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LJi ndi dau

Bo gigo trinh Todn mdi nay, voi nhiéu bai tap ¢6 104 giai, duge bién soan
danh cho sinh vién giai doan 1 cdc trudng dai hoc cong nghé qudc gia (ndm
thtt 1 va thit 2, moi chuyén nganh), cho sinh vién giai doan I dai hoc khoa
hoc, va cho cdc thi sinh du thi tuyén gido su trung hoc phd thong.

B4 cuc clia bo gido trinh nhu sau:

Tapl:Giditichl ) nn. o o o e

: Giai tic thit t ban 1an , 6/19906

Tap2: Gidi tich 2} iai tich nam 1 (xuét ban ldn thit 2, 6/1996)

Tap3:Giaitich3| ... ... . . P -
: ai tic thi 2 lan th 6 7

Tap4: Gidi tfch4} Giai 119h nam thit 2 (xudt bdn 2, 6/1997)

Tap 5: Pai s6 1: Pai 56 nam thit |

Tap 6: Dai s6 2: Dai s6 nam thi 2

Tap 7: Hinh hoc: Hinh hoc nam thit 1 va ndm thit 2.

DE kiém ching mifc do linh hoi kién thic, trong mbi chuong doc gia s& thay
nhiéu bai 14p c6 131 giai in & cu6i sdch. Trir mot vai trudng hap ddc bigt, céc -
bai tap nay déu khic véi nhimg bai da 6 trong bo bai tap c6 10i giai gom tdm
tap méi xuft ban.

Nhiéu viin dé & ranh gidi clia chuong trinh duge dé cap ¢ cudi chuong, dudi
dang c4c b6 sung co gidi.

Téc gia rdt mong nhan dugc nhimg 13i phé binh va goi ¥ ciia doc gia. Xin
vui long gli cdc ¥ kign dén Nha xudt ban Dunod, 5, phé Laromiguiére,
75005 Paris,

Jean-Maric Monier
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Chuong 1
Ng6n ngif ctua ly thuyét tap hop

Muec dich chuong nay la trinh bay mét bing nir wing vii cdc tinh chdt clha 1Y thuyet
1ap hop “ngay tho™, c6 thé st dung duge va duge su dung trong moi linh vuc cila
Toén hoc, ma khong che glau mot cdch vé ich hieu lyc tdng quét ciia ching, nhung
ciing khong phat trién vo bd.

Chiing 10i cho ring doc gid da biét nhimng tinh chdt so cdp cOa tap hogp cic s& ur
nhién }7={0, 1, 2, ...}.

1.1 Tap hop

1.1.1 Mot so yéu to logic

Mot khing dinh (hoic: tinh chat) p c6 thé diing (D) hodc sai (S) (ding hodc
sai, chit khong phai déng thi diing va sai). Mot bang chén Iy ghi lai hai kha
ning doé:

p
b
S

Mot dinh 1§ (hoic: ménh dé) 12 mot khing dinh dung.

Phii dinh cia mot khéng dinh p p khong p
1a mot khing dinh dugc ky hiéu 1 5 S
khong p (hodc: 1 p) duge xdc dinh

bdi bang chan 1y bén. S b

Céc phép lien két logic va (hoi), hoic (tuyén), = (kéo theo), < (tuong

duong logic) duge xic dinh boi:

p q pvag p hodc ¢ =>q P
b b b b b b
b S S b S S
S b S b b S
S S S S b b

T 1% ]




Chuong|  Ngbn ngif clia ly thuyét tap hop

“va” c6 thé ky hieu.lh: A; “hoac” 1a: v.-Céch ky higu {p 6 thé tién loi hon
’ 4

1a: p va g
Trong phép kéo theo p = g, p dugc goi la gia thiét, g 1a két luan.
Phép kéo theo ¢ = p duoc goi 1a dao (hodc: khing dinh dao) ciia phép kéo
theop = g.
Ta c6 thé dién t3 p = ¢ bang mot trong cdc cdch sau day:
muén ¢6 p, can cé g
mudh cé g, thi cé p 1a di
néu p, thi ¢
p 1a mot diéu kién da 6 ¢6 ¢
g 1a mot diéu kién cdn dé c6 p
Tuong duong logic p <> g c6 thé dién & bdi:
mudn c6 p, cAnva dulacé g
p 12 diéu kién cdn va di (PKCD) décdq
p khi va chi khi ¢ (hoac: néu va chi néu g)
Mot dinh 1y logic (cing goi ménh dé hing diing) 12 mot khéng dinh ding
véi bat ky cdc iri chan 1 ciia céc phan tif hop thanh. Sau day 1a mot s& vi du
trong s& cdc dinh 1y 16gic c6 ich nhat:
(phodcp) = p
(pvap)<>p
p hoic (khong p): luat bai trung
khong (p va (khong p})
p=>p
pep
khong (khéng p) < p
(p va (p = @)) = q: quy tic suy dién, hodc tam doan Iuan
(p = q) < ((khong p) hoic ¢)
(p = q) < ((khong ¢) => (khong p)): nguyén Iy phan dao
{khong (p hoidc g)) < ((khong p) va (khong 4))
(khong (p vi ¢)) <> ((khong p) hodc (khong ¢))
(khong (p = q)) < (p va (khong ¢))
(pvag)var)y < (pva(gvar) tinh két hop clia va
((p hoic ¢) hoic r) < (p hodc (¢ hodc 1)) tinh k€&t hgp cua hoac
({(p va g) hodc r) & ((p hodc r) va (g hoic r)): tinh phan ph6i cua hodac ddi
viii va
((p hoac q) va r) © ((p va r) hoic (¢ va r)): tinh phén phéi ctia va d6i vo1 hoac
((p=q)va{g>n)=(p=>r)iinh bic cdu cha phép kéo theo.
Theo quy udc, ta viét p = ¢ = r thay cho: (p=>q)valg=r).
Ta hily chitng minh 8inh 1§ vé sy phu dinh clia mot phép kéo theo nhir mot vi du:




11 Taphop

khong |khong| . (khong (p = ¢)) <
Pla\P=alo 0l ¢ [P (khong g} (p va (khong ¢))
b b 5 S 5 B
PSS S b b D D
S|P b 5 5 S D
S| S5 b 5 D S b

Suy luan phan chimng

Bé ching minh ring p = ¢ 1a ding, ta gid thi€l p la ding vh ¢ 14 sai, vata
ching minh ring diéu dé dén dén méu thudn.

Viéc d6 quy vé chimg minh ring (p vii (khong ¢)) 1a s, i 1a ((khong )
hodc ¢ 1a ding, d6 chinh la p = ¢.

Bai tap
¢ Chimg minh cédc dinh 1y 10gic san
NP SPHSg=pP
{P =g {p = if
by sy =+ = yp=7r
r=p ger

Aip=g=re((pvagi=r)
diyipliogcgy = (p=rpvalg=r).

1.1.2 Tap hop
Ta s& chi gidi han trong khdi ni¢m ngay tho (tryc quan) vé tip hop, ma khong
dé cap dén khai nigm vé quan hé “tap hop héa”. Mot tap hop {(hay tip) 1a mot sur
(u tap nhimg déi wong, ching han {0, 1,3}, {x e By x 2 2} Ky hidu x € Eco
nghia: x thuéc (hodc: 1a phén tit ¢lta) E; phi dinh cda né duge ky hiéu x ¢ .
Ky hiéu @ chi tap hop réng, 12 13p hgp khong c6 mot phin 10 N
Mot tap hop c6 mot phin tlr x vi chi mot duge goi mot don tir va duge ky
hiéu {x}.
Luong tir phé cap ¥ doc 1a “v6i mei™ hoiic “vdi bat ky" hoac “voi méi”.
Litong tir ton tai 3 doc 12 “idn 1ai it nhit mot phén 16", Ky hi¢u 3! c6 nghia:
tdn tai mot va chi mot phén ur.
Chir tic dong bdi mot luong tir 1a cam, co thé dugce thay the hdi bit ky mot
chit nao (chira mang mot ¥ nghia naoj:

(Vx € E, P) = (Vy € E, P(")

Gxe P 3vel,P().
Phi dinh mét ciu lugng héa
Ta o6 {(kh@ng (Vx € F, P(x))) < (3x € E,khong P(x))

(khong (Fa € E, P(x))} <= (Vv e I/, khong P(x).



Chudng!  Ngdn ngif cla ly thuyét tap hgp

Moi cau luong héa bit ddu béi 3x e < 12 sai. Moi cau lugng héa bit ddu boi
Vx € J 1a ding.

N6éi chung ta khong thé thay déi thit ty cdc luong tir trong mot cau luong héa.
Chiing han: (Vx € I1, 3y € I, x < y) 1A ding, nhung (y € 11, Vx e 1T, x < y)
1a sai. .
Tuy nhién, néu céc tap hop E, E” c6 dinh thi:

(Vxe E,Vx e E',P(x, X)) & (VX' € E',Vx e E, P(x, b))
VA GxekE X eE’  P(x, X))o (3x € £, Ix € E, P(x,X°)).

1.1.3  Quan hé bao ham

¢ Dinh nghia Cho hai tap hop E, F, ta néi ring E bao ham trong F (hoac:
E 13 mot bo phan clia F, hogc E 1a mot tap hop con (hay tap con) cua F;
hoic: F bao ham E), va ta ky hiéu E c F (hoic: F D E), khi va chi khi:
VxeE xeF.

Ta k¥ hiéu tap hgp cdc bo phan ctia E 1a P(E).

Vi DU:
« P(@2)= {2}
» PO, 1))= (2, {0}, {1} {0, 1]}
NHAN XET:
DAePE)SACE
) (x}ePE)>xeE.

Taky hituE c Fthaycho:Ec FvaE=F.
£

Taky hiéu E ¢ F dé chi phidinhcia EC F,tiic la: 3x € E, x ¢ F.
Tacé: E=F < (EcFvaF cE).

EacF (Axe E,x¢ F)
Vay: E#F < |hoic < hodc

Ta chitng minh d& dang céc tinh chat sau day déi v6i moi tap hop E, F. G :
. @ - E, E cE

{ECF

FeG = EcG (tinh bic cdu cha quan hé bao ham).



1.1 Tap hop 7
1.1.4 Cac phép toan trong P(E)

¢ Dinh nghia 1 Cho E la mot tap hgp, A, B € P(E). Ta dinh nghia cic bo
phan sau cua E:

« [(A)=(xe E;x¢ A}, phan bi1 ciia A trong F

e AUB=|xeE;xeAhoacxe B},hgpciaAvaB
e« AnB={xeE;xeAvaxeB),giaociaAvaB
« A-B={xe E;xe€ Avaxg B}, hiéu A trir B

o« ApxB=(A-B)u(B-A),hiéu doi xitng ciia A va B.

£

BE trdnh s 1n 16n ¢6 thé xay ra v6i mot ¥ nghia khéc ciia "-" (trong cdc nhém Abel,
cdc khong gian vecta,...) ta ¢6 thé ky hiéu A\ B thay cho A - B.

Cich ky hiéu A thay cho L(A) c6 thé tién loi, néu khong c6 nguy co 14n 16n.



Chuong|  Ng6n nglt clia ly thuyét tap hap

T'a s& thira nhén ring Dinh nghia trén c6 thé m& rong ra trudng hop khi A va B khong

“truc ti€p" 14 nhimg bd phan cila cling mot tp hop E. Chiang han, néu F, G 12 hai tap

hop, ta thira nh4n ring c6 thé dinh nghia F U G, F ~ G, F - G, F , G tuong tu nhu
trén day.

Hai tap hop F, G duge goi 1a rdi nhaw khi va chi khi F G=0.

Doc gid o6 thé chimg minh, xem nhu bai 1dp, cic tinh chét sau day: véi moi bo phan
A, B, C cia mét tap hop £

Ce(D) = E, ((E) = @, [(l(A)) = A

AuD =B UA=A (& 1avhin tir trung hoa d6i v6i L)
AUA=A (moi phin tir chia P(E) 12 liy dang d6i véi L)
AUE=E (£ hip thu d6i véi )

AuB=R < AcCSB

AUB=BUA (. ¢6 tinh giao hodn)
AuBuC=AuBuUC) (ucdtinh két hop)
ANQD=C A= (& hdp thu d8i vdi M)

AnA=A (moiphin (i cia P(&) 1a liy ding doi véi M)
AnE=A (& 1aphin tir trung hoa ddi v6i M)
AmB=A<ACBH

ArnB=B~A (~ cétinh k&t hgp)

Ce(A w B) = 0(4) M [(B), (A m B) = ((A) U Bx(B) (c4c luat De Morgan)
A (B U =(An B w{AnC) (phin phdi cua m di vdi L)
AuB O =(Au B N (AwuC) (phan phdi cha v doi voi M)
An(AuB=AuA B =A (cic ding thic modun)
((A)=E-AA-T=A

A-B=Z3 = ACB

A-B=An(B)Y=A-(AnB)

A AB=BiA (Acétinh giao hodn)

AsTD=A (O I1aphdn trtrung hoa dBi véi A)

A 4 A = (moi phin tir chia P(F) 1a d6i xing cta chinh né doi véi A)
A B=(AUB)-(A~B).



1.1 Taphdap

¢ Binh nghia 2 Cho £ 1a mot tap hop, 2 12 mot bo phan cia B(E). Ta
n6i ring 7> 1a mot phan hoach ciia £ khi va chi khi:
WOWVAe P, AzO
(i)VAe BVvBe P, A2B=AnB=0)
(iidvVxe E,3A e P, xe A

vi DU:
1) Vi moi t4p khic réng E, { £} va { {x}; x € £} lanhimg phan hoach cha £
2) D61 véi moi 14p £ vit moi bo phin A cha F khic © va khic £, {A, CAry 1A

mdt phin hoach ca £.

3 R, {0 P-L: } 12 mot phan hogch coa 1.

Bai tap
0 1.1.2 Cho £l mdt tip hop. Cling minh rang. v6i mol bd phin A, 8, €7, £ cia £ thi:
gjaAcBe s lipyoaun=8
SAnB=A=A - B=0ol)uB=F
BJANBC (AN CHU BN L)
cjAuB=AnCeoBcACC

” {AﬁB:An(. B

_AuB:AuF
epA-BiuiA-CI=A-(nC)
HA-B-A-O=A-BInC=An0)-8

o {4000 nen
WAUBAMAUO)=AUBAC)
DANBUBACH=ANBUC)
JARB=CAD=AUBACHAAUBAD)=A

BANB=CAD,CUD=ECCADCB = =AD=5).

0 1.1.8 ChoElamottphop, X Y. Z X, Y, 7’ € P). Gid thiél rang;

XuYuZ=1F
XnY=XAnY XnZ=XnnZ Y¥YnZ=YnNZ
XcXx.Ycvy Zzcz.

Chiing minh: X=X Y=Y, Z=Z"
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¢ 1.1.4 Cho E 1a mot tap hop, A, B € P(E). Gidi trong PE) chc phuong trinh sau:
DX UA=B
b)X~A=58
c)X-A=RB
dyX A =8
¢ 1.1.8 Cho £ 1a mét tap hop, P la mdt phan hoach ciia £, A 1a mot b6 phan cta 2
B =[,(A). Ta kg hitu:
F={xeE,JAe A, xe A}, G={xeE 3IBe B.xehR).
a) Chitng minh ring A (tuong ing: ) 1a mdt phin hoach clia ¥ (tuong img: G).
by Chimg minh: G = Eg(ﬂ.
¢ 1.1.6 Cho Elamot tip hop, » € B, A, ..., A, 12 nhilmg bo phan cia E sao cho:

G=A4, CA C 4. C A =E
# # #
Taky lieuB,=A,-A,, ....B, = A, - A

n-1"

Chumg minh rang {8,, ..., B,} 1A mot phan hoach cha £.



1.2 Quanhé

1.2 Quan hé

1.2.1 Pai cuong
¢ Dinh nghia 1 Véi hai phan tif x, y, tap hop {{x}, {x, y}} duge goi la cap
(x, »).

Day 1a mot cdch dinh nghia (x, ¥) nhu 14 vi¢e cho hai phdn it x, y (khong
nhit thigt khic nhav) theo mot thi tu nhét dinh: x trude, y sau.

¢/ Ménh dé 1 Vdi moi phintirx, y, X, y', ta co:

o P X=X
(=¥ {y:y,.

Chitng minke:
« Phép kéo theo < 12 hién nhién.
o Gidi st (x, ¥) = (¢, ¥, the [ {x), {x p) = () 0 ¥l

Néux =0, thi {x) # {3}, vay {x) = (@, y ) v (x, y} = (&), suyrax = y'vax' = y.
Nhung khi dé {{x}, {x, &'} = {H{x} (X x) },suy ra {x} = {x'}, x = X', méu thuén.

Vaytacédx =x',suyra {x, y} =i,y ={x v}l vavivlyy = ¥ [ ]

Vay ta c6 thé néi ring cap (x, y) 1 cdch cho x va y "trong thit tu d6™.

¢ Pinh nghia 2 Cho hai tap hgp £, F. Ta goi tap hop cac cip (x, ¥) sa0
cho x € E vay € F latich Descartes cia E va F:

ExF={{xvhxeEvayeF}.

Tap hop £ x E thudng duge ky higu £
Trong thuc hanh, ding 18 viét V(x, ) € E%, ..., tacd thé vist: Vx,ve I, ...
Tir dinh nghia dé dang suy ra:

¢| Ménh dé 2 Véimoitaphop E, F. G, H:

) ExF=0<¢(F=0hoac I =0)

) ExF=Fx £ o (L= hoic F =@ hojc E = F)
N ExF)UExGH=ExFUG)

HEXF) WGP =EVG) xF
SY(EXxP)NGxH)=ENG) x(FNH).

11
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NHAN XET:
Cé thé (E x FY U (G x H) # (E v G) x (F w H), ching han nhw trong vi du sau:
E=F=0},G=H=1{1}. n

Chon € ", E,, ..., E, 1a nhitng tap hop. Véi moi x, thude E,, ..., x, thudc E,,
ta ky hieu (x, ..., x,} = (... ((x, %2}, X3), ...; X,), goi la mét bo-n, va ky higu la
[1E: (hodc E, x ... x E,) ; tich Descartes céa E,, .., E,, 12 tap hop cic
i=1 .
bo-n (x,, ..., x,) trong d6 x, € E|, ..., x, € E,. Mt bd-3 duge goi ka mét bo ba.

fH
R& rang ring v&i moi (xy, ..., x,) va moi (¥, ..., y,) thude HE,-,ta ch:
i=l

Ky wens 0) = Gy oy Yy 2 (Vi€ {1, ) 0= 1)

¢ Dinh nghia3 ChohaitiphogpE, F.
Moi bo ba (E, I, F), trong d6 7'1a m6t bo phan clia £ x F goi 1a quan hé
(hoac: tuong trng) tir £ dén F. Ta k¥ hiéu xRy thay cho (x, y) € [
E dugc goi la tap nguén cha X
F duge goi ta tap dich cha ®
["duge goi 1a d6 thi cia &

Ta ¢6 thé bidu dién mét quan hé bing mot biéu dé (hinh tén) trong dé miii
tén di tir x dén y khi va chi khi xRy. Vidu:

R F
E
| -® o
/
lt-'——_______________.b
2|
\ N
Je - a g
D6 thi cia R1a: {(1, a), (1, b, (2, d)}. m

Hai quan hé &, S1a bing nhau khi va chi khi:
R va S c¢d cling mot tap ngudn, ky hiéu 1a E
R va S ¢6 chung mét tap dich, ky hi¢u la F
Y(x, e ExXF (xRy & x5y) [
Néu R 1a mot guan hé tir £ dén F, ta ky hiéu # (hoac: khéng R) 1a quan hé
tlr £ dén F xdc dinh boi:
Y(x, Ve FExF, (x]éy <> (khong (xRy)).



1.2 Quanhé
¢ Dinhnghia 4 Cho £, F, G 1a ba tap hop, R (twong img: 5) 1a mot quan

hé tir E dén F (tuong tmg: tir / dén (7). Ta dinh nghia quan hé hgp (hoac:
tich) cia R va S, ky hicula S o R, (1 ¥ dén G boi:

Vi 2) e Ex G, [-" SokR z@[ﬂy&F,{"’R}’n_

Yo
Vi DU:
1
) R F ) /G
£ o ] R
oe @ ¢
/,-42-'/ b
——'—_..-.-—r_-.—.—-_
BnA L8
Yo e
.—.4.4/
sot—"" | .d
®5
o /".a
Bo-- Yy
Y./ - »
O -1 od
E ~G
S.R

2} E = F = G i tdp hop cdc dudmg thing cha m6t mat phang afin Fuclide
R = 5= 1, tinh tnfe giao.

The thi So R=// (tinh song song), vi véi mei dutmg thang D, D~ ciia E:
; . iy
DD = [3!) € L'{D'J_ D,,J
Vay trong trudng hop nity 1a ¢6 thé viet: L o 1L =7/.
4| Ménh dé 3 (Tinh két hop ciia phép hyp cic quan hé)

Cho F, F, GG, H 1a nhimg (4p hop, R (twong ing: 5, wwong tng: 7) [a mdt
quan hé tir £ dén I (tuong ting: # dén G, tuong tmg: G dén H). Thé thi ta co:

(ToSoR=To(So A
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Chitng minh:

Trude 1icn, (7 o Sy o Rvi To (5o A) ¢ chung moét tip ngudn (£) v mot tap
dich (4.

Giastt iy, Y e & x H. Tacd:

TRy vRy
(ToMo Rt |Tyel - _ |ldyel Jzeli iy
¥yl ost ) ."T.f

. (325(;{':;’!"7\ Z) S Tol(So L.

¢ Pinh nghia 5 Cho £, £ 1a hai tap hgp, K 1a mdt quan h¢ tir /2 dén /. Ta
dinh nghia quan hé ngarge cla &, ky hiéu 1a &7, tr /7 dén £, boi:
Vv el xF, ('Rlve xRy).

Chang han quan hé nguge cia < trong 1114 2.

¢| Ménh dé 4
1) Vi moi guanhe K- (R "= R
2y Cho F, I/, G i nhitng tap hop, & {tuong fing: S) la mot quan hé tir /2
dén £ (tuong tmg: /7 dén G). Ta co:

(5o W'=rR'es".

Chirng wnnhe:
1y Dé dimg.

2y Vdi moi (v, 2) thude I x (&

(SoA ierSoRze [3_}' € f:'{".r\ﬁl]

Nz

'7(.'.;_[ N
= l3ver 77 ez RT oS
¥R x

¢ Pinh nghia 6 Mot quan h¢ A7 tir £ dén I duge goi 1a mot quan hé hai
ngoi Khi vi chi kKhi /= . Lic d6 ta n6i ring K 1a mot quan hé hai ngoi
trong I,

Phin 1dn cde quan he duce diing uong Todn hoc 1 nhimg quan hé hai ngoi (< trong I,
: duge ding tong : g . trong

tinh chia hét rong 11 hoac ., bao dun trong (), hoac cde dnh xa (xem 1.3 dudi day).

¢ Pinh nghia 7 Cho /£ lamot tap hyp, K’1a mot quan he hai ngdi trong £,

A e BU). Quan hé hai ngoi trong A, ky hicu la K, x4c dinh boi:
Y, vy e AT (WRy < xR

duoe goi 1a quan hé sinh bai A trén (hoac: trong) A.



1.2 Quan hé

VI DU:

Quan he¢ cdn sinh rén 1dp hop F7cde s6 nguyén 16 (£= 12,3,5,7.11, ...}, bdi tinh
chia het trong 1% 13 quan he bang nhau.

¢ Binh nghia 8 Mot quan hé hai ngoi R trong mot tap hop I duoc goi la:
phan xa khi va chi khi: Vi e I, vAx
doi xaitng khi vi chi khi: Y(x, v) € £ (viy = TARY)

phan doi xitng khi vi chi Khiz Vv, v) € 12, L{:';::: == _;-]

bac cau khi vi chi khi: w(v, v, 2) e £, | J2 Ry = aAx .
1\1_3'7\‘:
Vi DU:
1) Quan h¢ < trong 19 1a phin xa, kKhong dai xitng ., phin déi ximg, bac cfu.

2y Quan h¢ L trong tap hop cde dutmg thang cia mat phang afin Liuclide 1 doi
xitng, nhung khéng phin xa, khong phan doi ximg. khbmg bac ciu,

1.2.2  Quan h¢ tuong duong

¢ Binhnghia1 Cho & 12 mot quan hé¢ hai ngoi trong mot tap hop 7.
Ta ndi rang K13 mot quan hé tuong duong khi va chi khi: A7 13 phan xa,
do1 ximg va bic ciu.

¢ Binh nghia2 Cho ® 12 mdt quan he hai ngoi trong mot tap hop £
Vai moi v thuge £, lop tiwong durong cia « (modulo R) b tap hop, ky
hi¢u 2 ¢l {x) (hode ¥, hoae ¥, hoae ) duge x4c dinh bai:
clifv) = {v e £ vAYV}.
M&i phén tir cita ol () duge goi 1a mét dai dién cia el

Tap thwong cia £ bai &, va ky hicu d F/R, 1a 1ap hop cic 1dp twomg duong
modulo &, trc 14:

EfR={cldx) x € E}.

VI DU:

1) Quan h¢ bang nhaw trong mot tap hop bat ky £ 13 mot quan hé tuong ducng.
Véi mdi .« thude £, ta ¢ cl_(v) = {ebovi B ={{v} v e B}

2) Trong mét tap hop £, quan h¢ R xdc dinh héis w(x. ¥y € FF e Ry 1 mét quan
he twomg duomg. VEi moi v thude £, 1a ¢6 ch{y =L, vi B/ R =]},
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Chueng 1 Ngén nglf clia Iy thuyét tap hop

3) V& moi n thude 57, quan hé "la déng du véi ... modulo ", duge xéc dinh bo:
Vir,y e (x=ynlonlx-y)

13 mot quan he twong ducng (xem dudi day, 4.1.2, Ménh dé). V6 moi x thuge “, 16p
clia x duge goi [ 16p modulo 2 cda x, va duge k¥ higu 1a & (hode _; , hoac 1), va:
f=lx+hnks ).

4) Trong t4p hop d cdc dudng thing afin cha mot mat phéng afin P, quan h¢ song
song 12 mét guan hé tuong duong. Vi mei D thuge d, 16p modulo song song caa D
duge goi la phuong clia D.
¢| Ménh dé Cho mot tap hop E.

1) Véi moi quan hé tuong duong R trong E, tap thuong E/R 1a mét phin
hoach cua E.

2) V&i moi phan hoach 7cia E, quan hé R xéc dinh trong E boi:

Y{x,y) € E2, [,\-I\’y =N [HP e P, {; E ‘;D

}a mot quan hé twong duong trong £, va P=E/R.

Clutrng minh:
1) Gia s&r &1a mét quan hé tuong duong trong E.
e (Vx € E, clyfx) = @), vix e clda).
o Gid sl (v, ¥) € E? sa0 cho clx) melly) # &,
Vay 80 tai z € ¢l x) M eldy). Khi d6 14 ¢6 xR z va yRz, vi vy {do tinh déi xing va

bac cdu) /. Suy ra <l dx) < cl£y). That viy, gid sir 7 € clg(x); ta 6 xRY va xRy, do d6
VI, tifc 1a t € ely). Hon nifa, vix v y ¢6 nhitng vai trd d6i xdng nén: clx} = cl ().

o Vi(¥x € E, x € clx)), nén hop céc phén tir clia E/R 1a E.
2) Nguoe lai, gid sit 212 mot phan hoach clia £ va K 11 quan h¢ dugc xac dinh

trong E béi:
) 2 xef
ix, y) e K, [x?’-@ @[HPEP.{yepn.

a)s Vi(¥xe E, 3P € P.x e P),néntacd: ¥x e E, xRx, vly R phan xa.
« V6 moi (x, ¥) thudc E™:
xeP 1 yeP N
xRy & (EPGP,{yEP)@LE!PeP,{xE P]«::: yRy .
vy R déi xing.

. P
o Giasir(x, v, 2) € E* sao cho xRy va yRz. Tén tai P, 0 € Psao cho: {; 2 p VA

ZE

{}JEQ. ViP nQ#@ vd P 1amét phan hoach, néntacd P =0 va {Jz{:g,suy ra

~ R Nhu thé, Kbic cdu.



1.2 Quanhé

by w)Gia sty € . Ton tai P € 77 sao cho v € P, vivkhi d6 ta o el (x) = 2. Thin viy:

xel

« V& moi y thude P, { vily YRy,

yE.-'"

e . s . . R .

e V& moi y thude el £6), 100 i Q@ € Fsao cho {: : ((} ,va=rPivilP e B
Qe l PAQ=d),viyyel.
bidu nay cliing t6 ring: £/RC &2

3} Nguoe lai, gid st # € F2 Ton tai x € £ va khi d6 ta ¢6: ¢l {v) = P theo ).
biéu nay chimg 16 rang: 7 < /R,
NEIAN XI5 T

1y Néu A713 mét quan hié tuong duong rong £, thi vé moi (v, ¥) thude I

YAy S el vzl dy e v e el ey e ey

2) Ménh dé trén néu bat song dnh (xem 1.3.2, Pinh nghia 1) giita 14p hop cic
quan hé twong duong teén £ vivtap hop cde phan hoach coa £

Bai tap

¢ 1.2.1 Cho F lamdt tip hop, K L mdt quan he plidn xa trong £ sao choe

.
ey, v 1) € E [{;;; = 21\’.\'].

Kiém chimg rang &1 mot quan h tuong, duong.

¢ 1.2.2 Cho £ 1a mot tap hop, & 1 mdr quan b phin xa va bde cdu trong £, < 1 md
guan h¢ xic dinh trong £ bor

NV e (xR v yRX)
Kidm clidng rang S 1a mol quan h¢ wrong, duong.
0 1.2.3 Xét trong I gquan he & xie dinh héi:
I A= S G SR
Ay Kiém chimg rang & 1m0t guan b tuomg, duong,
b} Vi moi & Ihude B tink el )
¢ 1.2.4 Cho & lamdt quan hie duce xde dinh wrong, §, o
A+ 207+ 1= 07+ D07+ 1)

a) Kidim chitng rang 7214 midt quan hé wong duong.,

Bon RS e ke T e e A oy e Een BOF gty ol F sy
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Chuong 1 Ngon ngif clia ly thuyét tap hdp
1.2.3 Quan h¢ thir ti

1) Pai cuong

¢ Dinh nghia 1 Cho A lamot quan h¢ hai ngdi trong mot tap hep £
Ta ndi ring A 13 mot quan hé tha ty Khi va chi khi: R phan x4, phin doi
Xitng v bile cilu.

Ta thudng néi Thi tr thay cho: quan he tha . Mot quan he thi te thudmyg duge Ky
Bicu < (chdng han, < thong thudmg rong -+ 3 hoae <

Mot 1ap hop duege sap thar e (hay: dge sip) 1a mot cap (17, <) rong do < i midn
that wrren £

¢ Dinh nghia 2 Cho (£, <) A moUtdp hyp dwoe sap that ur.

1) Hai phan 1 x, v cua J2 dwge got Liso sanh duge (doi vai <) khi vi
chi khi: '

v=y hode vy,

2y Ta néi ring < & mot quan he thar by todan phan (hoae: Eumot thar tiy
toan phan) khi v chi khi mot phi in e caa £ déu so sdanh duge timg
dod, wie fa:

Wiy, v) € 17, (v < v hode y <30,

Vi
1} < thong thutmg trong - Ha mot (hit ur oo phin.

2) Néu £ 1 mot tap hop ¢4 it nhil hai phan ne, thi quan he bao him trong P 1
mdt thir ar khong toim phin. o

Cho (¥, <) 1h mdt tap hop duge sap. Ta dinh nghia trong 12 mot quan hg, Ky
* hicu 1a <, goi 12 thit ty nghiém ngat ung vai <, xdce dinh bau:

2 | \'% \-'
Yy, y) e [, | v<y @i .
\ X#EY

Ta chd ¥ ring (néu £ Khdc rong), = khong phéi T mot quan he thir t, vi nd khong
phan xa.

Quan he nguge (xem 1.2.1, Pinh nghia 5) coa mot thie tu < rong £ 12 mot th (e ky
higu Lt 7= ; ndi khic di:

Yy el (v Ey o yTa).
NEu =< fh mot thar tu ieén £, thi vt mai bd phiin A cua £, quan h¢ cam sinh

han < trong A (xem 1.2.1. Pimh nghia 7) 1a mot (it ty, duge goi la thu ty
cam sinh bin < trong A.



1.2 Quanhé
2) Cde phdn tu dic biét cia mét tap hop duoe sdp thit ty
¢ Dinh nghia1 Cho (£, <) 13 mot tap hop dugc sap thi ty.

1Y Cho A € R(E), v € E. Ta ndi ring v |2 mét chan trén (hodc: can trén)
(twong tng: chan du6i (hodc: can dudi)) cha A trong E khi va chi khi:

Va € A, a=g x(tuong ing: Va € A, v S o).

2) Cho A € P(F). Ta ndi ring A bi chan trén (tuong iing: bi chan dudi}
trong £ khi vi chi khi A c6 it nhit mét chan trén (twong Ung: chan
dudi) trong £, tic 1a:

Jve £, Vac A, =<y {(wonging: 3x e E,¥e e A, v a).

3) Cho A € P(E), a € E. Ta ndi ring o 1a mot phan tir I6n nhat (tuong
iing: bé nhat) cua A khi va chi khi:

asA ., ceA
twong ing: )
Vac A, asa Yaed, «<a

4) Cho A € P(E), x € A. Ta néi rang x 12 mét phan tir cuc dai (tuong
ing: cuc tiéu) cia A khi va chi khi:

Ya e A (x Xa=>x=g)(luong ing: Va € A, (¢ 5 .x = x = a)).

Ta c6 thé ky hiéu tap hop cdc chin trén (tuong tng: chan dudi) clia A trong E &
Maj, (A} (tuong dmg: Min,(A)). Véi (g, b) € E°, ta néi ring b I3 mot chin trén coa o
(hoac « 13 mot chan dudi cia by khi va chi khi o =4 b,

NHAN XET:

1) Néu a, £ 12 nhimg phdn t Ién nhat clia A, thi a X f(vi a € A va § la mot
phén tit 16n nhét cta A), va weng w S5 a, suy ra @ = B Nhu the, mot bé phén A
ctia E ¢6 nhiéu nhdt mat phin 6 16n nhat. Néu A ¢6 m6t phan t& l6n nhét (tuong ng:
bé nhat) thi né duge ky hiéu Max(A) (tuong tng: Min(A)).

2} Mot b6 phan A cla E ¢6 thé ¢6 hoic khong ¢6 phin tr 16n nhat. Ching han,
trong (¢ , ), %_ cé mot phdn 1l 1dn nhat (12 0), nbung ., khéng ¢6 phin tir I6n nhat.

3) Mot bo phan A clia £ ¢6 1thé khong ¢d phén wr cue dai, hoac ¢6 mét, hoac ¢
nhi¢u. Ching han:

« trong (.5, <), .+, khong ¢§ phén 17 cue dai

o trong (¥, <), [0; 1] ¢6 mot phén tIr cyce dai va chi mot, d6 1a 1 va d6 cling 13 phin
L Ién nhat caa [O; 1}

o trong { - {0, 1}, 1), > - {0, 1} ¢6 vo 56 phan 1 cige tidu, d6 12 cdc sO nguyén 10.
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Chuong1  Ngén ngif cla ly thuyst tdp hop

4) Néu (E, =) duge sép thi 1 todn phén, thi E c6 nhiéu nhit mot phin tr cue dai,
d6 ciing 13 phén 1 1ém nhét cha E. Thit vay, néu x 15 phén tir cue dai cia E, thi vi <
14 thit ty todin phén trong £, nén ta cé:

Vae A, {fa<xrhoicx<a)
vinhuviy:Yae E {axhoicx=a) ticli: Yae E,ax x.

Vay khdi niém phdn tir cue dai chi ¢6 ich trong trudng hop < 14 thit & khéng toan phin.

¢ Binh nghia 2 Cho (E, =) la mot tap hgp duge sip thi tu, A € P(E).

1) Néu tap hop Maj(A) cdc chan trén (hodc: cin trén) cha A trong E c6
mot phdn tir bé nhdt M, thi M duge goi 1a bién trén (hoac: can trén
diing) ciia A (trong E) va duge ky hiéu Sup,(A), hodc Sup(A).

2) Néu tap hgp Ming(A4) cic chan duéi (hodc: cin dudi) cua A trong E ¢
mot phan tit 1én nhit m, thi m duge goi 1a bién du6i (hodc: can duéi
diing) cla 4 (trong E) va duge ky hi¢u Inf(A) hojc Inf(A).

Néu A gém hai phén tr x, y, hoadc mo6t ho cdc phén tir (x); ¢, thi ta s& ky hiéu
Sup,(x, v}, Inf{x, ¥), Sup x;, Inf x; thay cho Sup.(A), Infz(A).
oy _

ief e

NHAN XET:

Cho (E, =) 1a mot tap duge sip thi g, A € P(E), M € E. Mudn cho M 12 bién trén
(n€u 16n tai) clia A trong E, cln va dad [&:

YacA, a =M
{Vx eE, {(WaeAaxXi)=>M<x)
vi DU:
1) E = %, < théng thuomg, A =1{0; 1],
Ta cé: » Maj{A)=[1; +%|, vay Supg(4) ton tai vA Supg(A)=1.
+ Ming(A) = |-o9; 0], vay Inf(A) tén tai va Inf(A) = 0.

Ta chii ¥ ring, theo vi du trén, bién trén (tuong 1ing: bién dudi) cha A trong E, néu
tdn tai, ¢6 thé khong thuoc A,

D E=Q, <thong thudng, A = {x € {,; ¥ <2}
Ta c6: Maj(A) = {x € S, x*22) = {x € J,; X’ > 2}, tap niy khong ¢6 phin tir bé
nhat (tic 1a: ¥2 & 3); vy A khong c6 bién trén trong E.

3) E = P(F), rong 46 F 1A mot tap hop, < la quan h¢ bao ham. V& mei (X, 1)
thuoc EZ, ta cé:

SupyrX, N=XUY va InfyX V=X Y.

4y E =W - {0; 1}, } 1a tinh chia h&t. Vi maoi (x, y) thude E? ta c6 (xem 4.2.2,
Meénh dé 3) :

Supi(x, ¥) = xv y=BCNN(x, v}, Infix, y)=x A y=UCLN(x, y).



1.2 Quanhé

NHAN XIT:
1) » Sup.(@) la phin ur bé nhat cOa £ (néu 160 i)
« Inf () i phin 1 Idm nhit coa 47 (néu ton 1ai).
2) V& moi b phin khic rdng A cila £, néu Inf.(4) v Sup.(A) 13n tai, thi:

Inf.(A) < Sup(A).

Bai tap

5
0 125 Chok=1{1.2.34.5). Rl pZa
guan hé thif tr xdc dinh rong £ bii 2 3 4
bifu d6 bén (theo quy wdc khong <o \\ T ﬂ
tinh phin xa v tinh bac ciu), A= {2, 3}, 1

B=1{2.4}.C=1{1.2,5).

Vai mdi bo phin A. B, €. khio sit sy (6n tai vittri e6 thé od eda tap hop cic chan rén cag
chang trong E, cla tip hop cic phdn 1 cue dud, bign trén, va phin 1 190 nhdt cia chdng.,

¢ 1.2.6 a) Cho (&, <) 1a mot tap hep duge sap thif 1o, A, & 13 hat bo phin caa £ sao
cho A < B Ching minh rany, néu A vt 8 6 cdc bign trén (can (ién diing) trong £ hi
SupLA = Sup.(B).
by Cho ba vi dy v& cic 13p hgp duge sap e wg (&, = ) virede bd phin A, B clia £ sao cho A
C 8 va thda man:

1 { A cabibn tén trong £

8 khdng c6 bicn (rén trong £

Akliong co bién ré n rong £
Bcdbign réntrong {7

2y Avit B ed bién trén trong &
’ Sup g (A) = Sup (B

21
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O 1.2.7 Thirtu tich

Cho {E, <), (¥, <) 12 hai tap hgp duge sap thi ur, 21 quan he xde dinh trong £ x £ i

=)

x, NP ¥) <= { M

a) Chimg minh £7 12 mot tha te ién £ x F, goi la thieri tich cla ¢dc thi o trén f£ varén
WLy E=F=LE. dl.rqé trang bi thir tu thong thudng.
o) Véi moi cap (x, ¥) ciia [, x4c dinh tap hop cic chan trén dfi vén A2clia (v, ¥) trong e
B) Thi ty Fcé 1a modt thif ty win phin trong ' Khong?
¥) Xdc dinh tap hop cde phdn tir cye dal cda A = {(x. ¥} € wrox + v 2 0} do1 vai

thil ty 77

§) Trong 7 hi (. _)° c6 bign wrén ddi véi Fhay khong? va néu ¢i, hay xde dinh
mién trén do.

0 1.2.8 Thety tir dicn
Cho (F, =), tF, =) 1 hai 14p hop duce sap tit b, £ 1 quan hé xdc dinh trong £ x F b

=y
(X, ¥ L0 ¥ e hoa

(r=x'vay=sy')

2y Chimg, nunh rng, £ 12 moL thit ty tren £ x 8, gon La tae e o elifn (cla cdc thid we trén £ vis
trén £).

b) Cluimg minh rang ndu = clia £ va cha F L it i todn phdn, thi £Emot i W loan phidn.
¢) Lay £ = F = I, duge trang D thir g thong thuimg.

Q) V&i moi cap (x, v) thude 7, hily xdc dinh tip hop cic chan trén ddi véi £oha(x, v
trong B

Py [K,i « & 6 bidn trén doi vé £ trong B2 hay khong? va ndu eo, hiy xdc dinh no.

ek
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1.3 Anh Xa
1.3.1  Cac dinh nghia

¢ Binh nghia1 Chohaitaphgp E, F.
Ham tir £ dén F 14 mot quan hé f1ir £ dén F thda min:
Yty y) € ExFxF, H"'f-", =y :ﬂ .
s fy )
Khi dé ta thudng ky hiéu vy = fia)honla x f y.
Tap hgp (hoic mién) xic dinh cta ham £, ky hiéu Def(f) 1a tap hop cic
phén nt x cua £ sao cho tén tai y € F thdéa man y = fix).
V6i moi x thuoe E, néu tn tai phén tit y cia F sao cho y = f{x), thi y dugc
goi la anh cua x béi £ (hay: qua /).
V&i mei y thude F, mot phdn tir x cla £ sao cho y = f{x) (¢ thé khéng tén
tai phin tir v, ton tai mot, tén tai nhiéu) duge goi [A mot tao anh cua y boi
f(hay: qua f).

Nhu vay, mot quan hé 13 mét ham khi va chi khi mbt phén tlr clia tap nguén ¢6 quan
he véi nhidu nh&l moét phdn tir clia 14p dich.

Ménh dé 1 Néu f 1a mot ham ti £ dén F va g 13 mot ham tir F dén G, thi
quan hé¢ ge f (xem 1.2.1, Dinh nghia 4) 12 mét ham tir £ dén G.

*

Clumyg minh:

. . x(gof)z o )

Gid sir (x, z, 2 € E x G x (G sao cho: .. Ton tai (v, ¥y) € F* sao cho:
(52 {x (gof)z 100 0nY

{-\' [yviygs

cfyvayes
Vi {‘{" v vi £13 mot ham, nén ta ¢é: ¥ = ¥, Sau d6, do {;’;’ Z va g 1a mot ham,
ifw bd

nén ta két ludn z = 2",

¢ Dinh nghia2 Mot ham ftir £ dén F duge goi Fa mdt énh xa khi va chi
khi Def(f) = E. Tap hop cdc anh xa tit E vao F duge k¥ hiéu la F*.

N6i khac di, mét quan hé R tir £ dén F 12 mdt dnh xa kKhi va chi khi, véi moi v thude
E, 161 1ai mot va chi mot phin 1 y cda F sao cho xR y. Ky hi¢u FE s¢ duoc ly giai
dudi day (3.5.1).
Mot danh xa ftir £ dén F duge ky hiéw f:E —» F , trong dé chit x 1a cam.

a3 f{a)
NHAN XET:
Hai dnh xa f, g 12 bing nhau khi va chi khi ching ¢4 chung mot t2p nguén (ky hi¢u
£, chung mdt tp dich, va: Ve e E, flx) = g(0).
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¢/ Ménh dé 2 Néu f: £ — F, g - F — G 1a hai dnh xa, thi ham hop
go f1amot 4nh xa. :
Chitng minh:
Theo Ménh dé 1, ge f dala mot ham. Cho x € E. Viflamot dnh xanén ton tai y € F
sao cho y = f(x). Ngoi ra, vi g la mot 4nh xa, nén t6n tqi z € G sao cho z = g(¥). Viy
theo dinh nghia cla go f tacé:z=(go FHx.
NHAN XIT:
Néuf:E—>»F,g:F—>G 12 hai 4nh xa, thi ta ¢é:
Wx e K, (go )0 = glftx)).

+|Ménhdé 3 (Tinhkét hop cha phép hgp cic inh xa)
Véimeidnhxa f:E—>F, g FoG h:G- I 1ach:
(frog)o f=ho(gef).
Chitng minh:

P6 1 mot trudmg hop ricng clia 1.2.1, Ménh dé 3.

NHAN XET:
Phép hop cdc duh xa khong giao hodn, tic 1 c6 thE gof # fog. Chang han,

f:R—>R va g R->R khong glao hodn déi véi o, vi
x> atl _\’1—)}'2

T {{g P = gtern=(n?
(fog)x) = fx?)=x? +1
va dac bigt (go H) = (fog) (1)
viDU:
1} Vé6i tap hop E bat ky, ta ky hicuId;: E~E, goi 13 anh xa dong nhat (hoac
X=X
phép dong nhit) cua E.

2) Cho E 13 mot tap hgp, A € P(E); 4nh xa nhiing chinh tac tir A vio £'1a aoh
xa, k¥ hiéu i, ; (hoac i), xdc dinh bdi:
e ADE.
Xy X
3) Cho E 13 mot 14p hop, f: £ — E 1a mot dnh xa. Ta ky hicu /O =1Id,, f' =f,va

v6i moi a thudc M- {0, 1}, f"= fo £771, ngu khong c6 nguy co bi lan véi cic phép

£l " l’ 3 E3 N - -
to4n khdc (f ' c6 thé chn _)‘_ ,f™ ¢6 thé chi dao haun cip n cha f...).

4) Cho £, F 1a hai tap hop,u € F. Anh xa hang a 13 dnh xa thudmg duge ky higu
cling 11 a, xdc dinh béiz a* K> L.
xb—=2a
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*5) Cho E 13 mot tap hgp. Vi tap con A tily ¥ cia E, ta dinh nghia him dac trung
(hoac: ham chi) cia A, k¥ hiéu y, (hoac: @,) nhu saw:
1 E— {0, 1}

1 néuxe A
X = .
Q néuxel:E(AJ

6) Chio n e 1", E,, ..., E, 14 nhimg tap hop. V& mbi i thudc {1, ..., n}, ta dinh
nghia anh xa chi€u chinh tac thir i, ky hi¢u la p;, nhu saw:

pirE x...xE —2E,
{'rl'! ===1 x?!) "_> 'rl.

Chéng han, v3i n = 2:
piExE,>E vA p i xE, >k,
(x), X2) X, (xi,X2) P X,
NHAN XF-T:
Vémoidnhxaf: E— F, tacé:
foldg=f va Myof =f.

¢ Dinh nghia 3 Mot bo phan A ciia mot tap hop £ dugc goi 1a 6n dinh
déi voi mot 4nh xa £ : E — E khi va chi khi: Ya € A, fla) € A.

Bai tap

¢ 1.3.1 Cho £ 1a médt tip hgp. VG moi bo phin A clia E, ta kg higw: @, : E—» {0, 1}

infux €A
X _
Ondux e A

12 ham dac trung cha A (xem Vi du 5}, trong dé A= [:E (A).
Ching minh cdc cong thiic sau d6i véi moi b phin A, B clia E:

DACBES @, gy NDNA=B@,= ¢
3 3 =94 - 4) Pang = Pals
5) gy =1-p,4 6) P48 SPaT @ —Pa¥s

D Psp=0s0-0g)
8) @anp = Pa T 9B - 290405 = (P4 -pp)’ =|‘PA —ﬁ’s]-

0 1.3.2 Cho£, F 12 hai tp hop, ¢4 1 tip hop céc cap (X, f) tao thanh boi mot bo phan khac
rBng X cha F va mot nh xa f tir X vao F. Ta dinh nghia rong £4 mgt quan hé, ky hiéu &, Y

XcXx

Yxe X, Ffix)=f"x

a) Chitng minh rang & 1a mot quan hé tha ty trong ¢4,

b) Csc phén tir cuc dai (tuong ing : cyc tiéu) cla ¢ dbi véi R 1a gi?

(X.f)P(X'-f'}@*{
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r L5 o P 2, ¢

& 1.3.3 Chof, F.G.E.F (' lanhimg thp hop, « 1 v v 1w
[ — Fo— ({F
f g
1a nhiing, hick dd gico hodn, We Y sao cho vo f = ffou vl w o=yl v.
-l —3—2-‘(—> I
Chimg nuinh rang brdudd  u 1 Lw  cotinh giao hodn.

£ o——— ¥
gef

¢ 1.3.4 Nhan (it hoa mit anh xa
Cho £, I/, € 1a ba tap hop khide rong.
Q) Cho [ F = . g 0 F = G 1 hai dnl xa, Chimg minh rang, dd 16n tu h o G sao cho
[ SR
bicu do f j: /ﬂ I giao hodn (W 1 fre f = g ), dide kign cin v du 1
Vi, a0 e 0 (fla) = i) = gl = g(x)).

Iy} Cho hai anh xa g 0 F — G h = F — G, Ching minh rang, d&ténta [ £ — F saocho

I — s ( :
bifu dés { / 1 giao hodan (w1 fe f =g ), cin viedd Ja
X !

Wyxe v e F, pix} = hiv).

1.3.2  DPon inh, toan anh, song anh

¢ Dinhnghia1 Motdnhxa f:/ — I duge got la dnh xa:
« dom anh khi viiehi khis Y. XY € £, (fix) = fiv') = v = 1)
« toan anh khi vichikhi: Vy e F,3ve I, v = fiy}
« song dnh khi vi chi khi:  £1a todn dnh vi don dnh, tic la:
vyve F,3lve E, y=fly).
Ta ciing 16i don anh (tuong (ug: toan dnh, wwong Gng: song anh) thay cho danh xa
don dnh (lwong 1ing: duh xa toan duh, tuong ing: dnh xa song anh).
NHAN XET:
1) Mot danh xa f : £ — F 13 dom dnh khi vi chi khi
Vi, xhe B, (x=x = fix)=fix).

NGi khic di, f: 1. — F 1i don dnh khi va chi khi moi phan t cia F cé whicn nhdt
mat tao dnh bai S uong £

2) Mot 4nh xa f £ — /1A todn dnh khi va chi khi mot phin e cha ¥ c6 i nhdt
mat tao anh b ftrong f-.
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vi DU:

1) Néu A c E, 4nh xa nhing chinh tic i, : A FE la mot don dnh, ciing dugc goi
XX

don anh chinh tdc tik A vao E.

2) Cho E la mot tap hop, K 1a mot quan Htj& tuong duong trong E. Anh xa
5: E-E/R 12 mot toan 4nh, duge goi toan anh chinh tdc tir E 1én E/R.
x Hle(x)

¢ Pinh nghia 2
1) Mot song anh bét ky tir £ vio E goi 1a mét hoan vi cia E.

2) D6i hop (hoac: 4nh xa doi hop) cia £ la mot 4nh xaf: E — Ebatky
saocho feof=1d;.

¢/ Ménh dé 1 Hop clia hai don 4nh (tuong tng: toAn 4nh, twong ng: song

4nh) 13 mét don 4nh (twong dng: toan 4nh, tuong (ing: song dnh).
Chitng minh:
Cho hai énh xaf: E—F,g: F > G.

1) Gia sit f v g 12 don 4nh.
Véi moi (x, x7) thuge E? ta ¢6:

(g0 ))x) = (go X)) © gfix)) = gfix) =Ry =fx) = x = X,

viay gof1a don 4nh.

2) Gia sy f vi g 1a toan 4nh.
Cho z € G. Vi g la toan 4nh nén t6n tai y € F sao cho z = g(y). Réi, vi fla toan 4nh
nén tén tai x € E sao cho y = flx). Vaytacd z = gAY = (go f)(x),ditu nay chimg
td geo f 12 toan dnh.

3) (fva g 12 song dnh) = {f va gla toan 4nh go flatoandnh
= (go f 1a song anh).

fvagladondnh _ {g o f laddn 4nh

¢|Ménhdé2 Chof:E>F,g:F—>G.
1) Néu go f la don 4nh, thi f1a don dnh.
2) Néu go f 12 toan 4nh, thi g 1a toan inh,
Chiing minh:
1) Gia sit go f 1a don 4nh. V6i moi (x, x) thude E*tacé:
fx) = A = g(R0) = g(flx)) &> (g0 f Y = (g FHx) = x = 1,
vay f1a don 4nh.

D Giast go f 12 toan 4nh. Cho z € G, t6n tai x € E sao cho z = (geo f )}x) = g(fx)),
ching 16 g 12 todn anh.
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¢| Ménh dé 3 Chomot dnh xaf: F — F. D& quan hé nguge cia /1 mot
anh xa, cdn va di la: f 1a song dnh. Hon nita, néu f° 14 song anh thi dnh
xa nguge f ' clia £ 1a mdt song 4nh.

Cluing minh:

1) Ta nhé lai ring quan hé ngioe £ clia f (xem 1.2.1, Pinh nghia 5) duge dinh
nghia béi:

Ve ExF, yfxexfyey=.
Tacéd: (Flasong dnh) = (vyv el v el y =)
o (Wye F,3ve £, y ') (' 1A mot dnh xa).
2) N&u f 13 song anh ihi /' 12 mét 4nh xa nhuiren danéd vavi ()Y =f 1a

mot 4nh xa, nén £ 1a song 4nh.
¢/ Ménh dé 4 Néu f: £ — F va g 1 F > G 1a nhimg song anh, thi

gof 1 E —>Glasong dnhva (gofY'= ftog™t,
Cherng minh: Do Ménh dé | v 12,5, Ménh & 4.
NHAN XET:
Tir nay, ta s& khong st dung 161 quan hé nguge cia mot quan he, ngoai trir trudmyg
hop khi quan he dé 1a mot song dnh. Vay k¥ hicu £ s€ chi dnh xa nguoc cia f véi

gid thiét { Vi song dnh. Tuy nhién, ta s¢ sir dung ky hi¢u /(A" (nghich anh ctia maot
tap con A’ cua tap dich) d6i v&i mot dnh xa £ bt k¥, xem 1.3.5, Binh nghia.

¢/ M&nhdé 5 Chos:/ — # 1h mot 4nh xa. Mudh cho f 1a song dnh, diéu

ki¢n cdn va di 13 (6n tai mot dnh xa g : I — I sao cho
gof =ldg
Jog=Tdp "~
Hom nita, v6i cac gid thict dé, taco: g=f".
Chitng min:

1) Néu f 12 song anh thi ' (8n tai nhu 12 mot anh xa, vi 16 rang rang:

{f_]"f:mf:‘ )

fof ' =g
2) Nguge lai, néu tén tai g : F — E sao cho {}Z); i i:b . thi, theo Ménh dé 2, vi
=Idg

[d; 14 don 4nh vi Id; 13 todn 4nh, ta suy ra f13 don dnh v toan anh, do d6 14 song
anh. Tuong tu d6i véi g. Cudi cing:

g=ge (fofh=(ofhofi=ld, o f"=f"

¢ Hiqua Motanhxaf: E — F 1a d6i hop khi va chi khi:
{f 13 song dnh
SS=r

R
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Bai tap

¢

1.3.5 Che £. F 3 hai 1ap hop, /£ = F. g F = F la hai anh xa sao cho fegef N2
song dnh. Clumg nunh f va g déu la song dnh.

1.3.6 Chof. F,G labatiphop, f: E— F, g F — G lihai doh xa. Chung minkh:

a) Néu go f 1 dom dnh va f1i toan dnly, thi g a dem dnh.

b) Néu go f latoan dnh vit g 1a dom dnh, thi {1a toan dnh.

1.3.7  Cho hai tdp hop kKhée téng £, F, f - £ — F. Ching minh (stt dung bai tap 1.3.4)%

) £ 13 dom dnh khi va chi khi t8n i mét toan anh A @ — £ sa0 cho fro f =1d,.
b) £ Y toan anh khi vi chi khi 16n tai mot don dnh g 0 # — £ sao cha fop=Id;.

1.3.8 Cho hai tap hop khic rng £, /. Chimg minh rang hai tinh chilt sau diy 13 tuong
duong:

{13 Tén tar mdt don dnh tir I vio F.
(1) Ton tai indt wan anh LI vao £

1.3.9 Chof: T vie g: 1711

R A [y B
— néu y fa chan
3

Y=
v-1

néu v i &,
a

a) Khéo st cac tinh chdl don dnh, todn nh, song dnh cia fvd’cua g.

b) Xdc dinh go f viL fog.

1.3.10 Tich cuia hai quan h¢ tuong duong

Gid st £, F 13 hai tap hop, & (tuong tg: <) 1 met quan he tuemg duong trong £ (tuong
img: £, 7T1a mot quan he xdc dinh trong £ x £ bii:

e R X
ey L yye {A N l,-
¥y

a) Hay kidm chamg rang 7 12 mot quan he twong duong trong £ % £,
by Neu 13 mét song dnh gilta I/ R x Ffs vA(E < Fy L.
1.3.11" Trong £ = EF ta dinh nghia gt quan hé & béi:
lasonganh
fRge (E!fpe E, {‘;of =i’°(0]'
a) Clhing, minh rang K [a mét quan hg wong duong trong E.
b) €6 hay Kiiéng ch & sh (cic ham hypebolic)? cos R sin?

) Tim mol didu Kién cin va db d8i vai (p, ) e déf: R — RE vig: R—R 3

X=X
xl—)x2+p_x+q

tuomy duony.
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1.3.3 Thu hep va thic trién ciia anh xa
¢ Dinh nghfa 1 Cho £, F 1a hai tap hgp, /@ £ — I 1a mot dnh xa,
A € (L), Thu hep cia f vao A 1a dnh xa, kY higu 1a fl,, xac dinh béi:
Sl A—=io .

xb= {1

Ky hidui: A — E 1a énh xa nhiding chinh tac, viy tacé: fl, = foi.

¢ PDinh nghia 2 Cho £, /13 hai tap hgp, /: /' — F 1a mot dnh xa, /' 1
mot tap hop sao cho £ < E'. Théc trién (hodc: md rong) cda ftrén /7 13
motdnh xa g: ' — Fsaocho: Wy e I, g() = flx).

K¢ hidui: £ — E'12 4nh xa whing chinh tic, g [ moL thac trién cha f1rén E' khi va
chikhi goi=f.

NHAN XET:

Neéu di cho f: £ — I v I, f ¢6 (trlt ngoai 1¢) nhidu hon mot thic trién rén /7',
Ching han f: r* 5 r 6 vO s6 thic trién wén i, chiing 13 cdc dnh xa

siny
X
. X
EROSR L€ R,
sy
-— néuxzl
el
i3 nsu =0
Trong cic thac trién ndy, cé mdt dnh xa ddng chi ¥ lag: R >R vi dé 1a
sinx & o
i —?-n U A
1 néux=0

thac trién duy nh4t lign e tai 0.

¢ Pinh nghia 3 Cho E, F 12 hai tap hop, f : £ — [ 1a mot 4nh xa,
A € P(E), B € B(£) sao cho:
Yae A, fla)e B
Anh xa cim sinh bdi £ trén A (6 nguén) va B (6dich}ladnhxa A > B
x> flx)
Bic biét, cho /: £ — F lamot dnh Xa vi A 13 mot bo phan clia 22 6n dinh dai
véi f; 4nh xa cim sinh bdi £ trén A & ngudn v A & dich duge goi 1a dnh xa
cam sinh béi ferén A va thuong duge ky hicu f,. Viytacd fy: A > A
¥ flx)
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1.3.4 Thit tur va anh xa
1) Tinh don diéu
¢+ Dinh nghia Cho (E, <), (F, <) 12 hai tap hgp duoc sip thir ty. Mot 4nh
xaf: E — F dugce goi 1a 4nh xa: )
o tang khi va chi khi: Y(x, y) € EX, (x S y = flx) < f{y)
« gidm khi v chi khi: V(x, y) € B>, (x < y = fiy) < fix))
« don diéu khi va chi khi: f 12 tang hodc giam.
» tang nghiém ng:it khi va chi khi: V(x, y) € E2 (x < y=> flx) < fiy)

« giam nghiém ngat khi va chi khi: V{(x, y} € E%, (x < y = fly) < fix)).
» don diéu nghiém ngat khi va chi khi: £ 14 ting nghiém ngit hoac giam
nghiém ngit.

vi bu:
13 Anh xa f: N' > I\i* tang nghiém ngat néu ta trang bi cho N* (ngudn va dich)

X=X
thif | (tinh chia hét).
2) Anhxa:E: R—=Z  (phin nguyén) [a tang, nhumg khong tang nghiém ngat

x — Bix)
{d6i v&i thi v < thong thudng).
3) Véi moi tap hop E, dnh xa P(E) » P(£) 1a gidm nghiem ngat d6i v6i thit ty

X L0
bac ham.

4)Anh xa R—> R khong don diéu (d6i v6i thit ty thong thudmg).

k= x

2) Thit tu cdm sinh trén F* béi mot thit ty ciia F
Ta chiing minh dé ding ménh dé sau:

¢|Ménh dé Cho X 12 mot tap hop, (F, <) 1a mét tap hop duge sép thit ty.
Quan heé trong F*, ciing dugc k¥ hiéu 13 <, duge xéc dinh boi:

fgoVreX fix)< gx)
13 mot quan hé thit tw trén F~.

NHAN XET:

D thit tu trén F [3 tohn phdn thi thd ty trén F* ciing ¢6 thé khong toan phdn. Vi duy
nhi, véi X = F = {0, 1}, dige sdp bdi thit tr < thong thudmg, cde phdn t f, g cha F*
xic dinh boi 0) = 0, A1) = 1, g(0) = 1, g(1) = 0 khong so sanh véi nhau duge d6i véi <.
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Bai tap

0 1.3.42 Cho E |a mot tap hop, (F, <) 12 mét tap dugc sdp thik tr, f: E — F 1a mot don
dnh. Ta dinh nghia trong E mot quan hé Kbéi: x Ky < fix} = fiyl.
Chimg minh ring &1 mot guan hé thif tr uén £,

0 1.3.13 Cho (E, <), (F, <), (G, <) la ba thp dugc sép thi wy, f: E— F, g: F — G 1a hai

dnh xa.

a) Néu £ va g don diéu (tuong img: don digu nghiém ngat), thi ¢ thé néi gi v& go f?
b) Cho mét vi du trong 46 f1ang va 1 song 4nh, nlumg f ' khong tang.

¢) Chimg minh ring, néu £ tang va la dom dnh, thi f tang nghiém ngat.

d) Chimg minh rng, nél £ 13 ting nghiém ngit vi néu thi wr < clia £ 1a todn phén, thi f1a
don dnh.

0 1.3.14 Cho E 12 mot tap hap, f : B(E) — P(E) 12 mot 4nh xa. Ching minh ring hai tinh
chét sau !4 wong duong:
DYX Y e PELAX U SOV Y

fiXroX
(i) VX, ¥ e P(E), L F(F LX) = FLX)
Xc¥ = fX)c f(¥)

(Luu ¥ tAng 7 (X) khong chi 4nh bdi f cia mét bo phan X, xem 1.3.5, Dinh nghia dudi day,
ma chi 4nh clia mot phén tr X cia tdp ngudn cla f).

0 1.3.15 Cho (E, <), (F, <) 12 hai tap duoc sép thi 1y, /: E - F, g : F — E déu tang,
A={xeE (gefi=xhLB={ye i (fog)y=yh

a) Chitng mink ring : {:xeg’f(xjef.Takihieuf'; A->B vag.BoA
yeB.gly e x> fag y> 8y

b) Chitng minh ring f * va g’ 12 nhilng song énh ting nghi¢m ngat v 1 4nh xa nguge clia
nhau (4 va B dugc trang bi céc thir ty cam sinh béi cde thi ty cla E va F).

1.3.5 Anh va nghich anh clia cic bo phan qua mgt anh xa

4 Dinhnghia Cho E, £’ I hai tap hop, f : E — E la mot 4nh xa.
1) Vé6i moi bo phan A ciia E, ta dinh nghia dnh ciia A bdi f, ky hi¢u la
fA):
flAy =[x’ € E% Ja € A, x" = fla}}.
2) Véi moi bo phan A’ clia £/, ta dinh nghia nghich anh cta A’ bai £, ky
higulaf'(A"):
flAay={xe Efix)e A"}
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NHAN XET :
1) Taco: » V6 moi A thuoe PE) va Xthutc B x e id)y = (Fa e A, x"=flay
« V& moi A’ thuoe P(EY vixthugc E: x e fHA) o flx) e 4%
Diéu nay ching t& tinh todn vdi céc nghich dnh "don gian" hon 14 tinh todn véi cc anh.
2) Ky higu f A" (trong 46 A" 13 mdt bd phan cla E) khong gia thiet f 12 song
4nh. Déc gid ¢6 thé ching minh rang, néu f: £ — £714 song anb, thi, v&i moi A’
thude P(E), 4nh clia A" bdi £ ciing 12 nghich anh clia A’ bdi f.
Ta ¢6 thé ching minh, xem nhu béi tap, céc ket qua sau day:

¢ Ménh dé ChoFE, E’lahaitaphop,f: E— E’1a mot dnh xa.
1) Véi moi bé phan A, B cua E, ta co:
« AcB= flAYC AB)
« flA U B) = f(A) U fiB)
« KA M B) CflA) NAB).
2} V6i moi bo phin A’, B clia E', ta co:
s AACB fUAYCE(B)
« FHATUBY=FTAYVST(B)
. FUA A BY=FA) A B)
o« £ A =LA,
3) « VA € BE), A f (A

o VA € PEN AN <A

Badi tap
0 1.346 Cho£, Flahaitaphop,f: E > F,g: F — Elahaidnh xa théaman feg =1d,.
Chitng minh: (g o f }(E) = g(F).
0 1.347 Cho haitaphop E, E', f: E = E’. Chimg minh:
vaA' e PEY, fif AN =ANFE).
¢ 1.3.18 Cho hai tap hop E, £'. f : E — E". Ching minh f 12 song 4nh khi va chi khi:
va e PE), AlLA)=L.(A).

¢ 1.3149 Chohaitaphgp E.E', f: E — E'. Chimg minh ring cdc tinh chalt sau day la twong
duong:

{i} F1a toan 4nh
(i) ¥v e ELfir Uy Dy = (¥l
(it} YA & PELAF AN =A'

(iv) VA" € PED, (f (AN =D = A'= D).
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¢ 1.3.20 ChohaitaphopE E', f1E—> E
2) Ching minh: VA, B' € R(E), FHA L BY=f(AYaf "B
b) Chitng minh {13 don 4nh khi vi chikhi: VA, B € YUE), fiA « BY=ftA] 4 f(B).

0 4.3.21 Cho E 13 mot tap hop, A (A mét 14p con cla EX, F= {X € P(E), Vf € A, AX) c X}

Chimg minh ring trong F moi 1ap con khic réng clia F o6 mot bién trén vh mot bien dudi
d6i vai thit ty bao ham.

1.3.6 Ho

¢ Pinh nghia1 Chom¢t tap hop £. Ho phén tir cia £ 12 mot dnh xa bét
kycotapdich la E.
Mot ho phén tir clia mot tap hop E duoc ky hiéu (x); < , thay Vil E ;tapngudni
iafi}

chia ho duge goi 12 tap chi 8o clia ho.

Chang han, mét diy 1a moL ho ma t4p chi s6 1a .

Mot ho (x), ¢ ; duge goi 1a him han khi va chi khi 7 1a mot 13p hop hitu han. Néu

7=1{1, ... p}trong d6 p € X, thi (x), ¢, cling duge ky hidu la {x); 5, <, va dugc xem

nhu triing v1 bo - p {x,, ..., £,) (xem 1.2.1)

Ho con ctia mot ho (x)); ., nhimg phén tlr thude £ lamoét ho (), ¢, , trong 46 J 1a mot

bo phan cliu . K hiéu g : J — 7 13 4nh xa nhiing chinh tie va f1a ho (x;), ¢, (1Uc la:

Fiad :

f:1—E)thihocon ()., 02 foe: J>E . Ching han mét day trich tir mot

i j X

dAy (X}, e 12 MOt ho con cla (x,}, -« Ma tAP chi 6 12 v6 han.

¢ Binh nghia2 Cho mét tap hop E, (A); < 12 mot ho nhing b6 phan cua
E. Ta dinh nghia:

« Hop chaho (A), ., ky higula | JA; , boi:

iel
4 =lxe E;ZielxeA)
iel
« Giao cita ho (4), ., ky hien 1a ()4, , boi:
iel
NA =txeEVielxeAl
ief
Nhu th€, vét mébi x thude E, ta cb:
oxe | &@ielrea) exe ()4 @ VielxeA)
iel ief

Trutmg hop dic biet, theo dinh nghiatacé: | J4; =@ va (A =E.
ieid ield
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¢ Dinh nghia 3 Cho mét tap hop E. Mot ho {(A); « ; nhitng b6 phan cua E
dugc goi 1a mot phan hoach cia E khi va chi khi:
D Viel LAz
M VGEHel.(izjm>ANnA=0)
(i) | A = E.
iel
Dinh nghia nay 13 hoan toan tuong thich v6i dinh nghia 44 théy & 1.1.4, Dinh nghia 2,

bdi vi mudn cho (A); . , 12 mdt phan hoach theo dinh nghia trén, cinvadula{A;iel}
{2 mot phan hoach cda E theo nghta cia 1.1.4, Dinh nghia 2,

Chéng han, {[m; n+ 1, e &} vailnmn+ 11), < = 12 nhiing phan houch cta <.

Bai tap

¢ 1.3.22 Cho t4p hop £. Chimg minh cdc cong thic sau, d6i véi mei ho nhimg bo phén cla
E v moi bo phén cila E:

2 ﬁ,,_.[UA,-] = b @) 5 [ﬂA;}= LJCe @)

iel ied ief iel

b) (UA,-]mh Jand, (ﬂA,-]ulh (A B

ie? iel ief ief

g b

jel tipelxd iel (ifeft

UA"CUB"
Q) (VielacB)= (S

nA,- an,-

iel ief
e} n(A.; -8By = [nA‘-] - LJB,- .
il ief iel
O 1.3.23 Cho £, E’ la hai tap hop, f: E — E"1a mgt dnh xa.
a) Vgi mbi ho (A;- Jiey nhiing bo phan cha E', ciing minh:

f! [UAI] = |Jr A, f-'[.m}} =@,
ief ief . iel el
b) Vi moi ho (A; );c; nhimg bo phan cba E, ching minh:
f [UA:-} Urran. f[ﬂA.-]c N fa) -
isl ief ief iel

¢) Chimg minh ring, néu £ 13 don 4nh, thi, véi mei ho (A,), ¢ ; nhilng b phén cia £

f{ﬂ&-} M f(AD -

il ie!?
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¢ 1.3.24 Chombtuphopk, f, g E—>E.
a) Gia s A € PO,
o) Chifng minh ring, néu A &n dinh ddi véi fva dei vai g, thi A Sn dinh dBi ven go f .

B) Suy ra rang. ndu A &n dinh d6i v6i £, thi ddy (f*(A)), - i 12 day gidm, rong do
fO=1d..f' =f.f"=Ff ¢ .. o f{nnhanti).

¥) Chiing. minh réng, néa A én dinh di véi f va néu 16n tai 1 € 1 sao cho f "(A) = A, thi
fiA) = A. :

b)Y Cho (A,),, 13 106t ho nhimg bo phin ciha . Ching miinh rang, néumoi A, (4 € 1) déu én
]
dinh d6i van £, thi UA,- Vi ﬂA,- én dinh d61 vai £
ief ief
§ 1.3.25 a)ChoE, £V bai tap hop, f: £ — £7]1amdt toan anh. Chitng winh rang, véi moi
phan hoach (A} )y cba £ ho (j'”l(f’s'f Mie s 1a mot phan hoach eda F2.

by Cho ot vi du v cde tap £, £ wan dnh f @ £ - £7vaphin hoach ()i el f2, sao

cho (fLAY ey khong phid 1a indt phin hoach cta "
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-
Bo sung

0 € 1.1 Tinh tuong thich giva cic quan hé tong ducng va anh xa
A Tinh tuong thich
Cho E, F 1a hai tap hop, K {tuomg ung: =) la mot-gquan he tuong duemg trong £ {tuomg
wng: Fy, f: E— Flamot anh xa. Ta néi rang f tuong thich v6i & va Skhi va chi khi:
Vi x) e B (xR x = fin) S ).
1) Cho E, F 1a hai 14p hgp. K (1Uong ing: ) la mdt quan he tueng duong trong £

(twong img: ). p 1 E — EfR (tuong Ung’ ¢ : F _» F/<) la toin anh chinh tde, {1 E — £ 1a
il anh xa.

Cluimg minh rang didu kign cin vi dn dé tén tai @ BEfR — F/Ssao cho hidu d6 sau giao
hodn (e Ja: g op=q e fr1af phiii tuong thich véi K va 5 va, néu f tuemy thich véi K
va <, thi @ 1a duy nhat,
g —Ls F
pd P

Eik —— FI &
@

N&u f tuomg, thich vél R va 5, (a ky higu }: 13 4nh xa duy nhét tir B/ R vdo F/5sa0 cho
f o p=qof :tandirang f thu duge 1 £ bang cach chuyén sang cac tap thiong.
2y ayCho E. F, G la ba tap hap. R (wong img: S, tuang dng: T) 1a mot quan he tuomg.
ducmg trong E (tuong tng: £, tuong ting: ), 1 E — F 1amot dnh xa tuong thich
vai Rva S g F —» G lamot anh xa twong thich v6i Sva T. Chimg manh g © f:
£ —» G tuong thich v6i Rva T,vag s f= g/ -
b} Cho £ 1a mét tAp hop va K 12 mdt quan hé twong duong trong E. Kidm chumg
. —
rang 1d; tuong thich v6i Kva R, vild; = ldge
B Plan tich chinh tde ciia mét dnh xa
13 Cho E, F \a hai tap hop. f: E = F lamdt dnh x3.
a) Chiing, minh rang quan h¢ & xéc dinh trong £ bai:
x Kpx' & fixy = flx)
12 mdt quan hé twomg duong.

) Ta ky hidu i« fiE) — F ladon anh chinb te va p 1 E —» E/Ryla10dn dnh chinh tac.
Chang minh 16n tal mot anh xa f,'E/R’f — [(Fy duy nhat sao cho

f=1e f op . Vi f 1a song anh.

Ta n6i rang he thic f= fe f o p a dang phan tich chinh tdc cla f.
2y Vidu
a) Xac dinh dang phan tich chinh 1ac cha anh xa phdn nguyén E: R —> "
s—=Eix
by Cho E 12 mat 1ap hop, A € PE),
i BEYSPE) . g PE>PE)
X XmA X XouA
Xsc dinh cc dang phan tich chinh tac clia f va g



Chuong 2
Cau tric dai sé

2.1 Luat hgp thanh trong

¢ Binhnghia 1 Luat hop thanh trong (vidt tit: Lhtt) wen mdt tap hop I/
Id mai anh xa tir £ = I vao I

Mot Jhtt wrén £ thuémg duge k§ higu la*: £ x £ — E hoac T, L, +, -, o, ...

(x, v} > x*y

D01 khi ta ndi luat thay cho luat hop thinh trong.

VI DU
1) Phip cong vi phép nhén Ta ahitg Ihtt trong 7.
2) Vdi1ap hop X bat ki, phép hgp v phép giao 12 nhimg ihtt trong PX).

¢+ Dinh nghia 2 Phing nhém (magma) 1a mot cip (£, *) trong dé E 1a
mot 1ap hgp va * 1A mat [htt trong E.

¢ Binh nghia3 Mot Ihtt * trong mot 1ap hop E duge goi la két hop khi
vachikhi: Y(x,v,z) € E°, (x % y) % z =x % (y * 2).

Thay cho cau "* 12 két hop", ta ciing néi: phong nhém (£, *) 1a ket hgp.

Vi DU:
1) Phép cong va phép nhan trong ' 13 két hop.

2} Lhu = Q2—>Q khong két hgp, vi ((-1) = O * | = i
t+_»_‘

K.y

1
ACH*O* )= ——.
va(-1)* (0 * 1) p

¢ Ky hiéu Cho 7 1a mot tip hop, * hoac - hoge + 12 mot Lhit két hgp trong
E,nel,x, .., x, € F, v ek Taky hitu:

i)

N, TN KX, k%

i=1

e

H H

n T S R SARTRIN P Z.\" =+t +y,

i=1 =1
A . - £t . - " - .
NV=x*xxpk ok y, XM=y, A=Y+ Nt 4oy

(# hang tr hoac ahan tr) (dac bigt: +' = x).
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Ya néi ring hai phdn tif x. y ciia mot phong nhom (L, *) 1a giao hodn (hoac: ¢ thé
hoan vi) khi vichi khiz v * y =y * x.

¢ Dinh nghia 4 Mgt thit * trong mdl Wp hop I duge goi la giao hoin
Khi vichi khit V(x,¥) € 7, x*y=y*.a

VI DU: |
1y Phép cong vi phép nhin trong £ 1A giao hodn.
2) Phé&p trix trong = 13 kKhong giao hodn.

Ta chimg minh dé dang (bang Iap ludn quy nap) Ménh dé sau:

¢| Ménh @& 1 Cho /7 1a mt tap hop duge trang bi mot Thit k&t hgp va giao
hodn, ky hi¢u la +. The (hi:

1) o e 10, Y, e 4 € 17,9 (0, v) € 17

i("-i + )= i'\x +i ¥
=l

=1 =l

PARA U N2 =R URIN S/ A TR TR S D! i[i-‘}}) = i( '\-UJ'
Li=1

i=1lj=1  J  j=1d

3) YH € '[‘1", Yag e e“, V(-‘.n re- ln) = ]“ z ‘G{l z

(Xem 3.2.1, vé& nhom dai ximg €,).
¢ Binh nghia 5 Cho (2, #) [amdt phong nhém, ¢ € F.

1) Ta ndi ring « 13 chinh quy (hojc: gian ude dirge) triai doi vdi *, khi va
chi khi:

Y,V elf®, (a*xx=a*y=>x=y).

2) Ta ndi ring « 1A chinh quy (hodc: gidn ude duoe) phai ddi vai *, khi
va chi khi:

Yix, vy e £, (x*a=y*a=>1=y).
3) Ta néi ring « 1a chinh quy (hoac: gian wdc duge) dai vor * khi va chi
khi « 12 chinh quy trdi vl phii doi vdi *, e L

a (X =g*¥y=—=>\Vv=1%
i, V) e I7, - T
: N¥g=yka= X=Y¥

viDu:
1} Trong <2 noi phén tir déu chinh guy doi voi +.
2) Cie phin t chinh quy clia -2 d6i véi o fa cic 58 phitc = 0.

3) Vi n e 1, cde phan tir chinh quy caa M, () ¥a cic ma trdn thude M (D) 6
‘dinh thiic = 0 (xem 9.4, Ménh dd 23 4.
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¢ Binh nghia 6 Cho (¥, *) 1a mot phong nhom, e € L.
1) Ta néi ring e 12 trung hoa trii doi vii * khi vi chikhi: Ve F,e*v=x
2) Ta néi ring ¢ 1a trung hoa phai do1 vai * khi va chikhi: Yx e I, v*xe=1,
3) Ta néi rang e 1 trung hda dGi vdi * khi va chi khi ¢ vira 12 trung hoa
trai vira 1a trung hoa phai doi van *, e la: el e v =x*xe =1
Ta ciing néi phin tif trung bda thay cho trung hoa.
vi DU
1) 0 13 trung hoa doi vai + trong .

2} BGi vai bt *: N2 > N, moi phén ur clia § 113 rung hoa trdi vakhong <o mat

BN

phin tir ndo caa 1 ¥ trung hda phdi.

¢| Ky hiéu N&u (£, *) la mot phong nhém u) mot phin (1 trung, hoa ky
hicu 14 ¢, thi, vdi moi x thude 77, taky hidw: =e

4| Ménh dé 2 (Tinh duy nhat ciia phén tir trung hoa, néu no ton tai)
NGu e, ¢’ 1i hai phin 1 trung hoa d6i vdi * trong £, thi e = ¢,

Cluing minh:

Téng qu‘ll hom, néu ¢ 1a phdn 101 trung hoa i viindu ¢ 1 plmn Lt trung hda phdi, ti

e = ¢, vie*e = ¢ (do e Iaphin ut trung hoda trin) vie * ¢ = ¢ (do e 10 phin tr
trung ]10‘1 phai.

¢ Dinh nghia 7 Vi nhém 13 mot phong nhom (7, *) thda min:
{* Ia k&t hyp
I ¢6 philn 1 trung hoa doi vai *
viDpu:
o (X1, 43} va (17, %) [a nhiing vi nhém.
o VGi moi tip hop X, (B, n), (RO, ) Y phimg vi nhém.
= V& moi tip hop X, (X7, o } 12 mot vi nhémn.

+ Binh nghia 8 Cho (7, *} 1h mdt phong nhdm ¢o phin (i trung hda ¢.
Mot phdn 1 v ¢fia 72 duge ndi 1a khi doi ximg (hay: kha nghich) doi van *
khi vii chi Khi tén tai it nhdt mgl phin wr v cta £ sao cho v e y =y * v=
mék phin iy nhar the (néu 160 tai) duge goi 1 mot doi xiing cua v doi vai *.

¢+ Ménh dé 3 Cho (£, *) 1a mot vi phém, v x € E. NCu v kha d¢i xing
dG1 vdi *, thi v cé mot va chi mot 31 xdimg doi vai .
Chreng minke:

e . ARy = yEL=¢
Giia su y. 7 € f£ sa0 cho S .
- Nk =Z%y =¢

41
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¢| Ky hiéu Cho (E, *) Ia mot vi nhém, x 12 m6t phdn tir cia F kha d6i
ximg d6i vai *. DG ximg clia v duge kv higu 1a x77, va cling goi 1a nghich
dao cta v. Khi luat ky hiéu 1a +, thi dé6i xung clia x (n€u nd tHn tai) duge
k¥ hiéu -v va ciing goi déi cha x.

¢| Ménh dé 4 Cho (F, *) Ia mdt vi nhém, x, v € E. Néu x vii v kha d&i
xung ddi vai *, thi v * v kha d6i ximg doi véi * v

(v =y,

Cluing minh:

Gl RN A NSO ey =y y=evituong e (v ) = (v H ) =

¢ Dinh nghia 9 Cho F la mot tap hop, *, T la hai luat hop thanh trong £.
1) Ta néi rang T phan phoi trdi (lwong dng: phai) trén (hoic: ddi vai) *
khi vi chi Khi:
Vv, el?, xTe*)=CTy*x{xT2)
(g ing: (v * D) Ta=GTx)*ETx).
2) Tandi rang T 13 phin phdi trén (hodc: déi vai) * khi va chi khi T vira
phin phai trdi vira phan phdi phai doi véi *.
Vi hU:
1} Trong i, phép nhau phan phdi dai vai phép coug.
2) Vi tap hop bil ky X, mdi mat trong hai ludt W, ~ phan phéi déi v6i loat kia
trong Pex).

¢ Binh nghia 10 Cho hai phong nhém (£, *), (7, T), dong cau phong
nhom (hodc: dong ciu) tr (12, *) vio (4, T) 1a moi dnh xa f: E — F sao cho:
Vi y) € 17, flx* v =0T
Mot ty dong cau cia mgt phong nhom (£, #) 1a mot doéng cfu phong
nhdm tir (F, *)} vio (F, *).
Mot ding cdu phong nhém 1a mot déng cdu song dnh clia phong nhém.
Mot tu ding ciu ciia mot phong nhém (£, *) 13 mét tu dong cdu song
anh clia phong nhom (£, *).
Ta c6 thé ky hiéu mot déng cdu phéng nhém la f: (E, ¥) — (F, T).
VI DU
1) Anh xa In - R:_ R i mét ding cfu tir phong whém (R: . %) 1én phong
x> Inx
nhom (I, +).
2) Cho £ la médt tap hop, *, T 1 hai Thtt trong £. Mudn cho T phan phdi trdi

{tugng ng: phin) doi véi *, didu kign cAn vadaladnh xay,: F - 1;. (luong
X3l

ng &, : £ = £ )13 mdt tu dong cfiu cta phong nhéin (F, *), vdi moi ¢ thude f.
o T e

-



2.1 Luét hgp thanh trong

¢/ Ménh dé 5
DNEuf: (B, > F, Dvag: (F, T) -G, L)laha déng cu phong
nhém, thi go / : E — G lamot ddng cau phong nhém tir (72, ) vao (G, L).

2) V& moi phong nhém (F, #), 1d,: £ —> Elamot ty ddng cfiu cha phong

nthém (F, *).

3) Néu [ 1 (F, *) = (F,T) 1a mot diing c&u phong nhém, thi fliF—>Elh
mot ding cdu clia phong nhém (F, T) 1én phong nhém (£, *).

Cluing minh:

1 Vix, yy € E5, (go [Hx* 0 =gf) T = (go Hx) L (g H
2) Hién nhién.
2) Vi £ 12 song anh, nén dnh xa nguoe £ 1 £ — £ 10n 1@, v voi mei (i, v) thuge
Frracs: u Tv=f' @ TN =,y * £700),
do d6 bang cich hop bimg £, ta duge: £ T vy =160 * ().
¢ Pinh nghia 11  Cho X1a mot tap hgp, (£, *) la mdt phong nhém. Ta ci
thé trang bi £Xmot luat hop thanh trong, vn ky hiéu 14 #, duge xdc dinh boi:
Vige EY, Yxe X, (f*glo)=1ix)* glv),
va duge goi 1a khuyéch ra I cia luat * trén E.
vi py:
Néufg:Ro>Pthif+g:R>=
x> flx+g
¢ Binh nghia 12 Cho (£, *) 1a mdt phong nhom. Ta ¢6 thé trang bi cho
P(E) mot lhtt, van ky higu 12 *, duge xdc dinh boi:
VA, Be E), A*B={xe E;Hu, by e Ax B, x=uxb} = {evbr (a1, by € Ax B},
va durge goi 12 khuyéch ra B(E) cha luat * irén £,
Vi Dy
Trong B, (1,2} + (4,9} ={5,6, 10, 11}, 1-00; O + ]0; 40| = .
VA A=PE)vaiae A tacd thé ky hiéu a * A thay cho {a} * A; vidu nhu, trong
(I, «) thong thudng, v6i moi x thuge I, XL = {xm; n € Y
¢ Binh nghia 13  Cho (£, *) 1a mdt phong nhém. Mot bo phin A cua E
duge n6i 12 dn dinh d6i v6i * khi viachi khi A # A < A, uie 1
Yiv, v e A, x*yecA
Néu A 13 mot bo phan clia £ 6n dinh d6i v6i *, thi lhit trong A duge xac
dinh bdi AxA— A duge goi 1a Thit cdm sinh trén A bdi luat * trén E,

(X, ¥] > x*y

va cling duge k¥ hicu fa *,
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Chuong 2  Cau truc dai sd

¢ Binh nghia 14 Tich ciia hai phong nhém (%, T, (F, 1) 1a mot
phong nhém (£ x I, *), trong d6 * Ia Ihtt trong £ x F dugc xac dinh boi:

Yy, (W) e ExF, (x,* (W, y)=KTx, vyl ¥,
v Du:
™2 duse trang bi Thtt + vivxdc dinh boi:
AN I LR W= VRO BN AU N Uk R W ¥
13 tich cua phong nhom (i, +) v chinh né.

§ 211 Cho # laihtt xie dinh trong T hdi;
vEy=av a7 DR 1)
a) Kidnt chitng * giao hodn, khong k&t bup viv o6 phin 1 trung hoa.
by Gidi cic phiveny rinh sau (v dnx e Wy
ly2*x=>5 2ixxv=1.
O 2.1.2  Cho * Iimdu it romg ¥ thda min:
. ON* =
Vg booye il .
ta. .0 {a*{b*r.‘):(‘*{b*a}
Chimg minde ¥iw. boey € 77 arh*e)=(a* hp* (o).
Cho mit vi du v& luit * nhu the,

O 213 Cho (£, =) la ol phong nhém k&t hop, o € £, T 1a Ihir xic dinh trong I béi:
xTy=xxa*y Ching minh T 6 tinl k&t hgp.

0 2.1.4 Cho (k. ) 1a mat phong nhém, (o, ¥) € 7 ta gid thigt - la ket hop va xy= va.
Chung minh:

T pre (7Y, =V

O 245 Cho (&, *) molvi nhonw chimg nanly rang moi phan 1 cua & kha o ximg AdL v
* (déu chinh quy i vér *. Cho mét vi du rong dé khang dinh diw sai.

0 21.6 Cho mot phong ahom (£, %) Vé ngi g € £ ta ky hidu , - E—Fovi

Xy
4,0 £ o E L, theo thi ty duce goi 1 tinh {ién sang 1r4i va tinh 1ién sang phai theo a.
T kg

a) Cliing wiinh rang, v6i mei ¢ thude £y, (uong img: &) 1A don dnh ki va chi khi ¢ 1a
phin 1 chink quy (edi (Leong ung: phii).
by Chimg minh rang * 12 kéLUhop Khi viichi khic - ¥(a, by € E°, oy, 00,29, © k.

¢ 217 Clo (£ * 12 mot phéng nhéim k& higp, hits han, Ta gid thict 16n 1ai mot phiin tir x clia
£ chinly quy d6i véi *. Chiding ninh rang * ¢6 phin t trung hoa vi v Lukha déi ximg.

D 2.1.8  Cho mdt phong nhém (£, ). Mot phin 1 x cia I duge nor Lo iy dang ndu vachi
e X * X = kL
ay Chimyg minl: rang. nlu * 12 kEChgp va nEu v v v 1y dang vit giae bodn, thi v x v la
10y dang.
By Ching minh rang, ndu * 1a ket hap, cé phin G trung, hoa vi néu v L liy ding vakha
dei ximg., thi x' 1a 13y dang.
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0 2.1.8 Chomdt1ap hop E, mot Ihtt ket hop * trong E.mothit T trong £ phan phoi doi véi *.
a2} Chimg minh ring, néu x. X", v. ¥ € £ 12 nhitmg phén tirsao cho x T x"'vay T v’ déu chinh

quy déi vGi *, i x T ¥ vay T x' giao hodn d&i v6i * (Unh (X *¥) T (x’ * ¥) bang hai cfich
khac nhau).

b) Suy ra rang. néu T cé phin tir irang hoda, {hi hai phin i chinh quy d6i véi * 13 giao
hoan duge doi v *.

¢} Chntng inh rang. néu T c6 phén 1 trung hda va néu taL ¢d cac phin s cha £ La chinly
quy d&i vi *, thi * la giao hodn.

o 2.1.10 a) Khao sit (tinh k&t hop, giao hodn, t6n tai phén 1 trung hoa) ludt * xic dinh

trong [ +oe] bdi:  x*y= ‘\Ixz + _v2 .

B) V6 (n @) € 1T % 100 +0|, tinh @ % ... * a (2 nhan 1.

¢ 2.1.11 ) Khao sdt (tinh k€t hop, giao hodn, tén tai phin 1 trung hodxa, 160 ta1 phén trdci
xtng) lujt * xdc dinh trong & BAL X *¥Y=X+ V-V
W}V () € 1T = B tinha® . ¥ aln nhén L.

¢ 2.1.12  Cho (£, %), (. T) 1a hai phéng nhén, f1 E —> F la mot déng clu phong nhom.
2y Chimg, minh rang, néu mot bo phian A cha £ &n dinh d6i vGi #, thi fiA} 6n dinh d1 voi T.
by Ching, nnh rang, nEu MmOt bo phan B ca I7 én dinh d6i vei T, thi f'(8) 6o dinh d6i vér *.

¢ 2143 Cho X 1a ndt 14p hop. (E. *) lamit phong nhom, * 1a ludt hop thankh trong, trong
EX¥ duge xdc dinh bdi (xem Dinh nghia 11):

vfge ENVxeX (f* ) =fix)*g(x).

Chimg minh ring, n&a * (trong E) cd mot trong nhitmg tinh chdt sau, thi * (trong EY cling
¢6 tinh chét dé:

1ytinh k€thgp  2) tinh giao hodn 3} 16n tai phén t& trung hda
4) tén tai phin tir trung hoda va, v6i ot phén tix, ton 1ai phin tr 461 xing.
0 2.1.14 Cho mot phong nhém (E, #); ta cling kY hieu * 1a khudeh clia * ra PE) (xewm
Pinh nghia 12).
a) Chumg minh:
' AcA
13 YA, B. A" B’ e PE), = A*BC A*H
) s {555
2) N€u * ¢6 tinh két hop (tuong dng: giao hodn) trong £, thi * ciing k€l hop (womg
ing: giac hosn) trong PL).
1) Né&u * cé phdn ti trung hoa e trong £, {e} 13 phén 1 trung hda dBi véi * trong
PED.
b) Néu * c6 phan 1If trung hda va moi phén t chia £ déu kha d6i ximg A1 véi *, thi ta c6
th& khing dinh rang moi phdn coa PF) 1a kha d6i xamg doi vé khomg?
¢ 2.1.15 Cho (E. ) la m6t phong nhom k&t hop, (a, By € £ Chimg minh rang {a} * £,
E*{b]. fa}*E*{b}.E*{a}* E 6n dinh d&i voi .
0 2.1.16 Cho mot phdng nhom (£, *). V& A B. € € P(E), 50 sbnh:
aA=BU) va (A =B A*C)
hA*(BACY v (A SR Ax()



Chudgng 2 Cau trac dai s6

O 2.1.47  Cho (£, %) 1a mdt phdng nhdm ket hop vi giao hodn, viv 4 L tap hop cde phén tir
ciiu £ khong chinh quy d6i voi *, Chang nunh: £% A < AL dac bigl, A én dinh doi v *.
0 2.1.18 Cho (£. %) i mat phing nhicn: k& hop. Chimg mint:
a) Vi bo phan én dinh A tiy ¥. A * A 6n dinh.
b3 Vdi ho phan A bat ky cia £, hodn 1ap cha A (duoe dinh nghia 1a:
Al=fxef:Vae A, a*x=x*ual}
eing 6n dinh.
0 2.1.19 Cho (E. ) Jamot phdng nhém, A =[x € I V(v D) € EF (xryyxz=x* (y* 2)}.
a) Chimg minh rang A 8n dinh di vai *.
b) Chimg miink rang ludt cam sinh béi * (rong A cd linh KSt higp.
O 2.1.20  Cho (£, #) la mot phong nhom, = [x € E. ¥y e Eox sy = v* x} duge goi 1a
tam ciia (£, *). Ta pid tudt * Y ket hap.
a) Chimg mink € én dinh dé vai .
b)Y Ching minh rang lud cu sinh hoi * tong €' oo tinh giao hodn.
0 2121 Cuo (E, Ty F, L) 1a hai phong nhém, * 1a lult tich, duge dinh nghia la {xem
Pinh nghia 14y () * (= Ta,elyh
Ciiitng. miinh ring ndu T viv L c6 it trong nhitmy 1inh chidl say, thi * cling eé tinh chat dd:
13 tinh K&t hop 23 tinh giao hodn 3) tén (i phdn tr rrong hia
4) t6n tar phin 1 trung hoa via moi phidn tir déu o6 phin tr d6i Ximg,.
0 2.1.22 Cho X1amdt 1dp hop, £ =X duoc trang bi Wit o, f € £, Chung nanh:
a) f1a dom dinh kKhi vt ebi khe fehinh quy trdi déi val o trong K.
b) 7 Lit toim dah khi vis ehi kit fehink quy phii d6i véi e trong E.

O 2.4.23  Cho (£, *) a mot phéng, nhém va < 1a mot quan hi¢ thi ty trong E. Ta gia thift
ring, v&i moi (a. b, x) thude £

(Ha*tb<a arhsh (i) xsa}::»xia*b.
Xsh

Ching minl:

a) * giao hodn

b) Mo plidn t cla E déu ldy dang d6i v&i * (xem bai tap 2.1.8)
Ve b e, (usba*rc<h¥*c)

dy Wia. b, e, d) € B [{asb]ﬂa*cgb*d
c=d

) * co tinh kél hop.



2.2 Nhém

2.2 Nhom

2.2.1 Dai cuong

¢ Dinh nghia 1 Tandi ring mot tap hop (G ¢o trang bi mot ludt hop thanh
trong * 13 mot nhom khi va chi khi:
* cO1inh ket hgp
G c6 phén tir trung hoa doi vdi *
Moi phén 1 clia G ¢6 phén tir d6i xing d6i voi *

N&u hom nita * ¢é tinh giao hodn, thi ta néi ring G 12 mgt nhém Abel
(hoac: nhém giao hoan).

vinu:
[} €2, 4) 1a mot nhém Abel.

2) Tap hop cdc phép dang cu vecto cia mot mat phing vecto Luclide 1a mot
nhém ddi vdi o .

Cdc ky hien duge sit dung nhi¢u nhat 1 nhu sau:

it Tich hai Phin i Phin 1t d6i ximg ciia | Tich clia x véi phin
o phéan ti irung hoa mot phén 1 x ur déi xdng cua y
*® X * ¥ [ ] x'l y* }r"
o X ey L1 ! v o )_-1
. xy 1 x! xy!
+ x+y ¢ -X xX-y

¢| Ménh dé

Trong mot nhém, mei phin tir déu chinh quy.

Chirng mink:
Vi bat ki (x, . 2) thude G™:
(xxy=x*kz>x K (x*y) =yt (x> TR F Y= * ) Fz D y=2)

Lap lugn tuong wr v6i phép nhan bén phai.
+ Binh nghia 2 Néu (G. *) 1a mot nhém hiru han, thi ban s& cia G duge
goi Ia cap cla G.

Chéng han, v6i moi # thuoe W', (B/,z, +) (xem 4.1.2, Ménh dé 3) 13 mot nhém hiu

Y. .
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Chudng 2  Cau truc dai s6

Bai tap

0 2.21 Cho (G, ) 1a mot nhém sao cho: ¥x € ¢, 2% = e. Chimg nunh rang (7 piao hodn.
& 2.2.2 Cho (6, ) 1a mdt nhémn hite han, A, § K hai bd phan el {F sao cho
CardfA) + Card({B8) > Carditr).
Cligng minh : G = A# (Ui 12: ¥ € (1, A, by € A x B, x = ab).

O 223 Cho (6. ) 12 ot nhom hiu han cap chan, S T tgp hop cic phidn 1t cap 2 cladr, tic
rS=slyet  rm=evavEe).

a) Chimg nunh ring quan he K xic dinh trong (7 bow vy &> (v = X boac v = 17"}
2 mét quan hé wemg duong.
b} Suy ra rang Card(s} &

o 2.2.4 Ching minhrng A =1{f,,: KRR (. by g I2' % T} 1 ot nhom doi vdi

Xty - b

o . NO cd giao hodin khiong?

2.2.2 Nhom con

¢ Binh nghia 1 Cho (G, %) la mot nhém, /7 € P((5). Ta néi rang H 12
mot nhém con ca G Khi vivchi khi:
(G} Vel ,xxvell
My eeli
GinVee 0 e ll
(trong d6 ¢ 13 phan tr trung hda clia G va v 13 phdn tr 461 xtmg cua ¥
trong (7).
Vi by
1) V&i moi # thuoe 1, 27 = (raz o € T} Famot nhém con cong cha 7.

2) Tap hop céc phép dang cu veelg thuan cha mot mat phang Fuclide /7 1 mét
nhém con d6i v&i o ciia nhém cic phép ding cif vecta clia P

o| M&nh dé 1 Cho (G, *) 1a moL nhém, 1 € P(G). pé H th mot nhém
con cua G, didu Kién cin va di la:
{u on dinh dai vdi
H lamot nhém doi vai luatcim sinhboi ludt * caaG.
Churng mink:
1) Gia st H 13 mot nhém con cua (5. Theo (i), * 1a Thit trong /.
Luat * wrong /7 ¢6 tinh k& hgp (vi nd k&L hop trong (9, ¢6 ¢ 12 phin i trung hoa theo

(i), vh moi phin tir cba £ ¢6 phin 1ir doi ximg dBi véi * trong H theo (1ii). Nhu the
(F, =) 1a mot nhdm.



2.2  Nhém

2) Nguoc lai, gid st /7 6n dinh d6i véi * v (11, *) la mot nhom.
o R& ring (1) dugre thda miin.
e Ky hicu e’ Ia phitn 1 trung hoa ciia /. Tacd " * "= e = ¢ % ¢, vy (do tinh chinh
quy clia e’ trong (3), ¢’ = ¢. Nhu the ¢ € i/,

o Gid st x € £. Vi (£, #) 13 mot nhém nén v ¢6 phén i doi xing v d6i vdi * rong
Hix*xy=y*x=e.

Suy ra y la doi ximg clia v d3i vdi * trong G, vay (xem 2.1, Menh dé 3yt =y e I

¢ |Ménh dé2  Cho G 1a mot nhom, (/1), ., la mot ho nhimg nhdém con cua
G. The thi ﬂh': 1a mot nhdm con cua G.

e!
Chutnyg minde:
Ky hicu /i = ﬂn,- )
iel
1) VG moi (v, y) thuoe (7
wwelF=>(Yielwelvave)=ielxxyell)=xxye H.
NViel ec ) vaiye e il
VG moivthuoc G xe H = (Viel xe H)y=>(Viel, Velly=x el
Menh ¢ trén dan dén Dinh nghia saw
¢ Dinhnghia2 Cho (G, #) 1a mot nhdém, A € (). Giao clia 141 ¢i cde

nhém con ciia G ¢6 chita A 1a mot nhém con clia G, duge goi la nhdm con
sinh bai A v duoe ky higu < A >.

Viytach: <A>= ﬂ .
H lanhom concaad;
Al

Véi moi ¢ thude G, ta ¢6 1hé ky higu < a > thay cho < {a} >
o) Ménh dé 3 Cho (G, *) 1amot nhom, A € P(G): < A > la nhém con be
nhiit clla G (theo nghia bao ham) co chira A
Chitny minle:
1) Theo Ménh dé 2, < A > li mét nhom con cua {5 ¢o chita AL
2y Gia st H 13 mot nhém con cia G chida A. Theo dinh nghia clia < A >, tacd:
< A>c H Nhthe < A4 > duge bao hiun trong moi nhdm con cla G chiza A.

¢|ME&nhdé 4 Cho (G, *) [amot nhém, A € PG).

1)< & > = (e}, trong dd e la phan 1 trung hoa cla G.
2) V& moi bo phan khic rong A cla G, {A] a18p hop cic hop thanh boi
cila cdc phén 1l clia A vi cdce phin 1 dGi ximg cta cae phan (i cha A,
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Chuong 2 Cé&u truc dai s8

Chitng niinfe.
1y Hién nhién.

2)Taky hicud” ={ye G y' e Al = ¥ xeA)l,B=A U H tadp hop cic
hop thimh boi cia cdc phin (e B, uie L

H
H=lxeG;3Inell, Ak, . bYeB, x= * b 1.
i=1
Ta s& chimg minh 77 13 nhém con chia A nhé nhélt cha G,
) Ta cluing minh £/ Th mot nhém con cua (7.

"
o Giasit(e. y) € HTon i n p e 17, by b e s ¢ € Bsao chox= I

=1
o b néul=k<n
viy= sk ¢, . Kyhitud; = k T L tacd:
' - / Cpopniun+lsksntp
J:
n+p
wry=hokRb xo F Lok =die K doxdg*xd,,,= % di €l
k=1
e ViAd= D, nénton tiiw € A, viye=axa’ €l
"
e Glid st & € A Tén tui n € 17, by, ... b, € B sao cho x = kb .
i=1

Viy hl_l \ ,h? e Bvia'= ;llz !'};Jr]_‘- =i *u-*h}_l eIl
i=
bWAcH vi AcBcll
¢) Gid sit L 1h mdt nhoém con coa¢s saocho A o L.
Khidétacéd: Vv e A, (xel viy' el) rdiyBcl, o1 il

Vi 77 1 nhém con chita A nhid nhal cua G, nén ta k&t hudn (xem Monhde 3y fi=<A >,

¢ Dinh nghia 3

1) Mot thém G duge néi ki nhém don khi va chi khi t6n tai a € G sa0
choG=<u>.

2) Néu G 1a mot nhém don thi mot phin tr bt ky @ cha G thoa min
G = < a > ducc goi 12 phin tir sinh cha (.

3) Mot nhém ¢ duoe goi 1d nhém xyelic khi vi chi khi né ¥ nhom don vi
hitu han.

viDU:
1) (2, +) 13 mot nhdém don, ma mot phén it sinh 12 1 (hogc -1).
2) (Lfz, 1) Lemot uhiém dom, i mot phin wr sinh, chang han 11 2.
3) (i, +) khong phii 1 maot nhoém don.

Dudi day 1a s& khao sil (bdi tap 4.1.32) vice phan loat cac nhdm don.



2.2 Nhom

Bai tap

0

&

225 Cho ¢ 1amounhém. £, K 1 hai nhdm con o ¢, Chimg nunly

;‘IuK:f;‘c::»(H:(-']ma}c K=1(5)

2,26 Chod =7 = 2 oviv 13 Lt trong ¢ xic dinh b
roy) =0 v = ooy + )

a) Chamg nnh (G, *3 Jamdt nhom Khong giao heoin,

.
b) Chimg minh B % B 1a ol nhidan con el ¢,

227 Cho i+ Jamét nhdr. Bo phin cia ¢ xde dinh boi:
C={r e (i ¥y e d, vy =), duoc gor I tam cia (5.

Chdog mind € 1omdt nhdnm con eda €5,

' }I
(%t vy = (.\:\ LAY A
\ -\J

a} Chilng minh ring (7, *) la inét nhan,
by Chi ra tan cha G (xem bai tap 2.2.7).

¢) Chimg minh rang B x {0}, {1} % &, 0" x 0 1a nhimg nhém con cia G,

X

. . I *
dy Chung minh rang, vdi bt ky & thude I, tap hop H, = {[_r.k[.r - —]]:.r cR }m mon

nham con giao hodn cla (5.

2.2.9 Cho (7 la 61 nhém hin han,

. o . . i
Clumg nunb rang. vai bat ky nhiém con £ clia €. néu CardiZh > — Card(¢7), (hi £ = ;.

2210 Cho 6 Ty, (67, Ly 1 hai nhony, * L ludt tich (xem 2.1 1%nh nghia 143 duoe xdc

dinh trong (> GThéi e, vy * (0 v = (e T v Loy,
ay Chumg mnh (67 > €37, %) 13 ol nhen,

by Clumg wiinh rang, ndu # (wemg ang: H 12 181 nhéim con cia 4 fluong tng: 7 U
I I la mot nhém con chia 66 x ¢

2,217 Cho (73 1 6t nhém cta 00, + sao che: ¥y e jo lx+ 17 & G,

Cliimg nunh ¢ =2,
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2.2.3 Pong ciu nhom

¢ Binh nghia1 Cho (;, %), (7, T) ]a hai nhém, /: G > G’ 12 mot 4nh
xa. Néu f'Ta mot dong ciu (luong (ng: e dong cdu, twong ting: ding ciu,
tuong dng: 1y ding cdu) phong nhom, thi / duoe goi b dong cin (trong
ing: tr dong ciu, twong (me: dang ciu, tuong 1ing: ti diing cau) nham.
¢ Ménhdé 1 Cho/: (G, *) — (G, T) lamot dong ciu nhém. The thi:
D) fle)= ¢
D vxe G, [y =i’
trong do ¢ (Lromg dng: ¢ L phin tr trung hda cua G (arong tmg: G,
Clueng minhy:

D AT fre)=fle * e)=fiey = fe) T ¢, vay do tinh chinh quy cia fle) trong (5
fley=e.

. '_"_‘--_l_',_,’
2) {fm”“ e IOy = g

ST o= fa 0 = fer=¢

¢ Binh nghfa 2 Cho (7, %), (7, T) la hai nhém, [ (G, *) > (G, T) Ia

mot dong i nhdém. Ta co:

e Ilat nhin coa £, va ky hi¢u Ker()) L

Ker(fy ={x e G flay=¢"} = (e
trong d6 ¢’ 1a phian W trung hoa cla G
¢ Anh cla f, vitky hicu Im (9, I
Im) = {v e G5 Ive G, v= )} = (G,

¢ Ménhde2 Néuf: (G, *) - (G, T)1a mot dong ciiu nhém, thi Ker()

(tromg tng: Im() 14 mot nhdm con cla G (tuong ing: G,
Chitng minh:

e Gias (v, y) € (Ker()). Tac6: flx s = f) T fiy) = ¢’ T o = ¢, vay
vy e Ker).

o fley=¢', viy ¢ € Ker(/).

» Néux e Ker(H), thi fix"y = (i) =™ = ¢, vay 1! e Ker(f).

2y« Gidsit (v, ¥) € (In()). Vov dn 1ai (x. ¥) € G suo cho " = f(x), ¥o= [,
suy ra: T v = fla) T /(30 = f(v* y) € Im(p.

s ¢ = fle) e Im(.

= NEux" e (), 1hi t6n tai x € €7 sa0 cho x = f{a), vt 1a ci:

7= (Y =07 € Imgf).

1ong quar hem, xem bii tap 2.2.12.
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¢ Dinh nghia 3 Mot nhém (G, *) duoc goi 1a ddng edu véi mot nhém
(G’, T) khi va chi khi (6n tai mot ding ciu nham (i (G, *) 1én (G, T).
vi DY

(R x) ddng cfu véi (R, +)viln: R SR [ mot ding cdu nhém.
+

X by
NHAN XET:
Quan he "dang cfu v6i" giita cic phém 13 mot quan hé tuomyg duong teén moi tp hop
cdc nhém (nhung khéng tén tai tip hop it ca cde nhémy).
¢/Ménh dé 3 (Chuyén ciiu triic nhém)
Cho (G, *) 1a mot nhém, (£, T) 1a mot phdng nhém. Néu t6n tai mot diang
c¢u phong nhdm wr (G, *) lén (&, T), thi (£, T) 1a mdt nhém dang ciu vdi
nhom {(;, *).
Ta cling 16i truyén thay cho chuyén.
Chutng minh:

Gid it 16n tai mot dang cdu phong nhém f: (G, *) — (¥, T). Ta k¥ hiéu ¢ 12 phén tir
trung hoa cia G.

Gidsux, y,ze E,X="(),Y=F"O, Z=f"(2).
HTHTz=@O TN T AZ) =fX*x N TRD ={(X* V) *7)
=fX*x (Y *N=fDTAY *D=fOTENTAN=xT T 2),
vay T c6 tinh két hop trong E.

2 {_\'Tf(e) =f(X)T fle)=f(X*e)=f(X)=x
FTx= T f(X)=flexX)=f(X)=x"

vay fie) 1 phiin tr trung hoa déi véi T trong L.
2y IITFAE =0T XD =fX*X") = f(e)
FXDHTx= X T = (X7 *X) = f(e)
vay ton tal phin 1t d8i ximg cia x déi v&i T trong E.
vi DU

Xét luat * xdc dinh trong & béi:

Vv, y) € 1, xkys= .rJ] +y? +y\/l +x2
R5 rang dnb xa sh : B — 7 (sin hypecbelic) A song dnh va thoa maén:
Vi, v) € 72, shiu + v) = shu * shv.

Viy (F, *) 12 mot nhém, ding ciu vai (&, +), vi dnh xa sh 13 mot dang cfu nhém tir
(I, +) 1en (f, *).
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Bai tap

O 2212  Cho (G, T). (G, 1) 1a hai nhém, f: G — G’ la mét déng cau nhém.
a) Chitng minh riang, v6i moi nhém con H ¢la G, fiH) 13 ndt nhdm con cla .
b) Chimg mink tng v6i moi nhdm con fF° cha ¢, f (A7) 1a mOt nhdm con cia ¢

¢ 22,13 Chang minh rang tip hep cée tr dang cdu cha mot phong nhdm (£, *) 1a
nhém d6i van o .

9 2214 ChoG. (" 1ahai nhom, e la phén tif trung hoa cba €7, f 1 G — G lamot ddng ciu
nhém. Chimg minh £ 13 dom dnh khi va chi ki Ker(f) = {e}.

O 2.245 Cho ¢ a mot nhém hitu han, fla mot w dang ciu cha 7 sao cho:
A 1 ] —~
Cardiy e (7 fixd=x"1 > 5 Card((7).

Chimg minh: f*=1d,,.

O 2,216 Cho (G, +) lamot nhém, £, K 13 har nhém con hifu ban ca G, Ching mianh rang,
Card{/f).Card( K}
Card(/i nK)

bo phin £K ¢ha (7 1a hitu han vz Card(/IK) =

¢ 2.24A7° Cho (G, ) lamot nhom sacche f: ¢ o ¢ 1 mdt wy déng ciu toan dnh clla
3
X=X

nhém . Chuing minh rang ¢ 1 nhdm Abel,

§ 2.2.18  Cho (G. »} ' m6L nhém sao cho t8n tai n € IT thdamanf, ¢ - ¢ lamity
"
déng cdu toan dnh cla nhéin G. Clwimg minh rang:
V(,{, }') & (?1‘.‘ _‘-’"l_y = _V -l

¢ 2.2.49 Cho G 1a mot nhém don (tuong ing: xychic), /- G — G712 mot dong cdu nhém
toan 4nh. Chimg minh rang (7' 14 nhoén dom (tuong img: xyclic).

{0 2.2.20 Clung minh rang cdc nhém (), +) va {Q:_ , x) Khdng ding ciu vdi nhau.

¢ 2.2.21 Ching minh rang cic nhom (', x) va (", x) khong dang cdu v6i nhau.
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2.3 Vanh

2.3.1 Cac dinh nghia

¢ Dinh nghia Cho A 1a mot tap hop 6 trang bi hai luét hop thanh trong
ki hiéu 1 +, -.
1) Ta néi ring (A, +, -) (hodc : A) 1a mot gia vanh khi va chi khi:
(A, +) 12 mot nhém Abel
- két hop
phan phéi doi véi +.
2) Ta néi ring A 1a mot vanh khi va chi khi :
(A, +, ) 1a mot gia vanh
A ¢6 phdn tir trung hoa doi vdi -
3) Ta néi ring A 1a mot vanh giao hodn khi va chi khi :

A lamot vanh
- giao hodn

1) (Z, +, ) la mdt vanh giao hodn
2) (KTX], +, ») 12 mot vanh giao hodn.
3) Vi moi 7 thuge 11-(0,1}1, M (K) 1a mOt vanh khéng g1a0 hodn (xem 8.1.4).

4) Véi moi tap hop X, (B(X), A, n) 1a mot vanh giao hoén (xem bai tip 2.3.6

dudi day).

2.3.2  Céc phép toan trong mot vanh

Cho (A, +, -} 13 m6t vanh. Ta ky hi¢u :

0 12 phdn tir trung hoa d6i v6i +
-x 12 d6i ximg cuia phén tir x cua A A6 voi +

1 (hoac 1,) 1a phin tir trung hda d6i vdi -.

Ta chiing minh dé dang cdc cong thic sau :

1)\?’xeA,O-x=x-0=O(Ianc‘)iréng()cétinhhfipthudciiv(si-)
DVxeA (-l x=x-(-1)=-x

3 \vt , Al, ('x)y:x(')’)='x)’

) Vxy) € {(-x)(-y)=xy

3 [{x-y)z = xz-y2
4 VY(x,y.z) € A, {z(x-y) = 7x- 2y
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n-1 n=1
5\Vne N',YaeA, (1-a) za" = [Zak}(l -=1-a

k=0

2 (2
6) Vp € N, Va € A, (1+a)f(-1)"a" = [f(-n" ak}(l +a)y=1+a*"
k=0

k=0

N Vae A Vne N, V(x,..,x) e A, Z“x.' = Zx,,Zx “—[Z-‘ ]a

i=1 i=1 =l

8) ¥n,p € N, V(x;, ... x,) € A" Oy - ,yp) € A,

i=1\ j=1 =1\ i=1

¢| Ky hidu Cho mot vanh (4, +, ). V6i moi (#, x) thugc 7 x A, ta ky higu :

nx=x+,.+x (n hangtir) néune N
nx=0 néun=0
nx =-(-nx) néuneZ:

Poc gia chiing minh d& dang céc céng thic sau ;
DV p)e B Vx e, (n+plx=nx+px
2} ¥n e %, Vx € A, n(-x)=(-n)x = -(nx), ky hi¢u ja -nx

” 5 n{x+y)=nxtny
S)Vner.,V(-’fs)’)EA’ {n(x-—);}:ﬂ.x—ﬂ}'

VY p) et vxe A, (np)x=n(px)
5)Vn e Z, ¥, y) e A%, nlxy) = (na)y = x(ny)
6)Vn e Z, Vx € A, nx={(nl)x=x(nl,).
Doi khi ta k¥ hi¢u n thay cho nl,, v6i n € %, n€u khéng gay ra 14n 1on.

¢|Dinhly (Cong thirc nhi thiic Newton)
Cho mot vanh (A4, +, ), n € N, (x, y) € A’ sao choxy = yx. Tac:
(x+y)n zck k_n-k

k=0
(trong d6 quy udc x° = y° = 1,).

(3 16p cudi cp trung hoc phd thong doc gia da bigt dén cdc he 6 CF . Duai day, &
3.3.3, ta s& nghién cifu céc heg sé d6.
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Chitng minh :

Phuong phép thic 1

Quy nap theo .

VGi n = 0 cong thite 1A hién nhién.

Chiii ¥ rhng cée Jiy thita cla x va e y giao hodn véi nhau (xem bii tap 2.1.4). Gia thiét
cong thiie diing véi n. x, y 0 dinh. Ta ¢é:

T == | DOy ey

k=0
I " 1
— (Z(:I::"_kyn—k . Z("f‘_l_k},n—k '|\
k=0 k=0 /
o " )
- Zci\k + l}ln-k + Zcﬁ_ru - kyn—k + 1
k=0 k=0
Htl
= ZL Xz n+l f ¥ Z ‘1vn+l
U-L+I1
ntl n+l
— Z(Cﬁ—l +Ci\;}\_k},n+]-i Z(’!H-l'tk n+l-k
A=0

Plucong phdp thai 2
Bing cdch "khai trién ndmg minh” (x + )" thanh téng cha cdc hang tr 6 dang ",
0 <k < 1 ; rong t8ng ndy, s6 cic hang tir ¥y, vdi & € {0, ..., n} ¢6 dinh, bang s6 &

nhan i lay trong # nhén e, tic [& (,{‘, .

Bai tap
¢ 2.3.1 CheAlamdtvanh saocho: ¥x e A v =x
1} Chimg minh : ¥x € A, 2x = 0.

2) Suy ra A giao hodn.

3 + 1z =0
3) Cliitng mish réng, v6i bt ky (x, v, 2) thuge A% 1 (x4 vz =0 0T DIZ 0
Y} Chitng minh rang, v ¥ (x, v, 2) thube (X4 V) {(x-i—l)_vz:{)

¢ 2.3.2 Cho(A, +.9]amdt gid vinh, Clatamcla A, C={x € A Va € A, ax = xa}.
Giathigt: ¥x e A, x> -x e C.
a) Cliimg minh : ¥{x, y) € A%, xy +yx € C.
b) Suy ra: ¥ix, v) € A% xy =y

¢ 2.3.3 Ché A lamdt vanh, Mot philn & x clia A dugc goi 13 liiy linh khi va chi khi ton tai
nellsgochox"=0.
a) Chumg minh rang, néu x. ¥ L 18y linh va giao hoan, thi x + ¥ cling 14 lity linh.
by Ching minh rang, néu v 1a liy linh vi ey = yx, thi xy cling 1 10y linh.

¢} Gid st x € A L 18y linh. Chimg minh rang 1 - x kha nghich va tinh (1 - x)".
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¢ 2.3.4 DPacss ciamt vanh
Cho A lAmot vanh, E=[n e & nl,=0,}.
Néu £ = & thi ta néi A ¢6 dé4c 56 0.
Néu E # &, phén ti nhé nhat cba E duge goi 1a dac s6 clia A.

N6i khic di, dac s6 cha A 1a s& ty nhién nhd nhét » thuéc X7 sao cho a1, = 0,, nfu t6n i,
va bing 0 néu trdi lai.

Pic s6 cha 7% 13 bao nhigu 7 cia Zfnk (n € 'Y 12 bao nhiégu ?

¢ 2.3.5° Cho A l2 mot vanh, ¢ € A. Ta gia thiél ting g c6 it nhat mét nghich dao trdi va
Kkhéng c6 nghich dao phai ndo. Chimg minh « ¢6 vo han nghich dao trii.

