phoi.
Dinh nghia 2.4. Gia st X, Y la hai khong gian tuyén tinh dinh chuén. Anh xa
A tit X vao Y dudc goi 1a toan tit déng néu do thi Gr(A) = {(z, Az)|z € X }
cua A la tap dong.

Nhaén xét: Néu A 1a anh xa lién tuc tit X vao Y thi A 1a toan tit déng.

Dinh 1y 2.5. (Nguyén ly do6 thi déng) Gia st X,Y 1a hai khong gian Banach va
anh xa A tu X vao Y la toan ti dong. Khi do A lién tuc.

Chung minh. Vi X,Y la hai khong gian Banach nén khéng gian tich X x Y
12 khong gian Banach. Theo gia thiét Gr(A) déng trong khong gian Banach nén
Gr(A) cung la khong gian Banach.

Xét cac anh xa chiéu

px : X XY — X
py : X XY —Y

do la cac toan ti lién tuc.
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bat p = px|acr(4) khi dé anh xa nay xac dinh bdi hé thic p(z, Azx) = = 1la mot
toan anh lién tuc, do d6 theo nguyén ly anh xa mé p 1a phép dong phoi. Vi vay

A = py o p~!la anh xa lién tuc.

§3 DINH LY HAHN-BANACH

Dinh ly 3.1. (Dinh ly Hahn-Banach vé su thac trién phiém ham tuyén tinh trong
khong gian thuc)[4] Cho X 1a moét khong gian tuyén tinh thuc, p 1a mét so chuén
trén X, M la moét khong gian con cia X va f 1a2 mot phiém ham tuyén tinh trén
M sao cho
f(x) < p(x), v6i moi x € M.
Khi d6 ton tai moét phiém ham F trén X saocho F'(x) = f(x) v6i moi x € M va
F(x) < p(x), v6i moi x € X.

Chung minh. Chia chitng minh ra lam hai budc
1) Lay =y € X \ M va dat M; = Lin{M, x,}. Ta ching minh rang f c6 thé
théac trién thanh f; trén M; va thod man diéu kién f;(x) < p(x) véimoi x € M;.
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That vay, v6i moi x,y € M ta co:

flx) = f(y) = f(z —y) < p(x—y) < plx+ xo) +p(—y — o).
Suy ra
—p(—y — x0) — f(y) < p(x + xo) — f(x), véimoix,y € M.
bat o = sup{—p(y — xo) — f(y) : y € M} (2) va B = inf{p(z + zo) — f(z) :
xr € M}.

Chon )\ sao cho o < A < 3. Khi d6, ta xac dinh phiém ham f; trén M, nhu sau
fi(xzy) = fi(z + €xo) = f(x) + EXtrong d6 = € M va € € R. Dé dang kiém tra
f1 12 mot phiém ham tuyén tinh trén M, va fi(z) = f(x) véimoi = € M.

Ta con phai ching minh f;(x;) < p(x) v6i moi x; € M;. Gia st £ # 0, do d6
% € M. Tu(2) ta suy ra

—P(—E — xg) — f(g) <AL P(E + x9) — f(g)(3)

néu £ > 0 thi ti (3) ta dudc

fi(xz1) = f(x) + &EX < p(x + €x) = p(x1), v6i moi & € M,
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néu £ < 0 tuong tu ta cling c6 fi(x1) < p(x1).

2) Ki hiéu P 1a ho gom cac phan ti (M,, f.) trong d6 M, 1a mot khong gian
con cia X chita M va f, la mot phiém ham tuyén tinh tit M, vao R sao cho
foa(x) = f(x) v6imoi x € M va fo(x) < p(x) v6i moi x € M,. Trén P ta
trang bi mot quan hé thu ty nhu sau f, < f3 khi va chi khi M, C Mg va
fs(x) = folzx), véi moi € M,. Khi dé P la tap sap tha tu. Gia sit P, C P

12 mot bo phan sip thang. Ta dat Z = U M,,. Véi mdi x € Z ton tai
(Mo, fa)€P1

(M,, f.) € Pi sao cho © € M,, dit h(x) = f.(x). Do tinh sap thang cta P;
nén Z la moét khong gian con cia X chta M va (Z, h) la mét can trén ctaa P;.
Theo b6 dé Zorn ton tai phan ti t6i dai (Y, F') trong P. Khi d6 Y = X. That vay,
néu Y # X thi theo cach xay dung trén sé ton tai mét phan ti (Y7, Fy) 16n hon
(Y, F). Piéu nay mau thudn véi (Y, F) 1a phan t ti dai. Vay F 13 ham can tim.

Dinh ly 3.2. (Dinh ly Hahn-Banach vé su thac trién phiém ham tuyén tinh trong
khéng gian phiic) Cho X 1a mét khong gian tuyén tinh phic, p 12 mét nita chuin
trén X, M la mot khong gian con ca X va f 1a2 mot phiém ham tuyén tinh trén
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M sao cho
#(@)| < p(@), véi moiw € M.

Khi d6 ton tai mot phiém ham F trén X saocho F(x) = f(x) v6i moi x € M va
|F(x)| < p(x), v6imoi x € X.

Chiing minh. Truéc hét, ta c6 nhan xét sau: Cho f 1a mot phiém ham tuyén tinh
phic thi c6 thé biéu dién f(x) = fi(x) + ifz(x) trong d6 f1, f> 12 hai ham tuyén
tinh thuc. Khi d6, ta cé f(ix) = fi(ix) + i fo(ix) = ifi(x) — fox).

Suy ra

f(x) = fi(z) — ifi(iz) (3).
Hon ntia, ta lai c6 fi(z) < |f(x)| < p(x), v6imoi x € M.

Bay gio ta ap dung Dinh ly Hahn-Banach thuc cho ham f; xét trén khong gian
thuc M. Khi d6 ton tai mét phiém ham F; trén X sao cho Fy(x) = fi(x) trén M
va thod man diéu kién F; (x) < p(x) trén X. Mit khéc, ta c6

—Fi(z) = Fi(—z) < p(—z) = p(z), Vx € X.

Suy ra |Fi(z)| < p(x), v6imoi x € X.
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Dit F(x) = Fy(«) — iF,(iz). Khi d6 F 1a moét phiém ham tuyén tinh phic trén
X vaF(x) = f(x),véimoi x € X.

Mit khac, ta c6 |F(x)| = F(x)e " trong d6 6 1a argument cua F(x). Suy ra

|F(x)| = F(z)e ™ = F(e %z) = Fi(e “x)

vi phan 4o cia F(e “Yz) = 0.
Vivay, |Fi(e "z)| < p(e "z) = p(z). Vay |F(z)| < p(z) véimoiz € X.

Dinh ly 3.3. (Dinh ly Hahn-Banach vé sy thac trién phiém ham tuyén tinh trong
khéng gian tuyén tinh dinh chudn) Cho X 14 mot khong gian tuyén tinh dinh
chuidn, M 1a mt khéng gian con cta X va f la mot phiém ham tuyén tinh lién
tuc trén M. Khi d6 ton tai mot phiém ham tuyén tinh lién tuc F trén X saocho
F(x) = f(x) véimoi x € M va || F|| = || f]|-

Chiing minh. Dat p(z) = || f||||z|| v6i moi z € X. Khi d6 p 1a niia chuan Theo
Dinh Iy 3.2 ton tai phiém ham F théac trién ctia f 1én X sao cho |F(z)| < p(x) =
| fl]|x|| v6i moi x € X. Do d6 F lién tuc va || F'|| < || f||. Mat khac, ta luén luon
FIL < [IF||. Vay [|[F|| = || £]]-

co
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Hé qua 3.4. Cho X 1a mét khong gian tuyén tinh dinh chudn, =, € X khiac
0. Khi dé ton tai mot phiém ham tuyén tinh lién tuc f trén X sao cho ||f|| =
1va f(xo) = ||zo]|-

Ching minh. Pat M = Lin{xzo} = {axy : o € C} va fi(axg) = af|x||. Khi
dé f; 1a phiém ham tuyén tinh lién tuc trén M. Theo DPinh ly 3.3 ton tai phiém
ham tuyén tinh lién tuc f 1a théc trién cia f; 1én X sao cho || f|| = ||fi|| = 1 va
f (o) = fi(zo) = [[z0ll.

Hé qua 3.5. Cho X 1a mot khong gian tuyén tinh dinh chudn, M 1a mot khong
gian con ciia X, ©o € X sao cho d=dist(xy, M) > 0. Khi d6 ton tai mét phiém
ham tuyén tinh lién tuc f trén X sao cho f(zo) = 1 f(x) = 0véimoixz €

. 1
M vallfll =~

Chung minh. Pat M, = Lin{zg, M} = { + axy : * € M,a € C} va
fi(x+axy) = a.Khidé f; 12 phiém ham tuyén tinh lién tuc trén M; véi f(xo) =
1, f(x) = 0v6éimoi x € M. Ngoaira, ta c6

|f(z + aumo)| |
| f1ll = = s

vtazg£0 ||+ azoll  azowem|al|| 4zl
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1 1 1
sup — = — — = —.
e |Z+aol il Z 4l d
N ? > A 1
Theo Dinh ly 3.3 ton tai f la thac trién cta f; 1én X sao cho || f|| = || f1|| = 7

§ 4 KHONG GIAN LIEN HIEP

Dinh nghia 4.1. Cho X 1a mét khong gian tuyén tinh dinh chuén trén trusng
K. Khi d6 £(X,K) tap tat ca cac phiém ham tuyén tinh lién tuc trén X 13 mot
khong gian dinh chuan va né dudc goi 1a khong gian lién hiép cta X. Ki hiéu
X* = £(X,K)

Nhan xet:
1) V6i mbi phan tit * € X* 14 mot phiém ham tuyén tinh lién tuc trén X va cé
chuén 1a

|z*|| = sup |x*(x)].
el =1

2) Khong gian lién hiép X* ctia mot khong gian tuyén tinh dinh chuin 14 mét
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khong gian Banach.
3) V6iméi z € X, taco

|z|| =  sup |z"(z)|.
c*EX*,||x*||=1

r* ()| < [|z*||[|=]].
Suyra sup |z*(x)| < ||| v6i moi z* € X*. Ngudc lai, néu = = 0 dang thic trén

That vay, theo dinh nghia ctia chuén toan ti tuyén tinh ta cé

||| =1
luon ding; néu = # 0 thi theo Hé qua ctia dinh 1y Hahn-Banach ton tai z* € X*
sao cho x*(x) = ||| va ||z*|| = 1. Vay
|z]| = [2*(x)| < sup |z*(z)|.