2.3.3 Vanhcon

¢ Dinh nghfa  Cho mot vanh (4, +. ), B € B(A). Ta néi ring B 1a mot
vanh con cia A Khi v ¢hi khi :
" [Blamot nhém concha (A, +)

vix.y)eB?, xyeB
i,eB

NHAN XET :
Néu B la mot vanh con clia A, thi B 14 mét vanh (d6i v6i cde ludt cam sinh bdi cic
luat trong A) vi c6 cling phén tr trung hoa ddi véi « nhu A,
VIDU:
1) % 1a mat vanh con ca vanh (Z, +, »).
2} 22 khong phai 13 mot vanh con clia (%, +, o).

¢| Ménlg dé& Chomot vanh (4, +,+), B € P(A). D& B 1a mot vanh con cla
A, cAnvadila:

(i) V(x.y)eB?, x-ye8B

(i) ¥(x, ) e B%, xyeB

(iiyl, € B

Chitng minh :

1) R& rang ring, néu B 1A mot vanh con clia A, thi cdc diéu kién (1}, (i), (i) duge
thoa min.

2) Nguee lai, gia st (i), (i), (iii) théa man. The th) :
0,=1,-1,€B
Yxe B, =x=0-xeB
Yo, yye B, x+y=x-(-y)eB
viy B 13 mot nhém con cha (4, +).
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2.3.4 Dong cau vanh

¢ Dinh nghia Cho A, A’ la hai vanh, f: A — A’ 12 mot dnh xa. Ta néi
ring f 12 mot dong cfiu vanh khi va chi khi :

Y(x.y)e A%, flx+y)=F0+f)
Vix, e Al o) =FOf)
fa=1,.

Mot tu dong cdu cia mot vanh (4, +, ) 1a mot dong cdu vanh tir (A, +, )
vao (4, +, ).
Mot déng cdu vanh 12 mét déng c4u vanh song anh.

Mot tu ding ciu ctia mdt vanh (A, +, -) lamot ty dc‘in'g cdu song anh cua
vanh (A, +, )

+|Ménh dé

1) Néuf:A—> A vag: A’ — A" lahai dong cdu vanh,thig =« f1A—> A"
12 mot déng cfu vanh.

2)1d, : A — A la mot ty déng céiu chia vanh (A4, +, ).

3INéuf: A —> A’ lamot ding cdu vanh, thif*' : A” > A la mot dang ciu
vanh.

Ching minh :
Tuong tu nhu phép chitng minb cia 2.1, Ménh dés.

Bai tap
$ 2.3.6 ChomottaphopX
2) Chimg minh ting ((Zfp7)% +, +) 12 mot vanh giao hoan.

b} Véi moi bo phan A cta X, ta ki higu 8, : X — Tifom 12 dnh xa duge x4c dinh bdi :

1 nfuxeA
8= 13-
) {0 néuxely(4)

goi 4 ham ddc frung cha A (xem 1.3.1, Vidy 5).

. X . .
Chimg minh ring anh xa &: PX)HZ/,,) 12 mot ding cdu tr (P(X), A, M) vao
ArrB 4

((Z/272)5, +, o), vA suy ra ring (PX), 4, M) 12 mot vanh giao hodn.
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2.3.5 Vanh nguyén

¢+ Pinh nghia 1
Cho A 132 mot vanh, a € A.
1) Ta néi ring « 13 mot udc trai cia khong trong A khi va chi khi :

az0
dbec A (F=0vaab=0)

2) Ta néi ring « 13 wdc phai cha khong trong A khi va chi khi :

ax0
Jece A (c#0vaca=0).
3) Ta ndi ring a 12 mét wéc chia khong trong A khi va chi khi ¢ 1a mot
udc trai clia khong trong A hoac 1a mot ude phai clia khong trong A.
viDu:
1) Z khéng 6 mot ude cua khéng ndo.

2} Trong Z/e7, 2,3, 4 1a nhimg udc ciia khong, cdn 0, 1, S khong phai la
udc ciia khomg.

00 0 0
3) Trong My(F), (1 0] 14 mot ude trdi cua khong, con (0 J 14 mét ude phai

ciia khong, vi: ( ] [ ]
1 0

4) Trong B}, f : i vh gt R F 12 nhitng u6c cla khong,
. { Onéux <0 {x néu x=0
= . X+
andyxz0 o néu vl

vi: f#0,gz0.fg=0.

¢ Pinh nghia2 Mot vanh A dugc goi 12 vanh nguyén khi va chi khi :

A giao hodn
A khong c6 uéc clia khong
A #{0hL

viDU:
13 (&, +, ) 14 vinh nguyén.
2) (Bl +. ) khong phai 13 vanh nguyén.



2.4 Thé
¢ Dinh nghia1 Mot tap hop K c6 trang b1 hai luat +, - duge goi thé khi
va chi khi :
(K, + , ) 12 mot vanh
O # 14 :
Moi phén 1 thude K-{0} déu c6 mot nghich dao doi vai - trong K.
Né&u hon nira - giao hoan trong K, thi ta néi ring (K, +, -) 1a mot thé giao
hoan.
ViDU -
i}, I, < 14 nhiing (thé giao hodn (461 vGi cde luit thong thudmg +, «).

Trong gifo tinh niy, mei 1hd duge xét déu giao hodn. Mat khéc, 1a ¢6 thé chitng
minh (dinh I{ Wedderburm) ring mei thé hitu han déu giao hodn.

NHAN XET :
Moi thé giao hodn 1a mét vanh nguyén.
Khing dinh nguge lai 13 sai : Z 1A mt vanh nguyen, nhumg khong phii Ia mot thé.
¢ Dinh nghia 2 Cho (K, +, -} lamot thé, L € P(K). Ta ndi rang L 1a mot
2 . . . ... ... |Llamodtvanhconcua K|
the con cta X khi va chi khi : i - , tite 1a
Vxel-{0L,x el
Y yyel’, x—yel
Yix, el wel
lp el
Vxe L-{0), x''el.
vinu:
) 1A mot thé con cia B, va I 12 mot thé con cha Z (d6i véi cdc ludt thong thudmg +, «).
NHAN XET :
Moi thé con cita mat thé K 13 mét thé d6i vii cde ludt cam sinh, va cdc phén 1 trung

hoa clia L d8i véi + v » 12 cdc phan i trung hoa coa K.

+ Dinh nghla 3 Cho K, K' 13 hai thé, /: K — K'la mot dnh xa. Néu f1a
mot dOng clu (tuong tng : tu dong cdu, twong (mg : ding ciu, twvong ng
wr ding cau) vanh, lhlf s¢ goi la dong cin (wang Ung : ty dong cau,
tuong tng : ding cdu. tuong ing : ty dang cin) thé.

ViDU -

ide: € — Cvadnh xy lay lienhgp Co> C Ta nhitmg tw dang cfu coa thé  (doi vei

¢dc Tuat thong thudmg).

CHU Y : Néuf: K — K'1amot déng cu thé thi, véi moi x thude K - {0} :

Fx) = 0 v (fe™ = £ .
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Bai tap

¢

241 Chomotthd K, (x, vy e (K- {0 saochox +y= -1 viLx"' +yvi= L
Chang minh : xy = -1 vax* +y' =7

((J day (a dii k¥ higu a thay cho alg, véin & e Xeny 2.3.2).

2.4.2 Cho mot thé K. Ching minh ring dic s6 cia vinh K (xem bat 1p 2.3.4) latthoac

12 mot s8 nguyén t6. Pac 56 cha (} 1a bao nhieu ? cia 7. (p nguyén (&) 1a bao nhigu !

P

2.4.3* Cho K 1a mot thé giao hodn hiru han. Ching nanh rang, ©
Yie K, Ha. P e K x= +F.
(Sir dung bai tap 2.2.2).

2.4.4% Tén tai hay khong mot thé K sao chio cée nhém (K, +) va (K - 101, ) dang cdu vei
nhau 7
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P4
Bo sung

¢ €2.1 Ldép trii trong mot nhém, dinh 1y Lagrange
Cho (G, +) 1a mét shém, phin tl tung hoa k¥ hitu 14 e.

1) Gia sir 13 mot quan he trong dirong lmﬁg G, wong thich trdi vdi lugt coa G, tifc 14
$a0 cho :

Yo X,y e G, (xR = yxr Ryx')
V&ix € G, taky hige X 14 lop modulo K cla x.
a) Chimg minh ring € 12 mdt nhém con cla G.
b) Ching minh: ¥ix, X} e G, (xR @ x'x¥ e €). Vay : Vxe G, X =€,
2) Nguge lai, gia sit A |2 mg1 nhém con cla G, va &, 1a mot quan hé xdc dinh trong G
bai
Y(x, ¥y e G (xR e x'x € H).
a) Chimg minh ring &, |3 mdt quan hé tvong dwong trong G, wwong thich wdi véi
ugtcua G, va H 13 ¢, I6p modulo &), cua e.
b) Chimg minh ring, vdi moi x thudc G, 4nh xa ye> xy 1a mét song dnh tir & 1én X .

3} Pinh Iy Lagrange
Chimg minh ring, néu G 13 mot nhém hiju han, thi, véi moi nhém con cia H cha G, ban s§
clia H chia h&t ban 36 clia G.

4) Vi du viéc dp dung dinh iy Lagrange

a) Trong mot nhdm hifu han gém 24 phén tlr, ¢d 16n 1ai hay khong céc nhém con
¢ 10 phin 1 ?

b} Che G 12 mot nhém, vdi phin tir trung hda k¥ higu 1a ¢, H, K 14 hai nhém con
hitu han ¢lia G sao cho UCLN (Card (H), Card (K)) = 1 (xem 4.2.1, Ménh dé -
Dinh nghia). Ching minh: Hn K = (e}.

¢ €2.2° Nhém con chuin td¢, nhém thuong
I Nhém con chudn téc
Cho (G, ») 14 mét nhém, vdi phén tir trung hda k¥ hiéu la e
1) Gia sir @12 mot quan he twemg dwong trong G, twong thich trdi va phai véi lust cla
(r, uic 1 sao cho (xem C2.1 1)) ¢

: o, JRYX
V(x,.x,y)eG:‘,(xEr::»{ T )
xyRx"y
Véix € G, ta ky hiéu X 1 16p modulo Rcla x.
Ching minh ting € la mot nhémconca G, va: Vxe G, Vy € €, xxle £,

2) Mot nhém con H ciia G [ chudn tdc rong G va ta ky higu H < G, khi va chi khi :
VxeH,¥YveG, yoy'eH

Gia sit / 12 mot nhém con chudn tdc cla G. Ta ki hi¢u &, 12 quan he trong G duge xic
dinh bdi ;

Vir,x) e G5, xRy < x'x' e H).
Chimg minh ring &, 12 mét quan hé twang duong trong G, twong thich trdi vh phai véi ludt
cla G, va H 13 16p modulo &, cha e



Chugng 2  Céu truc dai 50

3) &) Ching nunh ting, néu G gao hodn thi mor nhém con cilia (7 déu chudn tic trong 6.
b) Che mot vi dy v& mot nhém ¢ v mot nhém con £ cla G sao cho M khong
chudn tac trong 6.
4y Cho G, G 13 hai nhém, £ (7 - (G712 mot dong ciu nhén
) Chimg minh rang. v&i noi ahém cen chodn tae FEcoa (5, U7 T mot nhém
con chudn tic cia (5. Dac hiat, Kerdf) 12 mot nhém con chuin tac cdadr.
by Cho mdt vi du v& cic nhdn G, G véi dong cdo nhém [ G — &7 v vt nhom
con # chudn tac trong 6. ma ff#) kheng phin 13 mot nhém con chudn tac cla (77,
¢y Chimg minh rang, néu A < G vindu £ 1a wim anh, thi ff{11] <03
5y a) Che (6, - 1a mdt nhém. C16G) 12 tam cda ¢ xide dinh béi:
()= {a € (i ¥y € (5, ax = xal.
Chimg minh : {6} Q.65
b) Che 67 11 it nhém hitu han vdi ban s6 chin 2 (s € 1 Iy, Chitng minh rang men
nhém con cha (7 v bin 58 » déu chudn tae trong 6.
II Nhém thaong
Cho €7 1a mot nhétu, Jf 1a mot nbdn con chudn e cha G Ta ky hidu Ky B quan hié tuong
duong, trong (7 xde dinh b
Yo e 6f, Ry ey eln.
Véix € G, ta ky luéu X i lop modulo &, cta s Ta Ky bicu GHF thay vi GIR),.
1y Cliamg minfi: ¥ia. 2% v v € o, [{\-H‘: = avAX V'J,
¥ YRy ; .
2) Suy ra rang (a c6 thié dinh nghia mét luat hop Uind wong trén G vin ky higu 1 -, b
Vv, viedt, T ¥=ay.
2y Chumg niinh rang (G747, ) gt nhém, duge goi la nhém thuong clia ¢ theo nhidm
con chudn tac .
4y @) Nhan t{r hoa mot dong cin nhom
Cho (7 (tgomg tng: €7 13 bl nhony, A {uong dmyg F£7 Lomdnt nhony con chuan tac
cla (7 (lwong dng: €7, F 1 G — G 1 mot dong clu nhom sao cho filfy 1P Clumg
minh rang f wong, thich vdi cic quan he tuong diomg A, rong G vis K, trong &7
(xem C 1.1 A).

Viy t8n tai (xem CL.LA 1)) mot dnh xa }: s G =GP duy nhit, sao cho bidu
G —L> o

dé p { 1 p piao hodn, trong dd p, p’la cic odn dnh chinh Lac.
GiH -T) o

Clung minh J_iF li mot déng ciu nhém.

b} Phan tich chinh ti¢ mél dong ciiu nhém

Cho GG, G712 hai nhéu, £ (7 - G713 md1 ddng cau nhdin, &‘.lu’mg nunh rang 160 Ly
mat déng cin nhém duy nhit f D GIKer(f) — Imfy sao cho f = 10 f o p (trong
déKer(fi = {x € Gifixi=e' LI ={x" e (I e Gox" =g} Iy > G

dom fnh chinh tic. p 7 — GAKer) i iodn dnh ehinh tic), v f lamot dang cdunhdnn,

Vi du: (xem 4.1.2% Xae dinh i, fop ki G = D060 = W tn € 1T

f G -7 {trong do I I 19p modula # coa k).
k—k

’0;



B4 sung

¢ €2.3 Vianh Boole hitu ban
Mol vanl A duge 201 13 vanh Roole khi v chi kKhi: ¥x € 4,27 = x
I 1 Vidu
Cha mdt Gp hop 12
aj Chimg nunh rang ((_'“Jz:_‘)!-" +. 1 la mot vanh Boole (trong dé Bz = | 01 }
duae trang, by phiép cong vit phép nhan modulo 2. xemi 4.1.2. Méah dé 3

B) Chitng, minh rang (P3N lamdt vanh Boole dang, cin v ((3=)5 +. )

23 Cho A Tamdt vanh Boole.
a) Chiing, minh: ¥Yx € A, x + x =10
hy Chimg, minh rang A glao hodn.
) Chumg nunhe ¥(x, ¥) € A% a¥x+ ¥i= 0.

A) Chi trong cau § 2) o) nay ta gid el rang A la vanh nguyén. Climg minh riang A
dany ciu v {0} hoge vdi Ty {sir dung o}

I Che A lamdt vanh Boole.

13 Ching minh ring quan he = trong A xfic dinh bdi: ¥(x. 1) € AL rsvexy=xla
mdt quan hié thit i rong A.

2y 2) Chimg minh rang, vai mei (x, ¥) thuge A?, Inf(x, ¥) va Sup(x, ¥) 160 tai va tuong
g bang xv vax + ¥ + AV

by Ky higu x Ay = Inflx, Yy vax vy = Sup(x. ¥), chimg minh rang cdc ludt hop
thanh rong A vi v k&t hop, giao hodn, va lugt nay phin phdi d81 voi ludt kia.

3) a) Chimg minh rang A ¢6 mot phdn th bé nhat, dé 1a 0.

by Clnfug minh rang, voi moi x thuge A, 16n tai oL phén wr duy nhat clia A, miata

*
e b Lo xnx =0 ey g
s& k¥ higu 1a x| sao cho { A . (l . vi hdy tinh & lheo x.
vy =

¢y Chndng nanh cie cong thie san, Vil 101 (X ¥) thudc AL
N =1val =0
2y =x
vy =AY vh (xAy = Sy
jrevey W
Sjxsveray =0 exvy=1
77Ta gid thidt rang trong ciiy i nay A A han, Taky hidu M latip hop cdc phén 1o din
clind - 111 xem 1.23,2), Dinhnghia L 4} vivg: A —» PM) 1a tinh xa xée dinh boi.
Cve A, g =1me M khong (% =i,
@) g mainth, v6i bl Ky (2, m) thudc A x M:

(kliBing (v € 1)) <y = X & Yemel+ml +=0.

65



Chueng 2 Cau tric dai sd

b) Chilmg minh, v mei (x. y, 21 thude A x A x M:
xAaysSme(xsnhoac v=m).
¢) Suy 1a, vai ngi (x, ¥) thude A%

L) =S=x=0

2) ¢x") = byl gey)
3) g A Y) = g0 N A
4y ¢x v ¥} = gy @)

d) Clutng minh rang ¢13 mét dang cdu vanh.



Chuong 3
S6 nguyén, sé hifu ty

3.1 Cac tinh chat cua N

3.1.1 CautrocciaN

3 day ta nhéc lai céc tinh ch4t thudng ding cua tap hop 1 edc s0 1o nhién, xem nhu
da bict. Doc gia ndo quan tam s& (m thiy mot cdch xay dung N (theo tien dé cua
Peano) trong gido trinh cia J.M. Amaudiés va H.Fraysse, Tap 1, rang 41-54.

Tap hop N = { 0, 1, 2, 3..} dugc trang bi hai luat hogp thanh trong + (phép
cOng) va . (phép nhan), thda mén:
+ k& hop, + giaohodn,  + c6 phdn tir trung hda ky hi¢u 12 0.
Moi phdn ti clia N déu chinh quy d6i vdi +
. kéthop, . giaohodn, . c6 phin tif trung hoa, ky hi¢u la 1
« phén phoi d6i vdi +
Moi phén tir cfia I' (= I¥ - {0}), déu chinh quy doi v&i ..
Tap hop N dugc trang bi mot quan hé thit tu toan phén < thoa mian:

Moi bo phan khac réng ciia I ¢6 mot phan tit bé nhat (ta néi rang N [a tap
hop dugc sdp thi ty 1o0).

Moi bo phan khdc 1dng vi bi chan trén cha 1T cd mot phdn r I6n nhat.
< tuong thich vdi +, tic 1a: V(a, b, 0)€ P ushb=a+c< b+l
< tuong thich véi . , tic 1a: ¥(a, b, ¢) € W, (@< b= ac < bo).

Ta suy ra cdc tinh chét sau:

- asbh
Y(a, b, c, dy € N, ({C<d:>a+cs b+ d)

Yia, bco)elP, (a+c<b+rcash)
(<
Y(a, b, ¢, d) € IT, H“;:; = ac < bd]-

c<
Y(a, b,c) e Wx ¥ x i, (ac £ e & a< b)
Y(a, b, ) e NxHx I, (asbea" <b)
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N . . . . joek
- A EE 2‘ - - " 7
Cudi cling, néu mdt bg phan £ cua i1 thoa min {Vn b nalek

thi £ =17 (nguyén Iy quy nap).

3.1.2 Nguyén ly quy nap
Nguyén ¥ quy nap da néi trén day & 3.1.1 ciing ¢6 1hé dién 14 nhu sax

Gia sit 1, € I va P(n) 1a mOt tinh chil doi vdi mot s6 e nhilén 2 2, Muéin
cho P(i) ding vdi moi # thude I ma n 2 1y, diéu kicn cin va du lita co:

o« P(ny) ding
{- V& moi # thude of r_m‘l n> am, néu P(n) ding, thi P(s + 1) cung ing.

viDU:

H
Clitng minh: ¥n e 14, 22& = n{n+1)
k=1
H
Cong thdc Ya hién phién vai # =1. Néu 22 k=nfn+1), thi
(=

1 "
ZZk = (22&]»(2(;” B=nn+ D+ 200+ 0= (D +2)
k=1 k=l

Ta chi ¥ rang ciing c6 thé thu duge cong thie phii chifng minh bang cich cong
timg vé:

H

Zk=l+2+-...+(n—l)+u
k=1

H
Zk =p+(n—}+..+2+1.
k=1

Coi nhu ta d3 bi&t khai niém phéin 6 (xem 3.7), 1a c6:

Vne 1T, Zk UL ;
k=3 2

Poc gid ¢6 thé chimg minh theo céch tuomg tu, bimg quy nap, cic cong thitc Lmh

. . 1 . DB2n+1) n{n+l)
dién sau diy vGi n bit ky thuoe 72 3 &% = ’_‘(“”_Jr,___ e
y g thug k§=1 . ) .

]
Téng quét hon, dé tinh Z kP xcm b tap 3.3.19. L
k=1



3.1 Cactinh chat cla !

Trong mot kap luan quy nap, dé suy ra P+ 1), ta o thé ciin dén khong
phimg chi (i), ma con cdc PK) vOi ny A= Ap dung nguyén 1y quy nap
vao tinh chat Q¢ xac dinh bdi:

O <= (Yk € {ny. ..., 1, P,

ta duoc: Mudn cho Pl Ta diing vdi bt ky n thude 1T mi a2, can va daa
1a iz .

« P(n) ding
« VG 1 bt ky thuoc 10 sao cho n 2 a1, , néu P& ding vdi moi & thuge

La, ..., i}, thi P+ 1) diing.

Trong trudng hop niy, ta néi 1a dé ap dung phép quy nap manh.

3.1.3 Tinh chia hét trong 1!

¢ Dinhnghia1 Cho (¢.h) € 1. Ta néi ring « chia hét b (trong 1) , va
k¢ higu «| b, khi vi chi khi 16n tai ce 11 sa0 cho b= ac.

Mot s6 ty nhién # duge goi 1a chan (1€) kKhi v chi khi 21 n (tuomg g : 2l n+1)

NHAN XET:
1) Yu e i1, a‘O.

(Vb ell, (Olhob=0).

¢| Ménh dé

Quan h¢ | 12 mot quan hé thy ty khong todn phan trong 171

Chitng minh:

1) Tinh phan xa 13 hién nhién.

N Giasiral bvibla Viy t6ntai c,d € Nsaochob = ac via =bdisuyrab = hed.
Néuhz0,thicd=t,viye =d=1,u=0.
Néuh=0,thia=0,viya=b.
Nhu the, | phin ddi xing.

3) Gidsita | b v b1 e Vay 160 tai d, e € N sao cho b = ad vt ¢ = be, tir dhy
¢ = u(de) vide € T, vy al . Nhu thé 1 e tiah bic cdu.
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4)23 v 312, vay | 12 khong toan phin.

Ta chumg minh d& dang céc tinh chat sau, dudi day ta s€ tré¥ Lai cdc tinh chat d6 trong
56 hoc cha % (4.1.1, Mdnh dé 2):

1) V(a, b, ) € P, (alb=>albe)

2) ¥(a, b, ¢) € IT, [{a 15 = al b—l—c}
ale

alb
ol B

4 (e, b,m e t] x I « ¥, @lb=a

NYa b, a B e, {{ = acxl bﬁ]

bM.
HE thudn ticn, néu o I'hvaa =0, ta cé thé ky hidu phan tr duy nhdt ¢ cia N sao cho
b=uacla ;—j , coi nhw di di trude vice khio sdt 3 (3.7).
¢ Dinh nghia 2 Mgt phin tir p céa 13 duge goi 1a nguyen to khi va chi khi:
[ p=2
1 Y e 1, (ulp = (a=1 hoic a = p))-

Dudi day (4.4.3, Pioh 1§ 2), 1a & ching minh rang tap hop cdc s6 nguyén 16
F=12,3,57, 1.} 14 v han.



3.4 Cactinhchdtcia N

Bai tap
¢ 311 Ching minh: ¥(a, b, )& (NP (ab<c=a+ h sl
¢ 3.1.2 Giaitrong N 10x + 15y + 6z = 133,
¢ 3.1.3 Ching minh ring v6i moi n thudc N:
(1) 1%+ 2% 437 >2,77,
(i) 171 42271432 > vl

vh khio sat cide trudmg hap ding thifc.

Cide bai tdp 3.1.4 va 3.1.5 minh hoa nguyén 1y quy nap.

¢ 3.1.4 Ching minh:

4 -] 3n
ay¥ne N-[0, 1}, —2} -
ok 2n+1

byvae N, 4"ah¥ <(n+ 1™
c)vre N', 1131 2o+ 1) 2 ((n+ 1)

d)vne N, H“” |5

4n+3 ak+3 Vants'

¢ 3.4.5 Chone N-{0, 1], £13 mot tap hap, (4), <, ¢, 12 MmOt ho nhimg bd phin cia E.
"
Chimg minh ring A A; (trong d6 A 14 hiéu d6i xing) 13 1p hop cdc phén tir clia £ thude
i=] :
ding moét s6 1€ A,.

¢ 316 Chingminhf:NxN' N 1& domn dnh.
Gy B ++y

¢ 3.1.7 Timcéccap dnh xa (f, g ttr N* vao N' sao cho;
Vix.y e (N, (fOY¥+({fr" =x+y.
¢ 3.1.8 Tim tat cd cdc bo badnh xa (f, g A) tr N’ vaio N' sao cho:
Yxy e () + @) + W)Y O=x+y+z.
¢ 3.4.9° Tim 14t cacic dnh xaf: N — N tang nghiém ngat vi thoa min:

{f(Z) =2
Vip. e N2, Fpg) = FO)f(Q)

A
0 3.1.10 Tinh Zk(n+l—k}véine N,
k=1

n
¢ 3111 Vé6i(n, p) € N'xN, ta ky hi¢u S{m) = Zk‘ﬂ . Tim (4t cd cdc b ba {p, ¢, 1)
k=1
thude (N") sao cho : r =22 va: Vne N, S (n}= (5,0,

A
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3.2 Tap hgp hiru han, tip hop vo han

Cha dich cia 1a & day Lhﬁng, phai 1 xay dung mot 1y thuydt v{ bin 0, mi chi vit ta
cdc tinh chal co ban cita cde 14p it han. Pha lll 1 cde tinh chilt ndy cé (hé xem nhu
12 hidn nhidn mot cich true guan.

Ta khong dé cap dén van dé dém dire (ciing fye laong vd&i 10, mi doc gii ¢6 thé
tham khao trong Gido trinh coa LM.Arnaudies v TLEravsse (Fap I, trang 59-61).

3.2.1 Tap hop cong lyc lugng

4+ Dinh nghia Tandi rang mot tap hop £ eomg lye lugmg (hay: ding lre)
va moL 1ap hop £ khi vi chi Khi 160 i mot song dnh e /7 1én /.

vi:
12,4} dfmg Tue vai (1,2},
2217 dang lwe vai 1T vi dnh xa 877 — 17 1 mét song dnh.

HE -]

Ménh d& Quan h¢ "ciing e lugng” (hay "ddng luc™ 13 mot quan hé
tuomg duemg gilta cic tap hop.

Claing minh:
1y Vaiap hop £ bat k¥, Id,: £ — £/ 10 mat song dnh.

2INEuf: £ — F 1iimdt song dnh, thi /' 13 mat song dnh (I £ 1én £ (xem 1.3.2,
Ménh dé 3y,

BNeuf: F = F g o Glamdsong dab thi g o £ £ = & 1 mot song dnh
{(xem 1.3.2, Ménh dd 1.

Taky hitu E = F dé chi I diing luc véi F.

3.2.2 Tap hop hiru han
(5 day 1a k¥ hidu F, = @ v, véi moi 2 thuae 1T, Fo={l, . nl={hketl 12k<n}.
Poc gid cling ¢6 the gap k¥ hicu [[ 1; n)] dd chi ©.

¢ Bjnh nghia 1 Mol tip hop # duge goi [ hitu han khi va chi khi t6n
tai 1 € 14 sao cho ¥ ding e v I,

Ménh dé 1 Néu mot tap hop 7 1a hitu han, thi moi tap hop /' ding Tue
v@l £ déu hira han.

Chuing minh:

Neéu E=F vilk = I0hi E' = F v = ¢é tinh bie cdu.

Ta ¢d the xem Ménh dé& san day 13 hién nhién theo true gide :



3.2 Tap hap hilu han, tp hop v& han

¢/ Ménh dé 2 Cho(n, py el _
1) Tén tai mot don anh 1l F, vio /-, khi vichikhin<p .
2) Tén tai mot todn dnh ¢ /7, 1en £, khi v chi khi n2p .
2) Tén tui mot song dnh tr £, 1én £, khi va chi khi n=p

Theo diém 3) cia Ménh dé 2 trén day, ta ¢d (he phitt bidu Binh nghia sau:

¢ Dinh nghia 2. Cho £ Limdt tip hgp hitu han. Ton tal MOt s6 1w nhién #
duy nhit thuoe 1§ sao cho / dang Tye véi F, o duoe goi da ban &6 coa f2
va duge k¥ hicu Card(#) hoac #(72).

Tt ménh ¢ 2 1a suy ra Ménh d& 3 saw:

¢! Ménh dé 3 Chohaitaphop 5, F".

1) NEu E ' hitu han thi t6n tai mot don dnh ur £ vio £ “khi va chi khi
I hia han v #([I) < #(E9).

2) Néu # hiu han thi ton tai todn dnh (r £ 1én £ * khi vi chi khi
17 hitvu han vie  # (1) 2 #(F").

3y N&u /- hodae £2 ' hitu han thi 16n tai mot song dnh (r /7 §en {2 " khi va
chi khi
I v 17 AGu hitu han vie #(1) = #(17).

¢|Ménh dé 4 Neéu £ 1a mot tap hop hitu han, (hi moi bo phan /' cta f2
déu.hifu han, vit ta céz #(1) < #(1D.

Clurng mink

Chi cdn dp dung Ménh dé 3.1 vao don duh chinh tac 7 — £

¢[Ménh dé 5 N&u £, £ [d hai tip hop hita han, th /2w [7 hin han vic
#(E O Y+ #EA Py = /D + #U).
Cliteng minh:

1) Gid sir A, B 1 hai 14p hop hitu han, rdi nhaw; ta ky higu: a = #(A). & = #(B).
Ton tai mot song anh @ @ I, - A vh mot song dnh g F, — B. RG rang anly xa

yo b —> A w Bxde dinh boiz W o F L vn) = {‘Z{;T‘j_ w l:]‘:';'j:llus.:: z : e
12 mot song dnh. Suy ra A W8 hitu han v # (AuB) = #(A) + #(B5).
2y Ap dung 1) doi véi (F.F -y thay cho (A, B ta k&t luan 72w hitu han v
HE Y+ #E A S #HE O - INHHEE A Yy S @D H#E - )+ #(l )
= #() + - BY + #E I = #U) + ().
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V¢ viéc md rong ra cho trudng hgp » tap hop hitu han (cong thirc cai sang), xem bai
tap 3.2.7.

4| Hé qua1 Cho E 12 m6t tap hop hitu han, Fe P(E). Néu #(F) = #E),
thi F=E.

Chitng minh:

Néu #(F) = #(E), thi do #(E) = #(F) + #{(E - F), néntasuy ra#{E - F) =0, E - F= &,
F=E.

¢/Héqua2 Chon e X va E,, .., E, Iz nhing tap hop hitu han. Néu

n n
E,, ..., E, r&i nhau timg doi thi : (U ] Z (E;).

Chimg minh.

Quy nap theo n.

Tinh chat dang xét diing v&i n = 1, n = 2 (xem Ménh dé 5).

Né&u né ding véi n, vanéu E,, ..., £, ,, [a nhimg tap hop hitu han ri nhau timg déi thi

n
E,. ..., E, tti nhau titg doi va (U E,—]r‘\EnH ={J,suyra:
=1

n+l n+l
- #[UEEJ [UE ]+# n+i z#(E)"'#(EnH) Z#(E)
i=i =1 i=l1
¢|Ménh dé 6 Cho £, E' 12 hai t4p hop hitu han ¢cé cing moét ban s6, va
S E—> E’1a mét dnh xa. Céc tinh chit sau 12 tuong duong:

(i)fladon dnh (i) 12 toan 4nh (ii) f1a song 4nh.

Chimg minh.

D) (i) = (ii), va (i) =(ii):
Néu f1a dom dnh, thi f : E — f(E)1a song anh, vay #(fE)) = #E) = #(E"), suy ra

= fx)

AE) = E’ (xemn He qua 1), f 1a toan 4nh, va nhir v@y f 12 song dnh.

2) (i) —= (i), va (il) — (ii):
Gid sir f 12 todn énh vA khong don 4dnh. Vay t6n tai x,, x, € E sao cho: x, = x, vA
flx) =fx,). Anh xa g E-[x] — E latodn dnh, vay (xem Ménh dé 3, 2)) :

x = flx)
#(E - {x,}) 2 #(E).

Nhing #(E - {x,}) = #(E)-1 v #(E") = #(E), mau thufin.
Nhu th€ £ 14 don dnh, do d6 song 4nh.

3 (i) = (i), va (iit) = (ii) 14 tdm thudng,.



3.2 Tap hap hitu han, tap hgp vd han

¢|Ménh dé7 NéuE, F la hai tap hop hitu han, thi £ x F hitu han va
#(E x F) = #(E) #(F).

Chitng minh: .
K$ higu n = #E), p = #(F), 16 rang rang F, x F, hitu han, cé ban s6 ap vd E x F
ding luc v6i F, x F,,.

Ta ciing ¢6 thé chi § ring: ExF = U(E x {f}) .va fp dung Hé qua 2. |
feF

Ta suy ra dé& dang (do quy nap theo n), vi moi n thude MY v moi tdp hitu han
kil n n

E, .. E,ring taphop []E: hiuhanva #[]‘[ E,-}: [1#(). n
i=1 i=1 i=l

Dic biét, véi n bit ky thuoc N va tap hop hitu han £ bat ky, £ httu han v

#(E™) = (H(E))".

¢ [H& qua Néu £, F 1a hai tap hop hiru han, thi FF hitu han va:
#(FFy = (HF)H™®.

Chitng minh:
Chi cdn chi ¥ ring F® dang luc v6i F va 4p dung két qud trén day.

NHAN XET:

1) Cong thifc trén 1y gidi cho k¢ hiéu 1ng quat F* ding dé chi tap hop céc dnh xa
tir E vao F.

2) Néu E = @, thi F* duge tao thinh bdi mot nh xa duy nhét, d6 12 4nh xa réng,
c6 d6 thi @, va nhu vay #(FF) = 1, ta lai duoc (#(F))*® = (#(F)° = 1. Dic biet: (°= 1,

Cin chd § khoéng 14n 16n k¢ hieu dai s6 0° nay v6i mot gi6i han ma ta c6 thé gap.
B ¥ gap
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3.2.3 Tap hop vo han

+ Pinh nghia Mot tap hop dudge goi 14 vO han khi va chi khi n6 khong
hivu han. :

Bang cdch 13p Tudn phan dio, hoge phin ehig, (r 3.2.2 1a suy ta cde ke qui saw:

¢ Ménh d& 1 Néu mot tap hop £ v0 han, (hi moi ap hop B ddng lue véi
I: déu vo han.

o| Ménh dé 2 Chohai tap hop /7, L7

1) Néu £ vo han vt néu tdn tai mot don dnh tr £2 vio £, thi £ vo han,

2) Néu £ vo han vt néu ton tai mot tan dnh tr 72 1en £, i £ vo han.

+

Ménh dé& 3 N&u mot tp hop o 1l nhédt mot bo phin vo han thi chinh
tap hop dé cing vo han. :

0‘ Ménh dé 4 Né&u £ vo han vi /- Khic rong. thi 7 x /7 vo han.
Cubi ciing, 1a <6 (hE xem cde k&t qua sau nbu ta "t nluen™
0‘ Ménh d& 5 1714 vo han.

0‘ Mé&nh dé 6 Ncu /7 vo han, thi 10n i m¢t don anh (i 17 vio £



3.2 Tap hgp hilu han, tp hgp vd han
Bai tap
0 3.2 Chomot tap hop hinu han E. Ching minh $3(E) 12 hitu han va: #(E)) = 2ME

0 3.2.2 Chomdtiaphop E, chimg minh ring néu P(E) hiru han th) E hiru han.

<

3.2.3 Chimg minh ring moi ddy gidm v&i hang tir thuge N 1a diy dimg.
324 ChohaitaphopE, F.f: E—F lamdt dnh xa.

a) Gia sir A 12 mot bé phan hitu han clia E, chimg minh f{A} hiru han va : #(fld)) < #(A).

b) Gia sit B )2 mot bo phan hitu han cla F, ta cé thé khang dinh ring f '(B) hiru han hay
Khéng? Xét trudng hop f 13 don dnh.

0 3.2.5 Cho E 13 mot tap hop, f - E — E 12 mét phép d6i hap, A = |x € E, fix} = x}. Gia
thi€t A hitu han, chiing minh #(A) chén.

& 3.2.6 Chimg minh rang f: M7 — N, xéc dinh ban:

(x+yx+y+1)
=-—-—2-———+x

{a song 4nh (gia thiét déc gid da hoe qua vé tap ).

flx.»

¢ 3.2.7° Cong thirc shng
Cho n € N', E,, ..., E, 12 nhiing tap hu han. Chilng minh

n

"
k-1
sl =0 Y #NE ]
i=1 k=1 1eB (1.0 \iel
trong d6 B, ({1, .... n}) chi 14p hop céc bd phan cb k phdn tir cba (1, ..., n}, ching han:

HE, U E; B =#E) +#E) +#E) - (#E, Ep) + #(E N Ey) +#HE;N EN)+#E N E,NE,),

0 328 Cho E 13 mot tap hop hitu han, n = #(E), K 1a m¢1 quan h¢ wong duong trong
E. N =#(E/R), vla s6 cic cip (x, y) thudc E” thda man xRy.

N
2) K¢ hieu E,. .... Ey 1a cdc phén tir cita E/R, ching minh : v= > @ EN
=1

b) Suyra: it s Nv.
0 3.29° Cho(a),epn (houey 13 hai ddy c6 hang tir thuge N, Ching minh :
Aip. q) € W (prqa,a,b, £ b,).
O 3.2.10 Cho (n, p) € N% sa0 cho n 2 p?+ 1, (3, ..., 3,) € . Chiing minh :
it nhdt p + 1 86 x,, ..., x, bang nhau

hoac
ft nhat p + 1 8 x,, ..., x, khdc nhau timg doi,

¢ 3.241 Cho moét tap hop £. Chimg minh ring, d¢ cho E hiru han, cdn vh dd 1a mei bo
phan khdc réng ciia P(E) déu ¢6 it nhat mot phén tif cye dai (d6i véi guan he bao ham).
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3.3 Giai tich t6 hop

Trong myc 3.3 nay tasé ky higu F,={1,...,n}, vdin € [

3.3.1 Hoanvi
Ta nhé lai ring hoén vi ctia £, 12 moi song énh tIr ¥, vao £, (Binh nghia 2).
¢ Ky hiéu Taky hieu &, la tap hop cic hodn vicla {1, ..., n}.

Viéc cho mét phén tr ¢ cla &, duoe xdc dinh bdi viée cho lien 1iép o(1)(o(1) € F),
o)) e F,- {o(1}}), ..., o(n)... Suy ra;  Card(@,) = n(n - 1.1,

"
Tich [ % duoc goi 1a giai thira (clia) n, vi ky hiéu 12 nl.
k=1

Nhu vay ta duge:  Card($,) = n!

3.3.2 Chinh hop

¢ Dinh nghia Cho n, p € N" sao cho p < n. Chinh hop p phin 1 cia F,
14 moi bo - p (x,, ..., x,) thude (F) ” sao cho xy, ..., x, timg d6i khac nhau.
Vi DU f
13 (1,4,2) 14 mot chinh hgp ba phén tir ciia £,
2)(3,2,2,5) khéng phai 1 mét chinh hop (Vi 2 duge lap lai).
Viéc cho mot chinh hop p phén tif cha F, quy vé viéc cho mot dom dnh 1 F, vio £,
Chinh x4c hon, 4nh xa f— (f(1), ..., Ap)) 12 mot song 4nh cia tap hgp cdc don énh
tit £, vao F,, 1én tap hgp céc chinh hop p phén tir cia F,.
Viéc cho mot chinh hgp (x,, ..., x,) quy vé viéc cho lién ti€p x, (trong F), x; {trong ',

- {x}), oy x, (trong Fo - 41Xy, 2o X, })- Suy 1a 6 céc chinh hgp p phén tir cha F, 1x
n(n-1)- ...« {n-p+1). )

Ta ky hiéu s6 chinh hgp p phén tircia F, 14 AP =p(n - 1)..(n - p+1)= n!
(n-p)

theo quy uéc : AZ =0 néup>n.

Dic biet: A2 =a!

NHAN XET:

Chiing ta vira dém, bing moét cong thic don gian, cdc don 4nh tr F, vio F(p < 7).
Nguoc lai, khéng c6 mét cong thic "don gidn" cho sG céc toan dnh tir £, 1én F (n 2 p),
xem bai tap 3.3.18.



3.3  Giaitich 8 hop

3.3.3 Tdohgp
¢ Dinhnghia Cho(n.p) € 2, Moi bo phan c6 ban s8 p clia F, goi 13 té
hop p phén ti cia F, (hodc: khéi-p cua F).

Gia sit p < n. Taky hiéu tap hop céc chinh hop p phin tir ciia F, 1a A, p) va tap hop
céc 16 hop p phdn tir cta F, 1a € (n, p). Anh xa A(n, p)—>Cup) 12 toan dnh,va

(XX I xpl

mbi phdn 1t {x,....xJcha € (, p) ¢é ding p! tao anh, nhén dugc biing céch giao
hedn (x|, ..., X,)-

Suy ra: Card (A(n. p)) = p'Card (C (n, p)), tir dé c6 Meénh dé sau:
+|Ménh dé - Dinh nghia Cho (n, p) € 2 Néu p < n, 56 cac t6 hop p
phén tit ca {1, .., n}, ky higu 1a Cﬁ (hoic: [2] ), 1a

nn—=1)..(n—p+1)
p! '

p n!

Nhu vy, véi moi (n, p) thugc 3 saochop <n: } L,y =5,
pi{n-p)

NHAN XET:
1) Theo dinh nghia C} 12 mot s6 ty nhién khic khong (vdi 0 <p < n), va nhu
vay p! chia hét Aﬂ .
2) Néu p > n,thi Cf =0.
3) Ta m& rong dinh nghia c4c Ci bing quy wéic C£ =0 néu(n p)e NxZ_.
#Hv,enN, C=C)=1.

| Ménh dé 2
Hve peNxz, C=C7"
HVepyetxT, CoaC™ =Chll (cong thitc co bin).

+

Chitng minh:

_ 1
1) « NEuO < Sn:Cn'n:——i——:CP.
) P n (= p)'p! n

« Néup<Ohotc p>n: Cp =0 va C7=0.
2} e« NCUO<p<n-1:

c” C.n+l _ ! al _ bl _
n o T o (p e D p=D TSTTCETS IR

- (n+ 1) _ p+l
(n+1)!((n+1)-—(p+l))!_ atl

T9
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. i 1
« Néup<-1hoacp>n: C’: =Cf:+ =Cl7 =o.

n+l
. +1 0 +1 0
o Néup=-1: Cf:+C':; ZC”:IV:“L Ci:+l =CH+] =1.
) +1 N +1 +1
Newp i CL+CI = Cler Ol =Cll =1 .

Ta sip x&p cdc CZ thanh mot tam gide, goi [ tam gide Paseal, trong d6 C? & hang
thit 7 v cot thit p (vdi 0 < p < n).

\ "o 1 2 3 4 5 .. p p¥

1 ) 1

2 i 2 |

3 1 3 3 1

4 1 R 1

5 1 5 10 10 5 1

CI.:? C:H»l

I 'CF”

n+ 1 ]

¢|BPinh ly  (Cong thite nhi thitc Newton)

Gia st # € 17, A lamdt vanh, (x. y)e A” sao cho xy = yx. Ta c&:

H
Lo b oa—k
. I A -k
(v+¥)" = z C”.\ ¥
k=0

(trong dox"=y"=1).

Chitng mini:
Quy nap theo n, xem 2.3.2, Binh Iy.

Ap dung cong thiic nhi thifc Newton cho (x,yy = {1,1) hoac (x.y) = (1,-1). ta dugce:

¢|Hé qua

n,
Vre N, ZC’; =2"

k=0

Ve N, Z(—l)"c‘,‘, =0.
k=0

Cong thic nhi thic Newton s¢ duge st dung d6i véi cdc s6 x.y thue, phifc, ciing nhu
dai véi cde ma tran vuong giao hoin (xem, ching han bai tip 8.1.9).



3.3

4| Ménh dé 3 Vé&i moi tap hitu han E, P(E) hitu han va:
Card(P(E)) = 2545

Chimg minh:
Ky hiéu n = Card(E), ta ¢4 :
PE= |J BB,
ke{0,....n}
trong dé PE) = |F e P(E); Card(F) = k}.
Vay P(E) hiu han va:

Card(P(E)) = Z Card(y (E) = Ch =2" .
k=0 k=0

Xem thém bai tap 3.2.1.

Cudi ciing ta di trude viee khao sit cac da thitc (chuong 5) dé thu duge mét hing

ding thiic vé& cdc hé tir clia nhi thic.

Cho n, p, ¢ € & sao cho n < p + ¢. Theo cong thitc nhj thic Newton, hé tir cia
"
X" trong (X + 1)°(X + 1) 1A ZCf,C;_k, thu duge bing cdch khai trién tich
k=0

(X + 17X + 1)%. Mat khde, ciing theo cong thitc nhi thitc Newton, he tir cia X"

T
trong (X + 1y 1a C.,,Jrqr .

"
Viy tact: ZC;C;_’( = C;_,_q .
k=0

Bai tap
¢ 331 Chon e Nsaocho n 2 4. Ching minh :
2
CC2 =3 n+l -

f

0 3.3.2 Cho (s p) € (N"¥sao cho # > p. Giai phuong trinh C{: = Cﬁ~l +CHY véidn

re N,
n-1 -1

0 33.3 Tinh,véineN': ) (k+1)—tr,

k=0 "
0 3.3.4 Kyhitu P, =ﬁc’; chiing mith, v moi » thuoe ' Py _ A"
k=0 Py (r=1)
il "2 . S r [
0 335 Véi{p@ e N, doh: ;(Zzum'ck

g

Giai tich 18 hop

n
H

!
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Ck
¢ 3.3.6 V6imoi(p, q) € N sao cho | < p < g, ching minh : Z y ——Fr

imCy a-p+l
¢ 3.3.7 Ching minh; ¥n e N, (a)™ | (a1,

q-1
0 3.38 Chingminh:V(p,q) € OF, 3 (p-20C% = ¢C?.
k=0

n
1 ~g+1
¢ 3.3.9 onp q)eNWsaochopzn+q + L. Ching minh: Z Ci_ Cf;:l thn .
k=0

nf p-1

0 3.3.10 V6 (n p) € (N2 tinh : Z H(i+j}
i=1{_j=0
E(%) 2k E(%) 2k+1
¢ 33.11 Véine N, tinh: ch v ZC,, .
k=0 .

-k k
¢ 3.3.12 Cho(n, p) e(®')? sao cho n = 2p. Tinh iCﬂ Cf,+ .
£=0

¢ 3.3.13 Chung minh: ¥(n, p, ¢) € N, Z(n—k)C:_kCE pnp C;ﬂ?
k=0

¢ 3.3.14  a) Ching minh ring véi moi {(#, p) thude N2 sao cho n 2 P

i b kg 1 nfun=
YLy g e
=0 0 nfunzp

b) Cho A 1a mot vanh, (x,}, c y 12 mot diy trong 4, (¥,), c x 12 d3y xdc dinh bdi:

n
V.ﬂEN, yn=zcknxk.
k=0

"
—kk
Ching minh: VaeN, x, = Z(—l)" kCnyk .
k=0
0 3.3.45  a) Vai batky (n, p, ¢) thudc N sa0 cho n < p + g, ching minh rang:

ickcnv = Cp+q
2

(2) n—2k L 1 1
* : v Il =—pn"
b} Suy ra; ne M, ( H) = Czn 2

¢ 3316 Cho(k.myec N saocho3k<n+1.

a) Chitng minh : Vi €10, ... k} , C', < 1

—y L
zka

ko
b) Suy ra ZC; £2Ci
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. f - . x L -
0 3.3.47° Chon e N; xdc dinh s6 cic s6 nguy@n 1€ trong clic 58 C” ,0<k < n(stdung
dén cich vigt n trong hé nhi phin).

O 3.3.18 Cho (n, p) € (7Y sao chio n 2 p. Ta Ky higu <8 cdc toan Anh tir 11, onyien {1 ..,

plia S , Chilng minh : iC?,S:‘! =
k=l

Suy ra cac i §§ vdip € (1,5}

n
¢ 3.3.19  Vai(n p) e IF kY hicn S, (1) = PN

ptl
a) Clumg munh: - Vi p) € N, S+l = ZC?,HS,L.(H).
k=0

y
b) Suyra: Vin, p) € WL+ 1P = iCiHSk {n) .
k=0
il il L
¢ Hily tim ka cdc gid tri cla cic tong e dién Z k, Zk?‘ \ k
k=1 k=1 k=1

Tk

O 3.3.20 Cho{p.q) € MR E = {0,107,

pry+l
e E; xzptly,
i=1

A= (X)X prgs
Cta).
a) Ve mdi & thude {0, .., ¢}, gid 50 A, 12 tAp hop cic phdn Oy, - Xp00) cla £ sao cho:

p+k

Zx,- =P VR Xpga =T 1.
i=1

Chiing minh : Card(4,) = Ciﬁ " 29k

b} Suy ra Card{A) , rdi Card(B).

k i
q C P L
. Lo ptk gk
c) Chiing minh : E —_2*””‘ + E _—2q+k =
k=0 £=0

r
d) Suy ra: ¥p € N, ZZ*CEP, =277 .
=0

L] nt+ ]

H+| z
H+l )
b=

AOL 2

¢ 3.3.21° Ching minh rang v&i migl # thuGe IT:



Chugng 3 SG& nguyén - Sa hiu ty

3.4 Nhom déi ximg

Ké&t qua cha phin niy s8 duge sit dung chid yéu trong 1§ thuyt cée dinh thie
(chuong 9).

Ta nhac ai vang (xem 3.3.1), véi » € 17, €, 121ap hop cic hodn vicia {1, ..., n} va

Card(S,)) = ! .

3.4.1 Cautriccia S,

¢|Ménh dé €,1a mot nhém ddi véi ludt o, duge goi 1a nhom daéi xing.

Clirng mninh:
N¥poe@, o0 pe @, (xem 1.3.2, Ménh dé 1.
2) o ¢6 tinh k&t hop.
Ny, L€,
1) Vi moi othuoe €, olasong dnhva o' e ..
BE thudm 1ién, ta s& ky hicu dnh xa déng nhit caa {1,... .} la e |

2 n-1 a

M6t hodn vi o ctia &, s6 duge ky higw §h [J:]) 6@ .. oln-1) U(”}J .

3.4.2 Chuyén vi

(3 day ta gia thigt n = 2.

¢ Binh nghfa1 Vd&i moi (i, /) thuoe {1,. .., #}° sao cho i < j, hodn vi
cia {1, ..., n} Xdc dinh hdi
1, (D =4 T ) =1, 1,k =k, véi moi & thude {1, ..., 1} - i, /)
duge goi 1a chuyén vi d6i chd 7 v j viky hiéu 1a 1, (hode 1, hodc (G, /)
Vi DU:

12345
14325/

Védin=51,=24= [
NHAN XET:
w2 - .
1) @, chifa ding C), chuyén vi.
2) Moi chuyén vi déu dai hoy.

¢| Binh Iy 1 Céc chuyén vi ctia {1, ..., n} sinh ranhém €,

NGi khde di, moi hodn vi ctia {1, ..., #1} ¢6 thé phan tich duge (it nhat bing
mot cich) thanh mat tich (nhidu) chuyén vi.



3.4 Nnhoém ddixing 85

Chitng minh :

Quy nap theo #.

.= le,,} vie=7,, vy {1,,] sinhra@,.

Gid sit n e I sao cho n = 2. Ta gi thiét ring c4c chuyén vicha {1, ..., n} sinh ra .

vigiasitc € B,

Truomg hopthi 1: o(n+ N=n+1.

Vi o la song 4nh, nén {1, ..., n} én dinh d8i véi o, va dnh xa cam sinh

o' L....n}—{1,....n} 1amOt hodn vi cia {1, ..., n}. Theo gid thigt quy nap, B0 1ai
fsai k)

N e I v cdc chuyén vi ¢, .6 cta {1, .., #} sao cho:

o'=t's ..oty .

Vai mdi rthude {1, ., N}, ta k¥ hi¢u dnh xa xéc dinh boi: £,(k) = t, (k) “"3?'1 <ksn ,

) an+l néu k=n+l
B fl o n+ 1) > {L ant s thi ro rang ¢, .... ,y 14 nhimg chuyén vi ciia
i1, ..,n+l}vh oa=t0.. 0oty

Truong hop thr 2: o(n+ )= n+1.

Xétp="1,, 0n,° o-Tacbpe &, vaphn+1) =T o G0+ 1) = n+ ). Theo
trudmg hop thix 1, 16n tai N € B vA tthilng chuyén vi ¢, ... £y ctia {1, ..., n + 1] sao
cho p=1t o.. 0 ty. VAY O= Toyom, © 4 0 © In vi do dé o la mét tich nhimg
chuyénvicia {1, ....n+1} [ |
Phép chimg minh trén cung cdp mot thuat todn cho phép phén tich mot hodn vi bat
ky thanh mot tich nhing chuyén vi: sip x€p lai cac phdn tir 1, ..., # theo thif tur, bang
cdch (1 nhat) trong mdi chang dira mot phan ti vé vi tri cia n6.

Ching hun, gia sic o=(L 22435078
Dang fun, gIASE G=4 g 3748152

1 23 45 6 78

6 3 7 4[8]1 5ch
6 3[7]4 2 13%1:28
[6]3 5 4 2[0]7 s "
1 3[5]4[2]6 7 82 e
131[2) 4 5 6 7 821”
123456782%

Trong m&i hang, ta dd déng khung hai phén tir, chiing s déi ché cho nhau dé duge
hang ti€p theo.

VAYtacO: To3 0 Tys 0T O Tsy OTag 0 = €, SUY T T =Tog 0 Ts7 ® Ty @Tas © Tas-
CHU Y:

Thuét todn trén chiing minh rang moi hodn vi cba {1, .., déu phan tich duge, it
nhAt bing mot céch, thinh mot tich clia nhidu nhat » chuyén vi.



Chuong 3 S8 nguyén - S6 hu ty

¢ Dinhnghia2 Chooe @,
Ta noi ring mot cdp (o(i), o)) 1a mt nghich thé doi vaéi o (hoae: 1a
mot nghich thé cia o), khi va chi khi: 1 < va o{?) > o()).
Ta k¢ hi¢u s& cdc nghich thé clia o la (o), va s6 ky hiéu li &) duge xdc
dinh bdi : &) = (-1} goi la k¥ 86 coa o
Ta néi ring o chin (lwong tng: 18) khi va chi khi &o) = 1 (twong 1mg :
ga)=-1).
Nhu thé: » gchin < g06) =1 < Ho) chin.
s RS d=-11(m 18,
¢|Ménhdé1 Véimoi octhuge €,: o ,= l_[ M , trong d6
w7
P.(») chi tap hop cédc cap thude (1,..., n} .
P4 thuan tién, & day ta di dé cip trude dén khadi niém s6 hitu ty (xem 3.7).
Chitng minh ;
1) Vi ¢ 1 mot hodn vi cha {1,..., #n} nén dnh xa o: B > B (1) 13 mot
£, o) e i
hoédn vi cia P,(#). va nhur viy:
[Tleth-a@i= TTli-4 .
fi./)eR () e )
1—1 a(J}—o(i)
e JTE

diéu ndy chiing to: =1,

2) S8 céc cap {4, j} thude {1,..., n} sao cho M < (0 1a (o), vay
f-t
1_[ ”—U)_:-“—’ﬂ chag dau véi o).
e 7
NHAN XET:
Ta ciing c&: &(o) = n M.
1Zi<f<n It

¢ Pinhly2 AnhxakysS&:€, —{-1, 1} 1amotdéng cdu tynhom (€,, o )
1é&n nhém nhén {1, 1} .

Chitng minh :

Gidstp,oe @,.Tach:

1_[ (o pH ) ={a ° p)(i)
£/ leBun j—i
= T1 a(p(jH - o(p) B 20) - pli)
U.j1eBin) p( /3 —pli) .{i-f}E%(n) P

E(gap) =




3.4  Nhom d8i ximg

Do 4nh xa {i,j} >{ D, AN} 1amot hoén vi ctia P,(#), nén ta cé
v N
goop= 1 al)—ok) P Z )

el T pieon 7
Mat khac, rd rang {-1, 1} lamot nhém doi véi phép nhan.

= e(a)E(P) -

¢| Ménh dé - Binh nghia 2
Hat nhan ciia ¢ 12 m¢t nhdm con cha ©,, duge goi 1a nhém thay phién,
va dige ky hiéu la A,

Chitng minh :

Ta bigt (2.2.3, Ménh dé 2) rang hat uhin cia mot déng cau nhém 12 mét nhém con. W

Nhu thé A, = &' ({1} = 1o e €, s(c) =1}, nic 1a A, 12 tap hop cde hodn vi chédn
ciua {1, ..., n}-

viDu:

o . . . B, o, {123 -
V& n=3,thi €, = 1€, 70 Ty 50 Ta30 €, €7} rONG do c=[; i ])va ¢ :(3 1 2] =¢7,
vivA, = le, o, e7h

“f’ e < ¢ T4 T3 Tr3
¢ ¢ ¢ ¢ Tz | Tia | Tas
¢ ‘ { e Tia Taa Ty
< < l c Toy | Tz | Tia
Tia Tya Tas Tya 4 ' [
Ty | Ta | Tz | Tan c € o'
Toa | Toa | T3 | Tip c ¢ ¢
¢| Ménh dé 3
Moi chuyén vi clia { ..., n} déu 1&.
Chitng minh:
Glasit (i, jy € (1, .., n}* sao cho i <j. Vi
1 oo im1 @ Q41 e j=1 o j¥l eon
_ — 1
Ii‘j_ i »
T T T R T B B B A S
| P—
I.. — - 1

1én cdc cap 1am thanh mot nghich the (trén hang it 2) [h
G i+ DG i+2), Goj-N.G D, 6+ 1, D E+2,0, .-,

87
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s6 cip nhur th€ 1A 2(5 - 1) - 1.
VayI(r, ) 1&, &1,)=-1vart;le

o|Hégud Giastoce ©, N e X', 1, ..., ty 1a nhitmg chuyén vi cla
{1,...n}saocho o=t o... s ty. Tacé aa) = (-1)".

Nhu thé, mét hodn vi chdn (tuong dng: 18) chi ¢ thé phan tich thanh mot tich cla
mét s6 chin (twong (mg: 18} nhitng chuyén vi.

3.4.3 Chu trinh
O day ta gid thidtn 2 2.

¢ Dinh nghia Cho p € ¥ sao cho 2 < p < n. Moi hoédn vi ocua {1, ..., n}
sao cho tén tai x,, ..., x,ell, .., n}, ting déi khdc nhau, théa min:
a(x)) = Xy, O(X) = X5, .oy O(X,1) = X, O(X,) = Xy
Vkell,..nl-{x,.,x}l, ok)=k
goi 12 mét p - chu trinh (hoac chu trinh -p) cta {1, ..., n}.
Tap hop {x,, ..., x,} (rd rang la duy nhét ddi v6i mét p- chu trinh dé cho)
duge goi 1a gid cla o, vaky hien laoc=(x,, ..., X,)-
Mét hodn vi cia {1, ..., n} duge goi 12 mét chu trinh khi va chi khi tén
tai p € {2, ..., n} sao cho & 1a mét p- chu trinh.

viDU:
12345)Y,, .
(1 5124 3] 14 3- chu trinh (2, 5, 3)
NHAN XET:
l) (X], s K ) = (x?J "-,xp9 xl) == (xpr Xis ---rxp-'l)-

2) Cic 2- chu trinh 14 ¢de chuyén vj,
3) e khong phéi 1a mét chu trinh.

4|Dinh ly Moi hodn vi cha {1,...,n} déu c6 thé phan tich thanh mét tich
nhiing chu trinh timg 46t c6 gid r&di nhan, moét cdch duy nhét, sai khdc vé
thit tv cac chu trinh.

Ta ¢6 thé quy u6c réing e 12 phan tich dugc thanh mét tich rdng nhitng chu trinh.

Chiing minh : (c6 thé gic lai khi doc 14n ddu)
1) Tén tai

Quy nap theo ».

Véi 1 = 2 tinh chét 13 tAm thudng.

Giastne Nsaochonz2,vice &,



34 Nhém dai ximg

Trucomg hop thit]: oln+ 1) =n+ 1,

Ta lap luan nhu trong phép chimg minh Dinh Iy 1, 3.42. Vi o la song dnh, nén
11, ..., n} 6n dinh d6i v6i o va 4nh xa cam sinh : ¢ : {1,...,n} = {1,...n} 12 mOt hodn
ki a(k)

vi cha |1, ..., n). Theo gia thiét quy nap, tn tai v € N va nhimg chu trinh C‘la""c‘v
cha {1, ..., n}, timg doi ¢ gid ri nhau, sao cho og'= cll o --m(.'l,.Véi mbdi r thuoe {1,
o, v}, ta ky higu ¢, : {1, ., n +1} > {1, . 0+ 1} 1a 4nh xa xdc dinh boi
¢ (k) = {"r(k) néu 1<SkSn us s mano e, .. ¢, It nhitng chu trinh cda {1,...,n+1)
n+i néu k=n+1

timg d6i c6 gid rdi nhau, va 0=¢10 ... o Cv,

Triwémg hop thie2: oln+ 1)#n+ 1.

Vin+2s6tunhiénn+ 1, oln+ 1) .., o™'(n + 1) déu thude {1, ..., n+ 1}, nén t6n

tai (k, ) € 10, ..., n+ 1}? sao chok</va cfn+ D =c'ln+ . Kyhitum=1-k1ta
c6mell, . ..n+l}vaca+tl)=n+ 1.
Vay, phop lg € {1, ..n+ 1} o'n+ D) =n+ 1} 12 mot bod phan khac réng cha
= nén c6 mot phin tir bé nhat, k¢ hiéu la p.
Nhu vy tacé: c(n+1)=n+1.
Mat khdc, p s6 ty nhién 7 + 1, oln + 1), ..., ¢”'(n + 1) timg déi khéc nhau, vi néu
t6n tai (k, H e {0, 1, ...p- 1)? sao cho (k < I va o*(n+ 1) = o'(n + 1)), thi néu ky
hicug=1-ktasEcbigeil, .., n+ 1}, g%r+ )=n+1,9g5p- 1, diéu nay mau
thuin vé&i dinh nghia clia p.
Taky hi¢u p-chu tinh ¢ = (n + 1, oln + 1), .oy o\n+ 1N, vap=c' e o,dodd
An+1y= cHan+ 1) =n+ L
Theo k&t quéa khio sét cha trudng hop thit nhat, t8n tai v e N va cdc chu trinh ¢y, ..., €,
cha {1, ..., n+ 1} timg d6i c6 gid 191 nhau, théamin p=¢ ° .. ° Cv
Viipn+ D=n+l, plon+ 1) =on+1) ., Ao (n+ 1)= o”'(n + 1), nén cic
gi4 cha céc chu trinh ¢, ... , ¢, khong chita mét phn tit ndo trong céc phin trn + 1,
an+ 1), .., o7(n + 1). Cudi cling, c=¢ ° ¢ ° .. = ¢, lrong d6 ¢, €4y v €y 1R
nhitng chu trinh cba {1, ., n+1 } titng d61 ¢6 gid 181 nhau.

2) Duy nhat
Giastto=c, ©.. 0 ¢,=d, =..o d,laha dang phan tich ctia o thanh céc chu trinh
tig doi cd gia rii nhau.
Ta chu § trudc tién rdng ¢, ... , €y giao hodn véi nhau timg déi, va d,, ..., d, cling
giao hoén véi nhau timg doi.
Truimg hap o= e, ¢6 thé thdy ngay; ta gia thict o= e.
Vaytbntaii € [1, ..., n}saochoo(y =i, varell, .., vivar e {1,.. v'} saocho
i thudc gia cla ¢, va thube gid cha d,.

i ali p=ly; .
Ciing nhu trong 1) trén day, t6n taip € %" saocho: o( o () k‘héc m‘_'du
P () =i timg doi
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Thélatacd e, =d, = (i, o), ..., @ (D).
Bang cach lap lai, tasnyra v'= v va {c, .., oy} = {d|, . dv |
viDy:
12345678 910

- = o o (3 L),
[4 691582710 3] (1,4) o (2,6,8, 7y 2 (3,9, 10)
Bai tap
¢ 3.4.1 Cluing minh rang &, khong giao hodn Khin 2 3.

¢ 342 vanell  xdcdinhkystcliao: (1., 01> {l..,n}.
i atl—i

$ 343 V6iae T, xdc dinh kv 56 coa

o= 123 ... 0 n+l n+2 ... 2n
- 40 ... 20 1 i . 2a-1

3456789101112
5126394211 8 10

a) X4c dinh s8 nghich the va tinh chén 1& cha ©.

4 344 Choio= (1 f

7

by Phan tich o (it nhat theo mdt cdch) thinh mét tich nhimg chuyé'n vi.

) Phan tich & thanh mot tich nhiing chu trinh c6 gid roi nhau. Tim lai tri cba £0).

¢ 345 ChonelNsaochonz3.
a)VEi moi cap (G, jy thude 1, ..., n}* sao cho 2 £ 1 < j £ n, hily kigm civing:
T,=1,07, 0 T
Suyra{f,;2 < { <} sinh ra nhém &,.
b) V6i moi ¢ap (i, ) thudc {2, ..., n}* sao cho i # j, kidm ching : (1.1, = 7,0 T;;.
Suy rardng {(1,L jr (L, p e {2, .., n}%, i # j) sinh ra nhém con A, .
¢) Vi moi k thudc {3. ..., n}, hily kiém ching :
TO T =Y V1,0 T, = Yﬁ ,trong d6 .= (1.2, k).
Suy ra: f,,-o T, =Y, 0¥ voimei (i, j) thuge (3, .., n\

Suy rarang {(1, 2.9 ;3 < { < g} sinh ra nhom con A,.



35 Phép dém o1

3.5 Phép dém
BPém mot tap hop hitu han, d6 1a tinh ban s¢ cda nd.

3.5.1 Cic phép dém cd dién

Ta nhéc lai (xem 3.2.2, 3.3.3) ring, néu £, I 1a nhitng tap hop hitu han, thi
EUF, ExF, F*, {F) déu hitu han va:
HE U F) + #E A F) = #E) + #(F)
#E x Fy=#E} - #(F)
#(FE) = N

#P(E)) =2"7 .
Ta di thiy (xem 3.3.2) ring, néu /2 va F hitu han thi s cdc don 4nh tir F vao
Ia Af: —(—'J—? trong do n=#F) ,p=#F),psn

o

bic biet (xem 3.3.1) s6 cdc hodn vi clia mot tap hop hitu han » phén tir 1a nt.

3.5.2 Vidy vé dém

1) Cho E, ¥ 12 hai thp hitu han, n = #(E), p = #(F).

a) SO cac quan he tit E dén F 12 2”7, vi 4nh xa dat teong (g mdi quan h¢ ot E dén F
v6i d6 thi cha né 13 mot song anh tir tip hop cdc quan h¢ tir £ dén F, 1én t4p hop cic
bo phan clha E x F.

2
b) 56 cdc lnat hop thanh trong ca E1A n” ,vidé1as6cdc dnb xatw £ x E vao E.

2) C6 bao nhi¢u s& t nhién mi cdch viét thap phan gdm ding » chit s6 (# > 3), trong
dd ¢6 diing 2 chitsG 8 ?
Gia sit N 12 m6t s6 c6 ding » chit s6 (vy chif s& thit 1 bén trii khdc chif s6 0) va
chiia diing hai chit s6 8.
Truimg hop thr | Mot trong 2 chit s¢ 8 ¢ hé 1a chit s6 thit | chia N, su
Kién nay cho # - | kha nang dat chit s6 8 thit 2, con » - 2 chit 56 khac 1a bat ky,

khic s6 8. Nhu the s& ¢6 ding (n - 1)9"% s6 N thude loai thi + nay. Chéng han,
V& n =6, 1a cé thé chon n = 841182,

Truimg hop thir 2 Khong c6 chif s& 8 nho & vi trf thif | coa N, su kign nay cho

Ci_l kha nang dat 2 chif s6 &, chit s¢ thit 1 1a mot chit s6 bat ky trong 1, 2, 3, 4,

5.6, 7.9 vin - 3 chit s6 khdc bt ky, khiac 8. Nhu viy c6 ding

(n—1n -2
2

Cubi cling s6 cin tim 1A (n - N9"" +4(n- H)n - 29" nie la = (dn + 1{n-1)9%°

8977 56 N thuoc loai thit hai nay.
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3) Trong mat mat phang cho n dudtmg théng khic nhau "o vi tef 16ng quit” (n 2 43,
a) Cac dudmg thing nity cét nbhau tai bao nhicy didm?

b) €06 bao nhidu duimg thang méi duge xac dinh bdi ciic gino dicn trén ?

Ay 06 bao nhicu cap dutmyg
thang treng £, ....f3, i ¢d by
nhien giao diém phai tim, vay

S
¢é O, didm cat nhau.
Ching han, v3i 1 =4, ¢6 6 piao

di¢m cia timg cap dudmg thang
Dy D Dy D,y

by Xét didm A nhim duge & a). Ton tai ding 2 dutmg thing D, D, (i < /) diqua A
(rong s6 D, ... D,). Trén D, {cling nhr irén D)}, ngoli A, ¢6 diing - 2 didm néi &
a). Vay s6 didm phii noi véi dicm A d¢ duge cde dutmg shiang mai nhu vay bang

(n=23n-2
2

\2 - . . = " 1] ™ P N . P
(,,, ~1-2(n-1), uic §a _VimoGi dubmy thang mdi ndi hai di¢m no1 ¢ al,

2 e M= -3y ]
nén so cdce dudng thang mdéi L :C" (L-%-—) , e 1 gu(n—l)(u—Z}[n—f’-).

Chéng han, véi n =4, c6 3 dutmg thang mdi.

4) Cho E 13 mot tap hgp hirs han ¢6 # phén tr, A lamdt bo phin p phintr (G < p=n)
cia E. D céc cap (X.¥) nhimg bd phin cia £ sao cho 1 X' Y=EviXnY=A
Ta ky hieu B = b(4).

RG ring dvh xa (X" YY) —» X'V A, ¥ U A) 1A mét song dnh tit

X VY e (BBY X' wY =8} en ((XY) € (PEWSXw Y =EviXnY = A}

lom nifa : VOC. ¥) € (BB (0w ¥ = B o B(X ) © ¥). N vy, biln s6 phai
tinh ciing 1h ban s6é caa {{(X", ¥) € PR X YL VoiY' € W) 6 dinh, b
ban sG k¢ hieu 12 ¥, bén s6 clla {X7 € PB: X' < Y} 1 2Y. Vay ban s6 phdi tim 14

H—pr W
S 2¥C,, i 13
¥'=0
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Bai tap
& 3.5.1 C6 bao nhigu ham & mot tip hop E c6 n phén 1 vio mdt 1dp hap Fc6pphdn ti?

¢ 3.5.2 Taky hiéu P,1as6 cdc phan hoach cla {1, ... At v&i n € ', Chiing minh :

-
VneN, P = iCﬁPk
k=0
(trong d6 Py = 1.
Suyra P, véi0snss.
0 3.5.3 Vi (n p) €T, taky hidu P, 12 s6 cic phan hoach ciia {1, ... 72} thinh 7 tp
hup.
a) Chitng ninh rang, véi moi (a,p) thude (N
Poopn =Fapt e P, o
b) Suy ra P, voi (r.p) € {1, .. 5 I

¢) Chitng winh rang, véi moi a thude 1

2 , 3 gt
Pun.n: C;H-] * Pnﬂ,z =2"- ]a Pn+|.3 = 2

¢ 3.5.4 Cho I 1amdt tap bop hitu han, n = Card{E), v, v0i moi k thuge 1

Apk lf E N, Zf(x) sk};

xek

B, =l BN ) =k};
aek
Gy = #{Anl) » bn.k = #(Bu.k) .
a) Chimg minh ring, voi moi (1. £) thude (7Y, 1a chr
bnj‘ = an-],k + Tps = bn.£+ an.l‘-] +
b) Suy ra rang, vdi moi (. &) thude , ta o

/]

. H
p3= Cppr b= Cpar (néu nz1).
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3.6 Cac tinh chat cua Z

Ta nhic lai & day céc tinh chét thong thudng cha tap hop Z céc 86 nguyén,

xem nhu da bigt. Doc gia quan tam s& tim thdy céch xay dung 7 (461 ximg

héa nita nhém (N, +)) trong Gido trinh cha J.M.Arnaudits va H.Fraysse, Tap 1,
. trang 70 - 73.

Tap hop Z ={..., -3.-2,-1,0, 1, 2,3, ...} duge trang bi mot phép cong +, mot
phép nhén «, va mot quan he thi ar toan phdn < , m& rong céc luat cia N va
thoa man:

(Z, +, ») 1a mot vanh nguyén giao hoén
[xeZ;0<x}=N
Y(a, b,c)eZ’, (asbeatrc<h+c)

<
Y(a, b, c,d) € VAR Ha_b
c<d

:>a+c£b+d]

V(a, b, ¢) e L x Ix N (a<b< ac<bo)
Moi bo phén khéc 1dng va bi chan trén (Lrong tmg: bi chan dudi) caa 7Z ¢6
mot phén tir 16n nhét (tuong ¥ng: bé nhdt).

Ta m& rong ra 7 dinh nghia vé€ tinh chia hét trong I¥:

¢ Dinh nghifa Cho (q, by € Z’. Tandi ring a chia hét b (trong Z) va ky
hi¢u a!b khi va chi khi t6n tai ¢ € Z sao cho b = ac.
NHZ\N XET:
1)VaeZ, alo.
DYbeT, ©lbeb=0).
3) Trong 7Z quan he | ¢6 tinh phan xa va béc cdu, nhung khong phan d6i xing,
Wi, chéng han, 2| (-2), 2)] 2, 2 # -2. Nlung ta ching mioh dé dang rang :

alb
Yia, b) € 7%, ({

=>(b=ahoacb=—a)}.
bla

+|Binh ly - Binh nghia (Phép chia Euclide trong 7)

Cho (g, b) € Z x N'. Ton tai mot cép duy nhét (g, r) thuoc Z* sao cho:
a=bg+r . Ta néi ring g (twong tng : 7) 1a thuong (tvong ¥mg : du) clia
O0<r<b

phép chia Euclide a cho b.

Chiing minh ;
1) Tén tai
Gidsit(a, b) e Zx W.X& E=(peZ;azbp}



3.8 Céctinh chétclia Z

nfuaz=0,thioeE
« E#OM: {néua-cO,thiaeE.
néa a=0, thi(VpeEpSa)
néfua <0, thi(VpeE p<-a)
lg‘obophanEcﬁaZkhécrﬁngvhbxchantren nﬁnnécémbtphﬁnmlénnhm,k)’rhleu
lag.

Datr=a—bq;tad506:reZ.

« Ebichintrénvi:

Vig EE,néntacéazbq,vayrzo.
Vig+le E,n&ntacéacb(q+l),vayr<b.
2) Duy nhét

a=hg+r a=bq+r
Giasiu (g, ), @ ) thuoe Z* thé"“ﬂm{os.rd:» va {05:"-(6

Thé thi b(g - ) =7 rva-b<r-r<b,suyra-l <qg-g<l,viy q'=q,r';—'r.
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3.7 Cac tinh chét caa @

Ta nhic lai & day céc tinh chét thong thudmg clia tap hop G céc 0 hitu t¥, xem nhu
43 biét. Doc gia quan tam & tim thdy cdch xay dung O (thé céc phan thic cia vanh
nguyeén 7 trong Gido trinh ctia J.M.Amaudiés va H Fraysse, Tap 1, trang 78-80.

Tap hop © dugc trang bi mot phép cong +, mqi phép nhan », va mot quan hg
thit ty toan phin <, thoa mén:

7<) (d6ng nhét % via,véiae )
(2, +, +) 12 mot thé giao hodn
Vx e Q, 3(p, ) € Zx V', gx =p (taky hiéu x= %)

Y(a, b, ) e P, (as boat+csh+o)

<

(fas<h
Y(a, b.c,d)e T, Hcgdzba+csb+d]

Y(a, b, ) e T xy X Q:_,(aé_ b e ac < he)
néu ky hien 3, = {x € & X = 0}, 0. ={x e §; x £ 0}, o' =3 - 0L
Q) =Q-10h, =3 (0}
Ta dinh nghia anh xa tri tuyét d0i || : @ oQ 43 dugc sit dung trong

x néu O<x
- i
—xnéu x<0

pham vi téng qudt hon, la tap hop céc s6 thue, (xem Tapl, churongl) .
o|Menhde1 Qlamdt thé Archiméde, tic &
VeeQ,,VAe Q),IN e N, Ne>A.
Chiing minh :
Gia sir (&, A)E(Q:_ Y. Téntai (@, B.a. b) € (N")* sao cho & &= % va A= % .
Ta c6, v6i moi N thuse N': NE>A & Noh > ap.
Viab > 1, nén chi cdn lay N =af +1.
o|Menh dé2 O trimat, tic 1a:
Vixy) e @ (<y=>Eze Tqyx<z<y).
Chitng minh :
Chicénlay z= %(x+y).



3.7 Cactinhchétclia ) 97

¢|Ménh dé - Binh Iy 3 Vi moi x (huge ©), t6n tai mot phan 1 # cla Z
va chi mot sao cho n < v <5 + 1; phin tir # nay goi 1a phan nguyén cua
x, va dugce ky higu 13 E(x).

Clutng minh :

Gia sit x € <. Ap dung Ménh dé 1 vdi ¢=1, ta hily rang {n € Z: 1 < x) 12 mot bo
phan bi chan trén va khdc rng cia Z, vay ¢6 mot phin 1ir [dn nhét.

Ta ciing di dinh nghia mot cich téng quat hon phan nguyén clia ndt s§ thye (Lapl,
1.2.3,.7), Ménh dé - Binh nghia).

NHAN XIT:

V& moi (w. b) thude & x 17, phin nguyén caa !ﬂ 14 thuong chia phép chia Euclide a
)

cho /i (xem 3.6, Binh 1¥ - Dinh nghia).



Chuong 4
So hoc trong 7,

4.1 Tinh chia hét

4.1.1 Dai cuong
Nhic lai (xem 3.6):

¢ Dinh nghia Cho (q, b) € Z°. Ta ndi ring a chia hét b (trong Z) va ky
hiéu a | b, khi va chi khi t6n tai ¢ € Z sao cho b = ac.

Thay cho « chia hét b, ta cOn néi: a 12 ni{)t uéc cha b, hodc: b 12 mot boi cia a.
Ta k¢ hi¢u tap hgp céc ube clia a (véi a € Z) 12 U{a) va tdp hop cédc ubc chung cia
Gy ey 4, (VO n € N'VA (@, ..., @,) € Z") 1A

Uca,, ..., a,) ={x eZ, Yiel,..,n}, xla‘.} )

NHANXET:
VYaeZ, alO.
HVbeZ, Olbeb=0).
3 Véiky hituag Z = (b e Z; Ac € &, b = ac} v6i mei g thude 7, ta cod:
Ya, b)e 72, (al b= aZ D bT).

¢|Ménh dé 1

DVYaeZ, ala

apb

) Y(a, by e TF, [{bla

@|ﬂ|=|bi}

4 3 lg|b |
3) V(a, b,\c) e %, Hblc:a.,c].

& - DS}



Chuong 4
$6 hoc trong 7

4.1 Tinh chia hét

4.1.1  Dai cuong
Nhic lai (xem 3.6):

¢ Dinh nghia Cho (g, b) € 7. Ta néi ring a chia hét b (trong Z) vaky
higu a | b, khi va chi khi t6n tai ¢ € Z sao cho b = ac.

Thay cho a chia hét b, ta cdn néi : a 12 mdt wdc cia b, hodc: b 12 mét boi caa a.
Ta k¢ hiéu tap hop cdc ubc clia a (v6i a € Z) 1a U(a) va tip hop céc ube chung cia
Qps ey @, (V61 n € N'VA (@, ..., 4,) € %) Ii:

UCa,, ...,a) ={x€Z; Vie{i,.,n}, x|a‘.}- .

NHAN XET:
DVaeZ, alo.
DVbeZ, Olb=b=0).
BVaikyhitnaZ = {b e Z; 3c € B, b = ac} v6i moi a thude 7, ta cé:
Y(a, bye 7%, (alb < aZ D bE).

¢ Ménh dé 1
)Vae?Z, ala

2 alb I
2) V(a, b) € 7, [{bm <:>|a|_|b|}

3) V(a, b, \c) e 72, [{g 'If: ai cj :

8 - B8l



)0

Chuong 4 S6hoctrong &

Chitng minh:
1) Hién nhién.

2)Gi€lsfr'a|bvhb|a.T6nlai{d. &) e TP saochob = ad vida = be,suy ra b = b{de).
Neéub=0,thia=5=0.

Néu b #0, thi de=1,vayld|=lel=1,dod6 Ibl=lalld|=]al.
Nguge l@i,116u|b|=|a|,thit6u taie € {-1, 1} sao cho b = sa (nic 1A a=sb),dodb
alb va bla.

3) Gia sit a |5 va blc. Tén tai (d, ¢) € & sao cho b = ad vi ¢ = be, do d6
¢ = aldeyvide € 7, vy a le.

¢|Ménhdé 2
D)V, b,y e TP, (alb=albo

D Via. b oyel’ , H‘;'|if:>a|b+c]

3) V(a, b, o, P € T, H“”’ = aa hﬁ}
alp

SV, b,myeLxLxI, @lb=d 1p .

Chimng minh:
1} Néu (a Ibvaale), hitbntai d € Z saocho b = ad,do d6 bc = afcd) vi

cd € T, viyalbhc.

2) Néu (a |bvaalc). thitén tai (d, e) € T2 sao cho b = ad va ¢ = ae, do do
b+c=a(d+e)v?1d+eeE,v{\yalb+c.

B Neu(@lbvaalp, hitdntai(c, ) e 72 sao cho b = ac va B = ay, do dé
bf = (aa)(cy) va cy € L, vy aa |68

4) Suy ra tir 3) bing quy nap theo n (hodc bang cic quy tac tinh ldy thia). W

Ta nhic lai dinh 1y vé phép chia Euclide trong 7 (xem 3.6y

¢ Binh ly - Binh nghia
Cho (a, b) € 7 x V. T6n tai mot cap duy nhit (g, r) thudc Z* sao cho:

u=bg+r
0<r<bh

Ta néi ring ¢ (twong dng: r) 1a thuong (twong vmg: du) cia phép chia
Euclide ¢ cho b.
NHAN XET:

Vi moi (a, b) thuoe Z x N, a chia hét b khi v chi ki dv cGa phép chia Euclide »
cho a biing khong.



4.1 Tinh chia hét

412 Dongdu

¢ Pijnhnghia Chon € IT, (a, b) € T% ta ndi ring 4 14 dong du modulo
n voi b, (hoac: a déng du véi b theo modulo n) va k¥ hiéu a = b{n]

(hodc: g =p ), khi va chi khi n chia hét b - a.
[n] )

Vay: aEb[n]c:vnlb-a.

¢|Ménh dé1 Véi moi n thuoe IT, quan hé = (#] 12 mot quan hé tuong
duong trong 7.

Chitng minh:

1) Tinh phén xa Iz hién nhien.
2) Ta cd, véi moi (a, b) thude 2,

a=bln] & nlb-ao nla-be b=aln, diéu nay chilmg 10 tinh d6i ximg.
3) Vi moi (a, b, ¢) thude Z°:

a=b[n] nlb-a ~
{bEr:[n]‘:::,{Mic—b:> nj(b-a)+(c~b) & nc-a &> a=cln}

+| Ky hiéu

Vi moi n thuoe [, ta k¢ higu Z/,,7 thay cho Z/z(y)-

N6i khic di, 7/, 12 tap thuong cia Z theo quan heé (tuong duong) déng du modulo a.

Vi moi x thudce 7, ta ky hiéu 16p cla x trong /7 1a X (hofic X , hodc X ):
i={yeZ;x=ynl}={x+An; A Z}.

Ta ciing c6 thé k¥ hiéu 1a 16p modulo # ctia x 1a x mod ».

Vay ro rang ring (nhd phép chia Euclide cho n) Z /,7 1a mot tap hop hitu

han, c6 n phdn ti, va: 7 [,z = {0, 1, ., a-1}.

.....

¢ {Ménh dé 2
Cho n € IT'. V6i bat k¥ (g, b, ¢, d) thuoc Z.%, ta ¢6

azb[m]=> atc=h+d [n]
c=d[n] ac =bd[nl
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Chitng minh:

Gié sit a = b{n] va c = d[n]. Ton tai (b, p) € Tlgaochob-a=Anvd d C = pn.
Ta cé:

D (b+d)-(a+c)=(b-a)+(d-c)_.—-(l+p)n vi A+ € B, vy
a+ c=b+ dn). u

2) bd - ac = (a + (e + pn) - ac = (he + apn + Apmn Va ke + ap + Apn € &, vay
ac = bd[n). [ |

Nhu the quan hé wong duong = [#] tuong thick v&i cic lnat + va . trong Z.

¢ |Hé qua

V(ﬂ: b) S E!:, vk e I"J-, (a = b[n] = ak = bk[n])_ ]
Chone .
Cho (§,4) € (Z/pz)" s 0012 (x, ¥} € 7lsaochoE= X val=J

Néu (x v e 72 1a mot cap (khac) sao cho & = % val =y, thi (xem Ménh
dé 2

Sry=x+tyan= Xy
Viy ta ¢6 thé dinh nghia hai luat hop thanh trong trén Z/,z7, ky hidu Ia: Fva
f, hoac + va ., bdi:

Y y) e B, {Jff':ﬁfy
5=

vi DU:
Bang cong va bang nhan trong Z/47 -

el o123 Zeri o 11213
6 lo|1]2]3 6|00 010
1112131606 ilol1 213
5131321011 310121012
il3to1|2 ENERE 201

¢|Ménh dé 3

(Ll »+> +) 1amot vanh giao hoan.



4.1 Tinh chia hét

Chitng minh:
a) 1) + 12 mot luat hop thanh trong & -
) Vi b, c) e T (& + b+ ¢é= “Th o+ & = (a+hyic = atbro) =
a+(b+c) = a+(b+c) vay+c61fnh k&t hap.
3) ¥(a, b) € Z°, a+b=atb = bia=h+a vay+cétmhg1aﬂhoé.n
HVael, a+ 0 =at0 =a,vay 0 1 phén tir trung hda d6i voi +.
5y YVael, a +(-a)= a+{(~ H(~a) = 0 vy mbi phén tif cha Z/, Zcémﬁtphﬁn
tit di. Nhu the, (Zf . +) 1a mot nhém Abel.
b) 1) - 1a mot lndt hop thanh trong &l
2) ¥(a, b, ae?# (ab)c (ab)c (ab)c-(a(bc) a(bc) a(bc) vay - ¢6 tinh
ket hgp.
3) V(a, b) € 7%, 4b= ab=ba = ba,vay . c6 tinh giao hodn.
4) Ya e &, d=al = a,vay 1 lhphantutrunghbaddlvé‘l
5)¥(a, b, c) € A a(b+c) a (b+c) = a(b+c) ab+ac=ab+ac ab+ad
vay - 13 phan phéi d&i véi +.
NHAN XET:
Nhém (ZZ.;‘”Z,+) 1a nhém xyclic, sinh bdi 1 M véi mgi a thude Y

1+..+1 (ahangti) néu a2l
0 néu a=0
_1-.-1 (~ahangui) nfu a<-1.

ar

Bai tap

0 4.1.1 Cho n e Z Ching minh:
nt = 0[8) noacn"a4[81,néunchin
= 1[8] nfu n i&
s L n+l 2" %

0 442 Chimgmish:VaeN-[01}, 27157 -1 va 2 | 5 -1

n

. 2m)!

0 4.1.3 Ching minh rang v6i moi » thutc N 7, Z( n)
k=1

]a mot s6 nguyén chia hét cho

2n+1.
6 414 Chingminh: ¥ne N, 40%n! [ (5myL.

o 4.5 Chingminh rang sGnduy aht thude N -{0,1}.sac cho 27 - 1 chia b€t

(3n%-3n + 1)(3n*- 30+ 2),
la n=3.

6 418 Chone Nsacchor24 chl.mgrmnhrangtﬁntaakeNsaocho:
<k <n+ ! va nlk
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5 &A7 Chota b.c.dye T'suwochoad + be# 0. Ta gid thigt rang ad + be chia hél a. h.
r. ¢f, Chiing nunh:

ad + he e {-1.1}.

4 4.1.8 (".Ining mink rang, vdi moi 7 thude 11, {_3+\[§ 3+ (3- -JE ) 12 mot sd ngayen chia
Wt cho 2. .

o0 4.1.9 Tim cdc s #thude T szo che
D3 +4llln+8 hptedn-200-0
¢ A4.1.10 Ching mint: ¥, b.c) € 2 avh+cld £+ - Jabe

¢ 4.4.11 Taky hi¢u &nh xa cho Wwong umg v @i n cha 1T 56 cde ude (2 1) cta n fa
¢ iF— 1. Ching minh: Ve e 17 - {001, aoe i, da"- 1z din).

0 4142 Chonell  l=d <d, < <d=nlacic wdc = lela iy chdng minl:

i=1l

4.4.13  Vidu vé phuong trinh Diophante

. 2
n :fl) =

Giai cic pluromg trinh sau, trong tp hop da duoc chi e

a) xy=2x+3y, IF

i
) — +— =~
X ¥ 5

e) 28 +xv-7=0, I7

(Y

£) X0x + 1) + Dlx +8) = v, B
LR B R
i) {x‘.‘_ -y -=c ' 3xyz P
X" =2y+z)
K) 3 =8+, IR

4.1.14 Clhimg minh v&i mei n thude b

a) 5 I 22»1-1 + 32m|.
C) 11 1 3n+] _ 44;!1—2
&) 17 l 20n+3 + 34“2

gy 18129 +24n + 14

b+l

D19l2? 43

ky 2512723 + 50 -4

my 31| 24y 3o

o) 33157 4 134 7!
@) 73197 48

5) 288 | 7% - 4kn - 7

pyat-yt-x4dy=20,

e
L'{.‘J

dy A% -3ay + 2yt +x-3y-06=0,

Dty +y=209, 1T

) 2= g.\.'-: - 39y + 40, %

0 {: =1 4y ary

xy=2x+y+i)

byolas -1 -3n
Ay 1615 - 1-4n
t‘) V7 i .21.“1 + 32411.1 + 510:.+1+ 7{».4-&

w19 ! 23-.»4 4 32

nel

parl2t 45

1) 29| 2%+ 4 a3

n 32 8 +4an - S - 1
p) 41| 5.7 4 27
noee 102

132304 | 7% - 23520 -1

W) 22| 3817 4+ (166 - 54)9™- 32067 - 144n + 243



4.1 Tinh chia hét

.4

4115 Choea € T)as6 13 vaa e ITsa0 cho i 2 3. Chimg minh: az” T =21
4.1.16 Ching nunh: ¥(u, b, e &' (7 e+ B+ & = 7| whe).

4.1.497  Tim 140 cii cie 56 a thude %o sao chio: 10 Fa?+ e+ 17+ (n+ 3
4.1.18 Vi nhimg » nho thude I thi tacé: 8 Jar s 4n 417

4.1.19 T Lt cd cic 56 # thude 1T sao cho:

A 21077+ 27 + | by7] 2% 12741

41.20 Chingninh: Vae il - {01527 [ 37 +1

4.1.21  Climg minh: Ve by € 1F 23 | 27+ 30

4.1.22 Vidu vé phuong trinh Diophante

Chung minh rang cic phueng trinh sau khdng ¢ nghién trong 1ap hop di chi ra:

w3 TP . by & s=3 7
c) 1547 - Tvt =Y, E D+ v¥-z-6=0 7
eyt -3 + 0y - 16X 48 =10, A N+ 117 =y, B2

4.1.23  Tim 181 cd cdc b ba (x, v, z) thude (1) sao cho:

x+y=l [x]
y+z=1 [x]
z+x=s1 {y].

4.1.24 Chimg minb, v&i moi r 1& thude Z:  #* = 1[16] (Sir dung bai tap 4.1.1).

10 :
4.4.25 Chit s8 cudi ciing cha z E00 et trong hé co s 10 Ta chif <6 ndo?
k=1

4.1.26 Clhuimg minl, v&i inoi # thudc B sl1r+27+ 344" o4dln

4.1.27 Cho (a. b) € ¥ sao cho ¢ = 4b. Chimg minh:

34 120 1o

Wy l=0[10]= &
{3"_“”’ +1=0 [10]

4.1.28 Cho (¢, 12 ddy Fibonacci
& =0.4=1. VneM $.=0.+4.
Chimg minh, voi moi # thude 10
a2l g, 3 [ n
by3lg e 4 In
c]4|¢”<:> oln.
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¢ 41,29 CacsoFermat

Ta kg hieu, véi n € N',F,= 2% +1 (ducc goi s6 Fermat thit n). Ching minh:

vne N F,l 2Fn 3.

Céc bai tdp tir 4.1.30 dén 4.1.32 sit dung s& hoc d€ khdo sdt cde nhom don.
0 4.1.30" Ching minh ring cic nhém con clia (7, +) 1a céc KZ, k € N.

0 4.1.31 Xac dinh cAc nhém con clia (B,p +), n € N’ (sir dung bai tap 4.1.30).

9 4.1.32 Cho (G, ) }a mdt nhéin don. Chimg minh:
Gz=% néu G 1a vb han
{ =%,z n€uG lahiuhan vi n = Card (G).
(Sir dung bai tap 4.1.30)

¢ 4.4.33 Ching minh, v&i mei (x. y) thuc FE17 ) 2x + Iye 17 | 9x + 3y.

¢ 4.1.34 Gidi:

Ay P+x+7=0  trong T2z,

by -dx+3 =0 trong Iag:

0 4.1.35 Cho5 s6 nguyén. chitng minh riing ta c6 thé chon ra ba s6 c6 téng chia hét cho 3.

0 4.1.36 Cho n e N'. C6 bao nhieu cdch phan tich 2" thanh t8ng clia bén binh phuong
clia nhitng =0 ty nhién ?

0 4.4.37° Chone N, vidag...a,<l], -, 2n) ting doi khdc nhan. Chimg minh thng 16n
tai (4, e {1, ...,n}* saochor i=jvag | a,
- B(k)
k 1]

0 4.1.38° V& n e N, ta ky hitu &n) 12 u6c 1& 16n nhdt cha n, S(n) =
k=1

2n
F(py=5nm -— .
3
2n+l)=2n+1
a) Kiémching: ¥ne I, {( ntl)=2m+
5(2n)=8(n)
S2a+D=82n)+1

b) Suy ra: Vn e I, 1
) Suy xa e S(2n)=55{n)+n

2
) Chimg minh: Yrne N, 0<F(m< —.
3



4.2 UCLN, BCNN

4.2 Ué6c chung 16n nhit (UCLN)
Boi chung nhé nhat (BCNN)

4.2.1 Dai cuong

+| Ménh dé - Binh nghia

Cho n e ¥, (x,...x) e @) .

1) Tap hop céc ude chung clia xy, ..., x, 12 hitu han va ¢6 mot phén tir lén
nhét (d6i véi tha tu < thong thudng), goi 14 wée chung 16n nhét cua
X}, oy X, v2 k¥ hiu 1a UCLN (xy, ..., x,) hodc UCLN ((x) 1<is.)-

2) Tap hop céc phén tir thude N” 12 bsi chung clia x,, ..., x, ¢ mét phén tl
nhé nhat (d6i véi thit tr < thong thudng), goi 12 boi chung nhé nhat
cla Xy, ..., X, va ky hiéu 12 BCNN (x,, ..., x,) hodc BCNN (EAIPIN

Chitng minh:
1) Tap hop UCLx,, ..., x,) céc udc chung cla x,, ..., x, 1a mot bo phéan hitu han cta
% (vi bao ham wrong {k € % ; k| < [x, [}, khéc rdng (vi né chida 1), vay c6 modt phén
tir [ém nh4t.
2) Tap hop cdc phdn 1 ciia N° 12 boi chung cia x;, ..., X, 12 mot bo phan khéc
"
I

i=1

dng cha N° (Vi nd chira ), vay ¢6 mot phén tir nhd nhit. [ |

Ky hiéu 8= UCLN (x,, ..., x,}, p = BONN (x;, ..., x,}, theo dinh nghia ta c6:

viez, {vief..n) k|x)=[<8)
vien*, (Viell..n x|k)=usk)

NHAN XET: Rorang:
. [UCLN(xj,.... ) = UCLN(y |, o
Y{xy, ., x) e (E),
BCNN(x ..., £} = BONN(|x1 |,.... [ £ ])-
4,22 Tinh chat

¢|Ménhdé1 Chone N, (x, .., x) € 2", 6 = UCLN(x,, ..., X,),
1= BCNN(x,, ..., x,). Tacé:

i ]
%: ZIEZ va ]J-Z; = ﬂx,-z.
i=1 -1
Chitng minh
- n n
1) a) Gia slr x er,-Z; ton tai (u,, .., 4,) € Z" sao cho x :Zx,-u,- . Vi
i=1

i=1

(Vi € {1, .., n}, 81x), suy ra (xem 4.1.1, Ménh dé 2) 8| x, tifc la x € 8%
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H
Diéu nay cining to: Z xZcoZ.

i=1

I3
b) [z xil}ﬂ N 12 mot bo phan khic réng cla I (n6 chita | ), do d6 ¢6 mot
i=l

1 M
phén tif nhé nhat, ky hidu A d. Vid € Y x,Z . nén 15 ring dZ< ) v Z .

i=1 i=l.

M
Gid st x € z x;Z. Theo phép chia Enclide x cho d, tén tai (g, r} € Z x M sao cho:
i=1

x=dg+rva 0<rad

H L
Vix va d déu thude Z XZ , vavi Z x;Z 1amot nhdém con clia (7, +), nén ta suy ra
=1 i=1 ’

H
r=x-qgqde Zx,-Z.
=l
M
Nlumg 0 < r < d, do d6 theo dinh nghia ctia . » =0, x = gd € dZ virdo vy Z x,ZcdZ,
i=l
H
¢) Nhu vay la da clwing minh : 47 = Zx,-z c 82 Vay tdn tai ¢ & Z sao
i=l
cho d = Se, va 13 rimg e € 1. Vi d va & chia hét x, ..., x, vd déu thugc I, nén theo
dinh nghiacadtacéd: d< & vinhuviye=1,d=0.

H
Cudi cling: z ;2 =dZ =252

2) a)(Vie{l,on), xlp=(Viefl.,nt, xEopl = |nZOHL
=1

b) Lap luin nhu 1) b} & trén (hoac xem bii tip 4.1.30), 1a chimg minh dugc

"
ring t6n tai m € N sao cho: ﬂ x;Z =mZ, Th&thi g7 < mZ; vay 6ntaif € N sao
i=1
cho g = mf. Vi m va g déu 1a boi chung cia x, ..., x, va déu thude ", nén theo dinh
nghiacoa gtacd g<m, vinhuth€ f=1.m=pn.

Cudi ciing: ﬂ x;Z=m&= L
1=}
¢|Ménh dé 2
e, Yh e &7, Yy, .., x,)e (T,
UCLN(Ax;....,Ax,,) =] AUCLN(xy, ... X))
BCBN(Ax,....,Av, ) =| ABCNN(x;,...,x,,).



42 UCLN, BCNN 109

Chitng minh:
Ky hiéu = UCLN(x,, ..., x,}, K =BCNN(x,, ..., x,), ta c6:

n n
Z(‘h‘f VZ = ,lz X Z=A82)= (A8)Z
i=1 i=1

((Ax)Z = 4 )2 = MpZ) = (A)Z.
i=1 i=t

Suy ra:
UCLN(Axy,...,Ax,) =|A8| =|2| &
BCNN(Lxy, ..., Ax, ) = |4 = 4|

¢[Ménhdé3 Cho n e I¥, (x;, ., ) € (Z7)", 6 = UCLN(x, ..., x.),
p = BONN(x,, ..., x, ), (a, b) € (3")*. Tacé:

) (Yie{l,..,n}, alxyealé

2) (Vi ell, ., nl, x|y ulb.

Chiing minh:

. L]
1) (i € {1, vl alx) & (Vi€ {1, ., n}, 6L D x2) < (@Z DY xZ)
i=1
S arodloalb.

"
NVie(l, on),xlbyo(Viell, . nlxZob) o ([(Jx,Z2hZ)
i=1
o ulo b o ulb.

¢|Ménh dé 4 (Tinh két hop ctia UCLN va ciia BCNN)

Cho n € X", P 1a mot phan hoach ciia {1, ..., n}.(x;, .., x,) € (Z)". Ta cé:

UCLN (x,, ..., x,} = UCLN((UCLN((x);e/))see)

BCNN (X|, vy X") = BCNN((BCNN((xf)iE.'))IEP)'
Chitng minh

1) Do tinh k&t hop va tinh giao hodn clia phép cong trong %, ta thiy réng:

$ -5 ) g

TeP\ il feP



Chuong4 S hoctrong 7
2) Tuong 1y, do tinh két hop vi linh giao hodn cua phép giao trong P(L):

n
nx,-z,: m (ﬂsz)z n(BCBN(Ii)ief VZ. b
i=1

el (el fel

Meénh dé trén chimg 16 ta ¢é thé bidu thi UCLN (tuong tmg : BCNN ) cua nhiéu sé
chi bing cdc UCLN (tuong tng: BCNN) ctia hai s6. Chang han:

UCLN(x,, X3, X3) = UCLN(UCLN(y,, 1), 13),
BCNN(x,, X3, X3, X) = BONN(BCNN(x,, x2), BCNN{x;, x,)).
+| Ky hi¢u
anb=UCLN(a,b)

Vdi (¢, by € (Z ), taky hitu {av b= BCNN(a. by’

NHAN XET :

1) Boc pid cé thé tim thiy vong cdc cudn sich khic (gido trinh cia
I M. Amaudigs vi [ Irayssc, Tapl, rang 127-128) cdc ky hicu nguge lai véi cic ky
hidu & day: v déi véi UCLN, A déi v BONN.

2% A vivv L nhimg 1uat hep thanh trong rén 77, k& hap va glac hodn (xem Ménh
dé 4). Hom nita: Va € ‘%", (ana=ava=z=lal,anl=t,av1=lal

Sau nay ta s¢ thiy :
» A va v ludt ndy phan phdi d6i véi ludt kia (4.4.3, He qua)
o (g, M e (T, Yke T, d Ab=(ani(4.33, He qua).

4.2.3 Thuit toan Euclide

Cho (a2, 1) € I¥¥ sao cho a 2 b. Ta s& xAy dung mot thudt todn cho phép tinh u A b.
Néubla,thia Ab=b.
Gia sit b J a. Theo phép chia Euclide a cho b, tén tai {¢,, r,} € IF sao cho:

a=bq +n
D<r<b ’

Ta s& clutig minh: aAb=bnrr,.
V& moi ¢ thuoe Z:
o Neu(clavacibythiclbvaclryvir =a-bq,
. Né’u(r‘|bv2t(‘lr,),lh‘1 (c|bvhc|a)via=bql+r,.
Picu nay ching t&6 UC(a, b) =UC(h, r)). vanhu vy anb=b A r.
Néur, b thianb=bar =r,.
Néu r f b, thi ta lap lai.



4.2 UCLN, BCNN

Nhu thé ta xay dung céc cap (q,. 7)), (ga, F2),-.. $20 cho

a=hgq +n bh=ng, +r
O<r <b ' (O<rp<n 77

Vib>r>r>.vab, r, ry.. déu thuoc B, nénthd tuc s dimg lal sau mot 88 hitu
han budc. Vay 180 1ai N € ¥, (4, 7)), (42, 12), - (gn- £4) thuge ¥ sao cho:
{ﬂ=b¢h +n {b:fﬁz +"'2,‘__{"N—2 =Ty_1dn YN

Py —g-
U<r1{b 0{!'2 ‘(J"l U<fN ‘(-"N_l 'NiN 1

Khidétacb:anb=bnrr=rnarn=.

S AN =Ty
Trong thuc himh | ta thyc hién cde phép chia Buclide lién liép, vi UCLN chaa va b

13 du cu6i ciing khic kKhong. ta ¢6 thé dp dung cdch sap xCp thue hanh sau {klii iinh
'ltay"):

l q ] > 93 % G Grn
a b r Fa Iy i
" rs 3 e 0

vi DU

Tinh 9100 A 1848

‘4'i i \12\ 5
1848 170% 140 ] 28

9100 ‘

1708 140 28

9100 ~ 1848 =28.

Bai tap

¢ 4.21 Ching minh rang, véi moi # thude 1
A+ A2+ 1)=I by +2m A+ 305+ 1) =1

S i+ Dadn+ 1P +Nefl. 5L
O 4.2.2 Tinh UCLN{16"+ 10"~ 1; » & [¥], tic 1a 56 nguyén 16n ahit 6 2 1 sao che:

e 1% sl 1674 10" 1,

111



Chuong 4  S6 hoc trong 7
O 4.2.3 Cho (a, b < (I Ta thue ién thuat 10dn Fuclide:

o = fig T8 Fpwy =8¢, 7
re=da, ry=h. { 0 14 2 .....{ H-2 =14 -1 " ot = Tt

O<ry < O<r, <r,,

it ci déu 1a s tg nhién.

] "
Chlmg minh: - a) Z Hg, Fath-tanh) 1) Z .-',-zz“ = uh,

i=1 =l
¢ 4.2.4 Phéan (% co ciip hiru han ¢t mot nhim
Cho €65, .y [ mat nhém vai phin i trung hoa Ky hidu e, Mot phin ey eta ¢ duge goi 1
<6 cap hirs han K vicehi khi 60 wi s e 1% sao chio "= e

ay Ctumg minh rang, néu xe(; cd cp hin han i 1060 i )l phan W duy nhie thute
__ [« ew(x)
FT*, ky higu la edx), sao cho @ § - I3

1\3’1{ e ™ .(.k < w(_.r) =X = (')

=

NI hE, ) T 86 neguycn bé nhil 21 sao chio ¥ = e
Phin i€ eo(x) thude | * duge poi ia cap cda x (trong €5).
b) o) Ching minh rang. 0&u G 1 i has B miei phin 1 eta 7 déu co cip hitu han
Vi W e 65, ol | Cardi(Gy (8 dung dinh 1§ Lagrange, C2.1),
(3) NSu mioi phdn 1 et G déu co cip hit han 1 1 ed e suy ra (7 i han Kiong?
¢} Chimg, niinh ting, ndu v € (7 o6 cap hifu han i g 1% 3= e = ool %,
dy o3 Chitng nunh rang, ndu hai phiin tex, v eha i@ ed cap hifu han va giso hodn, thi sy
¢ cip hillu han vi: eixy) | axy v envy.
BExing thite eolxy} = elx) v e¥) ¢6 nhill hict xdy ra kKhomg!
By Cho mot vi dy vé mot nho ¢, .3 vivlai phin t te, vy clia €7 co clip hiiu han,
suo cho xy e cip Khong hing han,

O 4.25 Chonetl* N elTlmd st npuydn ié, ge € saocho g* = e Chitng minh rany
a chin. {8 dung dang phan tich & thimh tich nhimg chu trinh timg dow co gid ron nhau,
xen 3.4.3. Dinh 1y, v cidp cha met phin tir clia mdt nhdm hiru han, bai @p 4.2.4).

0 4286 Chonell-10,1l.0e®, .0=¢ o..0 ¢, ladang phin tich o thanh tich nhimg

chu trinh timg doi c6 i o nhau (xem 3.4.3, Dinh 1), Chung mink rang ¢dp cda o 1
BCNN cta cie cip cdac cho tfinh ey, ..., ¢, ( Xen bitt tp 4.2.4).

Vi du: Cdp caa

5o 122435 6 7% 91010112
Tl7TRI6S51231091) 2 4

] trong & . 12 bao nlucu?

%



4.3 S0 nguyén td cung nhau

4.3 SO nguyén té cung nhau

4.3.1 Dai cuong

o|Dinhnghta  Cho e I, (x, .y ) € (ZH)"

1) Ta néi ring x,, ..., X, nguyén & cimg nhau (trong toan thé) (hoac :
xa la) khi va chi khi : UCLN (x, ..., x,) = L.

2) Ta néi ring x,, ..., ¥, nguyén t§ cing nhav timg doi khi va chi khi :
Vi, pell, un), ((2j=>xAx=1)

NHAN XFET:

1) Néu x,, ..., v, nguyén t6 cing nhau timg doi, thi x, ..., x, nguyén ¢ ciing nhau
trong toan thé, vi khi dé:

UCLN (x4 s %,) = UCLN (x A xg, X5, .o X, = UCLN (1, x5, s 5,3 =10

2yPao lai lasai:néu 223 1, ..., 5,00 thé nguytn 16 cling nhau (trong 10an the)
nhimg khong nguyén t6 cing nhau Wmg doi.

Vi du - n=3,¢,=06,x=10,x,=15.

3) Vi moi (4, ..., x,) thude (Z¥)", vi k¥ higu & = UCLN(x,, ..., x,), 16n 1ai
(X, XY e @M saocho: Vie (), . nhx= Bx', , VA X'y, ..., X', nguyen 6 cling
nhau (trong toan thé) vi:

& UCLN (x',, ..., ¥, ) = UCLN (8x',, ..., 8x ) = 6.

¢|Ménh dé ~
V((I, b, "“‘) < (?—’*)3’ ({a A(f])f): l S aNAC= 1) .

Chitng minf: Gidstt anb=1vac b

V& moi d thuoce i+, néu (d| avadl o, thi (d| a va dl by, vay d =1. Ta k&t hudn
arc=1.

4.3.2 Dinh ly Bezout

+| Binh ly 1 ( Dinh ly Bezout)

Cho n € IT%, (x), .y X} € (T, D€ x, ..., x, nguyén t6 cling nhau trong
1oan thé, can va da 13 t6n tai Gy, ..., 1, ) € Z" sao cho :

[

fo”i =1.

i=1
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Chitng mink

1) Néu x,, ..., x, nguyén t6 ciing nhau trong toan thé th

1) .
> 5 Z=UCLN(x 5 JE=Z.
i=l

- i
Vi 1 € %, nén tén tai (i, ..., u,) € &" 5a0 choz,\r‘-u,- =1.

M
2) Nguoe lai, néu t6n tai (i, ..., #,) thude Z° sao cho Z x4 =1, thi

i=1

1e i x;2=UCLN(x,,....x,, )Z.

=l

dodé UCLN (x,, .., x,) = 1.

NHAN XET:

Pinh 1y Bezout (hoac Ménh dé 4 cta 4.2.2) cho phép linh thanh mai lién he giita
mot tinh chél "s6 hoc” (cdc s6 nguyn 18 clng nhau trong toan 1hé) v mot tinh chit

"

"dai s6" (ding thitc Z x;; = 1). Chéng han ta s& sit dung dinh 1§ Bezout d€ xidc dinh
i=1

cic phén tir kha nghich ciia vinh (Z/,7, +, ). xem 4.3.4, .

¢ |Binhly 2 (Pinh ly Gauss)

Y(a, b, c) € (Z*), [{“l”" =a

arnb=1

Giasit albe via A b= 1. Theo dinh [¥ Berout , 160 sai (1. v) € Tisaocho ait + bv=1;
suy ra ¢ = acu + bev, Via | acu v el bev, ta ket lugn = u ¢.

Chitng minh:

¢{Ménh dé Cho (q, b) € (Z*) sao cho a A b= 1. Tén tai (u, v) € Z’
sao cho:

au+bv=1, |l <|p] M <ld]-

Clutng minle

R3 ring ta ¢b thé gia higt b > 0, néu khong chi cin thay (a, ) bai (-a, -b).
Theo dinhi Iy Bezout , ton tai (u,, v,) € Z* sa0 cho au, + bv=1.

Bang pliép chia Luclide «, cho b, t6n tai (g, &) € Z° sao cho:

u =gb+u
Osu<h



4.3 S8 nguyén td cung nhau
bat v=ga + v, tact:

ait + by = a(u, - gy + b(v |+ ga) = au, + by, = 1,
v v l=ll-aul<t+ e Ve < 14 la Ib. do d6 v | < lalb, vay thi hig lal m

Bay gid ta s trinh by thudt todn tinh mot cap (x.v) sao cho ar + by =1, véi (u. 1)
di cho théa mim a ~ h=1.

Gia slt (o, b) € B¥ x 1% sa0 cho a ~ b = |. Theo thudit todn Euclide (4.2.3), tén tai
N € M, gy F1s coer s Py Gy thude F sao cho:

a=bgy +n b=ng;+nr; Fy—a =fnadn Fin
O<r<b 7 |0<ry<n 7T (0<ry <ryo

PNl TINENL
vil ry=an~nb=1

Nhu thé ta ¢6 cdc déng thic:

Fre = Fuatin+ 0 P = Py + P s

b=r+r,a=by +r,

chiing s& cho phép 1um xudt hién cip (4, ¥) thuge 77 théa man 1 = an + by,

VIiDU: a=693,b=0680

1 52 3
093 680 13 4
13 4 1

= [13)-3-[4] = [B]-3([sso] -52- 3]
—157- [13] -3 [e80] =157([[693] -1- y-3- | 680
_157. [693] -160- [680] .

NHAN XET:

Poc gia cé thé ching minh, bang quy nap manh theo la | + b, ring thuft todn trén s&
cho (ndu la | = 2) cap (. v) thuse 7 sao cho:

ait + bv =1, |ul€h, v]< la | .
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4.33 Tinh chat

sfMénhdé1 Chonell ,ax,..x € 7. Tacd:

(Wiell,.,nl,anx=I)<& an []—[x,-]= 1.

Chitng mink:
1} = : Quy nap theo n.
o Tinh chat 13 hién nhicn véi n = 1.
o Truemg hop n =2

(Gia thi€t u A &, = ¢ A X, = 1. Theo dinh 1y Bezout, 160 i iy, vy, 1, v € # sao cho
iy + 0w = 1 vitaieg + apv; = 1L ThE thi:

1 = (att, + X v atea+ Xv) = alai fiy 4 X v, i+ 1psvs) + (v x(vva),
VAU dit s+ XV Xy, € Dy € L do doa A xan) = 1.
e Gii4 thidt tinh chét ddng vai mot » thuoe 17 - {0, 1}, vi gid S K| peey Xy € D SUO
cho: wiell, .,n+l} ., a ~nx =1

I/ M
Théthi (Fie{l. . nul,arny=Lvivua L v, | = 1,101 theo két qua khao sdt

=l

n+l
an n =d i X | =1
i=l i=1

]
Néu ¢ A [l—[ x‘-] =], thi, theo 4.3.1, Ménh dé: ¥ie {1, nl, any=1L

trudmg hgp n =2

=

¢|Ménh dé 2
Y(, by e (T, ¥k, DHe(Qly, (@ab=1s & AB =)
Chieing minke:
D Gilastra A b=1.
Theo Ménh dé ta A bl = 1, vicling theo Menh dé 1, & AW =1
2) Nauge lai, néu gt A b =1, 1hi, thco Ménh dé 1, a* » b =1, viciing thco Ménh

dél,anb=1,
¢ {Hé qua  Yiu. b e (T'Y, Yke L, o AP =(a A b

Chitng minde

V& ky hicu §=a ~ b, 16n tai (¢, Pe (T saochot u=&', b= P a' A =1
(xem 4.3.1, Nhin xét 3). Vay aed: o Abi = (8a Y a0 =M A b= 0%



4.3 S8 nguyén td cung nhau

¢/ Ménhdé3 Chone N, a x,...x 2. Nuvie{l,...nh x | @)

n
Vi D& x,, ..., X, Nguyén 15 cing nhau timg doi , thi [1xla.
i=l
Chitng minh:
Quy nap theo n.
e Tinh chat 13 tdm thudmg v&i n= 1.
o Trudmg hgpn=2
Giasa x, a xla, xax=1.
Téntai y, € Z saochoa=xy. Vi X | x,3, va x; A x, = 1, nén dinh 1y Gauss (4.3.2,
Binh 1§ 2) chimy 16 ving x, Iy,
Viy tén tai y, € Z sao cho y, = Xy, ,do d6 1 g =xy, = (X, x;)y, . €0 SUY T4 XX, .
e Gia sit tinh chat ding v6i mot n thude W, vi gia s x,, ..., G € 7., nguyén t6
cling nhau timg doi , sao cho: ¥iell,..,n+1}, .r-l] a.

The thi x, ..., X, nguyén 13 clng nhau timg doi, vi (Vi € {1, ..., nl, .ri| a), suy ra:
H

l_IxJa VI (Vi€ {1, B} s Xpo A X =1), nén theo Ménh dé 1 tacé:

i=1
H
Kt A (Hx,-]: 1.
i=l
n+l

n
Tiép theo, vi nxl-la VA Xy | @, nén ta suy ra (trudmg hop » = 2): Hxila.

i=1 i=1

o{Ha qud Chonel,(x,..,x)€ (ZY. Néu xi,. .., X, guyén td cling
nhau timg d0i thi:

BCNN (xly == ‘xﬂ) =

H
[~
i=1

¢ Ménh dé 4

Ve, B e (T, (anblavby=labl
Chirng minh:
Gi sit (@, D) € (Z') ; taky hidgu S=a A b, p=av b. Tén tai (o, ) € (Z7) sao cho:
a=&' b=& a Ab =1 (xem 4.3.1, Nhin xét 3N.
Viy theo He qua trén : = (&) v () = Ha'v »y=8lab'l, do dé
Su=8& labi=lda| 18071 = lab .
NHAN XET:
Ménh dé trén cho phép tinh cdc BCNN qua trung gian cic UCLN.
9100.1848 _ 9100

Chéng han (xem 4.2.3): 9100 v 1848 = = " a8 1848 = 600600.

117



Chuong4 S8hoctrong B

434 Ungdung
1) Cdc phdn tit khd nghich cita vanh Zf 7.
Chon e i

a) Gié sir & 1a mot phén tir kha nghich chia 2/, Tén 1ai &, € L7, sa0 cho EC = 1va
(x,y) € T*saocho E=%,5=¥.

Ta c6: ijr=i, vay nlxy - 1. Vay 16n tai k e 7T sao cho xy - 1 = kn. Theo dinh NG
Bezout, tasuyraxan=1.

b) Nguoe lai, gid s x € 2% sao cho x An =1, va§ = . Theo dinh 1y Bezout tén
tai (u, v) € Z° sao cho xu + nv = 1. The thi ta cé: {=xu+nv=ki+av=Eq, didu
nay ching td & kha nghich trong 74 ym(va 6 phan 11 nghich ddo 12 it ).

Ta két luan:

o|Menh dé  V6i ne 1T, cic phin v khi nghich clia Z/,z 1 cic X, trong
déxe Lvaxan=Ll

AAAAAA

VIDY: Cic phn tir kha nghich clia Z/g7; 1&: 12,4578.
2) Dang bdt khd quy ciia mot sd hitu ty khdc khong
Moi cép (&, f) thudc (Z'Y sao cho: r = % va @ A =1, dugc goi la mot dai

dién bat kha quy cia mot s6 hita ty r khdc khong.

a) Gid stt r €"; t6n tai(a, b) € (LY saochor =% .
Véi k¥ hieu § = a A b, tén tai (@ f) € (Z') sao cho: a = 6a, b = aponp=1
(xem 4.3.1, Nhan xét 3)). Thé thi =%vh oA B=1, vy (a B 12 mot dai dién bt
kha quy cta 7. Nhu the:
MB®i s6 hifu ty khdc khong c6 it nhat mot dai dién b4t kha quy.

b) Gia sit r €@, (e, B) 12 mOt dai dien bt kha quy clia r, (¢, ) 12 mot dai dign
Khéc ciia r (tic 1 (¢, d) € TV var= %).

Vief=davaan f=1,nen dinh 1y Gauss ching 16 ring ale. Vaytdntai k € &
sao cho ¢ = ke, do d6 d = k. Nhu the:

Cho r € va (a,8) 1a mot dai dién bét kha quy clia r; moi dai dién char déu
c6 dang (ka, kP), ke T

o) Giasitre @, (& B (1 &) 1a hai dai dién b&t kha quy cua r. Theo bj, 1a c&:
aly, B3, yla, 8B Suyratdntai g€ {-1, 1} sao cho y= gava 5=



43  5& nguyén t& clng nhau

Vay:

Moi s6 hitu ty khdc khong cé ding hai dai dién bat kha quy(a. B, (-a, -5).