lz*[|=1

Dinh 1y 4.2. V6i mbi f € (K™)* ton tai phan tit a € K" sao cho
f(x) = Z arTr, V(x1s...,x,) € K"
k=1

Ngudc lai, v6i méi a = (aq,...,a,) € K" ton tai moét phiém ham tuyén tinh lién

Trwong Van Thuong



56 Chuong 2. Ba nguyén ly co bdn cua gidi tich ham

tuc f, trén K" sao cho

fa(m) — Z ApLy, v(wla coey mn) e K"
k=1

va || fal| = lla]| véi

ik 1
lall = (3 laxl*)2
k=1

Chung minh. Pate, = (0,...,0,1,0,...,0), k =1,...,n.Khidé, {eq,...,e,}
14 mot co 86 ca K™. V6i moi « € K™ ta cé

n
€r = E L€ .
k=1

Vife (K'Y nén f(z) =>,_ ,xrf(er). Patar = f(er), k= 1,...,n, ta dudc

a=(a,...,a,) € K*va

f(x) = Z AkT.
k=1
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Ngudc lai, v6i méi a = (aq,...,a,) € K?, ta dat
fa(x) = Zak:ck, V(xz1y...,x,) € K"
k=1
Khi dé f, tuyén tinh, lién tuc va
- 1o 1
[fa(@)] < O lzal®)z2 () laxl®)z = |lalll||-
k=1 k=1

Suy ra || fau|| < [|al|-
Néu a = 0 tachon f = 0, néu a # 0 ta chon =y = (y1,...,y,) VOi y;, = ﬁ
Khi do,

20| = 1 va

fa(@o) = 3 2 — Jla|| < |l

w1 llall
Vay || foll = llaf].

Dinh nghia 4.3. (Khong gian lién hiép thi 2) ChoX la mét khong gian dinh
chuan. Khi d6 ta c6 X * 1a khong gian lién hiép ctia X . Ta goi khong gian lién hiép
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ciia khong gian X* 14 khong gian lién hiép thi 2 cta khong gian dinh chuan X.
Ki hiéu X**.

Nhan xét : Ta nhan thay moéi lién hé gitta khong gian X va khong gian X*
khéng dude ré rang. Tuy nhién gitta khong gian X va khong gian X** ¢6 mbi
quan hé kha r6 rang. Piéu nay thé hién qua dinh Iy sau.

Dinh 1y 4.4. Cho X 1 mét khong gian dinh chuan. Khi d6 ton tai mét don anh
tuyén tinh ¢ tit X vao X** sao cho || ()| = ||z||, v6i moi = € X.

Chitng minh. V6i méi € X ta xét 4nh xa & xdc dinh trén X* nhu sau: (z*) =
x*(x),Vx* € X*.

Khi d6, & tuyén tinh. That vay, véi moi z*, y* € X*, o, B € K ta c6

(az”™ 4 By*) = (az” + By”)(z) = az*(z) + By*(z) = ad(z*) + BE(y").

Hon nua, ta co6

sup [#(2")| = sup |a*(2)| = |lz].
z*,||z*||=1 z*,[|z*]|=1
Suy ra & lién tuc va c6 chuédn ||Z|| = ||«||. Piéu nay chiing t6 c6 mot don anh tuyén

tinh ¢ : X — X** va bao toan chuan.

Trwong Van Thuong



§ 5. HOi tu yéu 59

Ngoai ra ¢ 1a anh xa tuyén tinh. That vay, véi moi =,y € X, o, B € K ta c6

(plazx + By))(z") = z"(ax + By) = ax™(z) + Bz (y) = (ap(z) + Be(y))(z7),
v6i moi z* € X*. Suy ra p(ax + By) = ap(x) + Be(y). Ti tinh tuyén tinh va

bao toan chuin ctia ¢ suy ra ¢ lién tuc.
Nhu vay véi két qua cta dinh 1y trén ta thay khong gian dinh chuin X 1a dang
cu tuyén tinh véi mot khong gian con ctia khong gian X **, nén ta c6 thé xem X 13

mot khong gian con cta X **.

§5 HOITU YEU

Dinh nghia 5.1. Cho X la mét khong gian tuyén tinh dinh chuén trén trusng K.
Ki hiéu X* = £(X,K) l1a tap tat ca cdc phiém ham tuyén tinh lién tuc trén X,
Day {x,} trong X dudc goi 14 héi tu yéu dén « trong X néu véi moi =* € X* day
x*(x,,) hoi tu dén =*(x) trong K. Ki hiéu =,, — x.

Chu y Su hoi tu theo chuén trong khong gian tuyén tinh dinh chuin dudc goi

la ho6i tu manh.
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Dinh 1y 5.2. Moi day hdi tu manh trong khéng gian tuyén tinh dinh chuin X déu

héi tu yéu.

Chiing minh. Gia st {x,} 1a day trong X héi tu dén = € X. V6i mbi =* € X*

ta c6 x*(x,) hoi tu dén 2* () (vi =* lién tuc). Vay «,, hoi tu yéu dén .

DPinh ly 5.3. Moi day hdi tu yéu trong khong gian tuyén tinh dinh chudn X déu
bi chan trong X.

Chung minh. Gia st day x, hoi tu yéu trong X. Khi dé, véi mdi z* € X*
day =*(x,) = x,(x*) hoi tu trong K nén né bi chan; nghia la ho (x,),cn bi
chin diém. Theo nguyén ly Banach-Steinhaus day (x,) bi chin déu, nghia la

sup ||zn|| < +oo.
neN
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Chuong 3

Cac khong gian LP

§1 KHONGGIAN LY, 1 < P < 400

Gia st (X, B, 1) 12 moét khong gian do do. Ham s6 phic f(z) = u(x) + iv(x)
xac dinh trén tap hop A € B goi 1a do dudc trén A néu u, v 1la hai ham s6 thuc do

dudc trén A. Ro rang néu f 12 mot ham s6 phitc do dudc trén A thi | f| 14 mot ham
s6 thuc do dudgc trén A.

Cho1 < p < oo, goi LP(X, 1) 12 tap hop tat ca cac ham do dudc trén X sao cho

/ 17 (@) Pdp < oo,
X
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trong dé hai ham phiic tuong duong trén X dudc xem la dong nhat. Néu X C R”
la tap hop do dudc theo Lebesgue va 1 1a dé6 do Lebesgue thi ta ky hiéu LP(X).

Dinh ly 1.1. Tap hop LP(X, ;1) véi hai phép toan cong 1a tong ctia hai ham va
nhan 12 nhan mot ham véi mot s6 (thudng goi 1a nhan v6 hudng) tao thanh mot

khong gian vecto.

Chitng minh. Gia st f,g € LP(X, ), ta cé

|f(x) +g(z)| < |f(z)| + |g(=)]
< 2max(|f(x)|, |g(=x)|), véimoiz € X.

Suy ra
|f(x) +g(x)[” < 2°(|f(2)[” + |g()[*), véimoixz € X.

Vay f +g € LP(X, p).
Ngoaira, viimoi a € Ctacé af € LP(X, ).
Vay LP(X, i) la mot khong gian vecto.

B6 dé 1.2. Gia st a, b 14 hai s6 duong. Néu 1 < p < oo va g thod mén 11) + % =1
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thi

a? b1
ab < — 4+ — (3.1)
p q
Chiing minh. Pat o(t) = % -+ % —t, (t > 0). Ham ¢(t) xac dinh trén [0, 400)

va ¢6 dao ham tai moi t € [0, +o00) la ¢/ (t) = t?~! — 1. Khi d6,
o'(t) < 0, Vt € (0,1) va '(t) > 0, Vt € (1, +00).

Do d6 ham ¢(t) dat cuc tiéu tai t = 1 va (1) = 0. Suy ra o(t) > ¢(1),Vt €

[0, +00).
Vay
tP 1
— 4+ —-——t >0, Vt € [0,400). (3.2)
p q
Chon t = ab_%, ta thay vao (3.2) ta dudc
aPb—1 1 _q
+——ab ?» > 0.
p q
Vivay ta co
a? b1
ab < — 4+ —.

p q
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DPinh 1y 1.3. (Bat dang thic Holder) Gia stt 1 < p < oo va g thod man ;1) + % = 1.
Néu f € LP(X,pu) vag € LY X, ) thi fg € L'(X, 1) va

/X F(@)g ()| du < ( /X £ (@) [Pga) P /X 1g(x)|%dpa) . (3.3)

Chitng minh. Néu [ |f(z)[Pdp = 0 hodc [, |g(x)|?%dp = 0 thi bat dang thuc
(3.3) dung.

Gia stt [, |f(z)|Pdp > 0va [ |g(z)|%dp > 0.

f@ o lg(@)]

Chon a = T -
(Jx |f (@) |Pdp)? (Jx lg(z)|7dp)

Ap dung bat ding thic (3.1) ta dugde

| f (@)[” 1 g(=)]

|f(x)g(x)] 1 L1 .
p([x |f(x)Pdp)  q([x |g(x)|9dw)

(Jx |F @) |Pdp)? ([ |g(x)|adp)s

<

Trwong Van Thuong



§1.Khéng gian LL?, 1 < p < +oo 65

Lay tich phan hai vé ta dudc

1
i o | 1F(2)g(x)|dp
(Jx |F (@) |Pdp)?([x lg(x)|9dp) /X
1 [x|f@)Pdp | 1 [x|g(x)|dp

= p([x If@)|Pdp)  a([fx lg(x)|2dp)

1 1
:——|——:]_,

p q

Vay
/X F(@)g () du < ( /X 1 (@) [Pdp) P /X 1g(x)|%dpa) .

Chu ¥ rang véi tong hitu han hodc vé han ta ciing ¢6 bat dang thic tuong tu
1 1
Z larby| < (Z |ak|p)p(z |bg| 7).
k k k

Dinh 1y 1.4. (B4t dang thic Minkovski) Giastt 1 < p < +ocova f,g € LP(X, ).
Khido f +g € LP(X, ) va

( /X £ (@) + g(@)Pdp) < ( /X 17 (@) [Pdp)P + ( /X () Pdp)s.
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Chung minh. V6i moi f,g € LP(X, u), ta co
/ £ () +g (@) Pdp < / 7 @)]1f (@) +g(@) P dut / 19(2)||£ (@) +g(x) P dp.
X X X
Vi|f + g|P~' € LY(X, 1) nén 4p dung bat dang thic Holder ta dudc
/ £ (@) + g(@)Pdp < [|F1l,( / £ (@) + g(2)| P~ Ddp)s
X X
1 llglly /X £ (@) + g()| P Vdp)s

= (1£ 1l + llgllo)( /X 7 (@) + g(x)[Pdp)i.
Suy ra

([ 1£@ +9@Pan? < ([ 1#@Pdw + ([ lo@Paws @0
Dinh ly 1.5. Cho (X, B, 1) la khong gian d6 do, 1 < p < +oo. Khi d6, ham
171 = (] If@ P
X

xéc dinh mot chudn trén LP( X, ) va LP( X, 1) 12 mét khong gian tuyén tinh dinh

chuan.
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Chitng minh. V6i méi f € LP(X, u) theo dinh nghia
1
171 = ( /X £ (@)[Pdp)? > 0
va f = 0 hau khép noi khi va chi khi [, | f(z)|?dp = 0, nghiala || f|| = 0.
V61 o« € K ta co
1 1
laf ]l = ( /X af () [Pdp)? = |a|( /X £ (@)[Pd)? = e || £]-
Véi f,g € LP(X, 1) ap dung bat dang thiic Minkovski ta dudc
Nf+gllp < [ fllp + llgllp-

Vay || || 12 mét chuén trén LP(X, i) va LP(X, 1) 1a mét khéng gian tuyén tinh

dinh chuan.

Dinh ly 1.6. Khong gian LP(X, ), 1 < p < 400 la mét khong gian Banach.
Chiing minh. Gia st {f,} 1a day co ban trong khéng gian L?(X, 11). Khi d6, ton

tai day con { f,,, } cua day { f,} sao cho

1
||fnk+1 - .f’l’Lk” S ?, k — 1,2,...
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gm(x) = Z | frpr () — Sy ()|, véimoi xz € X.
k=1

Khi d6, (g,,) 1a mét day ham do dudc khong am trén X va

m m 1
lgmll <D M Fos = Full -5 <L Vm=1,2,....
k=1 k=1

Véimoi xz € X, dat g(z) = lim g,,(x), ham g(z) c6 thé nhan gia tri vo cung tai

mot so diém x. Theo bo dé Fatou ta co

[ s@Ppdu = [ lim lgn@)Pdu < lm [ Jgn(@)Pde < 1.
X X m—oe m—oo J X

Suy ra g kha tich trén X. Vay g(«) hitu han hau khap noi trén X va chudi

Z | frigr () — Fnp(2)| hoitu hau khap noi trén X.
k=1

Vi K 14 khong gian Banach nén chuoi

fnl(m) T Z(fnk+1 (:IZ) o fnk(w)) (3-5)
k=1
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hoi tu hau khap noi vé ham f(z) trén X. Ta gia st f(«) = 0 néu chudi (3.5)
khong hoi tu. Tu (3.5) ta suy ra nliinoo I, () = f(x) hau khap ndi trén X. Vi
{f»} 12 day cd ban nén véi moi e >k0, ton tai ny € N, sao cho || f, — fnl| < e, v6i
moi m, n > ng. Ap dung b dé Fatou ta duge

/X |f(33‘) - fn(w)lpd,u = /th—{?o |fnk(m) —_ fn(fl?)|pdu

< lim | fr, () — fo(x)|Pdp < P, v6imoin > ny.

k—oo JX
Do d6 || f — full < &, véi moin > no. Vay f = (f — fu) + fu € LP(z, ), va

lim,, o || £ — full = 0.
H¢ qua 1.7.Cho 1 < p < oo. Néu {f,} C LP(X, ) va lim [|f — fu|l = O thi
ton tai mot day con { fn,} cuaday {f.}, hoi tu hau khap ngi \:g f trén X.
Dinh 1y 1.8. Cho day {f,} C LP(X,pu), 1 < p < oco. Néu day {f,} don diéu
tang va hoi tu hau khap noi ve f trén X thi lim [|f — £, = 0.

Chitng minh. Ta ¢6 |f(x) — fo(2)|? < |f(x) — fi(x)|” hau khap noi trén X
va nll_)r{.lo |f(x) — fn(z)] = 0 hau khap noi. Theo dinh ly Lebesgue vé su héi tu bi
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chan, ta suy ra
lim / |f(x) — fn(x)|Pdu = 0.
n—00 X

Vay lim |f — full = 0.

§ 2 KHONG GIAN L>°(X, 1)

Dinh nghia 2.1. [8] Gid sti g : X — [0, +o0] 1a do dude. Goi S 1a tap tat ca cac

s6 thuc « sao cho
(g~ ((@, +o0])) = 0.
Néu S = 0, thi dat 3 = +oo. Néu S # 0, thi dat 3 = inf S. Vi
o 1
g (B, +oe]) = U g (B + —; +o0])

va hop ctia mot ho dém dudce cac tap c6 do do 0 1a mot tap c6 do do O nén 3 € S.

Ta goi 3 la ess.sup cua g

Dinh nghia 2.2. Cho(X, B, ) 1a khong gian do do. Ham phtc f do dudc trén X
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goi 1a chii yéu gidi noi néu ess.sup|f| < K. Dat
| fllco = ess.sup|f|
goi 1a chuin vo cung caa f.
Chu y: Ta c6 thé thiy rang

Ifllc = ess.sup|f| =  _inf {sup|f(z)| < +oo, z € X\ A}

Dinh ly 2.3. L>°(X, i) v6i chuin dugdc dinh nghia nhu trén 14 mét khong gian
tuyén tinh dinh chuén.

Chu y. Bat dang thiic Holder van con ding khi p = 1 va g = oo.
Dinh ly 2.4. L>°(X, n) 1a mét khong gian Banach.
Chung minh. Xét day { f,.} la day co ban trong L>°(X, ). Dat
Enn=A{xz € X : [fm(x) — fu(@)] > [[fm — falloo}

va
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Khi d6 E,, , do dudc va pu(E,, ) = 0. Suyra u(E) = 0.
Vi {f,} 1a day co ban nén v6i mdi € > 0 cho trude ton tai ny € N sao cho
1 fon = Falloe < & v6imoi m,n > no. Vi | fun(@) — fu(@)] < [|fss — fullo v6i moi
x e X\ E.Suyra |f(x) — fo(z)| < evéimoix € X \ E va véi moi m,n > ny.
V6i mdi x € X \ E day {f.(«)} 1a day co ban trong K nén ton tai géi han. Ta
dat f(xz) = lim f,(x) Khi d6 ham f xac dinh trén X \ E. Gia st trén E ta dat
f(xz) =0.
C6 dinh m > n, va cho n — oo tli bat dang thic trén ta dudc
F(@) = fu(@)| <&, Vo € X\ E.
Vip(E) =0nén f — f, € L>(X,p). Vay f € L>(X, p) va
tim || fa — Flloe = 0.
Vay L (X, n) la mot khong gian Banach.
Pinh 1y 2.5. Cho G C R" va u(G) < 4+00,1 < p < q < co. Néu f € LY(G) thi
f € LP(G) va
1_1
[ Fllp < w(G)? 4| flq- (3.6)
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Néu f € L=(G) thi
Tim [1£1lp = 1l

Néu f € L?(G), 1 < p < oo va néu ton tai hang s6 K > 0 sao cho Ifll, < K
véimoipthi f € L>*(G) va || f|| < K.

Chiing minh. Néu p = g thi (3.6) dung.
Néul < p < q<oovaf e LIG) thi theo bat dang thiic Holder ta c6

p _b

[ 1F@Pdn < ([ 17@)dw'i( [ 1am'E.
G G G
Tu bat dang thic trén ta suy ra
11
1 fllp < u(G)?P 4| fllq-
Néu f € L>°(QG) thi tit (3.6) chuyén qua giéi han ta dudc
T | £llp < [1£1loc- (3.7)

Mit khac, theo dinh nghia ctia chuin vé cung khi dé véi méi e > 0 ton tai tap do

Trwong Van Thuong



74 Chuong 3. Cac khéng gian L

dudc A C G saocho u(A) > 0va |f(x)| > ||f|lec — e Véix € A. Vay

[ f@Pdn > [ 1F@PPdn 2 p(A)(IFlx - )"
G A
Suy ra

1
[£llp = ((A)2([| flloc — €)-
Vie > 0 tuy y nén ta dudc

Lim £, > [|f]|- (3.8
p—00

Tu (3.7) va (3.8) ta co
zim [|£1ly = £

Ta ching minh ménh dé thi ba cia dinh 1y bang phan ching. Gia st ton tai
f € LP(G) thoa || f||, < K sao cho f ¢ L>(G). Khi d6 ton tai s6 K; > K va tap
hop A C G do dudc v6i pu(A) > 0sao cho |f(x)| > Ky v6imoi x € A. Lap luan
nhu trong ching minh (3.8) ta dudc

lim || fl, > K;.

b—0o0

Diéu nay mau thuan véi gia thiét. Vay f € L=(G) va || f]|e < K.
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§ 3 XAP Xi BOI LOP HAM LIEN TUC. TINH KHA LY

Dinh nghia 3.1. (Ham don gian) Gia st (X, B, i) la mot khong gian do do. Ham
phtic s xac dinh trén X dudc goi 1a ham don gian do dudc néu né 1a mot ham do

dudc trén X va chi lay mot so6 hitu han gié tri khac nhau.

Gia stt s 14y cac gia tri ¢y, ¢a, . . . , ¢,,. Khi d6 s dude biéu dién duéi dang

n
s = g CkX Ay s
k=1

trong do6 x 4, la cac ham dac trung cua cac tap hop
Ap={x € X : s(x) =c}, k=1,2,...,n.

Ménh dé Cho s la ham don gidn do duoc trén X. s khd tich trén X khi va chi khi
do6 do cua tdp hop {x € X : s(x) # 0} la hitu han.

Dinh ly 3.2. Tap hop S gom tat ca cdc ham don gian kha tich trén X 1a tru mat
trong LP (X, p),véi 1 < p < oo.
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Chitng minh. Hién nhién S C LP(X, pu),v6i1 < p < oco.

Gia st f € LP(X, p). Ta da biét mot ham phitc do dude ludn biéu dién dudi
dang f = f1 — fo + i(fs — f1) trong do fi, k = 1,2, 3,4 la cac ham thuc khong
am do dudc trén X. Vi vay ta chi can xét ham f > 0 do dudc trén X. Theo cau
trac cia ham do dude khi d6 ton tai mot day ham {s, } don gian, do ducc, khong
am, don diéu tang sao cho

lim s,(x) = f(x), Vx € X.

Vio < sp(z) < f(x),Ver € X nén s, € LP(X,pu) véimoin € N. Taco (f(x) —
sn(z))? < (f(x))F va
lim (f(xz) — sn(x))? =0
Theo gia thiét f € LP(X, ) nén f? € L*(X, ). Ap dung dinh 1y Lebesgue vé hoi
tu bi chan ta dudc
Tim || f — sull, = 0.