K&t qua 1h mdi s6 hitu ty khic khong cé ding mot vi chi mot dai didn bat kha quy
(a, B sao cho f e 1T '

Bai tap
0 4.31 Cho n € 7 1ésaocho 3| a: chuimg minh : = 1[24].
o 4.3.2 Giditrong (I
2 xAy=1% b) Avy-xny=3id
v vy =540 Avy-5xay)=310
c) xvy—3xAay)=135
o fx+y=1008 x2 +y2 = 19470
d) : e) -
xay=24 rvy =120
Hxay+tavy=y+%
0 4.3.3 2) Chimg minh ring 442 va 495 nguyen (6 cing nhau.
b) Timn 14 ¢d cide (i, v) thude 72 gao cho: 4421 + 495v = 1.
- -— .o o
¢y Gid phuong trinh 442y = flavardnx e Zd4g57;
4.3.4 Bans6cha ((x, ) € 1P 20+ 3y = n} la bao nhidy, véi n € 11 dd cho?
0 4.3.5 Voiia b o) e D x 2 x D, gidi phuong winhax + by = ¢ vé in (x. ¥) € T
Vidy: Giditrong 2% 2) 9x + 15y = 1] b) 9x+ 15y = 18.
0 4.3.6% Chota. b)e Y saochooanh=1, azd h23
. - . 1 1
Clhimg minh rang tén tai (x, y) € Z° duy nhat sao chorax + by =1, [xle—b l\1 < 5 “.
2
O 4.3.7% Cho (a, b) & (%) sao cho a A b = . Chimg minh rang moi ¢ thude 7 sao cho
le|<labl ddu o6 1hé bidu dién theo it nhat mot cieh vi nhidu 1hdl hai cich, dudi dang
¢ = na+vbvai: (v e D<ol v <ldl.
¢ 4.3.8 Chuing nanh:
NA2Z=AAS=1=23040 | (nF- L’ - )’ - 49).
véi moi a thude Z.
2 2 P4
. T +10y" =
¢ 4.3.9 Chimg minh: * 5 }'2 ZZ = x=y=z={=0
1x™ +y~ =4
véi moi (x, v. 2, 1) thude T
W
0 4.310 Ching minh: ¥ne 15 (n+ G, -
o 4.3.11*

a) Chtmg nuoh: Y, b) € (B . (@ 6= alby
bySuyra: Ya e i, (o eih=acih)

c)¥ Gidi rong B2 (¥ + W+ ¥y = - W
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4.3.12 Ching minh: ¢ lab = c| (a A cXb A ) vEi moi (a, b, ©) thude (T
4313 ChoneHN-{0.1}.(a e (¥ saochoa=zh.

f

]
E———JA (@a-B=manrnb)" Y ala- b

a-b

Ching minh: [

4.3.14* Chitng minh ring phuong trinh 6x*+ 5x + | = 0 khéng ¢6 nghi¢m trong Z, nhung
véi moi # thuoe N, déng dir thide 6x” + 5x + 1 = 0{n) ¢6 it nhidt mot nghidm trong 2.
4.315 ChoneN-[0 1},4,... a, € Z nguyen td cing nhau 1img doi; Vai mbi §
thude (1, ... a} , taky hiéu A, = l_[ak .

1£k<n
ki

Chiing minh rang A, ..., A, nguyén t& cing nhau trong toan thé.
4.3.16* Pijnh 1y Trung Hoa

L]
Chone ' a,, ..., a, € N' nguyen 18 cing nhau timg doi, @ = na‘- .
i=l
a) Ching minh tang, v6i moi (b, .... b,) thudc 2", 16n tai @ € Z sao cho

VYxe B ((¥iell,..rhx=hla) < (x=plal)).

x =4[5]
Vi du: Giai tong Z: < x =3[0].
x =2[7]

b} Vi bat ki m thude ' va bat ky x thude Z, ta ky hidu 16p cha x modulo m 1a el (x):
cl={veZ my-xi=x+mZ
Suy ra rang (tir &) tén 1ai mot dang cdu nhém §: W 2 L T K &, m 580 cho
Vx € D, Hcl(x) = (Cla, (x),“.,clu" {x})‘

[y-20-a=0
A31N7T Cho(a b x,2WeZxExQPxQsaocho: yz e 2 . Chitng minh :
oy oyt -b=0

(x, ¥} € 72 (S dung bai tap 4.3.11, by).

4.3.18 Chone W' (a b c, d) e Z* sao cho n chia hél ac, be + ad, bd. Ching minh:
n | be va n| ad. (Si dung bai tap 4.3.11, a)).

4,3.19% Tim t4t ca cic (x, y, 2} € I sao cho:
2€xsy<z v xysl{z]lvaxzr=1[y] vAayz = 1[x].
4.3.20* Ching minh: -+

P43+ 9yz=0=x=y=2=0,
v6i mgi (X, v, Z) thudc 7.

4.3.21 Xac dinh cdc phdn w0 sinh chia nhém xyclic (Z/,z .+ ne ™

4.3.22 V&in e - {0, 1}, xic dinh cdc uéc clta khdng cla vanh (5 a2 7)-
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4.4 SO nguyén to

4.4.1 Dai cuong
Ta da thdy (3.1.3, Pinh nghia 2):
¢ Dinh nghia Mot phin tit p cha N duge goi 12 nguyén t6 khi va chi khi
p =2 va
va e W', (a|lp = («=1hoica=p).
Mot 56 nguyen # = 2 dugc goi 1 hop s6 khi vi chi khi n6 khong phai 1 nguyan t6.
Ta ¢6 thé néi mot s6 nguyén 1 13 nguyen 16 khi vd chi khi | a | Ia nguyén té.

NHAN XET : Bé cho mét phan tit p ciia N - {0, 1} 1A nguyén t6, cin va dd 13 :
Uy ={-p.-1, L, ph

¢|Mé&nh dé 1 Cho p nguyén 16, a € Z'. Tacé:
pla hoic pra=1.
Chitng minh:

Vipaalptackpaa=phoacpra=1.vayplahoacpnra=1.

¢|Hé qua
NE&u p, ¢ 14 hai s8 nguyén t6 khac nhau (va duong), thi p A g = 1.

+|Ménhdé2 Chopnguyentd,nei¥, x,, ..., v, %" Tacé:

X}

pl[x,o@iell, . ,al »p
isl

Chitng minl:

1) =
H
Giasi  pl I~
i=1

Ta lap luin phén chmg ; gid sir;

Yie {l,..,n}, pkx.
Theo Ménh dé 1, 1a cé:

Vie{l, . .,nl,pax =1
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Chuong4 S6 Hpc trong Z
n

Tasuy ra(xem4.3.3,Ménh dé1): pa Hx,v =1.
i=1

H -
Nhung, vi p | Zx,- ,nén ta s& cé p =1, man thuln.
i=!
Diéu nay ching td rang: 3 e {1, ..., n}, pl x.
2) < '
Suy ra tir4.3.1, Ménh @€, sy kién p nguyén t8 khong tham gia trong 18p lugn.

NHAN XET:
Néu mét hop s6 chia hét mét tich, thi ta khoéng thé suy ra ring né chia hét mét trong
cdc thira s6 ciia tich, ching han nhur trong vi dy sau: 6 |3.4, 6_*3 , 6*4.

442 Thé% 7 P DgUYeN to

¢|Ménh dé Chon € IV, Ba tinh chat sau 12 tuong duong:
(i) 7 nguyénts
(ii) %/, 12 mot thé (giao hosn)

(i) 7/,,7, 12 mot vanh nguyén,

Chiing minh:
(i) = (i)
Gia sit n nguyén 3.
Gidsu & e %y - {0);10ntaix € ZsaochoE=i.Vi & # 6,nenlac6:n\{\x.
Vi n 1a nguyén t6 , ta suy ra (xem 4.4.1, Ménh dé 1)): n A x = 1, va nhu vay
(xem 4.3.4, 1)}, £ kha nghich trong %/ 7.
Diédu ndy chimg td %/,7 13 mot thé.

(ii) =» (iii)
Téng quét hon, moi thé giao hoin 12 mot vanh nguyén. That-vay, néu K 12 mét thé
giao hodn vA néu (a, b) € K®saochoah=0vha#0,thih = a'lab)=0.

(iii) = ()
Bang lap luan phén dio, ta chimg minh ring, n€u # 12 hop s6 thi vanh %l g, Khong
phai 1a vanh nguyén. That vy, néu # 12 hop 6, t6n wi (a. b) € (" sao cho
n =ab, 1<a<n,i< b<ndods: ah=0, a=0, b=0.
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4.4.3 Phap tich nguyén 10

¢|Dinh 1y 1 Moi phén tir ciia 11 - {0, 1} cd mot dang phan tich thanh tich
nhimg s6 nguyén (8, duy mhdt sai khic vé thir 1 cde nhin 1.

Cluing minle
1) Ton 1ai

Quy nap manh theo n.

Tinh chit ding véi # = 2 (2 nguyen 16).

Gid st ring moi s6 nguycn thudc {2,....n} ddu phan tich duge thinh mot tich nhimyg
53 nguyén 10.

o Néu 7+ | 12 hop so, thi tén 13 (a. H) € (1) sao chor
n+l=ab, T€asn, 2<hsn

Theo gid thidt quy nap. @ va b phan tich dugc thiwh Lich nhimg s6 nguyén to, vay
A+ | = ab phan tich duge thimh mét tich nhifg 56 nguyén 10.

o NCU i+ 1 nguyen 8, thi # + | phin tich duge thianh mot tich chi ¢6 ot thira 56, 14
chind no.

2) Duy nhat
. Quy nap manh theo n.
Tinh chat hico nhién véi n = 2.

Gia sit dang phan tich mei s¢ nguyén thuge {2, ..., #} thinh mot tich nhimg s8
nguyen 16 1 duy nhdt, sai khdce ve thif tr ciie nhan .

GIASTN, N € 1, Py s Pa s 1o oes 1 B2 0HIIMg 53 nguyen (6 sao cho:
n+l=p ..py = ¢ Yy

Vi p, nguyén 16 va chia Wil ¢, ... ¢y, neN tén i i, € {1, ..., N'} sao cho p, 1(;“
(xem 4.4_1, Ménh dé 2); nhumg hom uifa g, nguyen 16, vy p = (-

Vay khi sip x&p lai ¢, ... gp, ta 0, chang an: p,= ¢,.
Khid6 poe. Py = gz gy S n, vy theo gid thict quy nap, N = N Py = Gy s D= Oy
sai khéc vé thi . N

Cho n e I - {0, 1}. Theo dinh 1§ trén, 16n tai N € ', p,, ..., py la nhimg s6

nguyén 16 vi timg doi khdc nhau, 7, ..., ry € I1" sao cho n = [1»"- bing
i=1

thite nity duge goi la dang phin tich nguyén té cua o
V6i moi s¢ nguyén 6 p (= 2), ta goi s0 W nhién sao cho: p"*’("} Lo va
P Y 13 p - dinh gid clia m, va kg hieu v (a).

Vai cac ky higu trén, ta ¢6: Vi € {1, ..., N}, v, (a)=r, va, vai moi s6
nguyén td p khic voi py, ..., pyt v =0

R3 rang ring, vOi moi (m, #) thuge (11 - {0, 1 35
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m l ne (Vpe B, vm) <vyn).

N

Pé thuan tién trong céch biéu dién n = n p;" mot s6 r, c6 thé bing khong (xem
i=1
dudi day).
vi DU: 9100=22.5%.7.13=2*.3°. 5. 7. 11°. 1%
1848 =2°.3.7.11 =2°.3.5°, 7' 11'.13% ]
¢| Hé qua

Moi s6 nguyén @ thuoc Z - {-1,0,1} ¢6 it nhdt mot udc nguyen 1.

4| Pinh 1y 2
Tap hgp Pcdc s6 nguyén 15 12 vO han.

Chitng minh:
Ta chiing minh bang phin chimg: Gia sit 7214 hitu han va ky hicu & = Card(5),
P - i 12 nhitng phin tir cia 2

k .
S4 nguyen M = l+l_1 p; <6 it nhat mot nhan tf nguyen t6 p. Nhu th¢ t8n tai

=1

k k
j € {1, ..., k} sao cho p = p;, do dé pl np‘- vh nhu viy p‘M - l_[f’f* pll,
i=1 i=1

mau thufn, [ |
) N N
¢|Maénhdé Cho(a,b)c N-1{0,1}F ,a=[]n".b= [1»°, trong
i=l i=1

dé N € N, py, ..., py 13 céc s6 nguyén 16 timg doi khac nhau, ry, ..., 7w,

N N
Sppensye NoTach: anb=]] pl-Ml“[’f"f) viavb= l_[ p,-M‘“‘{’"f ).
i=1 i=1

Ching mink:

N )
DKy hign d=] | Psm(ﬁ"s") vi 8=anb.
i=1

Miﬂ(?"i 5 )S

e Vi (Vie {1,...,;;},{ 'y nentacé (d)avad| b, vay d|3.

.Miﬂ(r‘,sI )ES‘
o Mt khic, vi 8|a va 6|b, nen ta c6:

, vy (O)Svp (@)=,
vie L nt, {vpl_ (BY<v, (=5

dodé: Vi€ (1,...n}, v, (&) < Min(r,, s). Két qui Ia &ld, va cusi cing 5=d.
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N Vi(aAMav b= |ab| (xem 433, Ménh dé 4), tacé:

N -
1 B b = n p}lf]-+.!‘i-—1\-"|.l.n( .) I_l Max TS

i=1
viDU:
9100=22.3%.52.7".11". 13" vd 1848 =2°.3" . 5°. 7' . 11'.13°,
do dé&:
91001848 =22.3%5%71 11913 = 28
9100v 1848 = 2.3 52 71 111,13} = 600600
+| Hé qua

Trong 7', céc ludt A va v luat ndy c6 (inh phan phdi d6i véi luat kia.

Cluing minke
Giasit (a, b, ¢y € (5.

Xét cde dang phéan tich nguyén t4:

|a]—np‘ lb‘—l—[plﬁ‘ |C|_l_[p, .

i=1 i=1

rong dé N € K, p,, ..., py 12 nhitng s& nguyén td timg doi khdc nhau, «,, ..., ay,
Biy s Bus Vs e e L

Ta cd:

N N
anbvo)=s ]—[ p‘-”" viaabvianrno= n ;va‘ N
i=1 =l
trong d6, v&i moi i thude {1, ..., N}

#, = Min(a;, Max(3, ) va v, = Max(Min{e,, £), Min(a;, ).

Giasiti e {1, .., N} vi B, vay, gilf cdc vai trd doi xiing, nén ta cé thé gia thiét,

ching han, 8 <

Vith ty < thong thudng trong N 12 todn phén, nén ta ¢6 thé tich ra ba trubmg hop:

a,<sfB<y | Bsa <y | ALy Ly

tri clia 1 a ' a, #
ut cua v a; a, ¥

Vaytacd: (Wie{l,..nl,y=v).dodban(bvy=tand)vianc).

Ching minh tumgluddivéiav b Aay=(av ) rlave). ]
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Bai tap

¢ 4.4.1 Ching minh ring cic s6 nguyen sau 14 nhimg hop s6

Q) A -nt+ 16 voined
byarr+orn+4n+1 veine ™
2241 wvoine Y.
4.4.2 Chone M- {0, 1}; chimg minh 5" - 3" i hop s6.

443 Choa, b, c, d) e (') sao cho ab = cd. Ching inink ]“ll"lé. véi o a2 thude 17,
a + B+ ¢ + d" 1a hop s6.

4.4.4 Tin tit cd cde s6 p thude 11+ 10, 1} sao cho p vicp™+ p7 4 1Tlp + 2 la nhilng =0
nguyén td.

445 Chonell, x, .. ¥ €T timg dai khic nhau vit khong cd mot ude nguyén 16 nio
1 1
= 5. Chutng minh : Z— <3,
k=1 *k

H
4.4.6 Choplasd nguyén 16 va 2 3, 2 € I Chimg, mint: (] + p)‘” =14 p™p.

447 Ching minh rang diy (&1}, Xac dinh b3 - ¥n e H, w, =L (n + -Jn +5) chuta tat
cd cac sGnguydntd = 5.

1
4,48 Cho (e b € I'F saocho —(a® + F) 1 )1 s6 nguyén 18, Chimg minh: & = b= 1.
2
449 Chonelsaoche 22 1. Ching minh rang, ndu # - 10, 2+ 10, 7 + 60 12 nhitng
s8 nguyen 18, thi » + 90 ciing 1A sd nguyén to.

4.410 Cho n e FL Ching minh rang, n€u 2 vh #* + 8 i nhimg 0 nguyeén (6, thi #* + 4
cling 13 s8 nguyen (8 (chitimg minl 2 = 3).

4.4.11 Tim tilt cd céic s& » thudc 7 sao cho #* + 4n® + 65° + 4 + 5 nguyen 18.

4.4.12 Tim ti cd cac s6 p thu6e FJ - {0, 1) sao cho p va 2"+ p* 1a nhimg s6 nguyén t4.

7=l
4.4.13 Cho s nguyén 8 p 2 5, n € Fl. Chiing minh g chia hét Y, (.u + k)2
k=0

4.414 Cho (e, b, m, n) € (') sao cho @™ + b 1a s6 nguyén td vim = 2, n 2 2. Chimg
mvinh t6n tai @ € N sao chom A n=2%

4.4.15 Cho p € N sao cho p = 4. Ching minh ring, ndu p vi p + 2 11 nhitng s6 nguyén
(6, thi p = -1[6].

4.4.16 Choip, q.ry € (N- (0, 1})’. Ching minh rﬁng, néu p. ¢, r, p°+ ¢ + ¥~ 1a nhimg
s6 nguayén td, thi mot trong ba s p, ¢, #1233,

"
4.4.17 Tum td1 ca cic s nguyén t6 c6 dang 27 45 nell
4.4.18 Chon € - {0, 1] va p 12 ude ngoyen t& nhé nhit cla n; ta gid thict w <p<n,

s n . .
Cluing munh rang — 14 36 nguyén té.
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4.4.19 Nhimg s6 ngayen 16 nao 1a tdng cia hat hop sa?

4.4.20 Chimg minh rang, néu p la s nguyen (8 = 5, (i 4p3 + | o6 ¢ phin tich thianh
18ng clia ba binh phuong cua nhiimg 8 nguydn = 1.

&
4.4.21 2) Cho p 1A mot G nguyén 16 chimg minh: Whe {l, ...p-ll.p | Cp,

by Téng qudt héa. Cho plamétsanguyen 6. n e 11- 10, 10, iy e 10, -l
: 3!
sao cho { v ... +i = p. Chimg minh rang

I mat 56 nguyén chia hét cho p.
I.l .I...I.n,!

4.4.22% (o <& nguyen 18 p. Chimg minh rang khéng 1om L oL cap (. ) nao thuéwe.
V-0, TP thoéa mdn: 27 4 37 = g

4.4.23 Chingminh: Yo 'L, 49/ - n*- 20 + 1.

4.4.24 Xic dinh cic 56 n thuge [ Tsao cho: (207 + VA (3F+2) = 1.

4.4.25 ayCho & & [T ; chimg nink réng, ndu 2 + | nguyln 1@, thi & 13 mot liy thira cia 2,
Ciac sg = _22" t L m & 1) duge goi la eide 86 Fermat. Ching khong phii déu ta sd
nguyen 16; chang i #; 13 lop s3, ehia bt cho 641,

b} Chimg nunh cang vai mon (o, my thude 1R me o = Fonk =1,

Trang cde bai 1dp 4.4.26 va 4.4.27, ta o6 the sit dung ¥ thuyét cde da thie ¢ chuomg 5).

¢

4.4.26* Cho n € 1T sao ctio 16n (ai s8 nguyen 15 p théa man: p = 5 vap | a. Chimg minh
rang 4"- 2"+ 1 12 liap s0.

4.4.27* Chimg minh rang, néu n € 1 sao cho 4" + 2"+ | npuyen t6, thi z 1a moét ity
thita cda 3.

4.4.28 Chor e N- (0, 1}. Chimg minh ring # la hop s& khi v chi khi o(n) > n + -J; .
trong d6 o(n) 1a tdng cée ude 2 | cla a.

4.4.29 Ching minh: Y(a, b) € (N - (0.1} . Z9 « G(‘;b) < ZDTE) g 46,
atny 1a téng cic uoe = 1 cBa #, %@ moi n thudc 1 - ?O, 1}. ‘ ‘
4.4.30 Ching minh: V(u by € (iTY, (P +ab + Pynab={avb?
4.4.31 Khang dinh sau diy ¢6 ding khong: Via, b) & G, @ = alby?
4.4.32 Chota. by € () ; chimg minh rang 16n tai (x, ¥ € (A" 330 chio:

xla. _v|b‘ rxay=1.xy=avh

4433 Choa b e kel saocho: ab=c¢' vi anb=l. Chumg minh rang tén tm
(e, el saocho: a= o vah =

4.4.34 Chota b) e (T (f g) € (7Y saocho o | 5 Chimg, minh cang « | 5, trong

PR N P
A6 @ L s6 npuyen nhd nbdt théa man = < o,
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0

0

4.4.35 Ching minh: Via. b, c) € (Z’)’. (@avhbyavoxbvelanbac=@vbve)label.

n

4436 ChonelN'\q,...0,€Z, a= Hai .

i=1

Chiimg minh: /n\ai}[\nf __a_] =(\n/a‘-}[;\i] =a.
i=1 i=l % i=1 i=l @

4.4.37 Véine N-{0, 1}, taky hidu d(m 12 s6 céc ude = | clan, vi oln} la og che udc
Ji\i
2 1 cha #. Chiing minh rang, nfu dyng phan tich mguyen 1§ cla n 1a n = r] p‘-'} , 1hi:
i=1
N N plr‘-+l 1
din) = (r; +1) va o(m = —~—
l_I ] l_[ p‘_ —

=1 i=1

4.4.38 V6in e - {0, L}, tinh tich cdc wic cla 2 (s dung dang phan tich ngoyen 18 cha ).

4.4.3% Chon e N - {0, 1}. Cinmg minh rang, d¢ cho n 1a tich cfa cdc udc khdc vé n

cha né (tic 1a: n = l_[ d ), difu kién cdn va di 12 7 1a 14p phuong ciia mot 6 nguyén td,

1sd<n
dln

hoac 14 tich cla hai s& nguyén td khac nhau.

4.4.40 Chok e If. V&i mai n thude I, ta ky hidu o,(n) 13 téng cde 1y thifa bic £ cla
cAcufc = 1 clian: G n) = de .

1sdsn
din

N
a) Chimg minh rang, néu dang phan tich nguyén t& cia n la n = l_[ p‘-r" . thi

i=1

N Rt} _
G n) = l_[ —‘-—-ki (xem bai tap 4.4.37).
= P -1

b) Suy ra ring o, 1a mot ham sd hoc nhan tinh, tic 1a
(a, by € (). (@ A b =1 =>0,(ab) = G, (a)5 (b)),

4.4.41 Xd4c dinh t4t ci cic cap (n,p) thudc (F*)? sao cho p 14 s8 nguyentd = 5, vindu ky
hiéu N = 2"3p, thi ta ¢6 o(N) = 3N, trong d6 o(¥) 1a tng cc ude clia V.

4.4.42 Giii:

L Seady=i
Ay x*+4x+1=0 trong 7/ b) St trong (¥ ;7).
xt+4y =46

4.4.43 Cho p la mot s6 nguyén to.
k
a) Chimg minh: ¥k & {1,..,p-1},p| Cp.
'
N N r
by*Suyra: YN e W', ¥fe ', Y{x, ..., x) € ¥, {Z_ri] = le_p [p]

i=1 =1



44 S6nguyentd
4444 Chola. b, c.d) € & sao chd 5 fd . Chimg minh:
Ave T 5lad+ b2+ cx+dy=>(3ve L. 5 ldy’ + cy’+ by + a).
Ll B B .
4.4.45 Cho p nguyen 16, Chwing minh : (‘i:p—l = lpjva C,,p = np) v6&i moi n thude N
X+ y

.tz —.x)r+'y2

2
4.4.46 Tim t4t ca cic cap (x. ¥) thude (K1) sao cho =

4.4.AT* Chimg minl tang phuong trinh 15x° - 4y* = 3° khong c6 nghigm trong BP.
4.4.48* Pinh Iy Wolstenhome

—1
Choplasdnguyéntéz 5. H, = ‘Z—. Chitng minh rang t& sd clia H, chia h&t cho p~.
k=1

4449 Chop lasdnguydntd, p 25

=1 p=1
a) Chimg minh : p| kvi pl Zkz .
k=1 k=1
—1
. -1 -
b) Suy ra ring, voi ky higu a = i(p. Las= Y 2D e o
= ! 1gi<jsp—1 Y
P lavaplb.
1

¢) Chimg minh: p°

CZp-l - L

4.4.50 Dinh Iy nhé Fermat
Cho p 1a 58 nguyén 8.

a) Chimg minh: Yae &, #F =n|[p).
b)Suyra:¥aneZ,(p|ln=r"=1[p).

Khi gidi cdc bai tdp tir 4.4.51 dén 4.4.04 cd thé sit dyng dinh Iy nho Fermat.

' w2
4,451 Chimg minh : ¥a € Z, \—?—+T+—e Zn

35
4.4.52 Chilmg minh, vé moi # thudc Z:
a) 42|n’-n
by 27301 n
¢y 25-2% | 't
4.4.53 Ching mnh:
a) V61 mot s6 nguyén a 1& sao cho n 2 15+ 21840 | a2~ 1
b) V&i mol s8 nguyéntpz 19 16320 1 p'e- 1.
4.4.54 Chimg minh: ¥{(a. b, c. dy € ()* 30 | g+ g+,
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¢ 4.4.55 Chuing minh rang s6 1729 thoa mén :

Yne®, 1al729 =1 =n"F= 111729,
nhung 1729 lai kKhong phai 14 s6 ngoyen 16,
N6i khidc di, ddo cha dinh 1y nhd Fernmat 13 sai.

0 4.456 ChoplasGnguyentdvane £T saochon A p = 1. Chimg minh:

poi ps ,

a)Né'uplé.tIﬁplﬂ 2 —1 hoac plﬂ 2 41,
pp-l) : pp=l)

mple 2 -1 boacpla 2 +1.

0 4.4.57 Chopla ndt s6 nguyen 8 1€, Cluing minh: ¥a € Z, (0 + LF - (' + 1) = 0[2p].
¢ 4.4.58 Cho p la s6 nguyeén 19. Ching minh: )
(1 = 17,
V& moi & thudc I va moi # thude " sanchon ap = 1.

¢ 4.4.59* a)cho p liimot s6 nguyén 18, (. @) € T, (b, ) € I'F sao cho: pYa, a=alp|,
B=blp - 1]. Chimg minh: ¢’ = &[p).

 =2[s]
y© =3[7)

O 4.4.60 Chopnguydn (6, (a. by € T sao cho @ = Fp| . Ching minh: a" = #[p*].

by Gidi trong (17 :

0 4.4.61 Cho p, ¢ Ia hat s6 nguyén 18 khdc nhau.
Chuang minh:  p7' + ¢ = 1|pgq|.

¢ 4.4.62 Cho p la s8 nguyen 18. V& mei a thude 1T sao che  p fa ta ky hicu
270

F,(a)= _p— (d6 13 o1 s6 nguydn theo dinh 1§ nhd Fermat). Chigng minh rang. vdi

mai (g, by thuge ('Y saocho pfavapfb, tacs: Fab)= F (a)+ F (hpl.
¢ 4.4.63 Chimg minh ring phuong trink x*+ 781 = 3y* kKhong c6 nghiém trong %
0 4.4.64 Giai trong (N1 - y* =999,
¢ 4.4.65 a) Cho p 1a s8 nguyén t6. Ching minh rang, trong vanh ?.’_f'.a’pz[)(] 1hi:
PO
Xl 1= ]—[ (X — k). ( Ta c6 the sit dung dinh 1§ nhd Fermat, bai 1p 4.4.50).
k=1
Suy ra dinh 1y Wilson : Néu p nguyen ta. thi (p - 1)! = -1{pl.

b) Ngwrge lai, ching minh rng néu (s - 1)} = -L[»], thi # 12 nguyén (6, vdi moi n.

Khi gidi cdc bdi 1dp 1¥ 4.4.66 dén 4.4.74 cb thé skt dung dinh Iy Wilson.
{ 4.466 Chonr <M. n 25 Chimg minh rang n€u n + 2 nguyen t6. thi a' - 1 i hop s6.
O 4467 ChoalamdisSnguyen chin sao cho p=2x+ | nguyén té. Ching minh: p [ty + 1.

¢ 4,488 Choplas® nguyén 16 1€, Ching minke:. 2((p - N = -1[pl.
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4.4.69 Cho p lamot s6 nguyen i sao cho p = 341, Ching minh:
2
p-1 A
£ !J =1]pl.
. 2

4.4.70 Cho p L ndi s6 nguyén 10 18 Ching ninlh: (2k - 1) = (—]) T pl

4.4.71 Choreld- {0, 1}, & Ching minh rang g vi g + 2 Konhiing s8 nguyen t6 khi vi
chi khi: <ign - DV + D+ m = 00etn + 23

4.4.72 Cho p nguyen td. Chitng minh:

. nep .
Wi e 1 [{.(—I W s 1) = (P — - 1)- =- ||J’J]] .

Ap dung: Chtmg minh - 61' = 631 =-1[71].

4473 Chop las®nguyen 16 viie € N damin | £ x4 < p -1 Chidng minh:
- tin - 1 =Y p)

4474 Cloplaso nguyén (& Chimg minh: ¥Yoe D, p |+ - 1)in.

(S0 dung cic dinh 1y Teomat vis Wilson).

Ham chi Euler, cde bai tdp 1ir 4.4.75 dén 4.4.89.
4.4.75 llam chi Euler
V& moi a# thude F*, taky hicu @(r) 1 56 cde 56 nguyén g6m gidta | va » va nguyen (8 véi n
@my =Cardfk e |1, ... n},krn=1}L
Anhxa ¢: I > 18 <.tur_n: goi 13 haim chi Evler.
2) Cho (. b} € (1) sao cho @ ~ b = LOhmg minh rang ¢dc vanh 7Y g0 VA B 7 x Ty

(vanh tich, xem 2.1, Dinh nghia 14 13 diang cAu (xem biu t3p 4.3.16}.

By Suyra: Y b e (), (@aab=1= @ab)= playpb)).
Ta néi rang ¢ i mot ham s6 hoc nhan tinh.

¢) Cho p nguyan 18, Chimg minh:  ¥r € 1%, p(p)=p"-p"".

N
d) Suy ra ting, ndu # € F* c6 dang phin tich nguyén t6 a = H pl-r*' , thi:

i=1
. fid | N 1
A r-
o) = (p"—pv’ ):u 1-—/|.

[T =)= Lo

i=] i=1 '
4.476* Dinh ly Coler
Ching muinh: ¥ e il Yae & aan=1 = ™ = ja)).
(Sir dung dinh 1§ Lagrange C2.1).
Binh 1§ Luler [A mot dang khdi quat clia dinb 1§ nho Fermiat (hiti tp 4.4.30).

4477 Chimg minl: ¥(n, &y € (1T, @) = F i),
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0 4.4.78 Chimgminh: Vne %, ({” Ai - : = 1320(*;;21 —u].
nAd=

0 4.4,79* a) Chimg minh: Va e N', z¢(d) =n.

d1n .
- n n(n+1)
b) Suy ra: VnEN‘,ZE_. k)= th
o K 2
=1
0 4.4.80 Chang minh: ¥a e - {0, 1}, Z = npin) _
1&k<n 2
k=)
& 4.4.81 Chon e I, chdn. Chimg minh: 2@[11 = Z qs{—”—} _r
dln 4 daln d) 2
ddylé dnehian

(Sit dung bai tap 4.4.79 aj).
¢ 4.4.82 Chon e H- {0, 1}, hop s chimg minh: gplry s # - J; .

0 4.4.83 Ching mmh: Vi@, b e BV (anbh=1= o™ 4 P = 1[ah).
{Sit dung dinh 1§ Euler, bai tip 4.4.76).
& 4.4.84 Cho(a, n) € Zx I saoche: aan=(a-1)An=1 Ching minh:
otm-1

k=0
(S dung dinh 1y Buler, bii tap 4.4.76).

0 4.4.85 Chingminh: Y(a, b) € (N7, (al b= aq(b) = bp(a)).

0 4486 Chingminh: V(a b) e (N, @(ab}:w—"%’%@.
r AN

(Sir dyng bai tap 4.4.85).

0 4.487 Cho(a.b)¢ (N2, ¢ latich cdc ude nguyen t6 cla a A b. Chimg mink:

cpla)p(h)
.

plab) =

{S(r dung bai tap 4.4.83).

0 4.4.88* Chimg minh: Va € - 10,1}, Vke N k| (e - 1). (Sit dyng dinh 1 Euler,
bai tap 4.4.76).

0 4.4.89 Chone fvh (i) 1 day xde dinh boi Hy=nva: VEe IT, w,= o).
Chiing ininh: 3re N, w =1



B sung
B& sung
0 C4.1 Dink 1y bon binh phuong cia Lagrange vi (dng cic triing phuong
I - Vin dé 1a chimg minh rang mei s6 tu nhién déu ¢é thé phin tich thanh téng cdce binh
phuong cita b8n sé tur nhién.
1} a) llang dang thire Lagrange
Vi g, b, o, d. Xy, 2,0 bt ky thude 1] hdy kidm chdng:
(@x + by + cz + dty + (ay - bx + ¢t - d2) +{az - b -ex +dyF +(at + bz - ey - oy =
= (@4 B+ e P+ V)
b) Suy raring, ndu hai s6 nguycén déu phan tich duge thanh dng cla cde binh phuong,
cha bén 8 nguyen, thi tich cla ching ciing nins the,

. C ey . . . . . TR
2} a) Cho p la mdt s& npuyen 16 18, Clntng wyinh rang 100 L (. vy € {00 ':—~-— bosao

cho @ ¥+ ¥+ 1 =0[p].
(OO thE x£t _f'.f.f;,a > .‘-Z}l’pf‘ vit g :-'J;:E; > .'E.u’r,,f_.)
X X ¥ oYl
b) Suy ra rang vii sG nguyén 3 p bat ky. (0n i (k. x. v, 2.0 € 1 sao cho
Cavierlf=kp ovi 1S ksp -l
3} Cho p la 56 ngoyén t8 nguydn 13, Ta Ky hiu m 12 s6 nguyén nho nhit > 1 sao cho ton
tai (x, v, z. ) € PP théamidin ¥+ Y +2°+ 7 = mp.
4) Chitng minh ring, néu.m 13 chin i c6 thd hodn vi x. ¥, z, ¢ d€ cho
X - Xx+y I-— z4L .
Y o xrr d . — Janhimg sO nguyén, vi suy ra mau thudn.
2 2 2 2
by Ta wid st m & va m > L. Ta k¥ a4, b, c. d 12 cic phin T cia

- -1 ; .
{— mz I ,%} tuong (g ddng du modulo m vdi X, v,z 8

Ching inh rang 60 tai g € Flsao cho & + B+ o2+ & = gm vi ¢ < m. rbisuy ra
mdL mdn thudn (cd he tach cic trudmg hap ¢ =0, ¢ > 0).
Nhur the 1a dii chimg minh ring 16n ki (v, v, 2, 0 € [P saocho A+ ¥+ 2+ = p.
4) K& luan hang djnh 1¥ bén binh phueng caa Lagrange : Moi s6 L nhign déu phan
tich duge, it nhift theo mot cich, thinh Bng cha cic binh phuong cia bin sd r nhicn.
{ -
I - 1) a) Kidm climg : Z((,r‘. +x i )4 +lx; —x ; )4): §] \f VO INOD (X, Xy, Xy, Xg)
18icj<4 k=1

hude R
b} Suy ra rang mei 6 nguycn ¢6 dang 6r° ¢ € 1) déu phan tich duge thanh tdng cda 12
tring phucmg, mdr triing phuemg theo dinh nghia 1a lily thita bic 4 cba mdt 50 nguyén.
(Ap dung dinh Iy hén binh phuong).
2y Chitng minh rang moi s6 nguyen o dang 6m (mr € B0 déu phan ticlt duge thanh 18ng
chia 48 triing phuomg. (S dung dinh 1y hon binh pluong).
3) a) Kiém chimg rang 0, 1, 2, 81, 16, §7 phan tich duge thianh tdng cta néunhal hai
tring phuong.
by Suy ra moi s& nguyén 2 81 ¢6 thE phian tich thanh téng cha nhigu nhdt 50 trang phuony,
4y K&t ludn bang dinh 1y:
Mei s6 ty nhien déu phin tich duge thanh tdng cia nhidu nhit 50 triing phuony.
Nhan xét: K&t qui cé (hE cdi 1ién thém (19 thay cho 50).
Tham khdo:  KH.Rosen, Elementary Number Theory, trang 407-413, Addison-Wesley
Reading, 1988,
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0 C4.2 Gidi £+y+2=xyz trong &'
Takyhigu E={(x,y.2) e % F+y +2=xyz).
1) ay Chimg minh rang v6i moi (x, ¥, z) thudc £, ede philn tir sau ciing thude £
(%, -¥. ), - vz, (X -y, -2), (voa, 2.
b Suy ra rang chi cdn xéc dink tap hop
F={tx.yv. eI F2+y¥+2=x2 vi x<v)
2 Takg higu G={(v. y. ) & (1Y P+ ¥ +2=xyz va x <y} vi
FEST
(X, v, 2)2 {Zx - ¥, X, 7)
a) Clmg minh: Yix. y.2) e G, fir.y. D e F
by Cluing minle: b6y = {(1, 1.4y
) . X . 3 3 0
3y Suy ra Fo={gY1. 1. 4% n e I}, trong dé g : A cg= s,
XY =Y YZ-X.7)
g=8.8= goy..
O C 4.3 Thang du bac hai

Cho p la mot s nguyén 13 1 (vay p = 3).
Véia e Msaocho pfa. tandi rang « 13 mdt thang du bac hai modulo p (ky hiéu :
RQ miod p)kli va chi khi tén tai x € Zsao cho x” = afp|. Trong truimg hop tréi lai. 1 néi
ring a 1A Khong thang du modulo p (ky hidu : NRQ mod p).
Vi a € E-_’JPE - {0}, tandi rang o 1 mot thang dir bae hai trong E}"”E‘ khi v chi khi t6n
lai £ e T"jp:.- sao cho E? = q.
R rang 1A, vdi a bit ki thode 7 osao cho pfa, a 1 RQ mod p khi v chi khi ¢ (lap modulo
p el a) 1 thang du bae hai trong ,'-E’.I’PZ. NGi khic di, vai mioi {a, #) thude 57 sao cho pyu,
pAbva a= b . ala RQ mod £ Kl vivchi khi b cOng [a RQ mod p.
Nhu the ta thutmg c6 (hd dua vé gida hiét a e {1, ..., p-1].

Vidu:p=11 X 1 2 3 4 3

x 1 4 9 s 3

Cic thang du bac hai modualo 11 L 1,3, 4, 5,9,
I - 1) a) (hoa e Zsaocho pYa. Chimg minh rang phuong trink £7= &, véi dn £ & % o
vi nghiém hoac ¢é ddng hal nghié.

: -1
b) Suy rarang wong {1, ...,p- 1) c6 ding P thing du bic hai modulo g, va r
2 2

khong thang dur bac hai mmodulo p.

Vidie VGip=11Lc65RQmod I1,d61a1,3,4,5,9vaS NRQmod i1, dola
2,6,7, 8,10,

Véi a € Z sao cho pfa, ta dinh nghia ky hiéu Legendre:
@l ] 1 néualaRQ mod p
P —1 nfualaNRQ mod p

(w——] =1 wi3lAaRQmoedll

(—] =—1vi6 khong phd1 la RQ mod 11
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=l
k
¢y o) Ching minh, véi bt k¥ « thude 'z sao cho p,r d: Z [-—(q =0
s P
By 1) Chwke{l,...p-2} K ell,....p-1}saocho il = 1[p|.

o &k +1) L"+Iw
Chimg nunh rang & = -1 va. L =] —

L R

2) Suvra:

”iz[k(kﬂ)\i_
k=1n P

2y 23 Binh iy Euler

¢ o

T

Chitng minh, v&i mi ¢ thude Z; sao cho p,]’a : L—J =q 2 [p] .
P»

(Ap dung ding 1y n1id Ticrmal. bai 1dp 4.4.50 vi dinh Iy Wilson, bai p 4.4.65. a)).

. 10
Vidy: Tinh | — | .
3]
-1 | néu p=ll4
by Suyra: —|= n-:u p=l .
2 -1 nfu p=34

¢} a) Cho n e I sao cho » = 3[41. Chimg minh rang 8n tai it nhit met e
nguyin 18 ¢ cia # sao cho ¢ = 3(4).

() Suy rarving plivong trinh x* + ¥* - 82z + 1)+ 1 = 0. véi dn ¢x, v, 2) € 47,
Khong cé nghiém,

Pye higt, phuong trinh Lebesgue x4+ v' = 7 vo nghidm trong 52

3) a) Choa b e Fsaocho pfavi pfb. Ching nunh:

1 [L] =1 2y a=blp| = [iJ = (E]
P P WP

(2 o)

Tinh chal 4 co 5 didn & dudi dang chia mot "quy 1ac vé diu" dai vai tch (ky
hiéu R thay vi RQ mod p, viu N thay vi NRQ mod p):

h ‘ R N
R K N
N N 34
N
b) Cho a € I sao cho pa: ta ky hitu a = ]_[ " 1a dang phan tich ngoyén 1
=1

cha a, i tap hop cac i thude [ 1,..., N saocho rlé. g’ = n B - Clumg minh:

el
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4) B6 dé Gauss

Cho a € & sao cho pYa.

. -1 ) .
Vi j bat k¥ thute {l%—} , ta k¢ hiéu r; I du ciia phép chia Euclide ja cho p.

a) Chimng minh rang ry, ..., r -y khic nhau timg déi.

2

Ta k¢ hidu m,, ..., u, 12 cdc phén tir < P;I thudc rl,...,rp_l} viv, ., v la
2

cdc phin tir = p+1thu¢c BpsornsF e
9 21
2

b) Chitng minh: 1) 4, ..., #,, ¥y, .-..¥, khdc nhau timg d6i v tao thanh {rl . } .
2

-1
2) tyy ooy By P~ V), s - ¥, limg 0@ khic nhau va 130 thanh {l,p——}

2
a
¢) Suy ra: (—] =(1).
P

Nhu thé 1a i chimg minh bd dé Gauss: [E—] = (-1}, trong d6 r 1 s& cic du
P

clia c4c phép chia Euclide a, 2a, ...,

pz'la cho p ¢6 du 1én hon g.

Vidu: Tinh [28 ] biing cich 4p dung bd dé Gauss,

pz -1

d) Chiéng minh: [2] - ®

(Ta 06 thé chimg minh: 2 —E(ﬂ Pt 2 =Ly,

Ch%.ng han: (_) [%) [_%] [%) [_] déu bing —1
| (_) [12_7] (‘2_3 déu bing |
Vidu: Tinh [%]

e) Cho n € I1. Chimg minh sing néu 8n + 7 nguyen t8 thi: 8n + 7 |24 - 1 va
(néu 1= 1) 2***- | la hgp 56, :

Vide: 23]27-1,3112%-1,47122-1, 71221, 79129 1.
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1T - Luat tuong ho thang dubac hai coa Ganss
D)y Che p. ¢ i hai s8 nguyen 18 |¢ khide nhauw,

. . . P ) fr.a
Trong mat phang thong thudng, ta ky higu A| — 0§ Bo. L | ¢ &2
. 2 2, L2 2
g |8 .
2 L ¢
Q‘l i € € ¥ 4 iy

b b ..
o— 0y
2 /
5 L & /El &
o Lo 7 0 5 - =4

v

7

& .
#

L o

;

L

&

\ ,

\J

5 it

b5

m
o
I £
H
o
o

o Pl

2

r3l=

Vidu: p=17 g=11
) Chung mink rang 6 cac didm eba (19%) ninn (hitn) trong hinh chit nhat GAC B
=1 g-—1
w 2= 4
2 2

b) Chitng tmunh rang, khang c6 mdt dign nao ciia (¢ 1 niun teen doan G,
¢) Chimg minh rang 6 cic diém cda (179 nam trong tun gidge OAC [

p-l

2 .
Y . . N s - -
Zr[ﬂ) vi s6 cdc didm cha (E1)° nam trong tam pidc OBC 13

L NE
a1
£x)
k=1 N9

d) Bang c4ch sk dung cfic ky hidu trong b dd Gauss (1 4), vi ¢ thay ¢hd cila ),
chimg minh

p-l
t = iﬁ(ﬁ] [2].
N F

L
) Suy ra; LAy i =("1)2'2 .
qgAa P

Nhwr vay ta di chimg minh luat (gong hd baic hai cha Gauss:

3 P q f.'] .(;-I
Vi moi s6 nguyen 18 1¢ khic nhaupvag: | £ || 2 | = (— l) 3z
g A p
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2y ay Suy ra 1l luat tuong K& bic hai rang, v&i moi s6 nguyén t3 1é p va ¢
khice nhau

(ﬂ} ndu {p = 141 hoae g = 1141)
-£’— = tf ’
(q] Y st
- —J ndu {p = 341 va ¢ = 3(4)
q
by ¥idu: Tinh (%%;J ¢ 6607 14 s6 nguyln t0).
3* Tric nghiem Pépin

Vi moi # thude I, ta ky hidu £, = 27+ 1 (c4¢ 6 Fermat).

£l

Chimg minh ring £, nguyén t& kin va chi Kin 3 2o=-e

(D61 vai khang dinh dio, 1a s& cdn den mot ude nguyen 16 bt ky p cha £, va 50
nguyén bé phat o 2 L =sao cho 3 = 1ip|. v ta ¢ chimg mink al -1 va
Fo-1
af—+—.
2
. %
Vi efw. Chidng, minh rang £, = 27 +11ahop so.

4y Trong cau bibi nay la gid thict p = 5. Clitmg nunly:

2 ERI néu  p=El12]
: p) -1 ndw p=15012]

-3 X, =
B) _ 1 m:l p =16 N
P -1 nfu p=-1]6}



Chuong 5
Da thic, phéan thic hitu ty

Boc gia di bigt dén cdc ham da thic f: R >R & Trung hoc phé thong.
Xty tay x oty x”

Céc tinh chat cta f duge suy ra tircdc hé th a,, ..., ¢, : do d6 1a s& xét vi nghién cim
cac da thitc "hinh thac".

Déu rang a,, ..., ¢, 12 thyc, cic tinh chdt ciia f ¢6 thé lign quan dén cdc thé phiic, d6 1a

Iy do tai sao ta xét va nghin cify ¢éc da thidc v6i he 1 phiie va, 16ng quat hon, vai he
tir trong mot thé giao hoan.

Trong sust chuong 5 nay, K chi mot thé giao hodn.
Trong thue £ thi thong thudmg 13 K = I hoae .

5.1 Daiso K[X]
5.1.1 Dinh nghia

¢ Binh nghia 1

1) VGi moi day (), thude K, ta goi tap hop cac n thudc 1 sao cho g, # 0
1a gia cia (a,),.;,.

2) Pa thitc (mot dn va 18y heé &l trong K) 12 day (d,),y bat ki thuoe K™ co
gid hitu han.

Tap hop céc da thitc mot 4n va ldy he tir trong K duge ky hidu la K[X)
(hoic K™).
Nhu the, K[X] < K™ va, v6i mei diy (a,),.y thuoc K7 -
@leneKIX| AN e, Vael,(n>N=a,=0.

Dudi day (5.1.4) ky higu K(X] s& duge 1§ giai.



Chuong 5  Ba thic, phan thic hitu ty

Céc phén tr clia K{X] ciing dugc goi la da thic hinh thic.

Ta k¥ hi¢u 0 la ddy hing khong thudc K (xéc dinh bh 2 Vi € N, a, = 0y,
duge goi 1a da thiie khong.

Pa thitc hing 1a céc da thic («,),e thude K[ X] sao cho
¥n=1,a,=0.
Pon thic 1a da thic (@,),.;; thudc K[X) bit k¥ sao cho t6n tai a, € 17 thda min :

Yiell, (zn=ua,=M

NHAN XET :
1) Theo Pinh nghia, hai da thie (@), e 1 biing nhau khi v chi khi :
Tnell, a,=b,.

n [

2) K|X] = K vi diy hawg (1) (xdc dinh bdi : Vi € H, g, = 1) thude K khong
thuoe K1X].

¢ Pinhnghia2 Cho P =(«,),u € KIXI.

1) e Néu P # 0, s6 tu nhi¢n # 1dn nhil sao cho «, # 0 goi 1a bac cia P, v
kf hicu 12 deg(P). Phin (i ayy» duge goi la hé ti cila hang tr ¢é bac
cao nhit (hoac : hé tik cao nhit) cia P. Ta ndi ring P la chuvan tdc
khi va chi khi P 2 0 va tyepp = 1

o Taky hiéu deg()) = -oc.

2) = Né&u P = 0, dinh gid cha P, ky higu la val(P), 1a s8 W nhién # bé
nhil sao cho a, = 0.
o Ta ky hi¢u val(0) = +oc.

NHAN XET :
¥P e KIX]- {0}, val{?) < deg(P).

¢ Pinhnghia3 Cho P =(a,).n € KIX].
1) Ta néi rang P 12 chén khi vi chi khi :
Ypel, dy,=0
2) Ta néi ring P 12 18 khi vi chi khi :

vpeil, a,=0.

ip
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5.1.2 Phép cong

¢| Ménh dé 1
Ch() ‘D = (“n)n&ﬂs Q = (bu)n-ﬁ ] < KIX]'
The thi 2 + Q = (u, + b)pers € KIX]

Chieng minh
Vi P, @ la nhimg da thifc, nén 18n tai N, N, € Msao cho -

Vhe N (N>N|:>u”:{)]
VneN (n1>Ny; =b, =0)

Ki hidu N = Max(N,, N.) € H, tach:

vneM, i>N=a,=h,=0=a,+b,=0),
vanhu vay @ P+ @ € K[X]. u

Pidu niy chimg 16 ring K{X] 1 mot bo phan cla K" én dinh i vGi +.

o Ménh d8 2  Tacé, véi P, Q bit k¥ thuoc KIX|:
1y o depg(tP+) < Max(deg(F), deg(Q))-

o deg(P) = deg(Q) = deg(P + QD) = Max(deg(P). deg(Q))
2y o val{P + ) = Min(val(}, val((n

o val(P) = val(Q) = val{P + () = Min(val(P), val(()).

Chirng minh
Ciéc tinh chat trép 13 hién nhién néu £ =0 hoac ¢ = 0.
o GiastuP=0vaQ =0, vataky hitu
P = (@) O = (D) v = val(P), v, = val(@),
N, =deg(P), N, =deg({D), v= Min(v,, w). N = Max(N, N.).
The thi P + O = (a, + b,),qq VA, v6i moi # thude B

<y a,=0
n<v:>{“ -1.—_:»{ " =a,+H,=0

H<yy b, =0
H>N:.> H>NI = un:o :)ﬂ"‘i'b":(}.
n>N, b, =0

Piéu nay ching 18 : val(P + Q)= v va deg(P + Y= N.

o Gia st deg(P) = deg(Q) : chng han : N, = deg(P) < deg(Q) = N..

The thi ay + by = ay, +by, = by, #0, vy deg(P + QY= N,=N.

Tuomg tu, néu, ché.ng han, v, = val(/’) > val((Q) = vy, thia. + b.=a, + bvz = b,,2 *

0, vay valtP + Q)= v = v

NHAN XET :

Theo Ménh dé trén, néu deg(P) < deg(Q), thi hang 1 ¢6 bic cao nhit cia P + ¢
cilng |2 hang ti¥ ¢6 bac cao nhdi cua Q.
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¢|Menh dé 3
(K[X], +) 12 mot nhém Abel.

i

Ching minh :
1) Phép + 12 fuat hop thanh trong trong K[X| (xem Ménh dé 1).

2) Vi phép + ¢6 tinh k&t hgp va tinh giao hodn treng K {(xem bai tap 2.1.13) nén
di nhién cling ké1 hop vix giao hodn trong K[X].

33 0 14 phédn tir trung hda 481 véi + trong K X|.
4) Moi P = (a,),en thude K{X]| ¢6 mét d6i xing d6i véi + trong K[X|, 46 la

{-ct,)yerer v duge k¥ higu 1 -P.
5.1.3 Phép nhan

4 Mé_nh dé - Binh nghTa 1 Cho P = (an)nE'r'é& Q= (bu)nEN S K[X]'
Tich clia P véi O, ki hieu 13 PQ, 1a diy (¢,),e; thude K" xéc dinh bdi :

"
Vn € \\:9 Cy= Zakbu—f( = Zal"bj !
k=0

i+j=n

Viay ta cé: PQ € K[X].

Chiing mink :
NeuP=0hoac Q@ =0LthiPQ =0
Gia st P = 0 v @ # 0. Ki hieu N, = deg(P), N, = deg(0).

Giasitn € Nsaochon> N, + N, Thé thi: Vk € {0, ..., n}, (k> N, hoac n - k> Ny,
vay : Yk e {0, ..., n},ab,, =0, vasuyrac, =0

Diéu nay chitng t6 : PQ e K[X].

¢| Ménh dé 2

, [deg(PQ) =deg(P)+deg(Q)
V(P, Q) e (KIX]Y, {VaJ(PQ)zval(P)-l—val(Q).

Ta quy uGe & day :
¢ YN e, ((-0)+ N=-m, (+w0)+ N=+m)
o (-o0) + (-o0) = -0, (+00) + (+00) = +0,
Chitng minh :
Tinh chat cin ching minh k& hién nhién khi P =0 hogc @ =0. Giasr P #0va Q= 0,
va ky hiéu :

P=(a)yerm Q=(Plen N =deg(P), N,= deg(@), PO = (¢))pes
Theo phép chimg minh clia Ménh dé - Dinb nghia trén day

Yaerd, (n>N +N,=c,=0).
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Ngoai ra :
N +Na

CNp+No = zﬂkle+ Na—k T 9N, by,
k=0

vi, v@i moi k thuge IT:
fl\_(.Nl :N1 +N2 _’\b NZ :>!}NI+N:_L. :0
k> Nl i 0.

Piéu ndy chimg 0 deg(PQ) = deg(P”) + deg(()-

Cong thitc v& cde dinh gid duge ching minh tuong uf.

¢| Ménh dé 3

(K[X], +, +) 1a mot vanh nguyén.

Cluing mink (c6 hé d€ lai khi doc 1an diu) :
1) Theo 5.1.2, Ménh dé 3, (X[X], +) 1A mdt nhém Abel.

2) Phép nhan 13 mot huat hgp thanh trong trong K|X] (xem Ménh (¢ - Binh
nghia 1).

3) Ta s ching minh « ¢6 tinh két hgp trong K[X].
Giast P=(@)pp Q= O B =(Cnen € KIX].

M
Thé thi : PO =(d),etrong dé: Vn e N, d, = Zakbn_k ,
k=0

H
suy ra (PR = (e,)pop trong d6:Vn e N, e, = Z‘fk‘-'u—k .
k=0

4
VAQR=(f)uptrongdé: vaell, f,= Zbkr”_k .
k=0

14
suy 1a P(OR) = (g,)nry trong dd: Vn € H, g, = Z“kfu—k ;

k=0
Ta cé, v6i moi n thude N :

Za‘-fp = Zu{ ijq.]

gﬂ =
i+p=n i+p=n |\ jtk=p
= Z”ifbj"kj = Z(“;'b__ijfk
i+ j+k = {i+j Hk=n

2| b

qthk=n\i+j=q

Zchrk =0, -

g+k=n

Diéu nay ching 16 = (PQIR = P(QR).
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4) Theo céch tuang tu, ta chitng minh dugc rang » ¢6 tinh giao hodn, vi phan phéi
doi vdi +.

5) R& rang 12 da thite (1, 0, ..., 0, ...) 12 phini 1 trung hda d6i v6i phép nhan. Ta
ky hi¢u 1 thay cho (1,0, ..., 0.0,

6) Theo Ménh dé 2, néu P # 0 vi Q@ # 0, thi deg(PQ) = deg(P} + deg(Q) # ~2,
viy PO = (L '

¢|Ménh d& 4 Cic phin tr khd nghich cla vanh K[X] la cdc day
(e, 0, ....,0, .. ) vl ae K- {0}.
Chiting minh -

1} Gia sit P }a mot phén tir kha nghich ctia K[X] 5 vy 160 tai Q € KX sae cho
PO =1. Th& thi P =0, Q # 0 vt deg(P) + deg(Q) = dep(P () = 0, suy ra deg(F) =
deg(Q)=0.Vay dntai ¢ € K- {0} saocho P =(a,0,....0, L) =a.

2) Nguogc hai, 18 ring rang, vai moi « thude K - {0}, da thike (@, 0, ..., 0. ..y kha
nghich va ¢6 phdn i nghich déo 1a{a ", 0, ... 0, ..).
5.1.4 Luat ngoai
Cac ménh dé sau day ¢6 thé cining minh d& ding.
¢| Ménh dé - Binh nghia 1

Cho A € K, P = (a,),.n € KIX].
Taky hiu AP = (ha,),e5p va ta cd 1 AP € K[X].

o| Ménh dé 2

VA€ K- {0}, VP e KIX], {deg(ﬁP)=deg(p)

val(AP) =val(P) *

¢| M&nh dé 3 K[X), duge trang bi cAc luat +, - (ngodi), . (trong) lamot X -
dai s6 két hop, giao hodn, ¢ don vi.

Vé dinh nghia mét K - dai s6, xem 6.1, Binh nghia 2.

Cluing mink :
1) (K[X], 4) 1A mot uh6ém Abel (xem 5.1.2, Ménh d€ 3).
2) C6 1hé thiy ngay cdc tinh chat sau, v6i moi 4, 1 thude K va P, Q thude K[X] :
A+ )P = AP + P, AP + Q) = AP + A0, |P = P, AuP) = (AP
Nhu the, (K[X], +, . (ngoai)) 1A mé¢ K - khédng gian vecio.

3) ‘T'a di thiy (5.1.3, Menh d&), rhng phép nhén trong K[X| ¢6 cdc tinh chat k&
hop, giao hodn, phan phéi ddi véi +, vt ¢6 phin tr trung hoa (d6 La 1).

4) Cuéi ciing, tinh chiil V2 € K, VP, Q € K|X], A(PQ) = (AP)Q ¢6 1hé chimg
minh d& dang.
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¢| Ménh dé 4
Anh xa 8: K — K[X] 1a mot ddng céiu don dnh cdc K - dui 6.
M Al
V¢ dinh nghia déng cfu K - dai s6, xem 7.1.1, Pinh nghia 4.

Clung minh
Cic tinh chél sau 13 hién nhién
1) V(A ) € K KA+ )= 0D+ 04D
2) (A ) € K°\ 8 = A DK
3) & =1
4) Yie kK, (AH=0= A=,

Meénh dé trén cho phép "déng nhit" mot phén ti 2 thuoe K véi mot da thite A1 thude
K{X], tde 1a "nlwing” K vio K[X].

¢| Ky hiéu
Taky hicu X=(0, 1,0, ..., 0, ...}, goi la iin.
Theo 2.1, K§ hidu, ta s& k¥ hicu X° = 1 v, v6i mei n thue N, X = XX ; dac bigt:
X' =X.
Mot phép quy nap don gidn chiimg 16 rang :
YhnelW, X'=(0,..010,..,0,..)
trong 46 1 & vi trf thit 22 (56 0 ddu tién & vj tri thit 0).
Cho P = (@,)aeps € K[X], N € N sao cho ¥V 2 deg(P) ;tacé:
P =(a,a,...ay0,...0,..) )
=a 1,0, ...,0,. )+ a0, 1,0, ..,0,.0+ .. +ay0,....01,0,..,0, .

N .
za,+aX+.. +a,X"= Za"X” .
yn=0

Bay gid ta t bd k¥ hiu (a,),.,s d6i vdi mot da thirc, va ta thay né bing ky

hiéu ia,,x" (trong d6 N = deg(F)), hoic ZU,,X“ , hoic +Eﬂia”)(” (d€ trdnh

chi rc”: l:;c clia da thire). " ~=0

Divsi P = Za,,X” e K|X| van € IY, phan tlr g, cla K duge goi 1a hé tir
neN

ctia X" trong P, va don (hite ¢, X" 1a hang ti bac » ¢da P.

Ménh dé sau day 13 hién nhién.
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+|Ménh dé - Binh nghia
Ho vo han (X"),ew Wi 12 (1, X, X5, o XU, 1) 12 mOt cor s cua K-kgv
KiX], goi 1a co s¢ chinh tic cia K| X].

Véi 1 e If c6 dinh, tap hyp {P € K{X}.: deg(P) < 2 16 rang 14 mot

K-khong gian veclo con cha K[X[, thumg duge ki hi¢w K,jX]. Ho hitu han
(1, X, ..., X Jamat co sécua K,| X, got ea s chinh tic cna K [ X Viy a
o dim(K, [ XD =n+ L.

¢ |Ménh dé 6 Cho 713 mot bo phan clia 11, (P),. ; 1a mot ho phimg da thiw
thude KiX| - {0} sav cho

Y. ) e PP, (=7j= deg(P)# deg(P))
Thé thi (P), ., doc 1ap trong K-kev K1X].

Chitng minft

Gi sitJ 13 mot bo phan b han khic réng ciia £, i, ..., i 11 cic phiin tir clia J, ma ta
c6 thé gid thidl duge sap x€p sao cho :

deg(l, )< .. < (lcg(}‘q J

[
Gid st ip, ..., 2, € K théa min Z LBy =0

k
/ N . . A
trong lel;j 1a lk“ak (rong dé o, 13 b U cao nhat coa |

i=

o deg(
HE twr cua Xd( k
P"k Y, dodo A, =0

Ring céch lap lai, tasuy ra: h, =0, X = 0, s Ay = O, VA nhu vAy ()ie; doc 1ap.

Vi moi o con hitu han cta (7)), déu doc 1ap, nén (1), ddc fap (xem 0.3.1, 2)).

NHAN XET :

Mot trudmg hop dac biet (hudmg gap 12 trudmg hop 7= N va (v7 € N, deg(P) = D).
Khi 46 ta n6i ring (P, 12 mot bo cdc da thic cé bac ké tiép.

Trong trudmg hop 1y, (77); oy 12 mot co s cia KIX| va, véi mai n thude 19,
(Fg- i, 1 mdl co sd cia K [X].

Véi mei #thudge B, ma trin chuycn tif ca st ehinb tae (1, X, ... X) cia K, [X} sang co

S5 (Pg- - (xem 8.2.1, Dinl nghiay 1ma trin tam gide tén ¢d 18 ¢ ciie hang 1 chéo
khdc khong. Niur vay ¢6 thé tinh nghich dio ciia né Ueo "bie thany”.
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5.1.5  Phép hop da thirc
N
¢ Binhnghia Cho P = 5 «,X" e KIX] v € KiX]. Ta dinh nghia

n=0)

. N
da thic hop £ o Q (hodc : PONYA: P o Q=P = 2a,0".
n=1)
Nhw vy, ta duge () bang cich (e @ vao ché X trong £. Boc gid cb the ching
minh cdc ménh dé sau :
+| Ménh dé 1
VP, Q) & (KIX]- 101y,  deg(P o () =dep(P).deglQ).

¢| Ménh dé 2 V& moi athudge K v P2, Q, R thuoe K[X1:
) (P+aQ) oR=P s R+aQ o R

DPD eR=(P o R)Y- (oK)

P o oR=Po(QoR)

A XoP=PoX=P.

Theo 4) ta s& ky hicu mot da thufe 1 £ hoac P(X).

NIIAN XET .
1) T.uak o khong giao hodn trong K[X|.
2 _ 2 _~2
Vide K=, X o(x+2n_()2<+n =X% +2X+1
X+ eX™ =X +1.
2) Luat o khong phin phoi trii doi vai + rong K{X]|.

Vidy  K=F,P=X,Q=LK=1 P o W+ =X o 2=4va
Po+@PoRN=Xeo N+Xe N=1+1=2

5.1.6 Phép dao ham
N
¢ Binhnghia Véimoi P= ) «,X" thuoc K[X|, da thitc dao ham cla
n=0
P, v ky hicu 12 P’, 1a da (thife dinh nghia bdi

N N-]
= ZHUHX”"I = Z(n+ e, X" .
n=| =)
Ta k¥ hieu PO =P, PV =P7, P =P = (P), va, v6i k bat ky thuge 1T,
Pu (Psl 1]}
Vi nhimg ky hiéu trén, né’ﬁ N=0th =0,

Ba Ménh dé sau 12 hién nhicn.

147
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¢| Ménh dé 1

deg(P)—1 néu deg(M =1

VP € K[X), deg(P")=
€ KIX),  deg) {—00_ néu deg(P) <0

o| Mé&nh dé 2
VP e K[X],Vnel, (degP)<n< P"*V=0).

¢|Ménh dé 3 Véi moi @ thude K v moi P, Q thude KIX] :
D P+aQ)=F +oal
2) (PQY =P’Q+PQ’.

Nhu vy, theo Ménh dé 3, 1), phép dac ham cdc da thic K[X]—K[X] la
: PP
K-tuy&n tinh.

¢ {Ménh dé 4 (Cong thiic Leibniz)
k .
VP, Q) € (KIX], Yk e N, (PQY"=).C,PpWQ*™.
i=0
Chitng mink :

Quy nap theo k, tuong ty nhu phép ching minh cong thitc nhi thic Newton (2.3.2, Dinh
1) hodc cong thic Leibniz vé dao ham cdc ham mot bi¢n thye (Tap 1, 5.1.4).

5.1.7 Ham da thirc

N

¢ Dinhnghia Véimei P= > a,X” thuoc K(X], taky hitu P : K > K,

. — N

n=0 x> Ta,x"
n=0

ham nay goi 1a ham da thic lién két v6i P.
Lugc 86 Horner
Ta chi ¥, ching han : a,0° + @, + ax + a, = aq, + (a, + (@, + a0,

Trong thuc hanh tinh to4n P(x) khi biét P vA x, ta c6 thé sif dung thuat todn sau day,
duge goi 1a Twoe dé Harner.

Paby,=ay,vavéinditdaN-14dn0:b,=q,+b,, x.
Khi dé ta duge : P(x) = b,.

Vide:K=R, P=3-2X*+4X+5,x=4:
by=a;=1, by=a,+bx=2, b=a,+bx=12, b,=a,+ bx=53,
suy ra 5{'4] =53,
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NHAN XIT :
Ta ¢6 thé tong quit héa Binh nghia wén. Cho A 1 mot K-dai s6 két hgp va giao

N
hodn, P = z a, X" e K[X|;takyhicu P 1A 5> 4 {trong dé 1" = 1, " = x(x™").

N
=0 R n
N Y,y

H={)
vGin e 1T, xem 2.1, Ky hicu).
N
e Chang han, n¢u £ 1A mét X - kgv, v@imoi I’ = Z a4, X" thudc K[X| va fbatky
n=0

N
thudce Z,(£), dathic P(f} = Za”f” (cting k¥ hi¢u 1 P(/)), duge goi 13 da thire tur

n=0
déng cin.
i -
* ‘Tuong ty, vdi moi £ = Z w, X" thude KIX] viimoi A thuoe M(K) (p € 11,
n=0

- N
dathite P(A) = Xa, A" (ciing ki hiu 12 P(A)), dugc goi 1 da thic ma tran.
=0
Ta s s dung cdce ky hidu niy trong Tap 6 (2.4).
¢ Phép hgp da thie (xem 5.1.5) eiing 1 mot dang téng qudt héa -
VP,QeKIXl, PoQ=P(Q).

¢| Ménh dé 1 Vdéi moi a thude K va moi P, ¢ thude KiX| :

—

DP+a@=P +aQ 2 PQ = PQ :#)hQ:ﬁoé.

Chiing minh

N N
Taky hieu P = Za”X "= Z b,x" | trong d6 N 2 Max(deg(P), deg(Q)).

n=0 =0
N¥xek,
—_— N N N _ -
Pta@(x) = Z(a“ +aj}-” nh= Zan"-” +(ZZ:'.‘),,.(” = Plx}+o(x),
n=0 n=0 n=0

do dé: P+aQ=f3+aé./___/

2}Vx ek, EE(_\*] = Z iakbuwk }_u — z i“k-"kl’n—k*ﬂ_k

He™ k=0 rig - k=0
N N 5
= [Z“k-"k J[Z:"{;x; 1 = ;‘;(.\')Q(J‘) .
k=0 =0

PO = PO

dodé: PO=7F0.
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N N
HVxek Po 0w =| Y. a,0" |()=,a,@W)" (xem1)va2)
n=0 n=0

o =POen=F0xn), -
dodb PoQ=PeQ.

NHP’AN XET : Vé&i.moi P thudc ‘E[X] ta cb p=p , trong 46 :
» P |a ham da thirc lien két v6i P’
o P’ 13 dao ham (theo fiffia'clia Tap 1, 5.1.3) clia ham da thikc lien két vai P. M
Xét anh xa ¢: K[X] > KX,
P P

Theo 1) vi 2) clia Ménh dé trén (va ¢(1) = 1), ¢ ta mot déng cfu nhimg K - dai s6 ¢6
don vi. Ta s& nghién cdu tinh don 4nh cha ¢

. N

1) Gi sit K hitu han ; k§ hieu {x,, ..., xy) =K vaxét P= [ J(X—x;). Tacé :

k=1 _

eP 20, videg(P)=N=x1

e P =0vi:Vkell,. ., N}, Plx)=0.
Diéu nay chimg t6 4 khong phai 1a don 4nh,
2) Gia sir K v6 han va gii sit P € K[X] sao cho P =0, Gid sir P # 0, va ky hién
N =deg(P). Vi K v6 han, nén tén tai x,, ..., xy,, € K timg d6i khéc nhau. Vay tac6:
Vke {I,..N+1}, P(x;) =0.
Theo 5.3.1, Hé qué 1 ma ta s& thiy sau ddy, ta suy ra P = 0, mau thudn.
Diéu nay chiing tb ring néu K v6 han thi ¢ 1a don dnh.
Cuéi cung :

) 5 # K
¢|Ménh dé2 Anhxa K[X]->K 12 don 4nh khi va chi khi X v6 han.
P—P

NHAN XET : Vay khi K 12 v han, ta c6 thé déng nhét P va P, vic 1a ki hiéu P thay
cho P . Trong thuc hanh, thubmg thudng K = IX hodc C, didu d6 cho phép ta dong
nhét P va P ; trong tnmg hop ndy, ta s& ky hiéu P hodc P mién 12 thuan tién.

¢| Dinh li (Dinh li Taylor doi véi da thirc)
Cho P € C[X], N € N thbamin deg(P) < N,a e C.Tacé:

N pm
Pl@a+X)= Z‘D—f“)x”.
n=0 )

Ching minh :
1) Véi moi { thuée N, ta ky hiéu e; = X', va ta chiing minh cong thic vdi e;.
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Mét phép quy nap don gian chning t6 rang :

[ (i—D...i-n+le,_, néun<i

Yneliyel™ = ] _
1 0 néu =
—-ﬂ—a*‘_” ‘niunsi
do dé6 - Vae i, el (@) =9 (i-m! -
(0 néu s > i
Theo cong thic nhi thite Newton ta dugc
! i - ! inl
no it -_ ¢, (a}
C‘-{H+X)=(H+X)'= zcx G = _I____'_aa nyH = Z‘J"—_XF
— (i=7 - ml
n=0 n=0 n=0
N )
2) V&i moi da thae £ = Za‘i){’ :
i=0
M N [ P
e, (&)
Pla+X) = Za,—c,-(u+)() = Za,-[Z”iX”J
. . !
i=0 =N H=0
N [H}( )
= Za, ZmX” (v t:f”’(a):()ne’u n>0)
I
n=0 n=0
:n) /] (.'J] A
=Z 2 e (a)}x Z — P @)X
= 0 [ . u—-O

NIJAN XI+T

1) Trong dinh 1y trén, thé duge st dung 12 €, vi ta cin chia (trong K) cho cdc s6
nguydn (cdc n1). Mot cich t6ng quat hon, c6 thé dp dung dinh 1§ Taylor cho cic da
thac klu K 12 mot thé ¢é dac s6 0 (xem bai tap 2.3.4), tiic 1a mét thé thda mén :
Inell, nl, =20,

2} Binh 1§ Tdylor ddi v da tuic cho ta dang pha.n tich cia P(a + X} theo ¢o sé
chinh tac (1, X, ..., X", ...) cia K[X].

3} Trong dai s6 Z[X, Y] cdc da thifc cha bai dn trén C (xem dudi day, 5.1.8), 1
s¢ chimg minh mot cich, tdng .g, quit hon ra.ug v0i moi P lh'l.lOL C[X] v N thude I sao
cho deg(P) < N, thi:

. N o)
g 0,
PX+Y)= N e §
¢ ) ﬂgo nt

‘Thay ¥ bdi a, ta suy ra:

N
PX +ay= Z P“”(X)
i
n=0

d6 chinh 13 dang phan tich £(X + o) theo co s& (P, -, w cia ZyfX) (néu
N = deg(P)).

11
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4) Thay X bdi X - g, ta dugc (vai gid thidh deg(P”) < N):

N
rey= Y - (X-a".
=0 r

5) T'rong thuc hanh, G tinh cde he trcoa (lz.mg‘ phén tich clia PIX + o) heo Co sy
chinh tac ciia KX, ta c6 thé sit dung mot thuit todn xual phit 1ir sa d6 Homer.
Gastne i, P=a+aX+..+aX € KiXl,uec K.
pat §,., = a,, 16 vai kit n - 1 dén 01 B, = Bt + 0 v Cuoi ciing 7. = -

‘Ta chémg minh d& dang rang véi k¥ hcu P, =+ X+t AX T weos
P=(X-al Y,
{y” = PL)
Bang cach lap lai cdch xay dumg twong 1y véi P, . tasC suy 1a dang phéw tich cua 72
theo ho (1, X - e, (X - al, a (X))

VIDU: K= 8, P =X +4X7-6X+2,u=3"

Cac he wreua 77 - 1 4 -0 2
Che he treta P Il 7 15 47 (=)
{10 45
| 13

1
Mai hang tr (iris ciic hang & himg thi 1) bang tich cia o v hang tit & ben wedi nd,
cong va hang 1 & utn hang. (r ndy.
Tasuy ta: P =47 +45(X -2 + (32X -3 +(X-3)

5.1.8 Khai niém vé da thirc nhicu dn

Ly thuyét trén (tir 5.1.1 dén 5.1.7) <6 1hé lap lai mot cach tong qudt hoo, véi mot vii
siia déi, bang cich thay the K boi mol vinh gino hodn A. N vay 12 s€ xay dang
vanh A[X] cic da thic cha mol an va lay he i trong A.

Pac biét, 16y A = K[ Y1, ta s& Xay dung dai s0 KX, Y| = (KTY DX cac da thire coa
hai dn va ldy hé ti trong K. Bang cacl lap lai, v6i n € i1 ta st xay dung dai 50
K| X, - X,DiX,] cée da thie » in va lay hé 1 frong X. _

poc pid 6 thé ching minh rang K - khong gian vecto K|X,, - X,| nhin

(X e X Ve et 1un oo scs.

by e "

Bai tap
o 5.1.1 Tondidu kien cin va db d6i voi (4, 4 € 12 dd cho X* + AX' + uX* + 12X + 4 14
binh phuomg clia mot da thie thuge T X0

0 5.1.2 Chonelf Apdung(l+ }.()1"(1 S =1 - XM, chimg b
2u Lok 3 N
Z(—n (5,0 =-1"Cy,

E=0

'033
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513 Chone e, a)e ™ saocho (Vhke {1 . nl 0= Gy = ag) P = Zai}\

k=)
2n
Che thy ..., by € 57" sao cho 12 = Z h;X" - Ching minh:
=it
l 2
= =ML
L(rp)
514 Chone [Lvéi k=10, . n) taky neu P, = (X + &)
Clitmg niunh (77, -, Bumdt cosa cna [ X].
515 Chone T,
4y Ching mmh: ¥ € & | X, 3! Pei |X| r X%y = OOPC-X).
by Chang minh rang anb X @ ._,,|X| — 2 [X) (xac dinh & ) thoa man:
P P
VP Qe B IXL POy = ot el ).
C} e el tuyén tinh Khong?
516 Chon el P e Z[X] sao chio deg(M) < .
"
et ; -
Chiing mant; Y Peky-DYC,, =0 (Taco i xet 4 AX| = €IX] ).

o AP AX+HD- A
517 Chota e Praochoazp e JIX).

Chaong it 3P e JIXL X -a)+ PIX - =24

5.1.8" T tdt cd cie ty dang ciu coa K-dat =6 K| X].

518 Gidr cde phuong trinh sau:

WXX - DX+ 20 - P =0vd dn P e X

bY P2X) = PP X)L va dn B e DXL

S0 Chdng minh rang. véi men n thude 11 160 tw P2, € 0 X duy nhit sao cho £2, - ) =

X" vitnh £
51110 Cho (P, la mot day trong ]X| xdc dinh béi P, = | vi
| —
Ynell, P, = - XX +m" !

M
A) Chimg minh: Yo e I¥, 2 =P (X + 1),

ttrong do £, (X + 1y chi da thife hep thimh cba £, vacla X + 1

bySuyra: vne (L ¥ir. e TP, Pu+y) Z!’ (J\)f’ (¥).
+j=n
c) Suy ra: Va e |, ZC‘”(J# I)‘I_](j+ l)j-l-: 26+ 2)""
i+ f=n
5.1.12 “Nhan Ui héa:
) - X*- YL 742X 4 2X372 + 2Y%ZE  trong CIX, Y. 7)
Py X+Y+ZY (X' + Y +2) trong B[X. Y. Z).
5.1.13° ChoA = K[X,, X5, X, X, 1= [P X, + PX, (P, ) € A%,
S=AP X + PX G (P P e MLE= (PP Q) e I xd).

Kidin chiing rimg /, .J [ nhiing idéan cla A (xem sau day. 5.2.3, 1), Dinh nghia). nlhung F

khong phai 12 mét 1dean cia A.

183
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5.2 S0 hoc trong K[X]

Poc gia nin so sdnh muc 5.2 nity véi chuong 4 vé s8 hoc trong .

5.2.1 Tinh chia hét

¢ Dinhnghia Cho (A,P) € (K[X])". Ta n6i rang A chia hét P (trong
KIX]) vaky hi¢u A| P, khi va chi khi 10n tai € K[X] sao cho P= AQ.

Thay cho A chia hét P, ta cling n6i: A liiinét wée cia P, hoac: P 1a mét boi coa A.

NHAN XIT:
1) VA e K[X], A|0.
2}vP e KIXl, OIPsP =0

3) Néu kv higw: AK(X]| = P e K[X]; 3Q € KIX}. £ = AQ} vdi moi A thuje
K[X1, thi ta ¢é véi moi (A, 2y thude (K|X]) : A | P < AKTX]| D PKIX].

¢{Ménh dé 1
YA e KIX|, AlA

Al} o [Faek -{0}, 1*:0;4)1
A )
AlB
BRIC

2) V(A P € (K[X]F H

3 VA, B, C) & (KIX]V, H :>A|(.“J.

Cluing minh:
1) Hién nhién.
2) s GidsitA | P va P |A. Ton tai B, @ € K[X] sao cho P’ = AQ vaA = PB, do
dé P = P(BQ).
NéupP =0,thiA=F=0.
Néu P = 0, thi vi vinh K[X] 12 vanh nguyén nén ta suy ra BQ = [, 1di (xem 5.1.3

Ménh dé 2) deg(B) = deg((Q) = 0. Vay 16n tai o € K - {0} sao cho @ = &, do d6
P = A

o Ngugc lai, néu t6n tai @ € K - {0} sao cho P = @A, thi 15 rang rang

AlPvaP|A (ia' eK vaa=a'P).

DGiast AR vaB|C. Téutai (D, E) € (K|X]Y suo cho B=AD vi = BI.
do dé € = A(DEY viDE e KTX], vayA | C. -

NHAN X£5 1

Cic didm 1) vi 3) trén day ching to rang tinh chia hét T mét ticn thar tr trong K| X],
tirc ta ¢6 cdc tinh chilt phin xa vi bic cdu. n

A



5.2 S8 hoctrong K[X]

Ta chiing minh M¢nh dé san tuong 1t nhu trong 4.1.1:

¢|Ménh dé 2
1) VA, B, O) e (KIXD'. (Al B=A1BO).

AlB

2) V{4, B, C) € (K[X]Y, [{AI("

:>AIB+C]

AlR

NVAB P Ne (K[X|)4’ {{IHQ

= AP BQ]

4 YA, B.m) e (KIX]P' x 1T, (A |_B = A" 18",

Bai tap

¢ 5.21 Clamgminh: ¥aell, X2 (X + D"-nX - | trong K[X].
Azl
¢ 5.2.2 Ctumg minh: ¥er, p)ye AT, ZX‘ ZX " trong KTX].

¢ 523 Chodei.nell A=X-2Xcos 8+1, B,=X"sin ¢ - Xsin nf+ sin (n - 10,
Chung nuinh A | B, vt xay dung da thie ¢, thoéa indn B, = AC,

(€6 thé nhan xét rang: B, = X8, -+ A smin - D

5.2.2 Phép chia Euclide
¢/ Binh ly - Binh nghia Cho (A, B) € K[X] x (KIX] - {O}). Ton tai mot
cip duy nhil (Q, R} thude (K[X]) sao cho:

A=BOQ+R
deg(R) < deg(B).

ba thirc @ (luong ting : R) goi 1a thuomg (twong Gng: din) cioa phép chia
Fuclide A cho B.

Chitng ninh:
1) Ton tai
Taky hicu p=deg(B) 20, B= ih_,-xv" (vay b, = 0). T'a s& ti€n hanh phép quy

i=0
nap theo bic clia A. Xéutinh chét ©, sau:

155



Chuong 5  Da thifc, phan thife hilu ty

Véi moi A thude K[X] sao cho deg(A) < 5, t6n 1ai (Q. R) € (K[X])* sao cho:
A=BO+HK vddeg®) < deg(#).

o 7, ding. That vay, néu A la mot hang thi chi cén 18y

Q=0vaR=A. néudegiBy=1.
{Q =Ab,' ViR =0, néudeg(B)=0.
o Gia st 7, ddng v6i mot n thude I, va gid st A € K|X] sao cho deg(A) = 1+ L.
n+l1 .
Taky higu: A = Za‘-){‘ L vaxét
i=0

O = i by X7 VAR = A BQ
Po céch chon Q,,,, cdc hang wr bac » + | ciia A vA ca BQ,, 13 nlur nhau, viy
deg(R,, ) s n
Theo 72, ton tai (Q,. R,) € (KIX]) sa0 cho: R, = BO, + R, vivdeg(R,) < deg(B).
PatQ =0, + Q. Vi R= K, taco: '
A=BQ, +(BQ+RY=BQ+R vii degdR) < deg(B).

2} Duy nhal

Gia sir ton tai (Q,. k). (@.. R.) thich hop. The thi taco R, - K= B(Q,- Q). Néu
0, # Qa thi Q- Q) # O vit deg(R,- Ry) = deg(B) + deg(Q; - Q) 2 deg(B) didu vy
mau thuin voi:

deg(R, - R.) < Max (deg(&,). degif,)) < dep(h).

Dodé @, = Q,vh R =R,

viDU:

1) Thuc hién phép chia Fuclide A = XX - X +6 choB=X-0X+X+4
" wrong RYXI.

42X - X+ 6 | X -6XHX+4
RX?- X*-5X+ 0 X+ 8
47X*-13X - 26

O=X+8, R=47X-13X-26.

2) Thuc hién phép chia Buclide A = iX’- X4 (1-§) choB=( +DX*-iX +3
trong C[X].

ix*-x’ +(1-i) (1+i)x? -iX+3
-3+1 3+3i i - 1
P2 3N i, —1+2i
2 2 2 2
—5-4i_ 5-8i
4:X+ 81
2 2
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NIIAN XI5T:
RS rang rang v&i moi (A, B) thuge KX x (KIX] - {0}), B chia hé A khi va chi khi
dur ciia phép chia Huclide A cho 8 1i da thie khang. |
Cho P € K|X|,u e K.
Do phép chia Euclide  cho X - g, tdn 121 (O, R} e (K| X]) sao cho:
Proe (X- )0 + K vindeg(i)y < 1.
Viy Kl hang.
Hon néta: Play = Ria) . do dé R = R(w)= P(a). Hidu niy chimyg 16 du cia phép chia

Fuclide P cho X -« la Pra). bac hiot:

¢ |Ménh dé
YPe K[X|,Vae K. (X-alP < Pla)=0) [}

CHU Y: Phép déi thé

Cho 7. 1a mot thd, K 13 mdt thé con cla L (wong thue hanl: X = #. L = -Z),
(A, BY e (KX O, R Huothuomg v du ciia phép ehia uclide A cho # trong K[X]. Vi
Q. B cling thuge L[X], nén r& rang rang Q. K ciing 4 thuong va du cua phép chia
Luclide A cho & trong L|X]. Pac bict, B chia hdt A wong K| X] khi va chi khi 8 chia
hét A rong LEX.

Bai tap
0 524 Timcice e isaocho X - aX 4+ 11X - X +a trong 7 [X].
¢ 5.2.5 Vi €11 % ied dind Gin du coa phép elina Buelide (X sind + cosf)” cho

X + | trong J[X].

¢ 5.2.8 Choik aye (1 rladucha phép chia Buclide & cho o, Chimg minh rang du cha
phép clua Buclide XF cho X - 1 1a X7 :

0 5.2.7 Chop e JIX) ae 2. Tinh thuomg clia phep chia Fuclide P cho X - a. Bidu dign
K& QuA trong oo s (X - @ . . e
¢ B5.2.8 ChoP e K[X] sa0 cho degt#y = 1,

) Cho ¢ va R L thuong v du cda phép clua Fuclide A cho 8. Chdng minh rang thuong va
ducla phép ctia Buclide A e Feho e la(d o PyvaR o P,

by Suy ra: ViA. By e (KIX|Y . (BlasRBo Pida )



Chugng 5  Da thie, phan thire hitu ty

5.2.3 UCLN, BCNN

1) Idéan ctia K[X] _
¢ Dinh nghia Moi bo phan bat k¥ 3 ca K|X] thoa man:
e 3% I
VP, NeF, P+e3T
e VA e KIX], VP&, APe 3
duge goi laidéan cua K1X].
Téng quit hon ngudi ta di dinh nghia khai ni¢m idéan cia mét vanh giao hodn
hoac thamn chi ca idéan tréi, idéan phai cua mot vanh.
NIAN XET:
N&u 3 12 mot idéan cua K[X], thi ta co:
Jz0
YP,.QeI*, P+Qel
vPed —-Ped
vi do dé T 13 mot nhdm con cia (K{X], +).
2} Cho P, e K[X] va P K[X] 14 tap hop cdc boi cia P, trong K[X]. tic 1x:
PK[X] = {PA; A € K[X]].
RS rang rang P,K{X] 12 mot idéan cia K[X].

¢ [DPinh ly Vai bit ky idean Jcua K[X], t6n tai P, € KjX] sao cho:
F=PKIX] = (P e KIX}; IA e KIX], P = P,A}.

Ta phdt bidu ket qua ndy 1 Moi idéan cha K[X] 12 idéan chinh, hoac la: K{X}11a
mot vanh chinh.

Ching minh:
Gid sit 3 12 mot idéan clia K[X].
Néu 3 = {0}, thi 3 = 0K[X].
Gia su 3 = (0}. Tap hop {deg(P); P € 3 - {0}} la mot b phén khic réng cua 11
Viy 16 ¢6 phén tir bé nhat, k¥ higu 13 n,, v t6n tai P, € T - {0} sao cho deg(Py) = #,.
Ta s& chimg minh ring : § = P K[X].

1) Vi P, € I vavi 3 la mot idean cha K[X], nén ta ¢6: VA € K[X], Ped € «,
nic la: PK(X] < 3.

2) Nguge 1ai, gid st # € 3. Bang phép chia Euclide P cho £, t6n tai (Q, K) € (KIXI¥
sao cho: P = 0 + R v deg(R) < deg(P,).
Do K =P-P,Q, maP, P,déuthudce 3, va vi 3 12 mot idean cia K{X], nén ta suy ra:
R e 3. Hon nifa, theo dinh nghia ctia P, vi deg(R) < deg(FP,). nén ta dugc R = 0, do
d6: P = P,Q € PK[X]. n
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NHAN XET:
Ching minh & trén dii chiing 1©& mo1 cach khid (dng qudt rng moi vimh duge goi la
vanh Buclide déu L vimh chinh.

2) UCLN, BCNN

Chon eIV (P, .. PJe (KIX]-{oh"

Tap hop cdc bic clia cée da thite /7 thuge KX - {0 sao cho (Vi e {1, ... n bPIPY 1A
moL by phan khic rdng cla 17 (vi Vi € {1, ..., 1), 11P), bi chan tren bai deg(,)
Vay 16n Lai mot da thife chudin tac 4, khdce khong, [ ude chung coa 2, ... P, v €6
bac cao nhdl trong cdc ude chung cua P, .., 27, Twemyg tu, 160 140 mét da thie chuin
1ac M khdc khong, Ta bdi chung coa 2, ... £, vii ¢d bac (hilp nhil rong cie béi
chung cna .. P,

Ta s& chitng. minh rang:

H H
S R KIXI=4KIX]L ()£ KIX] = MKIX),
i=1 i=1

vi ddng thie my theo 5.2.1, Manh d& 1, 2), 58 chimg minh tinh doy nhit cia 4 vaclia M.

H
1} e Viméi PK|X) (1 54 <) bmot ideéan cia K1X|, nén ré rimg ring > P K|X] 1A
B i
i=1

mdt idéan cua K| X|.

Do KX | 13 mot vanh chinh, nén tén 14 £ € KIX| suo cho:

]
> BKIX}= DKIX]
i=l

o Theo dinh nghia cia A: Vi € {1, .., n}. AP, do dé: Wi e {1, ..., u}.

"
PKIX| c 4K|X],va: D PKIX]c 4K|X]
i=l
Vay 16n tai D, e K|X] sao cho D = AD,.
H
e Matkhic: Vie {L..nl PKIXIc Y PKIX]=DK[X),
=1
suy ra:  Wie |1, .. nl DIP,
Hom nita, 1o rang vang D = 0 (v P, € DKIX|).
Theo dinh nghia cina Atacd:  deg(D) £ deg(Al

o ViD= AD, viidep(D) < deg{A), tasuy ta D, € K - {0}, do dé:

£l
> PKIX|= DK|X|= 4K(X].
=l
o Cudi cing, 1éu 4,, 4. B hai da thie chuan tac, khic khong, déu 1a ude chung
cua P, ..., P, vit 6 bic cao nbit. (hi

H
A4 K(X|= Y K KIX] = 4,K1X],
i=l

nén ta suy ra 4, = A,, diéu ndy ching to tinh duy nhdt cua A da dinh nghia rén day.



Chugng 5  Pa thic, phan thirc hitu ty

2} & Vi mbi PKIX] (1 <7 < n) fd mot idéan coa K{X|, nén rd ring rang

1]
ﬂ P, K|X] cling 13 mot idéan cia K(X]. Vi K[X| 12 moL vinh chinh, nin 160 tai 12 e K|X|
i=l
sao cho:

i '
(7 KIX1= PKIX|
i=]

® Theo dinh nghia cta M: Vie {i,..n). PAM. dodd wie {l, ...onl,

o
MKIX] < PKIX), 161 MKIX| < [|EKIX].
i=1
Vay t6n 1ai 0, € K|X} suocho M = QP

o Mat khic:
H i
Wie{l, . ...nl, 11-K[X|::ﬂ!j-K{X|:1’K[XI,

i=1

dodo: Wie{l,.,nb PP

H
Hom nlta, 16 tdng 1P = 0 (boi vi n I e PKXI).
i=1
Theo dinh nghia caa M, L co: deg(M) < degih).

o ViM = (P videptM) < deg(P). tasuy ra Q, € K - {0} tir cdiy:

N
(YPKIX|= PKIX| = MK|X]

=1
e Cudi ciing, néu M, M, 12 hai da thitc chudn 1ae, Khde khong, déu La boi
chung cua £,.....P, vl cd bac thap nhal thi vi

H
MKIX| = (|1 KIX]= M,KIX]
=1

nén ta suy ra M, = M., ditu ndty chiing to tinh duy nhéit cua M da dinh nghia trén day.

Ta tém tit két qua khio sdu trén diy bang:

4| Ménh dé& - Binh nghia 1

Cho i € {1, (P, ..., P,) € (K[X] - {0}

1) Tén tai mot vi chi mot da thite A, chuéin tic, khdc khong, la uée chung
cta P, ..., P, va c6 bac cao nhat trong cdc ude chung cla P, ... P,
A duge goi 13 wée chung 16n nhit (vict 1it: UCLN) ciia Py, ., P, v duge
ky hicu UCLN(P,, ..., P} (hoge: UCLN((P), - - ).

2) T6n 1ai mat vit chi mot da thite M., chudn tie, khdc khong, 13 boi chung
chia P, ..., P, vl ¢6 bic thdp nhit trong cde bl chung clia P, ..., P, M
duge goi 13 b chung nho nhit (viet e BCNN) caa 77 P, v duege
Ky hiéu BCNN(P,, .... ) (hoac: BCNN((#), - . ).
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¢|Ménhd8 2 Chonell. (P ... P)e KX} {01,
A=UCLN(,. .., P,). M = BCNN(P,, ... ). Taco:

S PKIX]=AK[X] v [P KIX]= MKIX] [
4
=1 i=l
Pac gid ¢6 thé chiimg minh cde Ménh dé sau day, phong theo viée kido sat 50 hot
trong o (h2):
| Menh d& 3 ChonelV (P, .., P e (KIXI-{OD,
(a, ..o ) € (K- 101" Ta e

UCLN((C‘.i‘P} N<ign} = UCLN((P; ) 15:’511)
BCNN{(U’., Px ]151'5,;] = BCNN{(PJ }195” }

o|Ménh dé 4 Choneil, (P, ... P) € (KIX]- (0D, A € KIX|- {0} 12
chudn tic. Ta cé:

UCLN((AP, g ¢a) = AUCLN((P i<z )
BCNN((AP, }1gicp } = ABCNN((E, ) 1i50)-

o{Ménhdé5 Chonell, (P, ... P) e KIX]-{OD,

A=UCLN (P,, ... P,), M =BCNN (P, ..., P,), (4, B) € (K|X] - {O}Y.
Ta ¢o:

DY, e {l,...al APy AlA

D, ell,..,n, PIBeM | B.

¢| Ménh d& 6 (Tinh két hop cna UCLN vi coa BCNN)
Cho n € 17, I/ Tamdt phan hoach cia {1, ., ny APy, o, P e (KX {0
Ta cd:

{UCLN((P;' Yyeren } = UCLN(UCLN(E, digs Vierr )
BONN((P, ) <icp ) = BCNNBCONNWE, )i e )

Meénh dé trén chitng (& ring ta ¢6 the bidu thi UCLN (heomg tng : BONN) ctia nhicu
da thite mi chi dimg dén cic UCLN {(tuong Gng : BONN) ctz hai da thife.

4| Ky hiéu
P AQ=UCLN(P. Q)

V& (2.0) € (KIX]- 10D, 1aky hi¢u: {PVQ _ BONN(P.Q)



Chudng 5  Da thirc, phan thie hin ty

NHAN XET:
A va v I nhiig Ingt hgp thanh trong trong K[X]- {0}, ket hop v giao hodn. Hon
nita, v6i moi da thife chudn tdc va khic khong P thi:
PAP=P PvP=P Pal=l Pvi=F
Dudi day ta s& thiy rang: '
o A vi v phan ph6i luat nay doi v6i luat kia (5.2.5, He qua).
o V(P.0) € (K[X] - (0D% Vk € I, PP A @8 = (P A Q) (524, ), TIC qud).

3) Thudt todn Euclide

1.4p luén nhur trong khi khio sat thuft todn Euclide trong 7 (4.2.3), ta thdy rang, véi
moi (P, O thude (K1X| - {01, UCLN cia P va @ la du cudi clng khac khong
chudn 1ac héa trong diy cde phép chia Euclide lién ti€p.

vi Du:
Tinh U'CLN ciia P= X7 +X + 1 vh Q= X*- 2X'- X + 2 wong iR[X].
L&
X+2 lX—i 4X -3
4 16
=X FXHL | Q=X-2X-X-2 R, =4X'+ X +X-2 1R:=X3+X+I
. 9 5 L. 1 .
X XK 4L X =X =X +2 SAX-3X-3
4 4 4
4 wr 5 , 5 5
RysdX+3X+ X3 | R, =—X"+—X+— a
T 1e 16 16

Taduge: PAQ =X+ X+ L.

5 e
Trong vi du ndy, trong mét pha tinh todn ta di thay -13(—(}(2 +X+D) A X+ X + 1
3]
(xem 2), Ménh dé 3.

Bai tap
0 5.2.0 Chol 1amotthd, K1amot thé conciia L, P, & € KTX]. Ching minh rang UCLN
cla P, (0 trong K[X] ciing 12 UCLN cia P, @ trong L[X].

5.2.4 Da thiic nguyén té cung nhau

1) Dai cuong

¢ Pinhnghia Chonell, (P, .., P,) e KIX]- {on.

1) Ta néi ving P,, ..., P, nguyén & cimg nhau trong toan thé (hoic: xa la)
khi va chi khi: UCLN(P,, ..., P,) = L.

2) Tandi ting P, ..., P, nguyén t6 ciing nhau timg doi khi va chi khi:
v, pell, .,n) (izj=>P AP=1.



5.2 Séhoctrong KIX]

NHAN XFiT:

1Y N&u £, ... P, nguyén 16 ciing nhau timg doi thi P,. ..., P, nguyén td cing nhau
trong toan thé.

2) Khimg dinh do fasais Neun 2377, ... F, ¢6 thé nguyén 16 ciing nhau trong
toan thé nhamg Khong nguyén (6 cling nhau Linig déi.

Vidu: n=3 K =7, P = {X-DX, =X - X + 1), Po=X(X + 1.
3} V& moi a thude 177 vy moi (P, ... P) thude (K[X] - {0OH", vdi ky hicuw:

A=UCLN,. .. P it (Q,, ..., ) € (KIX] - L0 saccho (Vi e ], ... nt,
P = AQ)va Q. ... Q,ngayln 18 cing nhau trong toan the. L]

Poc gid ¢6 thé chimg minh Ménh & sau oromg oy nha trong 4.3.1

+| Ménh dé

L[ jAnB= §
YA, B, ) € (KIX] - {0}), clB = ArC=1].
2) Dinh Iy Bezout
¢ Pinh ly 1 (Pinh Iy Bezout)
Cho i € I, (P, ... P)) € (K[X]| - {OD". BE (P, ... P,) nguytn 18 cang
nhau trong toan the, ciin vi di 11 ton tai ({/,. ..., /) € (KIX))* sao cho:

1
SpU=1.
i=1
Chainyg minh: Tuong W nbu phép ching minh dinh 1§ Bezout trong %, 4.3.2, Dinh ¥ 1.

+|Binh ly 2 {Pinh 1y Gauss)
' j AlBC

¥ (A, B, O) e (K[X] - {0V, {/‘mB:l

= AC }
Chigng minh: Tuong ta nhy phép cining minh dinh 1 Gauss trong 7, 4.3.2, Dinh 1y 2.

o) Ménh dé

Cho A, B € K[X] - {0} nguyén td cing nhau vl khong déu 1a hang. Ton
tai (£, V) € (KIX])* duy nhit sao cho:

AU+ BV= 1, deg(l)) < deg(B), deg(V) < deg(A).



Chuwong 5  Pa thifc, phén thifc hiu ty

Chitng mind:

1) Tom tai
N&u, chang han A 13 hing, cbi cdn lay U7 = A7, V' = 0.
Viy ta gid thict: deg(A) z 1 vivdegiBr = 1.
Theo dinh 1y Bezout, ton tai (14, V) (KI')(])i sa0 cho At/ + BV, = 1. Bang phép
chia Iiuclide &, cho B, 16n twi (3, {N € (KIX)? sao cho

(/= BE + U vcdeg(d) < deg(B).

bat V= AQ+V,.
Tacé: Al + BV= AW, - BOY + BAQ + V) = AU/ + BV = L.

Vi A vi B déu khdc hing, rd ring 13 77 vd V' déu khic khong va: deg(Al)) =
deg(BY) = 1. Th thi:

deg(V) + deg(B) = deg(8V) = deg(AlH = deg(A) + degtl) < deg(A) + deg(B),
do dé deg(V) < deg{A).

2) Duy nhat
Giusir (U, V1), ({42, V) thich hgp. T thi ta ¢ AU, - 1) = BV,- V). VIA AR = 1,
nén dinh 1y Gauss ching (0 rang: A | V.-V,
Nhumg deg(V. -V} < Max (deg(V)) deg(Va)) < deglA).
Dodé V.- V,=0,V,=V .=,
Tuong 1 nhu & 4.3.2, ta cé mdt thudl todn dé tinh cap (7, V) thude (K1X]) sao cho
AL+ BY = 1 (nfu A ~ B = 1), vicap (04, V] thu duge nlur the 1hoa mén:
dep(ih) < deg(B) vivdeg(V) < degiA) (NCu deg(d) = 1 vivdeg(s) = 1
Vi DU

Chitg minh rang (frong ¥ X} cic da thic A = X4 v =X - 1 nguyCn i6 cling
nhau va tinh mét cap (77, V) thude (KXY thoa man AT/ + BY = |

Ta thuc hien cic phép chia Euclide Hén ticp:

M)

X-X+1

X+1

1 X

x* +1] X' -1
X+1 |

X-1
2

|
l
|
Taduge: -2=(X*- D-X+DX-X+ D
= (X DO+ D-XOP- K- X+ D
= (XX X+ DOC- D -(X- X+ DX+ D,
Mot cap (£, V) thich hop Ia:

|
{ :.-2-0{'2 -X+), V:—%(X:‘ -XZ+X+ D).
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3) Tinh chdt
o/ Ménh déd1 ChonelT AP, ... P E KIX] - 10}, Taco

{ 13 \
(vie (l,.,al, AaP=D=An ﬁﬂpfjlzl
. L=t

Ménh dé 2 V(4. B) € (KIX]- ON:, Vik, e Q7.
ArB=1oA AB =D

¢

+| Hé qua

YA, B) € (KIX] - L0V, Wk e 1T A A B = (A~ B

o|Ménh dé3 Chone ", AP ...l € KX - 10},
Néu (¥i e {1, ... n}. P iAY va néu I’y £, nguyén A cling nhau timg
doi, thi: nP}lA.
i=1

o|He qud Chonell (P, ...P)E (K[X!| - {0}y Néu P, ..., P, nguyn
tG ciing nhau timg doi thi BCNN cha Py, ... P, 1a dathic chudin tic clia
N l L , . M

P, (urc1a = [ 7 trong d6 a1 he (rcao nhitcha 17 )-
[17¢ ag g ‘ [17:

i=1 i=1

+|Ménh dé 4 V6 moi (A, B) thudge (K[X] - (01, (A A BYA v B) I da
thitc chuén tic cua AB.

525 Pa thnre bat khi quy

¢ Dinh nghfa Mot da thic P thude K[X| duge goi 1a da thite bit kha
(uy (hoac: da thie nguyén t6) khi va chi khi deg(P) = 1 viv P chi 6 ude
(trong K[X]) lacde a (e € K -{0)) vacic gP (fe K- 1O,

NHAN XIiT: Phép doi thé

Cho £ 1 mot thd, K 1amot thd con caa L (trong thnge hanh: K= EviL="0).P e K 1X].
« Nu P bit kha quy trong L[X], thi £ bt kha quy trong K{XI.

» Khang dinh dao la sai: P ¢6 thé bat khi quy trong K|X|, nhung Khong biit kha
quy trong L[X].

viDy:  X*+ | bit kha quy trong X1, nhung khong bat khid quy trong Z1X:
X4 1= (X +IHX -0



Chuong5  Da thifc, phan thirc hitu ty

¢|Ménhdé1 Cho P e KiX] bat khi quy, A € K[X|- {0}. Ta cé:
PlAhoicP AnA=1.

¢|Ménh dé 2 Cho P e KiX|bit khidquy, n & 17, A, ... A, € KIX]|- {0}

| =
+|BDinh 1y Moi da thitc thude K| X| ¢6 bac 2 | déu c6é mt dang phin tich

thinh tich nhimg da thitc bat kha quy, duy nhil sai khéic thir tr cae nhin
T va sai khie vé cde nhin 1 bic khong thude K - [0},

Cherng minh: Vuong ug nlar trong 443, Panh 1y 1

Cho A e K[X] sao cho deg(A) = 1. Theo dinh 1y trén, 16n tai N & 1.
P\, ..., P, bt khi quy vt nguyén (0 cang nhan timg d0i, 7y, ..., Iy € 11 sao

chor A= n !’;v“- . bing thic niy duge goi li dang phan tich nguyén to
=1
(viét tit: PTNT) cua A trong K[X).

vi DU:
o PINT con X*+ X3+ X + 1 rong 7 [X] b
X X+ X+ =X+ DX - X+ 1)
o PINT vl X5+ X34+ X+ 1 trong 2| X] e
X X X+ =X+ DAX + X + ).
NITAN XET:

]
Hé thuan 1gi trong PINT coa A, A= ﬂ Pl mot so cde r, ¢6 Ihé hang khong.

i=1

Ol Hé qua Moi da tinrc thude K] X} ¢ bic 2 | 6 it nhit mét wde bat kha quy.

N
+|Ménh dé 3 Cho A, B € K[X] déu c6 bic > |, chudn tic, A= ﬂ Al

=1
J\r

I = [_[ P 14 cac PTNT clia A va B (trong d6 N € L, P, s Py déu
=1
bdt khia quy, chuadn tic vd nguyén 16 cung nhau timg doi, ri. ... £y,
Yo e ¥ €170
I' " Mint .
- sxhnir,
ArB=T]7
Ta co: ':’
- Maxtr s
AvB=[]F"
=1




5.2  S8hoctrong K[X]

¢| Hé qua Trong K[X] - 10}, cdc lut A va v e tinh phin phoi luat nay

dai vén luackia

Bai tap

&

. po=p =X
5210 ChoP,), w 13 i (1;'[}' lrong K1X| RAC Llillh hon: : n |
IvHENL, = X - Py

4y Chamg b Yo e 1l ‘”;.14 R L L
bySuyra Werell Poal.= 1.

5.2.41 Cho A, #. € e KIX|. Clumg ninh rang. ncu A, #.C npuycn 16 cing nhuy linyg
Aot thi AR+ B+ €4 v ABC nguyen 16 cung nhau.

5212 ChoiA B e (KIX|- (01 Chiing niinh Lad tih chit sau Y tomy duong:

{13 A viL B Khoug nguycn 16 clhng nhau

(k;g(f.l’ 1< dcg(h‘]
oy AV E (KX - (0P fdepV) < deplAd)
AL+ BV =0

5213 C(hopell lae 2 wao ol e = A Tim mot cap (4.1 thude G XD san chio

X - -mty =1
degid/ysn—1 degV)sn- !

(U6 e khai tridn (X - a) - (X - By bang cich dp dung cong thiic nhi e Newton).

5.2.6 Phép chia theo 1oy thira tang

*

Ménh dé - Binh nghia Chon e 1l A€ KiXl, B e K[X] sao cho

val(B) = 0 (1dc fa: RO =0). Ton tai mdt cap duy nhit (Q. Ry thude
(KXY sao cho:

A=BQ+ XTR v deg(d) =

Pa thifc () (twong Gng: R) goi Ja thuung (luong e du) cha phép chia A
cho B theo lity thia tang dén cap ».

Clurng minde: 1) Ton tai

Quy nap theo n

o Trusmg hop n =10

Ta ky hicu g, by 1 cic hang 1it hing lwong Gog caa A, B (i I oy = A(D),

by

=B =20), 0= u, b;l . Hlang 18 bang cia A - BQ Kokhong, vay 1hn L K e KiX|

a0 cho A - BQ = XR. Vay: A = BQ + XK videp((y = 0.
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o Gid sit 1o 1) vh gia st 100 1ai (. R € (KXY sa0 chor A = BQ + X™'R va
deg(Q) < . Theo s khio sat rudmg hop #o= O, dp dung cho K thay Vi AL 160 i
(¢. K € (K[XJY sa0 chor R = By + XR, vl deg(q) 5 0.

Phat @, = O+ X" 1a suy r

Jz‘; = R0+ Gl (By+XRy= By + X“+Z.-"€| )
l(!cg(Q1 Y= n+1

21 Duy nhat

Gid ST (0. R)). (-, £) thich hop. Suy ra B(Q, - =) = X"*'(R.- k). do d bang cich
chuydn sang cic dinh gid:

val(Q,- @ = n+ L +vallk.- Rz n+ 1.

Neu Q, - Qa2 O, thic n = deg{Q, - 1) = val(Q, - (1) 2 v + 1. mau thuan.
Viay O =@ néu K, = k..

Vi DU

ITnge hien phép chin A = 2 + X - 3X2+ X cho #= 1 +4X - X7+ X' (trong XD
theo 1y thia tang déo cip 2

2+ X -3XT+ X° 1+4X- X +X
¥ - XX 2-7X 4+ 27X°

218Xy X
S116X% + 34X - 27X%°

Suy ra thuong Q=2 - 7X + 27X vidu R =-110 + 34X - 27X". |
Phép chia theo iy thira tang duge ding chi yéu dé :
o Phéan tich mot phan (e hia ty thith nhimg phin 1 don gidn (xem 5.4.2, 2) b) H).

o Tinh cic khai trién hiu han cia mot thuong (xem Tap 2, 8.3.4, Nhim xé6).

Bai tap

0 5214 Chonell. (. b e A=1-abX2 B=1-{a+ X +abX* Tl thuong vi
du clia phép chia A cho 8 heo liy thira tang dén ¢ip o

il M
0 5215 Chonell. A= Z x* B = Z(-— l)k X T thuremg va du cda phép chia A
k=00 k=0
cho B theo 1y hita tang deén cdp a.



5.3  Khong didm cla da thitc

53  Khong diém cia da thic

5.3.1  Dai cuong

¢ Binhnghiat Chof e K1X|, ¢ € K. Tandi ring « 1o mot khong diém
(hodc: mot nghiém) cia 2 khi va chi khi: Pl = 0.

T nhae lui vimg P fidanh xa da thie licn kELvai P, va ndu K vo han (ngmy hop thutng
wap nhit trong thuc hanhy thi o6 the dong nhit £ v Po(xeri 3.1.7, Monlydc 23

Moi phuong trinh f;(_\): 0, c6 dnx e K, rong d6 P e KX ¢6 dinh, goi li phuong
(rinh dai sé.

Ta di (hay (5.2.2, Ménh dé) ring « 1 mot khiong diém cua £ khi vivehi kKhi X o
chia hel £

e¢|Ménhdé1 ChoP eKiX]ne! r oy, ... x, € K timg doi khdc nhav.
"
NEu xy, ... v, lucdce Khong didm cia P thit  [TX -y, NP
i=t
Clueng mink:

Theo 5.2.2, Ménh dé: w4 € {1, .., X - P Via, . v, (mg o1 khie nitat, nén Cac
dn (e X - 1. ... X - X, nguyén 6 cing nhau timg doi, vay (xem 5.2.4, 2, Menh dé 3y
L)
[IX-x)P-
i=1
e|Héqua1l ChoPe KX, net!. Néudeg (P)<n v néu /2 ¢ it nhil #
khong diém timg doi khic nhau, thi 7 = 0. |

¢|H& qua 2 Néu mot da thie P thude K{X] tri¢t (éu ti mdt 50 v hun

ciic phin tir thuge K, thi £ = 0. n

vi Dy
Pa thitc noi suy Lagrange
Chonell a,. ... x, € Kumg d6i khdc nhau.

o V@i mdi 7 thuoe {0, ... 1}, 100 14 mon da thie £, thuoe KX vitechi mot sao cho:

Idcg(f,f y<u
Iojefo, .y Grim =0
{E,—(.\',)Z |
1
(X—xj).

n('\-i _'\..J'-) [k
0L = I

rr

vil ta cd {; =
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Céc da thitc L, (0 < / < n) duge goi 1a cdc da thifc néi suy Lagrange tai cic
diém x,, ..., X,
o V&i moi (b, ..., b,) thude K™/, t6n tai mot da thise P thude K1X] va chi mot sao cho:
deg(Pysn
{vs e{0...n} Plx)=b;

M
vitacé: P= beL,- .
i=0
¢ Dinhnghta2 ChoPcK[Xl,ac K, ae ek,

1) Ta néi ring @ 1a mot khong diém cap béi khong thip hon a cua P
khi va chi khi:
X -a)*|P.
2) Ta néi ring a la mot khong diém cip boi diing bing a cua P khi
va chi khi :
X-a)|lP va (X- o\ p.

Néu « = 1 (twong ng: 2, tuong ng: 3), ta néi « 1a khong diém don (twong wng:
kép, twong ding: boi ba).

Ta ching minh dé dang ménh dé sau:

#| Ménh dé - Binh nghia 2
Cho P € K[X] — {0}, @ € K. Néu ¢ 12 khéng diém cha P, thi tén tai a € R

duy nhat sao cho a 12 khong diém cdp boi ding bing & cba P, vi ta néi
ring o la ciip boi clia khong diém « trong (hojc: cua) P.

¢| Ménh dé3 Chon e ¥, x,, ..., x, € K tiing d6i khéc nhau, A=H(X—xk),
k=1
B € K[X]. Thé thi ta cé:

A|B e (Vke (1,...,n}, Blx,)=0).
Chitmg minh:
1) Néu A | B, thi t6n tai Q € K[X] sao cho B = AQ, do dé:

vk e {1,...4}, Blx;)= Al ) 0x;)=0.

2) Nguoe lai, néu (V& € {1, .., n}, Ble,)=0), thi: Vk € {1, .., n}, X - x|B,

vy, do X - x,, ..., X - x, nguyén 10 cling nhau timg doi, nén ta két luén (theo 5.2.4, 3),
Ménh dé 3): A|B.
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Bai tdp

H
0 531 Chonell x. .y, € Kiimg doi khic nhan, = z (X —x; ). Vi magn thude

1 =11

| .
10, ..o laky hicu £, = : n (X - x;) tdatlnge noi sy Lagrange L
l_[ Ly, i ) N psn

Eypan I

I
e didm g, ., X, xem S350 Vidy) Clang, mind riang, vei mei A thade KX, dureoa
H
phép chia Fuclide A cho £ Le Z .'.':(.\',- )"":' .
=0
i
0 632 Chonell a...q,€i. P = l_l (X sinay +eosay ) T ducua phep chia
k=1
Fuclide P, cho X+ 1.

o>

533 Chol e KIX|. a1, Chimg nuntu

2n—1
a) X -1 lt"()("; = ZX"" P(Xz”)
k=0

BiX - LIPX") = (ke TF X -1 [P,

O 534 Ve il tinh dacia phép chia Luchide KX+ 1 cho X+ X+ 1 tong
21X

O 535 Choneltl A=xX>+1,
Po= (X DX - XX X XM e DIX).

Chimg minh: A 1 P,

5.3.2 Da thire tach

¢ DPinhnghia 1 Mot da thic P cia K{X| duge ol 10 da thie tach (hay:
tach dwge) wén K khi va chi khi n 1w A e K - {0}, noe it
Apy oen Xy € K 800 chor

P= ln {xX- ).

(3 day, x. ..., x, khong nhat hiét khdc nhau timg 30i.

DuGi day s thay ring (dinh Iy d'Alembert, 5.3.4) moi da thike khdc hang thude -ZiX|
déu tich duge wen 2.

NIHAN XIET:

Phép d6i thé

Cho 4, 13 mot thé, K li mot thé con coa L. /2 € K[X]. P ¢6 1hd tich duge trin L
phung Khong tdeh duge trén K Vide K =1L 5 o = X+ b a



Chuang 5  Ba thife, phan thie hilg ty
Vdix;, xn, v, € K, ta khai trién:

2
. 1—1 (X - ) =X - X - =X - () A 0)X

[

Lt

o TT{X= 1 )= (X - 1 UX - (X - x0)

i=

=X - (0 G K F (s ax )X - Kl g

K&t qua nay din dén Pinkh nghia sau.

+ Binh nghia 2

Chowe iV, x, ..., x, € K. Cic "bidu thire” sau:
1 "

£l

Z R TR R UL R S

=t

G,

o.= Z N =0 G ) (GG )

126y <i-=n

..+ (—llu-}"ln-l + 'l-!f-z"-ﬂ) + N Y-

g, = Z Ni Vi ey, {(l<k=m

VEI <fa iy S

O, = XX .o X

"

2ol 1a cdc him déi xiing co ban clia v, .., ¢

T - N a s q . .
Chang han cac ham doi xdmg co ban ciia v, vy, vy, 4 1

O =X +xy g

Ty =00 F 0N F N+ 05N+ + XYy
Gq = A dpbg T 0, + 0030 0,000y

Ty =4y

NHAN XFET:
Ey Fong quét hon, xét cic an X, ..., X, thay cho cic phan tir v, ... 1, clia K, la e

the dinh nghia cic da thire d6i ximg co ban o, . o, cia KIX,. ... X, |:

Vhelloni, o= Y X, X,_.X

1)) €y Sn

i

2) Ham déi ximg co bin o, cliay,, ., 8, gom C, “hang (0"



5.3 Khong diém cla da thirc
o| Ménh dé (Hé thifc giita hé tir va khong diém)

n -
Cho n & N, (@, ..., a,) € K*' saochoa,#0va P= 3 a X'
i=0

Gia thiét P tch duoc trén K va ky hiéu x;, ..., x, la cac khong diém cta P
(khong nhdt thiét timg doi Khdc nhau), sao cho:

i
P=a,[[(X-xp.
i=1

Thé thi ta cé:

[ [#1 a
6, == o = (D Lo, = D —
n aﬂ aﬂ
trong d6 &, ..., ©, chi cdc ham d6i ximg co ban cia xy, ..., X,

Chitng minh:
Chi cdn khai trién va déng nhat hé s6 cla céc hang tlr cing bac trong:

"
a, H(X—x,-}z'an)(” ta, X"+ +ag

i=1
vipu:
4
Tinb Y. x? trong d6 x,, ..., X, 12 céc khong diém cha X* + X* + X* + 1 trong T.
=1

4 ]
Ta cé: Zx,z =o? -20,0; =—l,07 =1, do dé Zx,z =~1. Diac biét x;, ..., X4
i=1 =1

khong phai t4t ¢4 déu 12 nhitng s6 thue.

Bai tap

0 5.3.6 Choa, b lahaikhong diém khic nhau ciart +32+2z+1=0(nz e T). Tricia
a'h + ab? + 3ab 12 bao nhidu?

O .37 Vidu vé cdch tinh ham d5i xing ctia cdc khong diém cita mt phuong trink dai 5¢
K hiu x,, Xy, X,... la cac khong diém cha phuong triirh duge chi ra (trong 73, hiy tinh
biéu thirc E, rong 46 X chi téng clia td1 cd céc hang tir nhéan duge do hodn vi cdc chi s8:

. 1 ,
A +pr+g=0, (p.@PelxT, E=Z—2— {ba hang tir)
xy

byx-3e x- 120, E =2 xjx3 (siu hang t)
or+pl+ge+r=0 p.qr)e T3 E =Y (x, + %,y (bahang tin)
Hr+px+qg=0, (p.gye E =% x7x? (shu hang th)

X +4r+3¢+x+1=0, E=Z x}x, (hai muoi hang ti).
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O 838 Choz, ..z,€ Cil =22+ 2324 Hy = 2)2y + 2,2, Hy = 2,24 + I475.

Tinh edc ham déi xing co ban 6,, 6,, G, cla u,, i, 4, theo cde ham ddi xdng co ban
Tipeees T CHA 2, oy 2y

x+yv+:2=2
¢ 5.3.9 Xdc dinh tap hgp céc s0 thye p sao cho he phuong trinki: $xy+xz 4 xz2 =
xyz=p
¢6 it nhil mot nghiém (x. y. z) trong .
¢  5.3.10 i cdc hé phuong trinh sau véi 4n (x, y. z) € T
Kty+z=3 X+y+z=0
a)ysxy+yr+zxe=2 by {x° +_\r3+23=6

3 3 A
x4y +:7 =9 x5+y5+zs=30

x+v+z=1 X+y+:=-2
11 1 1 1 1
¢y 4—+—+—=1 d) —+—+—=-2
Xy oz X vy z
2 2 : XV vz X
X vt =-1 iy o
z Xy

O B.3.11 Vidu didu kién cdn va dit (viét tdt: DKCD) dét véi cde hé i cria mot phieong

trink dai 36 dé cde khong diém thod mdn mot hé thite dd cho (trong )

a) DKCD déi vdi A € C d€ hai trong cac khong didm z), 2.,z clla 2’ + 527 - 8z + A= 0
chng han z, vi z,) théa min z, + z, = -1 ; gidi phuong trinh rong trudmg hop da.

by BKCE d6i véi (p, ) € 00 dd 27 + pz + ¢ = 0 c6 hai khong digm mi hicu bang 1.

) PKCD d8i voi (p, g, r) € O dd cic khong didm cla 2* + pz* + gz + r = 0 la cdc toa
i cla cée dinh cda mat tam gide déu trong mat phang phie (sir dung bai tap 2.3.3.Tap 1).

dy BKCD ddi vai X € © dé hai trong cde khong diém z,. z,, z,cllaz’ - T2+ 1 = 0
{chang han z, va z,) thda mian z, = 2z,.

e} DKCB d6i v (a, b, o, d) € 2% d€ da thic X + aX? + 5X* + ¢X + d cd hai khéng
diém kep.

) DKCP d6i voi (¢, b) € £F dd 2* + uz + b = 0 ¢6 hai nghidm z,, 2, sao cho 2,2, = 1.
Ap dung: Gidi z* - 21z + 8 = 0 trong (.

) DKCD d6i vai (A, 1) € CF dé cac khong didin z,, 25, 25, z;chazt - 42 + 02 + 2 + 5= 0
thdaminz, + 2, =2, + 2,

hy DKCP déi vai A € T dé cdc khong diém z,, 2,, 74,z clla z* - 22 + A28 + 232 - 20
= 0 thda indn 2,2z, = -5. Gidi phuomg trinh trong trudng hop nay.

1) DKCD d6i v6i 4 € [ dé da thie X* - 209X + A ¢6 hai khong didni thige vi o6 tich bang 1.

¢ 59.3.42 Viduvé phitang trinh thudn nghich

Gidi trong © cic pluemy, trinh (4n x):
pr+3At s 43+ 1=0
by x* -4 + T -9 + Tt -4x+ 1 =00

(Sau khi Khir cdc nghiém 1, -1 ¢6 thé cd, chia cho mdt Ly thira thich hop cla x va dat

l
y=x+—)
X
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5313 Gidizt -4+ 57 - 417+ 300 - 30 =0 (Anz € T)eho bist nd o6 i nghigm doinhao.
5.3.14 Mat phirong phdp gidi plicony trinkt bie ba trong 0)
. A o . . . . -
a) Bang phép doi hién 2= v+ —. chitmg wink rang phuemg trinh Craxithy+e=0
K

(En x € T (e by ey €00 o8 dinhy quy vé phuong rh 2 +pz +g=0tinz € Tip € =
e dinh.

. . . (7
by Bang phep dan bicn y =

(e (€ -2F phidi tim), cinmy minh rang phueng

trinh 2 + pz + ¢ quy v& phvong trink vrA=0A4€e L

§3.15 Vai P e KX viia € Ko tky igu afa) 1a hie cha ¢ trong £, véi cac guy u:
{"’p () =0 néu g khong phai la khong didm cia

meyla) = ¥
Chtng minh ring v wei 2, @ thode KiX1:
a) hpledd 2 Mind ), edpla))
) w,,Qm) walr) + Wl
Z(up(a) < degf Py . néu P2 = 0, trong da 7Py 1 ap hop ede khdng diidin cta ¥
rJE/”' ]
rong K.
Z(u,u(a) =deg{P) . ndu vi el ndu P (= 0 tach duge.
dEZ{)
5316 Cho P € ZIX] - {0}, n = degt”); chdmg ninh rang cdc 18ng cde khong didm cla
PP Pt thianh md clp s6 cing.
5317 Cho(u. M e a=X"+2u+ DXT 4+ - TP+ X 4
T tat i cic cap La, By sao choton il PO € FX | thoa min:
(A=PQ
dep(P) = deg((h) =
P va ¢ deu cligin tae
¢ cd ha kKhdng didin khic nhaue, f thudc R
Pta) = fJ va Pl =a.
53148 Cho(p.q.ne l.ab o laci IIEJIIL.I]\LLI.\ o +p\ 4 gx + r=Utrong Zithank
1ap phuong trinh bic ba i eie nghiem la - be, Boca e - ab

5.3.49 DKCD dai vdi (p, ¢y € -7 4d hai phuong irinh 2 A4 e p=0.2 + 2+ =000
z € ‘T ¢6 hai nghigm chung Khic nhau.

53.20 Chone il x. .., € 5,0, ... 0, lacic Nz dé xung co bin clia gy, .. ¥
Chimg munh: (i€ L .0 X € oy (FF € |1, ], 0, € 40

53.21 Cho I ¢ € K|X] sa0 cho ] Q. Chimg ninh rang, néu ¢ tich duge, thi £ cling
tich duoe.

53.22 Cho A, B € K|X] sao cho B tich duge va 61 e khong didn don. Chidmg b
6n tar £ € K| X[ sa0 cho: B P -
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5.3.3 Sitr dung phép dao ham

Trong tiét 5.3.3 ndy, ta gia thi€t ring K 12 mot thé con clia C; trong thuc hanh
théng thudng 1a K = R hoac T. Vay ta ¢6 thé déng nhdt P va ham da thic lien ket P

(xem 5.1.7, Nhan xét).

¢|Pinhly ChoPecKXl,aeK, ac:”.

1) D€ a 1a khong diém boi khong thép hon a clia P, cdn va du la:
Yk e {0, ..,a-1), P¥a)=0.

2) D& ¢ 12 khong diém boi diing bing « cua P, cdn va 4 la:

{Vke{ﬂ, a—1, PW) =0

P (a)=0
Chitng minh:
Theo cong thikc Taylor d6i vdi da thiic, ta c6, néu k¥ higu N = Max (&, deg(P)):

N ok
P {a) k
P(X):Z o (X -,
k=0
Suy ra:
e X-a)*|P>P@)=Pla)=...=P*"a)=0

. (X-a)*|P - P@=Pa)=..=P % Na)=0
(X -a)**! LP P%(a) 2 0.

Bai tap
¢ 5.3.23 Tim tit cd cdc P thude ‘3| X] sao che:
P=1, £1)=0, P(0)=0, P(l)=1

¢ 5.3.24 Chimg minh: a) Va e W', (X -1 2

by vre N, K- X2 @+ 2)X" +(n+2)X-n.
0 5.3.25 Choneli',(a bh)e Tlsaochoa#h A=(X-a}" +(X-H",
B=(X-a{X - b2
Xic dinh dir cita phép chia Euclide A cho B.

O 5.3.26 DKCD d6ivdi(a, h) e THdé cho X* +aX* + bX + 1 (thugc T[X]) ¢d it nhat mét
khong diém bac khong thap hon 3.
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6 5327 Chone N- {0, 1),P,=X"-miX" +2(n- X" - X" + 1 € ZIX]. Ching
minh ring 1 12 khong diém cha P, va x4c dinh cfip boi clia n6.
0 5328 Cho(r.q)e (RA=XT-X - X+ 1. XicdithA A A",

0 5.3.29 ChoAe &, P, Qe &X| a e 5 Tagiathiél rang « 13 mot khong diém kép clia
P2+ AQ% chimg mink réng PO" - P'Q wit Ldu tai a.

6 5330 ChoA, Be J[X|saocho: A A B=1,deg(A) 2 1, deg(B) 2 1. Ta gia thiét rang
moi khong diém cha B déu don ; chimg minh:

(A'B-ABYAB=1.

53.4 Truong hop Z[X]

Do thé Z 12 vé han, & day ta déng nhét da thic P thude Z|X| va ham da thic P.

¢/ Pinhly (Dinh 1y d'Alembert)

Moi da thitc khéc hang thuge Z[X] c6 it nhit mot khong diém trong C. Ta
néi ring thé C 1a déng dai s6.

Chiimg minh (c6 thé gdc lai & 14n doc dau tien):

C6 nhidu phép chitng minh dinh Iy d’Alembert (ciing dugc goi: Dinh Iy co ban cia
Dai s6), déu sit dung dén Giai tich. Sau day 1a mot.

Ta chimg minh bing phan chimg: Gia sir t6n tai P e TIX], khéc hﬁmg va khéng c6
ﬂ .

mot khong diém ndo trong C. Taky hi¢u n =deg(P}2 1, P = Za,v}(', va @ C—C
i=0 21—)|P(Z) |

1) Vi g(z) > 4o, 1a c6:
|sf+eo
YA>0,3B>0,Vze T, (z|>B= ¢(z) > A).
Dic biét, 1dn tai B € R:r sao cho:

Vzel, (z|>B=> @2) > o).
Mat khdc, @ lién tyc trén tap compac lz € Z: || < B}, nén ¢ bi chan va dat céc bién
trén tap compac nay; vAy t6n tai z, € Z sao cho:

@z9) = Inf @2)-

=<8
Vi hon nia:
vze T, (2> B= @z) > 0) 2 ¢lzo)),
nén ta k&t luan:
z,) = Inf @2).

zeC



Chudng 5  Da thdc, phan thic hitu ty

‘Ta ¢ thé so sdnh k&t qud ndy véi bai 1ap 4.3.16 cha Tap 1. vé 1nmg hgp mot dnh xa
uir [ vito .

2) Theo cong thitc Taylor déi voi da thite (5.1.7. Hinh 1¥), ta e

.

Ta s& chimg minh rang ¢é th¢ chon /i sao cho | Pz, + I | < | P(z) | . nde Ta
Pz + I} < (Xzy). didu niy s& cho mot miu thudn. '
ViP"z)=nta, =0, nén 1on 1ai & € 17 sa0 chor

P{k}{__“] ={)

wie(l. k. d<k=r" =0

=
NG khde di, & 13 s6 nguyen bé nhit = 1 sao cho £%¢z,) # 0.
2u o

3 RESP alat}
Viy tacé: vh el Peothy 7 42) g I (20)

" —
Plzy) EP(ze) wP(zp)
Theo s khio st cde can bic k trong -2, Tap 1, 2.4.3 (vén khong sir dung dén dinh 1§
k PRz
d"Alamboert), 6 ai @ € 2 sao cho: @ = -0
Py

Viy taco (véi £ € 12 KT (0) sau:

P(zn + f ]
w

- =1-r+ e "y

P(Zu) =0
P[zﬂ + \
Vavion tai > O saocho: Vi e |0, i, 4——)— <.
L Pleg)
1 |

didu niy mau thudn vdi dinh nghia cuaa z,.

+|Hé& qua 1
Moi da thite khdc hiing thuge <} X] déu tach duge trén .

¢/Hé qua 2
Cic da thie bat khd quy thuge 7| X Ja cac da thire bic |.

Nhur viry, dang phan tich nguyén 16 cua mot da thite bat k¥ 7 thude X (cé bic = 1),
Al’

codang: P = /1]—[ (X~-x))7 rong d6 & € T, N € W, X, Xy € O timg d6i Khie
i=1

nhau, ry, ... ry € 17,



5.3  Khong diém cla da thitc

Bai tap

0
¢

5.3.31 Nhan tir hoa 2X° - X* - X - 3 trong Z|X].

53.32 Choa € O, # € II'. Ching minh rang, d€ cic khong didm ca phuong trinh

1+iz . L . P
[ ] =" (dnz e O déu la thye, cdn va di L fof = L Giai phuong trinh trong
1 =iz

trugmg hop nay.

5.3.33 ) Chon & . P, = (X + ™' - (X - ™' Lap dang phan tich nguyen 6 el P,
rong, TiX].
f
b} Suy T tri cha r[ [al +cotan®
k=1

m ) -
vin oy e T 2
2n+!

"
5.3.34 a)Chonegll #, = ZXk. Lap dang phdn tich nguyén 1o cha £, rong 21X,
k=0 :

11
by Suy ra tri cla 1_1 sin
k=1

o .
vai(n e IT).
n+l

5.3.35 a)PKCDdivein e ITdd X2+ X+ 1 [ (X" + 1) -X"
by PKCD d6i véi n € Hdé X - X2+ X - 1 [(X* - X+ 1) - X7+ X" - L
) DKCD d6i v6i (n, p. @) € FT % lox R dE X + X+ 1] X" + pX" + g

P
53.36 Qompell’. A=) X' DKCDAE A|AXK.
k=0

5.3.37 Cho(p.q.r)e (T thoamianpag=parr=qgar=1.Ching minh:
(XF - DX - DX -1 [ DX - 1) trong, SIX

5.3.38 Cho (2. py € (17~ {0, L} cliing minh: (X7 - 16X - 1) [ OX o X - )
trong ‘CIXI.

5339 Chonell-{iLl].Me R: ey e d) € T osnocho: (PR € Ll an] Lo | <MD,

rl
F=1 +Z aka . Ching minh rang /> khomg co kKhinmg diém nao trong, dia mdr tam O va
k=1

cé bin kinh

-3

5340 aChonrnellswchonzid...a,, €l P= N ED GALES Gt Zak}(k_
£=0
Ching minh rang cic Khdng didm cla P kidng phili déu 13 56 e,

fl
by Cau hoi tuong e ddi vél 0 = 1+X + X+ Zbk}(k. trong do by, .. b, € B
k=3

17 e

179
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"
0 5341 Chonell . ay ..a, €5, P= Zakxk Fa g QL g, > 0 va:
k=0
fketl an-1t g #@

Taky higup=Max the {0 o=} g <0 vaM =Mux {]a 1oy 201

il
v =1
a) Chitng minh: ¥x € ]1; +x, Pz ax - M __T .
. e
1

M (n—p ; B
bySuyra: xs1+|-— v mon khong didim thue a coa .

7

it

ey Vi de: Clitmg nunh cang o kKhidng didm e eta 6X'" + X - 7XT - X
déu < 2,02

O 5.3.42° Chione 11 ngony. oo, Lcde <O aguydn sao cho 0= i, <<l <y
N . _
P = Z X% Clung minhi ;2] 2 vai et khéng didin 2 ea £ trong £,
k=0
H=1
& 5.3.43 Chon il (ag vt ) € CE - MO P = o= Z(;,‘.Xk .Ching nunh
A=)
rang. trong 7,5, # co mdt vischi ndt khong did,
2n
¢ 8344 Clumg punh rang, va mai # thude Vi da tae £ = Zi—llkli Fx
k=l

khéng co khong didm thue.
¢ 5.3.45° Tin 1dL el cdc P thude BIX| sao chor PIXY PO+ 1 = PIX+ X+
O 5.3.467 Tim 1t cd cdc P thude ([ X1 sao chos PIX) POX + 3y = X+ DPX +2).
O 5.3.47 Choad =X+ X -2, @ flcic khong didm kluic | cda A trong ¢

a) Chimng winh 6n i B € X duy nhit sao cho: By = 1, Blay = f.
B = avatinh B,

b) Chimg mint: A 1B o 8- X.
0 5348 ChoPeQ[Xl.ae b el, saocho: Vre i . h= . Chimg nunh:
ay Néu «+ /b lakhong didim cha £ trong B, i a— \/; cing (he,
by Néu a-t-\/g i miot khong didm i nkdt boi hai cla 7 trong 2. thi 1on L
PPy DIX|sa0 cho P = P05
& 5_.3.49 Clio P, {0, R € 2[X] sa0 cho: PIXT + XX = (1 + X + XX Chimg ninki
rang X - 1 chin bt £, Q. R

¢ 5.3.50 a) Cho s lasd nguyén 162 5, Clumyg ndnh ton ta A € EiX| vacie h W nguycn
sao chor X¥ . X+ 1 =(X"-X + 1)t

by Cho n € 17 ¢6 it nhil ét ude nguyen (6 = 5: chidng minh tang 2°° - 2 + 1 1achop s6.



53  Khong diém cla da thac

Trang cde bai tdp san, 21X} chit vamh cde da thite véi he o trong - doe gid 06 (hé thay
réing khi thay the K bei moit wanh gtao Hodn AL viée Ehie et KX hi sifer d0 i it

5.3.54 Choa. b, ¢ € Ttimg doi khae nbau, e X sao cho Pla) = Puby = Py =2,

Chimg minh:  Vx € 7. Pivy= 3

5.3.52 Choa b, o€ Ltimg dor khde nhaw, ' € ZIX ). Chimg sant rang takhong hé co:
Piey=Pihy, Pithy =, Pley = .

5.3.53 Ching nunh rang X' + X + 3 bt klut quy trong I

§.3.54" Cho I e TIX1- {01 n = degth). Chdng minh:

Yo oo VCLNUPEY - ) V).
H
5355 (honeil.a, .0, I'= n(X-ak) -1.
=1 /

Climg, minl rang P* bat khid quy trong LIXi
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Chuong5  Da thic, phén thic hitu ty
5.3.5 Truong hop X
Do thé 1 13 vo han, & diy ta dong shat £ thude X vi ham da thire P.

+{Manh dé 1 ChoPe ZIX] Tacl
perIX|e (Ve P21=P).

Chigng minh:

fl
Ta ky hicu P = Zak)(k.(aﬂ‘.,,.u” Y& Y Taed:
k=0

mr—————————————— M
P - P = g ag)et
L=0

vo1 moi z thudce 2.

I _ H . \l
a dé: (Vz e, P{z)= P[:-)}c:» ¥z e C»Z(”k - uk):k =) |

\ k=0 )

e Tk el dp —up = 0 < I'e K[X]|

#{Ménhdé 2 ChoP e ¥]X| & . e 17 Dé cho « 13 Khong diém cap
boi khong thip hon a (uemg tmg: diing bing o) cha 2, cin va di fa ala
khong diém ¢ip bi Khong thap hon a (lwong tg: ding hing o) cua .

Clurng minh:

1) G3id sit ¢ 13 khong dicm cip khong hép hom e cita 2. Theo 5.3.3, inh Iy, ek
Vi e l0a-1h P =0
Vi P, P P" déu thude i?]X|, nén theo Minh A& 1, med

Vke Ona-1, PR@=rPwm=0
vy (xem 5.3.3, Dinh 19) o lakhong didm cip boi khong thilp hon a ca P,
Ta suy ra phén dio tir phn thuan bing cach thay ¢ bt a .

2) Céch Yap luan wong tu cho hép kel lnan wong wimy hop cip boi ding bing .
p E phey £ p cip g

¢|Ménh dé 3 Céc da thie bt kha quy clia HIX ] T
e Cdc da thifc bic nhil
e Cic da thite bie hai ¢ bigt thie <.
Cherng minh
1) Gia sit P e | X] bat khi quy videg(y = 2.
Vi P e TiX]. dinh 1y d'Alambort chimg 16 P 6 it nhat mét khong diém = trong <.

Ncu z € o thi X - 2 chia Wét P wong #1X1, i niy mau thufn va tinh bat Kha quy
cla P rong B X); viy z € - F



53  Khong didm cla da thic

Theo Ménh dé 2, 7 ciing [h motkhong didgmceta P . Hat T = (X - zXX - E), thi 7" chia
hét P trong Z[X]. -

Nhung 7 = X* - 2Re(z)X + 12 € T]X] v Pe 1w X]. Suy ra rimg (xem 5.2.2, Nhan
x¢0) T chia hé P rong it X|.

Vi P bat khd quy, nén 10n 1ai A € 7 sao cho £ = AT, v nhu vay P 12 mét tam thike
bac hiai ¢6 bigt thite < 0: A" = (Re(z))” - 12 = -lIm(2) < 0.

2) Pao

o R& rimg rang cic da thie bac nhat T bat kha quy trong F1X| 1dng quat hon dicu
ity cing ding vdi bit k¥ the K nio thay vi ).

o Gid sit (a, b, )} € 177 sao cho W duae<0vdT =aX + hX + .

Néu tén lai (a B e 77 x I sao cho aX + BT, thi .’[—LJ =0, mau thuan vi
o

2

h -4 . e . ] N

T=u[|X+—| + , von khong tri¢t tiéu 131 mot 86 thue nio.
2u da?

Vay 7 khong ¢d (trong ] X[) mét uée w0 bac nhil. Vi 7 14 bic hai, takét ludn 7'1a

bat kha quy. [ ]

Nhur viy, phesn tich nguvén 16 (PTNT) mot da thire bat ky P coa T[X] (cd bic
> 1) ¢d dang: :
N ‘

N X
AT T
=l =1
Ae i’
N N el

Ay, ... ¥y € P, timg doi khdc nhau

‘ U}].q] e (e q\) e ¥, timg ¢ap khic nhau
vie .. ,N} P, -4q,<0
Floconbne S10 oSy € .

trong do:

NHAN XT%T:
1) V& P e #1X], khong ¢ mai hién h¢ 1ogic gilta su ton tai it nhit mot khimge
didm thuc ciia £ v tinh bat khit quy cita 2 trong IF[X]. Thit vay:

¢ Moi da thdc bae nhdt thuge F1X] déu bat khi quy vi cé mot khong diém thuc.
Vidu: X - L.

e X* + 2X° + 1 khong cé khong diém thuc (vi: Wx € v Pr2¢ + 121> 0 vh
X* + 2X2 + | khong bit kha quy, vi X' + X+ 1= (X + I)"

2} Moi da thitc P thuge T X| voi h"lc 1¢ ¢é it nhdt mot khong diém thye, vi dnh

xa P B — R lién e trén khodang > vt cé gidi han vO cliing vy dau trdi nhau &
AP

-3¢ vl +oc {dinh Iy v tri trung gian, Tap 1, 4.3.3). .
3) Moi da thntc thude X | vdi bie 2 3 déu khong bat kha quy.

183
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Nhdn tif héa cde tam thite tring phion g thire

Cic da thic «X® + bX® + ¢, {a. b. o) € 77« Box ¥ duge goi [d tam 1hirc lrimg
phuong thuc. Bang deh nhan ur héa bai o, llquv v& vice nghicn ciu X'+ pX© ot ¢,
(p. gy € B2 Pat 4 = pr - 4¢.

1) Néu 4 > 0, phin tich chinh tac mot tun thite thue CFap 1, 1.2.3, 2)) cho L

P- Jj \W e + JA
2

2
X4+pX2+(;:(X2 +£} —L—i-:(X) b
i 2 + 2

vl ta s& 6 thé d& dang suy ra PINT ctia X' + pX- + ¢ trong £IX|
VIDU: e X*-5XP+4 = (XP- DX - D= (X - 20X - 11X + X+ 2)
o X 2K 3= (X2 - AR+ D) = (X - V3K H VI )
o X+ 5X2 4+ 6= (X2 + 2UXE+ )
2) N A < 0, ta gop X* v hung tir himg (g > ¢ v p7 - dg < O):
X* 4 ;JX?' +g= (X* +\/'p)‘2 —(2\/;— ;J)Xz
Iom ndra: ,ul —dgy <= 2\/; =T
_— — _
wds: X+ pXt+qg=(X"- 42 JT: -pX +J;){X2J2\/:; -—pX+ \/q).
Hai tam (hifc thu duge 16 ring BUbdt kha quy trong 2 X
VIDU: o X 1= O+ 1) -2 = (X2 - 2 X+ XE+ V2 X 1),
e X X 1=+ I - X (XX DX+ X+ 1)
NIIAN XIT:
PE nhin W héa mot da thike thude H1XT, doi khi ta ¢6 the "di qua” 21X
vi DU
Véi n e 11- 10,1}, nhin i héa X" - 1 trong 7 X].

fl . 4 2' - A
PTNT cita X' - 1 trong C[X] 1 X" — 1= (X —@y ) trong dé =cxpL ]’\EJ.
"
k=0
e N&u » chin, n = 2p (p € IT), -1 vA | 1a cdc khong dicm dom cia X" - § vicie
khong diém khac 1a phic vi timg doi lién hop véi nhaw: vk e { W= 1has pok =W

il .
Tiedd: X7 —t=(X-1¥X + l)ﬂ (X -0, XX -0 )

_(X—])(XH)]_”XZ 2eo8 2 X +J.
k=1 ".” /
day chinh I PTNT ctia X¥ - 1 trong 7] X1.

o Tuong tu, néu a 1¢, n=2p+ 1 (p € I, ta duge:

Ip+l £ 2 2in \'
X —l:(X—])n X -2cos X+ii
i 2n+1 R
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Bai tap
0 5.3.56 Nhan L1 hoa rong X

X -AXE+3X 49 by (X7 - X + 2 + (X -2)
ey 6X5 + 15X+ 20X% + 15X7 + 0X + | .
d) X5 - 7X? - 2X7 + 12X + 8, chio biet né ¢6 cie khong didr hot.

X+ £ X+ 4%+ 0XT 4+
g)x"+3x5+4x*+4x-‘+4x=+3x+1 X+ X 41
X"+

JXT - 2e0s aXU+ L Groa) €17 % (F - AR

0 8B.3.57 (hof e FiX[|. o). ..., laic Khong didm ctta £ trony Z.

Ta g thidt ¥ e [1onf Rez) = 0,

Chung niindt rang tat ci cie b 1t cua £ déu cing indl div.
O 5.3.58 T il ca cdic (k) e 1Tx BX] sao chior ¥ o7 = P

& B.3.59 Chone T, P e inlXisaocho deg(P) = n v ghe it ..on Piy= 2% Tinh
Pin+ 1) :

. .. ' I
& 5.3.60° Chon el P e k[X]saocho degtPy = 1 vd Yhketu, . onb Pky= I CTinh
o+ 20

o 5361 Cho n e iV, F € EBfX] sao cho degtfy = o vy VA € {0, . ni.

1
Piky= I Clinh Pin+ 1)
rn+l
¢ 5.3.62 Cho(p,g) < (RIX])Y sao cho:

PoQ=(Qo b
pluong trinh £(x) = Qe (d@n x € ) vO nghiem.
Chimg minh rang plurong trinh £ 0 Py = O o Qx) (anx € )y vo nghico.

O 5.3.63 Ched B Ce FIX]|-{0} saocho AT = C A UCINA B OY = L
Chimg minh rang ciic khong digm cia €+ A4 C - A ¢ - R tat ci déu oo hoi chan.
6 §.3.64 Cho P e R[X]tich duoe tren F,on = degtdy € 17,4, .y, i cde kKhiong diéin
ch P v € ' suochos ¥k e (2, onh lv- xS lx - xl
Chimg myinh: WPE0E2 27 P - )l
6 5.3.65 Cho s e CiX|sao cho deg(f) = 2. Ching minh rang P £ C = C  khong phii la
x=FP{x)
dem dnh.
0 5.3.88° Cho £ & TX| tich duge rén 2. A € PIX] tich duge irén B on = deglAl)
]
(el ey} € EM sa0cho A= Z“i‘ x* .
k=0

H
Cliimg nimh rang z uy Y Gaeh duge tren R
k=0



Chuogng 5  Pa thifc, phan thic hiu ty

5.4 Phan thic hitu ty

54.1 Thé KX)

1) Tép hop K(X)
Ta ky hieu E = K[X] x (K[X] - {0}) va xét quan hé R x4c dinh trong £ hdi:
(A, S) (B, T) = AT = BS.
Quan he & 132 mot quan hé tuong duong trong L.
That vay, tinh phdn xa va tinh d&i ximg 1a hién nhién, con vé tlinh bac ciu thi vai
moi (A, 5, (B. 1), (C, 1) thude E:
(A SYRB.T) - AT =BS
(RDYR(C.H BU =CT

= (AINT = (ATH/! = (BSH/ = (BINS = (S = (CHI = AU =CS, viT =20 va K[X]
14 vanh nguyén. -

Tap thuong E/A duge k¥ hiéu la K(X) va cic phin tif chia nd duge goi Ta cac
phan thitc hitu ty mot dn va 1ay hé tif trong K. Vo (A, 5) € [ ta ky hicu
—% 1a 16p modulo X cia (4, $). Nhu thé, vii moi (A, $), (B, 1Y thude F, ta coe

L

| &

=—< AT =B§.

=N
]

2) Phép cong trong K(X)}
Ta dinh nghia mot luat trong, k¥ hiéu +, trong £ béi
(A, )+ (B, T)=(AT + BS, 8T

(tac6ST=20,viS=0vAT=0).
Lu4t + nay tuong thich véi R (C.1.1), tifc 1a:
YA, 8),(B.T),([C. V) E, (A, H RB.T=(AH+(C. V) RUB.D+(C. )
That vay, néu (4. §) R(B, T), thi AT = BS, tir day:

(AU + CHTU = ATU* + CSTU = BSUP + CSTU = (BU + CT)SU.,
viy (AU + CS, SU) R(BU + CT.TD, [
e 1 (A, S) + (C.U)) RBT+ (C.U).

Vay ta c6 thé dinh nghia mot luat, vin ky hiéu 1a +, trong K(X} bdi:
A B _AT+BS

v(ASL(BT)eE =
A.S BNk Srp=—g



54 Phanthichinty 187
3) Phép nhan trong K(X)
Tuong tu nhu & 2), ta chimg minh ring ta ¢ the dinh nghia mot luat trong
trong K(X), ky hi¢u - (hodc bang cich khong vict di nao city b

VAS.BTer AB_AP

ST St

¢| Binh ly - Binh nghia

(KOS, +, ) ta mot thé giao hodn, goi 13 thé cic phan thie hitu ty mot
an va 1ay hé ti trong K.

Chiing nunh:

boc gia ¢é thé chimg minh dé dang cde 1inh chit saw:
ay + k& hop, giao hodn, ¢o n (ky higu 0) | phan (T trung hoda, va mol phin tu

A . o =A A
e thude K(X) ddu ¢é mot phin tr ddi la < ky hi¢u Ia s

b) - két hgp, giao hodn, phan phoi déi van +, co " (k¥ higu 1} la phén tu trung
NP | . A -
hoa, vi vdi moi phin tu < thuoe KXy - {0}, taed A = 0 va i mot phin wr
- k) PR T S
nghich dao, dé 1a T

4) Ludt ngoai trong K(X)

Tuong ty nhu & 2) ta ching minh tiing ta 6 the dinh nghia mot luat ngoil trong
K(X) (idy he tr trong K), duge ky hicu bing cdch khong vidt diu ndo ca:

Vie K VA5 el ,1"_;! "':‘ .

¢|Ménhdé -
(K(X), +, . -) 1a mot K-dai s6 két hgp, giao hodn, ¢ don vi.

Clutng minh:

Poc gia cé thé ching minh dé dang cée 1inh chil sau (trong d6 mot so di thu duge & 3)):
a) (K(X), +) 1a mot nhém Abel.
b) (K(X), +, ) lamot K- khong gian vecta.
AVAe K,V F. G e KX)L(ANG=A0.

d) - k&t hop, giao hodn, ¢é phin 1 trung hoa (1).



Chugng 5  Ba thic, phan thie hitu ty

5) Nhang K{X] vao K(X)
Anh xa‘F: KiX! — K mot dong ciu dan anh (dom cau dai so. tie d
‘ll
P —
I

VP QeKIXl, W@+ = YY) + ll‘{Q’]
oV P Qe KX, PPOy= YY)

e e K. ¥PeKIXl, ‘1A= AU

e ()=1

e P e KX, (PPHr=0==0.

>

Vay ta ¢d thé dong nhit mot da thite P vai phan thie hitu ty 7! Nhir the,

KX duoic xenm nhir la mot dai s6 con ¢ dom vi clia KXy dac bigt, KX L
mdt vinh con cla the K(X), va KX L Lot khong gian vectd con cla
K- khong gian vectd K{X).

6) Bdc ciia mot phdn thice hicu y
Vi moi (A8, (8.1) thude [7 <a0 cho % = ‘;i Lo ¢o:

deg(A) - deg(S) = deg(AT) - dcg(.\';‘) = deg{BY) - deg(ST) = degls) - deg(d).
Pidu nay cho phép ta dinh nghia bae ciia mol phan thae him 1v hai:

A
YA e B deg 'i < 1 = dep(A) - degin e {-o o 2
Ta chii ¥ rhng dnh xa deg: K(X) —> Looo) w ' thic tridn dnh xie

deg: K[X) — {-oc pu i (dinh nghia & 5.1.1, Binh nghia 2) vi:

P e KIX], tlcg[il,-} = dcg(!’)—dcg(_l):: (Iug(!’].
Poc gia c6 thé ching minh, xem nlnt bi 1ap, cde cong thite sau, voi mol kihuoe K
vimoi F.G thuge KX}
1) deg(F + () < Max (deg(Fy, deg(() .
2y deg(kF) = deg({)
3) deg(FG) = degt) + deg((r).

7) Dang bdt khd quy ciie mét phan thiic hiru ty khdc khong

Phuong phdp tién himh weng tunl trong 4.3.4. 2,

Pai dién bat kha quy cua mil phdn thite hitu 1y khéce khong F thude K(X) 1a
cap (A.S) bt Ky thuge (K[X] - 10} sa0 ¢cho:

a’":% vil _AAS'- I,



54  Phan thitc hiu ty

Lap ludn tuong tu nhy rong 4.3.4, 2) ta chifng minh dugc:

a) Moi phén thic hitu ty khdc khong c6 it nhét mot dai dién bdt kha quy.

b) Cho F € K(X) va (A.$) 1a mét dai dién bat kha quy cla F; moi dai dién clia F
déu ¢6 dang (QA.0S), Q € K[X] - (0}.

¢) Cho F € K(X) va (4.5} [a mét dai dién bat kha quy clia F; cic dai dién bat kha
quy cha F la cdc (kA, kS), k € K- {0}

8) Khong diém va cuc diém ctia mot phén thitc hitu 1y

¢ Dinh nghia Cho F € K(X) - {0}, (4, 5) 1a mot dai dién bat kha quy cua F.
1) Cic khong diém ciia A duge goi [a khong diém cla F. Néu ¢ la mot
khong diém ciia F, cap boi cia a v6i tr céch 1a khong diém cha A goi 1a
cip boi ciia khong diém g ctia F.

2) Cic khong diém clia § duge goi 12 cue diém cia F. Néu a 1a mot cyc
diém cia F, cdp boi cha a véi tu cdch 1a khong diém cia S goi la cap boi
cia cuc diém a cha F.

viDU:
4 2 2
Ve F= 2 "X ¢ [(X), dang bt kha quy ciia F 13 F = X2X+1)
X% -3X+2 X-2
diém cia F 1 -1 (don), 0 (kép), va F chi c6 mét cyc diém: 2 (don).

, cdc khong

9) Pao ham mdt phdn thirc hitu ty

Cho F € K(X), (AS) € E sao cho F =%.

Ta dinh nghia phan thiic hitu ty dao ham cia F, ky hieu F’ boi:
Fre A'S-AS .
52
Dinh nghia niy hop 12 vi néu (A.S), (B.T) 1a hai phén tir cila E sao cho F =
thi AT = BS, do d6 A'T + AT"= B'S + B85, vay:
(A'S - ASYT*-(B'T - BTN =(A'T - BS)ST - AS'T*+ BT'S*
= (BS’ - AT")ST - AS'T*+ BT'S"
=(BS-ATYS'T+5T)=0. u
Anh xa K(X) = K(X) thic trién dnh xa K[X] - K[X] vi:
Fra F PP

]

v >
~ | o

v P < K[X], [-11?—]

Doc gia c6 thé chimg minh dé dang céc cong thic sau, v moi A thuéc K va moi F,
G thuoe K(X):

" P1-PO_

2 F.
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(F+Gy=F+G, (AFY=41,
FGY = F'G + FG', (5} LS
7 G
C6 thé xay ra 1A deg(F') = deg(F)-1, nhu rong cac vi du sau:
e F=1 F=0:deg(})=0, deg(F"y = -0 . '

(nfu (s =0). ]

e F= Sl = ——-l— sdeg(I) =0,deg(F" )= -2
X x2
Tuy nhién ta c6 thé chi § rang: ¥ /" € K(X) - [0}, deg(F) < deg(F). n

Ta dinh nghia bing quy nap cic dao ham K€ tiép clia mot phan thie hito
ty F:
{ M=F, FPUsF
Voaell, Fm=Fely.
Doc gia ¢6 thé chidng minh cde cong thic sau:
oV F e K(X), ¥V (i) e I¥, (fi= F

H
- B \k . —kK I - x -
oV e FLY (FG) € (KXW, ()™ = C, WG (cong thirc Leibniz).
k=0

o/ Ménh dé Cho P e K[X], tich duge: P=A[]X-1).4 € K- {01,
i=f
ne B X, e x, € K. Tach:

Chitng minii:

N
Suy ra tlit P'= AZ n (X—x;) | bang cach chia cho P.

i=1 ]57,;5.!1
g
10) Ham hitu £ |
¢ Pinh nghia Cho F € K(X}, (A.5) 1h mot dai dién bt kha quy cba I
Ham t K vio K, kg hicu F, dugc xdc dinh béi: F(0) = ‘22“) . véi moi v
ALRY

thuoc K sao cho S(x) #0, duge goi Ia ham hiru ty licn két vl £

Dinh nghia ndy hop 1¢, vi céc dai dien bit kha quy cua I 1a cdc (kA, kSy, k € K-{0)
{xcm ).

Vi cac k¥ higu trén, 13p xac dinh cha F 1K b6t di cde cue didm cia .
x*-2x? +X

viply: kK=F, F=
X2 +X



5.4  Phan thie hiu ty

2
. N . X -2X+1 . - "
Dudi dang bat khi quy: = —————_viy R B T
X+1 (x— 1"
= -

. Xkl
Moi ham f tir K viwo K sao cho 16n tai mot phin thie hit ty & cia KO mia f = I
ducgc goi 13 ham hir ty (rong K).

Vi DU:
» o~ - - - P " — g - e - - 1 ]
£ - T 1amot hun hitu ty, 6 1a hiam hitu ty Ticn ket vai phian theie him ty 5
} -
- — X
Bai tap

u—|
0 541 Chonell-{0.01. B, = Y k+DXF.
k=0
Clhumg nunh rng phuong trinh 2,00 = 2% dnx € D eo it nhat ot nghi¢uy romg 11220 e 0L

¢ 5.4.2 Climg nunh rang khédng 10n i F thwde K(X} sao cho Fo= X

P{-1 n )
< —- Chimg, mintt
= 2

¢ 5.4.3 CholP e WX chdbicneil, saocho; P-13=0va —

rang # <& it nhat ndt khong didm v modun = 1.

5.4.2  Phan tich thanh phan thic don gian

1) Khdo sdt Iy thuyét

Poc gia ¢6 thé bd qua phin kho sdt Iy thuyct niy va thira nhan k&t qua vé sy 1on Ly
va tinh duy nhék ciia phép phan tich indt phén tich hiru ty (Binh 1¥) thanh phin thiic
dom gian.

Muc dich ciia §1 nay 13 phan tich mét phim thic hitu ty thanh mol 1ong cde phan
thite hitu 1y "dom gidn hon™', nham cling véi cic phép tinh khic, tinh ¢ic nguyéan him
cita phan thic hitu ty nay (Tap 2, 9.5) v dé€ tim phan tich thanh chudi nguyén cua
phian thiic hint ty ndy (khi n6 khdng cé cuwe didm 1a s6 0: xem Tap 4. 5.5.2, Ménh dé 4).

¢|BOdE1 Chot e K(X), (A5 € KIX] x (KIX] - {O}) sao cho: Fz—%-

Tén tai mot cap duy nhit (£.8) thude (K| X)) sao cho:

= !:’+£:7 vl deg(R) <deg(S)-

Hon nita, nfuA A S=1,thiR A S=1.

Pa thiic £ duge goi 1a phian nguyén cia £ phin thie i y -f?d()i khi duge

oot 13 phain phin thiie cha &
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Ching minh:

1) Ton tai
Theo phép chia Euclide 4 cho §, t6n tai (E.R) € (KIX])® sao cho:
A=SE+R vi deg(R) < deg(, tir dé thu duge k&t quil chin chiing mind.
Tlom nita, theo thudt todn Fuclide, néu A A S=1 thik AN=1.

2) Duy nhit

ca . s g . -R
Gia sir (E,,R)), (E..R,) thich hop. Thé thi £, - £, = ?) < 1

deg(fi, - £ = (R, - Ry} - deg(S) <0,
dod6 E, -E,=0, E, =6, R =R

vy

viDU:
: x*ext - 2x? +X~1 _ _ ;
VA K=R, I'= 2 ,thd phép chia Fuclide X*+ X - 2X° +X -1
X —3x? 44
. ) 0X? -5
cho X2 -3X° + ) aduge: £ = X+4+-¥-—-
x*—ax? 41

ol BEdE2 ChoA e K[X],nell, S, ....S, € K[X]- {0} saocho S, .., S,
nguyén 16 ciing nhau tung do1 .
Ay
[rp— + A ———
S8, S s

"

The thi 160 tai A, ..., A, € K[X] sao cho:

Chutng minl:

Quy nap theo n.
+ Tinh chat 12 14m thudmg véi n = 1.
o Trudmg hop n =2

Theo dinh 1y Bezout, vi §; ~ S, = 1, nén ton @ (U],Ua;) e (KiX]) sao cho
A _ASU+SU ) AU, | AU

S0, + 8,0, =1. Vay tacd: —— -
88, S$\8, §

S

22 .
o Gia sit tinh chdt ding v&i moi # thude 1, va gid st §,, ..., 8,y € KX} - {0}

nguyén 16 ciing nhau timg doi. Theo 5.2.4, 3), Ménh dé 1, Idc dd 1a o6

(S, S A S = L.
Theo khio st trudmg hap n =2, t6n i C,, A,,, € K[X] sao cho:

A - Fl + An+] .
Sl . >Sn Sr!+1 Sl - 'Sn Sn+|

RG1 theo gid thidt quy nap, tdn i A, ., A, € K|X] sao cho:
, A A

=l
‘\i " Srr ‘Sl Sn
o A A A
cudi cing ta duge: ———— = Lt —“”- |
. 1“'Sn+1 ‘\I ‘S.'.r+l
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Bay gids ta st ket hop cic b dé 1 vi 2 d€ thu duge két qui sau day.

o|B3dé3 Cho A e KXl n € 1T, Sy, . S, € KIXI - (0] sao cho
8. - S, NgUYEN 16 CUNE nhau timg doi. Ton tai (£, Ky, - R) e (KIX)y™'
duy nhét sao cho:

A . Rl I Rn
=K 4—=+
S..8, S S,
vie{l...n}, deg{Ry)< deg(S;)

Hon nita, £ 1a phan nguyén clia S
b l...b

n

Chitng minh:

1) Ton tai
Theo B d& 2. t6n tai A, ..., A, € K[X] sao cho:
- A :f“i+...+£}'—.
LSl "'Sn ‘Sl “n
Réi theo B 48 1, tén tai £y, .., B,y Ris R0 € K[X] sao cho:
A, R,
Wiehonl, s, 00,
deg(R; ) < dee(S: )

Ky higuE=E, + ...+ L, 1a duge ket qui mong mudn.

2) Duy nhat

Quy nap theo
o Trudmg hop 7 = 1 thi ta da thiy (B6 dé 1.
o Trucmg hop n =2

Gid sit (55, R,, R2), (D, P, P2 thich hop, vic 1a:

AL ;+£‘-+—Rl= D+-Pi+ 2
S8, 8 8 S, S,
. deg(R;) < deg(s;)

L] 2 »
vieth 2l {deg(f’i )< deg(s;)

Vay taco: $,(R, - P2} = §,5.(D - B) + (P - Ky), néne S 184P -R).

Vi §, ~ 8, =1, dinh Iy Gauss chimg 1o ring 8, 1P, - &,

Nhung mat khac: deg(¥?, - Ky < deg(S)).

Tasuyra P, - R, =0, P, =K, r6i ciing tuong W P, = Ra v cubi cimg D = L.
o Gia thi¢t tinh chat .d\ing v6i mot # thude M.

G STt 7, Ry oo oo Dy Pyocecn Py € KIX] tha min:
[ A a+l p A+l g
. ‘ : _ L+z___: D+Z i
LSl “'Sn+'l j=1 N i=1 ‘Sl

. deg(R;) <degl(S;)
vief..nel} {dcg(P,—)<deg(Si)'
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—_—
—_
__U"
=
Il
M:
_
i~
—_
—]
e
.
o

K¢ hieu 7'=S,..5,. B= R,

(TAS =1
ta b A . B
- s fi+—+—
TSMJ SHH S+l
Tir su khao st trutmg hgp 1= 2. 1a suy ra
D=iC=B,P =R

M H
Ri 1
; S, Zl s
Nhat vay: = =

Vie {l,,.‘.n}, {

n

degl R,y < deg(8;)
deg()y < deg(S)
do dé. theo gid thiét quy nap: P, =R, ... P, =K.

3) Vdi cdc ky higu cin BS dé, vis

R, Ry (&)
deg| — +-- +—" < Max dﬂs{—_’“” <0,
\51 5“ J . 51‘ 1<ign

A
$,..8

nén theo BS dé 1, £ 14 phdn nguydn cia
¢|B6dé 4 ChoAeK[X].SeK[XIsaochodeg(®z 1, aell.
Tén tai (£, Cy, ooy Co) € KIXP™' duy nhilt sao cho:

-i:E‘i’(‘d +-§“‘—"+---+i

S« Se Sa—l Y

Vje{l....a}. deg(C )< deg(S).

Hom nita, £ 12 phin nguyén ciia

18
Chitng minh:
1) Tén tai

Quy nap theo &

o Trudmg hop a = 1 1hi ta thay (B d& 1).

o GiA sir tinh chét diing véi mot ez thuge 11; vay ton tai £, Ca,..., Coyy € K[X] s00 chos
A E, +&L+...+C_2
s* st s
vie{l...o) deglC ) <deg(S)

Theo B6 dé 1, t6n 1ai E, C, & K[X] sac cho:

E C
HS_I =F +—S'- vii  dep(C)) < deg(S).
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Viy ta c6:
C ('
A = A =E + atl oL
Sa+1 Sa‘ Ry Sa+1 5
Vie{l...x+1}. dcg((‘}-]<dcg($].
2) Duy nhat

Quy nap theo a

« Truding hop a = | thi ta d3 thay (xem B& dé 1).

« Gia thiét tinh chat diing v&i mét o thudce 14

Gia st E,, C\seeer Cairs Ezu P1oery Dy € K[X] 500 cho:

C C b D
A =E1 _ﬂ+...+._1:,€2+_._ﬁﬂll._+...+_l_
Sﬁ"*'l Y Su+l 5
deg(C ;) < deg(S)

deg{Dj}c,deg(S)

gﬂ’+1

gie{l,..,a+i}, {
Nhén véi §%, ta duge: o

A

. ) C
< (.f«;,S“ 0y +Cy S+ 4 87 ')+-":_+—1

_ D
= (EES“ Dy + Dy S+ ST ')+--f;—+'.

Theo B8 dé 1, ta suy ra Dg,, = Cay, 181 dp dung gid thict quy nap:
Dy=Cons D, =C,, L=F,.
3) Vi cdc ky hidu cia B6 dé, vi

C C C;
degl —& ++-+—L | < Max]| | deg) =~ <0,
I s jce

s s A
nén theo B3 dé 1, E 1a phdn nguyén cia —.
h)

¢ Pinh nghia Csc phan thic don gidn cua K(X) 1a:
¢ Cdc don thifc cha K{X]
e C4c phan 1 cia K(X) c6 dang % trong dé:
S

S e K[X], deg(S) =1, S 1a bt kha quy

e N*
Ce KiX]-{0)
deg(C) < deg(S)
Cic phdn tirdom gidn c6 dang —— trong d6 (S € KTX], deg(®) =1 € ', c € K- {0])
q

durgc goi 12 cac phan thie dom gian loai 1.

11t céc bé dé wén, ta suy ra dinh 1y san,

14 - PI1S]
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¢/ Dinh 1y (Su tdn tai va tinh duy nhit ciia phép phin tich mat phin
thite hiru ty thinh phin thire dom giin)

Cho F = A trong do:
S8
nell
Si, ... S, € K[X] - {0} bat khd quy va nguyén 10 ciing nhau
timg d6i mot
a, . o, €17
A € K[X].

To6n (ai mot ho duy nhat cde da thitc (£, Cuy 1esCatats Cropee i Crion cnens
C o1 C it an ) thude K[X] sao cho:

n o, Cu
R
S S
viell,...n}, Vie{l....a;l, dcg((‘ul_}-)ﬁdcg(Si).

Cong thic trén duge goi la phan tich thanh phin thitc dom gian (vict
tat: PTPG) coa phan thire hir ty /.

2) Thye hanh phép phan tich thanh phan thic don gian (PTDG)

a) Trugng hop cue diém don

Cho {A.8) € K|X] » (K[X]- {0}, I = f-:i . ¢ 1undt khong didns cua 8.

Gia s ring ¢ 13 mot khong diém don 01:1:1 5. Thé thi16n tai 8§, e KX sao cho:
S=(X-w)S, vd Sty =0.

PTDG cua F cluta hang tir

(A € K}, rong 6 1a Gim cdch tinh A .

—u

0 . - . - (1 /1 Al
Theo B6 dé 2, tén tai A, e KjX] saocho: F= —= —.

S X-a Y
Vay tacé: A = AS, - (X - a)A,, tir day, thay X béi a: A(a) = A5, (a) .
‘Z o —
Vay: 2= 28— (X-@F)a)
1(a)

Tém lai:

o|MeEnh a8 1 Cho (A.) e KIX] x (K[X] -{0}), f-‘=%, « 1 mot khong

————

di€m don cia §. Hé tir Acla hang (r trong PTDG clia £ 14 ((X - @)} e).

—

. . ; . . . e I R e
N6i khic di, 1a duoe A bing cach nhdn hai vé ciia dang tinic F =? vat A - u, 101

thay X bdi a.
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vi DU
v X
PIDG coa = —————— lrong {#(X).
(X-DX-2)
Phin nguyén bang 0, vay PTDG 6 dang # = %—-l- + Xﬂ . (A e r?
\ AR X
Theo Ménh (2 1: A=({(X-1¥Y N = (—W(])z-l
/”"‘q—/’l
(X - 2)F)2) X (2y=12
{= - M = | — =1
! X-1
-1 s a . . .
Vay: F'=——+———, mi ta ¢6 th¢ kigm tra lai dé dang bang cich quy ddng v
1y X_1 x5 © ! g bang Uy L
miu 50 chunyg. . m

Trong mot s6 tridmg hop, véi cde Ky hicu caa Ménh d€ 1 vide tinh (X - @)F)(a) ¢6
thé cho nhimg k&t qui xem ra phiic tap hoac khong thé siv dung duge.
Vi s = (X - )8, nén khi duo ham hai vé | ta duge:

§=(X-w)8+5,, trday k3 {u)= §, {)

Vay ta di ching minh Ménh dé sau:

¢|Ménh dé Cho (A.9) & KIX] x (KIX] - {0}, I = % ¢ 12 mot khong

" ) L . AL A
diém don clia 8. HE tr A ca hang tir trong PTDG cia — A ,_(“) .
X—a S S(ct)
viDu:
. e . . | .
Vétn e M tim PINXG cua F = trong (X).
X" -1
n=]
Ta c6 phan tich nguyén 16 cia X"~ 1 (trong 21X 1A X" 1= l_[ (X—u3;), trong
K=0

2ikn

"

dé: wy ZcXp( ] O<k<n-1.

Cic khong diém cia X* - 1 déu todn dom, vay PTG cia o6 dang:

=l
Ay -
F= Z A Ltongdé A, e C.02k<a- L.

pr X-—w,
Theo Ménh d& 2, v&i moi & thude {0, ... o1 - 1)
1 l @y
/l!‘ - [ n—1 1(60’{ ) - " B
nX fan i
(’-’k
[ n—1
Do co PIDG: = H
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% L. e 1
() day néu dp dung Ménh dé 1 s¢ duge: Ap =
l_] (g —w;)
sjsn—1
jek

k¢t qui ndy diing, nhung thodng nhin thi théy 13 khong st dung dugc.

h) Triong hop cicc diém boi

1) Trieemg hop cue diém O
Ta hdy quan tam dén mot phan thite hitu 1y £ :—’j'-— , trong d6 AT e K[X|,
XH'[‘
T =20.

Theo dinh 1y vé phép phan tich thinh phan thic don gidn, ton ta &,en & € K,

B e K|X]sao cho:  F :—%+...+E-i—+£-.

XH » }
Viy lacd: A =(a,+ o X+ ... + o, X'+ X8
Theo dinh 1y vé phép chia theo lay thira tang (xem 5.2.6), a,+ &, X+ .. +
a, X" 1a thuong ctia phép chia A cho 7 theo lity thira tang dén cip 7 - |
(va B i dur chia phép chial

vibu:
X"+l
Lap PIDG cia /' =————— trong XD
x*(x-2)
PIDG clia F cddang: F=F +ﬁ; +£3-+L—I—L + —L

rong dé E 12 phin nguyén coa I va o, @ 5 s Ae .

e Ta tinh # xem nhu thvong cua phép chia buclide X*+1 cho X 2% ta duoe:
F=X+2

« T'a tinh ). biing cich nhan v thay theé:

- 3
/1=<(x-2)m2)=(x ‘}(2):3__

e Ta tinh o, @, , ¢ bing phép - 5 i
chia 1 + X* cho -2 + X theo lay ! X 1 - 2X
thiza tang dén cap 2: 1 X +x | L —lX ! x?
2 2 4 8
~X? +X°
+ 1
XY +X
!

Ta duge: a3 = s

1
2° 4 8
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Ta ¢ thé chd § ring wong phép chia ¢ 24X
nay, khéng ed cac hang ur ¢é bac = 3 | T :
tham gia vao. Viy trong thare hinh ta - X LI, (L Y-
¢6 thé sir dung mét phép chia "chal 2 2 4 8
o™ -I—XZ
4
)

l ] l 33

" X7+ s T4 T
Cudi ciing: --—-2—:X+2+—~%- +—j+—8+—H—A
X(X-2) X' Xt X X-2
2) Trieomg hop cue didin kivde 0
Néu « 1a mot khong didm bai clia S, &€ nhan duge cie hé or twong g véi cue didim

a trong PTDG coa % L 1a 8@ thue hidn mét “phép déi An” Y = X -, vil La s& quy vé
truimg hop trén (d6i véi dn Y).
Vi DI
P1HG e F = —41“___? trong F(X).
(X-n(xX+2y
R& rimg rang phin nguyen bang khong. PTHG clia F o6 dang:
Fo a4+a3‘+ @, +ff1+ﬁ3q+ ﬁ2+ﬁl‘
X-nt X-1' x-nt X-l xan' xe2? X+2

trong dé w, ... @, fu. ..., fy déu la nhing s& thye phii tinh.

slinh a,, ..., a

PR |
PDH MY =X-1(MyX=1+Y) F= ! "

(X-D'X+2)' Y@+ YY
theo liy thitatang dén cip 3 (=4 - 1) L cho (3 + Y)Y

, t8i chia

] 27 +27Y +9Y + Y
Sy sy Ly 1oLy, 242 10 s
3 27 27 27 %] 729
2 8
vyt 2yl
3 27
10
——y?
27
0
Ta duoe: o _ oy = : o _2 @y = 10
YR 77 TR e



Chuong 5  Da thirc, phan thire hitu ty

stinh 3, ... B
D& anZ =X +2 (vay X=-2+7),

_ ! _ ! 1 81 - 1087, + 5477
4 3 RV
- x w2y (-3+2)2 4, 2.0 L 4 . 10
61 chia theo lily thia tang dén cfp ?/‘_; - m+2—4{/'+ 729’:
2(=3- 1) 1cho (3+7)" ) 0 )
Moyl
9
0
1 4 10
Ta duge: =—, _— =—.
e fr= g P P
Cudi cung:
1 1 2 o | 4 10
: __ 2 214 8 729, 81, 243 | TI9

O] o o XU 2] (xeaf X2

¢) Nhdn xét vé tinh chéin 1é

Khi st dung tinh duy nhat coa PG ciia mot phan thie hitu ty, ta thay rang néu
CX)

phan thic hitw 1y # chin (hong fing : 1&) vi néu phin thie don gidn ————k—cé
(S¢-X0
. C ¢
mat trong PTDG clia 7, thi phan thife don gran ——(X—)T {tuomyg mg: -—(ﬁ- b
: {S(-X0 (5S¢~ -xpk
ciing ¢4 mat trong PTHG cha f.
vi D
L. 2 245
PFIDG clia F = -—X——- ong ri(X).
{X
Dang cha PTPG cua F Ll.
P P} b ¢ o B . ¥

Ko R Xy ey X
rong d6 g, ..., v déu 1 cic s6 thye phéi tim.
Thay X béi -X:
—a+h+—‘(‘+-a+ﬂ+_—_}j_‘
x+1) (x+) X+ (x-1) (x-1pp X-I
Vi F chin, tinh duy nhét cda PIHG clia F chimg Wring: a=-g.b=pc=-y.
Tinlva, b. ¢
péan: Y=X-1viyX=1+Y),
ax2 s 201+ Y) 45

) x-1Fx+) YY)

F(-X)=




54  Phan thic hitu ty

61 chia 2(1 + Y)*+ 5 cho (2 + Y)* theo 1y thira tang dén cip 2:
7 +4Y +2Y° 8+ 12Y +6Y"
13, 13 . 7 13, I3,

S yY- 2y oY+ =
2 4 8 16 16

0

13
L= =
16 16}
7 13 13 7 13 K

Taduge: a=

2 _
2X7 45 ® . b, 4] 8, 16 1G

Cudi cling: 3 = : + P :
X2 - (X-nP (X1 X=D o (x+nt (x+n? X+l

d) Khi ¢hi con mot hoae hai he tlr ¢iin xde dh trong mat PIDG, ta ¢6 e xée dén
vige thay X bé mdt tri dac bict, hoae cho X tién ra vd tdn (1 cdch chat ché: sir
dung phép doi bidn Y = X’ roi thay Y boi 03 sau khi da nhan néu cin thict hai ve
cia ding thie véi mot iy thira cita X.
viDU:
] - X -
PTDG ciia F = ——————rong X
(X-D"(X-2}
i i
+ +
(x-n* X-1 X-2
Bing cach nhan véi X - 2, r6i thay X bai 2, ta duge: A=2.
Bang cach nhan véi (X - 2)° t6i thay X bai 1, 1a duge: e =-1.
Bang cich nban véi X 161 cho X tién ra v6 tdn, ta duge: h+ A=0, trday b =-2.
X -1 -2 +2
= + + .
(X-DX(X-2) (x-np* X-1 X-2

Dang cioa PTHDG 1a: F = Jtrong dé g, b, A € .

Cudi cang:

e) Trudng hop 2(X)
A . .
. iheo dinh 1y
_ s
d'Alambert (5.3.4, Dinh 1§, S tach duge trén C; vy oo tai n e 11, 2, ., 2, € 0
timg doi khac nhau, a, ..., @, € 11" a0 cho:

A

Cho A € C[X). § € T[X] chuan tac sao cho deg(S) = 1, FF =

‘f" =

[16x-2)"

PIDG cia F cd dang :
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Chuong 5  DBa thic, phan thile hitu ty

trong d6 £ L phdn nguyén cha F v cie A, lanbimg 56 phiic.
Ty
‘Trong thue hanh, détinh cic 2, . 1as& st dung:

o phurong phdp nhén va thay e, hoac cong thic st dung dao hiun (5.4:2, 2) @)y ki
a =i
» mot phép dbi dn ticp theo Tamot phép chia theo lity thirtang (xem 5.4.2,2) M) kv
> 1.

) Truong hop (X))
Gid st A e T[X], § € ¥[X] chudn tac sao cho deg(H) = 1. £ = % .

Thee 5.3.5, phan tich nz.uyul 15 cua S eo d.uu_

§= n(X—.\j ¥ I—l(}(2 + . X+ iy y
i=1 k=1

Trong dé: | ¥ N end

Apsees Xy € i timg doOi khide nhau

(ie e een A0aes o) € 507 Lmg cap khde whau
Yhkefl,..,NT. pf -y, <0

Flg oo Fxa $p0 s S0 € .

Vay PIBG con b eo dang:
X vy

rl;—I[X Y AuulX *PXW’H
trong d6 £ 13 phin nguyén cia 7, vaeie 4, . 44 %o lit nhiimg =6 thuk.
s = . b i
s Cic phin i dom gian ~—
(X Y )J

~duoe goi 12 cie phan thie don gidn loai 1

{(xem 5.4.2, D).

HX+vyy
o Cic phén tit don gidny ————
(X + X4y

duge goi Freie phan thive don gidn loai 2.

Mot truimg hop riéng

- . A . e L
Gia sir I ¢6 dang F=—, trong dé6 A € KIX], T [a mot tam thire bl khiv quy,
"f‘.\'
v € 1. PTPG clia FF cd dang:
., C, ¢
ped g e ey
,).-.\' ?-.\' 1 -1 Fi

trong d6 £ 13 phin nguyen eda 2 v C, . ,C T nhig da thite thuoe =] X| déu o
bie < 1.
Ta ¢6 thé tinh Cy. Coyoernn €, 12 bang nhimg phép chia Kuclide lien ficp. Thit vay,
160 1ai cdc da thike Q,.....Q0 R, ..., Ky thude X1 sao Jhux

A=QT+R Q) = 00T +Ryu o Oy =0T+ R,

1V e (L v, depli ) <2



vi khi d6 ta cd:

54  Phan thic hin ty

Fid ¢ iy Fid
i:—'—+i:...,=—'+—3‘-— ..... +—+ 0,
7 T.ﬁ },-.\'—I e T."—l ’
tir dé, do tinh duy nhél cia PTHDG coa 1
Ce=R,, Coy=Royo, C\=Re b= Q.
vi Dy:
.. X% Xt 12 .
PTDG cua F = —~——+—; trong E(X).
(X2 +X+1)
X® -x? +2 X'+ X+ 1
X7 X0 XXX -2X+ X+
Xj
2%
X'+ 2X-
X- X+2
-2X+
XX + X 2XP+ X+ 1 X +X+1
2X-X X 2X' + X +2X-5
X 3x?
2% 3X?
SSXE-X
4X+06
X-2X 4+ X7-2X -5 X+ X+
- 3x* X -3X+3
3X*+5X
2X -8
Ta ké( luan:
B 44 _ _
X -X"+2 X2 3K 43+ 2X+1 4X +6 +_2X 8

+ — .
(X?+xX+h? X2 +X+1) (X2aX+D)2 XT X+

Trong trudng hgp 16ng quit, ta s thit k&t hgp cac phuong phdp da ndi trén
day. Nhumg viée tinh mot PTDG trong F(X) ¢6 thé dai, khi mau chita nhiéu
tam thitc bat khi quy, ¢d lay thira cao. Viée chuyén qua s& phie thudmg din

dén nhimg phép tinh phic tap.

Ngay nay, dd c6 nhimg phin mém tinh 1odn hinh thifc cho phép tinh duge

PTDG cia cac phan thic hitn ty trong {2(X) va IE(X).
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Chuong 5  Pa thic, phan thic hiu ty

viDu:

. X ,
1y PTHG caa F = trong F(X).

(X-D2X>+n?

PG o dang:
+ K+
A B, aX +P LY o

TX-n? X-1 xTan? X241
trong da A, ..., §1a cdc s¢ thue phai tinh.

2

o Tinh A, ut

o I+Y . .
PEian Y=X-1(VayX=1+Y) F= ,thi chia 1 + Y cho

Y21+ Y) 41’
(1 + Y)Y+ 1%, hoac cho 4 + 8Y, theo liy thira tang dén cip L:

I 1
Dodé: A=—, pt=—.
4 4
e Tinlh a, B
T gD A L i | 1
Nhin v8i (X7 + 1) 16i thay X béi it @ +f = L suyraa=0,f= ——.
{ _1)3 2 . 2

o Tinhy &
Thay Xbdi 00 0=A- g+ g+ 8 suyrads=0.
Nhan véi X r6i cho X tidn ra vo clmg: O = g+ y  urday y = T

] | } L
X 3 4 o %
= + + = + .
x-n2x?+n? x-nt X-D (X2 +D? X+

Cudi cling:

2
. +2 )
) PTBEGeilia F= Di S trong E0X).
(XD NXP+X+D)
aX +h eX+d eX+ f AX 4+ p
3 2 7t 2 T2 '

x4t X2+t (XPHD (XTHXHD
trong d6 «, ..., ¢ 1anhitng s6 thue phii tinh.

PIHG ca F b dang: =

o Tinlt A, pt
Nhin vdi X7+ X + 1 16i thay X bdi -
2 X
+2 —-j+1 .
A +1L=—7‘]2—1— :—].—i_ =j-1,
G+ =gy
dodé A=1,pu=-1, v‘1_ (1. j) la mdt co so cia T - khong gian vecto 2.



54  Phan thic hitu ty

s Tivha, ... f
X-1 X' 42-X-Dx?2+D?

X2aXal  (XE+DPXEAX4h

Tacd OC+-(X- X+ =X+ X -3X +3X - 3X 4+ 4X*-X + 3
=OCHX + DEXT +2X - 4XT P AXC - 4X + 3.

SXY Xt —aX 45X —ax 43

Xé (r=1"—

Do dd: ¢ =

(X* 41y
Ta ding phuong phép ¢hia Buclide lign tidp:
XA 42X AXT ST - 4X 4+ 3 X'+
2X°% -3 X 42X -3X + 3 boXt+ 1
) GEEK) & 2X7-2X bo-X+2
3X*-X 2X + 1
-X
. . -X —2X+1 -X+2 .
Dodoé: (= - 3 + , vt cudl chng:
(XPant x?+n? x2 4l
X’ +2 - X S2X4+1 | -X+2 X -1
+ + +

X2 X2 +X4n o +nt X2+ xPan XPaX+1

Bai tap
O D.4.4 Viduvé phan tich thanh phan thic den gidn oai | trong 00
C-xtaax? -ax 4 " $X* +% , ax* rsxt +21x2 X a5

a) ) C

XX -1? X=X+ X+Drx-n?

QO 5.4.5 Viduvé phdan tich thanh phdn thite don gidn logi | valogi 2 trong (X))

X* -1 X 41 X
a) — - b) — C)
O +2X +1Y XY +1 X+l
1 X ) I
d) 3 2 <) 4 4 > I) - 2 h
X+ X7 +1 (XXt =Xt +n (X7 +2X +32X° +3X +4)
)x"—x-‘+2x4+xf+1 " XXt 417X +25X7 419X +7
S T i -
XUXT 41y X+ (X" +X+D)
Coaxt Xt asxt Xt 4 X ox2 .
1) - Pa— < " .one N
X5+ X +X+1) (X2 +1y"
N ) ) .
O 546 Tinh: Z:———-——-i,vaen-{U.l}.

=2 (n=17n e+ 1)
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Chuong 5  Da thic, phan thirc hitu ty

z+2

¢ 5.4.7 Tinh Z = trong dO 1y, oo, Zg L CC KhOMY didin trong Zela X XL
iml (z; -1V
0 5.4.8 a) Phan tich —————————— thanh nhimg phin tike don plin trong - (X}

X-D"(X+1) ,
b) Suy ra mot cap (7, 1) thude (1 X D7 sa0 cho: X+ X - 1T =
O 549 Chonetl ae Z-1-1.00 11 Rl goars

= a X +at

FH = i ke [
o (X —u HX —a WX - 7}
2ikn
¢ 54140 Chonedl- (O ll.pe it on-li, o= cxp[—-—— vk e (ol
LN
=l wi’
£yl dudn dang bil khi quy: -
k:“X — oy

- +h+e L . N
0 5411 Chowb.cel d=2 ZJ; S ta pid s rang @, b, e, d timg din khice nhau.

ay Chimg minb rang. vdi moi da tuic P thude 21X e hite £ 2, el
i

_Z il i
(X —alX - X — ) {d-hla-c) X-ua

(trong do 16ng pom 3 hang G, do hoin vi vony tom),

by Suy ra Ui coa Z

o

(a=—bra—cib+e - ‘
0 §.4.12° Phan tich thanh phan tnie den pidn (rong & (X) phan tige him ty ) lien két vi
ham hitu 1y x4¢ dinh bén x> tandpArctantga) . a € 1 101 of dinh
M
0 5413 Choneil.z, ..z, e Jtimg doi kKhic uhau, Q= ]_I (X-z4).
b=l

"
a) Vi mot pihuate {0, .. o0 -1, phan tich

thanh phdin tire dom gian,

I ZJ’_’
b1 Suy ra i clia Z
el EF
k=1 (o)
¢ 5.4.14 ChoP. Q€ CIX], a=deg(( = 2. Ta gid thigt:
¢ co n khong dignidon 2. ..., 2, rong <2
deg(P) < degi(h - 2

vinpe [t ....on- 1.

- . S Pizg)
Chimg minh: Z - =0.
i Qi

¢ 5415 Chonell. ay oy, € 0 P =X+, X" + .. +ap 2. w2, € L2, limg ditn
,(_J . ' "

- v ke {1, .., a ) Ching minhe Z‘”k =t -

_l—l(x ‘ - ey

1€i<n
iek

khilc nhaw, gy = 2p



Chuong ©
Khéng gian vecto

Trong chuong 6 nay, K chi mot thé giao hoan. Trong thuc t&, K =R hosic K=C.

6.1 Cau tric khong gian vécto

+ Dinh nghia 1 Moi tap hop E duge trang bi mot luat trong ky hiéu la +,

va mot ludt ngodi K xE— E sao cho:
(b, x)=hy

« (E, +) 1a mot nhém Abel

e V(YA e K Ve E. (A+px=Ax+jix
) VAe K, Y(x y) € EY, Ax+y)= Ax+ Ay
3) V(A, t) € K%, ¥x € E, AQu) = (Ap)x
NHV¥xe E Ix=x

goi 1a X - khong gian vecto,

Khi & dinh thé K, ta c6 thé néi khong gian vectd thay cho K - khong gian vectd.
Chiing ta s& viét tit K - khong gian vecto 1a K-kgv, khong gian vecto 14 kgv.

Céc phén tir clia mot K-kgv duge goi 1a veeto; céc phin tir clia K duge goi 12 vé huong.

viDu:
1) Thé K ta mot K-kgv voi luat trong KXK = K va luit ngoai la phép nhén
(. aty

trong K : KxK—->K. (5 day cac phin tlr clia K duoc coi ddéng thoi 1a vecto va 1a
(A= Ax

vd hudng,

2) Téng quét hon, gid sir L 1a mot thé sao cho K |a mot thé con clia L (1a cling n6i
L 13 thé me cha K). Khi d6 L 12 mot K-kgv, vdi ludt trong LxL—L valuat ngoai

(X, ¥} Xty

KxL— L (phép nhan trong L).
(A x¥—Ax

Dac bigt, T 1a mot R-kgy vdi cac lult théng thudng.



Chudgng &  Khong gian vectd

N
D Giasitn € T, E,, ... E,. [anhitng K-kgv. Khi d6 tich £ = l—l £ Bmdt K-kgy
=1
vdi Jufil trong vA hudt ngodi xdce dinh boi:
O T e ) (e s ) €7 0 ) H O ) S Y ¥.)
o Vi€ K, V(x, .o X) €8 A, wx) = Ay, o A
Pac bict, vai moi # € 17, vdi cdc ludt thong thadmg, K" 1amot K-kgv.
4) Gi sit X 13 mot tap hop khde rong, £ 13 mot K-kgv. 1ap hop £ cde danh xawr X
viio £ 1a mot K-kgv vai Tuit trong va ludt ngodi xic dinh boi:
o V(@) e (EY, Vee X (+0=0+u0
s Yie K, Vfe Y owve X, (AN = Afo.
Chang han, v6i cde ludt thong thutme, (ap hgp S efie dily s6 thue Th mot =-kgv.
5) Chiing ta thay (5.1.4, Monh & 3) ring @p bop K|X] cde da thiie mot an véi e so
rong K 1 mot K-kgy vai phép cong va phép ahin neodi Théng thuomg ta chiimy minh
£ 1 mot khong gian vectks bang cicl ching minh 7 iumot kpve clia mot kg dd bict
(theo 6.2 Ménh dé [, vabin 1ap 6.2.5).

NHAN XIET:

héi the

Gia wir /. 1 mot thé me cia K. Moi L-kgv £ ¢6 1thé duge coi nhu 13 mot K-kgv bang

cich trang hi cho né Tudl + dX duge xie dinh trong £, Vi lsdt ngodd K « i — f .
[P ARSI

hep clia luat ngodd cua f-kpv £

Chémg han, moi Z-kev ¢ thé duge coi nbar 1a mot »-kgv.

o| M&nh d& 1 Gia sir £ 13 mOt K-kgv, V& moi 4, g thuge K va moi x, v

thuoe £, 1a co:

DAvr=0e (A=0holcx=0)

2) (A - pdv = Av - g

) A(x-¥) = Av- A

(3 day ta k¢ hicu 0 13 phan tr trung hoa cia phép cong trong K, ciing nhar phin Uk
trung hda clia phép cong trong £ khi cin thict 1a ¢6 thé k¢ higu Oy vii 0, d€ phin bigl
hai d6i tugug do.
Chitng minh:
1) s Ox=(0+ 0 = 0v + O, vt do suy ra Ov = (.
e A0 = A0+ 0) = A0 + A0 1it db suy ra A =0.

e NEu Ar = 0 vil ndu A = 0, thi bang cach ky hi¢u A 1 nghich dao cia A
wong th K:

= lv= (A A= A =A4T0=0.

) A= (A - g + 100 = (A - 0y + goe, 110 dS suy ra (A - fHx = (A - (), phin 1
niy dugre vidt (A - .

3) Av = A - M+ = A - ¥+ Ay irdo suy ra A - y)y=Av - Ay. |



L)

6.1  CAu tric khéng gian vecto

Ta dé dang chimg minh {bing quy nap) Ménh dé sau:

Ménh dé 2  (Sir dung ky hiéu T trong cic kgv)

Gia st Elamdt Kkgv, m,p e ', x, x, v, x ;, Ja nhimg phin wr cua £, A,
Ap--. nhitng phan tlr cia K, Ta ¢é;

1){2‘)] [i }:i.xi (néup zn+1)

i=t+l i=|
H fl i

2) E{_t‘ +y, )= Z.r‘- "'Z-"'f
=1 i=1 i=l

=

H il ! { n
3) Z[z l” J = L -rij]
i= =1\ 4=l
Vo e €, i-"om = i-";
i=| i=1

+ Theo quy udc, 16ng cha mot ho rdng nhilmg phén i clia K (twong dng: £) bing 0.

1 r 1]
e Theo 5) vi 6), ta c6 thé k¥ higu Z).x‘- va Z/lt-x thay cho Z{’h}') vil
i=l i=I i=

it
Z (A;x) twong ng.

i=1

+

Binh nghia 2 Moi tap hgp A cing vdi mot luat trong ky higu +, mot

ludt ngodi KxA —))LA va mol ludl trong (duge poi la ludt thit ba) & day
(A= Ax

duoc ky hi¢u la *, sao cho:

1} (A, +, ) lamdt K-kgy

2) * phan phéi d6i véi +

HVAe K, ¥, v e A, Ax*v)=(A) * y=x#* (),
201 1a K - dai s0.

Mot K-dai s6 A goi lic

» két hop khi vi chi khi * ¢6 tinh két hop
s giae hoan khi vi chi khi * ¢6 tinh giao hoin

¢ ¢d dom vi (heac: dom vi) khi v chi khi A ¢6 phin tlr trung hoa d8i vai .
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Chuong 6 Khéng gian vectd

Vi DU:

13 Moi thé giao hodn K 1a mot K-dai s6 kél hop, giao hodn, 6 don vi. néu |y
udt thi ba 14 phép nhin.

2) Téng quat hon néu L 13 mét thé ing clia K, thi 2. lamdt K-dai s6 két hop. vieco.

dom vi néu dy ludt thit ba I phép nhan wrong 1.

Chang han, C I mét B-dai 86 két hap, gino hodn, ¢6 don vi d6i véi cde ludl thong
thutmyg.

) Gid sit X 1 mot tap hop khic rdng. Chiing ta il thay (Vi du 4), rang K¥1ama
K-kgv vOi cdc luat théng thudng. Bang cdch trang bi cho K juat thif ba, ducge xic
dinh beri:

Yee X, {fuda) = oy,

K*1a mot K-dai s& kit hop, giao hoidn, ¢d don vi, phin tr trung hoa doi vai ludr e
ba I @nh xa hing bang mar.

4) Chiing ta da (hay (5.4, Menh & 3) rang KX 1h mdt K-dai 50 két hop, giao
hesn, w6 don vi.

3) Dud day tasé thily dai $6 L(8) cic iy ddng ciu cia mot K-kpv &, véi luin
thit ba 13 ludl o cta phép hgp thinb (7.2.2, Ménh dé 5), vi dai s6 MK} cde ma
tran vuang clip # vedi b 6 trong Ko mid ludl tha ba 14 phép nhan mairan (8.1.4,
Minh dé 4.

Thong thutmg ta s€ chimg minh A 12 mot dai s0 bang cdch chidng minh A Fumaot
dai 6 con cha mot dai 6 da bigt {xem 0.2, Ménl d& 6 va bai tip 6.4.10).



6.2 Khong gian vecto con 21
6.2 Khong gian vecto con

¢ Binh nghia1 Gid s& 7 la mot K-kgv, [ € P, Ta néi F1a mot
khong gian veeto con clia £ khi vivchi khi:
) F«
2y Wewel?t x4yel
B YieK.wyel, Avel.

Chiing ta viét tit khdng gian vecto con 14 kgve. B nhiaw 140 thé K dang sir dung.
thinh thoding 1a né1 K-kgve thay cho kgve.

D& dang chitng minh Ménh dé sauw:

o/ M&nh @8 1 Gid st I 1a mot K-kgv, 7 e ). Néu # la mot keve chi

2. thi F 1 mot K-kgv vai luat + @ P/ xF =8 viciogt ngodi KxF - 1
{r vy (h.xiika

cam sinh boi cdc luat coa /2.

Vi DU:
1) 5 x {0 oot kgve cla kg B2

2) Véi moi n thude 1L K, X] 12 mét kgve coa K-kgy KX (xem 5.1.4).

NIIAN XET:
D {0} va £ 1 hai kgve cia K-kgv E.

2) N&u F 1a mot kgve cha kgy £ v néu G 1a mot kgve clia P, thi G 14 mén kgve
ciia £ ngudi 1 néi khdi niem Khong gian vécto con ¢b tinh bac ciu.

¢|Ménh dé 2 Giasit /o lamon K-kgy, (), L2 mot ho kgve cia 775 the (hi
ﬂ[-;- la mot kgve cua L2

el

Chitng minh:
ba = ()F, .
el
D= by viy, 0 e Fyi(vre L0 e ).

2) Gid sl (x, y) € F2 Tacd: (Vie L (v e Fviiy € F, vy (Vi € Ly+vel).
doddr +yel.

DGilase (., N e Kx
Tacé: (Wiel, xe i) viviy(wiel, e F),dodd e b [ |

Pac bigt, néu £, F2 1 hai kgve coa Bt 1 0 f i i kgve cia i

15 - P11
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¢| Ménh dé - Binh nghia 3
Gia sit £ I mot K-kgv, £, F, 1 hai

cua F:,
Cluing mind:

DF+F,20vi0=0+0el, +F,.

kgve cua f-.

Taky higu &+, ={ve I v, xv) el xfaa=un +0.]
= {\_ + AEN ('\-!"\-.‘.) = ]("r % !"_\},
goi 1A tdng cia F, va £, (xem 2.1, Dinh nghia 12), va /7, + /-, la mot Kgve

D GIastr (v, ) e (F, + F7 T (v, v € ) x ooty v) € F) = F,sao chor

Y=+ Y=y e

Viylach v+ y=(v, + ) +{v, + vy =0 + v+ a4+ ) e b+ FL

DGisr (A0 e K=o, + ) Tontai (v, aay e B+ saocho o=, +a Tacd:

Av= Al 4 )= Ay

W+ =R+
D, CF +F,

3 { }" ‘;’;: .
HF clF. oK+ ck.+F,
SVF +F =1

o) 1, + (0) = £,

N, k= E

R) (', + F') + Fy= F\ + (Fy + 1)

Cluing minh:

¢| Ménh dé 4 Gid st /2 limot K-kgy

+ A, e b T n

s doi v moi kgve FL FLLF, clia £ taed:
N mb.=Fn
PAY N O ey O

J Iyl

’%‘
) <ty

e S R~ el

O S NN ANy T STV O
SYF, A, = F,

6) 1, ~ {0} = (0]

TV, N E =1

YU, N EY A F = F  (Fym F).

Cac phép chimg minh rit don gidan. Chang han, d6i véi 2) véi moi v thude F, . 1a ¢6

thé vighy = v+ 0, rong dd x € I vt g
NHAN X1
Ky hiéu V(&) chi tip hop cic kpve coa £

Cde Judt rong + vt ~ trong V(E) luat
irucmg hop dac bidd cita ) (xem bii tp 6

Fonénye )+ £,

1y khong phan phéi ddi v@i Tudt kia (trix
200

¢ Binh nghia 2 Gid st /7 12 mat K-kgy, I, £l hai kgve caa £ Tandi
ring /', I\ ¢6 tong trure tiép Khi v chi kb /9, ~ 1. = {0},

Khi ) vit /7, ¢0 10ng trye tidp, ta Ky hicu £, @ £, thay cho ) + I,



6.2  Khdng gian vectd con

vi DU:

VL K =5, E= % cickgve F, = 8 x [0} x {0} vA F, = {0} x % x (0} ¢ téng truc
tigp.

NHAN XET:

Ky hi¢u F, @ F, chi xdc dinh khi F, va F, ¢6 tdng tric tiép; @ khong phai 18 mot

phép todn mdi.

¢ Ménhdé5 Dé hai kgve F|, F, clia mot K-kgv E ¢6 téng truc ti€p, thi
cin va du 13 moi phan tir cia F, + F, phan tich mdt cdch duy nhét thanh
t8ng chia mot phin tr cha F, vd mot phin tir chia F,.

Chitng minh:
1) Gid sit F, va F, cé tdng tryc tiép, va gid sirx € F, + F,.

» Tir dinh nghia cia F, + F, suy ra t6n tai (x,,.x;) € F, x Fysao cho x = x, + x,.

e Gidsl(x,x,) € F x Fy, (3, ¥;) € Fy x Fys880 cho x = x| +x; =y, + y».
Thé thi: x, -y, =y, - %5
Vit -y € FLay-xpeFp FynF={0}),nénx -y =y,-x=0dodéx =y,
X3 = Y
Nhu vay, x duge phan tich mot cdch duy nhét trén F, va F;.

2) Nguoc lai, gid sit moi phdn tir cha F, + F, dugc phan tich mot cach duy nhét
trén F, va F,.

Gia st x € F, n F,. Ta ¢6 hai cdch phén tich cha G trén F| v F,; 0 =0 + 0 va

0 =x + (=1), tr d6 suy ra x = 0. Nhu vay £, n F, = |0}, F, va F, ¢6 tdng truc Liép.

¢ Dinh nghia 3 Hai kgvc F,, F, clia mét K-kgv E duge goi 1a bu nhau
trong £ khi va chikhi: F " F,={0}vaF, + F,=E.

Didu d6 c6 nghia Id: F, va F, c6 tng tryc ti€pva F, @ F, = E.

viDU:

DK =73 E=F, =& x {0}, F, = {0} x & F, va F, 1a hai kgvc cha E bl nhau
trong E.

DK =%, E =% F, (tuong dng: F,) 13 thp hop cédc dnh xa chédn (tuong Gng: 1¢)
tir % vho %; Fy, F; 13 hai kgve clia E bi nhau trong E. Thuc véy:

e Néufe F, mF, thiflachin va 1, nén (Vx e &, fn) = -f()), i vy f= 0.

» Moif € E c6 thé viét dudi dang f = g + htrong d6 g € Fy, h € F, duge xéc
dinh boi:

_ 1 1
Yx e & gly) = 3 (fx) + f-xn), h(x)) = 3 (Rx) - f-x))-
(xem Tép 1, 4.1.3, Ménh dé).
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Chugng 6  Khong gian vectd

NHAN XET:

1) Mot kgve F ¢ha E 6 thé c6 nhiéu phin ba wrong L. Chéng han, néu K =i
va E = B2, thi kgve F = R x {0} c6 vo han phdn bu trong /. dé 1l e cde Py,
xekE-F.

2) Sau ndy ta sé ching minh (6.4, Ménh dé) rimg, n¢u £ 12 mot khong gian hitu
han chiéu, (hi moi kgve cia £ ¢6 it nhat mot phin bi trong F7.

3) Sit t6n 1ai mot phin bit ddi vdi mot kgve bat k¥ b wong duong l0gic vai tén
dé chon, ma viéc nghién cliu nam ngoéi pham vi cudn sich ndy.

¢ Binh nghia 4 Gia sir A 1a mOt K-dai sO vdi ludt thit ba ky higu la *,
B & P(A). Tandi B 1a mot dai s6 con ¢tia A khi va chi khi:
B lamot kgve ciua K-kgv A
vix,weB, x*vebh.

N6i cach khac. mot bo phian B ciia mot dai s0 A 1h mot dai s6 con ciia A khi vit
chi khi:

B=@

Y(x,y)e B, x+yebB

YA, eKxB, Axel

Y(x, y)E B?, xxyelB m

D& ding suy ra ménh dé saw:

o|Ménh dé 6 Gia sir A 1a mot K-dai 56, B € JA). Ncu B la mot dai s
con cha A, thi B 1a mot K-dai s6 d6i vdi cdc ludt + ¢ BxB— B | luit
[y Xty

ngodi: KxB—B  +: BxB—>B  cim sinh boi cdc lud cha k.

x> Ax (x, ¥ x*y

vi DU:

A = IR 13 mot IR - dai s6 d6i v6i céc luat thong thutmg (ludit thit ba 1a phép nhin) va
tap hop B cic dnh xa bi chan tir R vho [ 12 mét dai s& con cta 4 (xem Tip 1, 4.1.%,
Menh dé 3).



6.2  Khdng gian vects con

Bai tap
O 6.2.1 Cho £ Lumol K-kgv, F, (i 4 T nhitg kpve cda F
A D Ching minte (KN OGY+ M ihc Fovitr + 1.
2) Chimg minh: (& < # hoac fcthy= ~ )+ NI =R o+ .
3) Cho mdtvi du v K, £, F, G 1 sa0 chio trong ket qua cla a). /) khong xay ra ddng thic.
by Dy Chimg nunhy 7+ (G D (F+inm v
23 Clumg munh: (S G hoge FC Hy = et i s UGy +
3) Chomdt vi du vé K, £, F, 65, 1 sao cho trong ketqui m £y khong xiy ra ding e,

0 6.2.2 Gidsit £ la mot K-kpv. F. 6 1 ha kgve olia & sao cho #7066 = £ Chidg nunli;
F=Ehoa ol = 8

O 8.2.3 Cho £ Lumdt K-kgv, £ la mot tap hop Khie réng (FJ, -, 1 mot ho nhimg khong
glan con cia £,
Giaste Wi, e £ kel F, wF cF,. Clumg mih rang U £ 1A mot kgve cla £
1ef
0 6.2.4 Chomot vidu vé thé hira han K, K-kgv . cic kgve I, 15, )y cda £ sao chos

FouFy,ob,=E va (Vie 11231 F =),

O B.2.5 GiisitE ta (ap hop cac dnh xa /0 B — B sao cho tdn i A € Ri vig h =T
Lang sao chor Wx € B, (I 24 = flx) = glx) - .

Chung 16 rang £ loindt f-key ¢01 vai cic ludt thong (hutmy.

0 6.26 Gia st N € 1T dp e gy € Kkhic nhau timg don, B = i ®
Fo=ife BV e 10, N fle) = 01 G I @p che dnh xa da e 1 vao i, voi hac
< N, Chitng o rang # vis &G T g kpve cila E2, b nhad trong 12 tf7 duge trang bi cdc o
thong thuemg ).

0 6.2.7 ChoA lamol K-dat s6. V& moi bd phan Xcia A, ta g0t bd phin cha A, viet 1 X

xdie dinh béi: X' = [y € A1 Vi € Xoxy = v} Jhodn tap cla X.

a) Chiing, 16 rang, ndu A ¢o tinh k1 hop, Ui X' 12 mét dai 5§ con cha A, Pric bigt, tam
cha A, duoe dinl nghia 12 A% Tamot dai 58 con cla A (ndu A €6 tinh kel hap).

by Chtg minki: 1) ¥(X ¥) € (AN, XY = XD Y)

23VX e PAL X X
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Chuong &  Khdng gian vectd
6.3 Tinh phu thuéc tuyén tinh va tinh dc lap tuyén tinh

6.3.1  Ho phu thuéc, ho doc lap

¢ Dinh nghia 1 Cho £ la mQt K-kgv, n € 1, (e v € R
Moi phén tir x thudc E sao cho tn i (4, . A,) € K" thoa min
X=AX + et A, = D Ax; goi lamot t6 hop tuyén tinh cha v, ..., X,.

i=1

Téng quat hon, néu (x,); . ;12 mot ho phén tir (c6 thé vo han) clla mot K-kav £, moi
phén tit x thudc £ sao cho t6n tai mot bd phan hits hao J cta 7 v mot ho phin

(A); -, cia K thoa méan v = ZA‘-A\', , 2ot 1216 hop tuyén tinh cua ho (1), 4.
ief
Theo quy ude: Z r; =0 (xem 6.1%
ield

¢|Ménh dé Cho IZlamot K-kgv, I € R

pé FF 13 mot kgve ciia 2, thi ciin va du la F khac rdng va F on dinh doi vai

phép 16 hgp tuyén tinh.

(nghia la : V{4, 1) € KLYy e ™, Av+ v e ).
Clirng minh:

1) Néu F 13 mot kgve cha E thi F = @ v véi moi (A, 10 thude K* va moi {x, ¥)
thude 72, Ax viv gy déu thuoe 1, vivdo d6 Ax + uy € F.

2) Neuae lai, gid sit I = @ vie V(4 @) € K7, W0 y) € F2 A+ gy € F. Bang
cdch chon =0, sau d6 A= g = k. takét luan F la mt kgve cia B,

NHAN XET: HE mot bo phan F cia mot kgv £ 14 mot kgve cia £, thi cn v di Ta:
Fz0
YAie K, ¥(x,v)e F2 Ax+ye F.
¢ Pinhnghia2 Cho £lamot K-kgv, n € B, (xy, ..er X)) € £
1) Ta néi ho hitu han (x,, ..., x,) 1a phu thudce (tuyén tinh) khi va chi khi:
T
WAy, ey A) € K- {0, ., OO}, DAy, =0
i=|

2) Ta néi ho hitu han (v, ..., x,) do¢ lap (tuyén tinh) ki va chi khi no
khong phu thuge tuyén tinh, nghia la:

V(A s A) € K" O Ay =0= (Yie (], ..nl, A =0,

i=!

Mot ho hitu han phin i ela £ con duge £oi 12 md1 hé phin 1 cla f2.



6.3 Tinh phu thudc tuyén tinh va tinh doc 1ap tuyén tinh

Téng quat hon, gid sit (v,),c, 12 mot ho phén tif (cd the vo han) cha E.

1) Ta n6i ho (1), 12 phu thuée (tuyén tinh) khi va chi khi c6 mot ho con hitu
han cha (x,)e, 12 phy thuoc luyén tinh, nghia 14, khi va chi khi ¢cé mot bé phan hing
han J cia 7 sao cho (v}, 1a phu thude tuyén tinh.

2} Ta néi ho (x,),, ddc lap (tuyén tinh) khi va chi khi nd Khong phu thudc tuyén
tinh, nghia 1a khi v chi khi moi ho con hitu han ciia (x;);, 12 déc lap tuyén tinh.

Pé nhéc lai ring ta dang ding thé K, doi khi ngudi ta n6i K-déc lap {tuyén tinh)
(tuong tng: K-phu thuoe (tuyén tinh)) thay cho doc lap tuy€n tinh (luong mg: phu
thudce tuyén tinh).

Ta néi hai vecto x, v thuoe E-{0} 1a dong phuong (hay: edng tuyen) khi va chi khi
6n tai A € K sao cho y = Ar,

NHAN XET:

1) Dé mot ho (x) c6 mot phan 1ir duy nhét 13 phy thude tuyén tinh, thi cdn va du
la:v=0.

2) D81 véi moi x € E, ho {x, x) 1a phu thude tuyén tinh vi lx + (-1)x = 0 va
{(1,-1y= (% 0).

3) Né&u ho phén tir (x)),¢, cba E 1a phu thue tuyén tinh, thi moi ho me coa (1),
(nghia 13, moi ho phin tr clia £ nhan ho ()¢ lam mot ho con) 1a phu thude tuycén
tink. Chang han, moi ho chia 0 Fa phu thuge tuyén tinh.

4y Néu ho phén tr (x,),c, cha E 1a dgc lap tuyén tinh, thi moi ho con ciia (x)., 12
doc 1ap tuyén tinh.

5) N&u ho phdn tlf {x,),; cia E la doc lap (tuyén tinh), thi cdc (x}(/ € I) khdc
nhau timg doi mot. Thyc viy, gid s (i, j) € I* sao cho i # j; khi 46 tr 3) suy ra he
(x,, x,) v6i hai phén 1l 12 doc lap (tuyé€n tinh}, Vi vy (xem 2)): x, # X, .

6) Tinh phu thugc (tuyén tinh) va tich déc 1ap (tuyén tinh) clta mot ho (x);e;
khéng phu thude vio "thi ty" cde phén tlr. N6i cach khac, néu o 13 mét hodn vi cha 7,
ho (Yo )es 12 phu thuée tuyén tinh (tuong tng: doc 1ap tuy&n tinh) khi va chi khi ho
{¥.)ie; 12 phu thude (tuyén tinh} (tvong Gng: doe l4p tuyén tinh).

Nhan xét 6) trén day choe phép dua ra dinh nghia sau.

¢ Dinh nghia 3 Mot bo phan A clia E duge goi la déc tap tuyén tinh khi
vi chi khi ho ()., 12 doc 1ap tuyén tinh.

Bic bigt, mét bo phan hivu har {x,, ..., x,} ctia E (trong d6 n € - vax, ..., x, khéc nhau
timg doi mot) 13 doc 1ap tuyén tinh khi va chi khi ho (x,, ..., x,) [a doc 1ap wyén tinh.

2

DE=33n=2x=(,0,1,x=(21-1) ho {x,, x) 12 doc lap tuyén tinh.

2) E= T n= 3‘ X = (1‘ 1)‘ n, = (2, ]_}, Xy = (—1, 0), h() (-\:h REH «"3) 13 phu lhu@c
tuyén tinh vi x; - X - ;= 0.

[T,

1) E=%% vavéi moi @ € '}, fu 1 R >R ho (foaes 12 doe 13p tuy&n tinh (xem
™

bai 12p 6.3.4).
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Chuong 6  Khing gian vecta

Bai tap

0 6.3.4 Cho E [a mdt 2-kgv, x, y, 2 € E sao cho (x, y, 7) d6c 1ap tuyén tinh, 2 = x +
vey+,w=I+X

Chitmg minh ring (u, v, w) doc l4p tuyén tinh.

0 632 Giast(N,m e (l-{0 1] saocho: Vk el N2 &
a) Chitng minh: W e .
b) Chitng minh cing (1, YN ) 12 - doc 1p tyéhn tinh.

0 633 Chon e I, z, ... z, € T khic nhau timg ddi mot. Ching minh ring

n

(X - 20" s x5 40C 14p tuyén tinh wong Z{X].

¢ 6.3.4 Ching minh ring cic ho ham s6 sau doc 1ap tuyén tinh (ddi véi cdc luat thong
thudmg):

a) | fy 1 0l R by| fy: R>R
X ! Xl—)—l—»——
1-dx / 4e]0;1] PO ae[0;+ocf
| fa 2R d) [fatR—)R
. 1 néu x=u X e
! {0 néu x<a wer? ack
o fur ' RZR ﬂ{fa 20+ 0> R
(xy) > e+ (@, b)eR? xbs 2t )
) | fup 0+’ R k) [f,,:R—»R
(x,y)Hx"yb (@ b)ER2 XHSin(I”) ﬂeN‘

D (f. fof.fofof) tongdsf: R >R

xsiny

6.3.5 V6i moi (¢, &) cia B x R, taky hiéu £, : . — 7 12 &nh xa xdc dinh béi:
0 nfux<a
1
foulxr= ;(x—a) nfugsx<a+h

1 nfua+h £x

Déi v6i céc tuat thong thudng, he (f, 4 )(a P c6 doc 18p tuyén tinh khong?



6.3  Tinh phu thudc tuyén tinh va tinh déc 1ap tuyén tinh 219

6.3.2 Khong gian con sinh boi mét bd phzfln

¢ Pinhnghia1 Cho F1d mot K-kgv, A € P(F). Giao cia tat cd cde kgve
cia £ chita A: _
Veet(Ay= (|F
Fevi

201 1a kgve sinh bdi A v ky hidu 1a Vect(A).

¢|Ménhdé1 ChoFlamot K-kgv, A € P
1} Vect(4) 1a kgve nho nhilt (theo nghia bao him) trong cac kgve cna /2
¢6 chita A. :

2) » Néu A = @, thi Vect{A) 1 tap hgp cdc t6 hop tuyén tinh clia cdc phin
tlr cla A.
o Veot (@) = {0},

Clurng mindy:

1) e Theo 6.2, Ménh dé 2, Vect(A) 14 mot kgve cua £ vi né 1A giao cha nhiing
kgve caa £,

» Theo dinh nghia clia Vect{A), ta suy ra: A < Vect{A).

» Giid st 13 mot kgve cia E chia A. Theo dinh nghia cia Vect(A), ta suy ra:

Veel(A) ¢ #. Nhu vy, VeetiA) 12 mot kgve cua E chifa A, viind nam trong moi kgve
clia £ cd chira A.

2} ITién nhién, tap hop chi 6 mot phdn (i {0} Fa kgve nhd nhit clia £ ¢é chia &,
Gid s A = & v k¥ hicu C 13 thp hop céc 16 hop tuyén tinh cac phan 1 clia A:
* fl
C={xefdne N 3.a,) e A" 34 nd,) e K x =2 Aa b

=1

Ta chiing minh rang C 12 kgve nhé nhét clia £ ¢6 chita A.
a) e Hién nhion C = Q.
s Giaslti(x, yy € CL.Tontain € W, (q,, ..., a,) € A" (A, ..., 4,) € K" sa0 clo

H 3
x= Z/I,-al- vape N, (0. ...b) e A (i, .., 4t,) € K suo cha y = i"”.f’b} .
i=1

i=

_ ap néul<k<n Ay néulgk<n

Pt ¢, = ] , W= .
by_pnun+1<k<utp Hipndun+1<k<u+p,
Yiel{l,..n+pl.cy e

- n ) H+p N
ll el : .‘ ..
achyLy= i;‘“;‘*iﬂjh; :ivk(k L vy +ye©

= =1 k=1

o Tdang wy, ta chimg minh ring: VAie K, ¥re C, reC.
Nhu viy C la mot kpve caa £



Chuong 6  Khong gian vectd

b) Vi moi phén tir ¢ thude A Ta mot 16 hop tuyén tinh cie phin 1l cita A (chi cin
vi€t a = 1), nén C cluta A.

AGIAstGlamotkgve clia Ecédchin A, viy e C.18ntai n e 1V, (u), ey ) € A,

K

(A, -n 4,) € K" sa0 cho v = Z/l;-a;- VI G chida A vl G T mot kgve, nén la suy Ta
i=

2 € G, didu dé chuing 16 C < (L.

Nhu vay ta dii chntng minh ring € 13 kgve nhé nhit coa £ 6 chda A, va do die

C = Veet(A). n

bac bit, kgve sinh bdi ap hgp g6m mdt phan tr {x} (trong dé x = 1) la Ky,
nghiala {Av; 4 e K}.

¢ Binh nghia 2  Cho 7 la mdt K-kgv, (v);., 1a mdt hegy phin 10 coa f7.
kgve sinh hdi bo phan {07 € £} coa £ goi la kgve sinh boi (v), . va ky
hi¢u ky Vect((x),. ).

BPac bidt, kgve cia £ sinh boi mot ho hiu han khie edng cae phiin W (v, ..., x,) cua l)

¢ M&nhdé 2 Cho & lamit K-kgv, A, B € B Tacd
A« B = Vea (A) o Veel (B)

2) A la mdt kgve cla £ khi vy chi khi Veet (Ay = A

3} Veot (Vect (A)Y) = Veur 4

4 Veot (A v B)Y = Vect (A) + Vet (B).

Clutng minh:
D& dang suy ra 1}, 2), 3). Ta chidng minh 4).

= Veol (A + Veat (D o Vet (Ao M,

Veot(B) c Vect{Au B)

AcAuB Veot{A) C Vect{Aw B)
- pr
BcAUE DY

xem 6.2, Miénh dd 4, 3),
e Nguoge lai, gid st v € Vet (A w B). Tontai n € IV, (¢, ... ¢,) € (A U B,

H
(A A) € K" saocho x = z Are; . Bang cdch nhdm cde phéin it ctia A lai véi nhau
i=l
vt cde phan 1 ciia B lai véi nhau, 1o suy ra rang 16n tai ¢ € Veet (A), b € Veet ()
saochox = a + I

Hidu dé clnimg 10: Veot (A w BY © Veel (A) + Vet (B).



6.3 Tinh phu thudc tuyén tinh va tinh ddc 1ap tuyén tinh

6.3.3 Tong cha nhicu kgve

By gid chiing 1as¢ (Wng quit hda vice khdo sd1 16ng cta hai kgve daduge thue Lien §6.2.

¢ Pinh nghia 1 Cho Fia mot K-kgv, e VUL F e £, 14 nhimg
kgve cha i2. Ta dinh nehia tong coa 'y, .o £ ky hidu £ + 45+ .+ I,
N
(hay D 4 ) 1a:
i=1
P+l =lve s vy, X EF L L Y= N + 4,t
R IR U 5 W0 S AT A Joxoox L
Ta quy ude rang: Z =10
1eld
1 dang chimg minh (bang quy nap) Monh dé sau.

¢} Ménh dé Cho I 1hmit K-kgv,n €l vk, .., IY, la nhitlng kgve cla f7.
Taco:

Nvoe €, i}«‘m” - ig';
=1 =1

( L
2) Véi moi phan hoach 77¢tia (1,2, oo ik S =50

detliuet ) i=l

© NG cich khde:
1y [dng ciia nhidu kgve khong phu thude vio thiur cac keve do.
23 Trong dng cia nhidu kave, ta ¢o thé "eop'” nhidu hang 1ix thimh 1tmg nhém.
Pac bict, vai moi kgve con Iy, s Paocta B 1a o
(B + I+ F = F oA =+ v
NHAN XET:

'/H

" i
Véi moi kpve I, - I, chamt K-Kgv . lacd: Z I = Vccl] U I J| .
=l L=t

' il
Piac biet, v6i moi (1, e ) thuoc £, 1 cd: Vect(xy, .., K} = ZK-\,- .
=1
¢ Dinhnghia2 Chol lmot K-kgv, n € 17, 1 L Fy {a.nhimg kgve
cha 2. Ta néi ring -, ..., I, €6 tong truc tiép khi va chi khi
IV{.\',, ax)eFox o (Tt ==y =...=x=0}%

Khi F,, ..., I, cO t0ng tre ti&p, thay cho Fy + ...+ F,oaaviF, @ ... @ F,,
hay €D 4.
=1

‘Thay cho cdeh néi P 1 €6 (ong (rye 1iép, tcon noi Jy + ...+ 7, 1A tong true
tiép. hay F, ... £, doc 1ap tuyéa tinh,
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¢/ Binh ly Cho E lamdt Kkgyv, n € N, F,, ..., F, 1a nhimg keve clia /.
Céc tinh chit sau day wong duong ting dol mot:
) F,, ..., F, ¢6 18ng tre tiép

2) Moi phdn tir cba ZF ; duge phan tich mot céch duy nhat thanh tong
i=1

nhimg phéin ti cia £y, - F,
W Vie (], ih F,-r‘\[ Zﬁ‘j}: {0}

1<jgn

HVie |2, wnl Fio ( r)=10)
12451 )}
5) V& moi (x), ..., ¥,) thudc (F - (0N x ox (F, - 101, (. vy e lap
tuyén tinh (ta gif thict ring moi £, ..., F, déu = {0}

Chiing minh:
1) = 2): GiasitF, ... F,c0 18ng trye tigp.
Giasttve F,+ .. +F,. 0, =x) € Fox o % B (Vs o Vo) € ¢, % ...x F, sa0 cho:
" fl
FuTn
i=1 i=l
viefl..oh x -y el
Khi d6: i< dodd Vi F+ L+ 14 16ne true Lidp nén:
3 i —yi)=0 | glne e
i=]

vie{l, .., abx-y=0,va Vi VAY (), wes £, = Oy oon Fade
M

2} = 3): Gia sit moi phéin i cla Zﬁ- déu phan tich mot cach duy nhat thimh 16ng
i=1

phitng phdn tircha Fy, ... I

Giasitie {1...,njvax e F, r‘w[ zFJ]' .

155<n
i

The thi x € F; v 100 i (¥, coms Kigs Xt w000 ¥n) € Fooxoon x B ox By xoox 0, su0
vjell....nh X, el

L€ f<n
JEi

cho: x= Z'\’f . Pat x; = -x, ta s& nhin duge: i ¢ =0
“J
=1

Do d6, vi 0 cling duge phan tich thinh 0 = 0 + ... + 0 (0 € F)), nén 1 2) ta suy ra
ie il n, =0
Pac bittx=-y, =0nén F, m( Z FY =10}

I vgysn |
(R



6.3 Tinh phu thudc tuyén tinh va tinh doc 1ap tayén tinh

3) = 4)  Hién nhién vi: Z F;c er'r,- )
12 j=i—1 15,50
Jr!f

4) = 5): Gid sir 4) diing.

£
(ho vy € F, - {0}, o vy € F - {0}, (A, oo A) € K7 500 cho Dk, = 0.

i=l
|
o Tacd A, e vid .y, =- Z?,,-_r}- e z I, néntheo 4y tasuy ra: A,x, =0,
=1 1£i2n-1
dodéviy, =0nén: A, =0.
» Lap lai lap Judn e, ta s€ suy e A, = 00 A4, = 0, ..., 4, = 0. Nhu vay,

(A s e ) doe 1p tuvén tinhe
Sy= 1y Giasi iy, ., F, déu = {0} vididu kign 5) duge thda min.
Al
Cho (o v) g ) <o x F, suo cho Z_\'f =0 Datf={iell, ., ulia =0}

=1

Giase/=Dvadas J=1{1, ..., nu} -1
Vil b, dduz {0} nén oo ti (., ey thude (F, - 0D < .ox (F, - (0.

IS e .
o X, néu fef
Vaiie |1, . on)odat 2, = J, d s .
(¥, néu ref

Ha (z,, ..., 2,) phu thuge wyén tinh vi i mot ho me [Z"? = (l} cla ho phy thudc
NI-T

5

wyén tinh (v);, . Hon nlia: ¥i € £,z € £ - {0}, Pidu niy mau thudn v&i gid ihiét $).

Teddsuyral=Q, nghiala: ¥i e {1, ... #n}, 4, =0,

NIIAN XET:

1) Néu I\, I, Fy la nhimg kgve cta mot kgy £, taco thé e b ~ o= F, 1, =
fom Fy={0F, mal, kP khong o6 16ng teye GEp, nhu trong vi du sau:

P

0,1)4 .
K=0.E=02F = x o, - Fs
Fo={0px B i = {aky e B
Trong vi du niy, 7\, I, I, khong ¢
wng ruc 1iép vi (1, M e I, (0, 1) e Fa,
-1, -1y e £, ching déu khic khong
nhumg c6 16ng biang (0, 0.

(0.0 0 F

S
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Chuong 6 Khdng gian vecto

2) N&u F,, I, F, 1 nhimg kgve cia mot kgv £, ta e thé ¢6 #, P Fy= {01

ma ¥, F. £, kKhong cé t6ng tre 1iép (clng xem vi dy trén).

3) Su kién cdc khong gian con ¥, ..., F, ¢6 1éng e 1iép Khang phu thude vio
thit ty ciia F\, ..., F,. N6i cdch khdc, néu £, ..., I, ¢6 (Bng trite tidp, thi véi moi hodn

vi & clia @, Fagpy, s Faeny cling c6 16ng trye 1igp.

4) Ntu cée kgve Fy, ..., F, €6 18ng trae GEp, thi vai moi p thude {1, -

kgve F, ..., I, cling ¢6 tdug true 6icp.

Bai tap
0 6.3.6 Clio Flamoét K-kev, F. G, F G Lnhimg kgve cla §7 sao cho
# viv ey bu nhau trong £
F vt (7 bl nhao trong £
I s
Ching, minh rang F, £ G G0 cd 10ng trge Gép vk F@F @I A G = £
O 6.3.7 Gidsit£lamoi K-kev. n € 17, (x. ... x,) € E” Cluimg minh rang (x,,
Lap tuyén Linh khi va chi khi:

Fie |l ), x,%0

i
Z Kx; ©o10ng trye tidp

i=]

0 6.3.8 ChoflamotK-kgv,ne [l F, . F,G. .. G, lanhimg kgve cla £

" 1

£, .., F, c6 téng tryc ncp
Fie |1, ... onl. s, F

Chimg minh rdng €, ..., €7, cd L0ng tryc tiep,

Y I T

e Ay doe

sucr chiy:

by |
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6.3.4  Ho sinh, co s

¢ Dinh nghia 1 Cho £ I modt K-kgv, & 1a mot ho phin e cua £, Ta ndi
¢; 1a mot ho sinh etia £ (hay: & sinhora ) Khi vacchi khi:
Veel () =1
D¢ diwng suy ra Ménh dé sao.

¢|Ménhdé 1 N&u &= (v, ... x,) [ mot ho hitu han phin tr cha mot
K-kev I7, thi ¢ sinl ra /7 Khi va chi khi:

1"
Yye £, 34, .., A e K", = Z‘)’f X -
rezl

Mat bo phan €7 coa mot K-kgv £ duge goi 1a mol 14p sinh el 72 khi v chi kin:

Veet (G = £, Bidu d6 o6 nghia 1h ho vy, ,; ede phin 1y clia ¢ sinh ra £ heo nghia

Binh nghia §.

¢ Dinh nghia 2 Tan6i ho phin tir 5 cliamdt K-kgv £ fa mot ¢o sGena f)
Khi va chi khiz 73 doc Lip tuyén tinh viula mot ho sinh cia K.

NHAN XIoT:
& 1 mdl co sarenn {0,
D& ding suy ra Manh dé sau.
+|Ménh dé - Binh nghia 2 Mgt ho hitu han = = (e, ..., ¢,) nhimg phin
{lr cha Mol K-kev £ 13 mot co s eaa £ khi vivehi khi:

i

Ve, (v, . x)e K, x= Z_\', ¢, -

f=1
Né&u F cd mdt co 57 hitu han 73 = (e, ..., €,), thi v&i moi v thude I, cic
phan tt x,, ..., x, duge xde dinh trén day duge goi 1 cie toa do (hay: cie
thanh phian) ciia v trong oo sé 73y due goi 13 toa dd (hay: thanh
phin) thitJ ciia A trong co sa 75,

Bai tap
O 6.3.9 ChoElamet K-kgv, e 1T, F L, F, lanhiing kgve cha f.
ay Chimg nunh rapg, ndu & L L F o6 dng trie tEp v ndu va oy thude {1, o, 414
"
mot ho doc 1ap tuyen tinh trong &, thi U L; dde 1ap tuyén tinh trong £,
i=]
h) Cliimg minh ring, néu 7, + .4 F, = £ vivnén, ¢ 13 mot ho sinb cla &, vdi ot i thube
H
[ R T W { Y] U_t’jl- livindt ho sinh cia E.

=l

1

"¢) Chimg minh rang, ndu £, .., #, ¢6 6ng inge U8p vi oo WBng hang £, viindu 4 1amot co
H
sareha £ vol moi ¢ thude {1, .. 01, Lhi U A lamdt cosdcha £l

i=1
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6.4 Ly thuyét vé s6 chiéu
Trong §6.4 ndy, £ chi mot K-kev.

#|Ménhdé1 Cho(n p)e (7Y, (x, s Xpn) € 170

F= (Vg eoes Xp)s T = (X0 ety N N s wees Vi

1) Néu #' doc lap tuyén tinh, thi F doc tap tuyn tinh

2) Néu F1amot ho sinh coa /2, thi F 'Limot ho sinh cua £
Chitng minh:

13 Xem 6.3.1, Nhian xét 4).

Ifr
2) Gia st x € E. Vi # sinh ra £ nén 160 1ai (A, ... 4,)) € K" saochoa = Z Ay

=i
N
Dodd, néuda 4, =...=4,,=0thitacéy= z A
i=]

Pidu dé chimg 16 rang #' sinhra fi. o
Menh dé trén duge tdng quat héa cho mot ho bit k¥ (khong nhil thi¢1 hitu han):
1) Néu 7 4 vanéu F' doc 1ap tuyén tinh, thi # doc [ap tuyen tinh.
2) N&u # %" v néu F I méot ho sink cta £, thi ¢ ' 1A mdt ho sinh coa £

{Trong dé ¥ < #"' ¢6 nghia la # 1A mat ho con cua F7).

¢IMénhdé2 Cho n € 17, (v, ., %) € P =y, LX),
lJr‘ = (—‘I]! TIPS "I:H-]}'
Iy Néu 7 doc lap tuyén tinh viinéu x,,,, Vet (), tht 7' doe 1ap tuyCn tinh.
2) Néu 7' 13 mot ho sinh clia £ va néu v,y € Veel (A, thi F1a mot ho
sinh cda f:.
Ching minh: _
ntl
1) Gid st (4, ..., 4,,) € K™ sao cho ZA(- &, = Neu 4, = 01hi ta suy ra

i=1

N
Ny = E(— Z;LA‘- ).\',- e Vet (), mau thufn,
i=1

4
Vi vy A, =0,do dd Z)L‘- x; =0, dé suy ra 4, = ... = 4, =0, vi ¥ doc 13p uyen tinh.
i=l
2y Gid sir: v € E. Vi F 1a ho sinh ciia £ nén 160 tai (4, ..., 4,,)) € K" sao cho
14|

s

N
Vix,,, € Vect () hén tdn tai (14, .., f,) € K" saocho: x,,, = Zﬂ.'-\} .
=l



6.3 Tinh phu thude tuyén tinh va tinh doc 1ap tuyén tinh

Fi H
Tasuyra:x= Z’IM}' + Ay X = Z(/L + Ayt )4, € Vect (4.
i=1 =t
BDidu d6 chimg 16 # 1i ho sinh coa /2. [ |
M¢nh d¢ trén duge tong quit héa cho cic ho iy ¥ (kKhéng nhat thi¢t hin han):
1) Néu ¥ doc lap wavdn tinh v nfua g Veet (9, thi Fw {x} doc 1ap tuyén tinh
{rong dd 4w {x} thu duge bang cdch thém x vio ho 4.
2) Néu % w {x) 1 he sinh cla £ vl néu v & Veet (), Lht #laho sinh clia /2.
€6 thé phdt bidu meénh dd wrén dudi dang:

1) N&u thém viio mot ho dde 1ap tuyén tinh mot vecta khong phan tich duge rén
Lo dé, thi ta s& duge mdl Lo mdi doc lap tuven tinh,

2) N&u dua ra khdi mot ho sinb ¢t £ mdt veeto phan tich duge theo cic phan ti
khdc cha ho, thi ta s¢ thu ducge mot ho sinh méi ciia 2.
+| Bo de (Pinh 1y thay thd

Cho &= (x,, ... x,), £= {¥, ..., ¥,) ld hai ho hitu han phan tr cha £. Néu &
[ mdt ho sinh cua £ v néu £ doc 1ap wyén tinh thi:

Drsp

2) Co it nhit mot cach thay the r vectr thudc ¢ bing nhimg veclo thude £
dé thu duge mot ho sinh chia £,

Clainy minh.
IL
¢ Vigsinhra o nén tdn i (4, , ..., 4, ) € K" sao cho y, = Zﬂ.,.’-.tj .
=1

Tacd: (4, |, ..., 4, ) =0, ..., 0), ¥i néu khong nhu thé 1hi v, = 0, didu nay mau thudn
vii tinh dée 1ap tuyén tinh coa L,
Neu cin ta hodn vi v, ... x, (VA 4, ..., 4, ), ta c6 thé quy vé tndmg hop: A, | = 0.

»

Khi dé. néu dat 5, = (v, Xy oo A i tac6 5, = Ay = Y 4714
i=2

Vi 4 sinh ra & nén (y, x,.... x,} sinh ra £ (theo Ménh dé 1, 2)), do d6 vi

Xy € Vect(G)), uén g, sinh ra £ {theo Ménh dé 2.2).

Nhu vay, ta di thay mét rong cic veels cia § béi y, d€ thu duge mot ho sinh

G = (Y1 Aoy ooy L)

1,4, € Veol(f)).

¢ Cho s € I¥ sao cho's < Min(p - 1, 7 - 1). Gid sir (c6 thé sau mat hodn vi clla v,
e X TANE DO G = (W) s Vi Nyt <oy A,) [A MO ho sinh clin £,

5 &
Tén tai (A, s woos Ao ) € KW snocho: oy = Z'lsﬂ,j}'; + t;{.ﬁ_l_}-x}- .
7=

J=s+!

£ -
NEU (Aeyriars woen Aes ) =0, ., ) thE y o, = Z’lﬁl._;‘ ¥; » didu nay mau thufin véi
: =
tinh d6¢ 1ap wycn tinh cia (y,, ..., ¥, ) (do d6 cha £). Néu cin ta ¢6 théd hodn vi
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Xoorom oees Xp (VA At sty woos Agprp)s 12 €6 thE quy vE tridmg hop 4, ,,, # 0. Khi d6, néu
dal Gt = (s -or Yoo Ysrts Xsszo o Xp), thi cling v6i 12p luan nhu & trén, ta suy ra rang
£, 12 Mot ho sinh cha £.

Nhr vay ta di thay the nhitng vecto cla § bang nhig vect cha £ dé nhan duge mot
ho sinl.

s Gidsir>p.
Véi cac ky hiéu uén day, G, = (y,, ... ¥,) 1a mot ho sinh cla £, vi vay y,,, € Vecl(G,),
diéu ndy mau thuan véi tinh doc 1ap tuyen tinh clia (y,, ..., Y,u ), do d6 clia 2.

Nhit vty r < p vA G, = (Vi s Yoo Vpays oea X))l MO Ko sinh cla E.

¢ Pinhnghia1 Mot K-Xgv £ duge goi ka hitn han chién khi va chi khi
E ¢6 it nhdt mot hg sinh hifu han.
vi DU
D {0} v K™ (1 e 17 13 hai K-kgv hifu han chidu.
2) K|X] la mdr K-kpv khong hira han chidu, vi néu K[X] ¢é mét ho sinh hitu han
(P ...n P), thi véi moi P thude KX, ta <& c6 dep(P) < Max (deg(P))).
155
+|Binh ly -Binh nghfa 1 Gia s F 1a mot K-kgv hitu han chiéu. Thé thi:
1) E ¢6 it nhil mot co s& hitu han
2) Moi co s cla E ¢6 cung luc luong
Luc lugng cha mot co s& cha £ duge goi 1a sé chiéu cla £ va ky hig¢u
1a dim(£), hoac dim(F). '

Chutng minh.

1) Vi E hitu han chiéu, uén £ ¢6 it nhilt moi ho sinh & = (x,, ..., x,). N&u g doc 1ap
tuyén tinh thi & 15 mdt oo s& hitu han cda £.

I}
Gid sit & phu thuge tuyén tinh: t6n tai (4, ..., 4)) € K- {(0, ..., )} sa0 cho Z Ax; =0
i=|

Néu cén ta hodn vi x,, ..., x, (vi 4, ..., A,), tacé thé quy vé A, # 0, do dé, néu da

=1
4= (X5 coes Xy} thi X, = - iz;').,-xi € Vect (5).
i=l
Do d6 theo Ménh dé 2, 21, &, 13 mét ho sinh ctia E.
Ta lap lai qud trinh trén.
Néu ton tai r € {1, ..., p} sao cho ho sinh &, = (x, ..., x,.,) doc lap tuyén tinh, thi ¢, 1a
mot co s cua k.
Néu khong nhu the thi & = (v)) phu thudc tuyén tinh va 13 mét ho sinh, khi dé
E = {0}, va © 13 mot cu sd hitu han cua £,
2) Theo 1), £ ¢6 it nhAl mot cor s¢ hitu han £ ; goi # ia $6 phin to cla 4.
Gia sir 8" 1a mdt ca sd (khidc) ciia . Néu 4 1a vo han hoac hitu han véi luc lugng > #,
thi # " chira it nhat mot ho hine han dde 1ap wyén tinh £ ¢6 1+ 1 phin ur. Nhung 4 13



6.3 Tinh phu thudc tuyén tinh va tinh déc 1ap tuyén tinh

mol ho sinht véi # phin 1 viu £ 10 mot ho dée 1p tuyén tinks véi o + | phin ar, dicu
nhy mau thudn vai kEL qua D) ciia dinh 1y tiay the.

1o vy, 4 ' hitu han véi lue lugng < 4.

Tuemg tu, vi Zdoc lap tuyen tinh vdi 7 phan we vd 4" Limot ho sinb, nén kéyua 1)
¢ia dinh 1y thay th¢ clwimg 16 rimg 1 » < Card(4 ).