Vi vay véi méifi, k = 1,2,3,4 vambi e > 0, ton tai mot ham don gian kha tich
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s saocho || fr — si|l, < 5. Pat s = 51 — 53 + i(s3 — s4) ta dudc

| f —sllp = [[(f1 — s1) — (f2 — s2) +¢[(f3 — 83) — (fa — s4)]l[p < e.
Vay dinh ly dudc chiing minh.

Dinh ly 3.3. Tap hdp cac ham lién tuc trén G C R™ ¢6 gia compact (dudc ky hiéu
Cy(@) ) tri mat khap noi trong L?(G),1 < p < oo.

Chung minh. Theo Pinh ly 3.2, tap hop cac ham don gian kha tich tru mat trong
LP(G). Vi vay v6i méi f € LP(G) va mdi e > 0 ton tai moét ham don gidn s sao
cho || f — s|[, < 5. Do d6 ta chi can ching minh véi s 14 ham don gian ton tai ham
g € Cy(G) sao cho ||g — s||, < £ 1a du. Vi s 1a ham don gian kha tich nén gia caa
s hitu han. Ta c6 thé gia thiét s(z) = 0 véi moi © € G. Theo dinh Iy Lusin ton
tai ham g € Cy(G) sao cho

lg(x)| < sup s(x)], Vx € G
TR
va
€

p(le € G+ s(@) £ 9(@)) < (o)
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Ap dung bat déng thiic Holder ta dude

[ 15@) = 9@)du < ([ 1s(2) — g@)"aw’( | 1aw)'F (1 <p < a < o0)
G G G
Suy ra

Is —glly < lls — gllc(u{z € G : s(x) # g(x)}))?

< 2||8]loo(———) = =.

s’ 2

Vay || — gllp < IIf — sllp + IIs — gllp < <.

Dinh ly 3.4. Cho G C R"va 1l < p < oo. Khi d6, khong gian L?(G) la khong
gian kha ly.

Ching minh. V6i moéi m € N ta dat

_ 1
Gn={xe€eG: d(x,0G) > —}.
m

Khi d6, G,, 1a tap compact. Goi P 1a tap hop tat ca cac da thic trén R™ ¢6 hé sb
phtc htru ty. Dat

Pm:{Xém.f : f € P}.
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Theo dinh ly Weierstrass P,, tri méat trong C(G,,,). Khi d6, tap hop U P, latap
m=1

dém dudgc.

Mat khac, véi mdi f € LP(G) va véi mdi e > 0 ton tai g € Cy(G) sao cho
||f - QHP < %

Néu % < d(suppg, OG) thi ton tai h € P,, sao cho

g = Plloc < = (1(Gm)) 7.

Suy ra

1
lg — hllp < |lg — hlloc((Gm))? <

N ™

Vay || f — k]| <e.

Vi | | P, latap dém dugc nén LP(G) kha ly.

m=1
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§ 4 KHONG GIAN LIEN HIEP

Dinh nghia 4.1. Cho G C R"va 1 < p < co. Ki hiéu (LP(G))* 1a tap hop tat ca
cac phiém ham tuyén tinh lién tuc trén LP(G) va dude goi 14 khong gian lién hop
ctia khong gian L”(G). Pinh Iy sau néi 1én méi quan hé gitta khong gian (LP(G))*
va khong gian L(G), v6i ¢ 1a s6 mii lién hiép cta p.

Dinh 1y 4.2. Cho G C R"va 1l < p < oco. Khi @6 v6i méi g € LI(G), 3+% =1
ton tai mot phiém ham tuyén tinh lién tuc trén LP(G) xac dinh béi

£u(F) = /G f(@)g(x)du, f € L(G) (3.9)

va

foll = ligllq-
Chuing minh. Theo tinh chéat cta tich phan, phiém ham fq 1a tuyén tinh trén
LP(G). Hon niita, theo bat dang thic Holder ta c6

1£,(F)] < /G F@)g(@)ldp < 11l llglly-

Suy ra f, bi chan. Vay f, lién tuc va ta co

| foll < llgllq- (3.10)
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Bay gio ta sé ching minh bat dang thic ngude lai. Gia st llgllq # O.
Néu p > 1 thi ta dat

g(z)|" g (x) néu g(x) # 0
0 néu g(x) = 0,

Jo(z) = {
Khi do6 ta dugc
/'fo(w”pd“:/ g ()| VPdp
G G
= [ lg@)an = lgli
G

Suy ra fo € LP(G).
Mat khac, ta co

£,(fo) = /G fo(x)g(z)dp

— / () |%dp
G
< £l Follp-
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Tu bat dang thic trén ta suy ra
1
[ la@)1du < 15,1 lg(@)I*dn)?.
G G
Chia hai vé cho ([, |g(z)|%dp)” ta dugc

lalle < I fqll- (3.11)

Tu (3.10) va (3.11) ta suy ra || f,|| = ||gl|4-

Néup = 1thig = co0. V6i 0 < € < ||g]|~- Khi dé ton tai tap A C G do dudc
sao cho u(A) > 0va |g(x)| > ||g||lcc — €, V6imoi =z € A. Dat

fo(@) lg(z)|lg(x) néuz € A
T 0 néuzx ¢ A.

Suy ra fo € L'(G).
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Mat khac, ta co

£.(fo) = /G fo(z)g(x)dp

= [ lo@)ldp
G
> [ (gl — £)dn
G
= [[foll1(lglloc — &)
Tu bat dang thic trén ta suy ra
19lloc — € < I S6ll- (3.12)
Tu (3.10) va (3.12) ta suy ra || f4|| = /9| cc-
Dinh 1y 4.3. Gia st f* € (LP(G))*, 1 < p < oo. Khi d6 ton tai ham g €

Li(G), % -+ 11) = 1 sao cho

F(f) = /G f(2)g(x)dp, Vf € LP(G)

Trwong Van Thuong



84 Chuong 3. Cac khéng gian L

Chiing minh. Gia st ;1(G) < co. Véi E C G do dugc, ta biéu dién E = | | B

k=1
vOi E, 1a cac tap do dudc phan biét doi moét. Khi dé6 day ham

k
Zin(:I:), k=1,2,...
i=1

1a day ham do dudc khéng Am don diéu ting hoi tu vé x z(x). Theo Dinh ly 1.8 day
{Zle X, } hoi tu vé ham x trong LP(G) va

k oe)
f*(xe) = kll_)fg) f*(z XE;) = Z f*(xg,)-
i=1 k=1

Ta dat A(E) = f*(xg), trong d6 £ C G. Khi d6, A l1a ham tap va o-cong tinh
xac dinh trén o-dai s6 B cac tap con do dudc ciia G. R6 rang néu E C G do dudc
va 11(E) = 0 thi A(E) = 0. Vay A 12 ham tap o-cong tinh va lién tuc tuyét déi doi
v6i p. Theo Pinh Iy Radon-Nikodym ton tai ham g do dudc kha tich trén G sao
cho

AE) = [Eg(w)du, VE € B,
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g dudc xac dinh duy nhat trén G. Suy ra
f(xe) = /GXE(a:)g(a:)du, VE € B.
Tu tinh tuyén tinh caa f* ta c6

£7(s) = /G s(z)g(x)dp,

trong do6 s la ham don gian kha tich, va vi vay cing dung cho moi f € L*>*(G) vi
moi ham f € L°°(G) la giéi han déu ctia day ham don gian {f.}. Tut su hdi tu
déu cta {f.} vé f suyra ||f — fill, — 0. Vivay f*(fr) — f*(f), khi k — co.
Dé ching minh g € LY(G), ta chia hai trudng hop
Véip = 1taco

| /E g(@)dul < 1 xel = I1Fu(E)

v6i moi E € B. Suy ra [g(z)| < [|f*|| hau khap noi. Vay [|gll < || £7]|-
V6i 1 < p < oco. Theo mot két qua da biét trong Iy thuyét dé do khi dé6 |g| =
gsign(g). Goi E, = {z € G : |[g(z)| < n} vadat f = xg,[g|? 'sign(g). Khi d6
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|f|P = |g|? trén E,, vA f € L>(G), hon nita theo phan chiing minh trén ta dugc

[ le@ldu = | f@g@dn =15 < 11| gt

Vi vay

/G x5, (@)g(@)|%du < | £]1% n=1,2,...

Néu ta chon day {E, } thoa diéukién By C E; C ...E, C ...va | | E, = E thi
n=1

theo dinh Iy vé su don diéu héi tu ta duge ||g||, < ||f*||- Vay g € LI(QG).

Néu 1(G) = oo thi ta biéu dién G = U G, trong dé cac tap G,, doi mot phan
n=1

biét va u(G,) < oco.Pat B, = Gy U ... U Gy. Hon ntta v6i moi tap E C G do

dudc ta luén c6 || xzf|l, < ||fll,- Vivay anh xa f —— f*(xzf) 1a mot phiém ham

tuyén tinh trén L?(G). Theo ching minh trén ton tai cac ham g,, trén G,, sao cho

F(xo.f) = /G f(@)gn(@)dp, f € L(G).
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Gidstig,(z) =0néuxz ¢ G,vaditg=g, +go+--- . Vi
f(xe.f) = : f(x)(g1(z) + - -+ + gn(x))dp, f € LP(G)
vi p(E,) < oo nén ta cé

g1+ g2+ .-+ gullg < I f*|l, n=1,2,...

Ap dung b6 dé Fatou ta suy ra ||g||, < ||f*||. Vay g € LI(G).
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Chuong 4

Khong gian Hilbert

§ 1 KHAI NIEM VE KHONG GIAN HILBERT

Dinh nghia 1.1. Cho H la mot khong gian trén truong K. Tich v6 huéng xac dinh

trén H la mot anh xa xac dinh nhu sau
(,.) tHXxH — K
(ZB, y) - <wa y>
thod man céac tién dé sau

1) (z,y) = (y, ) véimoi z,y € H.

89



90 Chuong 4. Khong gian Hilbert

i) (x +y,2) = (x,2z) + (y,z) v imoi x,y,z € H.

iil) (Az,y) = Az, y) v6imoi xz,y € Hva \ € K.

iv) (z,x) > 0véimoi x € H va (x,x) = 0 khi va chi khi = 0.
(x,y) dudc goi la tich v6 hudng ctia hai vecto x va y.

Cap (H,{.,.)) dudc goi la khong gian tién Hilbert (hay con goi 14 khéng gian
Unita).

Tu dinh nghia ta nhan thiy rang khi K 14 trudng thuc thi tich v6 hudéng 1la mot
dang song tuyén tinh xac dinh dudng trén H.