N viy /4 hitu han v ed »ophian u L]
NIIAN X157

Phép chimg wiinh trén di xdc 19p mot cach chinh xdc rang moi bo sinl hitu han coa
mo1 K-kgv hitu lan chidu eé clura it nhat mot co so. [ ;

Ta n6i mot kev con £ cua mol kg £ 10 hi han chico khi vivchi ki kev F 1 hitn
hun chiéu.

Poi khi ngudri 1a néi mot kgv khang hit han chicu 1 kgv "vo han chién™.
NHAN XI%T:
1) V@i moi kgy hitn han chiu £2 dim(f) =0 = = {0},
2) S clitu cia mot K-kgv hitu han chidu “phy thuoe” vio thé K. Chang han:
dim :('-:,':) =2, nhung dimF(--::) =,

3) Su kién rang 0 tai doi vai moi kgv (Khéng nhél thiét hiru han chiéu), it nhit
mal oo s, [ ong duong 16gic cia Hién dé chon, mi vice nghién cit nam ngoin
pham vi cudn sach niy.
¢/ Pinhly 2 (Winb 1y v¢ co sd khong day di

Cho 1712 mot K -kgv hitu han chida, £ = (v, ..., v,) 1 mot ho doc 1ap tuyen
linh trong /-,

Dang thar T (dang manti)

Gid st A= (e, ..., €,) i moOt co 3 cuta . Co it nhilt mot cich ho sung n - r
veeto thude Z vivo £ dé duoc mat o sdretta Fo.

Dang thir 2 datig véu)

C6 1 nhal mot cdch ba sung o - # vectd thude 72 vio £ 4 duge mol oo s
cla /.

Cluinyg minh:

Pé ¢6 dang thit 1, ta chi cin dp dung dinh 1y thay th& cho ho sinh 4 vit ho doc 18p
tuyé&n tinh £,

Tir dang (hat 1 va s t6n ki it nhal mot co s¢ hi han cia £, 12 dE dimg suy ra dang thi 2.
¢| Ménh dé 3 Cho // 1a mot K-kgv hiru han chidu vi i = dim(F).

1) Moi ho doc Lap tuyén tinh cda £7 18 him han vi cd nhicu nhit # phin i

2) Moi ho clia £ ¢6 chia it nhat (2 + 1) phiin (e [ phu thude tuyén tinh

3} Moi ho sinh ctia /2 ¢6 {1 nhit # phin we.
Cluing minie:

‘Theo Hinh 15 - Dinhonghia 1, £ ¢6 it ob@t mdt co sd S = {e, ... ¢, }.
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1) Gid sit Z 1a mot ho doc Lap tayén tinh rong £. Néu £ 1 vé han hoge hitu han vy
luc Iuong > #, thi & mau thufin vai két qua 1) clia dinh 1y thay the, vi 4 mot ho sinh.

2) La phan - ddo cla /).

3) Gia st & Fanot ho sinh cha £. Vi Z1a déc 1ap tuy@n tinh nén ticket qua 7) cia
dinh 17 thay the, ta suy ra ring 7 o6 it nhat 2 phan. .
| Ménh dé 4 Gia sit £ 13 mot K-kgv hin han chiéu, n# = dim{/7) vi ¥ la
mot ho hire han nhitng phiin tr cha £. Hai tinh chit bt ky trong ba (inh
chét sau kéo theo tinh chat thit 3:
1) F 6 n phin tir
2) Fdoc 1ap uyén tinh
3y #1a ho sinh cua /-,

Clurng minl:

e (1 vi2) > 3
Gid st Card () = n v F doc Lip iy tinh; £ ¢d it nhat mot co sa 4= {e,, ... e}
Theo dinh 1y thay the, vi 2B mot ho sih vi # dge 1ap tuyén tinh, nén c6 it nhat ndl
cdch thay the # vecto ciia A bai nhimg veotd eia ¢ thu duge mot iy sinh. Nhumg,
Vi Acé nphin ur, nén ho sinh thu duge chinh 1.

e (1VAY =20

Gid str Card{ /) = n vi F 1a ho sinh. Lap Tuén phan chimg: gia sic # phuy thude wyén tinh.

Tontai (4, ..., 4,) € K" - {{0. .., )] sao cho Z,{‘._\j =0.

=]
Neu cdn ta hodn vi vy, ... 1, (VA A, . A, vitta ¢6 the quy v wudmg hop A4, =0, do dé:
H—1
X, = ~Zﬂ.;l?.£,\',- e Veol (v, o, v,0)
=1

Theo Ménh dé 2, 2), {x,, -
dé 3, .

K&t qua dé chimg 16 rang ¥ doc 1ap tuyén tinh.

&) 1amot ho sinh cua £, didu iy mau thudn véi Ménh

e (2) vA 3) = Iz Suy ra tir Binh Iy - Dinh nghia 1.

¢{Ménh dé 5 Cho I la mot K-kgv hitu han chi¢u. Moi kgve £ clia F dcu

hitu han chiéun va:

dim(#) € dim(£).

Clurng it
K&t qua 1a hién nhién khi £ = {0}.
Gid sir /7 # {0}, Tén vai x, € F sao cho x, = 0; dat £, = (x)), ho ndy doc 14p tuyen tinh.
Néu £, sinh ra F, thi  hinhan chidu va dim(F) = 1.
NEu tedi lad thi1dn tai x, € I sao cho X, € Veet (4)).
Theo Meénh dé 2, 1), 1o £, = (x,, 12} dix 1ap wyén tinh, vi ta lap 1 13p ludn wren day.
Gid sit p e 1175 gid sit dil xde dinh oy, .., a, rong F sao cho £, = (v, ..., x) dbe lap
tuyCn tinh.



6.3 Tinh phu thudc tuyén tinh va tinh ddc 1ap tuyén tinh

N&u £, sinh ra /7 thi £ 1hi £ Lchig han chicn vivdim(- = p.

Né&u trai lai thiton tai v, € P osaocho v, & Veetiloviho L =t doc
lap tuyén tinh trong 7.

$rat 1 = dunds). vi moi ho ed ienhat {a + 1) phin tr cia & déu phu thude taven tinh,
nénton tl poe {1, onf sao cho £, <inhora f

Nt viy, £ hita han chidn v dimd#y < o,

¢ Dinh nghia 2 Moi kev hode kgve | chidu (uomg dng: 2 chidw) dire
goi 1 duimg ihidng vecto (lrong dng: mat phang vecto). MOt diimg
thiing vectu duoe sinh (ngudd ta com ndiz dirce dinh phuemg) béi mot
veclr = 0 bl ky ctia no.
Trong mot khong gian veetd o chicu (1 2 1y, moi keve o - | chicu duroe
got la siéu phang.

¢| Ménh dé 6 Gii sir /I mot K-kgv hitu han chiéu, # = dim £, 1713 mot
kgve caa I, p = dim(#).
1) £ ¢é it nhat mot phin b trong, £
2) Moi phin bii cia & trong £ déu ¢6 chicu la n - p.

Chiing minki: -

[y Theo Dinh v - Hinh nghia 1 vd Ménh d& trén diy, 7 ¢é i1 nhil mdt co <o
A=ey, e Fed itnhal mptea sG6 = (L S viop €

Theo dinh 1 vé ca sd khong diy da, dang manh (1¥inh 15 23 néu ciin tichodn vi trong
Avictrong o A= G e ) LOnoLco saeaa B

Pat (; = Veel (e, ..., €.} vii La s¢ chitng minh riurg & 1aomol phan b coa F trong £

¥ #
o Chox e £0T0n wi (A, .., A) € K" sao cho v = i}.‘-_,ﬂ- + Zi._-y;- . hén

=1 =l

X e+ GoPidudé chiing Wrang P+ (= FL

I3 W

o Chox e G Ton Lai (A, ... 4,) € K" sao cho o = Z;i}j;- = Z Aep Vvt

rzl =t

P ]
o Z i+ Z( ;1,-) e; =0 do dé, vi A doe Bp tuvtn dnh, s suy e

=1 =p4l
A== A, = A, = o= A, =00 vavi vy v = 0. BDidu dé chimg 10 1 0 G = {0},
Nhir viy € 13 mét philn bit ciia F trong £,

2) Gid st £ 1 mé! phiin bt caa & srong £
Theo Meoh dé 5. 71 hitu han chidw. Theo inh 1y - Pinh nghia 1, F (tuong dang: H) ¢6
it nhilt ot co s& (). ..., f,) (rong g th, )

Tachimg minh 7=, .., fo fs o Y 10MOL ca s cua fo,

i i
* Giasir (2, ..., 4,)) € KY sa0 cho Z,{.‘-j;- + Zif- Iy =0.

=1 i=p+l
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Chuong 6  Khodng gian vectd

I o
Vay: Zl,—,ﬂ- Zl by € PG = {0} nén: iﬂ. fi =0vi Zit-hl- =0, do do.

=l 1=p+l 1=p]
Vi {f)s oo ) VA (s —onn f1,) A B2 tuyen tinh, ta sy 1 ad=.=A=4,=.=4=0
Pidu nity chimg 16 # doc 1ap tuyCn tinh.

e Choxve E.ViE =F « i 0nti{f. Iy e F x Hsaochox=f+ ! Tlomnia,

. b o
ton @i (A, .oa 4,) € K¥ v (4, s 4 € K sa0 cho f= Z’I.-fr vilh = ZA,-i:‘- .

=1 1e=pil

s ‘
Ta duge v = Iz A S+ i Ay didu nay chiing 16 Fsinh ra £ ]
i=l i=p+l
NIAN X171
N6i chinh xdc, phép chitng minh trén xdc lap rang
J £ 13 mot K-kev hitu han chidu
New | 1.6 I3 hai kgve cua £, bl phau tromg £
]\ /3 (ittomy tmg: ¢) 10mnot co sés cua f oy ving: ()

thi 4. C1Amol ed sd ena -,
o|H& qua 1 Gid sir 27 la mot K-kgv hitu han chicu, #, (7 1 hai kgve clia /2
6 tong true Gép. The thi ta cd:
dim(F ® &) = dim(J) + dim{ (7).
Clittng minh:
Suy ra tir Ménh dé 6, 4p dung cho /@ 7 thay vi
NHAN XET:
Trong FI¢ qui 1, ¢6 thé thay gid thiét /2 hint han chidu bang: / va & hitu han chicu
(cum tir “hifu han chidu" gilt nguytn).
¢[H& qua 2 Gid sir £ 1a mdt K-kgv hifu han chidu, n € 1V, I, ..., I, 1
H H
nhimg kgve clia £ ¢6 16ng trye iép. The thi ta cd: dim[@ F, } = dim(F;)
Clurng minde:
Quy nap theo n.

o Truomg hop # = 1 1 tam thudmg, trudng hop # = 2 chinb 3 ¢ qua 1.

o Gid sit tinh chft di duge thidt lap doi vdi mos 86 nguyen n, vi gii st
Foo F ) Maonhitng kgve cua £ o 16ny truc tiép. The thi /..., I, co Wng tree

H
1Ep (xem 6.3.3, Nhan xét ). vi @ 4, vk, cd 1ong trye Gép, do do

1=



6.3  Tinh phu thudc tuy&n tinh va tinh déc 18p tuyén tinh

ael Y ( " 1
dim{@ F, J :dile DF |®F,, | =
i=1 Li=d

i " : n+1
= dim[@ I J +dim(F,, )= > dim(#, )+ dim{F,,, )= dim{r; }
=1 =]

i=!

¢| H&é qua 3 Cho E lamot K-kgv hitu han chiéu, , G 1i hai kgve clia 1.

Néu {I* el §4

dim(r)=dim{G) | "=

Chitng minh:

F ¢6 it nhat mot phan biy {7 trong €7, va dim(FhH = dim(€) - dim(/) = (1, tir d6 suy ra
H={0|,G=F +H=F.

¢+|Dinhly 3  Gid st £ 1a mot K-kgv hiru han chiéu.
Vdi moi kgve F, Geta K, ta e6:
dim{F + 7} = dim{}) + dim({¥) - dim{(F ~ G).
Chluing minh: .
Theo Ménh d& 6, /7 ~ G ¢é it nhat mot phéin ba 77 rong F
1) Ta ching minh rang £/ va G ¢ téng truc idp va i @ G = F P 6.
s e FnF G P G=F A (F~G)y= {0}
e F+li=(F+(FnMN+G=F +({(F~O+=F + (.

: . Jdim{F +G) = dim(F ® G) = dim( ¥ ) +dim(G)
2) Theo ¢ qua I: . .
) Theo ¢ qua | {dimi!“) = dlm(F' @ (F m G)) =dim{fF" )1+ dnn[}"‘ I G)
tr dé suy ra hé thie cin chimg minh.

NHAN XET:
Trong dink 1¢ wén, c6 thé thay gia thigt /2 hitu han chidu bang gia thict: 7 v ¢; hitu

han ¢hiéu.

#|Ménh dé 7 Cho £, I 1a hai K-kgv hitu han chiéu. Thé thi E x F hiru

han chidu va:  dim(£ x F) = dim(F) + dim(F).

Chinyg wminkh:

Theo Binh by - Dinh nghia 1, £ vA F tuemg dng ¢6 cdc co s& hitu han (e, ..., ¢},

(. ... [, trong d6 n = dim(EY., p = dim(F).
Ta chuing minh Z=((¢,, ), ..., (¢,, ). (0, f}}, ..., (0, £.3 Ly mot cosirclia Fo x £
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[ I
D GId st {4, ooy A, 440 o0 i) € K77 thoa niin Zﬂ-(a- 0)+ Z -((l f—): 0. Viy

i=1

»
la oo (Zﬂ., 2, - t,u,j = (0, 0), nén zft,e, =0va i,u Fp =00 v do do
Li=I i= i=

A== h=g==m,=0Vile oo )Vl ...1) d(‘}c lglp tuyén tinh, Picu niy
chitng 16 rang 4 doe 14p tuyén tinh.

2y Gia st (1 y) € E x IV (e, e e ) VA, L f) luong Ung sinhven £ vk nen

M ]
16m 1ai (A, ..., 4,3 € K" vi (g4, ..., 1) € K sao cho v = Zﬂ,iw,- Wy = i;.‘j-_f'!- L Viy

tach: (v, ¥) = i A ,.i,u W Z/L e, (l) Z;z ((I;‘ )
=1

;

£idu ndy cluing 16 rang /3 sinhr 5 1.
Nhur vity 41530 mot ed séea £ ¢, vi viy I« F bt han chicuo vie
dingly = Iy = Card(/h = n + p = dimi£) + dim(d).

o H& qua  Giasltn e (7,1, .., I, Tanhimg K-kgv hitu han chi¢u. The thi

H { H \ M
[1#: hiw han chiéu va: - dim| [ ] £, ‘ =y dim{r;)
i=1

=i el ;

Clieng minde:

Bang m plidp quy nap don gidan tr Ménh d& irén. L]
Pac bict, voi mei # € 17K 12 mot K-kgv it han chicu viy dim(X"y = . Tl phan ne
(e oy o) Clta K7 xide dinh b e, = (0, ., 0, 1,0, L ) trong d6 1" maun & v ud it e,
Ta mot co s¢ cia K duge poi 1o sé chinl lae e K"

Hang cta mot ho hitu han vecto
¢ Pinh nghia 3  Gid sir 1/ 1a mot K-kgv, F la mt ho hitu han phin tr ciia
£, 86 wr nhién dim(Vect () duge goi 1d hang coa F v ky hicu [a
rank(F):  rank({F) = dim{Vecl(F)).
¢| Ménh d& 8 Dai véi moi ho hitu han #. 7' nhimg phin 1 cua /7
1 F o F = rank(FH < rank(FH
2) Max(rank{ A, rank{ 7)) < rank(Fw ¥ < rank(*H) + rank{ F ).
Chitng minfi:
By 4 < 4= Veel(h) o Veat(# 'y = dim{Veel( ) = dim(Vect{ 4 )}
]' fg oW u} _ i r;mk(}!'):’-. rank(# w %)
- i} C \I rank(s )= cank(# W #7)
= Max(rimk{#), rank(# "M £ rank (¥ o 4%



6.3  Tinh phu thudc tuyén tinh va tinh d&c 1ap tuyén tinh

Iyrank(#Fw Fr= dim{Vect(# o 2N = dim(Veel(#) + Vet 'n
4 dim(Veel($) + dud Veell # ) (limg 6.3.2. Menb dé 2, .

¢iMénh dé 9 Giasu/olamdl K-kgv, Flhmot ho hiru han philn wr ctia /2.
1) Hang cta F [ iue hogng Im nhil cua cﬁc'ho con doc 1ap wydn tinh cia 7.
2) # doc 1ap tuyén tinh khi va chi Khiz Card(/F) = rank(F).

Chirng minhe

1) & Vi ¥ hitu han, nén Yecl(H) hitu han chid. Theo Nhan xét & 0.4, Hnh 1y -

Pinh nghia 1, 16n tai mot ho con /1 ca #. li mot e sr el Veel(#), vi vy Alicho
con cha 4 thoa man Card(3) = vk ().

o Gid st 2 Eumiot ho con doc Lap tuyén tinh cOn 4. Theo Ménh dé 3, 7y
Card(0) < dimgVeel(hy) = rank (‘).
2« Neu Fdoe lap tuycn tinh, thi theo /) rank(#) = Card(4).
o Nouoe Lui, néu Cavd((h = vank( #). thi, vi % sinh ta Veet(#y nen theo Ménh

de 4, ¢ ¥ mot co sd e Veel(!h, vii vi vy doc 1p tuyen tinh,

Vi
= g =R 4= (Vi) trong dd:
v, =(1,-1, by, Va= (-1, -1, V=0, 1y, ¥, = (1.0, 2).
Vi (V,, V) ddc Lap tuyén nh vavi b, ==V b =V ondnta 6 rnk( ) = 2.

Dudi day (8.1.7), ta s& (hdy mot thuil 1040 {plutong phdp Gass) ¢ho phep tinh hang
cha mot ho hits han vecid.

Bai tap

ki f.r+v+:rfll .
. - [
i.r+|v—: ='lr

{
6 6.4.1 Ching minhrang tp hop F xdic dinhibéi = { (v.yx2) €0
i
mot kgve cha 7 vaxde dinh mdt co st v 50 cludu cia né.
o 6.4.2 Xdc dinh mot co s¢ va s0 chudu clia kgve el Tl eluon sinli ra baw (£ -

trong A6 vt ol x e -1 10

, - l+x i , .
filx) = \-— AT S S = —— Sy m ———"
1+ -« \h_"_z P

5 6.4.3 Trong Blchow= (1 0 1.0 v=(0 fo-lipow s (L LT DLy =000 100
y=(l 100 A F = Vet oy, wl G = Veut ¢, v T sGchiducon f, G F e i min
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Chugng 6  Khdng gian vecto

O B.4.4  Gid s £ (a mot K-kgy hiu han chidu, & 1a migt kgyve cla 7 sao cho &= {0} v
£ # . Ching té cang £ cé it nhilt hai phdn bl khde nhau trong, .

0 6.4.5  Gidsit# 1 mot K-kpv hia han chidu, £, G §a fai kgve cha £ Chimg ninh rang
hat 1inh ¢hal bit ki trong ba Link chiil sau kéo theo tinh chat (h 3:
=10 23 +ti= 12 k) (lilli{f") + ity = dimidy,

O 6.4.6 Gras . F)a b K-kpv, Cliing 16 rang néu £2 % F b hin clido, Ui £ vicF eling
hint han ehicu.

O 647 Vaaed kyhignf,: R =>R

A0S T}
Gt SU (e, e ) 2 70 xae dinl hang cta (f) ) fa. f) trong » O duere tramg b cie i
théng thudmgy.
0 648 Gt s 2 i mot K-kpy it han chidu, # 10mén Lo hitu an phdn i1 cia £, Claing
nunh rng cic tnhe cht sau 1 toomy duomg:
133l ik con st eda &
| # 1o mot ho sl cla &
25 b vermoihosimh geoa ks st o G=
1 (g L noi # Lt Ao sindt 101 tien cua £,
J F doc 1p tuyen tinh
Vi mol ho doc ap uydn tinh Lefa i 4o l= =2~
\

(nguin ta ndt # L ho die fap tuven tinh ior dad cua B

¢ 6.4.9 Giastd st K-key hiu s chido.

ay Chimg miinh rang, vér mon ho sinh it ban g clat £.10n tin mdt e =G4 coa fosao cho
A, C L

) Chimg miinh rang, vot moi hy doc Lap toyen tinh Zcia £, 160 tan ol o sa 2, cia £ s
cha £ A,

@) Chimg nunh Fang, vai moi hy sinb i ban & cia £7 v mon o doc 1ap tuydn linh £ cla
£ sao cho £ G, 00 @i mdt oo sé A, cla Fosao cho L A4, C G

dy Chimg, minh rang, v@i moi hg sinh hitu han § cba £ vi met ho dge 14p tuyén tinh £oa
F,o 100 i m cosd B, claEsaocho LC A4, C L v i

¢ 6410 KyhicuaA={a+ baﬁ + :.'J_;+ dJa b oo dye T
4y Ching nunh rang A 12 mét - dai & véi cie uit thong timy Gudt 1hi 3 L phép nhian).

by Chuimg, munb ring A Tawodt S-kgv hin han chidu va(l, JE J’: 'J(_] 3 1 mnt cor s cia i
&) Chung punh ring A 12 mot thé con cia i

Vi die: Phin tich nighich dio cia 4 + 3\6 - Q.J; — \f() lheo cu sG], \E ﬁ\ﬁ ycla .



Chuong 7
Anh xa tuyén tinh

Trong chuong 7 nity K s ¢lhi mot e giao hodn. Irén thye (& K= 5 hoae K= .

Ta € vidt tat khong gian veeto i kgv, v khomg gian veclo con likgve.

7.1 Bai cuong

7.1.1 Cac dinh nghia

¢ Binh nghia 1
1) Cho £ va £ 12 hai K-Kgv ; mdt anh xa /@ /£ — # duge goi 13 tuyén tinh
(hay K -tuyén tinh ; hoiic - limdt dong cdu K-kgy ) khi va chi khi:
[Wev)e 12, Hasv)= £ )+ 1)
|vAiec K. Wve k. FlAay=ar(y)

Ta k¥ hi¢u 1ap hgp cée dnlhyxa tuyén tinh U 27 vao 1710 L85 £ (hoac -
LI,

2) Cho I mot K-kgv, /2 1:— £ 1a mot dnh xa . Ta ndi /1 mot ty dong
ciu cha K khi v chi khi /1 wyén tinh.
Ta ky hi¢u tip hop cde (e déng ciiu coa o la Z (1) (hodce @ L)

Nhu vity |, ta co L0 = L (EE).

NHAN XET
Vdi moi fthuoc Z(EF)y £ () =0 viz filO=A0+01 = 0 H(0) xenu1hém 2.2.3, Ménh
dé 1, .

¢ Pinh nghia 2
1) Cho £ va £ 13 hai K-kgv, [ £ F lamdt énh xa . Tandi £ 1a mot déing
cau 1 £ [¢n / khi vi chi Khi {12 tuyén tinh vasong dnh.
2) Cho K la mot K-kgv, /- 5 — I 1d mot dnh xa .Ta nd1 £ 1a mot iy dang
cau cla /7 Khi vi chi khi /1 tuyén tinh vit [a song dnh.

Ta ky hi¢u tap hgp cac ty ding ciiu chakgv E 1 G201 (hode G4, (E).



Chugng 7 Anh xa tuyén tinh

¢ Dinh nghia3 Cho £ 1lamot K - kgv . Dang tuyén tinh (rén 77 13 moi
dnh xa tuyén tinh @ X £ vio K. Ky hicu £t tap hgp cdc dang tuyén tinh
rén I 7 E duge goi 14 déi ngdn clia /7

Nhu vy tacéd : £ 7 = LK .K).

¢| M&nh d& 1 Giasir I va F 1a hai K-kgv. (7 £ — F 1amot anh x4 fuyen

tinh khi va chi khi :

VAeK,¥(xy)el”, fdv+v}= () H).

Chirng minh: _

1) Néu f1atuyén tinh , thi v@i moi ( A, 8, y) thude K = F v F:

KA =l + fiuy = Ay + /(0.
2) Nguge lai, néu didu Kign teén duege thda man |, thi:
e Liy A= I, tanhin duge flv + y)= A0+ (y), viviviy Ath =0

o Liy vy = 0, 1a nhan duge f{A0) =4 f(x}, v vi viy {13 tayéno tinh.

¢/ M&nh dé 2 Gidsit £ vaf lahai K gy, f e L(FF). V& moi i thuoe
(A, o, A) thudc K7 (v L., v thude £ taco:

il‘-.\'i]: ) A fe).
=1

=1

!

Chitng minh -
Quy nap thea n
Tinh chat 14 hién nhién véi n=1 ;vavéin=2:

AAx +4 60 = f A ) +F (A = A /) + A f ().

N¢u tinh chét ding véi mot » thuode 117, thi véi moi (4, ..., A..,) thude K ™' va
(X5 ves X o)) thue 227

s+l {n
f[z A x; 1 = sz X+ Ay Xy ]
i=1 7 =1

= J({z ’1‘: A W + f(iri‘i—l“'nﬂ )
i=1 7

i+l

i}
= D ASG)+ A f () = AT =

i=| =]
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Ta suy ra Hé qua sau:

¢|He qua Gid st E 12 mot K-kgv hitu han chiéu, F 1a mot K-kgv ,
A={e, ...,e,} lamotcosdciaE ,fe AE F), x € E, (x;, ..., x,) lacéc

"
thanh phdn cla x trong co s& A{nghiala : x=) x;¢; ). Th€ thi, tacd :
=)

f(x) =Y x;ftep).

i=1

N&i cdch khdc, mot 4nh xa tuyén tinh duge xdc dinh hodn toan boi anh cha cédc vecta
clia mot co s0.

NHAN XET :

Hé qua trén duge tdng quét cho trudmg hop E khong hitu han chiéu bang céch ding
khdi niém "téng véi gi4 hitu han", vén khong thuge pham vi clhia cudn sich nay. ®

viDU:
1) Phép vi tu

Gidsit £ 1a mot K-kgv. V&i moi @ thuoc K ,tagoidnh xah o 1 E — E 12 phép vi
X b e

ty (vecto) v6i ty s6 o ; hién nhién h, € LE).
Dic biét ; A, =0, h ,=1d; . D& don gian céch viét , ta thudng vi€t e thay che Idg.

2) Phép chiéu
Gia sir £ 1a mét K- kgv, F. G 12 hai kgve ciia E bunhautrong E: E=F&G.
Véimoix € E tdn tai duy nhdl (x", x") € FxGsaochox = x"+ x".

Anhxap: E—E la mottydéng cducihaE . Thyc vay, néuk e K va(x,y) € E,

X!
thi tén tai (x', ) € Fx GVA(Y',y") € FxGsaochox = x"+x"vay = y'+ ", nén

Ax+y = M+ )+ (' 4y7) = Q' +y )+ (")
(l‘-"+y',ﬂw\’"+y") e FXG

va vi vy p(Ax + y) = Ax' + y' = Ap(x} + p(y)-
Anhxap: E - E dugce goi la phép chiéu lén F song song v6i G.

x—x’

Hién nhién 4nh xa ¢ : E — E 12 phép chi€u 1én G song song véi F.
i

Ta ¢6: ¢ = e - p, nghia l: Vx € E, ¢(x) = x - p{x).



Chuong 7 Anh xa tuyén tinh

3) Phép doi xing
Gid sit E 1h mot K-kgy, £, G 1a hai kgve clia £2 bl nhau trong 122 £=1F @ (. Ky hicu
p 1 phép chiéu 1en /- song song véi (7.
Anh xa s = 2p - e, xd¢ dinh boi:

s: k- Fk
= rpal—x

11 mot ur déng cdu coa %, goi 1a phép doi
Xung qua / song song voi .

{

4) Phép nhung chinh tac
Gia sit £ 13 moL K-Kgv, /7 1a mdt kgve cia . Phép nhing (hoac: don dnh) chinh
14c¢ i, 1 1 — £ xem 1.3.1, Vidu 2)) Ia tuyén tinh.
[ ]
5) Phép chi€u chinh 1ac
Gid st n e 1V, L, ... £, 1anhimg K-kpv. V& moi i thuge {1, ..., n}, phép chiéu

chinh tac thit i pr,: £ x..x b, = bk (xem 131, Vi du 63 1A tuydn tinh.
S [ A

6) Giia tri
Gid st X 1 mat tap khdc rdng, / Linot K-kgv. Vdi moi « thude X, dnh xa
I, XS Quge goi b gid tr tai o, 1a tuydn tinh vi:
@ ia)

vie K,Vp, ye FYOE(Ap+ ) = (Ap+ ) = Apla) + pila)y = Al () + F (i)

7) Todn 4ir dao ham
Gia sir 7 13 mot khodng ciia T, Khic rdng v khong thu vé mét didm, D'¢/, &) 1
iF-kpv cac dnh xa tir 7 vao [ khd vi wen /. Anhxa D : D', R)— R/ 1 tuyén tinh

fef
(xem Téap 1, 5.1.3, Binh 1y ).

8) Tich phan
Gia sir (e, 0) € B2 sao cho o < b ¢ H 1 P-kgv cde dnh xa 1 |a ; »] vio &, Hén tue
Limyg khic (xem Tap §.1.6.2, Ménh dé ). Anb xa p: 24 > R L tuyén tish (xem
fols
Tap 1, 6.2.4, Ménh dé).



7.4 BPaicudng
BPai s0

¢ Dinhnghia 4
1y Cho A, B 1 hai K-dai sO (phép 1oan thit 3 duce ky hicu theo 1Gi nhan);
mot dnh xa /1 A — B duoe goi ladong cau dai 50 Khi vachi kKhic
n Vi, vie A v+ vy= v+ f(v)
ji vhe K, ¥ve A, f(hvy = At
Yy, v) € A flav) = fLOf).
2) Gia sit A la mot K-dai 56, /1 A = A Famdt dnh xa. Ta noi 1 moL t
dong cin ctia dai 6 A khi vi chi khi /1 mdt Jdong el dai s6 1A vio AL
NHAN XET:
Véi cic kv higu trén cha D, /T mot déng ciu dai s¢ khi vi chi khi:
[ ftuyén tinh (trkgy A vio kgv 8

| fiamot dong chu dan véan hodl th 3.

¢ Binh nghia

1) Cho A, B 12 hai K-dai 80, £ A —> Blamot dnh xa. Ta noi £ i mét dang
cau dai s6 1r A len B Khi vivchi khi £ ¥a mot dong cdu dai 50 va la
song dnh.

2) Cho A 1a mot K-dal 6, f A — A L mot anh xa. Ta nédi £ 10 md
ding ciw cia dai 80 A Khi vi chi khi f lomot g démg cau clia dal so
A vii 12 song anh.

7.1.2  Hat nhan vii anh

¢/ Ménh dé 1 Cho £, I 1ahai K-kgv, [& LU2 1),
1) Vi moi kgve I/, cia F, nghich anh /'(F,) lamot kgve coa k.
2} V&i moi Kgve £, cia I, dnh f{F7) 1a mot kgve cha .

Ta nhic lai (xem 1.3.5, BDinh nghia):
of Fy=fxelifivre I o fily={yefidve b, y=f}
Charnp minhi |
) e [ y=d OefltUavifily=0el.

o GiasitAd e K, (y) e () Tae: (i, fon e F,nen flAv+ y) =
A +fiye i, vilviviy Av+ v e It
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2y o i@ 0e fE)VID=f0).
e Gidsi A e K, (. y) e (fiE)). Tén i {x, ) € (F)) sao cho 2’ = f{x) v

y=f(y). Khi déta cd A + ¥ = JAO + O =flAv+ e fil). =
Ta nhic lai ring, theo 1.3.1, Binh nghia 3, mot kgve V cla mot kgy 7 duge goi 1 on
dinh ddi vai ot ty dong cdu fcha £ khiva chikhi: () c V. |

¢ binh nghia Gid sfr /£, I b hai K-kgv, f € £/, ). Hat nhan cia f, ky
higu 1a Ker(). I kgve cia £ xdc dinh hai:
Ker() = f'({0)y = {v = I flxy =0},
Anh ciia f, ky hi¢u la Im{), 1a kgve cua I xdc dinh bn:
Im(l=ffY={vel,dve I, v=H}].

¢| Ménh dé 2 Gidsir /. F i hai K-kgv, /e L5 ).

1) /'1a don dnh khi vi chi khi Ker¢) = {0},

2) f1a tean anh Khi vichi khi Im() = F.
Cluing minh:

1) = Gia s 13 don Ao, v g sie v € Ker(fy, K do fivy = 0= i), do dé vi f
13 dem anh nén: v = 00 Nhu viy: Ker(f) = {0}

e Nauge lai, gia st Ker(f) = {0}, vi gid sir (1, ) & £7 sa0 cho flo) = fiy), W&

thi: flv- v =f-fim=0,néna -y e Kerd =0, 1rdd suy raa =y,
Bidu niy chitng t6 f'1h dom dnh.

2y (ftodmanh) = (Yye M, dve K, y=flN S ik =F < Inl=F.

7.1.3  Anh xa tuyén tinh va ho veeto

Trong §7.1.3 ndy:
s [7, F chi hai K-kgv.
» e HE )
* F=(x,,..., x,) 1a mdt ho hitu han nhimg phin vt cia /.

¢[Ménh dé 1 Vai moi fthude Z(E, F) va moi ho F gém hiru han phin (&
cla £
JtVect(F)) = Vecl(f{ ).
Cluing minh:
1} Gia sit y € fiveot{$). Tén tai x € Veel(#) sao cho y = fln). do viy 10 1

fl
(A4)., . e K'saocho x = Z A, - Khi dé tacér

i=1

¥ =f{-\') = r{[zi; Ay } = Z ’J':'f("-i ) EVCL‘I.U"("})).
=1

=1

Bidu nity chimg 10: fiVect(H) < Veel(fUm.



7.1 Daicudng

23 Bao him thie nguge lal chimg minh teong .
¢l Hé qua Néuf e A5 F) [ wan dnh vinéu F sinh ra 77, thi /() sinh ra 7.
Churng minh: F = fiE) = fivecen)) = Veet(ftn).

+|Ménh dé& 2 Giasitf e 4L F) v F1amdt ho phin it ciia £,
13 N&u  phu thude tuyén tinh, hi f{F) phu thude tuyén tinh.

2) N&u f{F) doc Tap tuyen tinh, tht 7 doc Lap tuyén tinh.

Cluing minh:

13} Vi phu thude tuyén tinh, nén on ai (4, ... A, € K- [0, ., 0} sae cho

fl L ( i
ZR!-..\-‘- =0.Khi d6 ta ¢d Z‘A,-f(.\';-)z _,"] Z Ay ]:_{'(l’l) = (0, vt vi vily fi#) phu
i=1 i=1 Wil 4
thude tuycn tinh.

23 Suy 11t 1) bang Yap luin phan dio.

el Ménh dé 3  Giasir/ e Z(F, F), F1a mot ho phin tif ctia £. N&u f1a don
anh vanéu F doc 1ap tuycn tinh, thi /{$ doc 1ap tyn tinh,

Cluing minh:

H ’ M i
Gid st (4,,...,4,) & K" a0 cho Z;Hf(-"; }= 0. The thi: ,![Z A ] = Z/{,-f(_rl-):(!.
i =1 i=1

"
do dé vi f 1 don dnh nén: z/l,-_\,- =0, Cudt ciing, vi % doc lap tuyén tinh aén:
i=I

Vie{l, . ..nh 4=0.

¢|Ménh dé 4  Gia sir £ 1a mdt K-kgv hitu han chicu, & 1 mot K-kay,
fe L&, F). Cic tinh chat sau tiromp. duong Limg do1 moi:

(i} flasong anh

(i) V& moi cosd Acela £, ) Eimt ca socua I

(i) TOn tai mot co s¢ 4 clia £ sao cho {7 [L mot co sd cha .

Clutng minh:

(i) = (i) :

Giia st f 13 song dnh. Gid st 4 1 mot co 56 ofia E. Vi £ 1 toan dnh va 4 lumot ho
sinh el I nén fi4) 1 mot ho sinli coa F (xem He qud). Vi £ don dah v A doe Tap
wydn tinh, nén f{9 doc Lap tuvén tinh (Xem Ménh dé 3.

Suy ra G surdn i ol co s cta £ (xem 6.4, Binh 1y - Hivh nghia .

(i = i

Gia st 1on tal mol co sd A= (e, .., e cua fosao cho f(i79) = (e fle B lamdtea
s cua £
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"
o Gid sir x € Ker(). 1dn i (v, ..., ) € K" sao cho v = Z_\',- e; . Tacd
! (B
{ n 1ou
0=fix)= f NKZ xp€, J =2 ufle).
i= =1

do vay, vi fiz3) doc lap tay@n tinh: Yi e {1, .., nj. =0, 50y taa = 0.
Nhir viy: Ker(f) = {0}, do 46 Fladon dnh.
s Giasayel. '

it

Vi fiA) sinh ra B, pen 16m i 1y, L8) € K snocho v = z \r_,l"(r‘ }. it dé suy ra
=1
I " N
y= jtz Xpe; J e Tm{f).
1=]
Pidu do chimg to £ 13 toim dnh. Nhue vay f T song dnh. =

NHAN XIiT:
Kot qui clia §7.1.3 nay vAn diing cho moi ho # nhitng phin L el £ (khong ol
thict hite han).

Bai tap

O TAA Cho £ 8 Y hai K-kpy, f e Z00 13 AL B Bhai kgve cia 2 Chaog iinh rang:
fib o Ul < A+ Kerfy © B+ Ker(fy

O 7.4.2 Cho F.F 1 hai K-kevo 6 1 mot Kgve clia £2x 7 wo el

Yack, P heF (ab)s

Ky inguf  F -» F xde dinh oen day.
b=

Chomg minh rang anl xa S wwyén tinh,
¢ 7.1.3  Clumg minh rang dnh xa 7 5] X4 = & X tuyen Linh v xie dinh Ker(fy va Iy,
P PXr
¢ 7.4.4 Chone [l E=K/[X]IaK-kgycdc dathie véi bae s n fr b —> I
Prea oy
Chimg minh rang £ ¥a mo e ding chu cla 2 via hay bidu didn £
¢ 7158 QoTe Ri L E T @p hop cae dnh xa i i vao 6, 7 - tdn hoan vithude lap ¢
) Kidm chimg ng £ 12 mot F-kgy (481 vai cic ludt thong thuimg) vip Ve K. f el
by Ky méu ¢: & — 1. Kidm chimg rang ¢ uyen tink, vihiy xde dinh Kerig) vi T .
f=f

0 7.1.6° Gid sit £ Ja mot K-kgv, f € Z(F) sao cho, vai mon v e F2 (v fivy phy thude Luysh
tinh. Chumg, nunh rang fEond phep vi W

O 7.1.7 Giastl et Kkev fe 4 netl, A A, € Kkhic nhaw limy disi ot ky hidu
N, = Ker{f - Aeyvir | €7 <ntrong di e = 1d.
Clhumg nunh rang cic kpve VAL <ism dac 1ap wyén tinh (nghia L
Fr. LA e N, s N N+ .+ s ==L =x = 0.

et 6.3.3, Dinh ngha 25,
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7.2 Céc phép toin trén cic dnh xa tuyén tinh

72.1 Khong gian vecto LE, F)

Ménh dé
L(F, FY1a mot K-kgv doi vOi cac ludt thong thuomg.

¢

T'a nhac lai rang (xem 6.1, Vidu 41 cdc ludt thong thudmg twen L0 ) duge xdc

dinb boi:
Vf. g € FE, Y e B, (f + ) = fn) + l0)
{Vl e K,¥Vfe FEL D0 = R0,
Chiing minh:
Ta s& chiing 16 rang £ (§, 1) A mot K-kgve coa I

1) Z (E. Iy = @ vi hién nhien dnh xa khong 0 £ = F tuy&n tinh.
x>0

N Giast e K, f. g e LE )LV moi A thude K. va moi x. y thuoe /2, ta co?
(of + g)AY + ¥} = oy + )+ g0x + 3} = a4 + N + (g + £00)
= Aaf(x) + gl + (0N + () = Ao+ )+ (of + gUy)

Pidu nay chimyg 16 af + ¢ tuycn tinb, vivay of + g € L. (.

7.2.2 Phép hop

o|Ménh d& 1 Giisic k. F. G laba K-kgv. Ta co:
Yfe L ), Ve e L G got e LUG.
Clitng minh: Vi € K, 9(x. ) € £7,
(g0 ) Ax + ©) = gflAy + ) = g+ foN =
= Ag() + g = Aao ) + Leo [N

Néi cdch khdc: Hop ciia hai dnh xa tay@n tinh 12 tuyén tinh,

¢| Ménh dé 2 Giask L. F, GlabaK-kgy. Taco:
D Vffo € LGB ) Yge LGy golfixf)zrefitech
(gia phin phoi trai)
NVfe L F), Ve g e LW G @mrg)of=tc frgef
(gia phan phai phai)
Nvae K, Vel F),Vge LW, G, (ag) of=golaf) = alg o ).




Chuong 7  Anh xa tuyén tinh

Ching minh:
Céc phép kiém ching hdu nhu "ty dong”.
1) Vx € E,
(g © (f) + D00 = gy + 0N = g(fi 0 + g0

=(g Ofl)(-'() +{¥ °f2){-") = (g °f| +g° f:){i\')-
Nvre £,

{81 + £} o N = (g, + g = g, () + 50000

= (g o N+ (g o NY=(g o [ + g 0 N
NVxelk,

{ ((ag)  PL) = (aedf(x) = agfl) = alg o H = {(aly o NI
(2 ° (ofN(x) = glaf(x)) = ag(fO).
NHAN XET:

o Cong thite 1) ¢6 sit dung tinh chat tayén tinh cia g, nhung khong ding dén tinh
chat d6 cna f, va fs

* Cong thic 2) khong sit dung dén tinh chit tayén tinh (cha g, g

o Cong thifc (ag) o f = alg o /) khong sit dung dén tinh chil tuyén tinh

e Cong thiic g o (af) = alg o f) sit dung tinh chit wyn tinh cila g, nhung khong
ding dén tinh chat 46 ctia /.

¢| M&nh d& 3 Cho E, ' 1a hai K-kgv, [ € LE, F). Néu / 1a mot dang cau
clia F len £, thi £ 12 mot dang ciu tit F 1én E.
Clitng minh:

Gid sit f tuyén tinh v 12 song dnh, ta chitg minh f ' : F - £, von da ]a song dnh
(xem 1.3.2, Ménh dé 3), cling tuyén linh.

GiasuAde K, (', y) e F-. Tacé:
FrAX ) = AN+
=AY OM = AT+,
va vi viy £ tuyén tinh. Xem thém 2.1, M¢nh dé 5, 3).
¢ Pinh nghia1 Hai K-kgv £, F duge goi 1a ding ciu khi va chi khi 16n
tai moOt ddng cdu K-kgv (i £ 1én F.
NHAN XET:
Quan he "ding cfu” giifa cdc K-kgv 12 mdt quan he tromg duong trong moi tip hop
nhitng K-kgv (nhumg khong 16n tai tap hop tit ca cdc K-kgv).
¢|Ménh dé 4
1) Cho E, ¥ 12 hai K-kgv hitu han chiéu. B¢ £ va ¥ dang cdu, thi cin va
dit 1a; dim(E) = dim().
2) Gia st # € 11" Moi K-kgv # chiéu déu ding cfu véi K.
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Chiting muinh:
1) o Gid st £ vi P ding cdu. Tn ta mot ding ciu fuir E len F.Kgy I cd it nhat
mot o s AvAa Vi vl (theo 7.1.3, Mcnh dd ), fiA I mot ca socla I, do dé
dim(F) = Card(f(.3)) = Card(H = dim(E).
o Nguge lai, gid st diog ) = dim(F). Khi 46 £ (luomg dmg: /) b mot co s
A= (e, ... e,) (uong img: = (", ..., ¢ ), trong do = dimfz € | .
Xétfe L1 1), g e L, Eyxdce dinh bai
viell,...n}, (fley=¢ vigle)=e)

RO ring: g o f=1d, v [ o g = 1dp, vi vy (xem 1.3.2, Ménh d& 5), f vit g 1a nhimg
song dnh nghich dao 1in nhau. Nhu vy fFlamél dang can K-kgv tr 2o 4¢n £

2) Suy ur 1), vi dim(E) = dim{K™ = n.

¢|Ménh dé 5
LU, + , -, o) 1Amot K-dai s6 k&t hgp va ¢ don vi.
Clurng ininh:

1) Chiing ta da thay rang (Z(E), +, -} 1A mot K-kgv, xem 7.2.0, Ménh de.

2) Ludt o 1 ludt hop thimh rong rong L) (xem Ménh dé 1), phan phoi d6i vai +

(xem Ménh dé 2, /) vA 2)), va thoéa man cong thic (aug) © f=g o =iy o /)
(xem Manh dé 2, 3.

3j Ludt o cd tinh ket hop (trong ES.
4) 1d, € Z(E) v Idg 1a phén tlr trung hoa d6i véi o .

NHAN XET:
1} Theo Ménh dé 5, (L(F), +, ¢ ) [ mot vanh.
2) 1.uat o khéng c6 tinh k&t hgp, trir kbi: £ hitu han chidu vit dim(#) < 1.

Thiee vay, ta gia thict rang ¢, e, € £ sa0 cho (e,, €2} doc 1ap tuyén tinh v ta thika
nhdn ring kgve Veel(e, e3) 6 it nhit mot phin bt F trong F. Xér cac anh xa 1.
¢ I = E xdc dinh theo cich sau. Véi moi x thude £, t6n tai duy nhdl
(hys Aoy V) € K x K x F 520 cho x = hye, + hols + ¥, vALAA flX) = doe va gl = hiea.
R& rang rang . ¢ 1 nhitmg dnh xa tuy€n tinh, (g o NHe) =0 VA (f o g)e}= ¢, VY
gofEfe & =
Céch vidt theo ma tran s Bun sing & vi du nay (xem 8.1.3, Ménh ac 2).

+ Binh nghia 2 Mot ur ddng ciu f cia mot K-kgv E duge goi la lity linh
khi va chi khi tOn tai p € 1¥" sao cho f7 =0.

(3 day, f7 k¥ hieuf o ... of (p uhén 1)

Néu £ 1a lidy linh, tap hop {k e 175 /* = 0} lamot bo phin khac réng cia 1T, do d6 6

phan tir nhd hat, & day dugc ky hicu 1 (), vit duge 20i 12 chi s6 livy linh cia f. Ta cd:
o Tke W, (k<) =[5 = 0), theo dinb nghia cua v(f)
ke 1T (k3 = fh Oy Vi fE = R0 o f = AN 6 020, =
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¢| Ménh dé 6 (D4n cac 4nh xa tuyén tinh)
Cho E, F 1a hai K-kgv, n € X', E,, ..., E, 1a nhilng kgvc clia E c6 téng tryc
ti€p sac cho £ = @E,-,ﬂ e AE,F)(1<i<n).

i=1

Tén tai mot phdn tit va chi mot f thuoe LE, F) sao cho Vi e {1, ..., n},

]
f\ E, =f,vatacé: f= Zf,- o p; , trong d6, véi moi 7 thuge {1, .., n},
i=l
pi+ E — E; duge xdc dinh boi: V(x,, ..., x,) € By X . X By pil +. + X=X

Chitng minh:
1) Gia sit f € L(E, F) sao cho: Vi € {1, .., n}, fl E, =f V6i moi x thugc E, ta c6:
n 1] n "
o= f[z . m] S u)=3s (ps(x)){Zf.- o, ](x),
=1 i=l1 i=l i=1
n
vaviviy i f= Zf,-opi- .
i=l
2) Nguoec lai, fo op;e HAE Fyva,nfuky higuj 1 E > Eld don 4nh chinh

i=1
tac (1 <1 £ n), thi véi moi & thude {1, ..., 1}, ta cd:

[Zf:"”f’i} =[Zf.-‘°!’f}°fk=Z(fi°.f’f°fk)=fk,
i= Ey i=]

i=1
. . IdE néui=k
VP gk ={0 “nduizk’

Mot cich vi€t theo luge db 1a :

EIA-)E—M'—)E, Ek'—Ji—)E——p‘—)E‘
Newi=k | _ 4 néuiek: |
IdE;_ 1] L |
Phép chiéu
Gia sit E 13 mot K-kgv.

1) Ta da thdy réng (7.1.1, Vi du 2)), v6i mei cip (F, G) nhimg kgvc cia E bi
nhau trong E, phép chi€u lén F song song v6i G 12 4nh xa wyén tinh p: E» E
Rty
trong d6 (x', 1} € F x G, sao cho x =x"+x"

e V&i cdc ky hiéu trén, " = x"+ Ova(x,0) e FxG, dodopx) = X, nbi
cich khic: (pop)(x) = p().
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o ‘la xdc dinh Im{p.
Vi cdc ky hidu wen: ply) = e Fonén Imip)y C I

Ml khvic, voi mei v thude F.achr=x+0va(x.0) e fx (7, vi vy x = p(x) € Im(p}.
Nhu vay: Imipy = F.

s Ta xdc dinh Ker(p). .
Véi moi v thude G,y =0+x va (0, x} € F x (G, vivay plo =0, do dé ; < Ker(p).
Mat Khdc, vdi cde k¥ hidu trén thi vai moi x thude 72 ta cé:
p=0 o V=0 yx=x" >yvell
do vy Ker(p) < G
Nhu vay: Ker(p) =G

2) Nguge Tai, gid sitp € AFE)sao cho pep=p (ta néi # 1a mot phin ue iy ddny clia
vimh Z (I)). Ta chimg 10 rang ln(p) va Ker(p) 14 hai kgve cha /2, bt nhau trong L. vil
p 13 phép chidu 1en Im(p) song song vt Ker(p).

o Gid st x e Ker(p) m Imip). Khi doé ta c6 p(xy =0, vl tén tal v € £ sao cho
x = piy), tiedé suy ra:

{1= p(,\v} = p(p(_\,r]) = (po P) {y) = P(_V) = x.
Pidu dé ching to: Im(p) ~ Ker(p) = {0}
» Gia sir x € E. Ta 6 dang phan tich: x = p(x) + (x - p(x))

v p(.\") e lm{ p)
Y- pxyeKer(p), vi plx— plxN = p(x)—(pe p)x) =0.
bidu dé chimg 16: E = Im(p) + Ker(p).
x = p(x)+{x - p(x))
» Vi, véi moi x thudc E: < p(x) e Im(p):
x— p(i) e Ker(p)

£l

nén p 12 phép chidu lén Iin{p) sony song véi Ker(p).

Tém lai, ta b :

¢|Ménhde7
1) Gia sit £, G 13 hai kgve cha ££ bl nhau trong E, p 1a phép chidu lén &
song song voi G. Tacd: pop=p, Im(p) =F, Ker(p)=G.

2) Nguoce lai, néu p e L) sao chopop=p. thi Im(p) vi Ker(p) 1a hai

kgve clia [ b nhau trong ¥, va p la phép chifu len Im(p) song song
vai Ker(p).

Hon nita, v6i moi v thude £

x = p(x) + (x- pa)), px) € Im(p), x-p) e Ker(p).
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NHAN XET:
Gia sit p 1a mot phép chidu cia £. Ky higu e = 1d,.

1) e - p 1a mot phép chiducla Evi (e - pY=e-2p + p* = e- p, goi 1a phép chi¢n
lién két v6i phép chidu p.
Rorang Iz bm(e - p) = Ker(p) va Kerle - p) =1Im{p}.

2} s = 2p - ¢ la phép ddi xing qua Im(p) song song vai Ker(p) (xem 7.1.1, Vidy 3
tach: 5S=(2p-eY =4y -dpte=c.

Gia sit 2 # 0 trong K, ta ching minh d& ding rang Ker(s - ¢) = Im{p) viKer(s + &) =
Ker(n, va vi vay, vai moi (v, x"} thuge Im(p} x Kes(p): s+ 4" =a"- 17,

(Vi s(AY=2p(d) -2 =00 VA A = 2py - X =

7.2.3 Nhém GL(E)

¢|Ménh dé - Binh nghia
Cho E 1a mot K-kgv. Tap hgp GA(E) céc ty dang ciu cla 2 1a mot nhom
d6i véi o, duge goi Janhém tuyén tinh cia £.

Chuing mninh:

1) o 12 luat hiop thanh trong wong GHE) vi.néuf, g2 f2 —> £ laydn tinh va song
4nh, thi g o f tuyén tinh (xem 7.2.2, Ménh dé 1) va song dnh (xem 1.3.2, Ménh
dé 1. . .

2) Id, € G/E) va Idg 12 phén 1 trung hoa dai véi o .

3) Luft o c6 tinh két hop (trong £5).

4) Cho f € GXE). Theo 7.2.2, Ménh dé 3, £ 1a mot w ddng cdu ca £, nghia Ia
[ e GUE). -
NHAN XET:

1) Nhém GZ(E) khong giao hodn trir khi: E hitu han chidu va dim(E) < 1: 1ip luén
nhu trong 7.2.2, Nhan xét 2), v6i:

fix)= e, + ey - Aea +y, X)= Ay + Aaley e} + 3.

Cach viét theo ma trin sé. Jam sang td vi du ndy (xem 8.1.4, Nhan xéL ).

2) N&u £ hitu han chifu va néu dim(E) = 1, thi (GLE), <) 1a mot nthém ding
ciu vGi nhém (X - {0}, ) qua dang cdu nhém K - {0} — GZ(E), trong d6

sk,

h,: E - E1aphép viurtheo ty s6 a.
XY

3) G/(E) ciing 12 tp hop cic phdn tir kha nghich cia vinh (Z(F), +, o) (xem
7.2.2, Ménh dé 3).
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Bai tap

O 7.24 Gid sl E 1a B-kgv cac dnh xa tir B vilo B thude 16p ¢° trén B @ Ef_)fL
.z

wiE— Exicdinhbd Ve L ¥xekiwhHno = | find.

= L

a) Ki€m chimg rang ¢ va w1 nhimg dnh Xxa ay&n tinh.
by Bidudidn o o @@ va @ o ¥ .

¢} Xét inh don dnh, wan dnh, song anh cda ¢ va cia .

O T7.2.2 GiastElamdt K-kgv.n e [T.fe AEYihdamin f*=¢ (trongdé e =1d,), @ € K
sao cho & # |, vi g = f- ae. Clumg to rang g i song anh, vitinh g

0 7.2.3 GidsikE. Flahai Kkgv,ge L(E.Fy, ¢: ExF = ExF . Chimg minh rang ¢
(VI e+ vy
la gt e dang cdu cha £ x F.

O T.2.4 GiasoF lamot K-kgv, f € £(F). Gid st dn tai duy nhdt mdt g thude £ (L) thda
man [ o g =1d,. Ching minh: f € GAE).

0 T.25 Gidaslk £ 1amol K-kgv, £ 2 {0}, f € £(#) 1 13y hinh, p 13 chi s L0y linh cba f
(nghia lap € ¥, f7 =0, 77 2 0). Cliimg iinb tAng ho (Idg, £, ... /") ddc 1ap tay€n tinh.
O 7.2.6 GiasallamotK-kgv,nell K. ., E, lanhimg kgve cha E, f: E\x.xE >E

H
(%) X I 30 x,

i-1
Chitng minh rang £, ..., £, doc 1ap tuy€n tinh khi va chi khi 14 don dnh.
¢ T7.27 GiasltElamdt K-kgv, E,, ..., E, 12 nhilmg kgve cia £ doc 12p tuyén tinh va thda man

"
BE =E.fe LEYvie (), .. n} fi E—» Exdc dinh bdi: v6i moi x thude E, tén tai

i=

L]
duy nhit (x, ..., x,) € £, % ... x £, 520 cho x = x, + ... + X,, v ta dat f(x) = Zf;-(x,-).
i=1
M H
Cluing minh : a) Ker(f) = @ Ker(f;) by Im(f) = @ Imif;y.

i=} =1

¢ 7.2.8 Giasit £1amdl K-kgv, f, g € L(Fylhdamin fog=go f_ Ching minh ring
Ker(f) va Im(f) én dinb d8i véi g.
¢ T.2.9 GidslrE, F. ¢ labaK-kgv.fe L(E ), g € L(F., ). Ching minh :
a)Ker(go f)=f"(Ker(g)) vaKer(go f) > Ker(f)
b lm(ge )= glIm¢M valm{go f) < tmig).
¢ 7.240 Gidsirk, F, G laba K-kgv, f e L(E, F), g h e £, (). Chimg minh :
Ker(ge f) =Kerldo f) & Im(fh ~ Ker(g) = Imify » Ker(hh
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¢ 7.211 Cho Elamdl K-kgv, f. g € L(E), L & K.V lamd kgve cha £

a)y Ching minb rang néu ¥ &n dinh dé viéi £ vis ddn véi g, thi Vo én dinh o6 véi £+ g, Af.
gof.

by Cluimg minh rang néu v &u dimdy dGi vai £, thi, véi moi s € 17,V &n dinh déi von £o.
€y Cho mdt vi dy v& mdt ke £71ren T, v £ e 200 vin vé kgve Voctia £ sao oo

flasongdnh, fVycV fiv 1=V

¢ 7.212 Gidsir £1amat K-kgv, p. ¢ 1 har phep chiéu eGa £ suochor p 2 O g = 0, p = q.
Chimg minh rang (. ¢ doc 1ap tayen tinh irong £,

0 7.213  Gid sU 1 mot K-kgv, pog [ b piep eludu cia & sao <l pog = ¢ o v
Ker(p) = Kerig). Chumg nunh pr = 4.

0 7.2.14 Giasid lamd K-Kkgy (rong d6 K = & hoac K =03, p. ¢ 1 bhai phip chidu cba 72
Chamg nuinl rang p + ¢ 1 moL phép cidu khi vachi khy poy = ¢o p=10.

0 7.215 GuasaE Dot K-kgv. £ ¢ € £0F). Clumg nunh rang hat tinh chal sau 12 uong duong:
() feg=gvigoef=f
(i1} 2 g 14 nhitng phép chidu va Ty = Imigs.

¢ 7.216 Giasd £ lamdt K-kgv. p 1a médt phép chidu cha k. g = ¢ - p {trong do ¢ = Id, ).
L={fe BN Jne ZiE)nf=nop) M={ge Ll qve il g=v o g}

Chiing minh rang L viu M 1 nhimg khéng gian con cla £ (£) b nhau trong 4 (£).

Trong cde bid tdp 7.217 1w 7.2.22. ta thiva nhan rdng men kgve o it nhdt mét phan b,

0 7.217° Giast k. £ laba K-kgv, [ € 2 (5, ).
a) Ching minh rang £ ¥ toim 4nh kKhi va chi Khi 16n i g € £ (&, Eysao cho f o g € ld,.
b) Chimg niind: rang £ 1a dom dnh Khi v chi ki t6n @i b & 2. Eysaocho b o f = 1d;.
¢ 7.218"  Nhan 1{r héa mdt 4nh xa (uyén (inb
Cho Iz, F, G li ba K-kgv.
AGIastfe L )y ge L(FE (D,
Chimg niinh - Kernify S Kerigy = (3h e LiF (0, g=h o ).
by Gidstrfe L(F. Gy, g e L, .
Chung minhi = Im{A > Img) < (Fh e LE F.g=fo k.
¢ 7.219° Gidsh e, F. G 1A ba K-kpv thda miin £ # {0} vy = (01 Ky hidu:
@ L ) D LA G LW ) vy LIF, GY o LUUE F), LE, G)
la ciic anh xa tuyén tinh xdc dinh bdn:
Vi€ LE F). Vg € LIF GL(dNig) = wig) = g o f.
Ching minh tang, vai moi (f, g) thude LK, 1 = L (. Gy



7.2  Cac phép toan trén cac anh xa tuyén tinh 253

a) () 1a don anh < f i toan anh

by @) i 1oan Anh < 13 don anth

¢} ) 1 don dinhy & g 1 don dnh

d) wAg) la toan anh <= g ki loan dnh.
(€A thé sir dung ban 1ap 7.2.18).
7.2.20"  Gid sl 1amot K-kgv, F. € 1 hai kgve cia E. Chuimg t rang ede tinh chél sau
fa tuong duomg:

e Lk, i) = vi Ker(h = 5.

L) Ton tai mot phian b/ cba G trong E sao cho FF dang ciuo v £,
7.221° Gid s £, F 1 hai K-kgv, E7 3o mot kgve cla £, F 1a mdt kgve cia /7,
¢ L 1)y — A F7) L dnh xa duge xide dinh bin:

Ve L(E ).V e B, (¢’ =fixh.
a) Kidin chimg ring ¢ tuyén tinh

b Xidc dinh Ker(@) va I gy,

7.2.22"° GidsitE, Flahai K-kgv, f € 4E, F). Chimg minh rang @ i g € 4F, E) sao cho:
fogof=f vi gofog=g

7.2.23" Gid st £ 1a mot K-kpv, I, E, li hai Keve cia £ bin nhau trong E; k¥ hitu:
G={fe &y Kery = £, villo) = E,).

a) Gid st € 6. Clnimg (0 rang £, on dinh d&i véi £ vic g dong cau f cha £, cam sinh
b £ inghia 1 ¥x € Ea. f vy = fien 1o mot tu ding, ed cla K,

by Clumg nandi rang 6 5 mal nhon (d60 v o ), dang cau von G206
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7.3 Trudmg hop hitu han chiéu

Trong §7.3 ndy, cdc kgv duge gid thict Ia hiu han chidu {irlr khi ¢6 ndi nguge lai).

Ntu E, F 1a hai K-kgv hitu hau chiéu va f € LE, ). nham phuc vu vice nghicn aiu
céc ma trdn (chuong R), nén ta s€ ky hicu # 1a 6 chidu coa # vi p 1 s6 chicu cua £
(thay ¥i nguoe lai).

7.3.1 Pinh 1y vé hang va cic hé qua
¢ Dinh nghia  Gid sit £, F 13 hai K-kgv his han chiéu, fe L7, 1. S0 e
nhi¢én x4c dinh bai
rank(/} = dim(Im(/})

g0oi 12 hang clia £, va ky hicu la rank ().

NITIAN XET:

1) Im() ding 1 hitu han chicu vi Im(f) 1A 1ot kgve con cba /7 v £ hite han
chiéu, hoac néi cach khic, vi E hitu han chiéu. Téng qudt hom, gid sit £. 7 14 ha
K-kgv (khong nhat thiét hitu han chiduy, f € L (2, ). Fandi rang f <& hang hir han
khi v chi Khi bm{f) hirs han chidu, vi trong traig hap ny. 1a 2oi 13 hang cua / 1a-
s6 ty nhién, ky hi¢u 12 rank(/), xdc dinh bai:

ﬁmk(ﬂ = dim(Im{).
2) Néu A 11 mot co s& cia I, i, v&i moi f € AUF, Fy.
ank(f) = dim(fiVee ) = dim(Veet (A5 = rank{fi/N),
xem 6.4, Dinh nghia 3 vd 7.1.3, Ménh dé 1.

3) V6i moi fthude £(E, F):  tank{f) < Min(dim¢2), dim(#)). Thue viy:

* E ¢6 it nhit mdt co s 4, vita cd

rank(f) = rank(f(5)) va Card(f() € dim(F)
e rank(f} = dim(Im(f)) < dim(F).

+|BPinh Iy 1 (Pinh 1y vé hang)
Gia sit E, F 1a hai K-kgv, f € L(E, F). Taco:
rank(f) = dim(£) - dim{Ker(/)).
Clutng minh:

Ky hicu p = dim{}), n = dim(Fy; kegve Ker(f) ciia F2 c6 {t nhat mét co sf (e, ... ¢,),
trong 46 ¢ = dim(Ker(f)) € 1. Theo dinh 1y vé ¢ s0 khong ddy di, dang y&u (6.4,
Dinh 1y 2), ta ¢6 the b6 sung vio (e, ..., ¢;) dd dUge MOLCE SA (€1, .oos €40 Coals e €)
cla E. Ta st chimg to ring (e ). - flep) lamot co sa cva Im().
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1) Hién nhicn fle,,) ) -... fle,) thude hngf).

2)Gia st (A, - ’lr') e K thoa mén i /ll-f(e, ) =

=i+
2 i 1 '
Vay: f[ Ziﬁ’i = ii,-f(q)= 0, nén Z/l,-e,- e Ker(/).
=g+l i=g+l =i+l
? 4
Do d6 16n tai (g, ..., 1) € K" sao cho i/l‘-el- = Z-‘”i e, ,
i=q+] i=l
wrdésuy ra:  ge 4+ e, - Ay - A, =0

Do (e, ..., £,) doc 1ap tuyén tinh nén suy ra: 4, = ... =4, =0.
Didu ndy chimg 16 (fe,, ). .... fle,)) doc 1ap tuyén 1inh.

3 Gid s y € Im{). T6n 1ai x € £ sao cho y = f{x); v lai, vi (¢, ... ¢ ) sinhra F

p
nén én @i (Q, ..., @,) € K* saocho x = Z oe; -

i=l .
I ' I
Tack y=fix)y=f Z Aoy 1= i Afilejy= Z ’lff("x)
=1 4=l 1=

vifle)=..=fle,)=0.
Didu ndy chimg 16 (f(e,,,, ..., fle,)) sinh ra Iing).
Vi (fle,,1)s - fle)) 1 mot co 56 cua Im(f), nén ta ket ludn:
ank() = dim{Im(M = p'- ¢ = dim( ) - dim{Ker(M). =
NHAN XLET:
1) Phép chitig minh uén cling chiiing t6 ring, v6i moi phin bl £, cia Ker(f)
trong E, dnh xq tuyn tinh 2, —> Im(/) 13 mot dang cau kgv.
= fix)
Nhur vay, moi phin bu cia Ker(f) trong £ déu dang cau vdi Im(f).

2) Tuy dim(Ker(f)) + dim{Im()) = dim(L), nhtmg "néi chung” Ker(f) vi In(f)
khong bir nhau trong .

Thue vy, trude hél Im() 12 mot kgve caa F, chit khéng phii cha L.
Sau dé, thim chi néu F = £, Ker(f) vi Im(f) c¢6 thé khong bl nhau trong E, nhu
wong vi du saw K =R, E=F="0/: RZ 5 RZ, trong trudng hop niy ia ¢o

Ly 3.0)
Ker(f) = in(/) = Vect((1, 0.
+|Ménh dé Gid sit £, ¥ 1a hai K-kgv hitu han chiéy, f € £ (E, B). Tacé:

1) (£ 1a don anh) <> rank(f) = dim(&)

2) (f' 12 10an anh) < rank(f) = dim{F).
Cluing minke:

1) Ap dung dinh Iy vé hang:

(f dom dnh) < Ker() = {0} & dim(Ker(f) = 0 < rank(f) = dim(F).
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2) (f todn 4nh) < Im() = F ¢ rank(f) = dim(F) [ ]
(xem 6.4, H¢ qua 3).

Mot phén w1 f clia £ (£) duge goi 1
» kha nghich trdi di véi o trong £ (E) khi v chi khi:
[ e LELS of =Wd;
« kh# nghich phai doi v6i o trong £ (£) khi va chi khi:
Ifr e L(E).f o fr=Tdy
¢ kha nghich d6i v6i o trong £ (F) khi vit chi khi:

Afre LELf o f=feo =l
(xem 2.1, Pinh nghia 8).

Ta nhéc lai ring mot phén it f ciia £ (E) dugc goi K
« chinh quy trai d6i véi ¢ trong L (E) khi va chi khi:
V(g Wy e (LW, (feo g=fo h=ypg=M
« chinh quy phai d6i v&i o trong L(k) khi va chi Khi:
Yig. hye LEW, (go fehe fmyg=h

o chinh quy d6i v6i o trong £ (E) khi v chi khi f1a chinh quy trai v chinh quy
phai d&i v6i o wong L (E) (xem 2.1, Dinh nghia 5).

¢|Pinhly 2 Gid sir £ 1a mot K-kgv hitu han chiéy, f € 4 (£). CAc tinh
chdt sau trong duong véi nhau timg dot mot :

" 11. fkha nghich trai d6i v6i o trong £L(E)
fkha nghich phii d6i véi o trong Z(E)
fkha nghich ddi véi o trong £ (£)

£ chinh quy trdi d6i v&i o trong L (E)

£ chinh quy phai ddfi véi o trong L(E)
£ chinh quy d&i véi o trong £(E)

f1a don 4nh “

f1a toan &nh

f1a song 4nh.

23S
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Chitng minft.
1 =4

Gia st f khd nghich udi d6i v&i o trong LZ(E);16ntai f' e L(EYsaochof o f=e¢
(=ldF}Khld6‘ V({,g} [ (L(E}}:,(fo g:fo I‘I:>f' o fr:l g:f' ofo h:;:g:h),
vay fchinh quy tedi déi véi o trong L(F).

Ta chimg minh tuong tu 2 = 5, vii suy ra: 3 = 6.

4=17

Gia stz f chinh quy wéi déi véi o trong £ (E). Kgve Ker(f) caa kgv hitu han chiéu £
¢6 {t nhat mot phdn b E, trong F.

Xét phép chiéu p 1én £, song song vai Ker(f). Ta cée
Vx e £, fix)y=fipla) + (- po) = fip(x) + flx - plx)) = f(p(x),
vi x - p(x} € Ker(f).

Nhut vy, f o e=f o p,dod6 vifchinh quy i e =p, vivivay E = e(BE)=p(E) = K,
Ker(f) = {0}, f tadon anh.

5= 8:

Gia sit f chinh quy phai d&i v&i o trong £ (E). Kgve Im{f) ciia kgv him han chiéu £
¢6 it nh&t mét phan b E, rong E. Xét phép chifu g 1én Im(f) song song véi I2,. Ta
o Vx e E, flx) = g{fle), vi f(x) € Im{f).

Nhu vay: ¢ o f=¢q o f, do dd vi f chinh quy phii: e = g, vA Vi viy £ = e(E) = ¢(F)
= Im(f), f 1a todn anh.

Ciingnhu (4 => T va (5 = 8), tasuyra: 6 = 9.

7= 8
Ap dung dinh Iy vé hang va 6.4, Hé qui 3, ta duge:
{f dom dnl) < Ker{f) = {0} < dim{Ker(f)) = 0 < rank(f) = dim(£)
<= dim(Im(f)) = dim(E) < Im(f) = £ < {f lo&n 4nh).
Tir tuong luo.'ng thic 7 < 8, dé dang suy ra: (7 =9 v (8 = 9).

09— 23

N&u £ tuy&n tinh v 1 song dnh, thi £ tuyén tinh (xem 7.2.2, Ménh dé 3), vi vay fc6
mdt nghich dio ddi vdi o wong L),

(3 = 1) vd (3 = 2): hién nhién.
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3
9
3 = 6 Nhu véy, chin tinh chit dang xét wong
\ / duomg v&i nhau timg doi mét.
9

"Chufinh" 1 =4 =>7=9 =3 =1
chimg 16 ring céc tinh chit 1, 4,7,9,3
tuong duong véi nhau timg doi mot .

Tuomg w1, 2, 5, 8, 9, 3 tuong duong véi

nhau timg déi mot va 3, 6, 9 weong duong
vl nhau timg doi mot.

— =

! N el o
Y NN

= —

NHAN XET:
D)o Cicphépsuy didn3 = 1.3=2,6=4,6=15,9=7,9 = 8 1a tim thutmg.
e Cic phép suy dién 1 = 4,2 = 5,3 = 6 vin ding khi £ khong hitu han chiéu.

s Cic phépsuy difn4=7,5=8.6=9,7= 1,8 =2,9 =13 vin ding khi £
khong hitu han chiéu, v6i diéu kien thira nhan sy tn tai cia moét phén blt cha F trong E
d6i véi moi kgve I cua E, didu ndy cfn dén tién dé chon (xem bai (ap 7.2.17).

e Cicsuydifn1 =>2,2=1,4=5,5>4,7 =8, 8 = 7 c6 thé khéng
diing néu E khong hitu han chiéu.

2) Dudi day (8.1.5, Dinh 1) ta s& thiy nhimg dac trung khac duge phit bidu bang
nhiing he thic ma trén.

7.3.2 S6 chiéu cua LE, F)

4| Ménh dé Giasit £, F 12 hai K-kgv hitu han chiéu. Khi 46 £ (F, F) hiru
han chiéu va:  dim(Z (F, F)) = dim(E).dim(F).
Chitng minh:

Ta s& x4y dung mot co s& cho £ (E, /) lién két vdi mot co s cho tru6e cla £ va mot
co s& cho trube cha F,

K¥ higu p = dim(E), n = dim(F), B={ey, .., ¢} lamGt cosdcin £, '=(¢", ..., ¢")
12 mét co s& caa F.

V& moi (i, j) thude {1, ..., n} x {1, ..., p}, k¥ hiéu g, 12 4nh xa tuyén tinh tit E vao F
xic dinh béi:

vk € {1, .., p}, pte) = &', trong d6 &, 14 ky hiéu Kronecker xéc dinh boi:

5 =41 néuk = j
¥T 10 nfukzj’
Ta chimg 16 ring ho @ = (qof.) _ 1amdt co sty cia Z(E, F).
1gisn
lupsp
1) Gia sit (/?,1-}- ]lg<n e K™ sao cho Z"'xj'?’sj =0,
tajsp 1Sisn

I jzp

Khi d6, v6i moi k thude {1, ..., p}, tacé:

n
0= Y ao5e)= Y Aioyle)= 2 Aydye =2 e, -
1=ign Iisn 12ign i=1

ljup lj=p Itj=p
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Vi ey, ... @) GOC 18p tuyén tinh nen: Vie {1,..,phVie {1 .0, A, =0.
Didu dé chimg 15 @ doc 1ap tuyen tinh.
2) Giasitf € L(E, F).

Vé&i moi j thuoe {1, ..., p} ,f(e;) phin 1ich duge wrén co s (e, .., € clla F,vavi vay
N
ton i (A, .., A,) € K7 500 cho: flep= ZA,:J- e; -
i=1
H .
Khi dé ta c6, nhu trong 1) ¥k € 1., p}[ Z)L,—_,—(p‘-% (‘“k):z;{'ik?i = fleg),
: | —

lsizn
Iojp

i
dodé =3 A9,

IZi<n

I-jop
Pidu ndy chimy té ring @ sinhra L (&, F).
Nhu vay @ [ mot od sO el L (£, F). v

dim L(E, F)=Card(Py=pn = dim(E).dim(F).

NHAN XI:T:

Phép chuing minh wén (xay dung cdc ¢,) st duge sing 6 trén quan diém ma trin
(xem 8.1.3, Ménh dé 2).

Bai tap

6 7.34 Gidsitn € T, £, = I, [X] 1a B-kgv cac da thie bie < 2. Ching 16
H . X
vQek,IWPekE, Q= ZP(” —,}.
o 54
I= i

0 7.3.2 Gia s E 12 mot K-kgv 2 chudu, D, Dy, Ds (twong dang: 4, Ay, Ay 1a ba dutmp
thang vecto kiiac nhau timg ddi mét. Cihing 16 3f € GUE). Yie Tl 2. 31 fiby=4.

6 7.3.3 Gia sit £ 1a mot K-kgv hitu han chidy, £ € £ (£) théa man: ¥ € £, Gp, el
£7(x) = x. Clumg minh rang: 3p € N, [ = [d,.

0 7.3.4 GidsitE 12 mot K-kgy hina han chiéu, e =1d;. f. g € £(E). Gia st idn tai i e L)
saocho:e-fog=fal vi fo h=h o f. Chitng minh rang: f o g=g © I

O 7.3.5° Gid st K = [k hoac ', £ lamot K-kgv hint han clidu. £,, L, 1 hai kgve cla A£) sav
clien

{LlfBLz = L(E)
Yif freLyxly. fiofa+freh =0

Chimg minh: L, = {0} hoac L, = 10}.

0 7.3.6 Gia st £ la mot K-kgy him han,chiéu, [ € AE). Ching minh ring:’
dim(Ker(f %)) £ 2dim{Ker{/).
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¢ 71.3.7 GiasttEla mél K-kpv hitu han chidu, A € K, f € L(£). Tinl rank(Af) theo rank(/).
¢ 7.3.8 GiasltE,. E, F, F,lanhing K-kgv him han chidu, f, € L(E, F). f € L. F o
E, xE, &> F xF, . Cluimg minh rang ¢ tuy@n tinh vi rank (@) = rankyf)} + rank(f,).
(x 2 Y= O ) o (2)) '
O 7.3.9 Gid st E 13 mot K-kgv hitu han chiéu, [, g € L(F) sac cho:
[+ g =1d, virank(fy + rankig) < dim({}.
Chitng minh rang f vi g la nhimg phép chiéu.
¢ 7.3.10" Gia st E, F 1a hai K-kgv hit han chiéu, f, g € £(E, F). Clumg wminh:
. N — el o Inif ) Imeg) = {0
rank(f + 2} = rank(f) + rank(g) = {Ker(f} FKere) = E
O 1.3.11 Giasi E. F, G laba K-kgv hiu han chidu, fe L(E. ), g e L(F. G).
a) Chimg minh Ker{g 11--0‘5) = Ker(g) m Im(f
b} Tir d6 suy ra: rank (g o f): rank(f) - dimi{Ker(g) m Im{)}.
¢y Chimg minh: rank (g ° f} 2 rank(f) + rank(g) - din.
B& sung
% G7.1 Cac kgve dn dinh d6i v6i cac tr dong cau hodn vj

Gidsitn e N - {0, 1}, Eamot C-kgv r chidu, 4= (e, ... ¢,) lamdt co s cla £
V6i moi o thude &, ta ky hiéu £, 12 tr ddng cfu clia Exdc dinh bdi: Wi e {1, ..., 0}, fole) = b

Ll
K¢ hidu s = Ze‘- , D 13 dudmg thang, vecto sinh bdi s, £ 12 situ phang c6é phrong trinh
i=l

"
ZX‘- =0, ®¥latap hop cfc kpve F cha Esao cho: Yo e @, (I C F.
i=1
NChang minh: De §valic §.

2) Chimg minh rAng D va H bi nhau trong £, va néu ky higu p 14 phép chigu 1&¢n 1

o R ]
song song vl M. thitacd: p= — Z fo -

3) Gid st ¥ € @ sao cho F ¢ D. Ching minh: £ 3 /1.

43 K&t lndn r?lng: B=1{0}, D H E}.



Chuong 8
Ma tran

Trong chuong 8 nay X chi mot thé giao hodn.

Tt ca cdc K-kgv xét dén déu duge gi thiét hitu han chidu vi ¢6 s6 chidu = 1.

8.1 Phép tinh ma tran

8.1.1 Khai niém ma tran

Chou, pell.

¢ Binh nghia Moi dnh xa tir {1, ..., n} x {1, - 17} VAo K goi 13 ma trin
# dong, p cot va vai phin tiv (hoac : hé t) thuoce K.

MotanhxaA: {1,.., 1} x {1,.,p} >K duge Ky hiéu dudi dang mot
. a; (hoac ;)

bang :
dyy thy o4y,
- — — — | 921 dp2 oy,
A= () isicn = (@ 1genncjep = (@ly =| T % :
18j<p
gy Gpy - D

Trong ky phdp ndty, cdc chi s6 & ngoai dfu ngoac theo thit ty chi don gviedl,

Cap (n, p} dugce goi 13 cdp cliama tran A, 1 12 56 dong, p 12 80 cot cha A.

Véi (. j) €ll,..,n} x {1, ..., p}, s6 hang a;, ndm & dong thit 7 va cot thi §
duge goi 1a hang tir (hoic: hé s6) thit (7, /) cla A.

Ta nd6i ring:

* A 1a mQt ma tran vudng khi va chi khi n = p, khi d6 tandi A 1a mot ma
trin vudng cip ».

* A la mot ma tran cot (hay: ma tran mot cot) khi va chi khi p=1.

* A la mot ma trin dong (hay:ma tran mot dong) Khi va chi khi n = 1.
Néu A = (a;)1¢ <, 12 ma trin vuodng cdp n, cic a; (1< < n) duge goi 1a cae
phan tit chéo cia A va (q,,.....a,,) duge goi ta dwong chéo clia A.
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+| Ky higu Véi (n, p) € (7)Y, taky hiéu:

M, (K) Ia tap hop céc ma trdn dong, p cot va vai hang ur thude K.

M, (K)= M, (K) 13 tap hop c4¢ ma tran vudng cip n véi phén tir thuge K.
Gidsir A= (@) 1ggnigy<p € M, (K).

e VaGiie |, ..., n}, matrin dong (v ) <jcp = Adipantly, ythuoe M, (K)
duge goi la dong thik i ciia A.
oy

e VGije {1, ..., pl,matran cOt (u;) 1<, = ¢ [thude M, (KD duge goi

7

ia cot thir j clia A.

8.1.2 Ma tran va anh xa tuyén tinh

¢ Pinh nghia1l Gia st ¥ lamot K-kgv, n = dim(E), /3 = (€, -.. €,) 1A MO
cd s& cua E. x € E, (8, ..., X,) & cdc thanh phédn cua x trong /4 :

H
x= Z X;e; -
=1

X
Ma trin cdt { : ] duge goi 12 ma tran cot edc thanh phan cia v trong
Xy

/3 va duge ky higu 1a Mat(x).

Nhu vay : Mat{x} € M, (K).
R& rang anbh xa Mat,: &L = M, ((K) 13 mit song dnh.
x—Mal 4 {x)

Khi X = Mat{x}, ta n6i ring x duge bifu dién béi X trong co sd /3, hoae Xbidu ditn
& trong /4.

¢ Pinh nghia 2 Gia st £ 1amot K-kgv, n = dim(E), 5 = (e1s....e, ) TamOt
cosdcnal, pell,F = (Vl ,...,Vp) [ mot ho hita han gém p phédn o cua £,

va véi mbi j thude {1, ..., pl, (ay;,....a,) 1a cdc thanh phdn cuaV, trong /3 :

Vie (Lo ph V= D ae;

i=l

Ma trin (a{j)lQSn:}SjSp =

[ffll “'1;;\._
: { ll thuoc M, (K) duge goi 1a ma

'\”,‘1 e “H’j’) )rl

tran cia ho (V,, ..., V) déi véi co s 4 va duge ky hatu 1a Mat {A.
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NHAN XET:
Mat V, ..., V,) thu duge biing cach dat "ké nhau” céc ma tran cbt Mat(V,), ...,
Mat (V) .
¢ Pinh nghia 3
1)} Giasit | £, F1a hai K-kgv, p = dim(E), n = dim(F),
B =(e,...e,) la mot co s¢cta E, €= 1f,, ... f,} 1a mot co
s cua F,
fe L(E F).
Véi mdi j thude {1, ..., p}, ta k¥ hi€u(ay;,...a,)) 1a cic thanh phén cla
fleptrong C:

fey=Yayf -
i=1

Ma tran thuoc M, (K) xdc dinh bai :
Mat, .(f) = (aij)lsisn;lsjs;a
goi 1a ma tran ciia f d6i v6i cdc co sG 4 va Cvaky hiéu ]a Mat, . (f).
2) Gia sit E 1a mot K-kgv, n = dim(E), 8 = (e), ...e, ) 12 mbt co 88 clia E,
f e £ (F). Ma tran thudc M, (K) xéc dinh béi :

Mat, (f) = Mat, , (f}
goi 1a ma tran clia £ d6i v6i co sé 4 va ky hiéu la Matf).

R& rang ring 4nh xa Mat, . : Z(E, F) =M, (K) 12 mdt song 4nh.
> Mai, . (H

Khi A = Mat, . (f), ta néi ring f dugc biéu dién béi A trong cic co s0 4.0, hoic A
biéu dién f trong cic cosé¢ 8 C
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8.1.3 Khong gian vécto M, (K)

Chiing ta s& "chuyén” cfu triic vecto clia £ (E, F) len M, (K) biing song 4nh Mat, ,
trong 46 B={e1,..ne, ), C = (f;, ... £ 12 nhiing o 56 & dinh tuong tng cha E, F.
Gid thiét . € K, £, g € ZE, F), A= (a; )J = Mat, (), B = (b, ),-f Mat,, (g).

Nhur vay ta cé:

flepy=2 af;

vie (L ..ph =t

gle))= D by,
i=1

"
dodé: Vi€ {Lo.pl, (A +ge)= D Gay +by)f;.
i=1
Piéu nay dén ta téi dinh nghia sau.
¢ Dinh nghia
1) Luat hop thanh trong trong M, (K), k¢ hiéu la +, xdc dinh boi:
¥{a;), € MK, v by ).-,,- e M), lay), +by )J_J_ = {a; + by ):‘j
goi 12 phép cong trong M, (K)
2) Luat ngoai K x M, (K) =M, (X), thé hién biing cich khong viét ddu
nao ca (hodc bdi mot diém), xdc dinh boi:
Vae K, V{a;), & MK, alay), = way),
goi 12 phép nhan véi vé hudng.

NHAN XET:
Chi c6 thé cong cc ma trin cling cp.

+|Ménh dé 1

1) (M, (K), +, ) 1a mét K-kgv.

2) Véimoi K-kgv (p chiéu) E va (n chiéu) F, va véi moi co 86 4 cua E va

Cctia F, 4nh xa : Mat, . -Z(E, F) =M, (K) 12 mot ding ciu K-kgv.
frMat, ()
Chitng minh:
Anh xa Mat, . 12 mét song énh, va:
Va ek, Y(f g e((EFP, Mat, (af+g)=aMat, () + Mat, (g),

do d6 bing viec chuyén céu tric ta dé dang suy ra ring M, (K) 1a mot K-kgv va
Mat,, . 13 mot déing céu K-kgv. [
Tuong ty, véi moi K-kgv n chiéu va moi co s& Zcha E, dnh xa Mat, : E—-M,;(K) &

x—Matz(x}
mot dang cdu K-kgv.

LY )
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¢| Ky hiéu
1N Ky hiéu 0“_P hoac don gidn hon, O (hoic: 0) chi ma tran thuge M, (K)
c6 1t ¢ cde hang 1 bing khong. '

VG (i, p) e (Y va (i, e |t % {1, .. p}, la KY hi¢u ma trin
thuge M, (K} ¢6 hang 1 it {.f f) hang I vi ¢dc hang i khéac hiang
khong [a EJI Cic ma trin By, duge goi T cde ma tran so ¢ip.

NUAN XET:
1) Trong ky hicu £, ta khong nhic 18i ¢lip (1. p).

2) Néu ky hiéu Kronecker 15 8, xdc dinh béi - g, = L thi rd ring

v

I néur=y
O néuv=y

ta co: (8;“ bfj )I<i<u

igtsp

¢|Ménh dé 2
D (E,-j- )“_J}E“ _____ el l;l mat co sd ctia M, (KD, goi la cu su chinh tace

cua M, (K).
2y dim(M,, (K)) = np.

Ching minh

1) Hién nhicn véi moi ma trin A =(“!ff) thude M, (K) ta cd A = Z“':’:’Iiu .

H

18nsn "
1Zrsp
didu d6 chiimg 16 (£, sinh ra M, (K}
2) Néu (al-j) théa m'mEa = (} thi (a,-j- )‘_I = 0. didu dé ching 16 ¢Li),, ddc
i
lap tuyén tinh. Xem thém 7.3.2, M{nh dc. |

viDu:

)
Cos 58 chinh tac cia MR (| E b, By, i), rong dé: | = ({]) :)] LE.= [3 {I)\
/

X {
E., = Y (W E..= (00 , Vil véi moi ma tran “1n ﬂu} thude M(K) a c6:
2 1 0 Lo - ay 4y ’

ap, o . . .
( " 12]= anliy, +apEs+ ey Byt dalip.
dpy ¥



Chuong 8 Matran
8.1.4 Phép nhan ma tran

Giasit | E.F, G 1aba K-kgv, ong g g. p. 1 chidu

A _(el, ) = .. fod D= gy g ) laoag ng ¥ nhimg co s
cha k£, I, G

fe LE. FY, g e LI.G)

A= (), =Mau, (. 8=y ) = Mat 0.

Ta xde dinh ma triw cia g o £d6i vii cc co SO AV I
L

)
Gidasitk €{1. ..., g}, T dinh nghia cta A 1a o6 fle) = id_,-;\- £ -

i=1
P ) _
Suyra: (g0 Med=¢ z.:i}-k I = i“_if\ gL
i=1 i=1
H
e dinh nghiacha B: Vje (L...ph g = 2[1‘}-3;{-_
=1
t \I roon i + \'!_
Do vay: (¢ o e = t“fﬂ Zh:;% |= bija je &, i‘l’u 4 gk J"‘l -
j=1 =1 ) ==l 1=1 5=l

Do dé Mal,, (g o f) = (c rong A ik el ot =L gl o= i;’u“;k .
i=l

bidu niy din ta 16i dioh nghia sau, sau khi déi chd A va B8,

+ Dinh nghfa 1 Gii sit A = (1), & M,,(K). B = (i), & My (K. Ma
tran thuge M, (K} xéc dinh hési:
B= ("ik)uc ,trong d6: V(L k) ell, .., ay x {1, oghoce = ia‘}-bjk .
j=1

goi I tich ctia A vai B viky hicu [a AB.

Anixa M, (KO xM

L 1

(A Al

(K) = M, (K) duge goi 14 phép nhan ma (ran.
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NHAN XET:
Tich AB (6n tai khi vi chi khi 56 ¢¢t cita A bang s0 dong cia B.

Chiing 1a da ching minh két qua sau diy:

+| Ménh dé 1
Gid sir | K, F, G la ba K-kev,
A C I ueomg tmg 1 nhimg ca s cua fs, F, G

Jel(E F)ge L(F.G)

Tacod:  Mar, (g o ) = (Mat,...(g0Mat, . ().

N6i cich khdc: (trong nhitng co s thich hap ) ma trin ciia mot tich hai dnh xq tuyen
1inh béng tich cic ma (rin clia cde dnh xa waydn tinh dé (theo cimg thi wr.

+|Ménh dé 2
Gid sir /<. /' lahai K-kgv,
/4, ('atong ding 14 nhimg casdena o, F
L el ), ve K
Taco:  Mat-(fixy) = (Mat, (/) (Mat, ().

Clutng sninh:

i
P

Bat /)’z(el ,....(Jf,), C={f. L. X=Ma, (= ( : J
lJ"

A=Mal, (H= ( 4 )ISJ<:: ;

==y
Tacé: fixy=/ {Z‘ g Z fle = Z[ )Z‘{,” f:]
j=1 | i
= ZZ“H X j Ztiﬂ‘f".f’ L‘} .
=li=l =1y =l /
Do dé: Mal-(fian= [i“ij iy J =AX.
i=t l5rsn

Trong thye &, d& tinh tich AR cOa hat ma tean, @ 1idn hinh theo cdch sau:

267
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et tht &

\

b”x
dong thai —>» ﬁu“ oy T Ui hﬂx‘

hj”k

fl

= |- Zd“h.ﬁ'

=

¥

cot i &

NIIAN XET:

NeuA e M, (KyvaBeM

af

<« dong ity

(K. i AB € M, (K). Nhu viy cap (4, ¢) coa AB ¢O

duge tiv cde cilp {n, p) cia A, vii{p, ¢) ¢lia B "giong nhit theo he thire Chasles”,

Vi DU -

1 o2 3)“}: (35}

o Téng quit hon : (xy,

2 '(111} G 3)- [222 ;J

2| ( ¥
o Téng quit hon: | (vl ,,,,,, yp)= :

%) l(u h] L ] (m +MJ
e Ly v+ dy
(e

4! o :
BEST ) : = Xi¥io|-
. =1
Yu :

4 )(a a“]___ (ta+vf wa+vf’ uu"+v[}")_
g6 p
a b av+hz ay+h
5 = '
o d ex+dz v+t
G} 3 7 ( _5 ;) 0): 54 —32 34 61 =
-4 o)V 20 -31 66 -8
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Xudt phat tir ¢dc tinh chil quen thuoe vé cic phép todn dai s6 vdi civ anh xi wyen
{inh, ta suy ta cic tinh chil vé cdc phép odn dat s6 doi vai cie ma s
¢ Ménhde3
1 (Gia phan phoi trai)

YAe M, (K). VB, C e M, (K). AB+ Cy=AB + AC
2) (Gia phian phéi phai)

YA. B e M, (K).VC e M, (K}, (A+BC=AC+ BC
NVYie K,¥Ae M, (K).VBeM (K)

(AA) B = UAB) = A(AB).

4) (Gia két hgp)

VA € M, (K), YB € M, (K). VCe M, (K)
(AB)C = A(BO).

P31 vai cdc ma trim A B.C 6 cip wong ing (1.0, (p.g). (g.r) tacd the Vil ABC thay

cho (AMC hoac ABC). |
+| Ménh dé 4 :

1} (ML (KD, +, . x) 1a mot K-dai s0 k&L hgp va ¢d don vi.
2) V& moi K-kgv n chibu £ vh moi co s 4 cla [, dnh xa
Mat, : Z {7 — M, (K) lamdt dang cilu K- dai 56 o don vi.
[ = Mat, ()

Cluing minh :

Ta da thdy (M K). +. «) 1A mot K-kgv (8.1.3. M¢nh ddy vi phép nhan i Juds hop
thanh trong M ().

Vi Mat, 12 mot song anh va do
V(f.g) € (LY. Mal,(g o f) = (Mat(p)) (Malgfh.
VA Vi (£ (E), +. . o) 12 mot K-dai s6 kél hgp, c6 dom vi, nén bang vice chuyén cau

triic, ta suy ra (M(K), +, ».x) cling 13 mot K- dai s6 két hop, c6 dom vi va Mat,, 1
mot. dang cfu K- dai 56 ¢6 don vi.

L0
¢| Ky hien Taky hi¢ul, = \ e M(X), 1a phin tir trung hoa cia
0y
phép nhan trong M(X).

NHAN XET:
1y Ncu 1 = 2, dai s6 M,(K) khong giao hodn nhu rong vi du sau (véi n = 2):

{0 N0 0y _{t o)y (o 0fo 1y {00
Lo 0/ 1 o) Lo o) L o)lo nJ_ 0 1)

269
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2) Néu # 2 2, c6 thé xay ra 14 tich cla hai ma trin thugc M,(K) bing khong ma
khong ¢6 ma tran ndo trong hai ma trén dé bang khong, nhu trong vi du sau (v6i n=2):

1 0Y(0 0)_{0 O
o 0o/lo) loo)
3) Ngudi ia limb'ng déng nhét mot phin ti x lhﬁQc K va ma tran (v) thude M,(K).

e ChoA € M, ,(K), ta cé A-(x) = xA, nlhumg (A khong xdc dinh (khi n = 2).
» Cho B € M, (K), tacé (1B = 1B, ninmyg B(x) khong xic dinh (khi n 2 2).

¢ Dinh nghia 2 Mot ma trin vuong A thuge M,(K) duge goi fa lay linh
khi va chi khi ton tai & € i sao cho A* = (.

Vi DU:
00|
DA=10 0 0| thuoe M.(5) 1 ity linh, vi A° = (.
000

-9 7 3
A= [— 13 10 4} thude ML(F) 1a liy linh, vi A" =0,
4 -3 -1

¢| Ménh dé - Binh nghia 5 Gia st A € M,(K) 11 ldy linh.
Tap hop {k € I'; A* = 0} ¢6 phdn tir nho nhit v(A), duge goi la chi 50
lily linh cla A, vitacé: Vi € i1, (k2 uA) =>A' =0).

Clieng minhe:
o {k e IT: A*= 0} 1A mot bo phan khdc réng clia 1T, nén ¢6 phan trho nhét 1AL

* V4&i moi k sao cho & 2 H{A): AR = ARV AN o g

4 Dinh nghia 3 Giz‘a stA e M, (K).
1) Hat nhan ctia A 13 kgve cha M,,(K), ky hicu 1a Ker(A), dugc X4c
dinh bdi :
Ker(A) = {Xe M, (K); AX=0}.
2) Anh ciia A 12 kgve ciia M, ,(K), ky hiéu 13 Im(A), duge xéc dinh b :
Im(A) = {¥ € M, ,(K); 3 Xe M,,(K), Y = AX}) = [AX: X e M,,,(K)}.

Gih sit Ae M, (K). Datf «M, (K) > M,,(K), thi f1a 4nh xa tuyéu tinh va:
X—AX

Ker(f) = Ker{A) va Im(f) = In(A).

Cie ky higu Ker(a), Im(A) khién cho ta cé thé coi A nhu 12 mot 4nh xa tuyén tinh, B

Trong 14p 6 ta s& thay cic khidi nidm phdn tich thanh Khot va du thiie ma trdn.,
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Bai tap

O 814 Giastnmpgell.iell, onpjhkell L phide {1 gl l b lacicms

trdn so cdp cia M, (K) vis M (K). Tinh T 1y,

¢ 8.1.2 GidsltAe M, (K) hoawin : ¥X € M (KD, (XA = 0, Climg ool A =60

& 8.1.3 ChoA, 8 e MK saocho 18n lai (e, fre (K- {01 thoaman AR +eaA + S8 =,
Chimp minh : AB = 84,

0 B.1.4 Gidi phuong trinh X7 - 2X = [_: {;] vGi An X & M.
I

. X =1 . o
O 8.1.5 Gidi b phuomy trinh Xy 2 & An (X Y) e (MLUE) Y.
YXY =1y

-0
o 81.6 Gi&m‘:(::Ll 11

L -1

ddi vai cdc Ludt thing thudng @ £ c6 phdi 13met thé con eda vinh M 0.7y khiong?

a 0
3 B1.7 ChofF = {[ 1.‘{16 K}
a0

a) Chiimg minh rang £ 12 mot gid vanh con cia vimli MK,

€ M,00), ¥ = {all; a & Ti. Chimg miniurang 271 miol thé

by £ ¢6 phai 1a mat viml con caa vinh My(R) khong?

{au b b e )

o 848 xar=1{" 4 Plnaed
h ¢ a b

e h b_ a

—~

_ a) Chimg minh rang £ 12 mot dui <8 con k&t hap v ed don vi cla ML), vivdimgdy = 3
b) Giai phuong trinfs X? = L, vi¥i dn X € £,

] h X i
¢ 819 Choa heC M,= h\ e M (T, ke 1T, Tinh M, .
[

1

o 8.1.10 Gii‘s.sir/;:(é\]

) e M, (K), k € 1I°. Tinh A~

¢ B.11 Timtdt cicde matrin A = t‘ Z

ko k
Vkeltl, A = [“k hk ]
et od

) thudc M,(E) sao cho:
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8.1.5 Nhém GL,(K)

Cho n e 1V,

¢ Pinh nghia Mot ma trén A thuge M, (K} duge goi 1a kha nghich khi va

chi khi t6n tai A” € M(K) sao cho AA” =A'A =1,

N&u A khi nghich thi A’ Ia duy nhat va duge goi la nghich dao clia A va

ky hicu la A”.
Ta ky higu tap hop cac ma tran kha nghich thuge M.(K) 1a GL (K.

¢ |Ménh dé - Pinh nghia

nhom, goi 1 nhém tuyén tinh.

[ mot déng cdu W nhém (G4 (), = ) 1en nhém (GL(K), -).

Chuiiny minh:

I} Phép nhan 14 ludt hop thanh trong trong GL,(KD, vii GL(K) [a mdu

2) V& moi K- kgv # chiéu 2 v moi ea s ABeda k), dnh xa f —> Mat,, ()

iy e Vi moi (A, B) thude (GLKY, (ARUBIATY = B'AHAB = 1, do do

Al e GL,(K).
ol,e GL,(K).
o V6i moi A thude GL(K), A'A=A A=), dovay A' e GLK).
2y » V& moi fthude o4 (1), vi

(Mat (N (Mat, ¢/ "9 = (Ma, () (Mat,, () = Mar, (Id,) = 1,
nén ta ed: Mat, (fy € GL (K.

« Nguoc lai, v6i moi A thuge GLK), ton tai duy nhlt . g) € (L (I sa0

cho Mat, () = A vd Mat,, () = A", v la ¢é:
Mat,, (g o /) ={(Mat, (g)) (Mat, (M =A"A=1,
Mat,, (f o ¢) = (Mat, (f)) (Mat, (g)=A A" =1,
Dodégof=fog=Ids. nenfe GL(E)
o Cusi ciing: V{f, 2) € (GUE)Y . Mat, (g o fy =(Mat, (g)) (Mat; ().
NHAN XIET:
Vi n 2 2. nhém GL (K) khéng giao hodn, nhu trong vi du sau (v6i n=2):
[1 1} [1 n}_ (2 1] (1 0} [1 1]_ (1 1]
0 1)l 1 1) 1)l 12}

Tt Pinh 1y 2 cta 7.3.1, ta suy ra Binh 1y sau.



8.1 Phéptinh ma tran

¢(Binh ly Gia sir A € MK), /12 mot tr déng ciu bicu dién bai A trong
mot co s, Cac tinh chal sau Grong duong vai nhau timg do mot:

1) fla song 4nh

23 A khi nghich tréi
3) A kha nghich phiii
4) A kha nghich

5 A chinh quy tréi
6) A chinh quy phii
7) A chinh quy.

Tanhac lai rang ( xem 2.1, Pinh nghia 5), A duoe goi li:
» chinh quy trai khi vit chi khi: ¥(8. () € (M (KN (AB =AC = =)
o chinh quy phai khi vi chi khi: ¥(#, (Y € (M (K). (BA=CA = B = ()
 chiinh quy klv va chi khi A chinh quy trdi va chinh quy phii.
NITAN XIT:
Mot ma trgn A thuge M(K) 1h kha nghich kbi vi chi khi:
vX e M, (K}, (AX =0 =>X=0) (xem chang han C8.1.1).
Dudi diy ta sé thily cic duae g khde cia tinh Khid nghich eaa moy ma tedn vuong,
cé lign quan tGi hang (8.1.6, Ménh dé 3y, dinh thide (9.4, Ménludd 2. 4)), cic e ridng
(Tap 6,2.1).

Poi khi ma tran vuong duge goi 14 suy bién khi vi chr khi né khong chinh quy.

Thue hanh tinh A™

Pat AX = Y, trong dé X, ¥ € M, (K). ta biéu dién X theo ¥ bang cach giai mot h¢
phuong trinh tuy@n tinh (Vi néu A kha nghich: AX =¥ & X=A"Y).

(0111

. . 1 011 . . s s
VI DU Chimg 16 A :1 I o £ M,i) 1a kha nghich vi tinh A™.

Ay T ay + =¥

e
[

. YitxsH+a, =V
W.l:ll&():ﬂX:Y@ ! 3 RE:
i.\ | +’.\'2 +_\'__]_ = ‘\"3

Yy

..1'2 .
bauX = FvaY =

| J LY.J, J TS S S
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Ta cd thé thém vio hé phumg trivh tuyén tinh niy phuong trinh nhan duge bang
cich cong bon phuong teinh Ly:

I, + ot ) =y vty
Iv = (."I tyrtyztyy )_ n
3y =y +yy vy )3y
By =y yy tra by )3
Jvg =l +yr+ s +.V4)—3}'4

vido viy: AX =Y <

Dicu d6 chimg (10 A khd nghich viv: A7 =

‘2 |
—_
|
()

I l 1 -2

D01 véi cde ma trdn vudng cip kdn, hoae vdi cde hang 1t 1a 80, ta s& sur dung mit
phin mém tinh nghich ddo cde ma trdn khi nghich.



8.1 Phéptinhmatréan 275
Bai tap

O B8.1.12 Chingtdrang £= {(-H*}' 3y

] ey eR? } Lvmot thd con cha vinh MagE).
—y -y

ding ciu vén T.

0 8.1.13 Gidsit @e k. L, = {[‘ ‘f"):(x._v)eaz}_

y
4y Chilng 6 rang £,, 12 mét dai s& con giao hodn v cd dom vi, eha ML)
b) Chimg minh rang:

® Néu @< thi £, 13 mor thé ding ciu v6i ©

o N&u g > 0thi £, 1a mot vanh va khdng phai Lt vinh nguyen.

¢ 8.1.14 ‘Lrong cic vi dy sau, chimg 10 rang ma trin A Khid nghicl (trong ML CE) 1 = 2) v
tinh nghich dio cland :

L0 ]2---;'1

Q) A= \1 bYA= L ¢) A= \:
WAz 270 B 2
l

0 1 0

¢ 8.1.15 Giaslt re K, A= ala),. B=1{by); e M,(K)xdc dinh boi:

it
0 nfu isg -y ndn gy
@, = p M ) e bq L P b=
0 néw > j néu 1>y

Chiing t6 rang A va B 1a nghich ddo cha nhau.

¢ 8.1.16 Giast A, B e M,(K) sao cho B va B - AR'A khd nghich. Gidi hé phueng trinh

AX+BY =0
6 n (X, 2
{Bx_Ahln v dn (X, Y) € (M(K))

s e {100 {22) L. (2 0
¢ 8.1.17 Gidi trong (My(R))" : XY= [l 2]. Y?f—(l l)‘ ZX—(Z 0].

0 8.1.18 Gidst Se MJ(K) . E={MeMWE) MS=0}. F= {1+ M; Me E}.
a) Ching O rang E 13 mot kgve cla M, (K).
by «} Chimg td ring # 6n dinh d6i v6i phép nhin.

() Chimg minh: YA e F N GLK) , A" el

0 81.19 a)Chimgtdormg: Y. pe . nf (izj=1L+E € GLK).

by Tir d6 suy ra rang (A € MK ; ¥X e GLGK). AX = XA}, pot L hodn 1ap cia
GL,(K) rong M (K), hang KT,
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8.1.6 Hang ciia mot ma tran

¢ Dinh nghia GidsitA € M, (X). Ta goi hang cha ho céc cot clia A trong
M, ,(K) 1a hang cta A, k¥ hi¢u 12 rank(A).

a; 1 " alﬂ a] 1 alp
Nhis vay, néu ky hiéu A=| s lva C=| ¢ |G =] ¢ | acd
dn1 " Bpp “nl Dnp
cht cha A, thi : rank(A) = rank(C,, ..., C,}.

¢|Ménh dé1 Gia st E, F 1a hai K-kgv, 4. Ctuong (ng 1a céc co s cua E,
F.fe LE, F),A =Mat,(f). Taco rank(f) = rank(A).

Chitng minh :
a“—

Dat 4= (e]- et ep)) C=(f‘|, u-!fn)’ A= (al‘j)l’j f Cj= . vai 1 g} < P

anj

"
Tac:Vie {l,...p} . Rep= D a;fi
i=]
Vig: M, (K}—> F lamét déng cu K-kgvnéntacd:

[ 1 } { ix;-f,-
X, i=l

rank (4) = dim{(Vect (C,, ..., C,)} = dim (Vect{&(C))), ... 8(C.)))
= dim (Vect (Re,), .... Ke,))) = rank(f). |

Nhu vay:

e Hang clia mot ma trén A 1 hang cla énh xa tuyén tinh bat ky dugc bidu dién
bdi A.

« Hang chia mdt 4nh xa tuyén tinh £13 hang cla ma trin bét ky biéu dién f.

e Hang clia m6t ho hitu han vectd ¥ thude mot K- kgv E 13 hang clia ma trin cla
F trong bt k¥ co sd ndo cia E. m

¢| Ménh dé 2
VA e M,, (K), rank(4) < Min (n, p).

Chitng minh: Vi cdc ky hiéu trén :
¢ Rank (A) = rank (C,, Cs, .., C,) <p.
¢ Rank (4) = dim(Vect (C,, ..., C, )} < dim (M, ,(K)) = n. u
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e|Ménhdé3
vA e MK, (tank (A)=n &< A € GL(K)).

Chitng minh:

Gid sir £ 12 ty dong cdu cia M, (K) biéu difn bdi A trong co sd chinh tac cua M, (K.
Vi (Cy, ... C,) 1A MOt €O 5O clia M, (K) khi va chi khi f1a song 4nh, nén ta két ludn :
Rank (A) =n< A€ GL (K. [ ]

+|Ménh dé 4

RV i A A
Chitng minle:

1) Hién nhién Im(AP) < Im(A)}, nén rank (AP) < rank (A).
Thay (A, P) bdi (AP, P'), tasuy ra: rank(4) = rank((AP).P™") < rank (AP).

2) Hién nhien Ker (A) < Ker (QA) , nén theo dinb Iy vé hang:

rank (A) = p - dim (Ker(A} 2 p - dim (Ker(QA)) = rank(QA).
Thay (A, () boi (QA , O, ta suy ra:
rank(QA) 2 rank(Q”'(QA)) = rank(A) o

Né6i cach khéc, khi nhan mot ma tran v6i mot ma tran khi nghich, thi hang ciia ma
tran khong déi.

NHAN XET :
T'a chimg minh mot cich tuong tu:

VAL B, C) € My, (K) x My () x My, (K), rank(ABC) < rank(B).
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Bai tap

b

13

0 8.1.20 Vi (a, b € T2, hily xdc dinh hang cba M,, = (Z\ ] eM (D).

¢ 8.1.21 Giastr Ae M, (K). (), ... O lacic cdt clia A. Chimg minh ;
a)y rank¢Ay =n & (C.....C) sinhra M, (X))

by rank(A) = p < (( (...} doc 1ap tay&n tinh).

0 8.1.22 Giasira € M,, (K). £, F 12 hai K-kgv tuong dng p.a chidu, 4 (luomp tng: ) Lis
Mot co sé clia E (uong img: F), f € AEF) sao cho Mat, () = A. Ching b

a) rank(4) = a < flaodn dnh
b) rank(A} = p < f1a don anh.

0 B1.23 Giastt A e M, (K), s el Chimngminh:

rank{A) < ¢ < | 3ge N*,38e M, ,(K) A =1
<% ¢ . . .
/ P kB = p—s

O 81.24 Gidsit Ae M, (K).BeM, (K).C e M (K) saocho rank(f) = rank{Af).
Chitng minh : rank (8¢} = rank (ABC).

¢ B.1.25* Gidsli A e M, (). 8 e M, (I), C & M, (i) saocho

a -1 -1
ABC =1 —1 0o -1
1 1 2

Tinh CAB va chimg minh ring (BCA) = BCA.

¢ B.1.26% a) GiasltA, B € M {K) sao cho : A la liiy linh, AB = BA. B # 0,
Ching minh:  rank(AB) < rank(8}-1.

b) Gi sit p €N*, A,,....A4, € M,(K) 1218y linh va giao hodn duge voi nhaw tumg doi méL.

P
Chimg td: rank l_l A |Emr-py =

{n—p nfu n-pz0
i=]

néu n-p<i
) Tir d6 suy ra ring, néu A, ... A, € M,(K) 13 Iy linh vi giao hodn v1 nhau timg doi

i
mot, thi n A =0.
-1
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8.1.7 Cac phép bién dai so cap

Gifi st (n, p) € (01 - {0115, A = (g)), € M, (K.

Cic phép bién déi so cap trém et clia A Ta cde phép bicn ddi sau day (trong d6
kv hicu Ot thirj coamatrin A, 1 < j < p):

s Hodn vi hai cft cioa A

o Thay mot cot €, clia A boi al;, trong d6 o € K -{0}

¢ Thay mot ¢t C, ca A béi O+ trong dé x € K vak ell,... pl-{jt.
Ta dinh nghia mot cich wong ty cac phép bién déi so cip trén (l(;)ng cua A (dd
13 céc phép bign dai so cdp trén col cla chuyéu vi cua A, xem 8.1.8, Pinh nghia).

Bay pidy chiing 1a xét cic phép bién ddi so cip trén cot hodc trén déng cia A nhu
la phép nhan véi nhimg ma tdn vuong kha nghich nao dé. Ta nhac 1ai (xem bi
1ap 8.1.1):

Ve kD el pt, EEs=8,5,.

1) Véi (j, ket 1, ..., p}~ sao cho j <k, dat

1 0
0 1
i \
P, = [ =L+ (L + By - B, - By ) € M.
1 ]
|
0 \
1
( 1
¢t thi § cou tht &
iy o B go Qg et gy %y 4k dp

Taco: AP, =

- A8
Gt dy ] Hpk Gl T k-l ay i Gakelt Gap
Hom nita , P, kha nghich, vi l’fk =1,

Nhu vay, viéc hodn vi cac ¢ot thit j v thi k cia A quy vi vice nhan phai (npudi ta
ciing néi: nhan sauw) v4i ma wrin kha nghich Py
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2)Véij e {1,.., p} vaa € K- {o}, diit

D,.= = L+ (-1 E, € MJK),

cOt thit j

appaag e dyy
tacd: AD, .= :
7 o,

wl gt Hap

i

Hon nita 1), khd ghich, vi D, D . = I
' L 1

Nhar vy, vice thay the cdt thir j clia A béi tich <ot d6 véi ¢ (o €K vi a2 0) quy V¢
vice nhan phai (nhan sau) voi ma tran kha nghich 1),

NVE (. k) e ll, .., plsaoche j=k viae K, dat

I
\ 0
Lo 0
Fo= | \ = 1, + ak, € MK
a -1
0 \
1
T 1

cot thir k£ cot thi

dyy ey +aﬂu ...a]p

tac6: AT =]
j' Uy, G T QA ..dy,

coOt thi k

Hon nifa, 1), o kha nghich ,vi: T 0 Vo= L+ Eo,- cEn =1,

Nhur vay, viée thay ¢, boi €, + aC, (k # J) quy v viec nhan sau véi ma tran kha
nghich T, o : |



8.1 Phép tinh ma trdn

Twong 1y, cic phép bien ddi su cap irén dong (L, & Ly [, e al; Lo laF al)
quy v viée nlidn trdi (nhan truse) véi cde ma wan khi nghich P Dy Tya - L

Theo 8.1.6 . Manh dé 4, 1a suy ra k& qud sau.

+| Ménh dé

Cic phép bién doi so cip tren dong hodce trén cot khong 1am thay déi
hang.

NG&i cach khic, néu B € M, (K) suy ra i A & M, (K) bing nhimg phép bién ddi so
cap, thi rank (8) = rank (A).

Phuong phap Gauss

Cho A € M, (K).

Bang nhitmg phép bien déi so cip, 1a s€ xay dumg mdt ma trdn 1 cé cuing hang véi A,
vit sa0 cho hang clia T 13 hién nhién.

N&u dong thif nhat ciia A bing Khong, thi ma tran thuge M, ,(K) thu dugc bing cich
bo di ddng thir nhat clia ma rin A, c6 cing hang v6i A. Vi vy ta ¢d thé gid thiet
ring dong thi nhat cia A [ khic khong.

Ring cich hodn vi ¢ot, a quy vé mot ma trdn cé cing hang véi A, v c6 hang tir tha
(1.1} khdc Khong. Nhan cot thit nhat v6i nghich dio ciia hang 1l nly, ta quy vé mot
ma tran A, = (), v @, = 1.

V& mbi j (hude {2,..., p}, viée thay cot C,bai ¢t C;- a0, € Jam xudt hién ma
trin A-, cd cing hang V@i A, vied hang thit nhat 14 (1,0, Oy

I ay oA (1 ¢ 0 3
. - — L . -
A = 21 a2 %20 | Anny Ay= 0;’21 23] : 12¢ 21 azp: oy pay)
ay &y anp Gy A pz= %12 "'anp_alpaul
c, oG, C, Coal o G-

Lap lai thil tuc cho ma tran v6i n - 1 dong va p - 1 cOt niun & phin dudi bén phai
trong A, sau mot s6 hiu han phép bién d6i sor cap trén cat va bo di phitng dong hoac
¢01 bang khong ( néu cd), ta di dén mét ma trdn 7' ( ¢6 cing hang vii A) c6 dang

AN
.

Vi cdc cot cha T tao thanh mot ho doc Kap tuy¢én tinh, nén hién nhign hang <ha 1
bang 50 cot cta T (s6 d6 khong nhét thit bing s cot chia A).
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viDy:
2 3 5§
T - 1 4 0 .
I'inh hang cia ma trin A = | 1 EM4.3QP&).
3 6 6
1 3 5
4o
2 1
AP val", « —(C
__1_ _3 _1 q ! 2 |
2
4 6 6
2
I 0 0
1 5 5
2 2 2
AN, I 3 3 qua C.«C, -3C, va O« - 5C,
2 2 2
3 03 3
2 2 2
C 10
Ly
; 2
> 1 3 qua G, Z¢,,
_- _2 G
2 5
-3 3
2 5

Vi c6t cudi cling, déng phuong véi C,, c6 thé loai bo.
Nhu viy : rank(4) = 2.

NHAN XET:

1) Phuong phdp Gauss cé thé 4p dung cho cic ddng ( thay cho cdc cot). Ta cing
¢6 thé ding hén hgp nhimg phép bicn déi so cAp trén dong v trén cot.

2) Néu A kha nghich (do d6 vuéng), thi cdc phép bi€én déi so cip trén dong vi
trén cOt cho phép dua Avé 1, | do vy cho phép tinh dugc 4™,



8.1 Phép tinh ma tran

8.1.8 Chuyén vi

ayy -y

¢ Pinh nghia V& moi matran A= (g} . = : b [ thuge M, (KD,
=p @y .ty
chuyén vi clia A 12 ma tran thuge M, (K), ky hi¢u la ‘A, xac dinh b :
a] 1 - L]
A= (al'j)l‘ p =
lors (Ilp . d,,p

NGi cach khdc : 'A thu ditge 6 A bing céch 1dy d6i ximg qua "dudmg chéo” (dau ring
A 14 hinh chit nhat).

y . a b ¢ - a a
Chang han, néu A = thi ‘A=|bs F).
a gy .
4
Ta cling ¢6 thé néi ring ‘A thu ducc tir A bang céch trao ddi cdc khai niém dong va cot.
Néi rigng, chuyén vi cia mot ma tran dong 12 mot ma tran cOt v ngugc lai
! Xy Xy
Pleoyex), Meen) =
Xn : Xn

4 Ménh dé

NVAeM,,K), "A =A

) Ya e K, V4, B) e M, (K)), (aA + B)=c'A+B.
3} VA e M, (K), VB e M, (K), '(AB)="B'A .

4) YA € GL(K), (A € GL,(K) va (A)'="(4™).

Chitng minh ;

1) Hién nhién .

2} Dat A = (), B = (b 12 c6 oA + B =(aay+ by, I vy (oA + By = (e, + b)),
VA dA + B = o))+ (by); = (e + by, do A6 oA + B) =dA+ 'B.

N bat A = (g, B = Dyl 1 c6 A= (ks ‘B = (By)y» trong dé a; = a, va

By =Dy, va AB = (cuy ‘B'A = (i) trong d6 C'iFiaijbjk va
i1

Y = iﬁkjaﬂ = ibjkaij =i
=1 =1
Nhr vy - 'B'A = (AB).
4 GiasitA € GL K.

Vi 4 (A= YA"A) = 'L, = I, nén ‘A kh nghich va (A)' = A" . ]
Theo 4) trén day, v6i A € GL,(K) ,tacé thé viét ‘A" thay i (4)" hoac (4™).

283



Chudng 8 Matran

Bai tap

O B8.1.27 Gidsttacs K-{0}, A= e M, (K).

4]

nghiala A =UV -1, trong dé U/ = o V=

=l
! 4

an-1
a) [inh A* voi1 k e FI"
b) Chiflng tb rang A klid nghich va tinh A,
¢) Tinh A* v6i k € &

$.1.9 Vét ciia mot ma tran vuong

¢ Dinh nghia V6i moi ma tran vuong A = (a,), € M,(K), ta dinh nghia
vét chia A, ky hicu Ia tr(A), 1 () = > a; .
i=]

N6i cich khdc, vét ciia A 13 tdng cde phén it chéo cia A,

+|Ménh de

1) Anh xatr: M(K) — K limot dang tuyén tinh.
A=t

VA e M, (K), VB € M, (K) , tr(AB) = tr(BA).
Chiing minh:
1) bat A =(a), B=();:
" o H
tr(aA + BY= Y @u; +h) =Y ay +) by = aw(A) +u(B).
i=l i=l i=l
2} Trrée hét nhin xét rang A# v BA 14 nhilng ma trin vuong.
batA = (a,),, B= (b)), . 1aco:

AR = i[i aib; |= i[i bjiag } =1r{BA) .
=1

=1 _,l:l i=!
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Bai tap
& 8.1.28  Ding thirc Wagner
Chang minh : VA, B, C € MyK),  (AB- BAYC - CAB - BAY = 0.

. ) AC+DB =1,
0 8.1.29 Ching 1o rang khong tén 1ai (A. B. €, D) & (M,(7)3* sao cho
CA+BD=0
4

tr{X)Y +u(¥)x = [4 ;j
¢ 8.1.30 G (S U . véian (X ) e (ML),

Xy =

)

0 8.1.31 Cho H e M(K) sao cho rank(H) < 1.

a) Chimg mink rang ton tai Ve M, ,(K) sao cho: i ={/"V vaur(ih = VU,
by Tir d6 suy ra @ IF = w(EHH.

rank(A) €1

¢ 8.1.32 Chimg 10 ring v6i moi Ae My(C): Al=0e
wAY=0

(06 thd sir dung bai tap 8.1.31).

0 8.1.33 ChoAe M, (K), B =M, (X). Ching minh:
YXeM, (£), IHAXB)=0) < BA=0.

0 8.1.34 a) Tim tit cd cdc dnh xa tuyén tinh £ - M(K) —> M, (K) sao cho:

VA, B € M,(K), fAB)=f(BA).
b) Tim tat ca c4c dnh xa tuy€n tiah f: M(K) > M, (K) saocho:

YA, B, C € M(K), fIABC) = fiBAC).
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8.2 Poicoso
8.2.1 Ma tran chuyén co s¢

¢ Dinh nghia Cho £ 12 mot K-kgv # chiéu, /. /4 la hai co'sG cba I,
Ma tran chuyén co so tir /4 sang 4, ky hi¢u 1a Pass(/4. /), 1a ma tran
thuge M,(K) 6 cac cot duge 120 bdi cdc thanh phéin cla cdc vecws clia /3
biéu thi trén co s& 4, nghia la :

Pass(/3, 4" = Mat, (4 ).
viDy:

Gid sit 4 = (e,, e-) 12 co sd chinh tac cha K nghla Jae, =¢1,0) viLe, = (0, 1), vit
w=(2,4), v=(3,-1). Th& 1thi & = (1, v} 1 mot co s ctia K vima trdn chuyul cu 50

2 3
it #sang A A [4 J vin=2e, +4de, ,v=73¢- e

¢ |Ménh dé 1
V& moi cosé 4. A cla L: Pass(4, 47 = Mat, ,(1dg).

Chitng minh :

paL A = {e',, ..., &} . V& mdi j thude {1, .., #}, cOL thit j cua Mat,;- » (Idg) duge tao
b céc thinh phin cua Idge), nghia 13 e, trong co s0 /4 ]

Tacha ¥ rang, & day ta da biéu difu ma tran cla mét e dong ciu (phép déng nhat)
theo hai co s& khidc nhau ddi véi nguén vi dich, dicu niy rit it pap.

¢| Ménh dé 2 GiastElamotK-kgv, 4 /. 4 linhimg cosdela k. Taco:
1) Pass(/3.3 “) = Pass(53,/3) Pass(3.4")
2YPass(A.8) =1,
3) Pass(/4 2) kha nghich va (Pass(43.4))" = Pass(3". ).
Ching minit:
1) Pass(4. 4"} = Mat . , (1d) = (Mat,, ; (Id))(Mat ;. . (Id,))
= Pass(4, A"WPass(B",4).
2) Pass(4.48) = Mat, , (Idp) = 1,
3) Pass(4, /4 Pass(3 . A) = Pass(4,.4) =1,.

NHAN XET :

Gia sit E 13 mdt K-kgv n chidu, 8 1a mot ca s& cia £ Ihén nhi¢n dnh xa
A Pass(#, 4 ") 12 mot song dnh 1 tap hop céc co sé clia E 1¢n GL, (K). Nhu viy:

¢ Moi ma tran chuyén ca s 1a kha nghich

» Moi ma tran kha nghich ¢6 thé duge xem nhu ma 1rdn chuyén co s (tham chi
ta ¢ thé chon cd s& ngudn hoac cd sd dich). '
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8.2.2 Péi co sd doi vii mot vecto

¢|Ménh dé  Gia st £ 13 mot K-kgv, 4.4 la hai co s§ cla F,
P=Pass(AA).x € E, X=Mat, (v}, X' =Mat,-(x). Thé thi :

l X=PX'i

X = Mat,; (x) = (Mat, , (Id,))(Mat,, {x)) = PX.

Clitng minh:

viDu:

Trong K2, gid sl (e,, e2) M cosdchinh tac, u, = (-2, 1), 1, =(3,-2) , x = (. Xz} € K.
RO rdng (i, #) ¥ mot co s& cha K°. Ky higu X,. X; 12 c4c thanh phén cia x trong co

SCF (1, 1y, taco:
LS _ -2 3 X| _ _2X1 +3X2
Xy )01 =20 X)) T X -2X, )
NHAN XET:

Viay trong mot phép déi co sd ddi véi mot vecto, tu nhicén 14 ta s€ bidu dién cde tou
do cit (toa do clia x trong A) theo cic tog d mdi (10a do ciia x trong A ). Néu mudi.
bidu difn toa méi cha x theo 10a do cii clla x, ta ¢6 cong thitc X = P'X, nhumg cér
phai tinh nghich dao cia # khi sir dung.

8.2.3 Pdi co s déi véi mot anh xa tuyén tinh
1) Céng thitc ddi co s&

4| Meénh dé

Gid st | F, F1a hai K-kgv
A Ajahal cosdeua f, P =Pass(4 A7)
¢, ¢ lahai cosdeha F, Q =Pass(C, )
fe LAE, Y, A=Mat,.(f), A= Mal,. ().

Thé thi

A'= QAP

Cling minhe:
AT =Mal, . (D =Mat,...(Id, o feldg)
= (Mat,...(Id))Mat,, . (H)(Mat,, , (Idp)) = QAP
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2) Ma trdn tuong duong
¢ Pinh nghia Gidsit A4, B € M,, (K). Ta n6i A tuong duong vdi B vaky
hiéu A td B, khi v2 chi khi:
3P, € GLK) x GL(K), B= Q'AP.
Theo Meénh dé trén, Atd B khi va chi khi A vA B biéu di€n (trong nhiing co s&) cing
mot 4nh xa tuyén tih.
4 |Ménh dé 1
Quan hé td 12 mot quan hé tvong duong trong M, ,(K).

Chitng minh:
1) Phdnxa: VA e M, (KD, A =1AL,
2} DBai xitng -

Néu tdn tai (P.Q) € GLK) x GL,(K) sac cho B = QAP thi A = ("Y' BP vA
(PO e GL,K) x GL(K), do vay Bd A,

3 Bde cdu :

GiasitAtd BvaBtd C. 1én tai Pe GL(K), @ € GLK), R e GL(K). S & GL (KO
sao cho B = Q' AP vaC = §'BR.

Khidé: C = S'QTAPR =(05)" A(PPR) VA (PR.QS) € GL(K) x GL(K),suyraAdC. B
Vi quan he td 12 d6i ximg, nén ta c6 thé bidu thi A 1d B bdi : A va B 14 wong duong.

¢[M&nh dé 2 Gidsit A € M, ,(K), r = rank(A). Th¢ thi A tuong duong véi

Lo 0|7,
- - {k I Ir Or —F
malrﬁnJ,,“,_,xﬁcdmhbéuz Jopr = | =15 0 85
0 o I

vy A-rpor
r p-r

(dac bigt J,,, = 0).

Ching minh :

Gia sit E, F [ hai K-kgv tuong tng p,n chidu (luon luén t6n tai), £ v Ctuong ing 13
céc co s& clia E va F (luon t0n tai), f € L(E.F) biéu dién bdi A rong cic co s& Avi
- Matg‘c(}‘) =4.

Theo dinh 1y vé& hang (7.3.1, Pinh Iy 1), kgve Ker() ctia E 12 p - r chidu, do vy ¢6 it
nhit mot co s& (€., ... 2,)-

Theo dinh Iy vé co s& khong ddy di, dang y&u (6.4, Dinh Iy 2), téntaie,, ... e, € £
sao cho 4 = (e;.....e,, €,,.,....£,) A MOt co 50 cha E.

batfi =fle), ... f, = fe,).



8.2 Ddicosd

r
Ho (f,. ... f) doc 1ap tuyén tinh; thue viy, ndu (A, -, 4) € K7 théa mén ZA Ji =0,

i=1

this Y 4, € Ker(h M Veet (e, .. e) = {0},

i=l
do viy A, = .= 4, =0 {xem thém 7.3. 1.
‘Theo dinh 19 vé cor sér khong dity dii. dang yeu, n i/, . [, € I sa0 cho
=iy o S LY oMol co s cu .

Vi flep=f o flea=1 fie =00 L fle) =0 nenma trim cua f lrong A4 va
oo vitdoviv Al ],

+iHé qua
YA, B e (M,,J,(K})‘, (1 1d B < rankiA) = rank(B)).

Chirng minke

1) Néu A td B, thi A va B bidu dién ciing mot dnh xa tuyen linh (trong nhimy cc
s, vi vy ©d cling hang.

2) Nguoe lai, n¢u rankhiA) = rank(8), thi A vi B tuong duong vdi 1, ,,, do vay
ching trong duong vii nhau.
¢|Hé qua 2
VA e M, (K), rank{'4) = rank(A).

Clutng minh:

Pat r = rank(A), t6n tai (P.Q) € GL(K) x GL,(K)saochoA = Q'J,, . Khi db ta
06 - lA = IPU”,, :(Q—I} = (l{;-l)—l mel(Q‘l)‘

viido vay rank (A)y=rank (J, . }=r.
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Bai tap

0

8.21 Gidsha e M, (K). r =rank(4A). Chiimg minh ring Bn 1ai A,, A, € M, (K} sa0
cho: .

A= ZA’I"
k=1
Vke {]. “,.r}. rank({ Az ) = |

8.2.2 Xaclaprang : ¥A e M(C). HB. Oy e (GL AT A =8+ .

8.23 ChoA e M, (K} v r € I¥ sac cho r < Min(a,p). Chiimg niinl :
rank(A) <r & QB Oy e M, LK) x M, (K) . A = BO).
Dac bigt: rank{A) < 1 < (A V) e M, (K) x M_ (K. A= £,

8.2.4* a) GiasuA e M, (K} Chimg minh rang, bimg mot diy him han nhimg phép bién

= - . o - - T i -
doi so cdp trén chHt va trén hang, ta cd thé dua A vé ] trong do r = rank(A).

uprt
b Tir d6 suy ra ring vdi ol (A, BY thude (M,,,(4))°. hai tinh chat sau 1a tueng duomyg:
(1) rank{A) = rank{#} '

(i1} €6 the duwa A vé 8 bing m6t diy hitu han nhimg phép bign déi sa cdp trén cot vit
trén dong.

¢) Chimg (& rang, b phan cla GL(K) tao b&i cdc ma tran cha cie phép bidn ddi so cdp
(tc lacic Py, Dy T, o xem 8.1.7) sinh ra nhém GL(K).
8.2.5* Cho £, Flahai K-kgv hitu han chiéu, /. g € £ (F, F).
a} Gid st rank(g) < rank(). Cliing minh rang :
aydhe GUFYy, ke L&), hoyg=fok
By3due GAE),Ive L), yoeu=vof.
b) Gia sir rank{g) = rank{/) . Chimg minh rang ; 3 e G4, Tk e GAUE), heg=foaok



8.2 Ddicasd
8.2.4 Péi cu sd doi voi mot ty dong ciu

Menh dé sau L mot trudmg hop dac bict coa Ménh dé 8.2.3,1).

¢| Ménh dé 1

Cho £ la mot K-kgv n chicu
A A 1ahal costcua F, P = Pass(/4 /49
e L), A=Mat, (N, A" = Mat, (f}.

L A =P AP J
¢+ Bbinh nghia 1

Cho A, B € M (X). Tanéi A démg dang véi B, va k¥ hi¢u A ~ B, khi va
chi khi 16n tai P € GL,{K) sao cho: B =P AP

The {_h‘l:

¢/ Ménh dé 2
Quan hé ~ 12 mot quan hé tuong duong trong M, (K).

‘ Chang mink:
1) Phdnxa: YA e M(K) . A =LAL.
2I) D61 xitng
Neéu t6n tai Pe GL, (K) sao cho B = P'AP,
thi A = (P"Y' BP' vi P? € GL,(K), do vy B~ A.
3) Bdc cdt :
Giasit A ~BVAA ~ C. Tén tai P,Q € GL, (K) sao cho B = P'AP va C= Q"'BQ.
The thi, C= Q"P'APQ = (POY'APQ) VA PQ € GL,(K) dovay A~ C. n

Vi quan hé ~ I3 d6i xing, nén ta ¢6 théd bidu thi A ~ B bdi: A va B déng dang
v&i nhau.

Quan hé ~ duge goi la sw dong dang ciia cac ma fran vabdng.

o|Menhaé 3
YA, B e (M,l{!())2 , (A~ B = tr(A)=tr(B)) .

Chiing minh :

Gia st A ~ B. Tén tai P € GL,(K) sao cho B = P'AP, nén (xem 8.1.9, Ménh dé 2)):

(B = tr(PHAP)) = r{{AP)P™) = tr(A).

20 - D51

291



Chuong8 Matran

NHAN XFE1 :
1) Hién nhién rimg néu hai ma trin vudng déng dang thi chiing twong dwong .

2y Nhung (néu 2 2 2 ) hai ma tran swong duong <6 1hd khong déng dang, ching

, 10 00y _ L
lign, v6i 1 = 2, cdc ma ran [l {)W vii [] ] | teomge dionrg i hang cua ching déu
J .

bang 1, nhung khong dong dang vi ching khong ¢6 cimg vt

N GiasuA e M (K). Néutdn tai @ € Ksao cho A - a1, thi A= er 1, . Flute vily,
v6imoi P € GL, (K) : P(a 1y = «l,.

4) Néu n = 2, hai ma tein vudng 6 thé ¢6 clng vet mi khong déng dang. Chang
. ; L T L .. . i .
haat, v&i 1 = 2, cdc ma (rin 0 ¢ vi o0 ¢d cling v, nhumg khong dong dang.
)0 )0

vi ching tham chi khong tuong duong (ma tedn tha nhal ¢ hang bang 0, con matrin
thit hai ¢6 hang bangl).

¢ Binh nghia 2 Gia st 7 lamot K-kgv hitu han chiéu, / € A4£). Vet cia
£, ky hicu 1a tr(H), 12 v cta ma tran bit ky bicu dién wr dong ciu f.

Pinh nghia nay 12 ding dan, vi theo Ménh dé trén, moi ma 1ran bicu dién ur déng
cfin f déu 6 clmg vét. a

Tt c4c tinh chit cha vt ciia mot ma tran vaong, dé ding suy ra M¢nh dé sau day.

¢|Ménh dé 4 Giasi F1amot K-kgv.

1) Anh xa tr: Z(F) — K 1a mot dang tuyén tinh.
f-ruif)

2) Y(f, ) € (UE), t(g o fy=1r(f o g).

) Ve UE),Vhe GUEY, ulh!of o)=1(f).

Bai tap

¢ 8.26 bar §: MK =K
={ayy; Z a4y

1=, jn

Chluing minh : VA, B € M (K), (A ~ B = 5(A) = 3(8)).

0 0 0 0 0O 1 0 0
_ 0 01 0| . 66 0 0 _
¢ 8.2.7 Cicma trin thudc MY A = va B= co ding
0 0 1 0o 0o 01
0 0 0 g 0 00

dang khémg?



8.3 Cacmatrandangcehdy
8.3 Cac ma tran dang chi y

8.3.1 Ma tran doi xting, ma tran phan doi xing

Trong § 8.3.1 niy, ta gid thiel ring 2.1, = 0 ( trong do 1, 13 phan tr trung hoa doi
véi phép nhéan); nlwr viy 2 (duge dong nhéit vdi 2.1, ¢ mot nghich dao trong K ky
higu la 3 I'a ciing ndi K 6 dae s = 2 (xem bt tap 2.3, Ho i tnadmg hop khi
K =% hoa K=

Chon e 17,
1) Ma tran doi xitng

¢ DPinh nghia
Mot ma tran vuong A thude ML (K) duge goi 13 d6i xing khi va chi khi'A = A
Ta ky hi¢u tap hgp cdc ma tran doi ximg cdp # vdi hé wrtrong K 1a §,(K) .

+| Ménh dé 1
8.8 1a mot kgve cua M (X).
Chiing minh:
10 e S(K).
DGiast e KA Be S K Tacé (A + B) = adA + ' = aA + B.viviy
wd + B e S,(K).
NHAN XIT:
1) RO vang 1a ho (), v (E,+ By o, 1 mot co s cila §,¢K). v vi vty

dim(8,(K) = M .

y . Yy . . .
Chang han, véi n=2, [[(l) ((}) [0 :)‘(? (I]D L mot e sdcha §-(K) ; moi ma lran

-

J(lmng dé (. b, ) € K,

b

d6i ximg cp 2 viét duge mot cdch duy nhit dudi dang [z ;
i

nghiald: a 10 +d 00 +h 01 ;
00 o 1 10

2y Neu # 2 2, tich cha hai ma tran déi ximg cé thé khong d6i xdng, nhu trong vi

dit sau :
o {1 0y _ {0 o
1 oJio o) U nJ‘

Tuy nhién cong thic '(AB) = 'B'A chiing minh Ménh dé sau day.
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¢|Ménh dé 2
Y(A, B) € (SAK)Y, (AB € S(K) <> AB=BA). ]

Ménh dé 3

*

vA € SAK}INGLK), A' e S,(X).
Chitng minh:

GiasirA € S,(K)NGL,(K) : thd thitacé : (A = (A" = A", dovay A" e §,(K).

2) Ma trén phdn déi xing

¢ Dinh nghfa Mot ma tran vudng A thuge M (K) duge goi 13 phan déi
ximg khi va chi khi : ‘A = -A. Ta ky hiéu 1dp hgp cic ma trén phin déi
xing cdp # vdi he wrtrong K 1 A(K).

¢{Ménh dé 1
A(KYlamot kgve cla M, (K).

Cluing minh:
0 e A(K).

DGiastae K, A Be AK).Taco: (aA + B)= dA+ B=-0A - B=-(aA + ).
do vay aA + B € A (K).

NHAN XET :
1) R& rang 1d ho (L - Epges, 13 moL co 56 coa A(K), vh vi vay
—1
dim (A, (K)) = n(nz )

0 -1 0) (0 0 -1 (0 0 0
Ching han,véi n=3,[|1 © Of [0 0 0OLj0 0 -1
0O 0 0611 0 0 Lo 10

1ot co sdclia A,(K) ; moi ma tran phan d6i xdng cip 3 duge viét mot cach duy

0 —-a -b
nhitthinh |a 0 —c j(rong d6 {a. b, ) eK?), nghia 14
b ¢ 0
0o -1 0 0 0 -1 0 0
all O 01+b0 O O|+c30 0 -1
0 0 0 I 0 0 01

2) N&u n = 3. tich clia hai ma trin phén d6i xiing ¢6 thé khéng déi ximg , khong
. phin d6i ximg , nhu trong vi du sau (véi n = 3} :

O -1 0yO 0 -1 00

1 0 alo o 0i=10 0 -1},

o 0 _ ojpr o @ 0 0
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Tuy nhién, gia sit A8 € M (K) sao ¢cho AB = BA . N&u 4 vix # ddi ximg hoac phim
d6i x{mg (6 ban trudmg hopl. thi AB do6i xdng hoac phin dai xitng theo "mot quy tac
védau", vido ‘A = sA B = gB (&) €f-1L 1, nén ta cé

NAR) = 'B'A = FeRA T =deAl
¢ |Ménh dé 2
Cic kgve §,{K) va A (K) bi nhau trong M, (K).

Clung minh:

[} Gidsit A € 8, N ALK The thi tachd 'A = A vi A=A ntn2A =0, do
vay A = 0. Nhrvay @ § (KN ALK = {0].

2y Gid st M e M(K). Rorimg 1a:

{1 l i l
M=~(M+"'M)+—(M-"'M)
2{ 2( _ .
%{M+ ‘M) esn(m,%(m- ‘Mye A, (K}
bidu do chimng 6 : S(K) + A K) = M,(K).

P6ivai M e M (KD, ma tran dai ximg %{M + ‘M) duoc goi 12 phan doi ximg ciu

W 3 - - I r B 2 2 arm - u
M, v ina tean phan dé1 xing 5 (M - ‘MY duge goi la phan phan dbi ximg cua M.

Ta chd ¥ rang ¢6 su tuemg ty véi ciie khdi nigm phin chan vi phiin 1¢ coa mot ham 50
(Tap 1, 4.1.3).

8.3.2 Ma tran tam giac
Chon eI,

¢ Binh nghia Cho A e M (K).
1) Ta ndi A Ia tam giac trén khi va chi khi :
vYipell, .. ul, (i>j= a;; = O).
Ta ky hicu tap hop cdc ma win lam gidce trén cip 1 vdi h¢ ur trong K
1aT,, K.
2) Ta ndi A 1 tam gidc dudi Khi v chi khi
w0 e {i.. .., nt L i<j= a, =)
Ta ky hicu tap hop cdc ma tran tam gidc dudi cap n véi he (i rong K la
T, 4K
3) Ta nGi A 1 tam gidce kKhi v chi kKhi A 13 1am gide trén hodic tam gide dudi.

VI DU:

200
o 2 14 tam gidc trén. . (— 1 0 O] 1atam gidce dudi .
0 -1
L4 1 2

NHAN XET: VA e M(K), (del  (KyoAeT,, (K)
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3¢ dang suy ra Ménh dé sau.

+|Ménh dé 1

T, (K)yvaT,, (K) lanhimg kgve cha M(K).
NITAN XET
RO rang ho (B - ., A mét co s ctia T, (K). va do vav:

dim{l,, (K0 = ﬁ;ﬁ .

¢+ Ménh dé 2
T, .{K) 1a mdt dai s6 con cd don vi cua dai s6 ¢ don vi ML (K.
Chitneg minh:
1) T, (&) 1a mét kgve cha M, (K). _
2) Gid st A =(a,),, B = (b, [a hai phin tircia T, (K). Gia st (7, jy €{ 1, ..., n}"
14
sao cho ¢ > j. Hang tirthd (7. ) clha AB bang Zafkbk! . Véimdi k thuoe {1, ..., n):
k=1
snui>k, thia, =0(vid €I, (K)
snfu k> i, thik>; vidovayh, =0 (viB e T, (K).

il

Nhu vily © vk e {1, ..., n}, gy by, = 0, viido viy : Zaﬂ\. bkj =0, diu ndy chimg 16
k=1

AB eT, (K).

3 I eT,,(K)

NHAN XIiT:

13 Cdc hang 1 chéo ctta tich bai ma trédn tam gide rén [ cdc tich clia cde hang 100
chéo cia hai ma tran d6:

[ b“ - a”b“ cas

0 0

aﬂ'.ﬂ bHPI a.'r bNH

2} bac biét, cac hang tir chéo cita mot lity thira cha mét ma tran am gidc [ cde
liiy thira cla cdc hang tir chéo ¢lia ma tedn dé:

app .- arp e
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¢|Ménh dé 3
vA € T, (K NGLK). Al e T, (K.

Cluing minfi

Giasit A e T, (K) N GLK).

Theo Ménh dé 2, v8i moi M thude T, (K), AM thuoe T, (KD, didu dé cho phép 1a xé1
dnh xa f,: T,(K) =T, (K}
M= AM

1y £, tuy@n tinh :
vae K. Y(M. Ny e (T, (K)Y. fdaM +N)=A(aM + V)
=AM + N = of (M) + (N}
2) f. 1a dou dnh vi, véi moi M thuge T, (Kk:
f(M=0AM =02 AT AM =0=M =0,

3) Vi £, 13 mot tir dong cfu don dnh cha mot kgv hifu han chiéu, nen f, Ta song
4nh (xem 7.3.1, Pinh 1§ 2). Vi1, e T, (K). nén 16n i B € T, (K} sao0 cho f(8) = L.
Khidé A" =B e T, (K)

dpy e |

#|Mgnhde 4 Giastr A=) h eT,, (K.
k (INH

Tacd: Ae GL, (K) <= (Vie {1, a0, a; =00

Hon nita, néu A € GL, (K). thi céc bang tlr chéo ciia A 12 nghich ddo cua
cac hang (e chéo ctia A ¢

['”1—!1 P l

0 J '
-1
on

At =

Chitng minh:
e Gid st A € GL(K). Theo Ménh dé wen, A7 e T, (K).
{*“’n ap by
Pat A" = 0 - Jacol, = AA" = 0 - . nén:
Dyyn \ d.-mb.-m J

Yie (b, .onh ab, = Lvavivay: Wie [ Lo, nt (g, 20 vib, = u/).

o Npuoe lai, néu (Vi € {1, ..., n}, ¢ = M), thi theo phuong phip Gauss (8.1.7),
rank(4) = n, vi do vay A kha nghich.
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Bai tap
, . X X
0 8.3.1 Chingtdng VQ e C[X], 3 P C[X], 0X)=PX)+F 5y +o A PO
2
agy e
0 8.3.2 Gidsir A= o - €T, (K). Chimg to ring A |a 1Ty linh khi va chi khi

s

(¥i e (1, .., n}, a;=0)va, néu Ala liy linh thi 4" = 0.

¢ 833 ayChingtoring G= [

o o -
o — w
—_— b s

]; {r,y,z2)e K3 la mot nhém ohan.

b) Tim tAm ciia G, nghialatim (A e G; VM € G, AM = MAL

0+ 8.3.4 Xac dinh hoin tap clia T, (X) trong M,(X), nghia 1a xédc dinh tap :

ml

{A e M(K); VT e T, (K), AT =TA].

8.3.3 Ma tran duong chéo

Cho n € I*.

¢ DPinh nghia Mot ma tran vﬁﬁng A = (ay)5 2 thuoc M,(K) duge goi a
ma tran dudmg chéo khi va chi khi:

V(g €{l, .., n (zj=>a;=0)

Ta ky hiéu tap hop cdc ma tran dudng chéo cp » v6i he tr trong K 1a
D,(K).

Véi moi (4, ..., 4,) thuoe K7, ta k¢ hi¢u ma trin dutmg chéo thudc M(K)
6 cac he tir chéo Ay, ..., 4,12 diag (4, ..., A,):
Ay 0
m@uwwm=0' ’
A

NHAN XET: T,,(&)NT,.(K) = D).

VAL

g



8.3 Cacma trén dang chay

D& dang suy ra ménh dé sau.

+|Ménh dé 1

D) I mot dai G con giao hodn va ¢ don vi ciia ML(K).

NHAN XET -
13 RO vhng ho (B, 1h mét co s¢ eta D, (K. vavivay  dim (D,(K)) =

23V moia € K, (AaA) € K. (1, -4y €K 12 ch:

adiag(dy,... Ay ) = diaglady... al,)
diag(dy ... Ay, )+ dinglane. Wi, ) = diag(dy + 1. w0

(1111':_(/11. }u,,)dmﬂ(m. .y,,)—(lmﬂ(AIu, ﬂ.mu )

‘it d6 suy ra, bing quy nap theo k rang v4i moi k € W (4, A e KT
(ding (4. .. AW = ding(AF, .. 4,9.

D2 dang suy ra ménh d¢ sau.

¢|Ménh dé 2 Giaslr D = diag (A € DK
Taco: D e GLK) <> (Vi€ (1, cen it} A% OO

Hem nita, néu D € GL,(K), thi 7= diag AT A )

Bai tap
¢ 8.3.5 Xdcdinh hodn tap clta DK rong M,
(A € MKy, VD € DO, AD = DAY

(K3, nghia ladp

., A, € K Khac nhau timg dbi moL . D= diagtd,. .

o 8.3.6 Gidst 4,
(A e MK AD = FAER

hoan Lap cha D, nglna 12 x4c dinl :
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Bo sung
0 € 8.1 Mt bat diang thirc vé phép dém thiét lap bang dai so tuyén 1inh
| Gidsit neN-(0.1}.a,...a.f€ Ry saocho: Viell, .. ), a,zf
Gia sit chi 16n tai nhidu nhiat ndt chi s8 § thude {1, .., #} sao cho o= 8
Ky hidu 4 = (a;), € M, %) xdc dinh béi
a__:{a,' ndu i=j
Tl nfu iwg
Chimg minh: A e GL, ().
X
(Ve X=1: e M, () sao cho AX = . ta cd 1he xét diu cla x,, ... x,).

a

I Giastgetl (apye 1T E lamduap hop it ban oo p phin W ey, 10,64 ), <5,
12 mét hio gdm # bd phan cua £ Khde nhau limy don mdt vicsao cho

iy e Pl a2 j= Cardia, 1 AY = B

I néuwn, € Aj

Nit B = (b*f)| . e M0 e dinh béi By = {
tieop :
1o n

vieAd = B e M (k).

0 néu trai la

1) Chumg miinh (dong T): A € GLE).
2y T dé suy ran <.




Chuong 8
Dinh thic, hé tuyén tinh

Trong chuong 9 ndy, K chi mot (he giao hoan. Ta gia thict 2.1, = O (rong d6 1, chi
phin 1 trung hda d6i vai phép nhan): s vay 2 (duge dong nhat véi 2.1, ¢é wrong

K mdt nghich dao, k¥ hicu A

L]

Ta ciing néi K I mot (hé ¢6 dac s6 = 2 (xem biti 1p 2.3.4). Day 1a traimg hop K =
hay K =,

K-kgv xé1 & chuong niy déu gia thice 12 hits han chidu v véi so chidn = 0.

+

9.1 Anh xa da tuyén tinh

9.1.1 bai cuong

¢ Binhnghia Giastp e, E,, ., [, ["1anhimg K - kgv.

Mot dnh xa @ ) x e x 8, > F duge goi 1A p-tuyén tinh (hay: da tuyén
tinh) khi vt chi khi ¢ wyén tinh d&i védi timg thanh phin (hay: bicny,
nghia la:

Viell,..,.ph Yie K, vy el .., VYyellVWyel, NVNyel,
O X, o Nigs A F ¥ Ny e 4,) T A@ Q0L o N, V) 00, L Y s )

N&u ¢o them # =K, thita ndi ¢ 13 mt dang pr - tuyén tinh,

Vi bk
1) Khi p =1, khii ni¢in dnh xa 1-tuycn tinh tring vé kKbadi nicm dub xa tuyén tinh.
2y Anb xa khéng 13 p - wyén tinh.
3) Tich v6 hudng clinh tac tren £, ¢ EIx R o I mét dang
SRR N QTR Tl SR TR o P
2-tuy&n tinh (hay thadmyg goi 1a 2 song wyén tinh).
4} Tich vecto trong 2% ¢ FY » 20 - 27, xde dinh boi:
PN Koo X0V 2 ) P (XY e ¥ Ko -3 Vs N Y2 - o))
(xem dudi day, 10.5.2, Ménh dé 5) 1h m¢t dub xa song tuyén tinh.
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#|Ménh dé Taphop L(E,...., E; F) céc dnh xa p-tuyen tinh W E, x .. x E
dén F lamot K -kgv.

Chitng minh:

R& rang L(E,, ..., £,; F) |2 mdt kgve cua pEexE,

9.1.2 Anh xa da tuyén tinh thay phién

Cho E lamot K-kgvvap e N

¢ Dinh nghia Mot 4nh xa p - tuyén tinh ¢ : E* — F duge goi 1a thay
phién khi v chi khi, véi moi cap (i, /) thude {1,..., p) saochoi #j, va

vai moi (x,,....x,) thude 72 = = o(xp,...0x,) = 0.

Néu ¢6 thém £ = K, thi ta néi ¢ 12 mdt dang p - tuyén tinh thay phién.
N61 céch khdc, ¢ 13 thay phién khi va chi khi @ (x,,...,x,) bang khong v6i moi bo p
phin b (x,, ...,x,) €6 chila it nhit mot phdn v ldp lai.

NHAN XET:
T'ap hop cdc 4nh xa p-tuy€n tinh thay phién ur £° dén F 1a mot kgve cua L(F,.. . E;F).

¢|Ménh dé 1 Mot 4nh xa p -tuyén tinh @ : EY — F la thay phién khi va
chi khi:

Yaoe @P, V(X s Xy) € EP, @ (XgippeensXop) = S0P (500, Xp)-

Ta nhac lai (3.3.1, Ky hieu) ring €, 13 uhém d6i xdng véi chi s6 p, tao nén béi cdc

hodn vi ciia {1,....p}, vd v6i moi & thudc &, , &(¢) chi dfu cua o .

Chirmg minh:
1) Truomg hop mot chuyén vi
Gia sit (i) € {1,..p}% i <j: k¢ hieu T, Ia chuyén vi d6i ché i va j va gift nguyén
cic phdn tif khic cha { 1,...,p} (xem 3.4.2, Dinh nghia 1).
Vi @ thay phién nén ta cé:

X eees Xpys X F Xy Xy coen Xpopo Xi o+ X5 Xy oy X)) =0
do d6, bang cich khai trién theo tinh chit da tuyén tinh :
V2 COTUIE SN SO oy I S © NN S T Ste 2 6 € JNE SRR

R L7, & SN PR S o L 0,

vidodod @ (x,. X sesKpeenay) = =@l X ey Xy X peniXp) -

Bidu db chiing t&: ¢ Xz (oo xr!_‘)_{p)) = TP (X oy Xp)-
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2) Trudmg hop tong guat

Gia st 0 € &, Theo 3.4.2, Binh ¥ 1, o dwge phan tich thanh mdt tich nhitg
chuyén vi; tdn tai N e 1T va nhitng chuyén vi o,,....0y saocho o= 6;¢ ... o gy; hon
nita &6) = (-1)".
Bang cach lap lai k&t qud cla 1), ta dugc;

@ (XG(I),“‘)'XU'(F]) =-@ (x{_‘,l'za-uoaN(]) Y .%20..‘@”(;,))

= = D (xnx) = dDp (x),...1,).

¢|Ménh dé 2 Gia st 2 — F 1a mot 4nh xa p-tuyén tinh thay phién va
(X150X,) € EP. NEU (xy,...,x,) phu thude tuyén tinh thi ¢(x;...., x,)=0.

Chitng minh :

Gia sir (x,,...,x,) phu thugc tuyén tinh, khi d6 it nhat mét trong céc x,,...,x, duge bidu

dién thanh mot & hop wyén tinh cla cdc bi€n khdc. Theo Ménh dé trén, ta cé thé
p-1

quy vé trudng hop tén tai (a,,...,a,,) €K' saochox, = Za,—x,-. Khi dé:

i=1
p-1
@(xlv'"?xp) = Zafﬁxly'"!xp—] 9x;) = 0 ’
i=1
Vi moi bd-p (x,,....%,.,, X;) déu c6 chita mot phan t 1ap lai.

¢|Hé qua Néu p > dim (E), thi 4nh xa p - tuyén tinh thay phién duy nhat
tir F7 dén F 1a 4nh xa khong.

Chimg minh :
Moi ho p phén tit cilla £ déu phu thude tuyén tinh.

303
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9.2 Pinh thifc cia mét ho » vectg trong mét co s6 clia
mot kgv 2 chiéu

Cho n € V', £ 12 mot K-kgv n chidu.

9.2.1 Khong gian A (F)

Gia sit A= (ey,..., ¢,) Jamdt cosdcha k.

H
cho: V,= Za"jj("ij .
i, =l

Gid st ¢ 1 £" — K tamot dang a-tuyén tinb thay phién. Ta s tinh (S) theo céc
4 j Jaco:

M

1 H il H
ﬂS) = Q) Zaill{;il e Zain”{)’;n = Zaill ‘0 ‘)il N Za‘.ﬁzﬂﬁ e za‘-ﬂ'qein
i,=!

0= i=1 ia=1 i, =1

H i
=...= Z'”Zuiul el g @ (€ ey } = ZHHI el g ey ey )
i=1 i,=1 Gpreni Y&l ¥
Vi @ thay phién, nén  ¢le; ,...,¢; ) bing khong mdi khi i,...., i, khong khic nhau

timg d6i mot, vi vay, irong t6ng boi trén day chi con cdc hang tilr tng vdi cAc trudng
hop trong d6 (1,....n) —> (iy. ..., i) [A mot hodn vi cla {1, ..., n}.

Do do:

p{&= zao’[l)l '"aﬂﬂ)nﬂa(eo{l)-——-,%(n))
oe®,

= Ze(a)am,,,._.aqmﬂ oley ... 8,) -
oc®,

2) Nguoc lai, gid st b € K va ¥ : E" — K 12 dnh xa xdc dinh boi
yiH= A4 Za(o)aa_(m e Bimin

oe®,

véi moi § = (V,....¥,) thude £, treng d6 céc G j 1 cdc thanh phin cila cdc V| trong

=1
e ¥ 13 n-tuyén tinh vi, véi moi i thude {1,....n}, mei o thude K . moi V...V,

VoV, Vil V, thudc E, ndu goi céc thanh phin cha V' trong co 56 £1a (¢ )1
ta ¢
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VLV VLV Y= A Za(rr)umm Aty F
TEE,

ar Z&{g)"‘mm e TA Zz,(o')um” L evtin ta

meZ, aeZ,

= @V oV V) PVl V)

ﬂl.r i ). “Hrinn

I

o %1 thay phicn vi, vdi moi (1)) Thudc {3} sao cho § < j vi moi

(V.- ¥ ) thude £ sao cho v, =¥, khi thye hign phép (I(n chisd g’ = oo, lrong
li‘mg, 1a sG edr

'{}( [ESEEn) rlj_; ZL(D—]“mI}I ~terimin

red,
=A Z—S(O Vb (1)1 <o i Sty Yot
weE,
=-4 2‘9(6 Werg1sh oo tlg i o--Yairf oY tn
=g,

viring ¥V, =V,

Tirdé suy 1 AV, V) = -V ), 2V V) =0, VLY = 0
K <6 dac s0 = 2).

e Tachime 16 rimg ¥= 0

1l
VE mbi y thude | 1,....n}, dang phin tich cua e, trong cor 6 S L e = Zc’f P
U =1
trong d65; ; B ky hicu Kronecker. Do do $174) = > 618 g0

ael,

aiuln =l.vi

néu o =Id, ., ihi mot trong ¢he nhan (i o, (1 <7< m) phai bang 0.

Ta tém tit sy khao sic tren day:

+|Pinh ly - Binh nghfa  Tap hop A8 cac dang # - uvén tinh thay
phién tren mot K - kgv chiu ( #2 1) 1amdt K - kev | chidu.

V@i moi cd s34 = (e),...e,) cla £, det, 1 17 > K k¥ higu dnh xa xdc dinh b

der(V,,....V.= Zg(ﬂ)ﬂmm sl g+

e,

voi moi (V,,...,V,) thude I, lrong dé, vii mdi j thuoe {1l
(4 i gn 10 che thinh phin clia V; trong /3

f
= E [ N LA
Y R
Pl ’

Phin tir det,(V,,...V,) (cla K) duge goi 11 dinh thie cha (V.. W)
trong co s /3,

Vi moi co s& A cta k2, (det,) 1 mat co sdcua A ().
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N6i céch khac, véi moi co s A clia E, cdc phdn tix ciia A(E) ty 16 v det .

NHAN XET:
Ta da théy & trén ring v6i ngi co sd Acla £ : det,(H) = 1.

9.2.2 Tinh chat

(} day, ta s€ k¥ hicu tap hgp cdc co s cia £ 1a KE).

¢| Tinh chat 1
Ve e ALK), VS e E', VB e BE), ¢S =@ (BdetdS)
Clutng minh: '

Gia st @ € AE) B e BE). Vi det, sinh ra A (£2), nén tdn tal @ € K sao cho
@ = adet,,, Pac biet: p (A = adet(H = a,dodb: = @ Adet,, nghia T

T8 e KN, plS) = (4 det 45).

+1Hé qua
VA A e BE), VS e k", det, (5= det; (A)det (S).
Chuing minh:
Chi cdn dp dung Ménh dé wen cho p=dct,,. .
NHAN XET:
1) P& nhG comg thiic trén, ta chi ¥ dén sy twong t dGi v hé thire Chusles

(B'S =B B+BS), hoac phép tinh v& céc phan thic [}:lﬁﬂ
’J ] ¥

2) VA4, A8, A" e ME), det, () = det,-(4 et ().
3) Dac biét, néu 18y A" = A trong két qua weén:
VA A'e BE), (det, (B #0va det,(B") = (det, (B

¢|Ménhdé 2 Giasttse HE),SckE".
Thé thi § phu thudce tuyén inh khi va chi khi det,;(5) = 0.

Clittng minh:

1) Néu § phu thudc tuyén tinh, thi det, (S) =0, vi det, 14 n - tuyén tinh va thay
phign (xem 9.1.2, Ménh dé 2).

2) Néu § doc 14p tuyén tinh thi vi § ¢6 # phén tir, nén § 1a mot co strena Fo, vado
vay (xem Nhan xét 3 tren day):  det(5) = 0.
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9.3 Pinh thic cua mot tu dong cau
Gid sttn el7, F 1a mot K-kev n chidu. Gid sitf € Z(8), g e A8 - {0}
11ién nhien dnh xa @ « (fx..x 87 > K xie dinh hoi:

VOV EE (o (f e MV V= o [ O D (V)
1 #- tuydn tnh va thay phién.

Vi ALE) ¢6 s0 chidu 13 1 v p= 0, nén @ sinh ra A(F), do vy 1on tai & € K sao chor
@ o (fix ... xf,)= ae Taching 10 rang a khong phy thuge ¢ .

Gidsit ¥e ALY - [0}, Vi gsinh ra A gy, nén1on @i ke K - {0} sa0 cho W= Ag.
Kin do ta cé:

Fo(f %o x =A@ o (fxx i = Al o (f xx N = Hag) = aldg) = af.
Pidu dd chitmg 16 rimg ¢ khong phu thude vige chon @ trong A (£) - {0}

Ta 16m tat viée khao sdt trén;

+|Ménh dé - Binh nghfa 1 Véi moi  thudc £(£), 16n tai duy nhdt mdt
phin tir @ € K saochor Ve e AL), @ o/ x.x))=ag.
Phan r & d6 goi 1a dinh thite ctia f,va duge Ky higu 1a det(/) .

Nhu viy ta e

Ve LN, Vo e A @ (fx.x )= (det()p.

DG ding chiing minh Ménh dé sau.
¢+ Ménh dé 2
N Ve LU Vpe AfL, vV, V) el”
@ (S V), VN = det) @ V10000 ).
Ve LR, YA e JIH VYV ,..V,) e ",
det,, (f(V )yers fIV,)) = det(h) det, (V0 V)
NV e LI, VA= (e...0) € B,

+|Ménh dé 3

Ly detddd,y = .

N Va e K.V e L), det(af ) = o det(f ).
3) Vg e L), det(y o) = det(g)det().
4) Vf e LI, (f € L) <> det(fy = 0).
Y[ e G, det(f ) = (det(f ).
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Clieng minh:
I ¢6 it nhat mot co s& A= (e, ...e,).

1) det(Id;) = det {5 = 1.

= "det(f).

) det(g o f) = det, (9(f (AN = dew(g) det, (15) = det(gdet().

B (F € GUEY & ((BDeBEY) < det, (f(B) = 0 & det () = 0.

5) Gia sit fe GHE). Tacé: det(f ydet(f ) = det(f of 1y =det(ld) = 1,
vay det(f ) = (der(H".

NHAN XET: Tropg phép chimg minh teén, ta ddky hicw: (A = (fie)...., fle,)), anh
nay cling cd thé ky hidu 1a (f x..x H(A).
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9.4 Pinh thirc cia mét ma tran vuong

Chonefl.

¢ Binh nghia GidstA= (@) € M, (K). Pinh thie cia A, ky hiéu

ay o g
1a det{A), hoac | ¢ | 13 phin tr ctia K xdc dinh bdi:
p LT
del(A) = ZS(O’}(JU““ ”'HU(N]II .
ceZ,
411 Uin
Néi cach khdc, néuky hieu C,=| i }...Cp =| & | lcdccdt cta A v Blaco s
2y Gan
chinh tac ciia M, (KD, thi ta cdr  det(A) = det, {Ch,..C0). »
LS I P
Ta néi rang | : | 12 mét dinh thic cap ».
Qyy e gy

j“n o Ay
Pé ghi phé cdp », ta cb (he viét [} & phia dudi ben phai : det(A) = : '

Yyl --r un [n]

vi DU

a b

1) Yiab.c.dy € KP, / =abh-be,vi &, I={ld“_2,, T2}

[ ¢

thy dyjz 0 iy

2) Gid sit A = (@), = c ) CleT 00
0 + Ynp=ln

aﬂﬂ'

Véi o € €, néu 16n tai j € {1,..n} sao cho o(p) > j . thi a5, = 0, do d6
H

n B =0 . Diéu dé cliing 16 riing 1ng Zs‘(a}aom, cee gy duge nit vE
k=1 ac®n

(cdc) hang it tng véi ¢ sao cho: Vj € {L...n}, oD <.

Véi mot onhu vay, tacé of1) < 1, nén o(1) =1, sau dé o) s2va ()= o(l) =1,
nén o(2) = 2, ... Ro ring la véi moi j thude {1,...n -1 jonéu ()= 1...,0()=j) 1hi
oG+ Dy =j+1, Vi aj +1) < j+1 va o +1) @{1,....j}. Nhu viy, hodn vi o duy nhit

T
théa man (¥j €l1,..u}, o () < j) 12 hodn vi dong nhdl, do dé: det(a) = ['[ a
=
(xem 9.6 du6i day, Ménh dé).
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Dé dang suy ra Ménh dé sau:

¢|Ménh dé 1 Gia sit E 1a mot K -kgv n chiéu, f € LE), 412 mdt ¢o 36
cha E, A =Mat,(f). Tacé:

det(f ) = det(A):

+|Ménh dé 2

1) det(,) =1.

N Vae K, VA e M(K), det(ad) = o' det(A).
3) V(A, B) € (M(K))’, det(A B) = det(A)det(B).
4) VA e M(K), (A € GLK) < det(4) #0).
5) VA € GL(K), det(A™) = (det(A))".

6) YA € M(K), det('A) = det(A).

Chiing minh:

Cic tinh chét tir 1) 16 5) duge suy tx Ménh dé 1 trén day va cée tinh chét chia dinh
thitc ctia mot 1y ddng céu (9. 3, Méph dé 3},

Pat A=(gy), € M, (K), ta ch:

det(A) = D &(@)a1o0) - Inatn) = Y &0 o) o atmotn)
ce®, 0@,

Vi trong K phép nhan giao hodn, nén khi sép x&p lai theo chi s& thit hai, ta cH:
TV oinot) - Fo oot ~ faTlmn Yo imn
v&i moi othude &, , v do vay:

det(’A) = Z &(0)a 1

cr'](n)n '
oc®,

Cuéi clng, vi &, — @, lamotsong 4nh bao toan déu (nghia la:

oo’
Voe 8, do')=ga),ntnla duge:

det(A)= 3 &)1 < Fr(mn = SUA).
@,
NHAN XET:
1) Tir tih chét 3) & trén, bang quy nap dé dang suy ra:
VA € M(K), Yk € I, det(A") = (det(A))".
2) Tir nhan xét trén vé tinh chit 3), ta suy ra
YA € GLK), Yk e %, det(A%) = (det(A).
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3) Néu A € MK} la lay linh, thi tén1ai k € i sa0 cho At =0, nén
tde(A) = det(d =0,
vaidovay:  deiA)=0.
43 Néu A € M (K) 12 phin J6i ximg vii née # 16, hi:
det(A) = det(A)y = det(-A4) = (-1 PdetiA) = - det(4),
nén degAy =10,

Bai tap

N i1
O 9.4.1 Chung minh rang, v6 morA = (a,); Lhude M, (2 1dn:l{ r\)l < I_l ZIH‘A
i=1 \i=l

6 942 »Chonell Giasiiontmd B e GL, (i) sao cho AB + BA =0 ching mnh
rang m chin.

by Che mot vi du v G € (GLaGE)* san cho Al + BA = 0.

0 9.4.3 Nhom tuyén tinh dac Iriet
Ky higu SL(Ky={A € MKy detiAy =11

) Kiém ehiiing rang SL,(K) 1amot phstn con citi (1L, (K dot vai phép nlidin, nhdm con do
die goi 1a nhém tuyén tinh dac Diet.

by Chtmg mmb ;. VA = G0 e My € ok ST A = alf .

o 9.4.4 Gusitonpell- {0t T G el e A thude MLED) sao chos
v e MIT).  detA + M) = dettA) + dettM).

o 945 Chonell.

a) Chimg minh - YA, B &€ M), AB= BA o= det(A*+ Bz ).

) C6 hay khong: VA, B € MUk, det A+ BH 2 07
o 0.46 Chonell . AeGLR).BE M, ().

Cining minh ring On Wi £ € wrosaocho s Yye i <e = A+ xB e GLCED.
0 9.47 Chonelil A Be M) saocho AB-BA =1

a) Chimg nunh : vk € T Al = B A+ L)
by Tir 6 suy ra:  det(BBy =10
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9.5 Khai trién theo mot hang

9.5.1 Phin phu dai s0 va dinh thic con
1) Xét trudmg hop n =3
4y @y e
Gid sit A=(a); = | agy @2 33 | € My(K).
g3 93 41
Thee dinh nghia (xem 9.4, Pinh nghiay:

det(A) = ) &(@ g1 ¢012296(313
ce@y

Vig,={Id '}, rong dé ¢ = ! N = ! 3 o ta
i€ s Tyas Tuay Tase 0, '} 5 trong dé ¢ Vi o' = L nen ta duge:
} R g 2 31 3 p

Aet(A) = | day yy = oy Bz dyy = Uy dan gy~ dyy dhan oyt dhay dhactys + tyy dyg Uy
T2 ¢6 thé nhém lai, chang hun theo cich sau:

det{A) = uyy{ dxy a3y - Gnndp)+ doy -ty daz + O ap ) day( @z a3 - dozdn)

(] {J.!_-{l

Uy 33

R dyy 423 412 43
=4 —dn sz

a3y 33 t3y U3z !

vi ducgce khai trién ciia de(A) theo oot thie nhdi.
2) Trudmg hop tong quit
o Gid st 4 = (a,), € M,(K).
Pat A= (e,,..-.e,) 12 ¢ s0 chinh tic clia M, (K):
! 0

0

0 1 0

e = 4] ey = {1 IO €, = E

0

0 o) !
) a1 By

va €y = s Cp =0 14 cdc cOt cha A.

a1 Qyn

Giasitj e{l,...n).
Khai trién theo tinh chéft myén tinh d6i véi cot thi 7 -

[

"
det(A) = det,, [(‘1.....Q_,,Za,;,.e,,,qﬂ.‘--,c;,l: A
i=1

i
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trong d6 ta da ky higu:

apy e @y O dr e A

: : 0
Ay =det (O s Cign s Cptn €)= : : !
: 0

dpp e anj—l 0 UH.|r+1 cee gy

"1" pam & hang thi ..

Trong dinh thic trén 1a dua cdi that j v& cot cubi cung, nghia 13 hodn vi cdc cOt theo

hodn vi sau:
12 - j=1j j+1 - 1
g=
12 - j-1lm j o oeeommd

hodn vi nay cé ding (r-1) - j +1 nghich th¢ (nd ciing 1 tich clia n - j chuyén vi
Kidu T, pa)-

agy e tijor e o G 0 ‘
A (- : S
dyp - dpj-1 Gpjel o dpp O

Bay gid, theo cdch wrong ty. ta cua dong thik i vé dong cudi cling:
gy e oy dyjgi e G O

_ TR Ve B e B 0
_ H— n—i
Ay =GO TN T dn e vy Gt o Ui O

gl ... %nj-l Upivl ..o tyy 0
a4y e Gijy dije1 - Yin 1

e Xét mot ma tran bt ky B = ), thude M, (K) . vil

I’! 1 - b“f—.'l (')
B= e M, (K).
bn—ll bu-—'m—‘; 0 & n( )

'll)rd b:m—l 1
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Dat B' = (P ) rtacl:
b,, néu v<n-1
. =<1 néuu=v=n

0 trongcéc trudmghop khic.

Theo dinh nghta : det(B") = 3 el W aqayt -+ otmin:
0@,

Véimoi o € €, sao cho o(n) # 1, 1 ¢6 blog, = 0.Vib',, = 1,néntaco:

det(B )= 29(0)5'0(1)1 b gn-n-1-
oe@,
oi{n)=n

siny=n) —> S, trong d6 pduoc xéc dinh bai :

o p

Ro rang dnh xa {0 € e,

vk e {1,...,n-1}, ok = olk), 1a mot song dnh bao toan diu.

Do dé:
detBY = 2,5(PW oo P pntin-1 = z g(Poun +-Potn-n-1 -
pe®, pe®,
« Ap dung két qua nay vao dinh thite thu duoc di vai A, , ta di dén
ap - Mt yH din
Ay =n @i-j-t Gictish it
! iyl Aiylj=1  Pistjrl Rirln
ay - @nj-l Gnjel Qpn

3) Phat biéu két qua
Chone V.
+ Dinh nghia Cho A = (a;); € M(K)-
1) V6i mbi (i) thude {1,...,n}%, dinh thic con ciia vi tri (i) trong A
(hosc theo cich néi lam dung : dinh thitc con cha a; trong A) 12 dinh
thitc cdp n -1, 4; nhan duge bing chch trong A b di dong thi i va cdt

thit j:
ap - @1 G Ay
A= @y .. G4l ;i 1j+l o Bicin
B
Qa1 e Ginrj-r Gl Qivin
ai‘lﬂ

Ay - Gnj1 Gnjn



9.5 Khai trién theo mot hang

2) V& mbi (i,f) thuoe (1,...n}° phan phu dai s6 clia vi tri (i) trong A
(hoic theo cich ndi lam dung : phdn phu dai s6 ciia a; trong A), ky
hiéu 12 A, la tich ctia (-1)™ v6i dinh thic con cha vi tri (i) trong A:

AU = (-1)”1 &‘-j. .

NHAN XET:
Céc phdn tir clla A niim 8 dong thi / va cdc phdn tir ném & cot thi j khong tham gia
vio viéc tinh 4, va A, L

Hang ctia mot ma trin hay mét dinh thitc, 12 moi dong hodc c6t clia ma trdn hay dinh
thic d6.

¢|Ménh dé (Xhai trién dinh thic theo mot hang)
Gia sit A = (@;); € M(K). Tacé:

1) Vje{l,.n}, det(d)= ».a,A, (khai trién det(4) theo cot thi )
=1

2y Viell,..,n}, det{d)= Z:a,;,-;t’«,-Jf (khai trién det(A) theo dong thur i).
=1

Chitng minkh :

1} Xem trén day.

2} Ap dung 1) viio ‘A thay vi A, ta s€ suy 1a 2).

vipDu:
Khai trién theo cét thi 4:
26 -3 4
13 4 26 -3 26 -3
13 4 -5
4| 4 1 2|-5] 4 1 2/+611 3 4
41 2 0
-3 0 3 -3 0 3 41 2
-30 3 6
3 4 13 6 -3 26
=—4 -3 +3 -5/ -3 +3
{’12 41“(‘1 2‘ ‘41”
4| |6 -3 6 -3
+623 - l+4
12 |1 2] |3 4
= 1437,
NHAN XET:

1) D€ tien thong thudng ta khai trién mot dinh thitc theo mot hang néu hang do
6 1 hang tir khéc khong (nhiéu hang 1 bang khong).

~ 2) Trong viéc tinh todn bing s6 c4c dinh thiic, c6 nhing phuong phip nhanh hon
hén phuong phap khai trién theo cdc hang.
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9.5.2 Ma tran phu hgp
Chon e V.

¢ Dinh nghia Cho 4 = (¢); € M,(K). Ma trin phu hop cia A 1a ma
trin vudng cip #, ky hiéu 1a com(A), duge x4c dinh boi:
All Aln 3
COm(A) = (AU)U = E ; s
Anl Amr
trong d6 A;1a phéin phu dai s6 cla vi tri (/. /) trong A.
Chiing ta di thdy (9.5.1, Ménh dé) rang:

H
Vie{loonh D ay Ay = det (A).

=]

H
Ta chd ¥ (5i ZHU Ay VO (j k) € {1, 0} ¢6 dinh sao cho j # k.
i=1
XE ma trin B = (b,

) 1han duge tir A bang cdch thay the trong A, ¢ot thit & bai cot
thitjcua A :

L IR 5 [ AR Vo B R 1S R L] Y

17) IR P TR S B ML S A T

cot thit &
Mot mat, det(B) = 0, vi 8 ¢4 hai ¢6t baug uhau.
Mat khdc, néu khai tridn det(B) theo cot thit &, ta s8 cé:

[ fl
dcl(B) = Zb‘-k Bfk = ZUU Aik .
i=1 i=l

vi cdc phén phu dai s6 clia cdc phén tr cila ¢t Uit & trong # v trong A 14 nhut nhau.

Do dé: i a; Ay =0.
Nhu va): =t:1 da cluing minh:
Y, k) € {1,...,n}% gag Aa—_ = {det(%) rllli’;lllj;:
Nhumg véi (j, k) € {1,...1}%, Zn:a‘:,- A 12 phin tir thit (7.k) cia tich ‘A v6i com(A), do do:

i=1

det(A) 0

\ ] = det(A)I,.

‘A.com(A) =
0 det{A)



9.5 Khaitrién theo mot hang

Ap dung két qua niy cho ‘4 thay vi A va nhin xét rang com(*4) = ‘com(4) vi
det(‘4) = det(A) (xem 9.4, Ménh dé 2, 6)), ta duoc:

Al 'com(A) = det(A)l,,
vi chuyén vi két qua cha trang trude: ‘com(A).A = de(A) I,

Ta phitt bicu két qui dat duoc:

¢ Dinh iy
YA e M(K), A-:'com(A)="'com(A)- A= det{M,.
+| Hé qua
|
vYAe GLK), A'= ‘com{A).
€ LK) det(A) com{A)
viDu:

(a t
Vain=2.n8uad-be=0,1hiAd = La ; kha nghich, va
[ ¢

A = ] d -b
- el — fJ(‘ = if

Cong thuic trén cho ta A" thong qua com(A), trong thuc 18 gin nhu khong sit dung
duge ngay khi 2 2 3. Thye vity, néi chung cong thiic niy yéu ciu tinh mot dinh tinic
cip 1 (det(A)) va #” dinh thite cdp » -1 (cdc phan phu dai s6 trong Aj.

NHAN XET:

Bai tap
: 0— ¢
0 951 Chone' . MeMKL A= M e M, , (K). Tinh comA).
]

¢ 8.5.2 Giasitn, p e T.4 € M,K). Ching minh rang:
Ar =1, = (coniAY =1,

com(A) e G L.,, (K)

¢ 9.53 Chon e M* Ching minh rang: VA € GL(K). _ -
& (com(AY) ! =com{A 1).
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9.6 Tinh dinh thic

9.6.1 Dinh thiic ciia ma tran tam gidc

{Xem thém 9.4, Vidu 2).

* Méhh dé Dinh thiic clla mot ma trdn tam gide bing tich cac phan
chéo:

{Ill saa "

0 a i=1

Mt

Chitng minh:
Quy nap theo n. Tinh chét hién nhién diing cho n = 1.

| 411 1
Gia sit né diing cho mot n thude IT, va gia sir A = e T, (K
0 L+l
Khai trién det(A) theo dong 1 « + 1, ta nhan duge:
d) HFl
dCl(A) = e un+]n+l = {all - utJFI] ar|+lﬂ+| = l-_[ a}'; -
0 @y 1=1

NHAN XET:

N6i riéng, dinh thitc cia mot ma trin chéo bing tich cie phan tr chéo.

9.6.2 Thao tac trén dong va cit
1) Sir dung tinh da tuyén tinh

Tinh chét da tuyén tinh cla dinh thiic dwge thé hien dudi dang so d6 nhu sau:

’1"1; +bl} alj b”
I =Al: I 1 + I
;l'aﬂj + bnj . . a,,j b_,”'

2) Dé dinh thitc cia mot ma tran bang khong, thi chin vi di 13 cdc cOt cla ma tran do
phu thugc tuyén tinh (xem 9.4, Ménh dé 2, 4), Pac bigt néu mot dinh thiie ch moL con
bing khong hoac hai cot ddng phuong, thi dinh thiv Ay bing khong.

Ta c6 k&t quit twong 1 ddi véi cac dong.



9.6 Tinh dinh thic
3) Thay mot cot bing tong cta cot dé véi mot t6 hop tuyén tinh edc cot
khaice
Gid st A = (a,);, € M, (KD, €. C 1 cée et cla A, jell..n) (&), e K.

Xét ma tran B nhdn duge tir A bing cach thay €, hing Cj + Zak Cr .

k¥
Goi 4 = (e, ... ¢, } [a casd chinb tac cia M, | (K). taed:
dLl(H}—dt.l,( SO+ Za;\ R 1,,J
ke
= det fCyy Cioen O+ Y apdet 4 (€ Cio i€ i )

A#J’

= det(A),

vi mbi det,£C,...., (‘;-_,,("1 Cpyeeen C) chifia hai 1dn cot C,.
Nhw viiy:

Ta khong lam thay doi gid tri ciia mot dinh thic khi thay mot cOt bang (0ng
¢ha cot 46 véi mot 16 hop tuyén tinh clia e ¢t khdc.,

Ta ¢6 két qua tuomg ty ddi véi cdc dong.

NITAN XET:
Ciing ¢6 thé cliimg minh k&t qua trén (i nhin xét rang: # =Al. trong do:

i o,

NI
I o,
l

va khai trién det() theo ¢t thif nhdt, j - 1 1an:

o

AN
deify=1 " ‘
|

/

vl sau d6 (ma tran tam gidc):  det(#y = 1.
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4) Thay thé dong thoi nhiéu cot

Gia st 4 = (a),; € MK), C;,....C, 1a cc cft cla A. Ta s& ching minh rang ¢6 thé
thay trong A mi cot bdi 18ng ciia cot d6 v6i mot t& hop tuyén tinh clia cic cot tiép
theo ma khong 1am thay déi der(A).

V& mbi k thube {2.....n1, X6t Qppven g€ Koo

Xét ma tran B nhén duge tr A bang cich thay:
C.bHCr+ o, Co + .. + @, C

(L Rl ]

Cobii G, + a3 Cy + ... + .0,

C.obdiC,+a,,.C,

C” béi CT]I
1
ay 1 0
batT = a3 a3 1 \ , tach: B = AT, do dé -
Xy Xp2 o Gpp 1

det(B) = det(A) det(T) = det(4) - | = det(A) (xem 9.6.1, Ménh d&).
Nhu vay:

Ta khong 1am thay d6i gia tri cha mot dinh thic khi thay (d6ng thoi) mbi cot
bing tdng clia cot 46 véi mot t6 hop tuyén tinh clia cac cot ti€p theo.

Tuamg tu, bing cdch sir dung phép nhéan sau A v6i mét ma trin tam gidc trén:

Ta khong 1am thay d6i gid tri cia mot dinh thitc khi thay (d6ng thin) mbi cot
béi tdng cha cot d6 véi mot 18 hop tuyén tinh cla cdc cot dimg trude nd.

Ta c6 nhimg két qui trong (v dGi vdi cdc dong.

viDU:

;
Véi (a, b) € K2 van 22, hdiy tinh \“\ ’

? i

{a]



9.6 Tinh dinh thitc

a+in—-Db b— b

2.€

; [
e ’l = b Coe C+
b o {a] b : j=2
g+ {n—Db @
) b
[73
=(a +(n- D) b
b
L| 2l
1 b b
0 u-bh D, « D
={a +(n- LD 0 :
0 .
0 a-bl, P, < D,

=(a+ (n- ) (a- "

Truong hop n=2,n=3

N

- B

_D]

9.6.3

app 41z

Da=2: = oy - Utz
a1 33

aqp 42 413
D=3 |ay ayp | =¢nGuts - dutz s - dndants

dz] 432 a3

- @y + daydaaty - Ay Ayt

(xem 9.5.1, D).
C6 thé tim duge ket qua nay bang quy tac Sarrus: dinh thiic cdp 3 chda 6 hang

(xem 9.4, Dinh nghia):

Uy @iatty,  tUODE ng voi cdc "dudmg chéo di xutng”

® &) Ogilyy b Ayl das
&y dy2 dyy oy iz a3 ap a; a3
N ! .

! i

iy oy ) dan | 3y dy | A 25
N N !

1
iy a3 iy o 233 23 than 433
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hoac viét thém 2 dong xudng phia dudi:

u-> a3

EmE -

] )
ay, a3

@y thay 73
; 4 : " g e A 1an’
® - dy s, - Gndz - - Yt dua uong (g véi cie "duimg chéo di lén
dyy a2 a3 4y ez s tyy tya s
2 " :
dzy o ! th thay dyy G Um
dy LEH 33 s, thas s, diz thya

hoac:

H-

tha, a3 €y
Nhumg cén chii §: quy tie Sarrus chi dugc dp dung vi =3 (van = 2).

vi DU:
a p g9
—p a r|=d +pgr-pgr+ agtrartvap’ = ald+ piy g+ .

—g —-r a

9.64 Dinh thuc Vandermondc

Chone .

¢ Pinh nghia Gid su (x,,...
I3 V(x,, ...,x,), 1a phén tif cua K xac dinh hdi:

2 fi—1
l Xy Il xl

x,) € K*. Pinh thic vandermonde, ky hi¢u

= dcl((xfi_l )1".1.] . r.r}‘

Vix,, ... X)) =



8.6 Tinh dinh thic 323

Ta tinh V{x,, ....x.}
Néun=1- V@)=L

, 1 1
Néun=2: Vix.x)= =X, - X
1 .'('2
Iy 0 11 0 0
Néun=3 Vi, x,x)= 1 x; .x% =11 xy—X xi -X1X;
i Xy X% 1 .1'3-')\'1 X%_XIXS

Cr e Co-5,0,,C 6« Co-xGy

1 )(2
= (x;- X)) (53 - X} 1« = (xg- X)) (X - X -2
Y3
V§i moi # thuoe W ma iz 3:
1 x; xlz x{'_l
X x n—-1
Vix, ... X)) = 2 2 2_
.2 ]
I x, Xy Xy
i 0 0 0
1 n-2
_ 12—11 \Z_TIXZ Iz xllz
. n-1 n=2
| 1 Uy L Yy Ay X X p
Cot— C- x50, Cyo = Ci-x,Cay o O & C -0
i 4] 0 0

X; —xp (X Ny e (xg -x;)x;

] : ) ; . oy HT2
by, - (X, =X )y o (-‘n_"l))\n
] -x'z' e A‘g-z
=(—x:’-\_|) e (X X)) ' .
k) x, - xn—l

1

(a da khai trién theo ddng thit nhat, sau d6 nhan 1 héa trong mébi dong.

Nhu Vay ta duﬂ ‘; v("’l "--'rxn} = [ I_l (xf - '(1 )} V(-:\-Z"'--V“In)

nzi>l
Bing quy nap ta két lufu:
¢ |Ménh dé
Un & B, V(..x) € K% Vi) = | [, - x,).

nea oA
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¢ |Hé qua V& moi (x,,.-.., x,) thude K7, Vix,..., x,) khéc khong khi va chi
khi x,,..., X, khic nhau timg do1 mot.

¢ 9.6.1 Tinh cdc dinh thie sau:

12 2° 3 n
2 3 42 (D)
ay |32 4° 2 L (a2t el
" (n+l): (n+2)2 (2:1—1):
LI 5
5 S S Ns
- - - &
By |8 8 8 o Slonells =D
[
'51 SZ L\”! IH

dy dy oy

c) e F* a,...a, €K
a3
a
1 &
a +h o @ - a
G  dythy @ = O
] & @  ayt+by o a3 |RE ¥, gty by, € K
aﬂ aﬂ

aq -
!
—a a4 +ap
0 — s
e) l .
l 0
W




9.6 - Tinh dinh thitc

0
13 ‘ nei* @bore ™
b

0

. 4 1al

(bidu didn dip s theo cde khodng didin phiie cha X7 - wX + be)

Qo

§ ¢
) det (((,Lj)ﬂsi.jﬂﬁ): :

0 | W
I (’2 o (‘n+1 pell

CO CI Cn

1 i+l 2n LH“!
a+a —1 0——=—20
' 0
) uy 0 o \(1 nme b o d .., € K

i, 0——0 «
I —a —da: =y
a M 0 0
)l 0 M | e 1 di b e K
0
“ﬂ b!l
a -x x
Yy z 0
K} nel* ax vy ek
0
Y il
~{a+1) 1 0
. 0
a —(a+2} 2 l
k) 0 a —fa+3) . 4] nell* ae Kk
' RN B
0 .
0 0 a —fa+n)
X v z
¢ 9.6.2 Ching minh rang: £ =42z v ¥ R A= Q3 [a mot thd con coa vanh
2y 2z x

LY RE
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a h ¢
¢ 9.6.3 GiastA=|d e f| eM; (R
g h &

a) Chimg minb rang khiéng thé cé: tich cdc phin L tmn;_, mdi domg (cla A) < O vitich cic
phdn 1% trong mdi coL > 0,

b) Chiing minh tang klidng th ¢6: sidu <6 hang cda delA) = avk + bfy + cdh H-cegn+
(-af) + (- bdk) ddu > 0.

0 9.6.4 Tinh dei(f), trong do £ M, (F) — M (15,

XX
¢ 8.6.5 vaiipay e MTx %, dat
1 0 O——— (} X
2
3 \|
@00 = 4
.o Lt
Gy Gl e € a7

a) Vi (p.oy € P Tk, hily tinh g0+ 1) - @,(x).
hy Chang nunte: ¥ € LT, pin+ly=(p+ 1! ka .
k=l

n " "
¢} Tir d6 suy ra gii il cla Zk . Zk", . Zk3 va a1 € Lj*,
kol kol k1
¢ 9.6.6 Giasinell- {001 P, =X"-X+ 1. Goi x,, ...x, la cdc khidng didin cla P, rong T,
I+ néui=j

Gia sl A = (au)u e M, (), trong dd a, = . Hay tinh det(A).
) | nfus #j

0 9.6.7 Giasire e N*¥ Elamot K-kgvanchidu, V...V, e £ fe L), Alamdtcosiena k.

Chimg minh: idelg Vi FV V) = Ddet 4 (VL V).
i=
a; €2
0 9.6.8 Gidsird=(q); € MR), saocho: 4i =/ = a,; clin, véi moi (i,j) thude {1..... nl.
a; &
Chimg nunh ; det(d) =0
0 9.69 Choa=(ay, e M), saocho:
t; €7
i#j=a;le. vbimoi (i) thude { L....,n}°. Ching t& rang, né€u # chin, thi det(A) = 0.

a chan



9.7 Binh hudng mot khong gian vectd thuc hinu han chiéu 327

9.7 Pinh huéng mot khong gian vecto thuc hiru han
chiéu

Gid sit 1 € N* va E 1a mot &-kgv n chiéu. Ky hi¢u B(£) la 1ap hop céc co s cha E.

¢ Pinh nghia1 Tanéi hai cosg Bva B chaEla:
e ciing chiéu khi va chi khi: det,(£4)>0
« ngugc chié¢u nhau khi va chi khi det,; £ <0.

Vi % duge sép thit ty todn phén va véi moi co <3 Ava A cha E, det, (47} # 0, nén hai
cd s& 43 cho hoac ciing chiéu hodc nguge chiéu nhau.

Goi R1a quan h¢ xdc dinh trong B(E) bdi:
VA8 eBE), BRAO det, (5)>0).
Quan hé¢ R 12 mot quan hé tong duong trong B(E) vi v6i moi B, 8.4 thubc B(E):
sdet, (B)=1>0
. BR A E>det, (B)>0 = det, (8)=(dety, BN >0= F RS
. {;Ej’ = {iij"i?;oo: det,{8) = det,(4") det, (£ >0 = BR Poie

Vi % - kgv E 1a hitu han chidu, nén né c6 it nhat mot co s& B, = (€500 XEL
B, = (e}, €3...,2,), 46 12 mot co s0 cla E. Vi dc:l,,,l(zﬁ2 }=-1 <0, nén B, va £, nguge
chiéu nhau.
Gia st 4 € B(E).

« Néu det, (4) >0, thi 4, R 5

« Néu det,,(8) <0, thi det (B) = &t (4, et () = -det () > 0, do vay 5 R 4

Diéu d6 chiing 1 B(E) c6 diing hai 6p tuong duong modulo &, d6 [a 16p clia 5, va
16p clia 4. Do do ta co dinh nghia sau:

¢ Dinh nghia2 Dinh huéng £ 12 viec chon, trong tap hop B(E) céc co
s& cia E, mét trong hai I6p twong duong modulo quan hé “cung chiéu”. Céc
co s& thudc 16p nay duoc goi 1a thuan, cic co s& khic (céc co s& thude 19p
Kia) duge goi 12 nghich. Khi d6 ta ni E 12 mot i - kgv dinh hudng.
Ta quy udc co s& chinh tic cua X" la thuan (diéu d6 twong duong véi viéc
chon mot hudng trong EM.

Truc l2 moi duong thing vecto dinh huéng. =
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Cho f e GUE). Videt(f) 20 nén ta c6: det(f) > 0 hoac det(f) < 0.
Cho 4 € M(E).

o Néu det(f) > 0, thi det(f(A) = det(f} > 0 va vi viy 4 Vi f(/) ciing chicu

« Néu det(f) < 0, thi det,(f{#) = det(f) <0 v vi vy A va f(4) nguge chidu nhau.
Tir d6 ta 6 dinh nghia sau: v :

¢ Pinhnghia3 Giasife GI(E). Ta néi rang:
e fbao toan hudng (hodc: la thuan) khi va chi khi: dewf) > O
o+ {ddi hudng (hoic: 1a nghich) khi va chi khi: dei(fy < 0.

¢{Ménh dé Giastfe GUF).

1) Néu f bdo toan hudng, thi véi moi co s& A cha I, i3 la mot co 8¢
cling chiéu véi 2.

2) Néu f ddi hudng, thi vdi moi co st A cia £, f(/) 12 mot co 50 nguge
chidu vén A




9.8 Hang va ma trédn con

9.8 Hang va ma tran con
Nhic lai vé hang

Ching ta di dinh nghia:
+ hang clia mot ho hite han phin tir #cta mot K-kgv E:
rank (A = dim (Vect(.A), 0.4, Binh nghia 3
» hang cha mot dnh xa tuyén tinh f € L(E, F)
rank ( f) = dim (Im{)), 7.3.1, Pinh nghia
» hang cfia mét ma tran A thuge M, , (K
rank (A) = rank (C}, ..., C,) 8.1.6, Dinh nghia

trong dé C,, ..., C, 1a cdc cdt cha A.

Ciéc khdi niém nay o6 lién quan mat thiét véi nhau :

e Hang ctia mot ho hire han phén 1 # cia £ ciing 3 hang clia ma trén ¢6 cde cot
duoc tao nén bi cac thinh phin clia cdc phédn trcla F trong mdt co 56 cha £.

* V&i moi co s8 A= (e,, .., e,) cha E, hang cia f € LE, F) la hang cha ho
(Re < <, va cling 12 hang clia bat k¥ ma trén ndo bidu dién f.

¢ Hung c0a mot ma tran A thudée M, , (K} 1 hang cla bat k¥ 4nh xa twyén tinh
nio ducc biéu dién boi A.

Cudi cling ta nhiic lai dinh 1§ vé hang (7.3.1, Dinh Iy 1) :
Vfe LE, F), rank (f) = dim E — dim (Ker (f)). u

¢ Binh ngh-’-a Glé’ Sﬁ (n’ P) = (\\*) ? * A = (aij)i'j eMu.p(K)& (“’ \’) = (\-:.‘:\-.*)29
{(f., wnig € {l, .., n}saochoi, <...< i,
Gis s € {1, .., pYisaochoji <. <j,.

Ma tran con (hoic : ma tran duge trich ra) cha A, bing cich sit dung
céc dong i, ..., i, va cdc cOt j, , ..., j. 1A ma trdn (a; ; h<s, thuoc M wil )
15isy
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viDU :

‘ d o l‘J 43 I‘J
Ma trin [ (f, _‘,, i") lAmét matrin concua | &' B ¢ d' |, bang cich si
“ : ¢ U” J'J“ et 7 L
dung cdc dong 1,3 vacdecodt 1,3 4:

I b
Dong 2 a’ b’
3 b" FEread
1 2 : 3” .4
______(‘6_‘___

¢ |Pinh ly  VGi moi ma tran A thuoe M, , (K) | hang ctia A bing cdp cao
nhdl clia cdc ma trdn con vuong kha nghich trich ra tir A.

Clatng minh :

Ta ky hiéu r = rank (A), va s la cdp cao nhdl cia ciac ma trin con vuong khi nghich
trich ra tir A.

lYrzs
Gid sit B [a mot ma train. con vudng cua A, ¢ 14 ¢fp cla B . va gia str a > 1.

Ky hicu ¢, ... .1, (4 <... < i,) ld cic chi $6 cua cac dong cia A duge sit dung dé
trich ra B, vy, ..., v, 1A cdc cOt B (trong M, (K)). V, ..., V, li cdc cot cua A duoc st
dung d€ trich ra B (rong M, (K)). Via>r. ho (V,,...V,) phu thuéc tuyén tinh.

[
Ton tai (4, , ..., 4,) € K" - {(0,.... 0)) sao cho Z/l,- V. = 0. Do d6. néu chi ldy cic dong
=1

o
{1y vigthiz ) A;v; =0, vit nhu vay B khong kha nghich. Didu dé chimg t6: 7= s
Vi ¥ £ g g

=1
2 r<s
Giasu 4= (e, ...,e,) li co s chinh tac coa K", 4" = (f, , ..., f,) 1a co st chinh tic cua
K", /: K" — K" la anh xa tuyén tinh dugc biéu dién bdi A trong cc co s¢ A va 4.
Vi rank (/) = rank (A) =r, nén tén tai i, , ..., i, € {1, ..., p} saocho:

€ Sl VAL (€, )« ooy (e ) TAmot co st ctia Im( [).

Bang cdch hodn vi cac Ot cua A (diéu ndy khong lam thay déi ca r 1An 5). ta ¢6 thé
quy vé truomg hopi, =1, ... i, = r.
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Theo dinh 1§ v& co s¢ khong diy db, dang y&u (6.4, Dinh Iy 2), 1dn tai
oot s coenfn € 11, 0} sao cho ho F=(f(e). ...f(e), fjm,...,fj" Y 1a mot co socha
K". Nhu vay det,. (A =0, vi:

apy - g, 00 ]
01
10
det, (A= . D00
M : : E 1
L0

a,, ooa, 000
trong d6 v&i moi k thuge {1, ... n- ¥}, cot 36 r + k duge tao bdi nhimg 50 khong,

trit mot hang 1 bang | nam & dong j -

Bing cich lap Jai vice khai tridn dinh thic nay theo cot cudi cing, v ky hig¢u

Fys e € 40, ot} 500 cho j, <...<j, vilj. ceendr =|:“|_ oy Ut o ond b taduge

il I
det, (A== :
o . PRI I
A e

Nhu vy ta di 1am Xull iign mot ma trin vuong cdp r, kha nghich, trich ra'tir A,

Pidu d6 chimg 10 r < 5. ]

vibu:

H ! wmA = ! 3 M ( ) ‘)
AN ORI L e 4 gll) !
rt =1 ) ! 0 6 1 24

Mot mit, rank (A)<2viA € M, (™).

Mat khic, ma trin [i :‘] , cfp 2, trich ratir A, Y kha nghich (vi €6 dinh thnfe T -,
khic khong).
Ti kG judn rank (A) = 2. ]

RS ring hé qui sau ddy duge suy b dinh 1y trén.

¢ |Hé qua
YAe M, , (K), rank (‘A = rank {(A).

Cing ¢6 the xem 8.2.3, HE qua 2.
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Bai tap

0

981 Chonell- {0, 1}, A MK Clumg nunli
. rank{A) £ »# -2 = rankicomi (A = 0
rank{A)y= »n-1 = rank{com (AN = |

rank{A)=n = rank(com (A= 1.

9.8.2 Chonmell- [0 0}.A s MIK).p eV Dy tinh com (comi...LcomiA)).)). trong
do com duge 1ap Lai p 1in. (C6 (0 s dung D 1dp 981y

9.8.3 Gidsraell-{0 1A e MK saocho rankiA) = » - 1.8 ¢ M (K} sa0 cho
AB=BA=0,

Climg minh : I e K, B =y'comiAn
t
| -2
e 1
984 Giastnell-|0.1), A= e M (K.
1
| —#

Tinh comiAy (€6 thd sl dung cic bin ip 9.8, 1 vii .8.3).
9.85" Chorellsavchon >3 A= t,), € M IK).

VOt ) € {1 n b kY hidu [ephan phu dar <o et g, trong A Gon B ¥ na trin
vudng cap # - 2 nhin duoe 1A hang cach bd di cde dong it ahilt va thes v cae <ot tnt
nhat viu thut #.

. i :'1”. :”‘ll
Chimg niinh) : deyA)det(B) = aE
g mind - detgAjdet() L,l A

nl "
‘ Ay 0——— 0 Ay, ‘
l "ll'Zl ] 0 A'.)H {
(06 thé xé1 dinh (hue cip # sau ‘ \ | ).
1
A A—1l O ! An—lu i
‘ nl 0 Am: 1



9.9 Hé afin

9.9 He afin

9.9.1 Dat bai toan

~,

1y ulp | | bl
GiasiA=] : eM, (K, B=| i |eM, (K.
dy rod

"p b”

Ta xét h¢ phuong trinh :
Ay et dp X, =h

(S) : : T,

@)X+t (X, =h,

v6i an (xy, . . ., x,) € K7, duoe goi 1 hé afin,

Ki hiéu < la tap hgp cic nghiém cha (S) trong K¥. vin d¢ Id xét xem S ¢o
rdng hay khong, va khi S # &, hiy tinh twrdng minh cédc phén 1 cta 5.

1) Dang ma trian
X1
PatX=| : | € M, (K), (x;, .., x,) A mot nghiém cia (S) trong K” khi vit chi khi -

*p

AX = B. Nhu vy viéc giai hé ($) quy vé viéc gidi phuong trinh ma irdn AX = B, véi
in X e M, (K).

2) Dang vecto
3id sir: | E lamot K-kgv p chidu
F 1a mdt K-kgv » chiéu
Al mot cosécia E, Clamdt cosdcla F
[ € LE, Iy sao cho Mat, -(f) = A
b e Fsaocho Mat.(I) =8B

x € £ sao cho Mat, () =X

Tacd: AX=B of=boxef " ({b}).
Nhy vay giai (S) 1i xdc dinh nghich dnh qua f cia don ur {b}.

333
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3) Dang afin

Véir e {1, ... n} taky hitu @,: K — K lddnh xa xdc dinh boi
f!

(s X) € KT @ (K XY = D dgy;
i=i

RO rimg ¢, ..., @, 1a nhimg dang tuy¢én tinh trén K7

Vit moi (xy, ..., x,) thude K" 1a ch:
(S (vie{l,.,onl,gp=h) o ve ﬂ(p{l({b,- })
i=|

VGiie {1, .,nhndu(a,, .. aq)z0,.. 0 hi (p‘-_'({b!- }) 1 mot sicu phang alin
cla K” (xem Tdp Hinh hoc).

Nhur viy gidi (S) 1a xde dinh giao ca m6t ho hitu han sicu phing afin.

9.9.2 Phép giai

Ta giit lai cde ky higu & 9.9.1, viv dat » = rank(A).

1) Hé Cramer

Hé (S) dugc goi 12 hé Cramer khi va chi khi A 12 ma tran vudng va kha
nghich, nghiala: n=p=r.

(3 day. ta pid thiét didu kien d6 duge thoa man. Khi dé tacé: AX=8 < X = A" B.
Nhv vay, (8) 6 mot nghiém vi chi mot, vé mat 1y thuyet viée xdic dinh nghidm do
duge suy (e vige tinh A (sau d6 1A A™B).

UU
Véil <j<n takihidgu G = 1| 1acot thijcha A. Vi A Khé nghich, nén hg
O

F=(C,, ... C.) 1A mot co s& clia M, (K). Vi vy t6n tai duy nhat (1. ... x,) € K* sa0
"
cho B = ij(‘j , va do 46 (S) c6 mot nghiém vi chi mot, dé 1a (v, .., 1, ).
j= :
Giasitk e {1,...,n}. Tacé:

det 4C,, .., Cpp B, Crarr .. Cp) = det, C"”“Z‘YJ'(‘J"""C“
i=1
1
= Z"-j det (C,. ..., ..., Cp) = xdet: (A = x,,
j=1

vi v6i moi j thuoc {1, ..., s} sao choj# &, det:(C,, ... .C,, ... .C,}=0do coOmot cdl
lap Lai.



9.9 Heé afin 335

Do dé, néu goi £ 13 co 5@ chinh ciatae ciia M, (K thi ta cd:
ao= det A, Oy B, OO = dec, (Adet, 4C, . B, ... C)
(et (Cy, .. CY der(CL B O

Ta dil ching minh:

¢|Ménhdé N&uA=(u), e GLEK Va(h,,....h) e K" 1hih¢
apyy et dapn, =h
(5} : :
A Xy et dg, X, =By
véi 4n (X, ..., 3) € K' ¢8 mOt nghiém va chi mt, va vdi moi & thuge
11, ... ul:

dyp e tyoy Byodypay “m|

= da(A)

Tyl o G bﬁ tppyy 00 Uy

Cac cong thifc urén, cho ta v (1 £ k < ) duge goi 1a cde cong thae Cramer.
NHAN XET

Ngay khi # = 3, cdc cong thite Cramer gin nhu khong thé sir dung duge (rong cie vi
du bang s&. Ngudi ta thudmg thién v¢ mot mot phuong phip 16 hop vie phirong trinh
v khir au.

2) Truimg hgp r=n<p

Theo 9.8, Dinh 1y, bing cdch hodn vi cdc dn s6, ta ¢6 thé gia thicl ring ma

iyt dpy
tran vuong cdpn, A, =1 , trich ra tir A, 1a kha nghich.
| Yoy

Véi moi (x,,y, ---n X,) thude K'7, he

}

Ay Xyt e FdX, = b A, e FdX,

Xy + - Hdg, Ky = bn_(“rm+1xri+l+ ”np-rp)

véi 4n (x;, ..., x,) € K", 1a h¢ Cramer, do d6 ¢6 mot nghiém v chi mot
(X1, ..y X,), M ta 6 the bidu dién tuyén tinh theo X, .. X,

Chiing ta s& thdy (Tap Hinh hoc) ring tap hop 5 cdc nghiém cia (S) la motL
khong gian afin con clia K7 vdi s¢ chiéu p - r (=p - n}.
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vi DU:
x+y—z+t=2 n
Giai trong B* (S} {2x-2y+z-3r=1 (2)
—x+y+tz-2=-2 €))]

Bing cdch thuc hién c4c phép bién di (2) -2.(1) vi (3)+(1), ta cé

X+y—z+i=2 (1"
()< {~dr+3z-5t=-13 (2")
2y—¢=0 (3

(3" clio v theo 1, sau d6 thé vio (2, ta duge z, v cudi cung, thé viw (17, ta & dugce v
theo r.:

y=3

(8) <= 2:1(7:—3):14'—1
3 3

5
r=—1+1
O

Vay: s= -5—f+l,lf,1r~l JteRy.
6 2 3

Trong vi du ndy, S 1 dudmg thing afin thuge [ di qua didm (1, 0, -1, 0), vi ¢6
vectd chi phuong, ching han 14 (5, 3, 14, 6).

3) Truimg hop tdng quit: r < n

Théng thudmg, ta tién hanh 18 hop tuyén tinh cdc phuong trinh, dé quy h¢ phuong
trinh vé mot hé thude trudng hop 2) trén déy, hodce dua v& mdt hé vo nghiem.
viDU: ‘

Bien luan va gidi, theo a & T, he phuong trinh v6i dn (x,y.2) € B

2x+y-3z=a
{S) 3x+2y+z=u+3
Tx+4y—5z=2a+5.

Riit ¥ o phuong trinh thit nhét vi the vio hai phuong trink cdn lai:

y=-2x+3z+a
8 @d—x+Tz=—a+3

—x+T7z==-2a+35,

"y
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Néu -a +3 # -2a + 5 (nghia 14 ; a # 2), thi hai phuong rinh cudt khomg tuong thich.
Néu « = 2, thi:

. y=-21+3z+2 fv=7z-1
S - .
(5) @{rzh—l < iy:—l]z+4

[(72—1.—Hz+4.z):zeR.} néuu =2

Kétlugn: & = .
%! néug#2

4) Truong hop h¢ tuyén tinh - thuan nhat

X+ e Ry, X, = b
Hé afin (S) : duce goi 13 tuyén tinh-thuan
Xy + o X, = b

P H

phit (hoac: tuyén tinh; hodc: thudn nhit) khi va chi khi: b, = ...=h,=0.

‘Trong trudmg hop niy (0, ..., 0) ki nghiém ciia (8), duoe goi 13 nghiém tdm thutmg.
Vai cae ky hidu 0 9.9.1, 2), vi thp hgp £ (101 Ta hat nhan cha £, ndn 1 dinh ly v
hang 1a suy ra két qua sau:

¢|Ménh dé Tap hop céc nghiem cla h¢ phuong tsinh tuyén tinh - thuin
nhat

H]\lxl + - +ﬂ|p.l'p ={)
(So) : 1a mot kgve cia K7, vdi sG chicu p - r.

a

p X o T, X, =0

dyp o “lp
trong d6 r = rank :
tyy = ap
N6i rieng (S,) c6 nghiém, ngodi nghiém (0, ..., 0), khi va chi khi :
r<p.
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Bai tap

5 0.9.4 Gidi chic hd phuomg trinh sau (30 {x, ¥. 3 € S cae thar 30 a, b € )

Jy+3y-z=1 [.r+v+{2m-—n:=l
a) dx+2y+3z=2 ' by dax+rvao=
Ax+4y-Sz=-4 l,\'+m_v+: =3m+1}

I+ (G -y +im—Nz=m -1
¢y A2m =N +(dm—Dy+Im:=m +1

Amx+Sm—Tiy+2m -5z =m-1

2_
A—my+pTI=m

fRv+y—z=1
2 e L
d)y smx—m y+mz=1 @) J]f'_\'+2_\'—2::a
mx+ ¥ —mlr =1 [Ha+y-1=h
Ix+y-z-=2
ax+ b=y +2- =1
) ) yr—yv+o=4
1 dux+(2h -3y +3z =1 £
I +2yv—: =4y

av+ (h=Dy+b+2)z=2b-73
(2-wn+2y-2z= =25
9.9.2 Tunditu Kidn cin vitdidei vaim € C d& ba inat phang veclo cia 2 vdi phuong trinh:

o6 chita cing MmOt dung (hang veela.

x-2y+z=mx,  3x-y-2z=ay, 3v-2y-o=me

9.9.3 Gidi cic hé phuong trinft sau (dn {x. ¥, 2. £) € i, cac tham s6 ¢, f.m € D)

3,r+4y+z+2i‘-——3 ‘2.r-‘v+z+r=i
a) {6x +By+2z+61=7 hy {x+2y-z+dt =2
Ox +12y+3z 4L =0 x+Ty-dz+ili=m

2x+vaz+i=3
x+2v+z+i=1
mex+y+z+i=1 ’

. x+y+2z40=2
cy qx+my+IHi =m0 )

d) .
xry+r+2r=4
x+y+mz+t=m+l ;
4x=3y+iz -k =u
2x4+Ty+Tz+2=0h
ax+y+z+i=1
X+uy+z+t=h
X+ytaz+r =4’

3
X+y+ztat =b",

¢ 9.9.4 Gidi(dn(x,. ..., %) €l ham 86 (et eens dy) € DR

Xyt k2 = 2y
X4+ Xy = 2
L 2o,y

\.‘(” +x = 2u,,



Chuong 10

Khéng gian vecto Euclide
(Nghién ctru so bo)

Thé duge sit dung 13 thé cic s6 thue ; cic kgv duoc xét 1 nhimg B - kgv.

10.1  Tich vo hudéng

PE tii niy sé duge trinh bdy mot cdch shu shc han v trong mot khang cénh tong
quat hom (K = i hoac K = L) trong Thp 3, 1.6.

"10.1.1 Pai cuong

¢ Pinh nghia Cho £ la mot T - kgv; tich vo hudng trén /7 1a mdt Anh
xa @ : I* — ¥ sao cho:

1) Yy € B, oyx) =@y (¢ dobi>xamg)
(D) VA e B, Yixyy) e E*, gl Ay + V)= Apley) + ey
(¢ tuyén tinh doi vai vi tri thut hai)

(@) vxe E, olxxz0

(ivyVxe E, (plx,x)=0=x= .
NHAN XET:
Néu @12 mot tich v hudng trén R - kgv E, thi:

vie R Y@y e B, @A+ xy)y = Agpley) + Px’y).

Ta n6i ring @ tuyén tinh déi véi vi tri thiy nhat.
Nhu viy ta c6 thé thay (i) va (iD) btz "o 1 mot dang song tuyén tinh dgi ximg".

Khi @12 mot tich vo hudng, ngudi ta thutmg K hicu (x1y) hoae <.xy > hoac
x -y thay Vi ¢(x,y).
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Vi DU .

1) Tich vé huéng thong thudmg trén B onelfl
Anh xa @ (B = & xdc dinh bok:

(X en Xy Ya(¥ys e ¥n N= }J]: VT

}a mot tich v hudng trén &, goi 1 tich vo hudng ;ihlfmg thudmg (hogc: chinh tac)
irén "

2) Tich vo hudng chinh tac trén M, (5. (1, p) € (1 Iy
Xét doh xa @1 (M, 0B -

(AB) - (AR
MpB A= (BAY = (AR =1 AR = @A B
(i) A AB + B =1r (AAB+ Bh=1 (AR +'ABY = Au (A + 1 (‘A
= g A8 + @AB)
(i) Pt A = (@), L 1ach:

noP
amran=3 Y= a0
i=l j=1 1Zi<n
1€5p
(iv) Tuong tir: @(A,A) =0 > af =0.
ij
e (P e {1 nfx . phoa;=0) A=

Nhu vy, ¢ i mot tich vo hudng trén M, (), duge goi ka tich vd hudng chinh tac
trén M, (). Pac bict v p = 1, néu dong uhal M, (i) vei " (i La urd dad tich vo
hwényg thong thudug tren [ (vi du kY trén diyh

3) Cho (u.b) € B sao cho a < b, viLli = C(la; b]. B) 1275 - kgy cae dnh xy kén
tuc tir |a; b} vio K

Xétanh xa @ EX > R

&
frr Lz
B ] b h
M pg. )= fo = fo =@(f,8)
. b b b
Gy U by + )= [ f + )= fou+ [ for =AU g0 0l k)

b
iy p(f, = 1720

I
(v) p(f =0 [[1 =0 f=0,

vi f lién tuc (xem Thp 1,0.2.5, He qui 4).
Nhi vay, ¢ 1 mot tich vo hudmg 1rén £



101 Tich vé hudng

+|Ménh dé Cho Flamot I - kgv, ¢ 1a mot tich vO hudng trén 1.
Ky higu ¢: E — R Tact:

= (p(x,x)
1) ¥in, p) € GTY, V(4,0 A) € B V(1) €
ix,,....x) € B, ¥ (v,...y) € B,
H I
o Z;{“"Z'ﬂiv.’ = Zliﬂjw(":i’}‘j)
=1 i=1 1€isn
I£;p

D V(A 1) € B Y, ¥) € B,
GOX + pv) = AGx) + 2Aup(x. ¥) + 12 B
NViel, Vxe E, )=y
4 V(x, y) e E, HKx + ) = o)+ 2000y + )
5) Y(x, y) € FZ, Kx + ¥) + - ) = 20 + ¢

Chitng minh:
1) Bang quy nap theo n, ta thiy ring:

H A
vY e E,Q{Z ,ll-xi,Y] = Zl,—¢(.t,-,¥).
i=1 .

i=1

" 1
#jyj] = Z%‘J{%Z#m]
1 i j=1

1= =1

H
tir dé: q{z Ax;
i=l1 ]

:Z%[Zm{xhyﬂ]: PRTILEBNE

i=l =t N 39
1€;5p
2) La trudng hop dac biet cua 1).
1) va 4) La nhitng trudmg hop dac bigt cua 2).
: ){ G+ 3) = 900 + 2000 ) + ¢(y), sau d6 cong timy vE.
Fx - ) = P - 2Kx. y) + HY)

341
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10.1.2 Cac bat dfing thitc vi chuin Euclide

Cho E 1A mdt R - kgv, ¢ la mot tich vo hudng rén £, ¢ - E —» R
X > @lx.x)
¢ |Pinh Iy 1 (Bit ding thic Cauchy -Schwarz)
Ve e £, (@x)) < gad).
Chitng minh:
Tacé: VAe R, ¢x + Ay 20, nem: VA € & dNA + 2p(x )4 + )= 0.

o NEu ¢(y) = 0, tam thitc 4> A" + 2p(x, A + ¢x) la 2 0 trén Jts, do vay biét
thare < O:

(@, - Ky < 0.
o N&u ¢(y) =0, thi y = 0, bat ding thic cfin ching minh 1 hién nhien.

¢[Ménh dé 1 (Trudng hop dang thite trong bit diang thac Cauchy -
Schwarz)

V(x,y) € 2, (g ) = ¢lody) < (xy) phy thude tuyén tinh).

Ching minh:

1) Gi4 st (x, y) phu thudc tayén tinh; chang han, ton tai @ € K sao cho y = ax.
Khi d6 ta cé:

{(w(x, W = (e =@ (@) =a @’
POG() = g0’ H(0) = & (BN,
tir d6 suy ra ding thiic cin c6.
2) Nguge lai, gia sit: (¢(x,3)° = §H).
Néu y = 0, thi (x,y) phu thugc tuyén tinh.
Gia sit y #0 (do vy ¢(y) >0).Dat Ao = _%f;y%) ta c6:

x + Agy) = (*’;(’;’)] P - 2‘”;(’{%()( ) +6(x)

=7¢(—( (@(x, )Y +$()P() =0
nén x + Agy = ¢, (x,») phu thudc tuyén tinh.
Viec chon A, tng véi vicc chon khong diém duy nhat ciia dao hiun cua tam thire

A ¢x + Ay), diéu ndty cho phép ta nhan duge gid wi cye tiéu chia tam thie do.
o{x, y)

$(x)

Ta c6 thé nhan xét ring & 1) thi a bang (n€u v =0).
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#|Pinh 1y 2 (Bit ding thic Minkowski)
Vi NEeEL,  (Bx+ ) <@ GO
Chitng minh: :
B+ )T ST +FONT = Bl +3) < $0) + 2HRFON + ()

!
< p(x, y) < (¢(x)p(y)?
mé bat ddng thic cudi ciing trén 13 bé qua cla bat déng thic Cauchy - Schwarz.

¢/Ménh dé2 (Trudng hop ding thirc trong bat ding thirc Minkowski)
Véi moi (x,y) thude £2,
1 1 1 x=0
(@(x + yN? =(@(0))? +(#(y)? & |hoac _
QaerR,,y=ax)

Ta phat biéu diéu d6 bdi: (x,y) phu thudce tuyén tinh duong.

Chitng minh:
1) Trudmg hop x = 0 13 hién nhién.
Néu t6n tai & € %, sao cho y = ax, thi (xem 10.1, M¢nh dé 3)):

G+ ) = (B + @) =1+ aXPON?
BN + GONF = @)t + a(@(x)?.

L 1 1
2) Nguoe lai, gid sir (¢(x +y))* = (@(x)? +(@y)?.
Lap lai luge d8 tinh todn trong phép chimg minh bat dang thic Minkowski, ta s& dwoc:

1 1
$lx, y) = (g1 (@(¥))* .
Khi d6 ta c6 déng thiic trong bat déng thic Cauchy - Schwarz, do vy (xem Ménh dé 1),
(x,y) phu thudc tuyén tinh. Vi trudng hop x = 0 12 hién nhién, nén ta gia thi¢t x = 0.
Tén tai & € 4 saocho y = ax.
Khidétaco |l + a| gx) = (1 +]a @), nén{l + o =(1 +{a )’ 2a=2|a| va
cudi cing a € F,.

+| Ménh dé - Dinh nghia 3  Gia sit E 1a mét % - kgv, ¢ 1a mét tich vo
huéng trén E. Anh xa Il : E—>R la moét chuin trén E, goi la
oiple)?
chuin Euclide lién két v6i ¢. Anh xa d : Ex E—>R dugc goi l1a
(xy3-lix—yii
khoang ciach Euclide lién két véi ¢.
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Chitng minh: _
D& dang suy ra cédc diu kién I1Ax1l = 141 ldl va (ixll = 0 < x = 0).
Bt dang thic tam gidc e + yll < ll + llyll 12 bat déng thifc Minkowski.

NHAN XET:
Theo 10.1.1, Ménh dé 4), 5}, ta c6:
1 ? 2 a2
Vex y) € B, @{x, y) = > Mx+yle ~Nxll® 1 ¥i®)
x4 yl? +lx—yP=20 M+ 07

Pang thic cudi cing dugc goi 14 dang thirc hinh binh hanh (hoac: dang thire
duwimg trung tuyén).

Bai tap

¢ 1011 Gid slt £ 1a mot kgy, 111 1a mét chudn Euclide trén £. Chimg minh:

b -all®+ e - B+ 1 - P + Nl - dIP = 1le - al® + Wl - PIF + lla- B+ ¢ - A%

¢ 10,12 Chows e B A € M () phin d8i ximg.
Chimg niinh rang T, + A 14 kha nghich.

G 10.1.3  GidsitE 1a mot kgy, <, > L mdt tich v huéag trén £, 10 13 chudn 1ién ke,
nell x,. ...x, € E.Chimg mmh

]

S

2
"
<ny e I
k=1 k=1

0 10.1.4 Gii sk E 1a mot kgy, <, -> 13 mot tich vo hutmg trén £, -1 1a chudn Vign két,
xy, zek

Ching mink : x - zI? € 2(Hx -y + Ny - 21,
b 1 l - .
¢ 10.1.5 Giai phuong trinh {1 - X)* + (x - ¥ + (y - 2P + 2 = " vii dn (x, v, 2) € B2

M
¢ 1016 Giastnell x, ..., x, € R:_ sao cho Zx‘- =1,
i=1
. = ! 2 . * .
Chimg minh : Z— Zn” , v xét rudmg hop dang thire.

s X
i=1 "t

¢ 1047+ GiasoneN-{0, 1}, (g ..a,) € (R:)" By e B € RS Ching minh :

> b, =0 bb; <0,

iy i



10.1 Tich vo hudng

10.1.3 Tinh truc giao

Cho £ 12 mot & - kgv. <, .> 1a mdt tich vo huéng trén E, [l 1a chudn Euclide lign

két val <, .

¢ Dinh nghia

1) Cho (x, ¥) € £7 ; ta néi x tryc giao voi v, vt ky hiéu x L v, khi va chi
khi:<x, v>=10.

2)Cho v € E, A € P(E); ta ndi x true giao voi A, vaky hiéu v | A, khi va
chi khi:
VYacA <x,a>=1(.

3) Vai moi bg phin A cua £, ta dinh nghia tap trirc giao véi A, ky hiéu la
A', 1A tap: .
A"={ve E;Vae A <x, a>=0}.
4) Mot ho phin tir (x;),., cta F duge goi 1a trye giao khi va chi khi:
Vi.pe P Gi#j=<x,x>=0).
5) M6t ho phén tir (x)),., cta I duce goi 12 trye chndin khi va chi khi:
(¥}, true giao
{Vf’ el lixll=1
¢ |Ménh dé 1
1) V&i moi bo phin A cha 2. A' 1a mot kgve cia E.
VA B e (P, AcB=>ADBY.
DVYA e PFL A = (Veet(A) .
HVYA e PUE). AcA™-
SHE =10}, {0}V =E
6) VA € (L), A At {0}
7) VGi moi kgve F, G cha E:
F+G =F G, (FNG'oF +6

Clittng minh:
1) e (Vae A, <0,a>=0),nén 0 e A,
eNéu A e T va(x, v) € (A, thi:
VaeA <Av+ya>=A<x,a>+<y,a>=0,
nén v+ ye Al
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2)GiasitA c B,vachoy e B . Tacé: Vbe B <y bh>=0,
do vay taphai c6: Vae A, <y a>=0,nénye A"
3) & A < Vect(4), nén At o (Vect(A))l. xem 2).
o Tinh chit 12 hifn nhien néu A = &, Tagia thictA 2 3. Chox € A'; véi mot

L
y thudc Vect(A), ton tai n € N, 4.4 € B a.... g, € A sao cho yzz&al-,
i=l

do db:

14 fl
<X,y = qx‘,ZAiai > = Z’li <Xy > =),
i=l il
va do vay x € (Vect(A))". Nhur viy ta da chimg minh: A" < (Veet(A))".
4)Giastae A Vi: Vae At <a,xr=<x,a>=0néntacé g e (Aah'.
5) Hign nhién.
6) Néu x € A ~ A" thi, dac bigt, <xx> =0, nén r = (1.
< L P
Tya)e {Fc rrG 3f > +(J)¢ = FtnGt o (F+ G
Gel+G Gt s {r+G)
o Nguoc lai, gid st x € ' ~ G*. Ta ¢
YfeF, <x,f>=0
YeelG <x, 8> = o0
Vi moi i thuoe F + G, t6n tai (f, g) € F x Gsaocho i = [+ g. va do viy:
<x h>=<x f>+<x g>=0,08nx e (F+ Gy
{Fﬁ(? cF I(:«‘mc;)l > Ft
b =

. S (F+GY o P+ Gt
FGcG (Fﬁ(;}l:(;l

NHAN XET:
Chung 1a s& thay rang (10.2.1, H2 qua 3), néu £ la hitu han chiéu, thi & cé dang thiic
trong cong thiic thit hai cia 7).

¢|Ménh dé 2  Cho (x)),, 1A mot ho phan tir clia £.

(%), truc gia . o
N& ilie : , thi (x,),c; doc 14p tuy€n tinh.
! {VJ'EI, x; 20 {x;);e; d0c 1ap tuyén

Chitng minh:

N
Gidsit N € I, A,..... Ay € &, i,,.... iy € I khic nhau timg di mot, sao cho Zz’th;-k =0.
k=1

N N
L o o N ) _ e
Véi moi j thuge {1...., N}, tacd: 0= <x;. =;’1k-"ik >= kz_izlk <X 2= Al G, I,

do d6 2, = 0,



10.1 Tich v6 hudng

¢|Ménh dé 3 (Pinh 1y Pythagore)

V& moi (v, v) thudc 17 ta co:

v Ly e =+ = he-of =l Dy

Chiing minfe:
DE dang suy ra bang cdch khai trién: H\ + y"z = ”x“z +.2(x. y) + |l yll2 .

NHAN XET:

1) V@i thuat ngiy cua hinh hoc afin, dinh ¢
Iy Pythagorc ud thanh: d& mot tam gidc
ABC vuong & A, thi edn vi da T

BC? = AR + ACE.

A B

n

Z X

i=1

2} £361 véi moi ho hifu han e giao (x,),.;., cla E, ta c6:

=};\\xf\|2

(xem 10111, Ménh dé ).

Nhung déo lai 13 sai (néu 2 2 3) ; chdng han, rong 12° thong thudmg, ho (x, x;. x3)

xdc dinh bai v, = (1, 2), X, = (0, 2). 2, = (0, -1), thod man:

i+ sl =l o + vl

vi khong truc giao.
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10.2 Khong gian vecto Euclide

¢ Dinh nghla Khoéng gian vecto Euclide la moi kgv hitu han chiéu £,
dugc trang bj mét tich v0 hudng.

Ching han, R" v6i tich vo huéng thong thudng 12 mét khong gian vects Euclide.

10.2.1 Tha tuc truc giao héa Schmidt
Gia sit £ 1a mét khong gian vecta Luclide, <-, > 1a tich v0 hutmg, # = dim(}),pe )’
sao cho p € o, (e,.....¢,) 1a mot ho doc lap tuyén tinh trong E.
Ta s& x4y dung mét ho trie giao (V,,...V,) nhilng veeto thude £, 14t ca déu = 0, sao cho:
Yk e (1,...p}, Vecle,...,e)= Veet(V,..... V.
ebatV, =e, 0.
o Tim V, dudi dang V, = e, + A4, V,, trong d6 cdn tim 4, € .
Tach: Vo1V, @<V, e+ A,V >=0 <V >+ Ay v l2=0.

ViV, #0, t6n tai ,, thich hgp. V2 ¢ e, +RV,

NéuV, = 0, thi e, € BV, = IRe;, min thuin
véi su kién (e, ,) doc 1ap tuyeén tinh.

Viy V,#0.
Cudi cing, hién nhién ring:

Vectle,, ¢;) = Vec(V, V2) V o=e
Pt

e Gi st di xay dung duge V..., V, (vOi k< p - 1} sa20 cho:
{ (V,...., V) trye giao va céc vecto thimh phin déu = 0.

Vect(e,,..., &) = Vect(V, ... V).
Ta tim V,,, dudi dang:

&
Vier =€ z A1V
i=]

trong dé cln tm (A4, s Aeas) € e,

Ta co:

k
(7je ll. kLV, LV) e Vje (1. kL <Vjepp + 2 AV >=0

40
i=!

k
= [‘v’je{l,,.‘,k}, <Vierq >+Z’1k+u <V v >=0
i=1

. , 2_
=N (v_; € {Lonk), < Ve > Hhgar 15 1 _0)



10.2 Khéng gian vects Euclide
ViV, .., V,déu =0, h¢ phuong tinh trén ¢é nghiém duy nhat:

<|'_,I ' =S
v Frk+
1E “,...J\'}. /J"k+].j = —__.T'
v,

Xét veeta Vo, da duge xde dinh nhue wén.
Do cdeh xdy dung (V... V) Th mdt ho trge giao,

Neéu ¥, =0, thi:

i.
Gat = - D A,V € VeeV by = Veclleneg )
i=]

man thuén vidi sukién (e, .....e,,) doc lip luyén timh.
Nhu vy : Vi, = 0.
ViV, € Veclle,, V... VI vit VeerV . V) = Veclle,....e), nén ta cd:
Vi) € VEel(e... ),
vavi vay @ VeV, .., Vi, ) < Vectle, .o, o).
Tuong ty, ¢, € Veew(V,,.... V,, V. Y va Vect(e ... .e) = Vect{V, ... V), nén :
Vectle,.....en ) © Veot{V, .., V)

Cudi cling: Vect(e,,..., €,,,) = Vect(V,,.... Vi)

Ta tdm it viee khao sdt trén

¢ |Binhly (Tha tyc tryc giao héa Schmidt)

V& moi ho doc 1ap tuyén tinh (ey,..., ¢,) cua mdt khong gian vectd
Euclide £, ton tai mot ho (V,..., V) trong I sao cho

(V1ees V) true giao

Yk € {1,y pl, Veet(V,,.. Vo) = Vecl(e,...., o).

NHAN XI:T: .
1) ‘Trong dinh 1y trén, ho (V,...., V,) s& 13 duy nhit nfu 1a thém didu kign:
Thell ,pl <V.e>=1
2) Vi wrong cdch xay dung, ¥, duge phan tich theo e, V..., Vi, nén ma trin

chuyén 1l (e,,.... ¢,) sang (..., ¥) 1a ma trim 1tam gidce trén voi cde hang 1 chéo
bang 1. |
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Ta viét tit co s&r trge chudn la cs.Le.

¢|H2 qua1 (Pinh 1y vé cs.t.ckhong day du)
Vi moi ho trye chudn (e,,..., €;) ¢a mot Khong gian vecto Buclide I, tn tai
Eppirnr € € E (trong d6 n = dim (L)) sa0 cho (¢,...., ¢,) lamQl €500 cua I,

Chirng minh:

Theo dinh 1y vé cg s& khong ddy dir, dang y&u (6.4, Dinh 1y 2), T R C O
5a0 Cho (£1,...+ €5 Xpetrers Xp) 13 mot co sé cua . Phuong phip trye giao hoa Schmidt

]

bio 108n e,..... €, va cho mot ho tryc giao (e €p Ve V,). v&i cie hang déu

I A - N
#0.Dat e = —= V1 véi k € {p+l.... n}. 1aduge mdt ho e chuan {e..... ey vivdo

Vil

vay mot c.s.1.c cua E.

¢|Heé qua 2
Moi khong gian vectd Euclide ¢6 it nhat mot c.s.i.c.

Chitng minle:
Chi cén 4p dung He qua 1 cho ho rbng.

NITAN XET:
Né&u 4 = (e,,.... e,) [amot c.s.0.C cua [ thi:

M
YxekF, v= 24 €, X ey
i=l
fil
Thyc vay., véix € £, 1on (X, X,) € [ sa0 cho v = Z“i"i vi v@i mei 1 thude
i=|

{1,.... 0}

I H
Lep X = 49‘-,21}-(’}- > = Z"-J < > =X,
=1 =

¢|Ménh dé 1 Gid s E 1a mot khong gian vecto Euclide, 4 1h mot ¢.8.1.¢

| i
clia £, x, v € F, X=Matz(x) = P, y=Mai, ()= ¢ |
xﬂ y“

Khidétaco: <x.y>= txy = ixs}’f :
=1

Chigng minh:

bat 8= (e,,....¢,} 2 o

H

M H
LX Y= Czl}i’i,z)'i‘(’j > = Z.\ij <("-,€j > = Z,l"'_\“- .
=1 i=!

12i5n i=1
I_jon




10.2  Khéng gian vectd Euclide

. . 1 néui=j
virdng <e,, e,> = T
O néui#j
¢|Ménh dé - Dinh nghfa 2 Cho 7 12 mot khong gian veeto Euclide.

Véi moi kgve £ clia £, F' 12 mot phdn bit cia F trong £, goi 1a phan bu
true giao cua F trong £7.

No1 riéng:  dim(F~) = dim(E) - dim(F).

Clutng minh:

Theo FI¢ qua 2, & ¢6 it nh&t mot c.s.t.c (e, ..., €,), sau d6 theo HE qui 1, 16n lai
€pepr o €, € Esa0 cho (e, ..., e,) A mot c.s.t.c. cha .

Ta chitng minh rang: F' = Vecet(e,,,,, ..., €,).
M
Giasitve E, x= Z"ff}f 1a phin tich clta x trén co sér{e,.....e,) clia £, Ta o6
i=1
xe bl e (vjie{l.. pl. <e,x>=1{)
M

S elloapl Dk <ol =0

i=l

= (Viell, .., pl, x =0

SN E VeCle,,,, ... ¢,).

Nhu vy, I = Vect(e,,.... ¢,) vit = Vecet(e,,,.-..¢,) bil nhau trong £

¢|Hé qua 3 Cho £ 13 mot khong gian vecta Enclide.
DVoimoi kgve Fehak : Fl= F.
DVoamoikgve F.Gelal: (FrGy=F +G.

Cluing minfy:
D Tadithdy: # c F° (xem 10.1.3, Ménh dé& 1, 4)).
Hon nita: - dim(#" 'y = dim{£) - (dim(£2) - dim(#)) = dim(/).
2y Fadathy: (F Gy D % + G (xem 10.1.3, Mcénh dé 1, 73). Hom nia:
dim((F ~ ) ) = dim(E) - dim(F ~ G) '
= dim(£) - (dim(#) + dun(G) - dim(F+(7)
= (dim(E) - dim(F) + (dim(E) - dim(?)) - (dim(E) - dim(FE+GR
=dim(F ) + dim((7') - dim((F+0)H

= dim{/y + dim((7) - din(E~ ~ G, xem 10.1 2, Meénh dé 1, D
=dim (+ + G,
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10.2.2  Phép'chiéu truc giao, phép déi xing truc giao
Cho E 1A mot khéng gian Euclide, <-, > 1A tich v6 huéng, n = dim(k).

¢ Pinh nghia1 Vd&i moi kgve F cha £, phép chiéu 1én /7 song song vii
F* goi 12 phép chiéu truc giao 1én F.

Goi p, 1a phép chiéu tryc giao én F', ta ¢6 (xem 7.2.2, Ménh dé 7):
{pp o pr=pr Impn=F  Kerp)=F 2

YxekE, ([}F{x) efF, x- ,”,v(,") € !J_}
__L%rr.ﬂ

(

+|Ménh d& 1 Gi4 skt p 13 mot phép chidu clia I (nghia 1a: p € LF) va
p o p = p). Cac tinh chat sau la twong duong:
(i) p 1a mot phép chifu trye giao

() V¥ (x, ¥) € £, < p(x), v> =< x, p(y) >

Chiing minh:
(i) = (i) :
Gia sl p 1A mot phép chidu truc giao, nghiala p o p = p vaKer(p) = (Im(pn’'.
Gid sir(x, y) € E°. Ta cé:

< p(x), y > =< p(x), y - pOy) >+ < plx), p(y) > =< plx), ply) >.
vi p(x) € Im(p) va y - p(») € Ker(p).
Tuong 1w : <x, p(y) > = <X - p(x), p(¥) > + < p(x), p(y} > = < plx}, ply) >,
dodé:  <x p(yy>=<p@), y>
(it)y = ()
Giasit: V(x,y) € EY, <x, p(y) > =< p(x), ¥y >.
Véi moi (x, y) thudc Ker(p) x Im(p), tacé :

<x, yr=<x, Ky)>=<plx), y>=<0,y>=0.

vl vi vy p ta mot phép chiéu true giao.

¢ Pinh nghia 2 Gia sir I 1a mot kgve clia E, v € E. Khoang ecach tir x
téi F, ky hiéu 1a d(x, F), 12 s6 thyc xac dinh bdi: d(x. F) =Tnf [|x- y11.
. Ve Ia

Pay 13 mot tnmg hop dac bigt clia khodng cach tir mot didm 16i md1 bd phin khic
réng trong mot kgv dinh chudn (xem Tép 3, 1.1.8, Dinh nghial).



10.2 Khéng gian vectg Euclide

¢|Ménh dé 2 Gidsit Flamotkgvecla E, x € E. Taco:
{VyeF-HX1MZW-wum
Vyel, (h-yll=Ilk-pAoll =y =po).

N6i cach khdc, anhxa ¥ =& c6 bidn duéi vi chi dat duge bien dudi dd tai
vy -yl
pPrX).
Clutng mink: X
Chi ¢fin nhan xé rang v6i moi y € F ta cé: /ﬂ
v - ¥IF = llex - pat)) + e - I /
=l - pe| + lipptx) - P,
: F Pr(x)

!

Vix-pAy el vapo-yel.

~/

+|Ménh dé 3 Gia sk F la mot kpve cha E. (e,,....e,) lamot c.s.t.c cla F.
Khi d6tacd:

Vyek, pp(x)=i<el-..t>ei .
i=1

Cluing minh :

Theo 10.2.1, Nhan xét, dp dung cho pg(x) xerﬁ nhu mot phén tir cia F, ta c6:

pF(x)-—*£<ei,pF(x)>ei =i~:ei,pF(x)—x>ef +i~(e‘-,x>ei- .

i=1 i=\ i=l !
Matkhdc: Vi€ {l,..,p}. <e,pp(x)-x>=0vipdx)-x € F*.
¢ Dinh nghia 3 Vdi moi kgve F cia E, phép doi ximg truc giao qua F

1a ty dbng cdu s, chia E xdc dinh boi: 5, = 2pr - €, trong d6 pg 12 phép
chiéu tryc giao 1én F, va ¢ = 1dg.

FL
Hién nhién rang:

X
S0 5p = €. :
Ker(s, - €) = F, Ker(sp + €) = F' pr(x)
pr =5 levse)- v RO T

5{x)
A
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NHAN XET: Gia sir £ 1a mt kgve coa E, (e,.....e) A mot c.s.1.C cua F, md ta bd
xung thanh mot c.s.t.c B= (€02, cla £ (xem 1021, HE qué 1). Khi dé:

1 1
A N o
1 1
Mat s (SF ) = 0 s Mt A {P‘,-,‘ ) = 1
0 0\
" —-— —
p H-p P n-p

10.2.3 Si¢u phing
Ta nhac laj rang trong mot kgv # chifu E, si¢u phang i cde kgve v - 1 chiducia
(xem 6.4, Pinh nghia 2).

Cho E 12 mot khong gian vecld Fuclide, <. > livtich vo hudng, » = dim(fE) = 1.

+} Ménh dé 1 V& moi u thuge E, anh xa @2 o — T 1a mot dang tuycn
X M,

tinh trén E.

Chirmg minh:
Yael, vx vel,
plox + Yy =<, ax £ y> = a<n v + <y > = agl) g0

4| Ménh dé 2
Anhxa §: E— E’ lamot ding ciu kgv.

H @,

Ta nhéc lai ring, E” = Z(E, %) A d6i nglu cva E (xem 7.1.1, Binh nghia 3).

Chitng minh:
1) & tuyén tinh vi: V @ € E.VuveE Yxek,
(Kam + V) = Po ) =< qu+ v, X >
— < Xx>+<V,X>= apx) + @,(x)
= (ap, + PHX) = (adu) + Q).
2) Gia sit 4 € Ker(8). Taco &) =0,dovay: Vxek <ux>= 0.
Néi rieng: |l =<w u>=0,dovay s =0.
Nhu vay, Ker(8) = {0}, do d6 & lh_ don 4nh.

2) Theo 7.3.2, Ménh dé, dim (£ = dim(LE, ) = dim(E). dim(&) = dim{k).
Tir d6 suy ra (xem 7.3.1, Dinh 1§ 1) & 12 mot dang ciu kgv. [



10.2 Khdng gian vects Euclide

Cho H 12 mét sicu phang clia 7. Ru = H-
Vi dim{/ ) = dimdE) - dim(77h)
=n-{n- =1,

nén /' 1 mot dudmg thang veeta.

Do viy t6n1ai # € 2 sao cho H = T

Khi dé hién nlién ta cd: - n

H =" =t = [

H

Pudmg thing vecto T duge goi 1a
dudng thang phip v6i siéu phang /1.

Véi cic ky hiéu clia hai Ménh dé tén day :

i = Ker(g,) = Ker( ).