Vidu

1) LAy H = R*, v6i ¢ = (21,225, Tn),Y = (Y1,Y2,.--,Yn) € H va biéu
thuc

n
<$, y> — Z LiYis
=1

xac dinh mot tich vo huéng trén R".
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2) Lay H = C)o,1] khong gian gom c4c ham lién tuc trén [0, 1] nhan gia tri phiic,
véi z,y € H biéu thic
1
@) = [ 2@,
0
xac dinh mot tich vo6 hudng trén Cj ;. Khi do khong gian nay 1a moét khong gian
tien Hilbert va thuong ki hiéu C[ﬁ,l] :
Dinh 1y 1.2. Cho H la khéng gian tién Hilbert, v6i moi =,y € H ta ludn c6 bat
dang thic sau
{z, y>|2 <A(x,z)-(y,y),
bat dang thic nay dude goi 1a bat dang thitc Schwarz.
Chuing minh. V6i y = 0 bat dang thiic dung.
Giasty # 0, v6imoi A € K ta co

(x+Ay,z+ Ay) >0

suy ra
(, ) + XNy, z) + Mz, y) + [A|*(zy,y) > 0.
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Vituyyvay # 0nén tacé thé chon \ = —%. Thay vao bat dang thiic trén
ta dudc
2
x
<w,w>_|< 9y>| ZO.
(Y, y)

Vay bat dang thic Schwarz dude ching minh.

Nhén xét 1. Trong bat dang thic Schwarz diu bang xay ra khi va chi khi «, y phu
thudc tuyén tinh.

Dinh ly 1.3. Cho H 12 khéng gian tién Hilbert. Khi do,
lzl| = (z,z)2, =€ H
xac dinh mot chuén trén H.

Chiing minh. T dinh nghia ctia tich vo huéng ta suy ra
||| = 0 khi va chi khi = 0.

i) Véimoiz € Hvaa € Ctacé ||az| = (az,za): = |||z

i) ||x] > 0, v6imoi x € H;va
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111) V61 moi x, y € H ta co

Iz +yll* = (x + y,z + v)
= |l=]|* + (y, =) + (z,y) + ||yl*
= |lz||* + (x,y) + (=, y) + |lyl|®
= ||z||* 4+ 2Re({(z, y)) + [lyl|*
< lz||* + 2|{z, v)| + llylI*

Ap dung bat ding thic Schwarz, ta c6
Iz +ylI* < llz)l® + 2llzllllyll + [lylI* = ()l + llyl)*.
Vay |z + y|| < =] + [[yll-

Dinh nghia 1.4. Cho khéng gian tién Hilbert H, theo Dinh ly 1.3 thi H 14 mot
khong gian tuyén tinh dinh chudn. Néu H 1a khong gian day du thi ta goi H la
khong gian Hilbert.

Vi du
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1) LAy H = C" véi tich vo hudéng xac dinh béi hé thic
<w7 y> = Z TiYi,
i=1

trong d6 © = (x1,..., ),y = (Y1,...,yn) € C". Khi do H la mot khong gian
Hilbert.
2) Cho (2, B, i) la mot khong gian do do. Ky hiéu

Q) = {f 12— C: [ |£(@)Pdy < o},
Véi tich vo huéng
(f.9) = [ F@a@an.
L?(9) 1a mot khong gian Hilbert.

§ 2 MOT SO TINH CHAT CO BAN

Dinh ly 2.1. Cho H 1a m6t khong gian Hilbert. Khi d6
(,):Hx H— C,
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la mot ham lién tuc.
Chiing minh. Cho (x,), (y,) 1a hai day trong khéng gian tién Hilbert H lan
lugt hoi tu ve x, va yo. Khi do, ta cé

|<wn9yn> - <£I?0,y0>| S |<wnayn> - <wnay0>| + |<mnay0> - <m09y0>|
— |<wnayn - y0>| + |<wn - w07y0>|
< [®allllyn — yoll + [|2n — ol|l|yol|-

Theo gia thiét (z,,) héi tu trong H nén né bi chin, nghia 1a ton tai s6 M > 0 sao
cho ||z, || < M v6i moi n € N. Vivay, ta cé
[(Zns Yn) — (2o, Yo)| < Mlyn — yol| + llzn — zol||yol|-
Chuyén qua giéi han ta dudc
nll_{{)lo [{Tns Yn) — (T0; yo)| = 0.

Dinh ly 2.2. (Pang thiic hinh binh hanh) V6i moi x, vy trong mét khéng gian tién
Hilbert H ta co
Iz +ylI* + llz — ylI* = 2(ll=|I* + [lyl*)
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Chung minh. Véi x,y € H, ta co
lz +yll* = (z +y,z +y) = ||z]|* + (y, z) + (z,9) + [ly]]*
|z —ylI* = (x — y,z — ) = [|lz]|* = (y, =) — (z,y) + [|ly]I*.
Cong hai vé ctia hai dang thiic trén ta dude dang thiic hinh binh hanh.
Dinh ly 2.3. (Tich v6 huéng sinh béi chuén) Cho (X, || ||) 12 mét khong gian tuyén
tinh dinh chuan trén trudng K. Gia st v6i moi x, vy thudéc X thod man
lz +ylI* + llz — ylI* = 2(ll=]1* + lly]I*)- (4.1)
Khi d6 trén X c¢6 mot tich vé hudng sao cho (z, ) = ||z||°.
Chuing minh. Truée hét, ta xét X 1a moét khong gian tuyén tinh thuc.
Dat
1 2 2
(z,y) =~z +yl” = llz —ylI7]. (4.2)

Tu (4.2) ta co
i) (x,x) > 0 véimoi x € X.
i) (x,y) = (y,x) véimoi x,y € X.
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iii) Theo (4.1) va (4.2) ta c6 thé viét (=, y) duéi dang

1
(@,y) = lllz+ ylI* = llzl* = llylI*] (4.3)
hay

1
(@, y) = Slllzll® + llyll® = llz — ylI]. (4.4)
Tu (4.3) va (4.4) ta co

1
(+y,2) = lllz+y+z2I° - llz +y — 2]

ok

=—llz+y+zlP+llze—y+zl*—llze —y+ 2" — lz+y — 2|

N | =

1
= Sl + 21"+ 1lyll® = llzl® = lly = =IF] + Sy lI* + lI=1° = lly — =[]

= (x, 2) + (Y, 2).
iv) Bay gio ta chiing minh (Axz,y) = A{x,y) v6imoi x,y € H va A € K. Truéc
hét véi mdi =, y € X cb dinh, ta xét ham g(\) = || Az + y||. Khi d6, ta c6

lg(A) —g(N)] = [lIAz + yl| — [Nz + y]l]
< [ =Xzl = |A = X|l=].
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nén g 1a mot ham ctia bién thuc lién tuc. Vi vay, ta suy ra ham
1 2 2
FA) = QAz,y) = Az + y[|” — [|Az — y[]]

lién tuc theo bién thuc .

Theo mot tinh chat da biét f cong tinh (theo chiing minh iii)) va lién tuc nén f
la ham tuyén tinh, nghia la f()\) ¢6 dang f(A) = C trong d6 C 1a mot hang sé.
Hon ntia theo dinh nghia cta ftacé f(1) = C = (x,y). Vay f(A) = (z,y)A,
hay (Az,y) = Xz, y).

Véi X 1a khong gian tuyén tinh phic. Dt

1 . . . .
(2, y) = lll= + ylI? — llz — y|I* + illz + iy||* — i|lx —iy||*].  (4.5)

Tu (4.5) ta co
i) (x,z) > 0véimoi z € X.
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1) V6imoi xz, y € X ta cod

(o) = llly + 2l — lly — 2l +illy + |2 — illy — |
_ i[”w +yll> = |z — ylI? + illi(z — iy)||* — i|| — i(z + iy)|*
_ 3[”3" +yll? = |l — yl)? — illz + dyl)? + il — iy|)?]
— =z, 9).

1i1) Ching minh tuong tu nhu trong truong hop thuec.
iv) Véi 2, y € X cb dinh ta xét ham f(\) = (\x, y) tuong tu trén ta chiing minh
f 1a ham bién phtic cong tinh lién tuc nén f c6é dang f(A\) = CX hodc f(\) = CA,
trong d6 C 1a hang s6 va C = (x, y). Vi vy ta suy ra
(Az,y) = X(x,y), v6imoi A € C,
hoac
Az, y) = Xz, y), véimoi X € C.
Mat khac theo (4.5) ta c6 (ix,y) = i{x, y), nén chi xay ra
(Ax,y) = X(x,y), v6imoi A € C.
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Vay trén X ¢6 mot tich vo huéng va (x, ) = ||z||*.
Dinh 1y 2.4. Cho M 1a mét tap 16i, d6ng va khac rong trong khong gian Hilbert
H.Khi d6 véi mbi = € H ton tai duy nhat mét phan tit y € M sao cho ||z — y|| =
d(x, M).

Chiing minh. Néu « € M thi ta chon y = =. Néu = ¢ M, khi d6 vi M déng
nén d = d(x, M) > 0 va ton tai mét day (y,,) trong M sao cho lim ||z — v, || = d.
Ta chiing minh (y,,) 1a day Cauchy. That vay, theo dang thiic hinh binh hanh ta

co

1Yn — Ymll® = [[(® — yn) — (& — ym)||?
= 2|z — ynll® + 2|z — yml* — 1122 — (yn + ym) ||?
= 2]l — yull? + 2|z — yu? — 4llz — LT Y2
< 2[|z — yull* 4 2[|z — ym||* — 4d
(vi M 10i nén W% € M). Cho m, n — oo ti bat dang thic trén ta cé

lim ||y, — yml| = 0.

m,n— oo
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Vay (y.) la day Cauchy. Do H la khong gian day dia nén limy, =y € H. Vi M
dong nén y € M. Tu do6 ta co

lim ||z — yu|| = ||z —y[| = d.
n—00

Bay gio ta chiing minh vy 12 phan ti duy nhat. Gia st ton tai phan t& z € M sao
cho || — z|| = d. Khi d6, tit dang thic hinh binh hanh ta cé

2 2 ooz Ytz 2 2 4g2
0<lly—=l" < 2llz —yl" + 2|z — 2] — dllz — = —|I" < 2d" + 2d" — 4d" = 0.

Vay y = z, nghia 1a y 1a phan t& duy nhét.

§ 3 HINH CHIEU TRUC GIAO. CO SO TRUC CHUAN

Dinh nghia 3.1. Hai phan t «, y trong khong gian tién Hilbert H dugc goi la
truc giao néu (x,y) = 0, ki hiéu = L .