¢ Dinh nghifa  Moi phép d&i ximg trye giao qua mot siéu phing clia F
2oi 1d mot phép phan chiéu {cha F).

Bai tap

0 10.2.1 "Che E 1a mot kgv Euclide, <. -> 12 tich v6 hudng, x. v € E. Ta gid thi€l dim(£) > 2.

a) Chiing minh rang, néu [[xll = [l thi tén tai mot sidu phiang #f ciia £ sac cho
¥ = 5.

b} Clitg minb ring, néu < x, ¥ > = || ¥||% 11 16n tai mot sidu phang £ ca £ sao cho
¥=py ()
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10.3 Nhém truc giao

10.3.1 Tu dong ciu truc giao

Cho n € ¥, K 1a mot khong gian vectd Buclide s chidu, <., > 1atich vo hudmg,.

¢ Pinh nghia Mot tr dong cdu / cla I duge goi 1a true giao khi va chi
khi / bao toan tich vé hudng, nghia la:

Yivvel, </ finr=<y>.
Ta ky hidu Of E. <, ->) hodic <) [a14p hyp cée wr dong cilu trye giao
cla £
NIAN XET:

Do sif thi¢u nhit quin cia thudt ngr, mdt phép chidu true giao cua £ (e 1d,) khémg
phai 1A mot ty ddng ciiu true giao. Tridi Yai, moi phiép déi xig true piao cua £ i mot
1 déng ciu Lryce giao cla fv.

+tMénh dé& 1 Giisitf e Z(F). Hai tinh chat sau 13 twong duong:
() fe W)
i vae £ ol =1,

Chtng mindr:

(i) = (ii)

Hién nhi¢n khi thay y bang x viio dinh nghia.

(ii) = (i)

Giasr Yyel, Hj‘{\JH = [1xl]. véi moi (v, ¥) € F7, ta c6

2 <f) f> = e+l - 1ol - 1 fn 1

= e + w2 - ol - [antl:
=+ yli2- el Ayt =2 <x 3>,

vido vy f € QL)

Cic phdn tir ciia O(F) ciing duge goi 1A nhitag phép dang i veelo.

¢|Ménh dé 2 Chof e AF). Cac tinh chél sau tuong duong timg doi mot:
(1) fe o)

(i) Vdimgics.te A cna E, fi9 1a mot c.s.t.c coa £

(iii) Ton tai mot c.s..c. 4 cha £ sao cho f{) [amot ¢.s.t.c cia k.
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Chitng minh:
i) = (i)
Gid st f € O(E) va gia st B = (e,,....e,) lambtcs.lc clia E. Thé thi ta ¢é:
Y e (L, n), <fle) Re)>=<e,¢>=0,
do vay fi#) A mot c.st.ccha E.
(ii} = Gii)
D& diing suy ra tir sir 16n tai cha mot c¢.s.t.c trong E (Xem 10.2.1, He qua 2).
(iii) = (i):
Gia sif t9n tai mot cs.t.e. B = (¢,..., ¢,) cla E sao cho B = (fe...., fle,)) 1a mot
cstccha k.

Gia st (x, ¥) € E% (x,,..., x,} (twong ng: (¥p,..., v,)) 12 cdc thanh phédn clia x (fuang
img: y) trong 5 :

i i
=Y nie Y=
i=] =l

The thi:  <f0), o) >= < D xfle) 2. yife,)>

i=1 j=1

n
= Z Xy < flep). fle;)> :zxi)’i= <X,y >,
1<i_j<n i=1
va do d6: f € KE).

+| Ménh dé - Binh nghia 3 Tap hop O(E) céc tu déng c4u truc giao cia
E 13 mot nhém d6i véi luat o, goi 1a nhom truc giao cla E.

Chitng minh:

Chiing ta s& ching té ring O(E) 13 mot nhém con cha GXE) (xem 7.2.3, Meénh dé -
Dinh nghia).

1) Cho f € O(E).
Gia sir x € E thda mén f{x) = 0; thé thi ta co: Hxll = llfx Il =0, do vay x=0. Vay
Ker(f) = {0} nén £ 1a don anh. Vi f € AE) la don dnh va £ hitu han chiéu, nén f la
mot t déng cfu chia E (Xem 7.3.1, Dinh 1y 2).

Diéu d6 ching t6: O(E)  GUE).

2) Hién nhién 14 Id, € O(E).

3) Néu f, g € OE), thi:

Y(x, y) € EL < (g o ), (g o N > =< ), fO) >=<x,y >,

do dé: g of € O(E).

4) Gia sty fe OF). Tacod -

Yixy) e B <.y > = <A, FETONE=<xy>

vidodof' € OE).
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10.3.2 Ma trin truc giao

Cho n e .

¢ Pinh nghia 1 Mot ma trin £2 thuge M,([) duge goi 1a tryc giao khi
va chi khi ty déng cfu cia I duge bidu didn bdi £2trong ¢ s chinh tic
cha T 1 mot tu ddng cu trye giao cha 1" véi tich vo hudng thong thuong.
Ta k¥ hi¢u tap hop cdc ma tran truc giao clia M,(T) 1a O,(i).

+|Ménh dé 1 Cho Qe M(E), E1amot [ - kgv n chiéu, < -, > la mot

tich vo hudng trén E. Cdc tinh chit sau {img doi mot tuong duong

N R2e 0,0%E)

20 =1,

NN A=1,

4) Vi moi c.s.l.e B cta F, uy déng ciu cha F7 duge biéu dién bdi €2 trong
cu sé A la true giao.

5) Ton tai mot ¢.s.L.¢ clia /7, sao cho trong co s& d6 ty dong clu duge biéu
dién bdi 214 tnge glao.

6) Cdc cOt cla £2tg0 thinh mot c.s.t.c clia M, (T} d6i vdi tich vo hudng
thong thudng.

7) Céc dong cha £2tgo thanh mot c.s.t.c cha M, (E) d6i vdi tich va hudng
thong thudmg.

Ching minh :
Goi g 1a tir déng cdu clia " duge bidu dién bdi €2 trong co s ik chudn 5, cua "
1y e 2):
1) < Vi, v e (B, <glx), gn>=<x,y>
&YX Y)Y e M, (R, @200 ='XY
o VX, 1) € M, (R, XC2DY = XY
o Ap dung ding thitc cudi cimg cho X = E, va Y = E, trong d6 (E,, ..., E) fa co s0
chinh tac ctia M, ,(F); vi ', (£202) E, 12 hang tir thet (i, /) clia ‘€202, nén ta suy ra (202=1,.
« Dao lai 12 hién nhién.
2} < 3): Theo 8.1.5, Pinh Iy,
2) =4

Gia sir 213 mot ¢.s.1.¢ ciha E. f 1a ty déng cfu cia E duge bigu din bdi £2trong co o
A Tacé:

Y.y e <faLfr=<x y>
< VXY e M, (B, (620 Q¥ ='XY
s '22=1,,
nhu trén day d6i vdi tuomg duong thie 1) & 2).
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2)<5):
Do 2) <> 4), vi theo Hé qua 2 {xem 10.2.1) 16n tai mot c.s.t.c.
)= 6):
Thire vy, céc o6t ciia §2 biéu dién cdc thanh phdn ciia dnh qua g clla cic vecto thuge 4,
1y=7):
Suy ra tir 2) <> 3), va 1) <> 6) dp dung cho '£2 [ |
¢(Ménh dé2 O, R) la mot nhém d6i v6i phép nhan, goi 12 nhém trire
giao (cdp n).
Chimg minh:
Chuing ta sé& ching 16 ring O,(§) 1a mof nhém con cia GL, (7).
¢ 0,(%) c GL,(X) vi moi ma tran tryc giao £214 kha nghich (né ¢6 nghich dao 14 '42).
o] ¢ O,(%).
s V§i moi £2,, £2 thudc O (<)
"($202) 02, =" (4 )8 =42 (3 = 1,
do vay £242, € 0,(%).
Véi moi 2thude O,(R), 27 ='2 € O(R) vi' 202 =1,

NHAN XET:
Gid st £ la motcs.t.e cia E, f ¢ AE), (2= Matz{f).
Thé thi: fe OE) < 2e 0,(7).
Anh xa O(E} — 0,0 %) la mot ding cdu nhém.
= Mat {fip

¢|Ménh dé 3 Gia st £1d mot c.s.tc, £ 1a mot co s& cha E, P 1a ma trn
chuyén tir Zsang 4. The thi: 4 14 mét c.s.t.c khi va chi khi P tryc giao.

Chiing minh:
Gid st f € L(E) xdc dinh bdi Mat,, (f) = P. Theo Ménh dé 1, £ 1a mot c.s.t.c khi va
chikhif e O(E). Vitheo Ménh dé trén: fe O{E}Y & P € O,(%). ]

o|Ménh dé 4
1)V 2e 0,(%), det(£d) e {-1,1}.
DV fe OE), det(H) e {-1,1}.
Chitng minh:

D2e0(R) ' R02=1,= (det({D) =det("AY = 1.
2) Suy tir I).
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¢ Pinhnghfa2 Giisufe O(F). Ta néi [ 1a mot tu dong cdu true giao
thuan (tuong tng: nghich) khi vi chi khi det() = | Quong 1ing: det{f) =-1).

Ta ciing néi: | phai thay cho thuin.
trai thay cho nghich.

NHAN X1

Vi f e GAE), f1amot ty déng cdu trye giao thugn khi vix chi Khi /i mou tu domg
cAu trye giao v mot ty dong ciu thudn (xem 9.7, biuh nghia 3).

+|Ménh dé - Dinh nghfa 5 Tap hup cac lu dong chu trye giao thuin
clia £ 1h mat nhém con ciia O, gol fa nhom trye giao dac biét cua 72,
ky hidu la SO
Clueng minh:
s SONE) < O
e de{ldy =1
oV [, u e SOE), det(yg o H=detpdetNH=1.1=1
o 7 f € SO, ded(f ) = (detM' =171 =1 n
T k€1 qué trén t1a suy ra ménh A€ sau:

+|Ménh dé - Binh nghia 6 Cho 2 O,().
Ta néi £21ruc giao phai (wong g traé) khi v chi khi det(4 = 1 (lwong
tng: -1). Tap hgp cdc ma trin tnge giao phéi cip # Ja mol nhom con cly
0,(%), goi 1a nhém true giao dac biét, ky hicu 12 80,G2).

NHAN XET:

Gidsit Zlamot estecta F, f e L(4), 2= Mat ().

e this [ e SO = 2 e SO,

Anh xa SO(E) — SO,(F) 12 mot dényg ciu phém.
Fr>Mat, (H

¢ Pinhnghia3 Mot khong gian vecto Euclide F duge goi la dinh
huéng khi va chi khi kgv 7 1a dinh budng.

N6i cach khdc, mdt khéng gian veets Buclide dinh hudng 12 mét khong gian vecld

[uclide trong dé ta dd chon moét cao sO {lrue giao hay khang) lam co s¢ thudn.

Ta vidt tai co s& tnre chudn thudn [ c.stct

+|Ménh dé - Binh nghia 7 Gia sit F 1a mot khong gian vects Euclide
dinh hudng, V..., V,) € k", Dinh thitc det,(V,,.... V,) khong phu thudc

vao céch chon c.s.t.c.t. 4, duge goi la tich hén hop cha (V,,....V,) v duge
ky hieu [a [V, V).

Nhu viy, vdi moi c.s..ct. Acia B (V,...V. | =det, (V... V)
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Bai tap
0 10.3.1 ChoA e M,(F), C . €, Jacdic oot cha A

f"
Chidng minh = A € O,(1) < Z(“}[('j =1
J=i

e

& 10.%3.2 Ma tran Householder

2 . .
Che ¢ e M, (B - {0}, 85=1,- ——( Y (goi 1 pta trdn Howseholder). Kigm chimg
e
rang N 1a ma trdn (trong cor sé& chinh tac) cia phep phin chitl gua sidy phiang ik grao véi

0 10.3.3 Ching minh ring = ¥ A = (¢); € 0,8, Z ay;| € n,vie X8 rutmg. hop
Vi jSn

dang thisc,

& 10.3.4  Cho £ 1a mot kgy Euclide 7 chiéu, 412 mél ¢.s.1.c cua LoV V, et
"
a) Chimg mink: | det (v .. vl < nﬂ‘., I
=1

b} Xt truémg hop dang, .

¢ 10.3.5 Tuding cau tryc giao cam sinh
Cho E 12 mot kgy Luclide, # 12 mot kgve cha £, f € O Ta gid thid 1a fif) C F. Ching

miinh

fE=r flp e o)
j.(!r,'l }= F < ILI EC){!L}

0 40.3.6 Ddn nhimg (v dong cin truc giao

GiA sir I )2 mot kgv Buclide, 7 1la mot kgve chu s v € OFy v e OF . fladnh xatir /¥
vio # xie dinh b

Yx € £, flx) = Hipa)) + v L.
Chimg minh rang : f e OE).

o 10.3.7 Phan tich mot ty déng ciu (ryc giao thanh tich nhimg phép phan chi¢u

Cho E L mét kgy Luclide, n = dimif), £ € O Chimg minh rang tén 1 s,,.... 5, € L&)

sancho f=u4 o...05, va mbi 5 (1 i< a)iamotphép phan chigu hoac pth dﬁng nhigl.
(511 dung céc bai tf_lp 1WR2.% va 1035, 10.3.0).
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10.4 Hinh hoc vecto Euclide phang

I'a k¢ hicu £, [a mot khong gian veetd Euclide 2 chiéu, - 1A tich vo hwdng (rén £
Chiing 1a s viét tudmy minh cde phén 1 etia OL(F) va do d6 cie phén ur caa OFS).

b
Gidsi 2= (u J e ML), Tacd (xem 10.3.2, M(_:uh 1é 1):
P

i .
b 2 ] '| j(':“ [f =0 ”|] \
2 .
7 1,2 2 L |
Qe (e Jub+ed=0 = ‘ hoac v
2, 72 h=0 u) +ed =
Le+d =1
L “;2 =1 Z
(=0 20 ¢ 20
uz =1 h=r¢
= hoac hoac
Hh=0 of = —u =
;!'225 o +(‘Z-——| lL 2,

Nhur vay:

O = {[a _f): () e R et = I}u J[d } (ae) € RE @ + ¢ ll
¢ u 1 o —d l

= {[u - Hh]; (u, e e R Rox {—11}, Erel= ]l.

. o [
Ta tam 1 ket qua Khio sai:
¢|Ménh dé 1
o O,(IR) = {Ry; B e B} U 1S, @ € I}, trong d6:
Rom [cos(} —sind ~ L’cosqo sin(p}
sing  cos0)’
¢ SO,() = |Rg Oe E}.

SINE  -COSy

Tix day wé di, ta gid thiét 12 £, duge dinh huéng.

Phép quay

¢+ Dinhnghia1 Gid sir Slamot es.t.ct cua . va 0e .

Phép ¢ dong céu cia F, ¢4 ma an trong oo s 2 la
(cosf) —sinf
o=

) de}c goi I phép quay goc 6, vi duge k¥ hiéu 1 Rot,,
sind  cosg)

Khai ni¢m phép quay cho phép dua ra nét dinh nghia chat ¢he cho khdi ni¢m g
gilfa hai vecta = 0 thude £, 18 nhién tuong fmg véi khdi nicm true gide Jit bict.

Chiing ta s phd.l 1ricén quan (hem ndy bang cich diing cdc tinh chil so ¢dp cuy i
him cos va sin {xem Tap 2, 7.8).
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v l . l
Giasttu, ve b.- [0}, /= —n V= —v.
Wee ll el

Ta chitmg minh rang 16n tai ¢ € 7. duy nhit modulo 27, sao cho Rol({1) = V.
Ta ky higu (i), ) (womg dng: (v, ¥2)) Ji cde thimh phim cua {7 (uong fng: V) trong
csled Aeta Fa '
Vi + =1 vay]” w7 = Lonen on tai (i /Ao sao cho
L1ry = coser a J"'i =cosfi

L1y = se jry =sinf

[eost  —sing))f cos cos ff
Véi moi ¢thude i, aed:  RoflH =1 < l Lf“ s \e(tfmﬂ. = Lf“/ \|
Lsin¢ cosO Jsing ) sing )
Jcns() cosa —sind sina = cos fJ
lsin @ cosa +cosOsina =sinf
cos(t +a) = cos
J. { i p =0 =p-ai2n.
lsm(() e} =sin f3

Ta suy ra ménh dé sauw:

+ Ménh dé - Binh nghia 2 Giastta, v e F.-{0}, U= ﬁl—” oV = H_H
i v

Ton tai 0 € £, duy nhit modulo 27 sao cho Rotdl) =V w0 thue 0 nay
{(hoac 16p modulo 27 clia no) duges goi 1 goc cria i v, v l\y hiéu 1i (n V).

Nhu V(\.y 1a Cé: V= l{0l|ﬁ;((n

-

+ BPinh nghla 2 Giast A=, plamdtcstetcna by
e V& moi u € B, - {0}, goc eue cha v (trong A) ka g6c (7, 1), xdc dinh
moadulo 27
e Géc cuc clia mot dudng thing vecto I gée cye cua mdt veeld chi
phuong ciia duding thing do, xdc dinh modulo 7.

,\ 7

Goc ce eia modtL vecla Gée cye cua mos dudmg thing
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¢|Ménh dé3
Y, v) € (B - (0}, uv = il ]l cos )
Chitng minh:
V&i cac kv higu trén day:
v = ||l ] U o V = Nul| V]| (cosa cosB + sina sin /)

= ] vl cose - @) = Tl [l cos (1,3 -

Ta nhéc lai ring (xem 10.2.1, Nhaa x€t), n€u B = (i, j) 1A mot ¢.s.t.c cia Iy, this

Yuelk, wu=(@euw)i+ (i)

¢ |Ménh dé 4
(0, 87 € ®2, Rotpo Roty = Roty, s

o . cos —singy [cosd —sind
Chitng minh:  KgKg- =\ | . ,
sing cosf | \sing cosd
_ cosd cosd —singsingd  —cosd cosd' —sinf cos &
Tl ginBcosd +cos@sing  —sindsind’ +cosd cosf

[cos(() +8) -sin@+6 )}

sin@+@) cos@+ey )
¢ |Hé qua  (Hé thiic Chasles déi vii goc)
Vu,v,w e E, - {0}, (W)= G+, w) (27,

Chirng minh:

—_—i :—1—v, W= ——1-—W.
et vl Lw

Tach W= Rot(;‘"‘;](‘,’) vaV = Rot(;j) (U, nén:

pat: U= ,
W= Rot— 5 Rot=, (1) = ROt 70, o5 ().
Miit khdc: W= Roll;:‘] (.

Dodé: () +(v, w) = (i, w) (2711

NHAN XET: Vi (;:Hn) =0 [27],néntasuyra:

Yu, v e E,- 0], = —(v) (27
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Phép phdn chiéu

cos sin . .
¢ ¢ ) (xem Ménh dé 13, =) i mi c.srckena

Giastpe o Sa= .
sing  —Cosy

£ s 1h oo déng cfu cha F, ¢6 ma tean 8, trong co 0 A
. Sp ] 2 2 1Y g g

. SRR
RS rang 5, 0 5= Mg, Vi 85 = 01 =1,

1) Ta xéc dinh cée bit bign cua s,

N A i
Vaimor X = [ } thude M, (), taco
}P

l%

25in

[ 111g v — msr \) 0
o)

P

1 —cose)x —singy =0
SX=X o J‘[ COSE@ )Y —SINEGY
( an—\+w<‘.—— y|=0
L 2 27

—sing x +(1+cosgply =0

MI‘% o

— X ‘slll%— yCos

() L%

Nhu vay, tip hop cie bit bidgn cha s, [ dudmg hing vécts ), vii goe ee % L e Ti

A

dudng thang sinh bai cos%ﬁsin% I

2) Mot phép tinh tuong & chiimg 10 rang tap hop céce phan bat bign (nghia 12 tap
hop cdc u thude £, sao cho sy = 1) 14 dubmg thang véeldy .-'} . wh gbe oy

-

P .7 tic 13 dudmg thing sinh boi - sinZi+cosL i
2 2 2 2

Ta 16m it ket qué khio sat

¢|Ménh dé 5 Giase 4= (, )lamﬁlustclpu‘qu,Va(pe i Ty ddng ciu

stqo sing)

ctia F, cO ma tran theo cd s0 Ala S, = J la mot phép phan
sing  —COSQ

chiu qua dudmg thing vecto D ¢6 goc cuc % , vi duoe ky hicu 1a Refp,.

Ref (]
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Tt su khdo sl trén ta suy ra két qua sau.
¢|Ménhdé 6
e SO(E) = {Roty; Oe i}
s O(E,) - SO(E,) = {Relp; D e I},

trong d6 7213 (ap hop cdc dudmg thang vecto clia £, [
¢|Ménh dé 7 Moi phép quay clia F, déu c6 thé phan tich duge, it nhit
theo mot cach, thanh tich cla hai phép phin chiéu,

N&i chinh xdc hom, véi moi phép quay » clia £, va moi phép phan chiéu s
clia E-, tén tai mot phép phin chidu duy nhat £ cta Fy saochor =1 o s

Clutng minie:

Pars =" o g1 thude (R vindet(ny = (det(r1)" det¢s)y = U {-1) = -1, vi vay ¢ limoL
phép phan chiéu.

Bai tap

05 —sind cos sin
¢ 10414 Vvai g Oc B dat Re= L_ VaAS, = | v ¢ (xem 10,4,
sind cos@ sing —cosg@

Menh dé 1).
Tinh cée tich Rl g. BaSq SRu SN v 6, 8. @, ¢ € T

0 10.4.2  Gid sitr 1 mdt phép quay va s 1h médt phép phin chigu cla £,. Tinh s o r o sva
roser

0 10.4.3 Trong B2, goc claw = (-2, D va v = (1, 3) |a géc ndo ?

¢ 10.4.4 BO6 toan phucng trong £,
Cho{a. b, ¢) € &* - {0.0,0}.

a) Tim didu kién cén va di dé phuong trinh ax® + 2bxy + ¢¥* = 0 bidu dién hop cla hai
dudmg thing (c6 thé tring nhaw),

Tir hic nay, 1a s€ gid thidt #* - ac 2 0, va ky hi¢u £, D" 1a har dudmy thang clia £, ma hop
o 1 b6 10an phuong., c6 phuong trinh ax? + 2bxy + cy° = 0.

i T
b) Tinh | (D, D thuge (0: S

¢) Vigt phuong trinh cba bd toin phuong cdc phin gidc cla D v D,
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10.5  Hinh hoc vecto Euclide 3 chiéu
‘Ta ky hiéu /7, 12 mot khong gian vecto Buclide 3 chiéu, » 1 tich vo hudng trén I,

10.5.1 Tv déng ciu tryc giao cha £,
Giasitf € Oy, A= 1i,j, k} lamdt es.tetcua 5y, £2= Mag, {1
o Trude hél, ta s& chimg minh riang 160 i v € £, - {0} sao cho f{x) = x hoac
fxv) = -x (nghia 1&, xem Tap 6, 2.1, Dinh nghia. | hoaw - Ti bl rigng cua f).
Giasu A € . Ta co:
Gxel,-{OLfto=Ane @ve k- {0}, re Ker(f - AI(I;.‘-} )
< (f- A1dg, khong phii la don dnh) & det((f- A1d, )=0.

Anhxa P R-SR 1A mot «a thic bic 3, véi hé¢ 1 cao nhét - L. Vi £ 1ién e
Ao deti@-41,)

ten ' vl lim P = oo, lim P = —ce, nén dinh 1y cdc gid i trung gian ching t6 rang P ¢6

— +oo
it nhat mot khong diém thue A,.
Nhu vay, ton tai 4, € R vivy, € E5- {(} sao cho flag) = Apve.
Nhung, vi f € EE), ta ¢6 Il = lxgll, nén 1Al = 1, nghia A et-1,1}L
N&i cich khdc, ta di clwing minh ring | hoac - 1 1a tri rigng coa f.

I . : 3 PR s e .
eDat I = N xo viu 1 = [, Mat phang vecto # On dinh qua f vi, véi moi ¥
An

1 ] 1
thuoc £ : f(») - {=fiy)- (—f(f)}:—{f(}’) fi=— 1 N=0.
S P P

Xét e déng cdu g cia [/ cdm sinh bdi flag: 1 — H  , vatrang bi cho H tich vo
¥ f(y)
hudéng thu hep cha « trén H x £, vaimt c.s.t.c. (7, K).
Vif e OE;) nén 1 rang g € O
Yiv.2 e . g =fn.fiz)=y+z
Theo 10.4, Minh dé 6, g 1 mot phép quay hoac mot phép phan chicu.
Do d6 ¢6 btn trudng hgp trong vide khio sit f.
Trudmg hop thir phat ¢ &, = 1 v g lamdt phép quay
l ( (
Ma trin cha [ trong c.s.t.c. (7, J, Ky clia /£, c6 dang | 0 cosf —sind | . Oe i,
0 sin@  cosO
Truomg hop thir hai ; %, =1 vi g 1a mot phép phan chidu.
Goi J* (tuomg tng : K™} 1A moL veeto chi phuong chuin hda cia Ker(y - Id,;) (wong
ing: cua Ker(g + Id,)).

1 0 0
Khi d6 (7, /', K7 1a mdt ¢.s5.1.¢., trong co s dé ma trin ciafla |0 1 0
0o 0 -1

nhu vay £ 12 mot phép phan chicu qua mat phang vecto sinh bai {£, /7.
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Truimg hop this ba @ A, =-1 v g 1a mOt phép phan chigu
Véi cde k¢ hiéu nhu & trudmg hop th hai, ma trin cfia { trong c.s.te. (. J KD a:

-1 0 0
O 1 0
0 0 -1
Nhu vay / 1a phép d6i ximg tryc giao qua dutmy thing vecta sinh bai J7.
1 0 0
Ma tran ciia f trong c.ste. (JLV L KYRl0 =1 O phu vay, f ciing 1 phép quay
0 0 -1

v6i tryc dinh phuong (va dinh hudng) boi J” va vdi poc quay .

Trudng hop thiy tw: A, =-1vi g 1A mot phép quay
-1 ( 0
Ma tran cla f trong c.x.te. (1, J. Ky c6 dang | O cosd  —sind | e
O sinf  cosd
(-1 0 0 (-1 0 {)M’—I { 0 )
Tachdyrang: | 0 cos¢ —smd = [ 0o 1 0 ] 0 cosy —sind . |
L 0 sing  cosd L 0 0 IJ L 0 sinf  cost) J
Tir day vé sau ta s& gid thi&t £, duge dinh hudng.

Viee mo ta hinh hoc trudmg hop thit nhit din tdi dinh nghia saw.

¢ Pinh nghia 1 Gia sit v € F; thda mén lil = 1. Ala truc dinh phueng
va dinh hudéng bai u, vd 0 € F. Ty dong cdu ciia £, ¢4 ma trdn la
-1 0 0
0 cos¢ -—sing |trong mot c.s.c. (w, v, W), bat ddu (ir &, duge goi la
0 sind cosd

phép quay vii truc A vavéi géc 6,k higu 1a Rotz,.

Nhur vay, véi moi x € £y tact a Row__ ia)
A
Rot j 5 ) =Roty(p , (N + prey (0 P T
S
trong dé: e p o (x} 1a hinh chidu tnge giao u

cha x 1én mat phang «*
e Py, (x) 1A hinh chiéu trye giao -
chia x 1en dudmg thang T b
N . it P
s Roty 1a phép quay vai géc 0 ;
trong mat phang i duge dinh
huéng béi co s& thuan (v, w).




10.5 Hinh hoc vectd Euclide 3 chiéu 368
NHAN XET:
13y Cho Z T mot truc, & € 7 - 27 Theo viée khio sit trén, ton tai mdt c.sle b G,

v, w) sao cho 4 chi phuong vi chi hudmg chnz . v trong oo 8¢ dé ma telin cua
Rt ig i

| () 0

0 cos —sind].

0 sind cosl
Khi d6. £5 rang 13 tap hop cic bat bicn cta Rot ¢, [a dudng thang vecld i o, vi phép
quay g : wt > u™  chinhan (O 1un bat bign.

¥ )

Pidu dé chimg 18 ring mot phép quay chi ¢6 hai trye, ¢é cling phuong vh ¢6 chidu
nguge nhau.

2) C‘]mA—_1 , Zz’ 1a hai truc, @, th € - 275 T Dia suy ra:
Rot iy =R ) — Az - &1 vil [ QZ - —&l R
it e 0, =0271 |0, =-thi27]
trong do —-Zl. ¢hi truc cling piiong va nguge chidu voi Z . u
Viée mé 1a hinh hoc trudmg hop thi ba Jdan 1Gi Pinh nghia saw.
¢ Binh nghfa 2 Trong /3 moi phép quay vii gée 7{27] duge 201 1a phép
lat (hay: quay lai) cia I, [ |

Viéce khao sit trén cInfng 16 rang:

¢| Binh ly  (Phan loai cac ty dong civ trige giao cia I£5)
Gid sitf € O, - {ldg, ).
1) Néu det(f) = 1, thi /1a mot phép quay cua ;.
2) Néu det(f) =-1, thi:-
o Hodc £ 12 mot phép phan chiéa coa E,

« Hozc £ 1a tich cha mot phép quay cia E, va phép phan chidu qua mil
phéng vudng géc vdi truc clia phép quay do.

)
A Rot_, x}

Trudng hop f 1 tich cha mdt phép
quay cha k5 va phép phén chiéu qua
mat phing vudng goc véi Lrye cua
phép quay dé

wt
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Nhan dang va xdc dinh cic phin tir dac trung cia mot fu ding cau trige
giao cua E;

Gia sir £2 € O,(R) - (L}, f 1 tr dbng cilu true giao cla £, bidu dién bai £2
trong mot c.s.t.c.t. 4 cua Fs. ‘
1) Gia sirdet(£2) = 1.
Khi dé /1a mot phép quay cla £
Puimg thing mang truc cla f 13 13p hop céc bit bicn chia f, do viy duge xac
dinh biing viéc gidi phudng trinh (X = X, vOi anXe M, (1)
Theo k&t qua khao st trén day:
L)
1 0 I\
WD =tw{fH=uj 0 cos¢ -sind|=1 +2cos0 |

0 sinf  cos0
diéu d6 cho phép xdc dinh cos{.
Goi 7 1a vecto chi phuong va chi hudng chudn héa cha true cia f, v (J. K) 14 mot
c.s.t.c. cia l' saocho (f, J. K3 lamot c.sc.l coa by

Gié sit x € E,, Khong déng phuong véi 1. Goi (a. B. N 1a céac thinh phéin cia v trong
cstet. (. J, K.

Cot céc thanh phéan ciia f{x) trong (£, J. K) 1
1 0 0 o a
0 cos@ -—sind| | B|=|Bcosd—ysind | vadoviy:
¢ sing cosd ¥ Bsind +y cost

a a 1
[x, f0), Y = dety ;g (6 f), D= | B Beosd—y sing 0| =(8%+y5sind
y fsind+ycostd 0

Nhu vay, vi B2+ *> 0 (do x khong dong phuong véi N, nén sind cing du vai tich
hén higp [x, f(x), 7. Trong thye €, ta tinh tich hén hop niy bing mot dinh thifc trong
cs.tel G, j, k). Tém lai:

1) Duomg thing mang truc A clia f 12 1ap hop cdc bt bign coa f, cd duge
bing cach gidi €2X = X, vdi dn X & M, ().
2) Ta xé4c dinh @bhang :
o tr(42) =1 + 2cos8

 singciing diu véi tich hdn hop Lx. f(x), 1] véi bat k¥ vecta v khong
ddng phuong vdi I, trong d6 I 1a vecto chi phuong v chi hudng di
chudn héa cua truc cla f.
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vi DU
Nhan dang tr déug ciu £ cha 187 ¢6 na trin wong co st chinh tac la
-2 -1 2
2= 1 2 -2 1|
g .
] 2 2

RS rang 2 € O,(F) (cic cot chia £2 duge dinh chudn vi timg déi mdt trye giao vdi
nhan). Hon nita ; dei(4 = 1.
Nhu vy f1a mot phép quay.

Truc A ctiaf duge dinh phuong béi xi + yj + z&, trong d6 (v, y, 2} duge xic dinh boi:

-2 =1 23 f{x X ~2x —y+2z =24
1 2 =2 1lly|=lrie 28 =2yv+z =73y
Lr 2 20 z) =z x4 2y+2z=3z
Sx+y-2z=10 y=-5v+2z
& {2x-Sy+z=0 o {27x-92=0 < {j:‘
x+2y—z=0 -9v+3z =10

Mét vecta chi phuong va chi budng cta true A cla flaw =17 + j + 3k, vi mot vecla

chi phuong va chi hudng chudn héa clia A=

G+ +3k).
11
K¢ higu &1 goc cua f.

2 5
Vil +2costI=tr(£H = - 3" nén ta suy racosd = e
e ¥

Cudi ciing, sind cimg diu véi tich hdn hop -

|
w2

- 5-5-

i, fy, 11 = det o6 f(h, D =10

It

=,

311
(}

wh |

Ta két ludn : £ 13 phép quay ¢ truc dinh phuong va dinh hudng bai /=

] (i4j+3k),
Jin
vi ¢6 pée @ = Arccos {— —] 2.

2) Gia str det(£) =-1.

Khi d6 f hoac 13 mot phép phan chi€u, hodc 1a tich clia mdt phép quay va cia
mdt phép phan chiéu.
Ta chi ¥ ring, vdi £2 € O,(R), cdc hé thie 2° =1, v ‘.Q £21a tuong duong,

Vi =1,
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a) Gid slr £2 d6i xiing.
Vi 27 = 1,, nén f1a mot phép d6i ximg tryc giao.

Vi hon nita det({2) = -1, néu 2 # -1, nén f 1a mot phép phan chiéu. Mt
phing ciia phép phan chiéu /13 1ap hop cic bét bi€n cua f.

VI DU
Nhan amlg ur déng cdu £ ciia RY ¢4 ma rin trong ca s chinh tic 1
-8 4 1
Q2= - L3 4 7 4.
9
i 4 -R
R& ring £2 € O4(R), det(£D = -1, 2 = £2. Do viy fTa mdt phép phin chicu.
X
M phang cia phép phim chidu [ duge xic dinh béi: X =X VSi X = | y|:
:)
—8yv+dy+z=-9x
H=X= 4r+Ty+dz=9y| & a+dy+z=(L
x+4y-8z=-9z
K&t luan : fla phép phan chifu qua mat phang vecto ¢6 phuong trinh v + 4y + 2 = 0.
(Kiém chimg : (I, 4, 1) diing 12 mot phan bit bien cia /).
b) Gid sir £2khong doi xdng.
Khi d6 f 1a hgp giao hodn clia mot phép quay Rot ;, v&i mot phép phan

chidu Ref, qua mat phang P vudng géc vdi tryc A.
CAc phin tir ctia A duge dic inmg bai @ (X = -X
Tacé:
-1 0 0
A =t(fH=1rj ¢ cosd —singd | =-1+2vcos .
0 sind  cosd
didu dé6 cho phép xdc dinh cos 8.

Cilng nhu & 1) trén day, sin #ciing dfu véi tich hdn hop [x, f{x), 7] véi bit ky vecto x
Kkhong déng phuang véi I, trong dé 7 ki veeto chi phuong va chi hudng da chuan héa

cua A .
Cudi cing : P = A"
VI DU:
Nhén dang tu déng cfu f cia i’ ¢6 ma tran trong cd s& chinh tac b
31 Vb
@=-X 1 3 V6|

-ve V& 2
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RO rang 2 € O,(R), £2khong dei ximg, va det(€2y =-1. Do vay, f 14 hop giao hodn

cha mot phép quay Rot 5, v&i phép phan chigu Ref, trong d6 P =A".

Cic phén tif ciia 4 duge xde dinh bin: 4X=-X
Ry

v X=|y]|,1aco:
Z

Ix+ y+/6z=4x

K=K x+3y—Jaz:4y = 'x+}'+‘/g=0 @{X:,‘J_
_J€¥+ Gy+2z =4z ‘\/a-f'—\/a_\!+22=(l z=0

1

\E(Hj).

Mot vecto chi phong va chi hudng chudn héacia 4 laj=

1
Vi -1 + 2cos @=tr({2)y = -2, nén ta suy 1a oS 0= -5

Cudi clng, sin dcling dau vdi -

1
| |2

N

= ——— <0,

[i, i, =10

- tl-51-

=

=& .

dodé 0= —2—:- [27.

Két luan : flatich Rot ;, o Refy, trong 46 A duge dinh phuang vh dinh huéng boi

I=-1%_- (i+), 0= 3 [274, P 12 mat phang vudng adc vé A, o phuong tdghx + y=0.1
2

+{Ménh dé 1

Moi ty déng cdu truc giao cla s ddu ¢6 thé phan tich thanh tich cua
nhidu nhét ba phép phan chiu.

Ching minh:
Gia sit f € O(E;).

o Né&u [ = Idg, rd rang f ka hop clia hai phép phan chigu (hai 14n ciing mét phép
phén chigu), hoac 12 mot hop réng.

o Ké1 qua 12 hién nhien néu f 1a mot phép phan chitu.

o Trudng hop f 1 mot phép quay
Vi céc ky hieu & 10.5.1, Dinh nghia 1. (6 tai hai dudmg thing vecto D), D, thudc
A" sao cho g = Refp, oRefy . trong mal phang 4" '

K¢ hicu P, (twong tng : Py) 1a mat phang vecto sinh bdi D, v 4 (tuong tmg: Dy A,
10 rang :
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f—_- Re r'DZ =Re fnl .

« Néu f 12 hop ciia mot phép quay va mot phép phan chi€u, thi, theo trudng hop
trén, f phén tich duge thanh tich cia ba phép phén chicu.

o Néu f=-1Idg, ,thiflahop ¢iia ba phép phan chiu qua ba mat phang toa do. W
¢ Dinhnghia3 Cho u, v € E; - {0}. Ta dinh nghia ghe cha u va v, ky
higu La (z, v), b0i :
(Lﬂ) =0 néudae Ri , W= ot
T . *
(i, V)=x néudoe R_,v=au
(aﬂ) 1a gi4 tri tuyét ddi cha goe (tinh tong |- 7 [) cla 1 va v trong mat

phdng Euclide dinh hudng boi « va v néu (e, v) doe 1p tuyén tinh.

Nhu vy, ta nhan thiy rang mét goc trong £ tu n6 khong dinh huéng. Mot cich hinh
ntong, ta ¢6 thé nhin mat phing Veet{u. v) tir trén xudng hoae L dudi 1en.

Tix 10.4, Ménh dé 3, ta suy ra k&1 qua sau day.
¢|Ménh dé 2
Y, vy € B, - 10}, wev=lall il cos{u, v).

Bai tap

¢ 10.5.1 Nhin dang 1y déng ciiu fclia £, ¢ matran £2trong midL e.s.Let (L Jokycta ks,
duge cho dudi day, va chi 18 cdc philn tir dac tnmg cta

2 =260 7 —7 4 —4
ay——|-23 2 14 m—| 4 -1 -8
27V 4 7 22 9 -4 -x -1
(7 4 4 A7 4
=14 1 -8 dH—l4 8 1
4 -8 9k4 -1 -3

az ab-¢ ac+h
S lab+e B2 be-al @b oy el ad+P =1
ac-b br+a ¢

0 10.5.2 Lap ma trin £2 trong mot c.s.tet. (i, J. k) cta 7, cia phép quay f co truc duge

T
dinh hudmg boi § + j + & vi cd gbe B [2x].

0 10.5.3 Clwofge SOWEN -1 Idg, ). Cimg tdrang fva g 1a grao hodn duce khi vis chi khi :
Sfvin g 1a has phép quay ¢6 clng trye

' hoac N N . Lo .
. * fva g 1a ha phép 14t ki co cie truc truc giao.

6 10.5.4 Ching mmh rang mor phép quay cha £, c6 1hé phan tich duoc. it nhat theo mot
cach. thanh hop cha nlvéu nhat hay phép 14t
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10.5.2  Tich vecto

T'a nhac lai (xem 10.3.2, M¢énh dé - Dinh nghia), rang tich hon hgp [, v, w] cua ba
phén tr g, v, w ctia £ duge xde dinh boi 0 L, vow] = detfa vow,

trong 46 Zlamorc.slel hit kv cua fo,.

Theo 9.2.2, Menh d¢ 2,1 c6: [, v w][ =0 = (n v, w) phu (hudc tuyén tinh.

Vi. véi (i, v) ¢0 dinh, dnh xa 3 >R lamot dang tuy&n tinh, nén M¢nh dé sau
il

suy 1 10.2.3, Ménh dé 2.

¢|Ménh dé -Binhnghtla1l Cho(w,v) € £%. T6n tai mot phén tir duy
nhit xcha I, saocho:  Vw e {5, [wov,w]=xew,
Phin 10t © d6 cha £, duoc goi 12 tich vecto clia 1 vO1 v, va duge ky hi¢u la
it A v (hode: nx v

Niwr vy, theo dinh nghia ta el Y, v,we by, oy owl={eav)ew,
didu niy (hau) 1y gidi cho cich di&n dat "tich hdn hop” nhu la mot sy "pha trén” mét
tich vecta vi mot tich vo hudng.
NITAN XI5t
13 V& moi 1, v, w thude £, 1a ]
fre, v = (e A vy e
(e, v, ] = [vowe st = (v n we
fae, v, wl =l v =(w A ERY
2) Néu A= (i, K 1amdcsied coalnthic inj=hk jak=i knt =7
vi, chang han
inj={inpni F AP+ U AP R
=i, j, ili + 1 jU+ L j kA= k.
+|Ménhdé 2
Anh xa E, x E5 = E; 12 song tuy€n tinh thay phién.
vyt uny
Clutng minie
Giasttae B, v.v € E;.
sWw e £, (vAwW)sw=|v.ou w=-[u, v.w] = -1~ v)ew,
do d6, tir tinh doy nhit cia v A Sy Fa s VA H= AV
sevwe E (un(av+ VY ew = u, av + VoWl = ali, v, wl+ [n, v, w]
=ali A V) ew+ A y)aw=(ofu A W4 {uAv))an,

do do, tir tinh duy nhil coa n A (ov + Vysuyraz uAa{ev+ VY= a(u A v} (A,

‘Finh chil tuyén tinh A6 véi vi trf i nhat suy tit tinh chét tyén tinh d6i voi vi i

thit hai va tinh chat thay phién.

375
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+|Ménh dé 3
Yu, v e E,, (wav=0<> (1 v)phu thude tuyén tinh).

Chitng minh: _
1) Néu (i, v) phu thude tuyén tinh, thi & A v =0 (xem 9.1.2, Ménh dé 2).
2) Nguge lai, gidstu A v=0.

Néu (x, v) doc 1ap tuyén tinh, thi theo dinh ly vé co s khoug ddy da, dang y&u
(6.4, Dinh 1y 2), ton tai w € E; sao cho (, v. w) 1a nO1 co sG cua £, v khi dé
(i A VYo w = [, v, w] £0 (xem 9.2.2, Ménh dé 2}, mau thufn.

Do vay (u, v} phu thudc yén tivh.

+|Hé qua

Néu (i, v) doc 1ap tuyén tinh, thi (i, v, u A v) a mot o s& thudn cla f2,.

Chiing winh: unv 4
[, vaav]=(@avys(uav)

=l A vIF > 0.

i

¢ |Ménh dé 4

YuveE, @nrvliuvaunsvl .

Chitng minh: (A V) et = [, v, 4] =0, (u n Viev=lw, v, v]=0.

¢|Ménhdé 5 Giastt 8=(,j k)lamdtcs.tel cua Fy,u, v e Fy, (x, v, 2}
(trong Wmg: (x', ¥, 2')) 1a céc thanh phin cha u (lvong Umg : v) trong el
Ta co:

wAv=(z -zy)i + (23 - a2 + (- vk

Chitng minh:
Vi A 12 song tuyén tinh thay phién, va thco Ménh dé wrén, ta cé:
Ay =i+ yj+zk) AT+ Y]+ k)

={yz - zym+ (- X2 + (v - yxk,
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NHAN XET:
Ta c6 thé ghi nhd két qud d6 dudi dang luge dé:
xoat
gnv=|y ¥y J
z £k

bang cich khai trién “dinh thitc gia" (vi 4, j, k |a nhimg vecto) nay theo c6t thif ba.

#|Ménh dé 6 (Tich vecto kép)

Yu,v,wek,, un(vaw)y=(u.w)v-(u.viw.

Chimng minh:
1) N&u v = 0, tinh chat trén 14 hién nhién.

2) Néu v # 0 va néu w dbng phuong v6i v, thi 1én tai 4 € ¥ sao cho w = Au, 1ir dé
suy ra:

(e -(eviw= Au.viv- Auviv=0=uAn{yv A w)

3) Gia thiét (v, w) doc¢ lap tuyén tinh. Theo thﬁ tuc tryc giao héa Schmidt, t6n tai

motcstlel{d, J KyctaFE,vaa, 8, y, a4, b, c € i saocho:
v=alw=BI+yJ,u=al+hi+cK

Khidd tacéd:

svaw=apk, nénua (v aw)=-ayal+ aii

o (i s whv-(ueviw=_(@f+ bpv-aaw=hyal - aa}’f
tir d6 suy ra cong thitc c¢dn ching minh.

¢!Ménh d& 7
DY, v e Ey luavilP+ vy = MudlPlvil?
(hang ding thitc Lagrange)

2) Vu, v € Ey- {0}, Mt A vil =Mzl Il Isin ez, )\,

Chimg minh: 1y
e AV =(uav)y-wav)i=uvurv]l=[v,asav,ul=(valuav)ou
(v eV - (e ) e = (v e V)t o ) - (v e (v e i) = VIR (el - (v o 2)”
2) Theo 10.5.1, Ménh dé 2:

Dot A VA2 = Nedl?® 1A% (1 - cos?(ee, )} = Huli® WIPsin®(u, v).

NHAN XET:
1) N6iriéng : Vu, ve E;, (L v e llu A vl =lull i),

2) N&u u va v a nhing vecto chudin héa va truc giao, thi (4, v, # A V) lamot cs.tet,

cua E;,.

a7
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+| Ménh dé 8

1) Véi moi (u, v) thude EZ, N Al bing di¢n tich hinh binh hanh dung
rén u, v.

2) V&i moi (1, v, w) thude E32 . |lu, v, w]| bang thé tich hinh hop dung trén

i, v, w.

Chitng minh :

/) Trong mot mat phang afin
Fuclide (dinh huéng) (xem Tip Hinh
hoc), gia sit A, B, C. § thoa man
AB=u. AC=v, BS=AC, va gia sit
17 13 hinh chidu true giao cua C lén (AB)
(trudmg hop u = 0 12 tam thudmg).

Dién tich A cua hinh binh hanh ABSC
bing AB x CH.

Vi AB = Il va CH = AC sin CAH = IVl [sin (i, v)|, nén ta két luin :

A=l Wl | sin (77, v) | = e A v
Két qué 1a dién tich tam gide ABC bing %“H; n Z?ﬂ .

2) Trong (mot) khong gian afin
Fuclide (dinh huéng) 3 chiéu, gid
sit A, B, C, D théa man AB=u,
AC=v., AD =w, va gid st H 1a
hinh chi¢u truc giao cia D 1én mat

phéng ABC ( do truomg hop (u, V)
phu thuoe tuyén tinh 1 tim thutmg).

Thé tich V cua hinh hop dung trén
A, B. C. D 1a DH x A, trong d6 A A 454
la dién tich hinh binh hanh dung trén ABC.

o~ e
pat 0= DAH, 1a gée gilta AD_va mat phang ABC.
.._(\"'" T
ViunvlABC,tacé: (AD.I{A!'}‘—‘—:!--(’ S
I
do d6 DH = AD |sin 0| =AD . \cos{AD. A v)‘ . 16i dp dung 1) :

i e
V=llunvil-AD - lCOS(AD. unv) = |(eav)ew|=|lu v, wi




10.5 Hinh hoc vectd Euclide 3 chigu 379
Bai tap

¢ 10.5.5 Phép chia vecto
Véi(a, b) € (B cho trude, gidi g ax=b. viidnx s F,.

0 10.5.8 Gid sit (g, b} € (£,)° doc 14p tuy&n tinh ; chimg minh rang khong ton tai moL ¢
nao thude £, sao cho :

Yre £, anhrxy=cax

asrct+y=a

¢ 40.5.7 Vaia € £, cho trude, gidi { ,val dn (x, vy € ()R

Ay tr=a
0 10.5.8 V6i(e. M e (£;)" doc 1ap tuyén tinh, gidi (@ Ax) Ab=an(xAb), voi dnxe £,

arx=hay
0 10.5.9 Vén(a b) € (o) doc Mp tuyen tinh, gidi () Senv=hAax viidn(xy) € (£).

xAay=anh

4 10.5.10  Ching winh, v moei X, v, 2, 1. v wthude By

|,\'f\1f._vf\\',.’.’f\w]+[.“!\\'.}J!\H'.Zr\rr]+[.‘[!\W._\«'AH.E!\\’]:O.

0 10511 Gidslia e E,. [, 0 (£) — E; xéc dinh bii :
Yix, vy e (B, flv.vi=l@nxayt@any)nx
a) Kiém chiing ring £, 12 mét 4nk xa song tuyén tinh déi xdng, nghia L :
Yx. V) e (B, Lonn=foy
{Vl el Vv e By, finy+An=f (xon+ A (x2.
by Chimg b rang, véi nioi (x, v) uge (F; - [0 saochox -y =0, 1acd:
fivw=Uoae Blxay.

0 10.512 Giashu e E,chudnhéa.f: £, > E,.
Xk=xan

Kiém cluing : f*=-f.
0 10.513 Gidsitn € E, chudn héa, (o A, 9 € B2 f: £, - £, xdc dinh bin :

R Vxe £, finn=ax+ - u+yunx

Tim didu kign cdn va di d6i v&i (@, B. ») d2 [ 1a mat phép quay, vi trong truting hop nay
hdy xdc dinh cac phdn tir dac rung (truc, gée) cla né,



Chuong 10 Khéng gian vects Euclide

-4
Bd sung

¢ C101 Pa thitc Legendre

Goi E 14 tap hop cdc 4nh xa da thite tir [-1, 1] vio & vh, v@i mbi # thude ¥, E, 13 tap hop
céc 4nh xa da thic tir [-1, 1] vio & véi bsc £ n. Ta c6 thé ddng nhét da thifc va dnh xa da
thife tix [-1, 1] vlo X (vi [-1, 1] v0 han, xem 5.1.7, Ménh dé 2). D& dang suy ra ring E |
mdt .2-kgv d6i véi cdc lult thong thuimg.

Ta dinh nghia mot 4nh xa <, > i E2 viio & bai :
YP, O e, <P Q>= L POQ(x)dx.

I Ba thite tryc giao
1} Kiém chimg riing <, -» 12 mot tich vo hudng trén E, vi
VPO ReE <«PQ R>=<P QR>
Ta ky higu |1l 1a chudn wrén E lien k&l véi <., >,
2) Chimg minh ring 1 tai mot day duy nhdt (P,), -  nhitg phén tlr cda £ sao cho

1l nfum=n

Yim mel¥, <P, P >= )
O nfum#=n

Vdi mei r thude W, P, c6 bac # va ¢ hé 58 cao rhit > 0.

H-1

3) Chimg minh ting : Yne W', P, e E;,L_l , trong dd E,,l_] 14 tap trurc giao cla £, | d6i
véi tich vo hudng <., >, :
1T Véine N dul, =(X>- 1" (dao ham cdp n cha (X2 - 1)".

1} a) Cho n € M. Chimg minh ring, néue a chin {treng dng : 1€)) thi U, chin (nrong
ing : 1),

b) Ching minh ring, vdi moi n thudc N, I/, ¢6 bic #, va hily tinh he tir cao nhét cla né.

Véine N taky hidul, = ——LMU,, vi goi 12 da thie Legendre thi ».
2" nt

2) a) Ching minh: ¥(m, n) e ¥, (m#zn=2< U, U,>=0}
{C6 thé tich phan timg phén mat in).
b) Tinh [}/ v6i moin e N.

¢) Chitng minh ring ; ¥n e N, P, = % 2}12—+1U , (cong thire Rodrigues).
n

d) Tir d6 suy ra hé s6 cao nhi clia P, véimoi n € N,
3) Phuong trinh vi phan théa man béi L,
Chimg minh : Ya e I, (1 - X3 L, -2XL, +n(n+ 1)L, = 0.

(C6 thé dat M, = (X* - 1)", nhan xét ring (X ? - 1) M, = 2uXM,, sau d6 15y dao ham
cdp{n+ 1))



B3 sung

4y Hé thire truy hoi trén cic L,
a) Chitng minh : ¥a € ¥, (n+ DL,,, = 2n+ DXL, - Ak,
(Ky hidu ¢, i hé tir cao nhét cia L, v6i k € M va D, = Lo = €M
chimg 16 rang deg(D,) < n va D, tnge giao v& Ly, .. Lo Ly
Sau d6 dua vio Ry, € E sao cho (v6i k=n - L ay L= X" + Ry, vadep(R )y <k - ).

b) Tirdo suy ral, vdin € 10, ..., 0).

¢) Tinh L,03) v L, (1) v6i moi # thude FL.

11 Khio sat cic khong diem cia L,

17 Cong thire Christoffel va Darboux

Chimg nunb : ¥ e 1, Wix ) € B2

(% - ¥) D2k + D LOLLY) = (1 + D OE) - Ly V)-
k=0

2) Chimg minh rang, v& mot » thue |, L, 14 theh duge wén [ va o6 dung # Khong
didm khic nhau timg doi mot va thude ]-1. 1.
(Cau hél nay doc kap véi 1. :
Ta ky hidu (€, )., , ld ¢ic Khong didmn cia L, duge sdp x&p sao cho

-1 < E,ln. 1 < gn.: < < iu.m] < én,ir <1

3) aySuytr Deang: VYo e fL Ve e H,

" .
3@k + I ) = (4 Dyt L (0 = LM g (D),
k=0

MVeine N datF, = La e RiX].

“N+1

Chifng 16 ring c4c he s& clia dang phan tich thanh cc phin ti don gidn clia £, (rong
RLx]) du > 0. (Ap dung 2) va 3) a)).

4) Sy 16ng nhan cita cic khéng diém cha Z,, va L,
C‘ho ne - {0, 1} Cluing minh :

én1<€nll<§n2{§nl"< {gnIJZ‘(énn\{E.ml,ul'cann

5) Gid sitn € N, ¢ € K. Chimg minh rang L, + ¢L,., 13 tich duge trén R vac6 tit chcac
khong diém don.
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Chi dan va tra 10i
cdc bai tap chuong 1

111 a3 {p= ﬁ{pﬁqw{q:p@ra .
PP a=p > p=4q g <

r=q =7 _

n} q:»r:b{fﬁp:&(pc:r)“_.
r=pn

©) (p = (¢ = r) < (Ip hoac (1g hoae 1) < ((1p hoac 1¢) hoae ry < (1(p viLg) hoac 1)

& (pvag) e

d) ({p hoac g) = r) < (1(p hoac g) hoge 1) < ((Tp va 1q) hoac r)
e ((1p hoac ¥y va (1¢ hode 1)) & ((p = 1) vaig = 1)

1.1.2 a) D& dang.

DARB=(@ANBACUCH=ANBNOUANEN Clc(AnC)uUBAC).
)=>:BCAUB=ANCCA va AcAUB=ANnC cC
«=: D& dang.
d):>:B=(AuB)nB=(AuC)nB:(AnB)u(CnB):(AnC}u(CnB}
=(AuB)nC=(AuC)ﬁC=C‘.

<= : Hién nhién.

HA-BU@A-O=(ANBIUVAN C1=An(BuUC)=An(BAC)=A-(BNO).

BiA-B-A-O=AnBYn AnC =ANB A(AVO=ANBNAYUANE NO)

=An BNnC=(A-BHNC=ANC)-B. _

Q)= :A=AnCUC)=ANOU@AN CICENO)UBN Cy=Bn(Cuw C)=8
<= : Hién nhién.

h)Au{Bm(AuC))=(AuB)n(AuC}:Au(BnC).

i) Tuong ta nhyt h).

j)(Au(Br'\C))r'\(Au(BnD)):Au((BﬁC)ﬁ(BnD))r-Au(BnC‘mD)
=AU(BNANBI=A.

k)'A=Ar“|(CUD)CAF\((“UB)=(Ar'\(.“)u(AﬁB):Cu(ChD)=C.

113 X' =X'nE=X'n(XU¥Yu) =X nlu X" naX'ni)c XX A X AT
=XuiXnhuXnZ)=X



Chuong 1  Ngdn ngir cha ly thuyét tap hop

114 O Tralgi:* _
") PnéuAgB, [(B-AUY:YePA)InfuACE
by@nduBzA, {(BuY:YePd;aninfuBca

D nUANB=2D, (BuY:¥YeP)) NWANB=@
d) {A A B).

1.1.5 a)eGidsA € A V&imoix thude A, tacé x € F (theo dinh nghia cha F), vay A € BF.
Diéu nay chitmg 16 : A < P(F).

® (VA € A, A=) vi Pla modt phdn hoach clia E.

o (VA B) € A% (A # 8= AN 8=0))vi Plamdt phén hoach cha E.

* (¥x € F, 34 € A, x € A) theo dinh nghia cfia F.

Difu nay ching 16 rang A 1a mot phan hoach ciia F. Hodn vi (A, F) va (4, (7), 1a két luan Ala
mét phan hoach cla G.

b) e Gidsitx € F (7. TéntaiA € A B e Asaochox € A vax € B. Vi # 1a 1 phan hoach
claf, néntacé A =8,dods A A=, mau thudn. Vay Fn G = 3.

*Giastxc E. Téntai P € Psaochoxe P. VI P= AU A tac6 (P € Ahoac P € £),do
d6 theo dinh nghiaclia ¥ vA G : x € F hoac x € G. Didu nay chimg 16 : F U G=E.

116 e¥Vie(l, .. n}B#2.

e Gidsiri,je {l,...,n}saochoi<j Tac6: B,C A VaB = A - A, CA;-A. vay
BnB =0

eGidstxe E.Tonwaiie {l,..,n)saochox c A, vAix € A, tirdiy x € B.

121 exRy= {;g = yRx.

. {;g = IRk = xRz

1.2.1 « Sphinxavi R phin xa.

» < hién nhign 46i xing.
x5y ARy va yRXx xRz
.{yskﬂ{yﬁrvaziéy = R = x5z,

123 aChiy: Y e B Ry S i =f(y)) trongdé f: kR > R
X x-x

by O Tralsi: clgx) =



Chi dén va trd \di

124 a)Chiayring: Y. Y€ B2, (xRy < fix) = fx)), trong d6 f: R>R

42
by

b) Khdo sét sy bigp thién cha f:
fkha vitren | va:

Yye B.fON= —=
o +D
v l—oo 0 1 +m0
CIEEERE
12 +c0
2 Y] Ve
»
3
o Z
2

Vi moi x thude R, ta c6 : clgx) = {y € R1f) = f(x)} ; khio sdt giao diém cta dudng cong

bidu difn f v6i dudng thang nim ngang c6 tung do fix).

1 néuxe:l—co;%[ U ]2;+oo|:

O Trd b 1 S6 céc phén tirchaclp(x)1a: ) 2 néu x € {— ! 0,1,2}

5!
.3 nfuxe ]—%({ v b w2
1.25 O Traldi:

Tap hop céc chan wén | Tap hop cac phdn it -] - Bitn ttn Phdn tix

~  tong £ ' cyc dai (Can trén ding) 16n nhit
Ta . {15} (2.3} 5 khong t6n tai
. g - {2, 4} khong tOn tai khong t6n tai

C _ {5} (5} ) 5 5

1.2.6 ) Supg(®) 1a mot chan trén cia B, nhu vy ciing 1a mot chan trén cha A (trong E) v
Sup,{(A) 12 chan trén nhd nhit ciia A trong £, do d6 : Supg(A) < Supg(8).
by O Traldi:
l)E=]R,£th0nglhuhng.A=[R_.B:R
Z)E::Q.Sthﬁngthufmg.A={xe@:f<2}.8={xe Q:x<2)
3 E = . < thong thuong, A = {x € @3 ¥ <21, B=A L {2}

26 - D51

a7



Chuong 1 Ngdn ngir cla ly thuyét tap hop

1.2.7 ) Dé dang. -
oy < Trdléi:
Maj,, 2 {x. Y =[x; 00l x [y +oof.

Y &

/) P khong toan phin trong | i (1, 0) va
(0. 1) 1a khong so sanh dugce.

¥ O Tehtgi: {(xr,y) e R ix+y=0} ‘ '
& Maj_»(R1)* =(R,)* va (R}) cb
(0,0)1a phén ti nhd nhat.

-

O Ted Moz (R7)? c6 bien tren trong B2, d6 12
(0, 0).

1.2.8 a) ¢ Tioh phan xa 1a hién nhién.

e Cho {x, ¥), (x', ¥) € E x Fsaocho {{x.y)i(x ) et

(X y)Llxyy
x<x (n x <X (3}
hoac vi hoac

(x=x'vay<y)2) (x=x'vay<y)#)
Chi cé cic trudng hep (2) va (4) ]ﬁ khéng mau thudn. Do dé {(x, ¥) = (X", .

Didu nay chiing t6 £ phén dsi xu‘ng _
® Cho (x. ). (x', ¥), (x". ¥, ¢ E x Fsaocho: {(x,y},{(x ). The thi ta ¢ :

’ (xl‘yl)L{xn‘y") -
x~<x r Sy x'=<x" 3)
hoae . ,. v | hoie .

(x=xvaysy) (2 (=xay<y) @
C4c didu kien @D .vA (3, (D VAEN. () va (?)) kéo theo x < x", vay (x, y) L(x", ¥

(4}

b) Cho (x, ), (X, Y)Y € Ex F.

Vl'élathfrtutoanphﬁnmngﬂ.tacé x*x hogc o
x=xthoacx' <x. « = Y

“Neuw x <X, th{x, ¥) L&, ¥)-
Néu x’ < x., thi (", Y YL,y

Néu x = 1, vi-élamanph&mgr" nentacsy<y
hoac y <y, 0 d6 (x, y) L(x', ¥ Y hoac (x', ¥’ ) L(x, ).

Cutfi cing : {(2) = {x x:l = (x, ) £ (x", ¥"). Nhg vay, L c6 tinh bac cdu.

c) o) O Tehlai: Maj 2 ix.y} = . ¥
(tx} x [y 40D W Jx s ) x R). o
B) May» (R x Ry =, x K. va &, x [k khong
c6 phdn 1 nho nhat d6i véi 2.

O Tra 10i: RT x B khong c6 bign trén trong
B* d6i v6i L




Chidén va tra i
1.3.1 Cic phép chamg minh 1a d& dang. Chang han, déi vdi 6)

A

@ -ri:‘—ﬁﬁ’w:l"‘ﬂ- ) =141 - @] - @) = Py + P - PaDs

1.3.2 a) Viéc chimg niinh cde tinh phin xa, phin d6i xing, batc cdu 1a d& ding.
by O Tra 13i : e Cac.phan tir cye daj clia ¢ d6i vai R1a cic (4, f) trong d6 f € FE.

* Ciic phin 1ir cye tidu clia 4 di vér R lacie (v} rong dox € £ vafeg K&
133 (fofYouzg o om=gomofN=(goryef=lwog)of=wo@eh

134 O 1IGidshtdnih: F o Gsancho i o f=g Taco, vii o (. Xy thude £°
fx) =iy = Ay = Al = gla = g

2) Nguoe lai, gid str: Y x) e B, () = fix) = gx) = g
Choy e F.
o N&u v khong ¢6 tao dnh qua f, ta dut A(y) = e, trong d6 e 1a mgt phin tir ¢6 dinh bat ky cla (i,
e N&u v ¢6 i1 nhit mot 1a0 danh x qua f, ta dat iy) = glx, didu nay 1a ddang din vi néu v co Q1
nhét hai tae anh x, x' qua £ thi gx) = gl
Nhu vy la di xdc dinhdnh xa it K — (5 thoaman : Tx € E Ay =gy, ticlah o f=g.
P} 1) Gid st tén tai [ F — F sao cho be f= g Khi do lac6 : Yy e E., g(x) = Wf),
viy Wy e I, v € £, glx) = A(y).
2y Ngwoge L, gid st Ve e £ 3ve oty = hp). Chox e I
Theo gid thigh, tdn Lai y € F sac cho gx) = h(y). Ta khio sit anh xa f: E — F . trong do v [a

X

ot phin tr thda ndn glay = Ay (Vice xdy dyng nay sir dung "tien dé ch().n").

Vay ta di xdc dinh mgt dnh xa f: E — Fthda mén : Vix € £, g(x) = hifon, e lah « f=g.

135 of g o fongant = {fcgof donanh - _, | F dom dnh = £ song dnt

foge ftoan anh | f toan anh

(xemn 1.3.2, Ménh dd 2).
eREIMg=f"o(fogaNHof"

136 a {gcvf dondnh {g don zins = fsong anh, t8i g = (g © fy o £ La dom dnby.

[ wéan dnh £ todn anh
toana an 4 . . -
h) {g }f :;‘:::::: {’; t{;:: /:::ll]' = g song ant, 181 f= g o (g o f) Jatodn dnh.

1.3.7 a) Ap dung bai tap 1.3.4 ¢). vao E, ¥, £, {, 1d, thay vi E, F, (v, f. g 1a duge : f1a don
anh kI va chi kb Bata b : F = Esaocho b o f=1d,. 11on nita, n€u i o f=1Tdg thi A 1a toin
dnh (xem 1.3.2, Ménh dé 2).

by Ap dung bai tap 1.3.4. ), vao £, F, F, 1dg, fihay vi £ FL G g, B ta duoe ¢ f 1A toan danh Kin
va chi khi t6n tm g ' — E saocho f o g = Id,. Hon nita, néu f o g=1d,. thi g 14 don danh
ixein 1.3.2, Ménh 6é 2).

389



Chuong 1 Ngbdn ngit clia ly thuyét tap hap

1.3.8 K&t qua suy ra tir bai p 1.3.7.

1.3.9 a) < TraMgi: » f1a don 4nh, khong toan dnh.
& g 12 todn 4nh, khong don anh.
by & Traldiige f=Idy, fog: N> N

RN L néu x chin
-1 ufuxié

1310  a) DE dang.

W Cicdnhxa: @: EfRx FIS—o (ExFYT va py: (ExFYT = ERXFIS déu duge
(Clekx), cldy) 2 chdx, ¥} clx, y) =2 (el glx), cldyn

dinh nghia ding din, bl vi vt me1 (x, ¥), (¥, y) thuoc £ = F:
X _ . . clp{x)=clp(x") xRy i o
(Ch(x), CL¥)) = (X)), Ly < {clﬁm ey & {yﬂv, & X NTX,Y)

& clx, vy =cla (2, ).

Rorang: w o @=ldge. peva @ ¢ Ww=1Idg, pyp Theo 1.3.2, Ménh d8 5, ta k€t lugn rang g va
w 1a céc song dnh thudn nguge Hn nhau.

1.3.11 ay ) Vi moi fihude E, f Kb vildg o f=f o Idp.

2) Giaslt (f, g} € £ saochof K g tén tai song dnh ¢ € Fsaocho @ o f=g o @
The thi ¢' € E. @' 1a song dnh, vi:

plog=¢le oo =g c(pef)eg'=f0 9" viygRS
3 Giaslt(f, g. ) € E* sao cho fRg va g’ t8n tai ¢, y € E, déusong anh, saocho :
@of=ge@vi weg=hoy
Th& thi g7 « € E, y o liasong dnh, vi:
(Wopreo fmwo(gel=we(go@=(egle p=(heo o @=he (o g,

trde f R A

b) 13 N&u ch&sh, thi tdn tai ¢ € £ song nh saocho @ « chi=sh o @ th€thich =¢"' o sh o ¢,
viy ch 1a song dnh, mau thudn.

2) Gia sir cos /sin. Tén tai mdt song dnh ¢ : L — R sao cho ¢ » cos =sin o ¢, e li :

@) = @{cosd) = sin{ep(O) e [-1:1]
¥x € R, @(cosx) = sin(¢x)). Ta ¢6 1 19(-1) = glcosa) = sin{p{x)} € [-1:1]
sin(p(1)) = g(eos1) = g(cas(—1)) = sin(p{-1)),

tir d6 (1) = g(-1), mau thuln véi tinh song dnh cha .

& Tralsi:ch )}ésh Vi cos ygsin.

) DGiAsTfRg Tontai ¢: R o> Rsongdnhsaocho @ o f=g o @.

Xét w:EoR . hi€n nhign w 13 song 4nh. Ta c6, v6i mo1 x thuoc &

r
Xy + —
W 2

Wity = i) + %: 2Uex)) + %:((p(x))z +pP(xy+q+ %: (N + C,

2

. PP
trong 6 € = = ——+gq.
B > 2 q



Chidan va tra 16

yix)
Vay tacé: Y € [ (gA-x)) = () - € = ()2, tir d6 : Ve € 1, pa-x) = | hoac

-plx)
Gid st x € T 1 vi x = -x va g 13 song dnh, nén La e pA-x) = -px) Vit ) = 1. K&t qui 1a
0y = 0 va C = w7y - () = 0.

e
23 Nguoc lai néu PP +q=0.Mmidnhxaeg: R >R Asonginhvaldamin ge f=g ¢ @
2 4 s P
2
2
O Traldi 'f: R— R vig: R>R tuomg duang khi va chi khi £—'D—+qr =0.
Rl AxT+preg 2 4

4.3.12 e Tinh phdn xa 14 hifn nhign,

. {xk’y N {f(xﬁf(.v)

yRx FONSf(x) =flo=fiN=x=y

. xRy Hx= () < %
{.vicr = {f(_v)*%f(z) =fo0 < ) = xR

1.3.13 A O Tralai:

A 6 nghia la: tang

T f f
“» oo nghia lh: giam A u EL w
o 8

Z c6nghiala:
tang nghiém ngat A F u A A -
w cfnghiala:

2 . . S Al . . W A
giam nghidm ngat

b) & Tralgi- E=F =10, 1}, =tong £, £ théng thutmg trong F, f = 1d,.

c) Gid sif (x, x°) € E* sap cho x < x". Vi ftang vi dom anh : fix) < fix') vi fix) # fix') nén
Jx) < fix’).

d) Gid sit (x, x°) € £? sa0 cho f{x) = fx"). Vi <12 toan phin trong £, ta cd : x < x* hoac x* < x
hodc x = x". Néu x < x” (tuong ding : x” < x), thi, vi ftang nghiém ngat, fix) =< fix") (tuong ing :
fix*y =< £, mau thudn, Vay x=x".

£.3.14 1) > diy:

* Thay ¥ bdi X: fiX) o fFX0) @ Xy X, tirds fiX) D XvafiX) D f(f(X). Thay X bdi fiX) trong
S0 2 X, ta duge fif120) 2 X0, vay fIFO0) = fiX).

o Néu X ¥, thi : {¥) = XU ¥) S ffX) v A¥) U ¥ S ff00) = fiX).
23 (i) = (i) :

Xcxuy . [f00c fixur) o
{Y:XUY tir da {f{y)cﬂxuyj"’aﬂxunjﬂxl VAN =) u finwy.

1ty )
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1.3.15 A Vx e A o gy =g « M) = fix). vay 1 ¥x € A, fix) e B.
Tueng w2 Vy € B, g(y) € A

Didu nay cho phép dinh nghia cdc dnh xaf’: A—>B vag: B-oa .
; w3 fixd Fgiy]
by 1) Gid sir (a, @) € A*sao cho ¢ < &’ ‘
Viftang: fia) < fta). vay (@ <@
Neuf @ =f @) thi:a=(g o Ha)=glf (@) =gf @) =18 ° Hla) = ¢, mau thudn.

Didu nay chimg to : V(a, a’) € A (@< a = [ty < fr(a@’) e la: [ tang nghidm ngat.
Tuong ty, g° tang nghidm agil.

NVYaeA @ o fHUO=g @) =gfa) =g e M) =a. vy g « f7=1d,
Tuong ./ * = & = Idg.
Theo 1.3.2, Ménh dé 5. f* vi g’ 12 nhitag song dnh thodn nguoc in nhau.

1.3.16 Vif e g=Hlf latoin dnh (xem L3.2, Miznh dé 23, i do fiE) = F ronihi
(8 ° SUE) = g(fitFN = U

1.3.17 D Giastye fif Ay tntgl v e FiAY sao cho v = fix). The thi y € A7 v
v e fiE) tirdo v & A" L)

2y Nguge L, gia siry € A" N fIE). Viy € fil), thntai x € Esaochoy=flx). Viv=flx) e A”.
nentaco : x e fHAN), vay v = € 1AM

1.3.18 1) Gid sttf L song anh.

o Giaslry € fil () vaydntaix e £,¢4) sa0 cho v = fix).

Néu y € fiA), 1hi t8n tai ¢ € A sao cho v = fla), L d6 fix) = fla) vOi x # a. miu thudn (f 13 song
anh). Vay y € ﬁk--(fm)).

Didu niy chimg minh : il € by,

e Gidsity € [:F-(f(r'\]). Vif 1asong anh, nén tén lgi v € £ saocho ¥ = fix).

NEux € 4, tlii y = fix) € RA), mau thudn. Vay x € b(A). 18i thi y = flx) Alaan.
Diéu nay chimg 1 : [,(1A) < Al

2) Ngugc lai. gia sit: VA € PE). fibga) = Lo (i),

o Dac biel : fE) = fB (D)) = b (@) = £ viy f1a toan dnh.

* Gi sit (x, ¥) € £2 sa0 cho f(x) = fiy). Néu y = x, thi fix) =fiy) € Alixp = bty =
L. (f(x)}, mau thudn, vay x=y. Pidu nay ching t6 f 14 don &nh.

1.3.19 (1) = (i1} :

» Gidsity € E'. Ton tai x € £ san cho y = f{x), rd6.x € f'({y)), 16i thi ¥ = fix) e fif "Wy
Diéu nay chimg 16 © {y} < ff "1y

o Bao ham thic ff 'y} < |y) da cd (xem 1.3.5. Ménh dé 3.

(i) = (iii) :

GidsirA € PLE).

« Bao haun thiic fif (A™) € A” dd ¢6 (xem 1.3.5, Menh d€ 3)).
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e Gidsity € A VIfif H({y=1{»). tén tai x € f'({y}) sao cho y = fix). Thé thi ¥ = f(x) va
x e f A vay y & fF (A diéu nay chimg té A" < fif "(AY.

(1ii) = (iv) :
Giastt A’ € P(E™} sao chof"(A’) =@. The thi - A = fif 4™ = (D)= .
{ivy = (i1 :

Giastve Fivi{yl=0.1a c6f ' (1yh # @, vay t6n tai x € Esaochoy = fix).

1.3.20 . a) Theo 1.3.5, Ménh dé, tacd:

A RBYSIA A BYU(ANE ) = (AN oo ) nfEy
=f AN S f B
b) 1) Gid st f 1a don 4nh va gid st (4, B) € (PRI

A fid s B =fAn BYU(A nBY=fAn B yuf (A B CHAINAE DU RAINSB)
Ta chimg minh f{ B)c f(—B} )
Choye f(B). Nény<e fiB)ythitwntaibe Bvac e B sao cho y = fib) = f(c), mau thudn voi
gid thiét f don anh. Vay y € T(F)

Chimg minh tuong tr: f(A )< f(A).
Thé thi : fid 4 BY C (lA) " F(B) YW (F(A) nfiB) =f(A) s f1B).

B) Giasiry e lAy ~ f(B) .
T6n tai @ € A sac cho y = fla).
Néu g € B, thl y = fia) € f(B), wau thuin. Viya ¢ B,y =flayeflAn B).
Piéu nay chimg td fAY A f(BY < fAr B).
Tuong tu: f(A) NfB) A B). Tirdo:
) o fB) = GV~ FBY U (FD nfBY AN BYVIA OB
=fiAn BYU (A nB)=fA4B)
2) Nguoc lai, gid sit: VA, B) € (BE) (A s By =fia) 2 fIB).
Gia sit (x. v) € E? sao cho fix) = f(y)-

’ [ fUxa = flixoh =)} =2 .
Nép x =y thi: {f({.’(‘j s =N FON = mdu thudn. Vay x =y

Piéu nay ching to f 1a don dnh.

1.3.21 O Tra i - Moi b6 phan kiidc r8ng § clia #c6 bitn trén va bicn duai trong # 461
v6i quan hé bac ham, ching fuong g ajrek . XeGreXivalre vXe G.xeXj.
e Vi, v6i cdc ky hieu s 1.3.6, | X va )X,

Xeg Xeg

1.3.22 ayex e [:E [UA,-] = khong (el xe A} (Viel xe EE(A,-))
ief
oxe [0z
ief

o Climg minh teong ty deh voi quan he tha hai.
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. Jielxed; . -
byexe (HA;] nBo {xeB N o@ielixeAanBoxe H{A,nb’)‘

» Tuong tir d8i vi#i quan he kia.

dielxe s -
Sexe [UA,.] ~iUs e {3;2,‘?23'_ o @, pelxt xednB)
iel jed I
=5 ¥ UA,-nB_;- .
IRII R

Yielxe s
sxc [na,}u (}#; | < | hoac @ (V. Nel <l xe OB
it i Yief.xe B;

exe [aul).
RIS
Cau hoi c) la mot dang tdng qual héa cha b
dy D& dang.

& A -8 =4~ = [ﬂ.n,-]m[ﬂﬂg{ﬂ,-})] = [ﬂﬂ,—]mﬂg[Uni]

wf i ! i=f i-f e fof

“(ne ) us)

1.3.23 a) ® Vi moi x thudc F :

xef [UA'f] - [f(x)e UA"-] sdicelfineAlsQiclxefMAD
it . ief
= XE Uf"m',— ).
it
= Tuomg tu d6i vai quan hé kia.
b) V& moi y thude £ :

sve f{Uf’q] = [er Jai.v= f(XJ] < (3iel dxeA.vy=H)
el fi:f
edietyefiuneye | Jfan.
icf

_ e y=fln
oy ef[ﬂfi;] o [ernA;‘y—f(x)] e [El,xe b.{we I xe /'-,J
iel el
= (ViclIredy=fonevielLyefian ove {)fan.
ied
CAc ciu hoi a} b) tdng quat héa cic két qua di thay & 1.3.5.
¢) Gid sit f1a don dnh.
Choye ﬂf(A,- Y. V& moi { thude [, t6n 1ai g, € A; sao cho v = fia).
fef
Vif ladomanh, néntacéd: V{i.p e ff = d,
Viyténtia e fsaocho: Viel a,=a. Dodéy=fix) e fﬂ A

wld



Chidanvatralgi 395

1.3.24  a)a) (g o fHA) = g(fAN C gAY T A,
B Suy ra dé dang tir w).
PVADAADFHA) D ..Df"A) = A,

viy A=flay=fia = =f"(A).
f[U A,}:Uf(A,.JcUA,.
b) Theo bai tap 1.3.23. b} : wE gl el
f{ﬂ:i,- ] cfanc AL
. e i f i

1.3.25  a)eGiasitie [ ViA, # @ vaflatoan dnh, tacof Ay = .
* Gidslt (i, j) € Fsaocho f A f1(A) = @.
The thi f '(AY AD=frAY NS AD = D vy A ALzl i=j
sChoxe E Téntai! € fsao cho fix) € A, tirdd x & f (A,
Didu nay ching 6 tang (f '(A")),., 12 mot phin hoach cha £.

by & Tealdi:£=1{0, 1}, E= 0L EaE' (A), =0k {1
x>0

C.1.1 A 1) @) Gid st f tuong thich véi R va S

Ton tai

Gidsi &€ £/ R 16n tai ¥ € E sao cho £= p(x). Ta dinh nghia L&) b (2 = g{ftx)). didu
nay 1 diing dan, vi n&a x' 12 mot phin tir (khéc) cia £ sao cho &= pia), th x R x', do d6
f(x) SfxY, vite 12 g(f) = gD

X fix)

NGi khac di, tdt ca cdc phén tirclia £c6 cing

moétinh qua g « f, 4 q

g 4l f(x))
Theo cich x3y dung : Vx € E, g(p(0) = ¢(fix), tic la: @ o p=gq o f.
Duy nhit
Gidstg, w:E/R>F]Ssaochopo p=q o fyvagop=go [
The thita c6: ¥x € E, gip(x)) = yp(x)), tirdé vi p la 1oan 4o ; VEe B/ R ol = yd).
£ Neuge lai, gid siridn tai ¢ E!IR’—> FiSsaochogep=g e f.
Ta ¢6, v6i mei (x; x) thube £ ;
x Rx" e pla} = px) = opx) = pp(x)) < ¢(f(0) = qUfix) < fix) Sfix).
Nhu vay f tuwong thich véi R vl S



Chi dan va tra Ioi
cac bai tap chuong 2

2.1.1 a) Tinh p1ao hosn 1a hién nhign.
Vi(-1 %)% 2=0%2=-3vi{-1)%(0#*2)=(-1)*{-3) =3, nén * kidng co tinh k&t hop. RS
rang 1 1 philn 11 trung hoda.

by < Tralsi: 1) {—2.%} 2 {-1, 011

21.2 axh*roy=O*{an*(hre)= O Oxap*hrc)=a* (D*0)* (h*c)
=(a*s e (hecy=ce(hr (@O =cr(ODx(a@*h)=(a*h*{0*cy=(a*h}* ().
Mot vidu: * = -

213 (vTnTz=(x=ary*a*c=xsa*{y*a*x=xT(»7T 2}

2.1.4 1) Ta ching minh bang quy nap theo m: ¥ € H7 4"y = yx".
® 1= 1: xv = yx theo gid thidt.
* nE0 X"y =y, i ™y = xa'y) = () = e = vt

2) Ap dung k&t qua trén vao (p, y. 2™ thay clio (1, x. ¥), ta két ludn: ¥'v" = "W

21.5 1) Néuxc £ likha d6i xing dSi vai * thi véi moi (y, 2) thude £
xry=x*rz=x's(ryy=x'rar) v ry= ' Oz y=c

vy x 12 phdn 1 chinh quy trai. Tuong t, x 14 phén tir chinh quy phii.

23 Trong (4, +), 1 1a phén ti chinh quy nlumg khéng kha d6i ximg.

2.1.6 a) y, 1a don anh khi va chi khi: ¥y, ¥) € El.ta*x=a*y= x=y), tic la khivachi
khi & 1a phén tir chinh quy trai.

b)Y (V. b, )€ FY,  (arxy*bh=a*(x*h).
oV e ¥YxeE &=y e Viab el &4 p,=y° 4.
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2147 Takyhituy:E—FE vid:E—E

yP x*y Y yrx

Vi x chinh quy. nén ¥, va &, déu 12 don &nh (xem bai tap 2.1.6 2)). Vi £ hitu han, ta suy ra rang
(xens dudi day 3.2.2, Menh dé 6). y, va d, déu la song dnh.

* Viy ton tai (g, b) € Frspochoplay=xvidb)sx. iclax*a=xvib*x=x
Taco: ¥ye E.xs{a*y) ={x*a)*y=x*y viyvixchinh quy: ¥Yvekl, a*y=y
Tuong i Vye F. y*b=y

Nhu the, ¢ 1i phdn tir trung hoa trdi va b 1o phén tir trung hoa phaiz the thi: @ * b = b va
a* h=q, viy vai ky hidu ¢ =4 = b thi ¢ la trung hoa .

o Tédn i (X", ¥ € Faanchopixisevidixze ticlir*xy =evix tx=¢.

Tacé: =X *ay*xx =" * (0=, vy x lakha ddi xinyp.

2_1'8 ay(x * _‘I) * (Y ﬁ’y) ={(x* L\,I * \)) * = (x*{x*® _y)) * y= {x * _l‘) * (‘\’ * '\’) =Xx¥ .
byvieat = (v ra)' = ¢! (xem 20, Menh dé 4.

Vilai: x=x*ray=(*aprr'saxa' =0

219 T =y =T v« Tor )= Tx0) * ATy x Ty * (T
v T = v = (e wTay = (s vy = ) * Ty = Ty * Ty,
do d6, vi xTa viv yTy' déu chinh quy defi véi » :

Ty * (T ) = 0Ty * (e Ty

b) Ky hiéu £ 1a phﬁﬁ tr trong hoa coa T, k&t qud cla a) ap dung vao (x. y. & &) thay che
(x. v. X", ¥ chimg O rang xTevit yTe déu giao hodn duge doi vai * tic 1z v * y =y * x.

¢y He qud hign nhién cla b}.

2.1.10 ayAnhixa f110; 400 { — ] 0; +0 [ lamdt dang ciu phong nhém tit (J0; +oo, *) ken
o
(] 0; +c [ +).

< Tra b * 6 Linh k&t hgp, gido hofn va khong ¢d phén tl trung hba.
by fta*.. . *+a)y=fla)+. .. .+f(a)=naz,vaya=...*a:f“(’naz): Jr:a‘
O Tra i Vi

2.1.11 ayAnhxa f: B> R 1a mot dang cfu phong ahém tir (%, *) 1&n (R, .

X ] -x
O Tra 1di; * 6 tinh k& hop, giao hodn, nhin 0 1a phin ol wung hva, Moi phidn 1 x thude

Fo- {1} o6 phin tir d8i ximg d6i vl *, do ka

; 1 khémg cé phin t d6i xunyg doi vii +.
x—

by < Tralair 1 - (1 - a)”.
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2112 @) Y(a. a’) € A% fledTfla ) =fla x o’y € flA).
by Yex, )y € ¢ B flx 2 0y =0T fivy e B

2.1.13 1) Vai moi x thude X 7 (% ¢) * i) = (f % ghx) * M) = (f(x) * g(x)) * hx)
= Jux) * (g(x) * hQo)) = fuxk ® (a0 = (06 (g > ANi).

2) Vi moi ¥ thude X (g * AN = o) * fla) = fix) * gy = (7 g,

23 Ky hidu e la phin tif trung hiva cha £ d&i vai %, dnh xa hang o2 X — £ luphin (0 trung hoa
a ib= e
cla* trong /2%

HVoife B anhxa X £ b dé ximg cla fdai v x,
X ks (floyt

2.1.14 i) 1) Hidn nhién.

2y e Gidsltx e (A * By» ¢ 100 L e, b ) & Fraaochox=(a* by # . The
hi: vy =« * (b *¢) € A% (B Didu nay ching minh bao hani taie ¢4 * M*xCcCcA* B
* '3, Bao hiun thie K duge chining minh mat cich igomg i

s Phgomg phidp 08 hinh tuemg (e nhu déi v tinh giao lied.
33 Iién nluén:
by Taldy £ =R, * =+, A={0, 1} Khoagion tai bo plidin 8 cla 2 sao cho A + R = {0}
<& Tra loi: Khomg.

2.1.15 s(@*)raryy=d*nra*y) e {u)*F
sixehr{vrhy=(vrheyvi*rhell*x{h)
s{arrxe s (@ryrhMzar{x*hxary)rhe {al*i*{hl

s(xFgRYIF T xaRY) sxkgr{vex raxy)e F ¥ la)lxF

2.1.16 WDBC BuCvalC cBwCvay (xembartap 2.1.14, a) /)
 ASBCAYBUC) va APCCA*(BUO),
trds: (A*BiuAscA= B
DGABreA*BUO)L T (@. N eAxBuswochov=a*y
Né&u v & B {tuong tng : (") thix € A # B (twong ng : A * (). Viyx e (A* By (A * ).
O TrAEA*(Bu)={A*NUA*),
MY NBNCCBvaABAC ! vy (xew bai dp 2.1.14, @), e
A BACICA*MVAA®R{BNIICARC,
suyta: A* BN CA*B)nA*).
2y Bao ham thic nguge o6 (hé sai, cluing han nhu trong vi du saw:
E=%, %=+, A=F. B=F, C=R_,
rong détactd: A =B )= @ ova (A A=,
O TralgiA* (B (Y CiA* B NitA* )

399
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2147 Gia sit (x, &) € E x A; 1a gid thift x * a ¢ A (e Ja: x * a chinh quy doi véi *). Vai

moi (y, z) thude E°-
a*y:a*z:}xt(a#'\,r):xl(atz):;(xta)t_y:(x#a)‘z:;y:zb

vay a chinh quy trii.

Tuong, ty, a chinh quy phii, viy a chinh quy, mau thufn.

2.1.18 DVea bh.o,dye A asbyr(crdyc A*A
b) Gia sit (x. ¥) € (A, tacé:
VaeA,(,r*_\,r)*a:x*(v*a)=.r*(a*y)=(x*a)*_v:(a*x)*_v:a*(x*_v).

viyx*y e A

2.1.18 a) Gia st (a, a’) € A% 1a ¢6, ¥di moi (y, 2) thuge £R
(@*ayry)*z=(ar (@ *yNsz=a*r((@ry)*n=ar (@ *(y*)=(a*a)*(y*:h
viya*dad € A

DIV vy eAS (x*y)sz=x*(y*2)blivixe Ava(y,z) € F.

2.1.20 a) Giasit(a. a’) € % taco:
(gra)rx=asr{@* x)=arx*ra)=(@*x)ra =(x*xa)y*a =x* (a*a’).
v moi x thudc E. Vaya*r a € C.
Ta ciing ¢6 thé chid § ring € = E7 (xem bai tap 2.1.18).
M Ve b e Carb=braviae Cvabe ).

2421 D& )& y) =0y =0T, yly) « 67 ¥ = (TxOTx (p Ly Ly
=T Te y L Ly = 2 (CTx”, " Ly =, ) * ((F, y) * x”, v

DI+ EN=ETay Ly =T, yLy)=G 9 * &, ¥)

3) Néu e (tuong ¥ng : £ }a phén tif trung hda d6i v6i T (tuong ing : L), thi (e, & 1a phén tlr
trung hoa doi v6i * vi: '

(e *ea1=(xTe,y Le)=(xy)
Yixy)e ExF, {(e.g)*(x‘y)={eTx.gJ_y)=(x»y)

4) Néu x (luong (ng : ¥) ¢6 phin tir d6i xdng x” (hrong éng @ ¥7) déi vai T (tuemg ung : 1),
thi (x, ¥ ¢ (x", ¥7) 12 d6i ximg d6i voi * vi:

{(x.y)*(x'.y'h(xTxKy 1L y)={ee)
(X Y= (' Ty Ly =(e ).
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21.22  a) 1) Giasiufladon anh. Vi moi (g, B thude B2, 1a <6
feg=fohm= (VxeX f(Rux))=fhN = (Ve X g =)= g= h,

vay fchinh quy trii dfi vdi o trong E.

2} Nguue Lai, gid sir f chink quy trdi d8i vl o trong £, Gid sir (x. 1) € X7 sao

. ; . ) e i . |Blx)=X glx)=ux -
v = . N X, : L XGC : .
cho flx) = fix'). Néu x =", taxét g X —» X, xde dinh bén {Vr eX - {xa). gn=1 The thi
1acof e g=f=F¢ Ty viy g = Ky, x = X", uiu thudn.
Vay x = x'.
by 1) Gi st f 14 toan 4nh. Cho (g, h) € E*saocho go f=h o f,vay & X Tén1aix € Xsao cho
v = flx); ta cor g(v) = () = (ALY = h(y).
Bidu nay chiing 186 g = A, vy f chinh quy phai dBi véi « trong £,

23 Nguoc lai, gid sit f chinh quy phii d6i v6i o trong E. Ta Iap luan phan ching: Gii sirf
khong 13 toan dnh. Th& thi 18n tai # € X sao cho # € fIX). Ta xé1 g : X > X, xdc dinh hiai:
)t néur e (X}

J(B) ndure f(X) _

Taco: Vx € X (g o Htx) = g{f(x)) = Ax).
Viy:g o f=f=1d¢ o f,

tir da: g = Idy.

Dac bidt: = g,

Nhung, B & fiXy. vay g(8) = fif).

Nhu the& F=f(f € f(X. mau thudn.

2

2.1.23 aye {2:i;§2 NVAy axb < h*a
{i:ziz vay bra<axh,

byeg*gza

asa
. LAY asa®a.
asa )

=agxc< b=,

{a*csagb

a*csrc

ash arcsh*c
d) {Cﬁd:{ctbsd*b:‘a*cgb*d'

e {b*csb:a*(b*c)s.a*b‘vay a*(bxc)<(a*by*c.

* ax{h*cyshxc<c

{a*bﬁb::'(a*b}*r‘ib*c

(uxhy*c<a*bsa Vay(axbyxe<anibroy.

2.21 Gia st (x, ¥) € G°. Ta co { Co”) =0 = x0T 40 46 vi xva y déu chinb

()7 =e=x?y? = xty)y
quy: yx = xy. '
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2.2.2 Gidsity € G; d& chimg minh ring 160 tai (¢, b) € A x B sao cho x =ab, e a'x=h,
ta 5& chimg minh rang cic bo phan cla (zA"x (xdc dinh bén A”x = {¢” v« € A} va B, déu
khéng rivi nhau.

Viog — a'v L mdt song dnh tir A n A, i e Cardid 'x) = Card(:4). va do vily:
Card(A"x) + Card(B) = Card(A) + Card(B) > Card((7). Suy ra: (A0 = O Vay 160 tai
ve'ynB.viaeAsaocho v=a'ly Vay v =ay € AR

2.2.3 &) Tinh phédn xa v tinh defi xing L hidn nhign, Néu v AY v yAz iy = vz =)
hoae (v = x viz =y ") hoac (v =x"' vz = y) hoe (¥ = wlviz= vy rde s = xhoacz = x
by G/R g {e), cde don tir k) (v o€ &) vl wic Wdp o6 ha phian 1 {x, 2"}
tr& (7 - 5V Jebh Taky du a = Card(y), = Cardig - (N0 ek

Tact: | + a+ 2f = Card((i), vty @ vi Card(es) co tinh chidn 1 trdi nhau,

’ t
2.24 DGiasita M e B x T itwad Ve T, Lo farzaen +d 4 h=f, i,
VY £ n o £ = fe an e didunly chimg 1 rang o Lot luat hop thand trong A

23 £, , = Idp Lt phin b trung hoa don vidi o,
1) e o6 tinh ke hop trong BF, do do trong -\

4y i phdn 1t [, cha A co ol iy dai vai o do lia fi -
T
Sifive fon=forr fan o fii=fava o= s

Kem thdnt vi du 2.2.00

O Tra ldi (A, o) la mdL nhém Khong giao hioin,

2.2.5 1y Chidu < b hedn nhien.

23 Gid s o K=

Ta Jap lugn phan chimg: Gid sit 71 # G va K # G100 i x € Gsaochox & H v on L v € 6
swchoyg K VIHUK =G ntacdiv e Kvayefl

X&t philn Ur xv ela (G

Vinyeti=HuUK néntacd:xy e Hhoacay e K

Neuway € /1, thi v = Loy € . miu thadn.

Néu xv € K thi v = x'(xv) € K. miu thudn.

2.2.6 . 1) Ro rang rang * 1a it hop thanh trong .

23 ) F L YD F )T )= Ty ) 7 YT S (T ey Ay Y
Vi VRO, T R T YT S (v R T YT ) = (" x”, ROV 4+ v’ ¥,
vity * ¢6 tinh k&t hop.

33 (1. 0) I philn 10 rung hoa ddi vai =

) Vide gidi (4 ¥ * 00, )= (0 9T R G v = (L Oy cluimg o rang i phitn (r (.

vycha 7 = 1 co déi king doixamg doi vai . do 1a t—.—‘—}
XX

Syel, Dy 2,00 =102, 17 v (2.0 % (1, 1= (2. 2} vy * khong grio hoan
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Nhgn xét : Taciing c6 thi st dung Mot sy chuyén cau trie nhdm (xeni 2.2.3, Menh dd 3y e
y rang danh xa (x, ¥} - /., (xdc dinh trong bai tap 2.2.4) 1 mit ding cau phong nhom va
A={f e P x ) aomd nlidn,

MKy e ti= R < F (ECio.
D (L0) e H.

23 Y vt N € He v yy* ¥y = ton, oy v e Mo v

. | : |
3y Yinoyre Mol . :(—,——LWE Hovi — =10,
X .\'} X

227 lLyeel

2y (s in, XY € oot Wy € G Ly = vy = AQuay = (v = (o = . vily
X & 6 xen them b tp 2.1.20, ¢3)-

CHa sltxy & € ed, van moL y thude G2 Xy = v = Voot = oyt = et =ty vinde
vy vt e (L

2.2.8 ) Luemyg ty nhu bii 1p 2.2.0.4).
hy Gid st e ) € G ta ed, van nwi (4, ) thude i

! : - N
(b)) x yi={e T tabyeay +—’ = .\'h+l g — v +abll - o7 ) =1
Ry e

Viy:
(FEr W E G Py * L y) = v # e By s (Fia vy e T % bt - Ty abtl - IR

i v \\

a —1=0 a=1 bg=-1}

=] loge i

< {ah:n Hh:u 104¢ | ;,:UJ

< Tralai: 11, 0) 1LY
¢) Kidm chilmg d2 dang.

dy Tuemg W nhu ¢}, La cludng minh d& dang rang H lindt nhdm con clla . Liom nda, widl i
(. ) thude (R

B e

2.2.9 Suy lnan phdn clning

G st H = G Ton tan x et saochox ¢ fF Anh xg A > A 1 mot song dnh e M 1En Hy(vix
Ia klid dén ximp). Vay o

CardtF vy + CarddH)y = 2Card{H) > Careli€).

Kot quit la () H o= Q. Viy 0n i vy € ivyn i, 161 7 € {1 sa0 cho v = 2x. The th a ¢
=y e I mau thudn.

So sanl v&i bl 1ap 2.2.2,
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2210  Cic phép kiém ching la d€ ding.
2.2.11 1) Ta ¢d, v6i moi x thude [0 1]

c+ict et
(l-x)+il - x)" eG

Vix s 2x - 113 mot toan anh i [0; 1] 1en T-1:1], nén noi rigng ta cé:

= e -l -x) -l - eG= (2e- DL+ e

Vie [0 1], r+ifi=Hi+Nel

2) Giaslrx e [0: 1] tacdx+ 0 € G vy + i € G (xem 1)), vy v - Yedq

. . oy N L . | .
Vix b & - x7 [ mét toan dnh tir [0 1] lén {U:I‘J nen, i suy ra {(l;—k‘l A,
r :

R ~ 1 o .

R& rang rang: Vv € i, Jp e T, Jue|th— |, x=nn Lldd pc i
1o

[ Gia sty e (1] 1acé X+ 187 € 6 vda+ 10 € G (e D) tirdo i - Uy e (LN 2),ta
suy ra il C O

Cudi cing, vi G 1andt nhén con cda C, ta ket luan T =E+ ik

2212 e e’ =fieye filh.

o Ndu (x°.¥") € (fUN) thi, t6n 1ai (x,¥) € H? sao cho x' = fid), ¥ = fivi i do:
Ly =fo Lfivy=fudyy e flboviaTy e L

o Neu x' € fiFy il t6n ai x € ff sao cho v = fix). 1z de:
Crsgont = e fuboviv et
byefiey=e il viyee f Ul

o N&u (x, ¥) € (CGP N L f), fiy) & 1P wrdo: flx T =Sl Lfv) € H,vay
xTyef'ur.

o Neux € D), thi flyy € 1, tirds: fix") = oy’ e 17, vay e

2213 Suyratir2.1, Menh dé 5.

2.214 1) Gia s f 1a don finh.

Bao hinn thiue [e) < Ker(f) 1a tdm thudmg.

Gid sir x € Ker(f); ta ¢6 fix) = ¢’ = fie), vdy x = ¢, va nhu the Kertf) C {e}.

23 Ngwge las, ma sit Ker(f) = (e}, Gl sir(x,, x2) € G sao cho fix;) = fix,). Tact:
Jey ™y = ey = faga )yt =6

viy x4y € Ker(f) = {el, Ll do X% = e, 1éi x, = X, Didu ndy chiing 16 f1a don anh.
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2.2.45 Suy luan phin ching.

Gid st Id,;, vaky hicu d = {x e G ; flyy =x7"}

TOn tai v € € sa0 cho f7(0) = x.

Néu v e A, th = oy = Aty = ()’ = oohy! = xomdo Uwdn, vy v g A

Ta chimg minh 24 A = G Gild <0 160 i y € vAn A e thi wWn i o & A sao cho v = va,

vie fix) = flfia), fiv)= v ! I,!La}—cs vay flay=w Y, T 00 = v e = (i f(a}—\a
= (xeye’ = X, mdu thudn,

bidu nay chimg minh- xA A =G,
Mat khile, @ 1= xa 1d mor song dnh e A Jén xA.
Ta suy ra: Carder) = CardiaA) + Card(aA)y = 2Card{Ay, mau thodn.

"o ciing c6 1he quy v& bai tap 2.2.9, hing cdeh chimg minh rang b phan # cia G xde dinh hisi
Bo={x e fhry = a0 umot nhdm con chita A cla G,

2.2.16 Giaste 2 H x K — 0K . do 6 cang Eomdt todn dnlh.
LALA s dric
Cha st (k) e # v K Las€ ching mmbhe: Card{f {1k} )y = Card(Hf ~ K.

1) Giist str (. &7y € H % K sao cho fth, K= fule &y Tacd k0 =00l vy 'l e Hn K,
e M A K). Ten iz € H e K sao cho b = i edi ik = 1k = o'k,

2) Ngwoe lai, voi woi 7 thude H o K: iz € 1 o'k e Kovafthz, 2'%) = thayz 'k = hk.

Nhwvay, HK = f ORI Ly mdt song dnh.
ke

Ky tigu & € Cardt/f ~ K), mifi phiin G cdla 77K c6 diing o tao dnb qua £, tir d:
CardiZH Card{ Ky = Card(f = K} = Card(/1K)Card(ff ™ K.
Nhdn xét - H, K H oK déu 1anhimg ahom con cla &, niing HK o6 the Kheng pharn 3 ma
nhdm con cis 6.
2,217 1) Gid slr v € (5. Vi £ 12 toan dnly, nén 16n i z € G sao cho vy = 7",
Gid sl x € (7. Vi f1a ot dbng cdu, ta cé: (zv'y = 2 drdo
ot =y = e = AP e Pt vay v = v

2) x(vx)® ¥ = () = OV = a0y, vty (w0 = 0V = (v =00y = (e, Wedd ve= xy.
2.2.18 Tuomg tor nhy trong 1o gidi cla bai tp 2.2.17. D,

2.2.19 Ton 1 ¢ € ¢ sao cho G =< g >

Gid sit x* € 67,180 1ai v € €5 a0 chu ¥ = f(x}, roi tn g 7 € Z sao cho x = a" The 1hi ta co:
v o=ty = fie’) = (lan®, didu ndy ching 16117 = < fld) >,
FHom nita, ndu €7 hitu han, 1hi €5 hinu han vi f 13 todn dnl.

2.2.20 Gia thigt thn tai mot ddng cilu nhdny £7 (G, +) = ( QT X

Vi2e Q: kyhigua=/"tyva g :% Jlach: 2 = ftan = fifi+ fr={fmy"

Nhung ta bidt rng phueng wrinh &7 = 2 khong o6 nghidgm trong © (Xem Tap 1, bal tip 1.1.D.
mnau thudn.
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2.2.21 Gia thi€t t8n tai mot dang ciu nhom £ (B, x) = (27, %)
Viie O k¢ hidu a=f7'(i), tacé:
fiey=(flay = =-1=fi-1)

(A DR =KD = ) = LAD = 1 va fe1)# filn. vay o = -1, mau thodn (a € ).

2.3.1 =y =)= tirds 20 =10,

By x+vy=(r+ =+ xy oy F ¥ Sy y rdday o+ oy = 4, roi ihi
XV = Xy + 2vx = (XY + ¥¥) + px =

ey 1) N&u (x + iz =0, thi yz = -1z = xz, [0 do: vy + Dz = xv> +x2 = Yo4ar =z Har=0vh
(4 Dyz =xyz +yz =207+ 32 =0

2y Npuge lai, néu xly + 1)z = (& + vz = 0, thi xvs 4 ¥0 = ayo + Vo vy AD =
(x+yWz=xzt+ryr=2z= (.

2.3.2 2) Trude tien chung minh rang ¢ 12 mt nhdim con cia (A, +).
Gid sl (1. ) € A% ta ol

P -+ =07 X+ 7 - ¥+ (),
trdoxy + ww e C.
by Theo aj Xy + yx) = (X¥ + yx)x, tir d6 x7y = ya°,

Nhumg cling o6 (4% - 1)y =y - ) vi - v € O) dodéay = yx.

2.3.3 ) Ton tai (n, p) € (M) sa0 cho 3" = ¥ = 0. Theo cong thiie nhi thife Newton:

-1 v
(x+y)mp—! - Cnr_n—l'rk)'mp_l. k
k=)
a—l * P |k n+p-i iy P .
= z("nﬂ?—lx .‘"”_ . .‘,P -x" Z Lu+p--i-\' _-"_\'NIPI] ) =0
k=0 k-n
vi do vay (x + ¥) 12 iy linh.
by Néu 2" = 0, thi (xp)" =x"y" = (0.
n-l
c) Név & =0, k¢ higu y= Zxk Jaed (L-xy=wl-xp=1-2"=1
k=l
n-l
<> Tra 1di Néu ¢ = 0, thi 1 - x Y khd nghich, va (1 -vy'= Y ab
gh
AN

234 & Tra lai Dac »8 cla 2, (tuomy ing @ ) 1 O (twong (my o).
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2.35 Theo wé thi€l, ton tai b € A sao choba = 1.
Taxél, vdi n € 17 ¢, = b + &*(] - ab) (trong d&. theo quy uic, o = 1),
Vi moi n thuge 14 ¢, 1a nghich dio trdi cla a vi:
ca=ha+a -a™bhe=1+d™ - =1
“Ta chimg minh rang cic ¢, (r € [T timg doi khic nhau. Gidstrgn, py € 17sa0 cho, chiang han
n>povigidinét e, =c,.
Tavdr e, =, o a'l- by = (L - aby = Ba*(] - ab) = Bl -al.
Vi be = Lot phép quy nap don gidn chimg 1o rang: Wk e LB uf = I
Vay ta duge: 1 - ab = H"7(] - wby= B - BT Y hayh = B - B b = (0, tir d6 b = 1, mau thuin.

2.3.6 a)y Cic phép kidm ching 12 d& dang (xem tham bai i 2,113

by e Anbixa w0/ ;,_—-__‘)"'—> Pex) xde dinh bt ¥f e (Eh"z_z)"'. pifi=lxe X flag= 1 b rd rimg

thoa man: ye ¢ = 1d,,, va U« w=Tdo v didunay chimg 16 rang & I song anh.

1Rl

o V& mon (A, 8 thude (POOF. AABY = Oy pp= 0+ U - 20,0, = 0, + Uy = XAy + B,
em bai ap 13D vak Anm=t,. =00 = HAYAB).

241 o gy =xix +yhy =y s -l v weng iy = -1l vily yvy ==L
ol =(x+ =+ 2w+ ¥ rday ¥4y =3

09 = (2 + v) = x4 20V 4+ v i day M=

242 Gi gt ring dac s 7 cha K La # 0. N&u # Khodng nguyen (6 thi 160 G |, bl e ATF
swochon=ab a<n benitddal, =0, blex0vatalgibly) =l =0, miu thuan.

Chai ¥ Suy ludn trén ching 1& mot cich 18np qudt ring dac =8 clia mot vanh nguyen thi bang 0
hoac bang mot s6 nguyeén t&.

2.4.3 Taky hicu f: K > Kva E = fiK).
= ¥

M&i phin tr ciia K - {0} ¢6 nhidu nhat hai tao anh qui f, vi:
flysfin el =¥ e -+ =06 (¥ =yhoge y=-x),

v € chi o6 mot tao dnh 12 0.

Card(K) - | 1
vay: (1=mu£)z_“l(2—’—+| e T Card(E) > — CardK )

Theo biu tap 2.2.2, ta k& lujn K = £ + £otic 1) Vx € K, Y e K x=d+ ¥

Neudi ta clumg nanb (dinh 1y Wedderburn) rang moi hé i han déu giao hodn.
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2.4.4 Gia thiés t6n tai mot thé K sao cho t6n tai mot dang cdu nhém
F K £ = (K- {0}, %)
Truong hop thit 1: 1, + 1, =G
Gid st x € K. Ta c6 ldn lugt: .
x+x= x4 1) =x0 =0,
(fy’ =fix + 0 =0 = 1x.
fixy = g hoae fixy=-1g = Th
Nhue vay f(K) = { 15}, K hitu han. Nlumg the thi K va K - {0} khong b ciing mét bin s6, imiu thudn.
Truimg hop thir2: 1, + 1, # Oy
Takg hicu a=/ (1), f= (L), Ta s {f(?a} = flo+u)= lf{a})zq: % = IJ,i ‘
fOBY = FB+M =N = =1y =1k
tir A6 2 = 25, vi f 14 song anh.
ViZl,#0 va(2. 1) (a- fi=0tasuymc- A=0,181 1, = -1, miwu thudn.
< Tra loi: Khéng.

c21 1ja) e exDvireé

= xyRe=>xyee

_.2 xRe xKe
e (r.yrefe)” @{ {

e
yRe xyRxe

o xcr > xRe=x ' xRx eeern eox ler

hy e v =y e I e x Ivesd
o xlveror Y Re= xix Ly WRxe & X AA
s RV xT eF > a'end.
23a) DeGidslty € givixv'x=e € H taco xRy, 1ir d6 dugic tinh phin xa.
e Gia sit (x. ¥7) € (F, Tacs:
Ry Sxx e =y x=wliey e He xRyx wdod duge tinh d6i xung.
. jlxR’Hx <:>{ xxeH = xly = () € H o xR, i do duge tinh
X' Ryx" ¥ xeH
bac cdu.
Viy ta di chimg minh R, 12 mot quan hé tuong trong G.
2) Gid s¥f (x, ©', y) € G*. V1 () (x") = x''x°, nea ta c6: ARy = PRYX.
Nhir vy R, tuong thich trii vai ludt cila 6.
G xeHoe'xe He eRyx <> xe? 1L do H=e.
b) Vi X =xH = xZ ,rdrang rang: Vy € A, xy € x . taky hicu @E—>X.
yrxy
e Gidstzex.Kyhiguy=x"'z tacé: yeeva p(y) = . biéu nay chimg mmnh tinh an
anh cha ¢.
o NEu (75 )€ (7)% 530 cho @Xy,) = @), thi y, = ' (xv)) =47 (yy) = ¥, di€u nay climg
miinh tinh don anh cla ¢

Téng qual hon, v&i moi (x, x') thude (7, dnh xa y - ©x'y 1a mot song dnh tir ¥ 1&n .
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31 e Vi R, [3 mot quan hé tuong duong trong, . nén G K, 13 maL phan hoach clia ¢, viy:

Card(Gy = Card(£)
EeliI Ry

Tlon nita, 14t ca cdc 16p modulo Ry, c6 cliing mot hin s8. theo 23 ) vay:
Y&e Gi Ry, Card(d) = Card(e) = Card(#f).

Nt the ta duge: Card(G) = Card((/ Ky) Card(H) (ddng thitc nay turmy duge got Vi phuong
trinh I6p), Dac bigt: Card(H) | Cardi(3).

43 a) 10 khéng chia hél 24,
< Tralai: Khong.

b} Vi # ~ K 13 mdt nhém con ¢ia ff vi coa K, nén theo dinh 1§ Lagrange. Card¢/f o K)
chia hdt Card{H) va chia hét Card(K}). Vi (FCEN(Carde &), Cardt Ky = Lonen suy ra Card(f K — 1,
viy i K= (e}

C 2.2 I 1)eTheo C 2.1 1) @), 7 1amot nhém con clia (7.

o yere yRe v Reex' sepayy €7 .

2y & Theo € 2.1 2) @), K, 1& mét quan hé tuong, duong (rong G, tuong thich trdi véi ludt
chads, vall=v¢.

& Gidsizix, x', ¥) € & Taco:

AR ey e H= vy e ll & vy 'ey) € I e v Ry, dicu nay eiing iink
rang A, tuong thich phii véi dt coa ¢

Nhdr xét - Mot nhém con H clia (7 12 chudn tde trong G khi vis chi khit Vv e Goaff = Hx.
3y a) Hién nhign
B O Tralgi G=S. H={e 1} (xem 342, Vida)it, e 7y 0 T4 = 6 € I
4y a)  Theo bl @p 2.2.12 by, £ () la m@t nhom - con clia (5,
eGidsiix e [P ve G
Ta c6: firy™) = fop) ) (fny'e I, vi fix) € If va =<,
NIt vay yxy? € £, vicudi cing £ {1 <1 Dac bigt: Ker(f) <t
b)) O ThAWEG= @,6=8.H=6,,[: & - & xdicdinh bén fildy = [d vi
f(r2) = 1y2 (xem 3.4.2, Vi du va 3) b) ren day).
¢) @ Thieo bai tap 2.2.12 a), fif) 1a bt nhdm - con cuady.

- e Gidslx e ).y € (7. T6n tai x € H sao chio x” = fx) vi vi f 14 todn 4nih, nén ton tan
v € G sao cho ¥ = fiv). Tacs: y'x'y™ =f(3) f0 Gy =fawvh e funvix e ivaH G,
Cudi ciing: i <1
5y a) e e € (L) hién nhién.

o Gid sit (. B) € (CIHY. Tacd: Vx € G, (ab)x = alhx) = alxh) = (ax)b = (xa)h =
oy, dé: ab e C.

o Gid sita € CU3). Tach: ¥ € G, a'x = a{xa)a'= @i = xe' X do: ¢ € CUG).

e Giasttac O, v € G Tacs: vay' =y'a=a e C5).
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by G sit H 1a midt nhém con clia G sav cho CardiZh = n.
by Gulsta e G
o NEux e H thixit =H=Hy
s NeEwx g H, Ihi ixdfn e H =8 va (Fxy v #H = &, tirdo, vi Card(xdffy = CardiHx) =
Card(/ly =5, xH = Hx.
Nt vy ta dd chimg minh: ¥x € (7, xfi = Hx.

2y (hia s (A, x) € H % G. Vi xh € xH = Hx, nén ton tar & € hsao cho v = Ly, tir do:
' =gyt =4k e

Cudi cing: Ff <3¢

AR RN o
I b ?\ = ”\’ ,-v_::a.t\'k’.‘l' ¥
yRY X yRXyY ’
2) Gra s & &) e (G D
Nou, vox' vietPsaocho S=X=1 vie =¥ =¥, itheo I}, vv= 1"y vy lacs the
dinh nghia & & bai: &0 = Xy .

. Jyezxe=X
HeVrelr, {__ —~ = uvay ¢ B phin wetrung hioa trong O ff
fFY=fF0 =X
s v, v, 1) €47 X VIZ=aw =(aviz =y = T =X{V Iy, vy - e tnh k& hop
trong /i f
vt t-z , . ) _
s Ve i, l _’—'-1— T vy nwi phan tr cla €8 ¢O mot ot sang déy vé -
X X=X x=v¢

Cudt cung, G 1A mét nhiom.
4) a) & Ta oo, vai moi {x, ¥) thuge (72
yEyex've H= 'y € < (loy Jo) e P o flak,fiv.
diéu nay chifng minh rang f twong thich vai K, v &,
& Vi ngi (x, ¥} thuge G*:
FEF)= FB)=(F o p)ay) = (prof Hadpaf Xy)
= (Ji—r © p)(x)(j.:u pivy= }(f]}(,‘v‘) .

vay } 1a mét déng cdv nhdm.
by Ta di thdy (I, 4) &)): Ker(fy <1 6. Quan he¢ & xdc dinh trong (7 bén:

. ARy = x''v € Kerif),
12 gt quan he teong duong, Wwong thich vér Luat cla ;.

Theo C 1.1 8 1) b), (A0 tai tndt dnh xa duy nhit f‘ TGIR > Im{fysaocho f=ie f o prvi f la
song, anl.

Cudi cung, f i mdt déng ciu nhdm vi, véi mei O, y) thude 6™
F@pom = oo =a = f o p)o) = fow = foofv)
=G0 f o Ui o f o p)y) =] (L) [ (poon.
z L5z,
Trong vidy, Kerif) = sZ, InH =&/ m. p i T flatoan ank, \aj =1Id,

Ll B

ZJ'”Z—I-—)ZJ"HZ -
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C23 1 LiayVvi (@2.'2.' +. .} 14 mot vant, nén u_Z’JZE)E. +,.) cling 1 mét vanh (xem bai e

2.32.6. hoac 2.1.13). Giastt ¢ € (F;}“m)ﬁ‘ v e Friaed @ix) = @0y = @a). vi g € (f!.i},
Nhuthd: Vg e (D) @ = @ vy TV 5= 4, ) lamot vanh Boole.

b) Ta bidt rang (PidH, A M) 1 md vanh dang ciiu véi {(.'Z-EJZE;)E, +. <) (xcm bai tip

2.3.6, Klidi nidm vé ham dac trung), Tlom nla: VA € PuL). A A=A vy (B Ao lamot
vanh HBoole.

‘Téng qual hom ta c6 thé chi § raag, ntu A T mot vinh Boole va ¢ A — B [a ot dang clu
vanh, thi £ 1a vanh Boole vi:

Vh e B, b= (07 (b)) = GO (B = KOy = b
Najr+x=r )zl 4 S r A et W dé v +x=10.
N khde dis Yy e A o= -x

D x+y=(x+ v =y sy =x 4y byxty dé xv + vx =0, 10i thi, vi yv+
v = (3 (XEN) A, XY - WS XV 4 R0 - (04 yx) = 0, va cudi cing: Xy = v,

C) XWX +¥) = XK+ = v+ o =xv+ay =0
dy Gid il A = {0},

Gid st x € A Theo ¢) Gip dung choy = 1 x(v + 1) =0 Vi A i vanh nguydn, tasuy tax =0
hoac v =-1 = 1. Nl thé, A < {0, 1}, Cudi cing: A = {0} hoae A =10, 1}

11 1) Tinh phdn xa: VOLIgL x thude AL v S5, vi =

y o |ev=x
(=} = x=%
X W=y

I

S X
Tinh phein dor xing: %
¥

14

s P B y=x .
Tinh bdc cau: = =z ={xp)r=x(M) ==X =D XEZ
ysz =y

2y a) 1) ® Oo)x = X5y = Xy, vy Xy £ x; W0Ong i, Xy < Y.

ILX L |zx=
e Cho z € A sao cho <y’ Thé thi
¥

Ltivday zixy) = (ex)y = v = 2,
y=1z -

" vay 7 < xy. Didu nay chimg 0 xy i phén tir 1ém nhat trong cdc chan (can) dudi (trong A) cla
14p hap tao thanh boi x va y, vay Inf (x, ¥) 180 tai va bang xy.