Hai tap hop M, N trong H dudc goi la truc giao v6i nhau néu (z,y) = 0 véi
moix € M vamoiy € N, ki hiéu M | N.

Cho M C H, tap hop tat ca nhiing phan t trong H truc giao véi M ki hiéu 1a
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M- va goi 1a phan bu truc giao ctia M.

Nhén xét. M+ phan bu truc giao cia M 14 mot khong gian con déng ctia H.
Dinh ly 3.2. Gia st M 1a mot khong gian con dong ciia khong gian Hilbert H. Khi
d6 v6i moi phan ti ¢ € H dude biéu dién mot cach duy nhat duéi dang =z = y + =
trong d6 y € M va z € M~*. y dudc goi 1a hinh chiéu truc giao ctia = lén M.

cm Néux € M thidity =,z = 0. Néux ¢ M thi M 14 16i déng nén ton tai
duy nhat y € M sao cho ||z — y|| = d(x, M).

Piat z =  — y, tacé £ = y + z. Ta phai chiing minh z € M~*. That vay, véi
moia € K,u € M tacé

12|l = llz —yll < [z — (y + au)|

= ||z — aul|.
Tu do ta suy ra

12]1* < (2 — au, z — au)

= |lzII* — a(u, z) — &(z,u) + o||u|*.
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Chon @ = (z,u) va ||u|| = 1, ta duge 0 < —|(z,u)|?. Suy ra (z,u) = 0 véi moi
u€ M,||lu|| =1.Vay z € M+,
Bay gio ta chiing minh su biéu dién 1a duy nhat; gid stz = y, + 2, véiy, € M

viz, € M- Khidoy —y; =2 —znény —y, € Mvay —y, € M+, suyra
(y —y1,y —vy1) = 0. Viy y = v, do d6 z = z;. Tt tinh duy nhéat ctia biéu dién ta
c6 thé viet X = M @ M.

DPinh nghia 3.3. Anh xa P : H — M x&c dinh béi P(xz) = y trong biéu dién
cta dinh ly trén dudc goi 1a phép chiéu truc giao tiut H 1én M.

Dinh 1y 3.4. Phép chiéu truc giao P ctia khong gian Hilbert H lén khong gian
con déng M # {0} 1a mét toan ti tuyén tinh lién tuc va c6 || P|| = 1.

Chung minh. V6i moi x, x>, € H va a € K, theo dinh ly trén ta co
x1 = Pz + 21, ®2 = Pxa + 22,
trong d6 z, zo € M+. Vivay

1 + 2 = Pxy + Pxy + 21 + 22,
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trongdéPa:l—l—Pa:z - MVéZl—I-Zz - MJ‘.
Tu tinh duy nhét cta su biéu dién trong dinh 1y trén ta suy ra

P($1—|—$2) = Pwl—I—sz.

Tuong tu P(ax,) = aP(x,). VAy P tuyén tinh.
Mat khac, v6i x € H ta co

l=|* = [ Pz||* + ||2]]* > || Px]|*

Suy ra P bi chan. Vay P lién tuc va
|z]|. Vivay [ P[] = 1.

|P|| < 1. Hon ntuia, véi « € M ta co

Pa|| =

Dinh nghia 3.5. Mot tap hop S = {z;}icr trong khong gian tién Hilbert H dudc
goi 14 hé truc giao néu cac phan ti thuodc S truc giao véi nhau ting d6i mot. Néu

moi phan t ca S ¢6 chuédn bang 1 thi S dudc goi 1a hé truc chuén.

Dinh ly 3.6. Néu S 12 mét hé cac phan ti truc giao trong khong gian tién Hilbert
H thi S 14 hé doc lap tuyén tinh.
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Chung minh. Gia st 1, x2,...,x, € Svaox; + ...+ a,x, =0Vl a; € K.
Khi d6 v6iméi j € {1,...,n} tacé

(Y cuimi, z;) = (0,2;) =0
i=1
= (ajzj, ) = ajflz;|*.
Tudotasuyraa; =0v6imoiz = 1,...,n. Vay S la hé doc lap trong H.

Dinh ly 3.7. ( DPang thitc Pythagore) Néu {x, ©o, . . ., ,,} 1a mot hé tuc giao trong

H thi . .
1Y zll? =) llill®
i=1 i=1

Chung minh. Ta co

n n n n

| Zfﬂiﬂz -~ (;j wiaxwﬁ =) > (xi,z)

i=1 j=1

n n
D (@i w) =) il
1=1 1=1
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Dinh 1y 3.8. Gia st {e;, e2, . . ., €, } 1a mot hé gom n phan ti truc chuan trong H.
Khi d6, méi phan tit « € H c6 hinh chiéu truc giao 1én khéng gian con M sinh
bdi hé {ei,es,...,e,} 1a

n
Yy = Z(ma 6@')61'-
1=1

Chuing minh. Vi M la khong gian con hitu han chiéu nén M déng trong H. Theo
dinh 1y hinh chiéu truc giao, véi méi = € H dudc biéu dién dudi dang x = y + z,
trong d6y € M,z € M+. Doy € M,tacoy = > aje;. V6 imoij = 1,...,n ta

i=1

7/

co
(x,e;) = (y+ z,ej) = (Z aie;, e;)
i=1

= ajllej]|* = ay.

n

Vay y = Z(wa ei>ez’-
1=1

Dinh ly 3.9. (Pinh ly truc giao hoa Schmidt) Gia st {x,, }.cn la mot hé doc lap
tuyén tinh trong khéng gian tiéen Hilbert H. Khi d6 ton tai mot hé truc chuin
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{en}nen sao cho Lin{e, es,...,e,} = Lin{xy,x2,...,2,}, v6i moi n € N.
L1

N R6 rang {e;} 1a hé truc chuan va Lin{e,,} =
L1

Chung minh. Pat e; =
Lin{azl}.

Ta chiing minh bang phuong phap qui nap. Gia sit ¢6 {eq,...,e,} 1a hé truc

chuan va Lin{e,, es,...,e,} = Lin{x, zs,...,z,}. Ta tim y,,.; dudi dang

n
Ynt1 = Tpi1 + Z a;e;
i=1
sao cho vy, truc glaovéie;, 5 = 1,...,n. Taco

(Yn+1s ej) = (Tny1, ej> + ;.

Suy ra a; = — (%, 11, €;). VAY 4,1 hoan toan xac dinh béi biéu thic

n

Ynil = Tnp1 — ) _(Tni1,€5)€;

i=1

Vi yniy # 0, do d6 ta dit e, | — ”y"—“n Khi d6 hé {ei, es, . . ., enq} 12 hé truc
yn+1

chuan va Lin{ey,es,...,e,11} = Lin{xy,xs,...,2,11}. Dinh ly chiing minh

xong.
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DPinh ly 3.10. Gia st {x,, }nen 1a hé truc glao trong khong gian Hilbert H. Khi do,
chuoi Z x,, hoi tu khi va chi khi chudi Z |z,||? hoi tu va

0o 0o
1Y @all> =D llall*
n=1 n=1

Dac biét, néu {e, },cn 12 hé truc chuan, ta c6

o0 o0
| Z anen|® = Z ||
n=1 n=1

Chitng minh. V6i méi n € N, dat

S, =x1+x2+...+x,vaT, = ||w1||2 + ||a:2||2 + ...+ ||:13n||2
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Khi d6 véi n,p € Ntaco

||Sn+p T Sn||2

||

)
Y
=

= [Tntp — Tanl-

Gia st chudi S x,, hoi tu suy ra day (S,,) héi tu nén (S,,) 1a day co ban. Pang thiic
n=1

trén chiing t6 (7,) 1a day co ban trong R nén né hoi tu. Suy ra chuoéi > ||z,||? hoi

n=1

tu. Ngudc lai, néu > ||z, ||? hoi tu, tuong tu ta c6 (S,,) 1a day co ban trong H. Vi
n=1

H 13 khong gian day da nén (S,,) hoi tu, nghia 1a chudi > z,, hoi tu.

n=1

Hon nita, ti dang thic

n n
1> el =) Nzl
k=1 k=1
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cho n — oo ta dudc

o0 o0
1D "zl =D Nl
n=1 n=1

Dinh ly 3.11. Gia st {e,, },.cr 12 hé truc chuin trong khong gian Hilbert H. Khi

do, v6i moi € H chuoi > (x,e,)e, hoi tu va

n=1

> Kz en)? < lzl|® (%),

chuoi i (x,en,)e, dudc goi 1a chudi Fourier ctia = d6i v6i hé {e,} va bat dang
thic (:):éIIOC goi 1a bat dang thiic Bessel.

Chitng minh. Theo Pinh ly 3.10 Z (x,en,)e, hoi tu khi va chi khi z {x, e,)|?
hoi tu. V6i méi n € N ta dat M, = L1n{el, ..,e,}. Khidé M, la khong gian con
déng ciia H, theo dinh 1y hinh chiéu truc giao véi @ € H c6 biéu dién duy nhat
duéi dang = = vy,, + z,, trong d6 y,, € M va z,, € M. Hon niia, ta cé

n
= Z(w, ei)e;.
i=1
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Mat khac, ta lai co6
1% = Nlynll* + lzall> = D @, €] + ||zl
i=1

Suy ra

n
Z {x, e;)|* < ||z||?, v6imoin € N.
i=1

Vay 21|<w,en>|2 < [lz|*.

Dinh nghia 3.12. Hé truc chuin {e,} trong khong gian Hilbert H dudc goi la

mot cd sd truc chuin néu khong gian con sinh béi hé nay tru mat trong H.

Dinh ly 3.13. Gia st {e,, }..cn 12 hé truc chuan trong khong gian Hilbert H. Khi
dé, cac mémh dé sau 1a tuong duong

a) Hé {e, },cn 12 co s6 truc chuén.

b) Véimoix € Htacox = > (x,e,)e,.

n=1
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¢) Voimoi xz,y € H,taco (z,y) = > (T, en) (Y, en).

n=1

d) V6i moi x € H ta co

z||* = le@, en)|?.
Pang thic d) dude goi 1a dang thic Parseval.

Chitng minh. a) = b) Theo Dinh ly 3.11 ta c6 chuoi > (x,e,)e, hoi tu. Dat

n=1
y=x— > (x,e,)e,, ta ching minh y = 0. V6i méi 5 € N ta c6
n=1

<y7ej> — <m7ej> — <Z<waen>envej> - <w76j> — (waej> = 0.

Diéu nay ching té y L M = Lin{e,, n € N}. Do tich v6 huéng 14 ham lién tuc
nény | M = H.Vivay (y,y) =0suyray =0.Vayz = > (x,e,)e,.

n=1
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b) = ¢) V6i moi x, y € H theo b) ta co

<ZB,y> — <Z<waen>en7 Z<yaen>en>

Ji_)IEO(ZCB, e;)ei, Z(% €j)e;)
i=1 j=1

= nh_{glo Z Z(wv e;) (Y, €;) (€, €;)
i=1 j=1

— lim >, ) (5 €
i—1
— Z(ma en) <y7 en)-
n=1
c) = d) V6i moéi = € H, tu c) ta dudc
() =) (@, en) |
n=1

d) = a) Ta ching minh M~ = {0} . Véimoi = € M tasuyra (z,e,) = 0 véi
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moi n € N (**). Theo d) ta co
1217 = D> (=5 en)|*.
n=1

Két hop vé6i (**) ta dudc ||z|| = 0. Suy ra z = 0. Vi vay M = {0}. Theo dinh ly

hinh chiéu truc giao ta cé
H=MoDM =M.
Vidu : 1) Khong gian

0 = {'CC — (5n)n€N|£n S C? Z |£n|2 < -I—OO}
n=1

Hé dém dugc {e,} trong d6 e, = (0,...,0,1,0,...) va (e;,e;) = &;; 12 co sd
truc chudn cta ¢2. That vay, v6i moi = € £2 ta ¢6 (x,e,) = &,. Pat =, =

(£1,&2,...,£,,0,...),khid6x,, € £2va||z—x,||? = > |zx|? — 0,khin — oc.
k=n-+1

Mat khac, ta co
Ty = Zﬁkek = Z(w, k) €k
k=1 k=1
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o0

Suy ra x, — x khin — co. Vayx = ) (x,e,)e,. Theo Dinh ly 3.13 {e, } la co
n=1
s6 truc chuan cuaa 2.
2) Hé cac ham ludng giac
11 1
cosnr,——sinnxr, n =1,2,...

V21 T VL
12 mot cd s6 truc chuén trong L?[0, 27].
That vay, véi méi n € N ta ¢

1 1
<\/271" \/27T> /[0,277] 27 ’

1 1 1
(—=cosnx,——cosnx) = / —cos’nxdx =1
VT VT 0.20] T ’
<1 , 1 > 1.,
——sinnx, —sinnx) = — sin
ﬁ ’ \/7_1' [0,27] 7T

nén hé nay la hé truc chuan.

V6i méi f € L?[0,27] va v6i mdi e > 0 ton tai mot ham g € Clo,2x sao cho

1f —all <53

nxdxr = 1,
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Mit khéac theo Pinh 1y Weierstrass ton tai ham

h(x) = Z(Ak cos kx + By sin kx)
k=1

sao cho
€

sup |g($)‘_’l@EH <:2\/§;f

x€[0,27]

Suy ra
1
2

lg— Al = ( /[ lo(e) — (@) da)’ <

Vay ||f — k|l <e.
Do d6 hé trén la co s6 truc chuan caa L?[0,27]. Va tit d6 ta c6: v6i moi f €
L?[0, 27r] khai trién dudc thanh chudéi Fourier nhu sau

N[ ™

ao > cos kx sin kx
fl@)=—=+) (ak + by, )
trong do
1
ao f(w)dwa

V27 Jioen
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1
ap = — x)coskxdx, kK =1,2,...
k \/% [0,277].]0() b 9 9
1
b, = — x)sinkxdx, k=1,2,....
k \/% [0’27T]f() b 9 9

Dinh ly 3.14. (Dinh ly Riesz) Gia st {e,, },.cy 12 mot ¢o s6 truc chuan trong khong

gian Hilbert H. Néu day sb (£,,) thod man diéu kién > |£,|? < oo thi sé ton tai
n=1

duy nhit @ € H nhan &, 1am hé s6 Fourier &, = (x, e,) va

0 O
r = Zénem ”mllz — Z |£n|2
n=1 n=1

Chitng minh. Theo Dinh 1y 3.10 chudi Y |£,,|? hoi tu kéo theo chuoi > &,e,, hoi

tu. Patz = > £,e,. V6i mbi m € N, ta cé

n=1
<£B, em> — <Z gnenm em> — gm
n=1

Diéu nay c6 nghia « nhan cac so0 &,, lam hé so Fourier.
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Gia st co y € H saocho &, = (y,e,) v6i moi n € N. Khi dé ta c6

En = <w96n> = <y7 en>-

Do vay (x —y, e,) = 0v6i moin € N. Suy ra x — y truc giao v6i M la khong gian
con sinh béi hé {e, },cn. Vi tich v6 huéng lién tucnén = — y L. M, ma M = H.
Vay © = vy.

Dinh ly 3.15. Moi khong gian Hilbert kha ly H déu c6 mot co sé truc chuin dém
dudc hoac htru han.

Chiing minh. Theo gia thiét ton tai tap hop khong qua dém dudce S tru mat trong
H . Trong S ta loai cac phan ti phu thudc tuyén tinh doi véi cac phan ti trudc né.
Khi dé ta ducc mot hé {x,} cac phan ti doc 1ap tuyén tinh ma Lin{«,,} = LinS.
Theo dinh ly truc giao hod Schmidt ta tim dugc hé truc chuin {e,} khong qua
dém duoc va Lin{e, } = Lin{x,}. Khi dé ta c6 Lin{e,} = LinS = H.

Vay {e, } 1a mot cd sé truc chuan cta H.

Dinh ly 3.16. Hai khong gian Hilbert c6 cing s6 chiéu hitu han hoic cing v6 han
va kha ly thi déu dang ciu véi nhau. Pac biét, moi khéng gian Hilbert vo han kha
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ly déu dang ciu véi khong gian £2.

§ 4 KHONG GIAN LIEN HOP

Dinh nghia 4.1. Cho H la mo6t khong gian Hilbert. Ki hiéu H* = L(H,K) la
khong gian gom tat ca cac phiém ham tuyén tinh lién tuc trén H va né dudc goi
la khong gian lién hgp cua H.

Dinh 1y 4.2. (Pinh Iy F. Riesz) Cho H 14 mot khong gian Hilbert. Véi méi phan ti

a € H ton tai moét phiém ham tuyén tinh lién tuc f, trén H xac dinh béi
fa(z) = (z, a),

va || faoll = |lal|-
Ngudc lai, véi méi * € H* ton tai duy nhat mot phan tt ¢ € H sao cho

z*(x) = (z,a) va ||la|| = [[z*.

Chiing minh. Theo dinh nghia cta tich vé hudéng ta suy ra f, tuyén tinh va tu
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bat dang thitc Schwartz ta dudc

|fa(z)| = [(z, a)| < [|z|ll|a]l, véi moix € H.

Vay f, lién tuc va ta co || f.|| < ||a].
Chon = = a ta dugc [ fu(a)| = ||a||*. Vay [|fa|l = ||a]|.
Ngudc lai, gia st «* € H*. Néu z* = 0 ta chon a = 0. Néu * # 0 thi ta dat

M={x e H|x*(x) =0}

Khi d6 M la khong gian con dong trong H va H \ M # (). Theo dinh ly hinh
chiéu truc giao ta c6 H = M @ M. Suy ra M+ # {0}. Chon e € M sao cho
lell = 1.
V6i mdi z € M+, ta xét phan tit v = x*(e)z — x*(z)e. Khi d6 v € M. Hon
ntta, vi *(u) = 0nén u € M. Vay u = 0. Hay z = zzﬁ’ge
Véimoi x € H cé6subiéudién ¢ =y + ztrongdéy € M vaz € M~*. Suy ra
z*(2)

z*(e)

r =1y -+ e.
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Theo tinh chat cta tich vo huéng ta cé

‘(2) _2"(2)
“(e) ()

<ZB,€> — (y,e> + z

Vay z*(z) = z*(e)(z,e) = (x,z*(e)e). Vi *(y) = 0 nén z*(x) = z*(z) =
(x, x*(e)e).

Dat a = z*(e)e, khi d6 a € H. Vay =*(z) = (z, a).

Gia st co b € H sao cho *(x) = (x,b). Tu dé ta suy ra (x,a) = (x,b) hay
(x,a —b) =0véimoix € H.Vivay (a — b,a —b) = 0.Suyraa — b = 0 hay
a =b.

Nhan xét Tu dinh ly trén ta cé thé thiét 14p mét song 4nh ti H vao H* nhu

sau

p: H— H”
r— p(x) = fa
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Khi d6 ¢ la cong tinh. That vay, véi moi z,y, 2z € H va o € K ta cé

p(x +9y)(2) = fory(2) = (. + 9y, 2)
= (z,2) + (¥, 2)
= f2(2) + fy(2) = o(x)(2) + ¢(y)(2).
p(az)(z) = fax(z) = (az, 2)
= a(x,z) = ap(x)(z).
Vay (@ +y) = (@) + o(y) v p(ax) = Gip(x). Vi ngodi ra ta con e6 || ()| =
| f=|l = ||«||- Nhu vay ta c6 thé xem H* 1a H theo nghia khong gian tuyén tinh

dinh chuan.

§ 5 SU HOITU YEU TRONG KHONG GIAN HILBERT

Dinh nghia 5.1. Cho H la mo6t khong gian Hilbert. Day («,,) trong H dudc goi la
hoi tu yéu dén phan ti = trong H néu véi moi y € H ta cé lim (z,,y) = (z,y).

-, N w
Ki hiéu z,, — =.
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Dinh ly 5.2. Gia st H 1a mo6t khong gian Hilbert.

a) Néu day (x,,) hoi tu yéu dén = € H va day (y,,) hoi tu manh dén y € H thi
day s6 ({(xn, y,)) hoi tu dén (z, y).

b) Néu day («,,) hoi tu yéu dén = € H va day (||z,||) hoi tu dén ||z|| thi day (x,,)
hoi tu manh dén = € H.

Chiing minh. a) Theo gia thiét day (x,,) héi tu yéu dén 2 € H nén (x,,) bi chén,
do d6 ton tai M > 0 sao cho ||z,| < M vé6i moi n € N.
Khi doé ta co

(T Yn) — (Z, Y)| < [Zns Yn) | — (s W) | + [{T0s 9} | — {2, 1)
< llznllllyn — yll + K&n, y) — (2, y)|
< Mllyn — yll + {20, y) — (2, 9)].

Theo gia thiét a) nén khi cho n — oo, tit bat dang thiic trén ta dudc

nh_)ngo<wm Yn) = (T, Y).
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b) Ta co

| — ar:||2 =(x, —x,x, — )

= [lz]l* — (@n, 2) — (2, 20) + [|2]|°.

Tu gia thiét lim (z,,z) = (z,z) = lim (z,z,) va lim ||z,|| = ||=||, nén chuyén
qua giéi han dang thic trén ta dude lim ||z, — || = 0.

Vay lim x,, = x.
n—00

§ 6 TOAN TU LIEN HOP TRONG KHONG GIAN HILBERT

Dinh nghia 6.1. Cho X, Y 1& hai khong gian tuyén tinh dinh chudnva A : X —
Y la mot toan tit tuyén tinh lién tuc. Toan tit tuyén tinh A* : Y* — X* xac dinh
nhu sau:

V6i moi y* € Y* taxdc dinh A*y* nhu sau A*y*(z) = y*o A(x) véimoi xz € X.

Khi d6 A*y* 12 mot phiém ham tuyén tinh lién tuc trén X va

1A%y < lly™ [l All-
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Dé dang kiém tra A* 1a toan ti tuyén tinh trén Y* va ||A*|| < ||A||. Suy ra A*
lién tuc. Toan td A* dudc goi la todan tiz lién hop cua A.

Dinh ly 6.2. Gia st X, Y, Z la cdc khong gian tuyén tinh dinh chuén trén trusng
K, A,B € L(X,Y), C € L(Y,Z) va ) € K. Khi d6 ta c6:

a) (A + B)* = A* + B*.
b) (AA)* = AA*.
c) (CoA)*=A*o C*.

Bay gio cho X, Y la cac khong gian Hilbert. Khi d6 theo nhéan xét trong phan
biéu dién phiém ham tuyén tinh trén khong gian Hilbert, ta c6 thé dong nhat X
véi X*vaY véi Y*. Vivay, ta c6 thé xem A* : Y — X va khi d6 A* dudc xac
dinh bdi cong thiic

(iB, A*y> — (AZI}, y>

viimoix € X,y €Y.
Trong trudng hop nay b) dude thay béi (AA)* = AA*.
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Vidu

1) Cho A : C* — C™ 1a toan ti tuyén tinh lién tuc. Khi d6 véi co sé chinh
tac {ei,...,e,} véie; = (0,...,0,1,0,...,0) toan tit A c6 ma tran tuong ing
la A = (aj),%,5 = 1,...,n. Goi A* la toan tu lién hgp cia A v6i ma tran tuong
ung la (b;;),4,7 = 1,...,n. Khi d6 v6i moi 5,7 € {1,...,n} tacé

(ei, Aej) = (eiy Y brjex)
k=1

= (e;, bije;) = b;;

— <Aei7 ej>
n
= <Z A€, €j> = Qjj.
k=1

Vay bij = aj; vbimoiz,j7 = 1,...,n. Vivay (bw) = (aji).

2)Cho A : L? . — L?

[0,1] 0.1) Xac dinh nhu sau

Ax(t) = /tw(s)ds, t € [0,1].
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Ta c6 thé kiém tra A la mot toan t& tuyén tinh lién tuc. Khi d6 toan tit A* lién

hdp ctia A dudc xac dinh nhu sau: V6i moi z,y € L[zo’l], ta co

(z, A%y) = (A=, y)

= /O 1 Ax(t)y(t)dt

= /01 /Ot tx(s)dsy(t)dt
— /01 /81 ty(t)dtx(s)ds

_ /Olw(s)(/sl ty (£)dt) ds.

Vay A*y(s) = [, ty(t)dt.
Nhan xét Néu X, Y 14 hai khong gian Hilbert va A € £(X,Y) thi toan ti lién
hgp caa toan td A*la A** : X — Y va A™ = A.

Théat vay, véimoi « € X vay € Y, theo dinh nghia ciia toan t lién hop trong
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khong gian Hilbert ta c6
(Az,y) = (x, A'y) = (A" x, y).

Dinh nghia 6.3. Cho X, Y 1a hai khong gian tuyén tinh liéntucva A : X — Y
tuyén tinh lién tuc ta goi nhan va anh cta A lan ludt 1a cac tap hop sau va dudce
ki hiéu la:
KerA=A'{o})={ze X : Ax=0}
ImA=AX)={yeY : y=Ax,xz € X }.
Nhan xét Ker A la mét khong gian con dong ciia X va I'm A la khong gian con
cua Y.
Dinh ly 6.4. Cho X, Y la hai khong gian Hilbert va A € £(X,Y ). Khi do6 ta c6
X =KerA®ImA*, Y = KerA* @ ImA.

Chung minh. Vi Ker A la khong gian con dong ciia khong gian Hilbert X nén
theo dinh ly hinh chiéu truc giao ta c6 X = KerA® (KerA)'. Do vay ta chi can
ching minh (KerA)t = I'mA*,
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Theo dinh nghia ta co

x € KerA & Ax =0
< (Az,y) =0, v6imoiy € Y
< (x, A'y) =0, v6imoiy € Y
S axl ImA®
& x € (ImA*)*.

Vay KerA = (ImA*)*.

Mat khéc, tt ImA* C I'mA* suy ra (ImA*)+ C (ImA*)*. Hon nira, véi
xr 1 I'mA* kéo theo x | ImA*, do d6 (ImA*)+ C (ImA*)+. Vay (ImA*)+ =
(ImA*)*,

Do vay ta suy ra Ker A = (ImA*)*+. T d6 ta dude (KerA)- = ImA*,

Bang cach thay A béi A* trong chiing minh trén véi chu y A** = A, ta dudc
dang thic thi hai trong dinh ly.

Dinh nghia 6.5. Cho H la mt khong gian Hilbert va A € £(H ). Goi A* 1a toan
t lién hop ciia A. Néu A* = A thi A dudc goi la toan t tu lién hgp.
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Nhan xét. Toan t& A 14 todn tit tu lién hop khi va chi khi
(Az,y) = (z, Ay), véimoi xz,y € H.

Dinh ly 6.6. Gia st H la mét khong gian Hilbert va A la toan ta tu lién hgp trong
H. Khi do

|A]l = sup{[{Az, x)| : ||lz]| < 1} = sup{[(Az,z)| : ||=[ =1}.

Chung minh. Pat M = sup{|(Az,x)| : ||z|| < 1}.

Ta co
(Az, )| < ||All|z]%, véi moix € H.
Suy ra
|(Azx, x)| < ||Al|l, v6i moi x € H véi ||| < 1.
V1 vay

M < ||A]l (4.6)

Mat khac, theo dinh nghia ciia supremum ta c6

M > |(Ax,x)| v6i moi x € HVGI ||| < 1.
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Do do ta co

|(Az, z)| < M||z||? v6i moi x € H.
Hon nua, véi x,y € H ta co
(A(z +y),z+y) — (Alz —y),z — y) = 2({(Az, y) + (Ay, z)).
Tu do6 suy ra

|2Re(Az, y)| = [(Az, y) + (Az, y)
= [(Az,y) + (y, Azx)|

= (A +y),z+y) — (A —y)z— )
M

<l + ylP + llz — i)

— M(Jl|l? + ly]1?)-

Véi ||lz|| = 1 néu Az # 0 daty = 5% thi [|y|| = 1. Khi d6 thay y vao bat dang
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thic trén ta duge ||Axz| < M. Vi ||A|| = sup ||Az|| nén

lz[|=1

|Az|| < M (4.7)

Tu (4.6) va (4.7) tasuy ra ||A|| = M.
Vay
|A]l = sup{|{Az,z)| : || < 1}.

Dinh ly 6.7. Gia stt H 12 mot khong gian Hilbert phiic va A 1a toan t tuyén tinh
lién tuc tit H vao H. Toan ti A tu lién hop khi va chi khi (Ax, =) 12 s6 thuc véi
moi x € H.

Chuing minh. Piéu kién can. Gia st A = A*, khi d6 v6i moi =,y € H ta cé
(Axz,x) = (x, Ax) = (Axz, x).

Vay (Az, ) € R.
Diéu kién da. Gia st (Axz,z) € R véimoi x € H. Véi mdi x,y € H ta dit
(Az,z) = a, (Ay,y) = b, (A(z + y),z +y) = ¢, (A(z +1y),xz + iy) = d. Khi
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dé a,b,c,d € R vataco

c =(Az,z) + (Ay,y) + (Az,y) + (Ay, x)
=a + b+ <Awa y> + <Ay7 w)
d=a+b—1i1({Ax,y) + i(Ay, x).

Vi vay ta suy ra

(Az,y) + (Ay,z) =c—(a+b)=a €R

va
—i{Ax,y) +i(Ay,z) =d — (a + b) = B € R.
Do dé
a—+ 108 =2(Ax,y) vaa — i3 = 2(Ay, x).
Vay

(Az,y) = (Ay, T).
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Bai tap
D Kihitu £ = {2 = (€,) | & € C, X [&* < +oo}. Véi moi @ = (£,),y =
n=1
() € £%, dét

<£B, y) — Z EnTln-
n=1
Ching minh rang ¢2 1a mét khong gian Hilbert.

2)Kihiéu ¢' = {z = (&) [ & € C, 30 || < +oo}t. Vimoi z = (§,),y =
n=1
() € €', ddt
<wa y> — Z EnTlp-
n=1
Chtng minh rang ¢! 1a mét khong gian tién Hilbert nhung khong phai 1a khéng
gian Hilbert.
3) Cho H 1a mot khong gian Hilbert va A : H — H 1a mot toan t tuyén tinh

thoa man diéu kién:

(Ax,y) = (x, Ay). v6imoi x,y € H.
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Chtng minh rang A lién tuc.
4) Cho H la mot khong gian Hilbert va A : H — H la mot toan t& tuyén tinh.
Chtng minh rang néu véi méi v € H, phiém ham

x+— (Ax,u),x € H

déu lién tuc thi A lién tuc.
5) Gia st (x,,) va (y,) 1a hai day phan ti trong hinh cau déng don vi trong
khong gian Hilbert H thoa man diéu kién

lim (x,,yn) = 1.
n—oo

Chtng minh rang

a) lim ||z,|| =1, lim ||y,.|| =1,
n—oo n—>00
b) lim ||, — y.|| = 0.
n—oo

6) Cho M la mot khong gian con dong ctia khong gian Hilbert H va (\,,) la mot

day so6. Ching minh rang néu moéi « € H, chubdi

oo
> (zen)en
n=1
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déu héi tu thi (\,,) 1a mét day bi chin.

7) Cho {e, } 12 mot hé truc chuén trong khong gian Hilbert H va {\,} 12 mot
day s6 bi chén. Ching minh rang

a) Chuoi

fj AT, €n)en
n=1

hoi tu v6i moi x € H.
b) Toan tu
Ax = Z)\n(az,en)en,w e H
n=1

tuyen tinh lién tuc va tinh chuan cia A.
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