) @ (X + Y+ AP = X0 4 YN AW S X XY XY =X vAy X £ X + ¥y + xy; tuong 1
yEx+y+xv

XEz L |lx=zo
o Choz € A sao cho . Thé thi AT GO (X + V+HXY)ZI = X2+ VI Ry =
ve: Iv=:

X+ y+ Xy VAY X+ ¥+ RVSZ
Diéu nay chitmg t& x + ¥ + xy 1a phin ti bé nhit trong cic chan (can) trén (trong A) cha 14p
hop tao thanh béi x va y. viy Sup(x, ¥) t6n tai vd bang x + ¥ + X¥.
h) & A cotinh g1a0 hOAN: XA Y = X¥ = RE=YV A X
v cotinh grao hodn: x v =X+ ¥+ AV T Y F X+ V0 =¥V X
s AcOtinh KELhgp: (x A Y)Y AZ=(XV)Z= xy2y=x A (VA Z)

evcOtNh kST hgp: (v ¥}V Z=@+y+ X+ + 0ty Xy}l =K+ ¥y 42+
AXZHVIH VI =X (M TH VD) Y I FYI) =AW (Vv Il
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* A cd tinh phan phéi di vai v:
xA{yv I =x(y+z+y2)=xy+x2+xyz
{(x/\y)v(xAZ):xy+xz+(xy){xz)=xy+xz+xvz_
s v c6 tinh phan phoi déi véi A -
IV(YAII =X+ Y +x¥2
XV Ay ) =(x+y+xyy{x+2z+i1)
= X+ (XY + X¥) + (X2 + x2) + ¥Z + (xyz + xv2) + xv2
=x+yz+xy2.
Nhdn x6t : N x = x* = [+ x (Xem du6i day, 7)), 1a 6 thé soy ra tinh phin phai cla ludt kia
NAVreA € (vidn=0)
M Chox € A
e INEu 16n tal ¥y € A sao cho {xny=0 . thi {x» =0 csuyrave=l-x=1+x
xvy=0 X+y+xy=1
va tinh duy nhdt cla y.
* Npuoe lai ta oo
rAall+=xl+x)=x+x=x+x=0
{xv(l +0=x+(l+x+xl+x)=x+(1+xy=1
Nhu the v&i mei x thude A, 18n tai mat va chi mét phédn tir x* thude A sac cho {XA' &l AU
Xwvx =
tacd -ax¥=1-x,
A N¥=j+0=1, I*=1+1=0
DpxFE=1 4+ (1 +3=(l+1)+x=x.
Fexvyr =l +x+y+an) =L+ + =% Ayt
® (XA VI = (KR A pERYE = ((* N L LD L AVELN
fPre<vey=zrolrrtytxy=l+r+y+x o+l +vy=1+y
= P
Sixsyvesxy=x e+t r=0sSliy=0Sxay =0y ay*)*=|
S x*vy=1.
4 AGast(x.m e Ax M tach. my=x<>x<m & Sup(x. m) = m.
Mat khéc, vi m 12 cyc dai trong A - {§} vam < Sup(x, m), ta ¢6: Suplx, m) € {m, 1}, Vay:
(khong (xsmy < nxzmeSupx, myzm S v =1 < x¥am
Sy am*=0s(l+0(1+m=0

by Gid st {x. y. m) € A x A x M. Sit dung a):

xZm
N xzm * » -
Khéng|hodc {7, Sx vy sme(xay) €m > khong (x Ay sm)
- sm
vem

c) 1) @ Tacsd: (Vm e M, 0<m), vay (0) = .
& Nguod lai. che x € A sao cho ¢x) = @, Gia thidtx = 0, tic 1a 1 + x = 1. ViA hitu han, t6n 1
m, € M sao cho 1 + x £ my, (ching minh rang, trong moi tap duge sap thi ty hitu han
(£, €), v&i moi g Thude E, 1n 1ai it nhat mor plidn tl cuc dai m cia E sao cho a < mr).
The thi ta o6 x € g (Vi My € @X)) vax* = | +x < mp, tirds: 1 =0 v x* £ pag, miu thudn.
Piduy nav chirme 160 ¢ = 0,



Chi ¢An va tra Idi

2y Cho x€ A, Fa ¢6, v81 moi m thugc M: m € fx*) = wHr < mersm

& m g #), didu ndy chimg td: @a¥) = [T €9))
) Giasu ty, y) € AL

o Ta oo, v moi mthude M:

me gﬁ(xf\_\’)c::»(_tr\.v)*smco_r*v_v*sm«:::r{

X gm _ |meglx)
] @ N
¥ S nee gy
11 dé: gix A vy = @gry M od).
4y glo v ¥ E gLt A Y= [:M{;t(‘\‘*) O J*) = EU(EM(‘#"‘)) o {[:.u( E¥n
= @) v v
d) 1y ¢ 14 mat déng ciu vanh
Giit st (v, ¥) € A™ Ta co, sir dung b):
o fX¥) = gLy A )= ) A @)
o Jx+ vy = (] 4 v+ ¥+ X+ (4 VIR + X)) = Hv*) v (0ty)

= gLk L gty = (gx) N L0 w (€ M g = doady).

o ()= {me M0 <m) =M laphin b trung hoa dt voi M trong P,

2) ¢1a dun snh
Chio (x. ¥y € A% sa0 cho ¢ix) = @y). Ta co. st dyung by:

B A vE) = gy 0 bt gon = @.
vily X A ¥E =0, vituomg B ¥ Ay =0

- x=y
The thi (xem 3) )} ° { TLovlyx =y
yEx

3) ¢ 1a toan &nh
Gia sit F' € PM).
Néu F = @ thi F = ¢(0).

Vay gid thigt F= @, vaky higu N = Card(F), ¥ = {m..mubop=myac Ay Ta chimg

mini: F = gp*).

Tiieo a) va b) ta 6, v&i moi m thudc M-

megptiopimem A AMyER

my S wy =
hoac hoac
= : = R
hoac hoac

My Sm Rigg =

vi ., ddu [ cic cye dai trong A - {1 vime A- {1}
NI the, @p*) = Uyt = o1 dd ¢latoan dnt

Cudi cung, 13 mot dang ciu vanh.
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Chi dan va tra 1oi
cac bai tap chuong 3

311 Kyhitua=a-1eN, g=b-le y=c-1eMach

ab<coafi+a+rficya+ficy oa+f+2<y+leoa+rbsc

3.4.2 N&u (x, y, 2) 12 nghiém, thi y 1&: y=2Y + 1, ¥ € N. Phuong trinh quy vé:
S5x+ 15Y + 3z = 59 ey
Néu (x, Y. ) 1a nghiém cha (2), thi 3 |2x- 2,3 1x - 1, vy x=3X+ 1, X € N. R6i (2) quy vé:
_ SX+5¥+z=18. (3
Né&u (X, ¥, z) 1a nghi¢m cha (3} thi 5 |z-3, viyz=5Z+3,Ze N RO (B quyvé: X+Y+Z=3,
O Tra gk
((10,1,3), (7. 3,37, 1,8).(4.5,3,4,3,8), & 1,13,0.,7.3).(1, 5, 8),{1,3 13, (1, 1, 18) |

3.1.3 (i) Voin =0, 1,2 cOng thic duge kiém chumg d€ dang. Vdi n = 3:
9 n 9 2
1422437530 > 2 7"V (?] 2 (;] > 2 (ta di trude viée khdo sdt cac phan s6).

(i) V@i n =0, 1, 2, cong thic duge kiém ching dé dang. V6in z 3.

n 3
12040 4 224 4 3 5 3.9 72 6™ v [%] z(—z-) 22.

< Tra I8i: C6 ding thic trong (i) (rong tng : (ii)) néu vachin€u n € {1, 2] (wong ing :
ne {0, 1)

3.14 a) V&i 1 = 2 cong thitc duge ki€m chimg dé& dang. Ta gid thi€t cong thic ding v
n+l
mot a thude K - {0, 1], The thi: Z ! 3n + L , vataco:

—>
k=1 2 2n+l (n+1)?
3n 1 3Hn+1)
+ 2
2n+1 (pa? 2n+1)+1

S G+ P +@r+1)2r+ D23+ 1P 2n+ e nt+2020,

n+l
Tuds: 3 —> D
ks An++l

b) Cong thitc 1 hidn nhign véi n.= 1. Ta gid (i€t cong thic dbng v6i mot n thude TN, The thi:
A+ O = @), 4 + 17 < n+ D)* 4(n + 1 = 4(n + 1),
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Theo céng thitc nhi thifc Newton:

Wds: 4+ 1P < (n+ 27 vay: #M((n+ DD’ < (n+ 2"

c) Cong thitc hién nhign véi # = 1. Ta gid thigt cong thirc ding vdi mot a thude 1%, Thé 1hi;

3. . Ca+ N =32+ D2+ 3N 2 + DY+ B
Ta co:
({n+ DY 2+ 3 2 (n+ Y 2n+ 3+ D int 2y
Sin+2¥n+3)...2n+3) 2 (n+ 2T
vi bit ding thife cudi cing nay dang, vin + 2, n+ 3. .., 2n+3déuz e+ 2.

d) V6i n = |, cong thie duge kidm chimg d& dang. Ta gid thict cong (hae ding vai mot »
thugc FL The thi chi cdn chdng ininh:

dn+3 f 3 3
> 4]
4n+Fyan+l 4+ 7
. 4n+5
Vi : {2)
4n+7 4n+‘i 4n+9

Cudi ciing thi :

(1Y (4 + 57 > (4 + Tidn+ <= 25> 21,
(2) & (dn + 40 + 9 < [dn + T @ 45 <49,

3.1.5 Tinh chal diing v6i n = 2, theo dinh nghia eda A. Ta gid thi€l tinh chit ding vé1 md »
thudc M - {0, L}, va gid sit A, ....A, | 14 nhilng bo phin cba L.

Vi A ¢6 tinh k&t hop (bai tap 2.3.6). ta co:

X € A A;vixg A,

n+l i=1
A Aj AA,,  =qXE€ E:ihoz_u.
i= 1 2

xg A A‘- vixe An*l

o=l

n+l
Nhu the; A A, 4 tip hop cic x thudce £ sao cho:
i=1
xthudc mdlsdlécac A {1 < i<mvix g A,
hoac
xthubc mot schancic A, (1 <i<myvaxe A,

n+l

Vay A A; 1atip hop cdc x cha £ thude mdt s8 chdn cde A; (1 <1< n + 1),
il



Chi dan va tra idi

3.1.6 Gidst(x, y). (a0 ) € Fx EF suo cho fix, ¥y = flu. ¥).
NeEu X + v <+ v, Lhi:
fa =+ vl +v2xty s [F4+vs e+ VE+y+ 20+ v+ 1+ > fley)
Vay x+yzu+v, vatuongur e+ vEX+Y, Viyn+v=x+y.
The i, vi (x+ Y+ y =+ vy +y lasuyray =y, n=2x

Xuem thém bai tap 3.2.0.

3.1.7 » Gid st (f, ) thich hop.

vaix=y =1, ta duge f{1) = §.

VGix=2,y=1,taduge (2H*" =2, vay g(lh) = 1 vafi2)=2).
Vi x € ¥ vay = 1, ta duge: fix) = x.

V@ x =y 22, taduge: gx) = 1.

» Khang dinh dio la tim thudng.

O Ted ki {[f N* > ¥, N* o N*)}

X=X x>

3.1.8 Giast {f, g. k) thich hop:

Ve x=y=z=1,taduge f(l)=g)=h(1}=1.

Vi x € [* y =z =1, ta duge flx) = x. Sau d6 tuomg ty, g = i1 = Idge.
Nhung the thi, thay (x. ¥, 2) bdi (2, 2, 1), ta gap mot mdn thufin.

$ Traldi S5=@.

3.1.9 Gid st f thich hop. Ta s& chimg minh bang quy nap manh theo a2 ¥a € H, fin) =n.
+ Vi f H— Wiang nghiém ngat vaf(2y=2.nentaco: fih= 0. =1.

« Gidsirn € F- {0, 1}; gia thien: vk e {0.. .. A ik =k

1) N&t # + L chdn, tn tai p € }* sao cho n + 1 = 2p, 10 dé:

fin+ D=fOpy=ffpy=2p=n+1.

vipsa.
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2)Gid thi€tn + 118, dntaig € N*saochon+2=24. Vin22,tacb g < n, i d6:
fin+D=fen=fQ Ay =2q=n+2
Thé thi: f(n) = n, fin +2) =n+ 2, tr d6 fin + 1) = n + 1 vi f tiing nghigém ngat.

3.1.10 Zk(n+1 i) = (n+1)Zk Zk2 (+1)"("“) "(””);2”“)
k=1 k- k=1

O Tralap; Mntbn+2)
6

3111 1) Vdi p € M c6 dinh, ta xic dinh phén chinh cda §,(n) khi n tién ra vo tan. Ta co:

H L
Sﬂn):n”“%?}[ ] *Z( ] e [
= 0

i p+l

np+1
Tirde S, (m ~ )
no p+l

p+1 g+1
2) (34 sl {p, g, r) thich hgp. Theo 1) tacé: Tl ~ [ 1] . lirdé, do tinh duy nhat cla
F4 o | g+

phén chinh:
prl=(g+rvap+l=(g+1).

Tasuyra: (g+ 1) =7
Chimg minh bang quy nap: ¥rz3, 2'>r
Viy, nfu r 2 3 thi:

(g+ 1y "'=r<2' <(g+ 1), miu thuin.
Tud6r=2,18ig=1,p=3.
O Trhlai (3.1, D))

3.21 Phitong phdp thie I :
Quy nap theo n = #(£), . _
Tinh chét 12 tim thudmg véi = 0, vi lic d6: E= @ va PE) = ().
Gid thié tinh chat dding v6i mot » thude N, v gid st £ 13 mét tap hop hita han c6 ban s6 71+ 1. Ta xét
mot phin tir crc6 dinh cla E. Tact: P(E)=Au S, ong dé A= {Xe P(E) we X) =P £ - {w))
vas={Xe PE) we X} '
RS rang rang P - {w]) - 4 12 mot song anh, tir d6 # (A =#YPE - o} =2".
Y=Y {a)

ViAn A=, ta duge:
#(% (E)):#().q)+#(’g]=2k+2n:2n+l‘

Phutemg phdp thir 2: Anh xa A > 7, (trong d6 ¥, 12 ham dac tming clia A, (xemn 1.3.1, Vidy 5), 12
mot song dnh tit P (E) 1en {0, 1}5, viy: # B (B) =# ({0, 1}%) = 2",



Chi dén va tra 18i

3.2.2 Apdung3.2.2, Ménh dé 3 1), chi § ting E — ¥ (E) 12 don 4nh.

x— {x}

3.2.3 Gidsk (1),  jy 12 MOt diy gidm 14y cac hang 11 trong M. Gia thiét (u,),.5 khOng dimg;
théthi: Yre N, 3k e I, (k> n v w, <)

a{=0

T6n tai mdt nh xa o: N— Nsao cho: {Vn € N.AG(n+1)> 5(n) Y2ty grety <Horm )

ThE thi ta o Uy 2 oy 2 ey + L 2 Uy 22 ... ,vay: ¥ n € N, ity 2 Hgy, + 1 2 1, mAu thudn
{chon n=1u;+1).

3.2.4 a) Anhxacam sinh A — f{A) 12 toan 4nh v A 1a hitu han, vay (xem 3.2.2, Ménhdé32)
x -3 fix)
f(A) hitu han va # (fTA)) < #(A).

b) e £"Y(B) c4 thd khong hitu han, sh trong vidy f: "N —» N thi B = {0, F =N
=0

* Nt £ 12 don 4nh thi 4nh Xa cam sinh [ 1(#) — B 1adon 4nh, viy (xem 3.2.2, Ménh déd3 .
x> fix)

£'(B) hitu han va # (f (B)) < #(B).

3.2.5 Bing céch sirdung f? = Id,, ta ching minh ring quan he R x4c dinh trong £ bdi:
xRy & (y=x hoac y=fix))

1a mot quan he tuong duong,

Ta k¥ hiéu &, 12 quan hé tuong duong trén A cim sinh boi R: V(x, y) € Al Ry & xRy).

Vi (¥x € A, x = f(x)), nén mbi 16p modulo R", 12 hifo han va c6 ding hai phdn tir.

K&t qua 12 Card{A) chin.

3.2.6 1) Don 4nh: Tuomg ty nhir 181 gidi clia bai tap 3.1.6.

2) Toan 4nh
Gid stt n € N, Tén tai #n € N sao che:
natl) o (ntiXn+2) 0 2 .. 5 9
5 1 . . .
A A A
DE}tx=N—”(n+l}.y=n-x, 4 8
2 = . .
Tact: x € Nva: A 2
x‘((n+l)(ﬂ+2)_M{n+l}=ﬂ+1 7
2 2 3e .
viyx<n trdéye N A
Theo cédch xay dyng #. x, y: ) 11
+ +y+1 B B
f(x‘y}:(x y)(; y+h ”
10e
:n{_"-iﬂq.x:N‘ A

2
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3.2.7 Quy nap theo n.

Cong thirc 12 tAm thudng v6i n = 1, v2 da biét v6i n =2 {xem 3.2.2, Ménh dé 5).

Ta gid thiét cong thic ding v&i mot n thude 9%, va gid sit E|,....F,,; 12 nhiing tap hop hitu han.
Taco:

[0 A )

#[OE;}+ #(Em.l)_ #EJ(E:' r-‘Eml)
i=l

i=l

[

=i(—1)"" S #(ﬂE:}* #(E,,H)—i(—n"" S #{[ﬂk}}hﬁ,,_l}

k=1 FERA(L.h it = 1Rl \Nicd
n+l s ntl i

=> (-1 3 #VE P07 > # [ E;
=l Rl Vet =1 JeP o nry s

n+ldf

-l ]

=Y et Y #NE |

ko Rl el e

W
3.2.8 a)Vi{(ny € EY xRy) = UE,-?' va cdc Ef déu timg dbi roi nhau, 1a cé:
i=l

N N
v =Z#(£;)=Z(#(E,-n2 )
i=1 Pl

b) Ap dung bat ding thic Cauchy — Schwarz (Tap 1, 1.2.2), ta c6:
N 2N N .
Su#Ey| < SRRy #ED |
i=1 LN

3.2.9 Néu tén tai {p, ¢) sao cho p # g va 4, = a,, thi (p. ) hoac (g, p) thick hop.
Vay gia thiét I — M 1a don dnh.
n—a, .
Tap hop {b,: n € N} ¢6 mot phdn tit be nhat; vay Ontaip € Msaocho: VYrell, b <b,
Vi — N 12 don 4nh, 16n tai g € Nsaocho: g >pvag, <a,

R,

Thethitach: p=q, a,<a, b, S b, vay (0. q) thich hap,

A

tirc 1A A € Nv.

3.210 Quan h¢ R xdc dinh trong ({1,....n} béi: iRf & X, = x; 14 mot quan hé tuong
diemg. Ta k¢ hiéu N = #({1...n}/ R vaX,.... X, 14 cic 16p modulo R, viy ta et

N
S#(X; = #{l.n)=n.

i=l
: N=p . 2
. <
NEu {Vie Lo NL#X) < p Jthi 7 < p?, mau thuln,
(WNzp
Viy: | hoac
()3 & (1w, N) HX) > p.
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Trong tritmg, hop (1) it nhilt p+ | 86 &, ..., timg ddi khic nhau.

‘Trong trudng hop (2), it hat p + 1 86 1, ....v, déu hiang nhau.

3.2.1 1} Gid st (X, <3 1a mét tap hop duge sap thi ur. Ta chimg vunh rang. mor ba phan
hitu han khic t@ng ¥ cla X o6 it nhat mot phan 1@ cuc dan.

Vi Y= O, ¥ ca it nhat mot phin G v, NEu v, khong phitl cge dai (trong Y3, 160 i v, € ¥ sao
o ¥, < ¥ao NEW ¥, Khong phiv cye dar, 10n 11 v, & ¥ 520 cho v < ¥,

NEU ¥ Khong o6 mot phin I cue dat ndo, @ xay dimg indrdiy (v, e tang nghigm ngal. The
i ¥ 5€ 14 vo han, méu thudin,

NEU I hita han, dp dung kSt qud trén vio (JHF), <3, ta kC ludn: Mot b phin khide rdng cia

QPiF) o 1t nhat mdL phin 1 cue dai.

2y Nguge lai, gid thigt £ vo han. Tap hop J(E) cic ho phin hir han ela & Livmot b phin ke

rng cta JUEY: ta clumg minh JOE) Khdng e6 mét phin 1l eye dai nao.

Cho F € J¢). Vi F him han, duge bao han trong £ v han nén 100 tai x € & - . ¢ tin

e FuxlvaFu{x} e JE). Didu nay chimg o ring # khong phdi Fa cuc dai trong J(E).
E Ci(ci -1 atn-Dn® =n=2) Y fa+nln=10n—2}

3.3.1 C.. = = vii nel =
c: 2 ® K

332 C-Cl o bt
(p=1tin—pit

Ozy=p
~F 1!’ :
vily L (, " , = _(n—_t}‘. _in—Nt
(p-x) (p-10
Nourz2, i Vhke{lo.m-phisp. x+kap 1 +k

(n—x)  (u=1n
o —

trdd (m-x)n-x- Ly {p-x+p<in-Din-2).. p. vay
tp-x (p- I

< Tralagi: {1}

k1
C
3.3.3 (h+l)——=n-k
CJ(
fn
O Tratei: 2D
334 poT1 " . oty rds o U L
T K-k {lﬂl T P ()* e
Il
k-0

_ & )
3.3.5 Z' i C*f Ny pdlprg-k=D! _ _p-¢! wa A—!)‘
i Pk L (G—k){p+q)! (p+a ) g

p+a [aR}
S S 6
= C” prg-kl T op pere
g ko0 prg =0

. . . £ n-l
Chigng vunh, bang quy nap theo g : i(,p‘ i-1 Ci: -
r t1
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3.3.6 Phuong phdp ti€n hanh nha véi bai thp 3.3.5. -

n (n=1)
3.3.7 (a=]Ti= [[#ns . wong ds

i k=1

b ' (kn)! "
Hpp = l_[i ={kn—-n+Din-n+2}...(kn)= —=A7 = nic;m R
i=kn—n+l1 (kn = m)!

. (=13

vay ()=t )("_m[ H C:ﬂ] .
k=1

3.3.8 Quy nap theo g (v6i p c8 dinh).
Tinh chat |4 tdm thudmg véi ¢ = 1.
Ta gid thi€t tinh chdt ding véi mot ¢ thude [9*, Ta c6:

-1
3 (p-26C% - 2 =260C} +(p-29)C) = 4C] +(p-29)C} =
k=0 k=0

: - Pl -1
=(p-gl=—-"" = (g+DC?
Prm e = fp-g-1 T

3.3.9 Quy nap theo .
Tinh chat 1a tdm thudmg vii g = L.
IN&u tinh chit ddng vl mot # thude N*#, thi:

H+l

ZCP . —ZC L +Co,  =Co-Ca 4+

p+l

- Cq+1 _ Cq+]

p-n-1 p+l p-H-1

3310 i_[(:+_,')— {”P‘”' "i{‘*ﬂ)‘ qchﬂ

i=] f=1 -

; ul t
Ta chimg minh, bang quy nap theco n: ¥n € B*, ZCiﬂ. = C::ﬂ.
i=0
Tinh chét la tAm thudmg voi n = 1.

n

- . ? I s+l # #+l

Né&u tinh chét ding v mot # thude F*, thi: 2 C (E CPH] Cp+ﬂ =Cp+n +Cp+,, Cp”l |
i=0)

O Trawei —2r
(p+1)-(n—D!

B(5) z
, 2k 2%-1 )
3.3.11 K¢ hidu A= i C, vaB= i C, . cong thic nhi thiic Newton cho:
k=0 .
A+B= ZC =2"vaA-B= Z( 1*C; =0

k=0
F( B
T 2 2k = 2k+1 H-1
<>1'ra|m:ZC,,=ZCn =2
=0

k=0



Chidan va tra 1di
3.3.12  Vifc xét cac hg tir cha X¥ trong (1 + X)"(} + X)" v (1 + X)™ cho ta:

2p-k 2
ic" ot

- - k 2 k k *k 2
Ti€p theo, ta chi § cing: - _:aicp ? )

Pl 4

O Trk I [ 2n+(C§)2].

3.3.13 Ap dung cong thiic nhi thic Newton, he tir chia X* trong (X + 1)% 12 Cz L, vahd Lo

—k = kk
chia X**! trong p(X + 1Y (dac hiun cha (X + 1) latn - &) C‘; . Ninr thé, Z(n - k)C: Cq

k-0
hé tlr ctia X™' trong p(X + 1P, 46 ciing 1a:
" =p (p+g-! _ pn_(p+q) _ pn o
PLpeg-t R-D¥p+g-m! p+g mip+tg-n! p+gq i

n
3.3.14 2) Theo cOng thire nhi thitc Newton: (X—1" = Y (* (-n"* x*
k.0

! E! .
Pao ham p 1dn, ta suy ra: i F = )y k —-—X P
. d Y n= P) Z -pit

Thay X bdi 1, ta duge, néun > p:

0= ZL( l)"k

—:TZC*( n** -,n*Z( e

k=p k=0

2
Mat khic, néun=p Z - * C};Ck = {C:] =1.

b) i(__l)n kckyk_z( " k(,kZC1 p_z( ])n tC"zckt - [z( " kC’lLPJX
£=0 p=r k=0

=X

3.3.15 a) Xem §3.3.3.

2 n 2 ]
ct ik k .k k -y
n) =Z' G, _Z_CNJ = E ,(Cn =2C,
k=0 - n

#=0 ) s
YA 4ZCkaLl+4fl( AF = Yk 4ZC*Ci_i+4ZCi o
=0 =0 f=l) k=0

=Chp —4Ch, l+4C;_::2 =

_ @n-2) (2n=-2)2n 2 a1

(2028 — 1) —42n - Dn+4n*) =

""C n-
(n!} ) (n!)2 a2

423



Chuong 3 S6 nguyén, s& hitu ty

3.3.16 a) Bat déng thire mong mudn 14 tam thuomg voi i = k. Gid thiél i < k; ta cd:

. 3]
af Ak dn—1)... k y
¢ -C kk—1...G+1) sC[ k } .

]

K (nvi}(_n—i—l)..‘(n—.-'c+l) n—-k+1
va 02 K £lv13k5n+l
n=k+1 2
& k 2 y 1
b) ZC:: X Cln:{ld ;«1](:’: C,:;
-0 i-0 2 2
3.3.47  [6n tai m e IT* vh (p....p,) € 1T* sa0 chos o = 2P g 2P v

Qap <pa< . <y,

Chimg han: 12 = 2%+ 27 + 2* vatrong co s0 20 13 =1101.
Chimg minl rang {hang quy nap hoacs hang cong thie nhi thic Newton) rang, véi mot p thude
{1,160 tai A, trong EIX) sao cho: (X + DT =X + 1 +24,

"l . H! .
he the: {x +1)" =[x+ STTax® +n+24,).
il

m
. i
Viy t6n ta1 A € ZIX] sa0 cho 1 (X+1)" = | [(x*" +n+24.

i=1

;1]
. pi
Mat khic, khai trién I l ()(2 ' 41}, ta duge 2™ dom thic ¢6 bic timg, d6i khac nhau vi co hé

i

tir 1. Suy ra rang s8 cic sO nguyen | rong cdc Cf, (Osksmla2™

O Trh 18K 27 trong d6 m 1a sG cc 56 1 trong bifu dién » trong co s& 2. Chang han véi
n=13=1101. c6 dang 8 (= 2 he tir C¥ (0 <& < m) 1. viy c6 5 he tir chin.

3.3.18 V6imoi anh xafi (L. ...} = {1.... ¢, nh xa

(L. ....n}=> Rl ....n}) la toan ant, va véi med k thude {0, 1, ... .pl, o Cf,
i fi6)

b6 phin c6 & phén tir 18y trong {1, ... . pf. Tasuy ra

< Tra loi
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n+l n+l
3.3.19 a) §p+l{n+l)-—lzilh+l Z,l\hl—l Z(q_'_“]') 1 :Z ZLP !
F D q G =4 Lk
pelf »
R e
k=04 g0 =

IF
. } &
b) (24 1P = St 1) L Sppt) = D Sl
[t

S e e et A g a 0 ]
clentl = (,] Syl i dd S0m = arl Vi lais Sy =00+ 17+ .+ =1+ 1.
Chily & day 00 = 1.

1 41 [ +1
o Tir g1 = Cy 8ty + G4 8,0m, tasuy ra Si(m) = nin+l)

Cluy, véip2 L S,(m= ZU" ZR'” vi (F=10,
ko0

i+ 120 +1)

4! 1 2
e Tirin+ 13 = C/_‘ Sqbey + C3 Sim+ C3 S.(m), tasuy ra §,(n) = :
¥

o Juong e ta duge: Sq(n) = { H{"; ”} .

3.3.20 a) Vige cho m@t phin tlr clia A, quy vé:
. < s . P e e P .
» Vide cho x,, ... A, sae cho o ding p trong ching €0 tri | (vay co C ek cdch chond.

TAo - -
® Vigc cho Xy, gy e X

gl bit ki thwde {0, 1} {(viy co 244 cich chon).

Ta suy ra: Card{(Ay)= C’ “2" *
b) & A 1a hop cic A, (0 < k < ) vh ede A; 1 i nhau Gmg o1, vay:

Card{A) = i(fal'd(“"k )= }I:Cj:u 27

k= k=0

« Trao déi cic vai trd clia 0 va |, ta duge: Card{8)= iCZLqu_k .
k-

<& Trd lai: Ca.rdm)_ic 4k ram(m_}ic ork

k=0
&) Vi B = bgA). ta c6: Card(E) = Card(A) + Card(B),
pregil _ q-k ﬁ: p—
2 ZC;: vk 2 L +.i
[t
1 do duge hé thilc mong, mudn.

dy Ap dung ©) véig =p.




Chuong 3  S6 nguyén, 56 hitu ty

n
1
3321 Takghieu véine N S, =D —-

+0(C,
Ta ¢6 véi mei a thude F*: .
n+l n n+l
2 Sn—-z—-Sn_1=2 +Tn,
n+1 n n+l

n-1 2ﬂ+l 2n
trong 66: T, = 2 -
k=0l (n+1) Cn 1,

va T,= "z(zkl(n—w k!(n—}-k)i]:
k-0

(n+1)! H
gn -1’ ]
= 2h == (n+ Dk a— 1=k
{n+l)!:é‘0( ‘ ( e
2!1 -l H -1
= Hin—1-k{n-2k-1 = p-1—OLit(-n+2i+1)=-T,
(H+l)!kz=5 ( ¢ ) [izn 1-&] (n+1)|2( -
WwdsT,=0.
n+l H n+l
Nhuthé:  ¥ae T, Sy =2—-S,,_1 +2 ,
n+1 n e+l
n+l k n+12£‘
tir d6 14y téng: Ve N, b,,_Z-—+2\“ _ZT

341 1,0 7.(23=3 va 1y o @)= Lvly Ty 0 ln#F T @ £y1-

3.4.2 Phuong phap thi 1

$d ctic nghich the clfla.:f:[:l nz—i 21 I”"]]a (- D+ -2+ .+ Lt da:
{n-1in

s(cr):(—l)_ 2

Phuong phap thir 2

Ta phan tich & thanh nhimg chuyén vi:

enchin, n=2p(pe*) o=71, 0 Tpa 2.0 © T, 1 d6 &(@) = 1Y,

enlé, n=2p+i(p € N¥), o= Tioper ® Tagp © -+ ® Fppez tir dé &(o) = (-1Y.

(n—1in

o 2 E{E] ] 1 néun=0hogcl [4
© e lai: elo) =D =-h .hoacs(cr)_{_l néun=2hodcl [(4]]

3.4.3 Ta d8m cdc nghich th€ cha ot d6 la cdc cap: 2, 1), (4, 13, (4. 1, {6, 1), (6. 3),

(6, 5).....(2n, 13,21, 3), ... 2n, 2n-1). Vay cb cAthay 1+2+3+ ... +n
winil)

O Tradwi £(§)=(-1 ?

344 )y <& Tra W& Way=27 ale.
by O Traldi 0= 115120 Ta 11 O Ta,100 D330 1450 T2 0 T3 0 T O Tin

o O Tralsi a=(1,7.9,2) ¢ (3,5.6) o (4,12,10,11,8), £0) = (DV'C- AP
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345 a

i
) Ty

1 i i
Vi cic chuyén vi sinh ra &, vi mdi chuyén vi phdn tich thanh nhing 7, (2 < i < »), ta suy ra
vang {7,;2<i<n}sinh &,
bj

i 1 j trds ;o r=(L i)

i i i
Ciooe A, Theoa), tbntaa N e N¥*, i, .0, € {2, ..alsaochoo=1, °...° T . ViT
chin va moi chuyén vi 12 1&, nén N 1a chin. Nhém céc, Ty, (1< k< N) timg 4ol mot, 1a k&t
luan ring ¢ duge phin tich tren chutriah 3 : (1, L, ), G, /) € {2, ...nt iz,

ey Theo b) 7, o 7= (L, 2. VA Tyy 0 7, = (L, &, 2) = (1, 2, k)%
Tirdo: y, o ?‘2;: (ry e 1) 0 (rpoTp=1y 0 7y

Viy ta suy ra tir b) ring o1 o thude -, duge phan tich thanh nhing (3 £ < n).

3.5.1 Tbn tal mot 461 wegng @ khong thude F. Ta ky hiév G = F v {a}, HE, F) 1a tAp hop
cdc ham tit £ d&n F. V6i mol f thudc A F, F), dnb xa

E—G la mét song dnh
fix} néux c6 mot anh qua f.
* 2 & x khong co inh qua f.

Vay: # (AE, F)=#(G") = (# 5"
O Tra 1&i: (p +1)".

3.5.2 Gidsiralamotphidn tied dinb clia {1, ..., a+1} (chdng han @ = n+ 1). Viéc cho mot
phan hoach cia {1, ..., n + 1} duoe xdc dinh bii:
* Cho mot bd phan A cla {1,...,n+ 1} saccho a € A (c6 Ci khd nang, trong d6 k=#(4) - 1}.
¢ Tigp theo cho mot phin hoach clia {1, ...,p+1} - A,
Suy ra: P, = ZC:P;, .
-0

< Tra lai:

427



Chuong 3 S& nguyén, 6 hiuty

3.5.3 ) Cic phan hoach cBa {1, .., n+ 1} thanh p + ] ho phin la:
« N0t mal, cie phan hoach e chita don tir {n + 1} (c6 P, , phin hoach)

« tat khdc, ¢dc phin hoach khomg chuga dom 1l {2 + 1} Lo p+ 1), e AN hoach).

by O Trd i
r |‘2~.‘*\415'T

" n |
1 1 0 0 0 0
2 | 1 (} 3] ¥l
3 i 3 1 0 0]
4 l 7 0 | (
5 ] 15 25 1o ]
¢) » Vige cho mot phan hoach et {1, oo 21+ L} thimh 2 b0 phan iviy Khide rong guy & vig
L a7 )+ 1)
cho mot cap thuoe (1o om+ 1) aF,, .= (.,‘M L ne )

2
e Vide chio mot phin hoach cla | 1. oot + L] thianh 2 bd phdn (viy khdc rng) quy ve vige vho

mot cip (4.8t trong do A = D dosuy ra P .= %(2”"' -2)=2" -1

® (hey nap theo

3# _2”-1 +1 .
Cang thaie £, == ——2——-— L hién nhaén vivin =2,

Ney womyg Unge ding vai ingt n (a2 23, thi:
" 3 an =1
Pn!—'_‘..\:‘(’n+|.'.‘.+3!'H+|.3:2 -l 3(3 -2 +1)

_ 3J'Hl _2"‘i +] ~ 311+I __2H+3 +1
2 2 2

3.54 a) hChoyx, & Ectdinh, Taed:
b, =#1f: E—>1L Zf(.r) =k} =#({g: F-lx L Zg(.r] <kV=a,x-

ae o ol
2) Tap bep A, ; 1a hop rin nhau cha B, ;v A, o trdoe, ;= b, +d,
. £
1) 1 Quy nap theo » + £, d& chuimyg mimnh e, ;= C,,_,\. .

. W
eNZun+ k=0 thin=k=0,vag,,=1= L.

on ;. i - - . v
o (hop el vigathietq, , = C., v ot cap (. &) thuge | Fraochion + &= p Gra sy
o kyelFsaochon+k=p+L

NCun e lvakz il thign- Lkyel P nk- Iyeif.ovan- D+k=n+ k- 1y = p, tirda, theo gid
Undt quy nap

+k k-1 W
e RN N Ln Lok T Mg = (’rhk'

Hom nlt ., = = 1.



Chi dan va tra 10i
cac bai tap chuong 4

A41.1 e Neéun=2p(pc D) thi " =4p°, viy = 04, tir dé =0 hoac x|,

sNeun=2p+1{peinthin=4pp+ L+ 1 vy A= LK. vi pip + 1) chian, do p hoae
p+ 1 chan.

. yn2 noi ok \ ) . . ) N _
4.1.2 Cho ¥ rang @ 57 —l:]_I 5= +IJ (néu 2 3. vamdi thin 05~ +1 (A € 1D
E0
chin, uhung dong du modulo 4 vai 2.

1

4.1.3 _ZH‘Q:J’ziQ:)!+ z‘ (zm!zitzm!JrE" (2!

L1 L1 sk i Kk il

! 1 (Zn)T
= E 2 et = 2! +”E
k-..-i{ " [k Zn+1- ] =

L(ZH+!

Vi, von mot k thu6e {1..., 2} & vie 20 + 1 - & khde nhau v nhd hon 24, nén <0 hi Ly
2n)! .
L - la ind1 s6 nguyen.
M2 +1=-k)
4.1.4 Quy nap theo n.
‘Tinh chét 12 hién nhign véi n = 1.
Gi thidt tinl chét diing vai mot # thude 11, Vi
(Sin+ D = (Sm - (5 + DiGr+ 2)(Sa+ 3)(50 + DS+ 5)
VA 4" a + 1Y = (A0N40(n + 1), nén chi can ching imnle B 1(Sa + 1050 + 23050 + 350 + ).
Trong 4 86 lién i€p Sa+ 1, 52+ 2,50 + 3. 5n+4,c02 s6 chan, via mal trong k=0 nay i b

- . - - - . 4
ciia 4. Ta ciing co thé chii ¢ rang: Cs,. 4 €11

415 Kyheua=2n-1va 1:,,:(3:1" S DA - R 2 ek ny, =-i-|—-(_.'§u: +1J(3a3 + &),
6
tir de:
2n-1 Itf,,:>al(3a3+l)(3(,r°+5)=>{z15:>ae 1.3t =n=23.

Neguge Lad, #, = 380 chia hét cho 5.

4.1.6 Ky qu.,u E ={ketlm<kein+ Dt Ddthnii k e £, sao cho w1k, ol cin £
(..|lLfd it nlidt #° 56 lign u€p (trong n,luun;, 86 co mdt bor chan®y. ViCard(E)=tn+ 1)1 -nt- 1=

peont- 1 chicin: ¥nz4.n- /! >a' + 1, dido nay oo thé chimg minh dé dang (bang quy tap
thcn A).



Chuong 4  S6 hoctrong «

4.1.7 Ky hieum = ad + be, t6n tai (@ S 7 & & 78 sao cho @ = ma,....d = mé. The thi:
mi = ad + he = p(ad + Py iedo mimome (-1, 000

—-45
4.1.8 Kyfigu n 3 2‘/'_

tuyén Linh cap hai véi he tang, (Xem Tap 1. 3.4.2, 2)), va 1a oo

345 ' i N
=TT vau,= '+ (1 € TH. (), plamit diy truy hoi

Tae bl .- U T F iy ¥ R, =0
nic e Va e B o= 3, - #,
Vi 1, = 2 vh i, = 3, ndn 18 rang, (bang quy nap hai bude teo m) L ¥ire 1l n, € 5, vivhon

nita, dor 2 Ova 2 0nén Vi € 1Lu, e il

Nt the, v mon g thude 33 J;r b S B J; Y= P, vily 16 1Mot S8 nguyen chia hét
chey 27

4.1.9 a3 Chuy tnrde tign: Vo € T I R N
Iin+H_llm—_’s 11

K)’*1n¢um=n+1,luu6; - T —ad.
An+ 4 Y+l e R
L Plen =3
Ky midu: k= e .
2+

o Neu ke Gval Kz d i 1l 432 |t 3l= k] [ 3m Uz 43l ml - D tirde ml<7.
[hix céc trl - 7, - 0w 7 cliam,

« Thit cie tri - 3, - 2., 3 coa &,

¢hii ¥: Viin dé quy vé viée xdc dinh cic didin ¢6 toa 3O nguyen trén dutmg hypebol o6 phuong,
1lx +8

Ix+4

trinh: v=

& Tra iz -8, -3,-2,-1,0, 2}

HZ—-();EU. ﬂ: +3n=-2=z0

by Trude tién clumg mish: Vn € 2 nl -
- =1 vh =-1
n-+3in=12
2
The thi. néu — e
n"+3in-2

2rezlnt-ol220m-3m-20 220300l -2,
sd - 6lnl - 1020,vay [nl<3+ 19 <8
Thit cac tri - 7, - Ou, 7 COA R
& Tra Idi: {4,010,

4140 Chayluad® +h +0 -Jabo=(a+b+ oNa® + b+ ¢ - ab - ac - bl

4.1.11 o Taoo: VEe Y™, (k ln=d -ila"- 1)
m-l .
That viy. ndu s = km. (kom) € QP hing - 1= Wy -1=(@-1 Z(ak ¥
-
o Vi anh xa FT% — 18 lacdon anh (vi a = 2). ta két Judn dia” - DYz dim).
k P—)d’ - 1.
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4.1.12  Truiomg hop this nhiit: k16, A=21+ 1.7 €11

i A k
The this i = dydo, | = oty = .= ddy 2 = df:_| | tir 4o {l_ldJ \ = ndi-dz,,_! =,
[ / il
Trutmg hop this 2: & chiin, tuong .

4.1.13 Ay kv =2+ Ay e -y -2) = 0.
O Trabsi: (-3, 13 (0.4, (he -1, (20 -9 (4 88 5) (000 (9. 9
byt -y -x+ 3v=3 o [_r -——i-—Y -(.r —i]_ =28 e+ v - 20N - v 1= 2R
)V 2
O TraM8E ((-14, -123 05, 0), (=5, ), (-1 153 (15, -120, (0. 00 (0, 33, A5 I3 |
<) 1—r+l\ = —L e av=5{x+ ¥y ix- Syv-5) =25
S OTra i {20, 4, (3, 2200, (6, 30), (10010, (3L 03
G-y 2y -a-3v-0=0o vy 2y - =
O Tra gk 1-12, -B), (-7, -3). (-3, 00 (-7 <03 (-3, -3 (2.
2 +xy - T+ =7
& Tra o {(-7,-9%. (-1, -9, (1, 50 (7. 9Dt
£} Cha § trude tién dén edc vai tro déi xdng cia x va y, cho phep ta quy vixvsy,
Ny xt 4 xy + ¥y =209 i
«y <209, viy v £ 5.
209 <y + ¥V +y <3y, vay y 2 5.
O Tralai: ((4,5), (5. 4} K
g) Ky néu ¢ = x + 4, phuong winh quy véd: 11 - 9)(12 -16) = ¥ vitla co ¥ £ 9 haje 2
o Thiredctr-3,-2....3 coat,
o N&u 722 16, (i (2 - 16)7 € ¥* < (¢ - 9% gidi mdi phuong trinh:
(- =0 -9 - 16), v k€ {9,100
O Tra 13i: (-9, 12), (-8, 03, 1-7, 03 (-4, -12), (=4, 122 (- b 03 €00 (b 121h
Iy 2% = 9v? - 39y + 40 & (2x - Oy + I D20+ oy - 13) = -9
& Tralsic (-2, 3), 2. B
1) G st {x, v. 2) thich hop. Tac6: ¥ =y" + P4l ey viyyzv vitcivz o
RS thi ¥ = 2(y + z) < 4x va x chdn, vy x € {0. 2,4},
O Tra bz (0,0, (2, 0,2), (2, LD, (2,2, b}
1) N&u (. y. 2) thich hop, (i 403 + ¥ =427 = (v - 200+ VP DO APy -+ y) K = o,
vidovay (x-4uy-H =%
O Tra 18i [(5. 12, 13), (6,8, 10% (R, 0. 103, (12, 5. 13).



Chudng 4  S6 hoctrong !

Kk} G3ia sit (v, ¥) thich hop.

Vi 3 L& nén v chiln, viy (xem bai tap 4.1.1). y =1[K]. _

Mit khde, ndu x 1& thi 3 = 3[8], mau thufn. Viy x chan. x = 2X. X g [T The thi
G-+ ) =8, tirde 3 < 8. Xe {0, 1}

& Tralsi: {2, D)

4.1.14 1) Trong céc vi du chi ehia # & 58 mil, 1 thutmg c6 thé sir dung cde déng duw.
Chang ban, v6i a):

Il e Eaa R LN, PP LN 4N2 + =i
|54 [51

N the ta e thé gidi cde vi duz ay . e), e, 3 by Doy o), pl ). T

2} Trong cdc vi du hdn hep cde han vi cie da tafc, phép quy nap thudmg s cho pheép ta
ket ludn. Chang han, véi b, ky higu v, = 4% 2| - An @ edr i = v ndu e, = 019] i
Hy, =4 -1 -3trt L=y, + 1+ Ay -3 -4 =du, +9n =019
Ta o6 thd gidi cde vi du: by, d) ), o kunh skt theo cich nay.
uy Ky higu e, = 281 4+ (100 - S4397Y - 2007 - 1440 + 243,

Taco:  w,={3. 9" + (400 - 27TNE™ + (Bn - 9)) = 6da, i

| n-1 wl o
trong do: o, = (270" — 1) + 40m) =27 9% +5u va Ji] .—_1{9(()" --8%n=9 g%
8 "R
L3Rt £2N
el nel

Vigs 18], tach: @, =27) 1+5n=32n =0 va 3, =9Y 1-n=8n=0.
6 M 18] Ot 181

Nhur the: 8| a, va 8l g, tird6 2 = 64%| .

4.1.1% Quy nap Lheo # (v6i ¢ € Z 18 o8 dinh).

H-2

sn=13 a° =& =1[8 Xembutapali)

n-1

- . 2
e (Gldsu a”

il

- R k2 .
12" 6n tai A € Zsaochor - = 1+ 427 The thi ta co:

-1

a2 ., + Ee)
@ =(a- Y=(1+A2"% =1+ Ay 2=z vi2nza+ L

41.16 s Trong 7 /7r

BRI
-~ - Ea Pt - -~ n -
\ X [ A B L [ -1 l

o Gia st a. b, ©) € T sao cho 7 fabe. ThE W @20, b#0.6%0, vay: @363 e TP,

rde at+h 40 e 1=3.-103) cvay TS + B+
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4117 M+ r+ D+ +3P =32 +81+ 10230 - 2n.
[10]

Moduio 10 :
T w [+ 3 2 a4 0o 1 2 3 4 5

-2 | 4 3 4 5 0 1 2 1 0 3

& Tra l&i: n =0 hoac 4 [10).

4118 & Ngu n chan, n = 2k (& € [, thi:

T a4n+ =0 +8k+1=1+8k+1=2.
I8 18]

eNSua &, n=2k+1 (k) thiz

Vran+ =30 +Rk+5=348k+5=0.
(8] (8]

& Tra léi: n1é.

4.1.19 a) Vi2°= 64 = | [21] nén 1ap modulo 21 ciia 27 phy thude vao 16p niodulo 6 cha He
p : mn

nmod. 6 0 1 2 3 4 5
2" mod. 21 142 4 8 N 1)

22 mod. 21 1 4 3 ] 4 -5
231427 4 1 mod. 21 3 i 0 iy 6 -4

& Tra ldi: s =2 hoac 4 |6].

h) Vi 2® = & = | [7], nén l6p modulo 7 cia 2" phy thude vao 19p modulo 3 cia n. Mat khac. vi
2% =4 = [ |3). nén 16p modulo 3 clia 2" phu thude vao i6p modulo 2 cha a. Tir d6 o6 bang:

i mod. 6 0 1 2 3 4 5
2" mwod. 7 i 2 4 1 2 4
2" miod. 2 | 2 1 2 } 2
22" ol 7 2 4 2 4 2 4
2" 427+ 1 mod. 7 4 0 0 6 3 2

< Tra I8i: n = | hoac 2{0].

4.1.20 Vi3?=1[8).12cé: 3 = | hode 3 [8), vy 3 + | =2 hoac 4 [¥]. Didu nay chimg
minh: 8 { 3"+ 1. V2 la1, vigc khilo sat truomg hop # = 2 1a d¢ dang.

4.1.21 Tinh cac 16p modulo 23 ctia 2* via 2 v6i k=0, 1. 2, .. Ta chi 2" = 1123 va
311 = | [23]. Nhu the, cdc 16p modulo 23 cha 2 va 3¢ plw thuge vio 1ap medulo coa &

kmod. 11 0 | 2 3 4 5 6 7 # e 10

2* mod. 23 1 2 4 b -7 9 -5 10 3 G 12

* mod. 23 1 3 9 4 12z -0 -7 2 & -5 b




Chuong 4  S& hoctrong 7,

Ky hiew A={1244-75.-3- 703617} v 2=
Vaeil, 2eA
P
lucéy ¥hetl, -3Feh.
ANEB=1
Ta két Juin: Vi, by e 1F, 23 /|/2” + 3%,

4.1.22 a) N&u (x, ¥) la nghisin thi 5% <€ 3, (i do v < 1Ly = 0, rdi 2% = 3. mau thudn,

by Chuyén qua modulo 5;

el 5 ] | 2

* mod. 8 §] 1 -1

-

Nhwrthd: Wa e Gt = -1, 0 hoac | [S).

Nhumg., néu o 5)'3 =3, 1hi A7 = 3 [5], au thudn.

¢} Gid sl (v v 1ot ngtngin, The thi 3 | v, viy 3 !_JL-' (vi 3 1 nguyen 18, hoao Lich raoic
trumg hop: v = -1, 001 (3. Vay b tai ¥ € Josao cho v = 3, vt 505 - 21F = 3. Tuony tu,
2|52 2|k Vay 160 @i X & Tisao choa = 3X vie 15X - 7V = 1.

Chuyén qua modulo 3, tasay ra ¥ = -1 [3]. Nhung tacod: ¥Y € 5L F = 0hoac | 3], do gap
mia thuan,

d) Chuydn qua niodulo 8 va sit dung bai tap 4.1.1.

¢} NEu (v, @) 1A nghiém, chuyén qua module 3, tasuy ra v’ - x- 1 =03,

3

Nhung nut khie: ¥x e G, a0
v=-10, 1 3]

-x - 1= -1 3 nhue ta thiy r& ki Gich ra ede traimg hop

3 G thidt 19n sy mdt nghidin (x, v).

hy+ 1Pz 12" = 237 = v25,

ey =r+ilP>rd=yryv=vzael
e Modulo 2:

sl sl oviyvse+ 2L Dachigt y = v + 2,
o Modulo3:=x v=y 1P =-1, viyy=a- 13 Dac hicty = x + 1.
Viy 1aed: vy 2 x + 3, r6i thi

=y -P2u+3 - =0t + 270+ 27,
wrdé: 9% +27v - (304 <0, vy x < 10
Thir cic 1 8, 9, 18 cha a.
Cudi ciung, phuong trinh di cho vo nghign,

4.1.23 w) Gid sir (v, v, 2) Which hop, Vi cac vai rd cha x. v. z i xémg, nén ta co thé quy
v truimg hop: 1 Sx <y <y,

T<y+v-1=222-1

The 1hi:
s+ v—I

Cvilyz=xave |

o [l€z4x—t=2x+y-253v-2
[z ) )

i -2 L2y
y|l2e+y-2 vy 2+ v-2 € (v 2y)

LpNeu2x+y-2=y. thix=1vaz=w
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2 Gid thigt 2x + v - 2 = 2y; th& thi ¥y = 2x - 2 va 2 = 3x - 3. 'Trong tnmy hiop ndy. 1a c6:

x+yv=1 {z] Jy=3=0 [3x-73]
yiz=l x> {8x-6=0 |x] o ax =6 it ce (L2360}
z+x=1|¥] 4x-4=0 {2x-2]

{33 Kidm clhiimg ring cic bo ha nhan dige la thich hop:

O Tra ldi: {1, v, vl v € 17w 112, 2, 30 (3,4, 0), (6, 10, 151}

4.1.24  Theo bin tap 4.1.1: 47 = | [8). Vay tén L A € t1sao cho #” = 1 + 84, 1 dée
W1+ 164 +64 27 =1lo].

4.1.25 Maodulo 10:
. 21[‘[] (25)‘.0 = 210 25)-1 2-1 _ 0

s

¢ 3= (A =17z
LU T C
o503
6'" = -4)"% = 41" = &, ... khi chuyén qua che ddi.

¢ Tra leic 3.

4.1.26 vi2l=1 (5], 3 =1 [5]. 4' =1 {5, nén cdic I0p wodulo 5 cha 27, 3% 4", 5 phy
thudc vao lap modul 4 coa

nmod. 4 | 2 3 4
2" mod. 5 2 -1 -2 1
3" mod. 5 -2 -1 2 |
4" mod. 5 -1 i -1 1
1"+ 27 + 2" 4+ 4% inod. 5 { () i 4

Nhwy thé: 5 | "+ 2" + 3 4 d* e =1 hoae 2 hoae 3 (4] e 4 /i/}'h

4127 3 =%1=1110], viy, modulo 10: 3% =3930 =35 | 3 3 =3 =-1vi
3rl4b "4& = 3“--")‘

Bai tap hién nhign nay cling quy vé:  Ya e 11, ¥ =-1 101

4.1.28 Giasitk e - 10, 1} Nau t6n tar N € FT* 530 cho (@, = @y viL gy, = @), 11 bany
lap ludn quy nap, ta thily ang dy (9, mod. &), 1 N- widn hoan (e 13 win hodn chu ky M,
vay ¢, mod. k chi phu thuge vi ldp modulo N cla n.

iﬁ it 0 2 3 4

\ ¢, mod. 2 ] 0 | 1 0 1

aj

435



Chuong 4  S6 hoc trong -

Day (¢, mod. 2,4 12 3- tudin hoan v lap lai bd ba (U 1, ).
Viy:21¢, < nr=0[3]< 3

b) " 0o 1 2 2 4 5 6 T & 4
@, mod. 3 0 1 | -1 o. -1 -l | 0 I

Diy (g, mod. 3),.,y 12 8- tudn boin viv 31 g, @ =0 hoacd ] < n=0 (4= 41

<)

[ 0 k 2 3 < 5 0 7 ‘

@, mod. 4 0 1 | 2 -1 1 it | \

Day (¢, mod. 4,4, ¥ 6- tudn hoin viv 41 ¢, <> 1 =0[6] = 0l a.

4129 27 =-i[r] weds 277 =227 =2[23"] = 2-1T T =20vi 2
Ful

cham, <o 2" —a=1.

4.1.30 Trudc tén, 18 rang rang ciac K (d € L) déo la nhimg nhdn con ctia (2, +).

Cho €7 13 mdt nhém con cia & gid it € = 0L 100 tai ¢ € (7 sao cho a =1L

Neua> Ot i; T =@,

Neu < 0,1l -a € Goviy G T 2 @,

Nhurihé, G A 1T T mGt 08 phan khic rdng ciia 18, vay cé mdt phin i bé nhat, ky higu la &

Ta chdng minh rang ¢ = &%,

13 Vi & € ¢, mdL phép luian quy nap chung 10: ¥a € L A € (7, rdi thi, chuydn gua cie phin 1

dii: V2 1L A € (5 Fa két fudn: &7 C G

2) Nguoe lad, gia st v e 67, Theo phép chia LBuclide x cho &, tén tai (g, ) € -7 sa0 chio:
x=hg+rva<r<h

Vix e (i kg € G v G lumdt nhdn con elia 2, ta duge £ € G, 161 theo dinh nghiacoa &, r =1

Nhwe (thd: v = kg € KT

4.1.31 Gia s I la mat nhém con ciia {Tf;],!”‘_..z, +3. Vi toan anb chinh e v 5 — N

mét déng cdu nhdn nén s ') 1 ot nhéim con cia % (xem ban tap 2.2.12, A1), Theo n "1{1[1

4.1.30. 18n i & € Zosao cho s = KL

Vis laoin dnh, e co: ff = SN = sk = 3 )

HES

< Tra igi: Cic nhém con cla (L4 +) L ede k Ty ke L
4.1.32 Ky l¢u a Ll mdt phin i sinh clia nhém don G 1 G =< fa) > Anbxa @175 — G

=TT
L miat dong cau nhdn vi:

Yo aye ', omtm=at=a"d" = @ inp ()

Llom nita. @ L toian anh. vi(r = {a"; n € 5.
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Trudng hop thirl
N&u ¢ 1a don dnh, thi ¢ ta mot ding cau nhém, vay G = Z. Pac bigt. G v han.
Trudng hgp thit 2

Gia thict @ khong 13 don dnl. Vi Ker(g) Ja mot nhém con cia 7, (xem 2.2, Ménh dé 2), theo
biti 14p 4.1.30, 60 1ai n € T sao cho Ker(g) = nZ.
Vi Ker(g) = {0}, tacé: n & TT.
Cic phan it e, a, &...., @' cha G khac nhau timg doi vi, n&u (k, ) € {0, n- | §2 nghiem dang
a"=d, thif-keKer(gnnll-kvayl==k
Nhgthd:  G=le d, .. a').
Kidm chimg rang doh xa ¢ (G 5 B w024 <n - 1) 1amit ddng cau nhén.
i - )
a =k

4.1.33 Trong Zfy73;

o A . A - P
e 2x+3y=03y=-2x = y=6{-2x}=5x vi0ol=|

T Ta e ~ AL A Ts R
s Ox+5y=05y="9x @ y=7-9x)=5x. vi7i=L

4.1.34 a)y x° +x+T=De x* +m+:!=0a(x+”})2- ZE‘:O@ (,\f+:“’)2 =3 Tachd ¥
rang %:ﬁ Tir d6:
(x4 =3 (x+T-2)x+T7+4) =0 &> (X =-3 hogc X =~11).
Vi 2/ 37 13 M0t the (13 12 56 nguy2n 15). \
O Tralgi: {-32).

b) ¥ -:¥,¥+§:6c>(1'—i)2 =1. .

Ia tinh cic binb phitong trong, 4| 5!

Joefilalalals]e
Alo [ilals]alils

Nhurthe: Vi e i yag. (:2 :I@re{—g.—i. 1. 3].

O Tra b (-5.-3, 1. 3}.

4135 Gidstx .., x5 € 7

o Néu 10,1 (trong Ti3p) 6 mat trong Xy,..., Ks. thi it nhdt mét trong cdc t8ng cla ba hang
tirla 0.

« N&u khong, it nhat nidt trong cic phin tir — .01 dli‘(_]‘c lap lai ba Lin, va it trong cdc 1dng

clia ba hang tir bang 0.

4138 ConreM. @b e detsiocho? =+ +c*+d. Via b, c.ddéng nhimg
vai rd déi xung. 2 cin c6 thé hodn vi a, b, ¢, d, nén 16n 1ai & € N sao cho: 2714, 2%1b, 2% 1 ¢,
2% o, 2 /Ya, o wn i g’ 18, (b o, d) € TP sao clo: a=2%a" b =2 c = 2% d =2

Thethi:a'  + 0% 1 o+ d"P=2"" vy n - 2a = (.
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Trudmg hop thi L: a’, b, ¢, &' déu 1&.

The thi (xem bai tap 4.1.D: a’? = 1 [8L.... &’ 2=y [8], tirds 22 = 4 {8], vay n - 2a =2,
dia=b=c=d=1,a=b=c=d=2"

Truong hop thi 2: o', 5’18, ', & chin (sai khéc vé thit ty). The thi o'? lflL R |f]l,c‘2 ;‘IO, d? If](l
frd6 2" =2[4],n-2a¢=1,16ia’=b'=1,c’'=d'=0,a= h=2%c=d=0.

Trudng hop thi 3: &’ 18, b’, ¢, 4’ chidn. The thin-2a=0.a=1b=c=d=0a=2"%
b=c=d=0. '

< Trd 188
Cac nghiém (a, b, ¢, d) S48 cc nghigm
n chén, n = 2a + 2, @ € Ni(2%,2%,272%), (2**, 0, 0, 0} va cdc hodn vi cla né 5
né, n=2a+l, ael (2%, 2%, 0, 0) va cdc hodn vi cla n6 6

4.1.37  Chu ¢ thng moi s8 nguyen 2 1 duoc vit mot céch duy nhit, dudi dang 2%28 + 1),
(@, B) € I Vay voi mi i thuge {0.....n}, ton tai (o, B) e MW¥saochoa =2%28 +1).n+1
86 nguyén f,.....B, thude {0,..., n-1}, v8n c6 ban 88 n; vay ton tai (1, /) € {O.....n Y saochoi=jf
vaf=F.Thethitaco (g £ q hoac &; < o), tir do (a, | a; hodc a;1 ). '

4.4.38  a) Hién nhién.

2 S(k) LS@nsD
ol 2n+1

« T4ch céc hang tit c6 chi s6 chin hoac 1é:

2n 21 i A
som- 3 R 00 < Cp) +n=l2§@+n=%5(n}+n.

i S i S ) 2.0 P

k chin kg

by e S(2n+1)= =SQ2n)+1

c)eS2n+)=S(2n)+l1 < F{2n+l)+—2&;+—ll = F(Zn)+i$+1. wdé F(Zn+ 1) = F(?n}+%
1 in 1 n N 1
. S(2n)=—?rS(n)+n =] F(2n)+?=-2~F(n)+—3-+n, ti 4o F(2n)=;2—F(n)A

2 1
e F(1)=S(1)- ==—.
(1) =S(1) 3°3
1
0< F(2k) < —
« Ta chimg minh bang quy nap theo n, tinh chStP,,:VkE{l..‘..n, 3 5
0<FQE+1) <

1 1 1 1
1) 2 ding, Vi F(Q)=—F()=—va FA)=FQ2)+—-=—.
)= g 2 > (1) 61' (3H=F@2) 32
0<'F(2(n+l]]=lF(n+1)<l-g=-l—
2) Néu £, ding, thi: 2 123i ? ;
0< FRR+IN=F2n+)+—<—+—=—.
(2n+1)=F( ) 337373

2
421 ay)Vde W, [{‘“" +"=>d1(2n+1)2-4(n2+n)=1=>d=1}
d12n+1



Chi d&n va tra Idi

b) Bang thuit todn Euclide:

n f "
W34l (P +2a| 41 n
ek n |

o) Vd € 1 din? +1 - d|n2+l___> d12n+1? —4n” +D=dn-1
’ difn+1)" 41 [d12n+1 dl12n+1

=d22n + 1) - (4n - 3):5]‘

4.2.2 Takyhiguvdine T, u,=16"+ 10°-1L,v,=1,+ 1 = 16"+ 1 vl §=UCLN{w, ;n e} T).

1) D3y (v,)pep 18 mQt dAy truy héi tuyén tinh c4p hai v6i he ti hang (xem Tap 1, 3.4.2) ma
phueng trinh dac trung cé nghigm 1a 16 va 10; vay ta c6:

Vael., v,,-(l6+10w,,, +16.10v, =0,
trds: ¥ e 1w, = 26u,,, - 160u, - 135.
Vi(8iu, Sl dlu,,,), tasuy ra &1 135. Mat khic, &+ u, =24
Tiede: &1 135 A 25 =5,

2)¥n e n, =1"40" —1=0.
[5]
& Tra lai: 5.

Ty =hg R .
M 3 n n
423 a) Cong v& voi v ‘ Jladuge > =Y ng + Y 7,
rJI--Z =rﬂ lqﬂ—l +rﬂ . ;} ! ‘:2‘ o 2 !

Tyt =1ptiy

H
tir dés: Zr,-q,v =ftn-—rp=a+b-anrb.
i=1

2
foli =1 4, +nn 1
- H "

_ n—|
b) Cong v& v6i v& 2 » ta duge Zﬁrm = Z-’}'zqi +Z’}'-’}'+|-
Ta2tn-1 = 1Gn_1 T 1M i=0 i 1 =2
a
Tnot'n =¥ n

’l
tir do: Zr}-zq,- =yt = ab.
fl

424 a) Tap hop {n € M': x" = ¢} [a m6t bo phin khic réng cia ¥, vay c6 mot phén 1k
bé nhat, ky hiéu w(x).

b) &) ® Vi & hitu han, nén edc phin tir x* (n € 1) khong khic nhau timg doi. Vay 6n tai
(kohelflsaochor k<ivav=1¢. )

Ky hidun=1/-k tacs: ne Rl vax"=e, viy x ¢6 cdp hitu han.

439
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e Cho p € IN; theo phép chia Buclide p cho @{x}, 160 tar (g. 1) € 18 sao cho: p=qaXx}+
rva 0 < r < a(x), tirdd = (O = X

Mat kh4e, theo dinh nghia ciia @Xx), ta suy ra rang &, x, ... ™} khc nhau timg 01
Nhurthe: <x>=1{€ X Pl ®
Theo dinh 1y Laprange (C 2.1}, Card{< x =) | Card((7), ¥ay x| Card{().

py <& Tralsi Tén tai cdc nhom vo han mi moi phin ti déu co cap hita han, chang han
() (X1, +), nhém cong chc da thife mdt dn vi 1y cdc b T trong thé Ty, (Xem Jdudi day,
chuong 5.
¢} Ciing phuong phép phu trong, 10 gidi B) @)
d) o) » Ta k¥ hi¢u p = @) v @) Vi ex) | poracsa®= W= b (xew o)) U da
Lo = ¥y = e vixvay glao hodn.
Niur the, xy 6 cdp hitu han va @xy) |t (xem o)

e Chon G = (LT, +), x=Y =1 ta cor wlx) = 2, @) = 2o+ ¥y =y oL
wx+w=1=% @ X) v ¥
& Tra lai: Khong.
py O Traloi: fa o6 hé chon €7 L nhdne cde dang cy vecto clia mit p'l@y_:'_ Fuclide (ludt f o).
xva y liuhai phin 1ir dii xing 61 vk hai dutmy, thang vecio D, Asao cho (0. My=a,rongdéa € Ik
sao cho @ € 71, chang han a= 1 (bidt rng 7 VO 1y). hogc & = :r\ﬁl_ (b1t rang, -\E vO Iy
4.2.5 1)RG rang ring, vdi moi chy trinh ¢ thuoe &, khi k¥ hieu yc)ta han s cha gid cliac, ta co:
e ¢ c6 cdp H©) '
o 0= D
2) Phuong phap thi 1: & = soM=sgcy=1vaN 18, vay slo) = L.
Phuong phap thii 2: Theo 1.4.3, Dinh 1§, o c6 Mot dang phantichg=¢, ©...o Cv thanh tich
c4c chu tinh v6i gid 10i nhau ting doi. V1 Cpvu Oy giao hofin timg doi, ta co: ' =cV o0
tir d6, theo tinh duy nhdt cha phép phan tich e thanh tich nhimg chu trinh vé gui T8 nhau
timg dbw:
vhe (1,...vho' =e

Thé thi ta c6 (xem bai tip 424 Vke {l..vh Ne) I N,
Vi N 12, k& qui 13 cic (o) déu 18, r6i thi céc ¢, déu chin.
Cu6iciing, g=¢, ¢... ° Cx chén,

428 Vic,,...Cyg1a0 hointimg doi: vpelf.of=cf o ° ck.
Do tinh duy nhét ciia phép phan tich e thank tich nhimg chu trink v& gid rési nhau timg 461, ta
o6, v6i moi p thuge N':

Fomeoclf=.=0f=ee (VE € 1. ¥}, eAc) I P) = BONN{ A0 1opey) | P
Vidu: a=(1, 7.3) o (2.8, 10, 11y = (4, 6,120, a0} = BONN(3, 4, 3)=12.
& Tra loi: 12,

4.3.4 Theobaitdp4.l.l: PEERULIN
Mat khdc: n # 03] = n= -1 hoac 113) =>n* =13

2
Vidas=l: 3“*2 L 2atn? -1,
gin- -1



Chi d&n va trd 1

4.3.2 Gidsk(x,y) € (W) §=x Ay tontal (X', y) € (W'Y sao cho x = ¢, ¥y = &'
XAy = 1itace x vy = dy (xem 4.3.3, Ménh dé 4. '

xay=I8§ d=18
» {.\’Vy =540 {x‘ ¥=30
& Tra @i [(18, 540), (36, 270}, (54, 180), {90, 108) va cdc cap ddo nguoe L.

- — % =53 XAYyY= . . -
){1\"}’ xAy=7534 {Y YE0 o ket thic nhu & a).

xvy=53xaAawn=510 x vy =540
& Tra lai { (6, 540), (12, 270), (30, 108). (54, 609 va cdc cap dio nguoct.

ey xv v-3xAY) =135 & &x'y - 3) =135, Do cic vai trd d61 xing clia ¥’ va ¥, 1a o the gid
Widt x’ £ v Chc ude cha 135 (trong M'ylaz 1, 3,5,9, 15,27, 45, 135,

5=1 §=3 §5=5 s=9 [[s=15 |[6=27 l{6=45 |[6=135

Xy=138 [|&y=48[|x"¥=30 Py =18||x'y=12 | |[x'¥=8 Xy=0 ||x'y=4
1 2 36 1 3 L 235 1 2 N 1 1 2 1
W[138 694023 48 16 01510 6] 18 9 12 4 8 K 4 \

O Tra lai: {(1, 138), (2. 69). (3, 46), (2, 144), (5. 150). (6, 23), (9, 48), (9, 162), (16, 75),
(15, 50). (15, 1803, (18, 81), (25, 30), (27, 216). (45, 60}, (45. 270), (90, 135), (135, 54, va
cic cap ddo nguge).

x+y=1008 d =24
d) =4, .
xAy=24 x'+y' =42

[ s u 13 17 19
Yy |41 37 31 29 25 23

O Tra i {(24.984), (120, 888), (264, 744), (312, 696), (408, GU0), (436, 552}, va cic cap
ddo nguge }.

Y& 119476 = e {1,2,3, 6L
19476

‘tlz +y|2 = >
Voi mBi tri cia &, giai 1260 5% | bng céeh tinh (x"+ Y
X'y=s—

&
& Trd 18i: ({60, 126), (126, 60)}.
DXAy+xvy=9+yo X1 +xy-¥)=9=>819=>5¢(1,3,9}.
V&i mBi mi cha &, gidi (x'—])y':%— 1.

O Tralai (3.4, (5.2).(9, D3, W (9. 94x L e Ny

4.3.3 a) Ap dung, chang han, thuat todn Euclide.
b) Nhu'd 4.3.2, ta tinh mot cap (4,. v,) thich hap: (28, -25).
o NEu (i, v) thich hap, thi 442u +495v = | = 442u + 495vq, tird6 4420 - 4y) = -495(v - vg).

Vi 442 A 495 = 1, dinh 1y Ganss chimg 16: 442 | v - v, Ton 1ai k € Zsaochov = 442k + vy, 16
1= -495k +

* Khang dinh dio 12 hién nhién.
& Tra |3 { (28 - 495k, -25 + 442k k € B},

441
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oA —— * a -A
c) 1= 4/45 <28+ 4/9“5 - (-3) =4a - ff?vay 442 kha nghich v c6 nghich dio 1a 28,
[
T thi: mriﬁi o x=78 314
& Trhai: {377

4.3.4 Trudc tién, phép gidi trong Z cho:

{(;r,y)e Zh2x+3v=nl= ((-n+3z,n-20):2€ AR

—n+3z20 A1 n
n+3220 B epg”,

T ta ch
Giasitz € gnfac {n-—ZzZO 3 5

Vidnhxazis (-n+3z,n-22) 12 don anh, ta suy ra:

" n
Card{{x,y) € N 2x + 3y=n} = Card{zel:; <z 55}

Tach thanh nhiing trudmg hop modulo 6 cha ».

<& Tra lai F,[%] aéu n=1[6]. l+lj(%] n&u trii loi.

4.3.5 Gid sit 5= a A b; tdn1ai (a’, b € (L)Y sao cho: @ = & h=0b.a' nb=1
Ta ky hieu § = {(x. ) € TV ax + by = c}.

Néu 6 | c.ili $=@.

Gid thigt 81 ¢ ; 18n tai ¢’ € Z sao cho ¢ = &c”.

* Cho (x, y) € ZF saocho ax + by = c. The thi ta c6: @’ + by = ¢ Theo dinh 1§ Bezoul vi
a A b’ =1 nén tén tai (1, v) € 7% sa0 cho a + by = 1. Tir dé: a'x - c'uwy=hlch -y

Vi@’ A b’ = 1, dinh 1§ Gauss ching to réng a’l c'v - y. Vay t6n tai k € Zsao choc'v - y = kd',
réithix - ¢’ = &b".

» Nguoe lai, ta chimg minh d& dimg rang, vai moi k thute Z. cap (c’u + kb, c'v - ka' ) thich hop.
< Traloi eBnguanblc

o {(cu+ kb ey - kay ke D) néua A ble, trong 46 a’, &', ¢ duge xac dinh b
S=anba=da b= c=&" va(nv)e Tleaochoa' + bv= L

Vidu:a) @; by {5k+12, 3k -6) ke ).

4.3.8 1) Tdn tai

Theo 4.3.2, Ménh dé, tén tai (u, v) € 7 sao cho: an + bv=1, laleh, viga
TFrudc tién 16 rang rang & va v déu khdc khong, vaivl#a.

Neéw u <0, taky hidn (', vy =@ + b,v-a) 12 ca:

au'+bv'= au+bv =1
15u'<h
[bv'i=ll—aw' 1€ 1 +ai €1+ab <(a+1)b, viy I¥IZa.

Didu nay chimg td rang, néu cin thidt thi ta thay (. v) bdi (1 + b, v - 4). ta cb 1hd quy vé&
an+hv=1,1<n<h-1,1svea-1

b
a) Trutmg hap 0sH < E(—i) .

. b
Khido b{—v)=au —l<au < aE. vy v < %, vi cap (xy)=(4v) thich hgp.
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b) Truomg hop E(—E—JH <ush-l

Taky higux=u- b,y =v + 4 Thé thi:
sax+hy=au+bv=1

0|x|=—x=b—E(-!—)—]—l<?-
2 2

ab 1 a a a
ehy=l-ar=l+al-x)<1l+—, v& Cmt—<]l+—. Néuw y=—, thi a(Zx+y) =2,
'y (-x) > Wy <oy 5 y > ( b

mau thedn (vig 2 3); tirds y <%.
2} Duy nhat
Gid sit (x, ¥), (¢, ) thich hop. ThE thi ta co alx - x) = b(y’ - y). 1ird6, vianb=1,al1y?y.

Nhumg mat khac: [y'-y <y 1+ yl< %+%= a Tasuyray' -y=0,rdix"-x=0.

4.3.7 Cing kiéu suy luan nhur d&i véi bai tap 4.3.6.
4.3.8 Taky higw u, = (n* - 1)(5* - 9)(n* - 49), va chid § rang: 23040 = 2°.3%5.
1) Modulo 5

A'=1hoac -1 [5],viy S1r* - Lhoac 51 -9, tird5 51 u,
2) Modulo 9

N&un?=0hoac | hodc 4, thi 9 ta* -9 hoac91n* - L hoac 9 | n* - 49, vay 9l u,.
Néun=-2|9],thint-1=0[31vant-49=0[3},vay9lu,.

3) Modulo 2°

Theo bai tap 4.1.4, > = 1 [8], vy 8 | n* - |, 81#*-9,81n% - 49, thd6 2° = 8" 1 u.
Cuéi ciing, vi 5, 9. 2° nguyen t8 cing nhau déi mét, ta k&t luin: 23040 | u,.

4.3.9 Gia thigt t6n tai (x, v, z, & € T thich hop.

K¢ hiéu & = UCLN(x, v, z, #). t6n tai (X, ¥, Z, T) € (2" sao cho: x = 8X..... 1 = 4T,
UCLN(X, Y, Z, D=1, vaX*+ 10¥2=22% 10X*+¥?=T"2

Truimg hop thic 1: X1é

Th&thi Z 18, Z - Xva Z + Xdéu chin, 41Z2- X* = 10¥ %, 2| ¥; 16i thi T? chén, T chan. Nhung
th& thi, modulo 4: X*=1,Y * = 0, 7% = 0; diéu ndy mau thudn v6i: 10X*+ Y3 =77

Truong hgp thit 2: Xchin

Khi d6°Z chin. Néu Y chin, thi T chin, méu thulin, Viy Y va T déu 1é. Nhung khi d6, modulo 4:
X*=0,¥2=1,T?=1; didw ndy man thufn v6i X* + 10¥ *=Z 2%

4310 (0o =aCh, vA (4D Aan=1, vay (n+11C3,.

443
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4.3.1 a) Taky hitu 5=a n b, (@', b) € (') saocho: g = &', b = b, aAb=1Ta
o AR =8%a  Ab D=L N A 1P i Ab =i titd6 6°=a, S=lal,alh

by Cho o € €; t6n tai (a, b) € (Z")* sao cho a = 2 Theo a):
a

delodlbalboacel
¢) Bang cAch khai trién, taquy vé (n€uy=0): 2y + (- 30y +3° +x=0 (1
Ching minh: (1) < (4y + (2 - 30)* = x(x + 1)*(x - 8). Khdo sét cdc trutng hop x = -1.0. 8.
Bay gits ta gid thi€t x = -1, 0, 8. Theo a), x + | chia hét 4y + (& - 3x).
Suy ra ton tai A € N’ sao cho x(x - §) = 2%
THE thi: (x- 42 =16 + A2 vay lx- 412 A+ 1.16i: 16 + P2 (A + 1. suyra A< 7.
Thircic tri 0,..., 7 cla A trong hé thie (x - 4)* = 16 + A*. Tasuy rax = 9.

O Tra ldi: (Zox (0D w {1, -1, (B, -103, (9, -0%. (2. -2D)).

4312 Takyhitud=anc,=bAaciBntia, ¢\ b" ¢’ e sao cho:

a=da c=dc.dn =1

b=&b .c=&"F'Ac'=1
Ta ¢6 de’ | da’&”, 1t 46 ¢’ | a’b”, Vi ¢’ A @’ = 1, ta suy ra (dinh 1y Gauss): ¢’ | 6b" R6i:
&”=c=dc’ | dFb", i d6 c” 1 db”. Vie" Ab" =1 tasuyrac”| d, vicuticong: ¢ = &'l &d.

#_ ph n-l

= Zak B 2 g [a— b,

4343 w»n <

ta c6: [a _z }A(a—b)*—'(na”“l)f\(a—-b]-

a—

Taky higu 8= a ~b.

1) V6i udc d bt ky clia (nd "y ada- bl vidla, tasuyra dl (na") A (a - h).

2) Nguoc la, gid sit d € N sao cho d | (na™') A (a - b). Viy tac6: a = b (d] vana™' = 0 [d].
Mat khdc, tén tai {1, v) € 72 sao cho & = wa + vh, Ta suy 1a & = (4 + via |d], t6i
nE™ = kit + V'@ =0 [d]. Vay di (ré"™H A (a - b). '

Cuffi cidng: (na" YA a-b=(néd"")Y A (a- b

. 1
4.3.14 1 Cic khong didm thye cia tam thife 6X° + 5X + 112 -—% vl aee Viay phuong

teinh 622 + Sx + 1 = 0 khong ¢6 nghi¢ém trong Z.
2) Cho n € N'; tdn tai (k. m) &€ N* sao cho n = 242m + 1).
Vi3 A2 =1, nén 3 c6 mot nghich dao modulo 2*, k§ hitu a: 3a= 1129 Tha thi:
Yre L Bx+ =02 S x=-a[2].
Tuong tr, vi2 A (2m+ 1} = 1,nén 2 o6 mt nghich ddo module 2m + 1 k¥ higu & 28=12m+ 1|
Théthi: VYxeT, (x+1=002m+1jex=-12m+1]).

Mat khac, 28 A (2m + 1) =1, vy t6n tai (r, v} € Z* sao cho 2%k + 2m + 1)v = 1. The thi ta co:
a- =10~ PH2u+ (2m+ V) 1 d6, voi k§ higu S =-a +(a- P2u=-F+(p-ed@m+ v
facod:

Ez-al2*]  yqa6(3 +1m012°)

E=-p2m+1] 2% +1= =0{2m +1]'
vily 6&2+58+1=0([nl
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Ta c6 thé chi ¥ ring, theo dinh 1§ (c6) Trung Hoa (bai tap 4.3.16), he dbng dur thic

— k
x=-al2"1 i nhat mot nghim, vi 2 A 2m + 1) = 1.
x=-f2m+1]

4.3.15 Ky higu £, = (1,..., n} - (i}, vGi i e {1,....n}, tacd
UCLN(A, Ay =[] a = []ae =1

n keid
ke r-\E‘-
i=l

4346 o) Taky hiewvéii€ {l....n}, A = —. Gidstti € (1. nhiVid, Ag =1, theo
i

dinh 1§ Bezout t6n tai ¢; € Z sao cho: A, =1 [¢]-

i
Taky hidux= )y A;bic;. Tach: Vie (l..,nl,x=Abe,=blal
v [ )

Vi dut - !
Trén mét vi du tuomg tr ta s& khong dp dung phép chimg minh trén.
Gid thiét x thich hgp. '
Vix=4[5],t6ntai A € D saocho: x= 54 +4.
Tacd: x=3[6]¢>54=-16]l=-A=-1[61=d=1][6]
Vay téntai g € Zisaocho A= 6 g+ 1, tit dé x = 30z + 9. Thé thi:

x=2[1 o 30u=-7[71<=2us0[7]< u=0[7],
vi 2 khi nghich modulo 7.
Vaytontai ve Zsaocho g=7v tidéx=210v+9.
Khéng dinh dio thdy ngay.
< Traldi: (210v+9; v= e T} _
b) Gid slr & € Z/ . TOn 13i x € Z sao cho £ = cl (x); 1a dat &) = (cl, (X)....cl, (1))
Binh nghia niy 1a ding din bdi vi, v&i moi (x, ¥) thude 72
cl=cl(M=alx-y=>(Vie (l..n}aglx-y)= (Vi€ {l..n}cl x)=cl 0}
» 712 mot déng cdu nhém, bdi vi vai moi (x,¥) thuge Z2 :

e, (x) + €1, ) = KeL(x + YD) = (€, @ + Peeery Sl (6 + )

= (ck, () + cld](y). woe Gl () + 1, (1) = el (xh + el (.

« #1a don dnh vi, v&i moi x thudc Z - . ]
el xp=0= cla](x} =.= clan(x) =0= (Vi€ {l,..nl,glx)= cl(x) = 0.

« TFinh toin 4anh cha & .
Phuong phip thi 1
Giasit &y, .., ) € Ly g% oo x Ty 7
Tén tai (F,, ..., b} € Z"saocho: ¥ie (1,....n}, & =cl (b).
Theo a), ton tai f € Tsaocho: Vi e {1, ..., n}, B = b(a).
TheE thitacd : Kl (/) = (cl,,r_{ﬂ),..., cl, (BN =cl, B cl,,n(b,,] = (Eprernib)s
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Phuong phdp thir hai
Vidladon nhvaviZ o va Zi,, Zx T ,,Z’,dé“ hitu han va cé cing ndt bin s&; nén #1a

song &nh. Diéu nay cling ching 16 réng c6 thé suy ra dinh 1y Trung Hoa chi & tinh don dnh
clta 8.

4.3.17 Thay x bai y2 ,suy ra: (3y) = 3(4b - @)’ Vi3db - ¢*) € Z, theo b tap 4.3.11, b),

tact: 3ye B Ky hituY =3y ¥ =3(4h-a?), vy 3 Y, dodé y € Z

272 e,
2

Cudi ciing, vi 3y* = 4b - %, nén y viL g déu coing tinh chan 1¢, vily x =

4.3.18 Vi (be - ad)® = (be + ad)® - 4(acybd). ta suy ra n*l (be - ad)®, 1éi nl be - ad, xem
bai tap 4.3.11, a).

T6n tai (A, g) € &7 sao cho bc + ad = An va be - ud = jin, tir d6, véi ky hitu e = 4 + g va
B=2- pu,tacé: 2bc = an va 2ad = fn. Mal khdc, 16n tai (¥, 8 € 7 sao cho: ac = p vivhd = én.
Ta suy ra: afin® = dabcd = 4ydn®, tir d6 4 | af.

Hom nita, & vd #déu cing tinh chan 18, vi g + =24

Suy ra rang @ va § déu chin, va cudi cing: n | be via n | ad.

4.3.19 Gidslr(x, y, 2) thich bgp, (@, . p e I saochoray =1 + az, xz= |+ v, ye= + ;.

Tacé: (xy - Lx = azx = of | + By), tir dS, voi ky hign A= ' -afftach: Ay=x+avadell.
Tuong wy, t6n tai 1 € } saocho: gv=y + o

Taco: y+a=ux= Ay - a), tndé: (Ag- Dy=(l+ a
Nhung. vixy=l+ay,yaa=1nenyl 1+ Téntai k € [T saocho 1 + = ky.
The thi: x + v+ @ =x + gov = kyy, 101 X2 + y2 + a2 = kxyz, viy:

Xy +xz+yz-1=kxyz.
e3vzraxytxz+yz-l=zkozzxyz, ttddx <3, x=2. Tasuyra: 2y + 22 - | = (2k- 1)vz.
0 4z>2y+2z-1=Rk-1)yzzyz . tirdéy<4 Vixany=1,tasuyray=3.

o5 +2z=3(2k- 1)z, tird6 zI 5. Viz 2 y =4, takét ludn z = 5.
Khing dinh dio 12 hién nhién. '
< Tra Vo {(2,3, 5.

4320 Gidst(x,y,2)eZ’- (0,0, 0)} 12 mot nghiém saocho fx [ +1 v +12 112 cuc tidu.
Tach: 312, vay3lx, x=3X. Xe Z°. th d6: y* + 32° + 9X* - 9%z = 0.

Nhu the, (v, z, X} lAnghiém; theo dinh nghia cha (x, y, ) tacG Iy l+ 1z +1X1Zlxl+1vI+1z]
trd6X =0,x=0,y +3z° =0,

N&U (v, z) = (0, 0), v6i k¥ hiu 5=y A z, thi t6n tai (@, §) € (%) sao cho: y = da. 7 = 5.
anrfi=1vitact & +3F=0.
The thi 3l & vy 3l a, a=3a’, &’ € Z;t6i9a” + £ =0,31 #, 3 3, 3l a ~ A méun thuin.

Ta ciing c6 thé k&t thic bang cdch chimg minh ring -3 klng phai 1 mot lap phuo‘ng, cha mdt
s6 hifu ty (xem Tap 1, b tp 1.1.1).

Lai giai trén minh hoa phuong phap "di xudng vo han

4321  (GkeZ ki=1 o35 & U,y $i=1) vadpdung 4341 1), Menh dé.
< Tra lar: Cac phin tlr sinh cda nhéin (ZJHE, +ylacic i, xe TsaochoxAan=1.
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4322 Chote L,z xe Lsaochof= x.
[} Néu x ~ n= 1 1hi ¥ khd nghich trong Fd e, (xem 4.3.4, 1). Ménh d&), vy khong phii 1
ude cha khong.
2y Neun § xva xan=L voi kg hieu & = x An. (6n i (@, b) € () sa0 cho x = da. y = b,
a .. - - . ,
anb=1.vitacs: bi=dab=an=0.Xz0bh20MiIbl<nvib=z0)viy ¥ Jaudccha khong.

O Tralsi: Cic ude cla O trong 2 w7 lacic v.xeTZvaxan=l.

441 -+ 162+ -9 = - 3n + At + 3n+ v a®  3n+ 4wt + dn+ 4
déuchdn via®-n=0 (2]

bydnd +om* +An+ = 2n+ IX20E +2n+ Ival<2n+ 1 <20 +2n+ L.

e 240 4 ] = (230 197 - 207 o (@R ol 20 L0 4 ) va 2P e 2 e T L
2ol I s (vinz 1)

Vidu: 2541 =(22+2%+ D27 - 27 + 1) = 545,481 = 5.109.13.37.

4.4.2 Chi ¢ ring 5 - 3 chan va = 2.

4.4.3 Takyhidud=urcitdntai(a’, 7)€ (Y saocho: a=da’.c=d anc=|
Viah = cd. lacéd: a'h = cd. Via' | c'dvaa' ac' =i, dinh 1§ Gauss ching 16: &’ | o; 16n ta
PelT saochod=uwD. Tasuyra: b=¢'D. Thithitace: a = da'.h= D' = o0’ d = Da', Lt

do: @+ b + "+ d =@+ DY eI VAS D22, a T A 2 vy at B R T
ka hop s6.

4.4.4 Takyhigéug = p*+p°+ 1lp + 2 vi chuyén qua modulo 3:

pmod. 3 -1 0 1

g mod. 3 0 2 T

Viay, vi¢ > 3, nfu ¢ nguyen 18, thi p = 0 [3]. rdi vi p nguyen t6, p = 3.

Nguge lai, p = 3 va g = 71 déu npuyén td.
< Tra bbi; {3},

445 Tbntai N € F* sao cho: {-l-—,i} c {—.J—_:(a'.j}e {0..... N Lt do:
Xy X 237 ’

Hoac gid, sit dung khai niém chudi s6 (Xem Tap 3, chuzong 3):

n 1 +in 1
N —« —‘—~—-’;
panfi 4 !2;12‘ Jz;‘,g 1'___ 1

2

447
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4.4.6 Quy nap theo 1.

Tink chat 13 tim thudmg v6i n = 0.

Gia thigt tinh chét diing vi n; 1n tai m € I sao cho: (1+ p)-"" =1+p™ 4+ mp™Z. tudo6

arp™ =@y =Qep" emp" Y = 1+p(p™ )+ S CE PR Q)
k=2

ntl
Vi Yk € {2...p), (a+ Dk 2 n+ 3, taket lugn: a+p)f =1+ P2 p™.

447 DChomeN ke 10,...,(m + 1 -m - lhoa= m? + h; tacée L-'(J;)zm . 1 d6
", =n+5+E{J;}=m2 +m +h+5 Nh thé, cac SRS (m+ 157 - 1) lidn ké nhau.

3 2
=m2+3m+516vau m- +3m+T

Hon nifa, u(m+l)2—l {m»«l)z =

2) Biéu nly chimng 10 ring (4,),u chifa 1t ca cic 56 nguyén 1& 2 i, = S, wic la til ca cac s0
nguyén to 2 5.

A.4.8 WN&u «vabchin, thi 4 %(a3 +573, mau thudn.
Néu @ chiin va b 16 (hoac nguge lai), thi 15((:3 +b%) € I

b e, a?-ab+b el

Vay a va b déu 13, va: %(a:‘ +b%) =%£(a2 —ab+b?). 2

i %(03 +5%) nguyén t0, ta suy ra: %(a +b)=1hoacd® -ub+ b =1

ONé’uaz—ab+b2=l,thi(2a+b)"+3b2-——4,t0d6bzl20—b'l=l,réiazb:].
a+b

« Néu =l thia=b=1

449 Chuyén qua modulo 3: n - 10=n+ 2.n+10=n+ 1,7+ 00 = Mottrong ba s6
nay 1a boi cla 3, vay bing 3, vi ching déu nguyén t6. Ta duge n - 10 = 3, 18 # + 90 = 103,
vin nguyén 18.

4410 Neu3zfnthin’=s1[3). 27 +8=0[3]vly %+ 8 1a hop sO (b0 cBa 3, va = 3).
Nhu the 31 n, n = 3, 1 + 4 = 31 1 s6 nguyén 6.

4.4.11 n“+4n3+6n2+4n+5=(n+l)“+4-——((n+l)2+2)2—4m+ 1P =
((n+ 1P-2(n+ 1)+l + ¥ +2n + 1)+2)= @+ D+ 2" + 1)

N#u s6 da cho 12 nguyen 16, thi * + 1 = 1 hoac (1 + 22+ 1 = 1, tird6 n = 0 hoac -2.

Kidm chung lai khing dinh déo.

& Tralsi: (2,00

4.4.12 e« p=2khongthich hgp.p = 3 thich hop-

. X s =n
» N&u p nguyén t6 va = 5, thi, chuyén qua modulo 3: 1,
) . po=l
suyra +p*=0[3). ViZ’+ p* nguyén 16, nén ta c6: 2° + p* =3, mau thudn.

& Tra toi 13,
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pi p-1 p-1 p-1
4413 S (n+kf=nt Y1420 k+ 3K
k=0 k=0 k=0 k=0}

=n?p+2n (p—zl)p + (p—l);;(i!p—l) = P[nz +n(p— l)".‘—“*—{P—l}(ﬁzp_”)

(PDEp7h

Cld ¢dn ching minh:

Vipnguyénid = 5, ta ct:
sple, vay (- 1Y2p - 13 =0[2]

«3fp.vay p—1=0hoac 2p-1=0,1wds(p- 1)(2p- )=013].
(3] 13}

4.4.14  Gia thi®t 16n tai p ngoyen t6 1€ sao cho plm va pl n; tén tai (m’, 1) € (') sac cho:
m=pm'’,n=pn. Viplétacé:

_| . )
@ +b" = (@™ )P+ = (a" +b"']i(—1)* (@™ @yt
k-0

Nhthé & + B" | @+ b v, vip 2 2, 2 < d" + b < g™ + b", mau thudn v6i " + b" nguyén
16. :

Diéu nay ching td ring m vi n chi ¢6 udc chung nguyén t6 1a 2.

4.4.15 e p vii p + 2 nguyén t6 vi khong chia hét cho 3, vay p=-1[3]. 3lp + L.
eplé, vayp=-1[2].21p+ 1.
s2a3=1.vdy6lp+1.

4416 Neuldg{p.q.ri.thip=+1[3,gt1{3l,r=21{3].vayp +¢@+r=0[3),
p*+ g% +r* =3, mau thuin,

4417 Neunz1,th 22 +529 va 27 #5145 =0 vay 22" +5 khong nguyen 4.
3

Néun =0, 2 +5=7,1a 56 nguyen t6.
O Traiak: (7).

4418  Téntaim e N- {0, 1} sao cho n = pm. Gia thigt » 13 hop s6; t6n tai (m,, my) € N
sao cho: pr=mym,, 1 <m, <m, 1 <my <m. Viplaudc nguyén 16 nhd nhdt cla n, nén ta cé:
m, = p vapy 2 p, 1 d6 n = pmym, 2 p*, maw thufin.

4.4.19 eNeup>13,thip=9+ (p-9), trong d6 9 va p - 9 (56 nay chin = 4) déu 1a hop s6.
e Khio sit cic trudng hop p =2, 3, 5,7, 1L
< Tra Isi: Cic s6 nguyén t8 > 13,

449
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4.4.20 Trudc tign chiing minh p =t 1 [6].
The (hi t6n tai (¢.8) € N x {-1, 1) sao chot p =64 + evagz1. Tacd:

4p* + 1 = 144q° + 48eq + 3 = (Bq + 2E0 + (8q + &° + (4g),
lrds (Bg+2&8g+&49)€ (b1,

k &

4421 2 Vi: p=k(p-01C, nen pchia hét K1 (p - 01 C.
Taco: Vhke(l...p-llpak=paip-k= Lvay pa(kip - A =1
Dinh 1§ Gauss cho phép ket ludn: p ICI:, .

J2

; ;|
il.g,!

b) Ja ot s6 nguyén, boi vi d6 chinh Ia he tlr clia Xi‘ X' (rong khar tnién cla

(X, + ... + X,¥ theo cong thic da thite Newton, la sy tdng qudt hoa cong thic nhj thie
Newton. K&t thiic twong tg nhu a).

4.4.22 Khio st tryong hop p = 2.
Gia 1hift p 1a s6 nguyen 16 16: ton ai k € ti* ga0 cho p =2k + 1.

Tacé: 2 + ¥ = (2 + 3a, rong d6 a = 2% - 2% 3 4 4 3% chuyén qua modulo 5:
a=2k+ 132¥ =p2*

Neup =3 thipz015]va 9% 2 0 [5], tir d6. ¥i 5 nguyén 16, P2 =005k Didu nay ching té
rang: 5 |27+ 3% va 52X21‘+ 3. Vay tn tui (a, 1) € (t4-10.11) sao cho 28+ =
Khao sét trutmg hop p = 5.

4.4.23 Ta suy luan phan ching: Gid thi¢t t6n tai » € Z sao cho 49 lu,.

trong, 46 U, = m-r*- 20+ LVI U, = (n +2)° - T’ - Yan ~7tasuyra?l 2767 02
vi 7 nguyen t6. Tén 1ai k € Zsaochon = 7k - 2. The thi ta ¢b U, = 7T - 1> + 2ky - T, vy
72,YU“, mauy thudn,

4.4.24 1} Gidsltn € H; taky h.ieu 8= (2" + 1) A (3n% + 2). St dung phép chia Fuclide:

9(2n” + 1) = (3n* + 260" - 4n) + B + 9,
1 d6 51 8n + 9.

Réi clng theo cich trong tu:

51203 +2) = (8n + 9) (192n* - 216n + 243) - 1163,
1 d6 611163

V1 1163 nguyan 16, ta duge 6= 1163

Viytbnta a € R sao cho 8n + 9 = 1163a. Chuyén qua modulo :
1163a=9 18] =>3a=1 [B]=>a=9%a=3[8]

Vay t6n tai b € N sao cho @ =8b +3, 81 n = 1163b + 435,

2) Ngwoe lai, gidsitb e Nvan=1 1635 + 435, St dung cdc phép chia Euclide da thay & 1), la
51163 |80+ 0, 1163 34° +2,1163] 207 + 1, i d6 @ +D A B + )= 1.

< Tra l&i: | W63b + 435, b e Hi.
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4.4.25 ) Ton tai {n, @) € ¥ saocho k=2"(2a + 1). Ta cé:
on n 2a . a .
2t 11=22" )2 p1= 27 41 YD ¥y
=0
ViZ'+ 1 nguyén t6va 2> + 1 € N¥, tasuy ra2t+1=2% k=2"
b) Gid sit (m, n) € N sao cho chang han m > 2. Ta chuyén qua modulo F,;

F,-1=2"=" " = (1) =1,
(¥,

tir d6 F,, = 2(F,)
K&t qui 1a: F,, A F,12. VIF, va F, ddu1é, ta ket ludn: F A F = 1

4.4.26 T6n.tai m € N* sao cho r = mp. Ta cé : 4" - 2" + 1 = A (2™) trong d&

A, =X* -X7 + 1 € BLIX). Ky hidu 4, = X%.X + 1 € B[X], ta chimg minh rang A, chia hét A,
trong C[X]:

.3_5_1
A= X+DX+P. AN=A, ")=ﬁ”+f’+1="_p l:e, ALH =0
7 -

K&t qua 12 4, chia hét A, trong ZfX], 161 4,27 |4,(2™) trong Z.
Cuéi cing, chimg minh rang 1 < A,(2") <A, (27

4427  Takyhidu B =4*+2' + 1va B, =X¥+ X"+ 1 ¢ Z[X] v6i moi & thute T*, do d6
B = B2},

Khio s4t trudmg hop n= L.

_ak
Ta gid thi€t n 2 2 va §, nguyen 18, Tén tai (k. m) € I sao cho: {" ’;0& (k 1a 3- dinh gia
. m

ciia n).

Nhuthe  BX) = (X + &+ 1= B, 0.

Gia thigtm 2 2.

m_q

Vim % 03], taco By()=Bn() ="+ +1=1——=0. vy B, 18, wong C{X].

Vi (B, B,) € (LIX1Y két qua 12 B, | B, trong ZIX], 16 8,2% |B,2") = B.2) = §,mong I

Vi1 <B,(2%) < f, nén B, 12 hop s6, méan thudn.
Takftluan: m=1,n=3%

4.4.28 1) N&u n 12 hgp s6, thi ton tai {a, b) € saocho:1<a<n,l <b<n,n=ab,a2b.
Vi 1, a. n déu 12 cdc u6e 2 1 clla n, timg d6i khéc nhau, nén ta 06 o(r) = 1+a+n.

Nhmg a* = ab = n, vay azﬁ,tﬁdéa{n)21+\(;+n>n+~/;.
2y NEu a1 13 nguyén 18, a’(n):n+]«n+J;.
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-4.4.29 1) V&i moi ude d (21) ohia a. bt déu tit @, bd Ya mdt woc (21) clia ab, 1 d6:
olab) _ olad)

olab)= p 32 bd = bo(a), vay z
b ds ab a

2) Gia sit D 12 mot u6e (1) cha ab. Ta k¥ hicnd=D A a t6n tai (¢, &) € (R§*)? sao chor
a=da D=déa Ad=L Vislabvadnaa =1.dinh 1y Gauss chimg to rang : 5.
Nhu the ta duge: D=6, dla, 8lb.

e Ta suy ta: olab)= D<) dé= d & 1=a(a)s(b).
D|ab dla dla S|k
F|b

4430 Takyhidud=an b: tén tai (@', DD € (M%)? sao choz a = &', b= Sb.dab=1
Tac6: (@*+ab + b A (ab) =8 2@+ ab + b A @) Gia thi€t tdn tad IOt wdic nguyen
' chung p cla a2+ ab +bivadi. Vip nguysn 6 va p | b, ta c6 (n€u cin irao d6i ¢ v
¥y:p | &'. Nhu the, p la'vap |a? +a'b +b* vy p | b2, p | B (vi p nguyen 0). Ta di dén mau
thudin voi a A b = 1.

Nhu thé a? + @b + B va ab khong c6 mot ude nguyen (6 chung nao, W do
(a?+ ab + B A @b =110 {a"+ab+b'“')f\(ab}:b'z:(ax\b)z.

4.4.31 & T 1ok Khong; vidy: a = 4, b=10.

4432  Taviét cdc phan tich nguyén i claavab dudi dang:

a{npr-‘lnp?“ pr;]- “[ﬂpiﬁ I»" H""ﬁ;}

iel ) ieX el =) NieK
7.J, K. L 1o nhau timg doi

cdep, felwSw K £) nguyen 18, khac uhau timg doi
ved, a, zf 2]
v,e K, gh2d >l

Vay chi cdn ldy: x =[H p?" Hp?lf ]‘ y :[H p! i n pf""i 1 ]

trong 46

it e icL i€k

Vidia=2"257.b= 5.425%.11; phuong phap trén cho phép chon x = 2437, y=5011

N N

4433 X6t chc phan tich nguyén 5 a=npf, b=npf‘. trong d6 N & N%
i=) i=!

Proe-s P DEOYED td, timg d6i khac nhay, VA Fpaeses Fys Spaeees S € N.

N

ViaAb=1.1ac6 ¥, €{1...N] (r,=0 hodc s;=0). Nwmg ek =T pf** . tirdo, dosinh duy
i=1

ahdt chia dang phan tich nguyen (8 chack ¥, € LN klr+s.

Tasuyra: Vielil SANL kR vak]s)- o
Ton tai . 'y Broes Bu € N sao cho: ¥, e{) N} (5= ko, va s, = k).

N N
K¢ higu: a:ﬂpf" va ﬁ:Hp}ﬁ", ta cb: (a.ﬁ)eN*)’,a:a".b:ﬁ*.

[EN i=l
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4.4.34  Chuyén qua dang cic phn tich nguyén t6 cia g va b.

Vidu: o |5 =>a | b2

4.4.35 Ta ky higu A =(a v b)(a v c)b v cHa n brcyvaB=(avbve) l abe|. Gid st p
12 mot s6 nguyén t6 va &, F, ¥1a p- dinh gid twong ung cila a. b, ¢. Do céc vai trd déi xing cha
a, b, o tacé thé gid thigt @ < f< . Taco:
v A)=viaV by+vfavey+ vibvor+vian b Ay

= Max(a, B + Max(a, y) + Max(#}, y) + Min{a, Br=pry+yrta
sv(By=vlav bv o)+ vla)+ v(b) + v ()= Max{a, S, +a+ft+ty=y+ra+ Bty

Ypel, Ay=v, (8
Niut thé; { peEPv, A p(®

P ,trdoA=8.
(A.Bye(N )

4.4.36 Suy luan nhu trong 131 gidi bai p 4.4.35.

N N
4.4.37 Chid ¢ tang dnh xa (Sp... Sy} pr" la mot song 4nh 1 r[{O..‘.r,-} i&n 1Ap hap
il

cic wde (1) cia n. Tir dé:

N N
1) din) = Card[n {0,y }] =[]t +v

i=1

N ) N r iy N IP!-,-+I -1
2 atm= 2, pr‘}ﬂ ol = l——
lEisN \i=] i 01 izl i

JL N

N

4.4.38  Xét dang phan tich nguyén t6 n = H pii. vad(n) la s8 cac udc (21) clia . Taky
i=1

higu p(n) 13 tich cic ude (1) cla .

1) Néun khong phai 1a moi binh phuong clia s6 nguyéen, fa c6 thé nhém lai céc ubc cha n ting
d6i c6 tich bing a, tir d6: (p(n))* = »"™

2) Néu 7 12 mot binh phuong clia s6 nguyén, n = & (k € N*). ta c6 thé nhéin lai cdc udc clia a,
Khéc v6i &, timg doi c6 tich bing &, 1 d6: (p(n))’ = En*™ = n'e,

din)

O Trawi: a2 .
N

Hon nita: d(n) = [ [ (r; +1). xem bai 1dp 4.4.37.
=1

4439  Kyhiew gom= []d

1udeint
n

1) Néu n c6 it nhat ba udc nguyén té p,. py, Py, khic nhau timg doi thi:

1
ginyzp py—>h.
M
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2) Néu n c6 diing hai wdc nguyén 16 p,. p» khdc nhau, vt néu, ching han pf' | n, thi:
glmz plpg Losa.
19

1) N&U A1 = Py, Py P2 NBUYEN (6 khic nhau, Wiz g(n) = pyp. = 0.

a—1 (rz__l)rz

4y Néu i = p*, p nguyén (6, o € ¥, thi: q(n}—l—[p *Lurdd:
k=0

gny=n& {a’—Zl)a =g a=3.

4.4.40 ) Suy luan nhu trong 13 gidi bai tdp 4.4 37, tinh o) = G, (7).

N
b) Gid sir (¢, b) € (R1*)? sao cho a A b = 11 xé cdc plian lich nguyen 16 a= np

il

N
p=T]piVienb=112 6 V. el N1, (=0 hoae 5, = 0). Gid sitie {1,...NL
i=1 -

{([n.r.fli+1} -1 p“r‘.n) -1 P{ccs,-+l] -
Ta gid hiét, ching han 5= 0. The thi: d = e )
' k_ L. k_y
pi -l Pi Pi
Ta kSt ludn: od. #) = ala) adb).
4.4.41 Theo bat @p 4.4.37:
gLy 31 pt-l
a(N)= A Sl Lo (VTR )
7-1  3-1 p-1
Viy: o(N)=3N & 2™'-ap+ D= 253,

ViZ'a 2™ y=1,1asuy a2’ | Ap+ ;vaytontai A € FI* sao cho 4(p + 1) =2"4.
Nhu the: (1) & 2™ - l)l-9;;<:>22",1-1+9p@1=8—p‘

ViAe i vap25, pnguyen 6, tasuy rap € {5, 71.

ep=S5:A=8-p=32"=8, n=3, N=2235=120 oMy =2 )46=3060= IN.

ep=T:A=§-p=1,2"=32,n=5N=2"37=072, O(N) = (2¢- 1)4.8 = 2016 = 3N.
O Trd i ((3,5). (5. DY

4442 a) &f g 1a mét thé (11 nguyén t6) va:

X~ +4x+l-0@(x+2} 3= 0@(x+2}'—25 0®(x+3](x 4) 0.
<& Tra ldi: {3.4}‘

2) & |4z Khong phai 1a mot thé (12 khong nguyén tf). Vi 5 1a kha nghich trong T/ a7

{%3 = i) nén ta coe

§x+iy=3c>5(5x+iy)=%3¢=>

+1

. [5xady=3 =2y+3 3

Roi, PITYEI SIS e 2y+3
Sxviy=6 |20y+h+dy=6 |8=0

Ta c6, ol a thude 2 8:1-()@1218:3@112:14@3[(1@:1&{63 é}

y=15c’x=§y+§.

< Tra lai (3,0).(—3.3).{3.6).{—3.—3).
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4.4.43 ) Xen bai tap 4.4.21 a).
b} Quy nap theo /.

By Truemg hgp f =1
Quy nap theo V.

® Tinh chiit 14 hién ohien véi ¥ = 1.

*VE N =20 (o +xy)F =] +T‘CFJ 7 by b=l +x5 (pl. theo ).
Py

* Gid thi€t tinh chat dung vér mot M thude MY Gid sit (x, .. v,,,) € 7% ta cor

N+l p N # N 4 ANl

— — it - P
in = ZIJ; +‘t.'\“] [EI Z.’(" + x5 \l' 1 = Z R +,rl_\,-_] = Z.l H
il LR pt

i=l il

2) la gid 1hidt cong thire ding véi mét £ thude BFThE (hi 1a c6:
el :
N 4 N I r N g P N il
- - " - r
Sol =3y zr = (] -2y
i=l il

il il
4.4.44 Gia thigt tén taw x € Zsaocho 5 |ax‘ + b+ e+ d Taco S;l’.x. vi néu khong 5 d
nguyen ta, nén k& qui 12 5 A x =1, viy (dinh 1y Bezoury, 16n tar (. v) € 7 sa0 cho v+ 5=l

"

- 2 .
Vi _1r3(d_v3 +evt +bhvt @tz axt +hx tex+d =0va LY S
151 (5]

ta ket ludn ring: o' + ¢v? + by + a = 0 [5].

Pl

4.4.45 1)) (p—l)'Cnpl ﬂw;—u [_[( == p-nr.

Vip nguyén 16, nén (p - 1) Ap =1, vy (7 - 13! Khd nghich trong, TJPE,,; viy ta c6 thd gidn ude
cho (¢ - D! va két luan: Cw, == p)

» Néu p 1¢; Cp ; =1pl

o Né&u p chin: p=2, C;':pllz—'lzl[u

2) Cﬁp :”Cﬂp y =alp].

4.4.46 Cho (x, ¥) la mot nghiém; ta cé:
200 -y + V=T + V) (1)
Vi2|Hx+y)va2 A 7=l suyra2|x+y; t6n tai # € F* sao cho: x + v = 2u

Do cdc vai trd d6i xdng clia x va y, ta 6 the pid thi€tx 2 y. Vix + y chdn, nén x - vclng chan,
vily t6n tai v € I sao cho x - v = 2v. Ta o6

e+ =TneaemT-=1"=1< ycT
Thavdiu=1.2,34,5, 0.

< Tra i (1, 5), (2. 6), (5, 1) (6, 2)).
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4447  Ta gid thigt rang t4p hop cdc nghiém khéc rlng. ThE thi 16n tai mot nghiem
(x. v, 2) sao cho z 14 cyc tién.

o Truimghopz =2

Tethiz|y y=37¥e N RS -12V¥=3" vay3|xx=3X Xe N Tads
15X - 4Y2 = 3*2, va (X, ¥, z - 2) 12 mOt nghiém, diéu n2y mau thudn v6i tinh cuc tifu cla 2.
¢ Truomg hgp z =1

Thethiz |y, v=3Y,Y e N, R8i 52 - 12¥* = 1, tir d6 x* = -1 [3], mau thuln.

s Truomg hgpz =0
Thé thi 1522 - 43" = 1, tix 46 y* = -1 [3], mau thudin.

4448 Tontaig < N*saochop=29+1.Tacé: H, =i{l - ]:pr , lrong,

= k p-k
11 1 IS
d6: K, =3[+ = .
? Z[k p—k] Ek{l"k)

P =y
g -1
Viy . (p—l)!Kp :Zapk.trongdéz Qg =M= H i.
k= kp—k) i
ik f=p-k

Ta o6: YK € (1unq), K(p - D= (p - DY, tr d6 trong Z/,g: (G- 11K, =~i{ﬁ1)1(f<2) L
k=1

o - . s 3 2.1
Vi (- 1)! kha nghich, ta suy ra: K, ==Y (K*)7".
. =1

2 2
. s c I F24-1
Nhung bing phép d8ichist: /=p—k: K,=- ) (p-1"y "= ) ().
) I=gq+1 I=gq+1

. 2q9 2¢
wds: 2K, =-3 k) == k%
k=1 k=1
Vi k>klia mit hodn vi clia lez - {0}, suy ra:
2q . 2 o A a
2%, =“ik2 ) ‘[ikz] ) _[2q(2q+lx4q+1)] - ﬁ[q(‘iq-l-l) p] .
k=1 k=1 6 3
Néu g = 1 [3], thi p = 0 [3], méu thudn; vdy g = -| hodc 0 [3], tir d6 g{4g + 1) = 0 [3].
4q +1 ” n . ~ ~
Nhut thé, i(——:—le Nvay2K, =0. Qusicing2 Ap=1.1rds K, =0.lep.p2al_1 :

4.4.49 a) vd b) tuong ty nhir 1od gidi cla bai tap 4.4.48.
p-1

Sy Taco: - 1) C&1) = [Ttk+p),
k=l

Béng khai tri€n, ta thdy rang t6n tai ¢ € N sao cho:
Pl
[Tt +p)=(p =D+ pa+ pb+pie.
k=1 -

Vip*lavap|b(xemb)),tasuyra: (p~Iy Cg:_l -1}=0[p’], 16i: Cg;l_l “1=0ip*].vi

@-Dtap =1
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4.4.50 a) 1) Ta chimg minh bing quy nap theo n: Va € N.#"=n [p].
Tinh cht 14 hién nhién v6i n = 0.
Ta gié thiét tinh cht dang v&i mot n thuoe N, Sir dung bai tap 4.4.21 a), ta ci
(n+0F =n? +SC;nk +1 = af +1 = n+l
- =l (p]- kel
D Gidsttne L
Néupla: #f = (-n)? i —{-m1= n

—
—_—

Néu p=2:n° =(- }2 =—n = A
P YRR

b) Gid st # € Zsaocho pfn. Vipnguyen td, néntacénap=1,vaytacé 1hé gidn udc bdi #
trong d6ng du thic #° = 7 [p], va duge: #”' = 1 [p).

4.4.51 Ta ky hieu A, = 50" + 7n* + 23n.
Theo dinh 1§ nho Fermat (bai tap 4.4.50): P =n[5]tirds A, =30n=0 5]
Tuong tyn’ =4 (7], tid6 A, =28n=0[7]. Cubicling 5 A7 =1, vay 35| 4, .
4.4.52 a) Theo dinh 1¢ nhd Fermat (bai tap 4.4.50):

Mod.2: n*= n tirdon’ = n.

Mod.3: i’ =0, thd6én’ = .

Mod.7: n" =n.
N thé 2, 3, 7, véin nguyen td cing nhau timg doi, chia hél #”- n, tir d6: 42 = 2.3.7 | n-n.
by 2730 = 2.3.5.7.13 va suy ludn nbur & a).
c) 2% -2 =23 5.7.13.

Mod, 8: ® N&u nchan, thi 8 | »*, vay 8 | n’- n'.

o NEu n 1&, thi 2% = 1[8) (xem bai tap 4.1.1), tit d6 n'* = n[8] va n’ = n[8]. vay
g|n'-n'.

Mod. 9:

N o 11 +2 13 +4

n O +1 1] 0 x1

Tacé: ¥a € Z, n’ =1, 0 hoac 1[9]. Vi (-1)* =-1,0F =0, 1* = |, ta suy ra:
Ve %0 = (") = P9 -

Mod. 5, 7, 13: 4p dung dinh 19 nhd Fermat (bii tap 4.4.50).

4.4.53 a) 21840 = 2*.3.5.2.13.

Mod.16:
N +1 13 +5 +7
rs 1 1 1 1
That vay: 32=90 = (1P = (7 =1*=1=225= (7= 1,72 =49 = 1°= |

Mod.3, 5, 7, 13: Ap dung dinh 1y nhd Fermat (bai tap 4.4.50)
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by 16320 =2%3.5.17,

Mod, 64: Vi p I, nén t8n tai {g, & € ¥ x {-1, 1} sao cho p = 4¢ + & tir d6, bang cdch
kliai trién theo cong thifc nhi thic Newton:

16.45 2 &k k 1ok
G + Y Ol e P = 1164),
k=3

ple=(c+4)!® =1 + 16457 + ~

Moad. 3, 5,17: Ap dung dinh 1§ nhd Fermat (bai tap 4.4.50).

4.4.54 0 =233

Mod, 5; » N&u § | a, thi ¢diah Iy nhd Fermat, bai tap 4.4.50): 2* = 1[5l tiedé (@™ = (ffy = 1,
vado vy a® - a*™ =0 |5).

o Néu 5 | a, thi &% - a**= 0 |5].

Suy ludn tuong, tu véi modulo 2 va 3.
4.4.55 Ta chii ¥: 1729 = 7.13.19 va 6.12,15 chia hél 1728: 1728 = 6.288 = 12.144 = 18.90.
Theo dinh 1y Ferinat ahd (bai tap 4.4.50):

Mod. 7: v =1 [7].vay n7 = (n%* = | |7]

Mod. 13: ¥ =1 [13], vy #"7® = (n'H)'"" = 1 13)

Mod. 19: #'% =1 [19], vy n'™ = (n'* = 1 [19).
Vi 7,13, 19 nguyén 18 cimg nhan timg doi. ta két juan: 1"* =1 {17291,

4.456  a)Chi§: % e I

‘Iheo dinh [§ nhd Fermat (bai tdp 4.4.50), p chia hdt #*' - 1.
r1 pl
Vi Pl =i=ln 2 —1||# 2 +1| vapnguyeén 6, ta kel ludn:

p-1 r=1
plrnl -1 hoac pl n2 o+l

b) Theo dinh kY nhé Fermat, 16n tai A € sao cho: a™'= 1 + Ap.
Thé thi ta cé:

Pk 2
APl 2 a4 am? =1+C'p,1p+ZC,,;."p" =1[p71l
N k=2

Tachd ¥: ;J(PT—I) e N.

P} po-b)
2

Kyhiéu a=n 2 -1va ben 2 41 taco: ae MN* b e L% p?|ah.
Neup'favap’fh thiviplanguyént6, néntacép|avap|b tirdép |b-a=2,p=2.
The thi nléva:4in -1 hoac4 | a+ 1, mau thudn.

pip—h pip-l)
Viy pz In 2 -1 hoac pz ln 2 +1

1P =
4.457  Mod.p: Theo dinh 1§ nho Fermat (bii tap 4.4,50) - {“‘p*’ b=+l gy g6
nt =ujpl
(n+1¥ -+ 11 =0|pl.
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Mod. 2: Vi, v6i moi x thude Z vi moi & thude RI*, x ® va x cling tinh chilt chin i€, nén ta oo
F =
e =0t ) e sy e n=012)
nf=nl2

Cufi cimg, vi 2 Ap = 1. ta k&t ludn (x + 1Yy -+ )= 0 12p]-

4.458  Quy nap theo &, v6i n c8 dinh saochon A p = L.
Vi k = 0, day chinh Ja dinh 1y nho Fermat (bai tap 4.4.30).
Ta gid thagt tinh chit dang voi mot & thuoe 1.
Ton tai A € Bsao cho: (F pt =1+ Ap 1 i do:
ki gk . Al .
(_n’” l)p =((nf l)p )W o= (l+z{p£+1)p = I.+(,;,1pk+' = +iCi;{i pu‘ s

i=2

Vi Vi € {2.., p). (k4 DiZ K +2, asuy ra: we Y =

4459 &) Vicac vai ird cla (e, b) va (a, ) doi xing, ta c6 thé gid thigt, chang han F= b,
Ton tai 4 € P sao cho: f=h+ Ap - 1). Theo dinl 1§ nho Fermat (biti 4.4.50), '=1{p], it
d6: a?=aa? W =dpl

Mat Khdc. vi @ =a [p]. ta c6: af = 1pl.

Ta ket luan: af= o (p]
. 0 1 2
b) Cho (x, y) € (N*)". X

gii thi€1 5 | x. TOntaix € {-2,-1.1, 2}

1) Néu 5| x. thi x ¥ = 0 (5]; viy tac thé 2 ! -2 -1 . 2
!
l
l

-1 | -1 | -1
va¥=10,1,2 3}sa0cho
_ _ ] R | |
I=X[5] Vay=Yl4]. 2 1 l o ‘ R 2
Ta tinh X ¥ modulo 5:
Nt the:
(X=2¥=0D
x¥ =2 (5]« | hoac
(X=-2Y=3

2y Tuong by, ta c6 th€ gid thiét 7 [y, vadn tai it € {-3.-2,-1,1.2, 3} viv e [0, 1,2.3,4. 51
sao cho: y=u (7] vax =v [6].

V1o 1 2 3 4 5
i

3 { 3| 2 1 3 2
2 l -2 3 -1 2 )
1 1| -1 { -1 1 1

1 ! B | 1 | 1

2 1 2 | 3] ! | 2 | -2
3 1 3 2 | -1 \ 3 \ 4\
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(u=3v=1)
Nhuthe: o =3 [7]<|hoac .
(H=-2,v=3)

x=2[5) va y=1(4]
hoac i
¥ = x=-218]va y=3[4
vay tace: {* =21[5] [5]lva y=31[4]
y* =37 x=216) va y=3(7]
hoac
x=516] va y=-2[7]
Gidi cac he ¢6ng du thye trén, chd yrang: S A6 =1 vad4 a7 =L
Chéng han:

= x =7[30].

x=215] x=715]
{xsuo]@'{xs?lm

Xem thém dinh 1% Trung Hoa, b 14p 4.3.16.
< Tra laic

(743010 = (174288 w (174308 x (342810 v (2343010 » (328D L (234308 x (1942811

4.4.60 Theo djnh 1§ nhd Fermat (bai tap 4.4.50): ¢ ¥ =« [p) vab? = b [pl.

ViaP=h*[pl,tasuyraa=5b[pli1ontai A € Zsaochea=h+ Ap. Taci:

a? =(b+ip)? =b* +C1Pbp_lip+ici;,bp"k (A!J')k = ”"D[P2 1

k=2

4.4.61 Theo dinh 1§ nhd Fermat (bai tap 4.4.50: p*' =1 [q].
Mat khdc, vip- 121 ¢? ' =0[q). Tudo: p ' +4% ' =1 [q).
Traodbipvag:p? '+ qf '=1[p]
Vipag=l.takétluan: p*'+g% ' =1 [pqgl.

4462 VipnguyentSvap favap A bta suyrap /r ab; nhu the, F{d), F,(b). F(ab) t6n tal.
Sit dung dinh 1y nhd Fermat (bai tap 4.4.50);

a? =1 ] p-1 -1 . 2
=@ - -1)=0
{bp" -t ip) ( ( )=0[p°]
o @)t —1=@ ™ -)+@E?P -1 [p?]
pl_ pl_ Pl
@(ab) 1 =9 1+b 1 ).
P r r

4463  Theo dinb 1¥ nho Fermat (bai tap 4.4.50);

VzeZ, z'=0hoicl [5]

X +781=1hoac2 (5]

Gid sir (x, ¥) € ZL Tact: {7 vay <t + 7R3yt
3y® =0 hoac4 [5] .



Chidan va tra 18i
4.4.64 Gia sir (X, v) la mot nglném e thiv»vxl. ﬂleo dint 1§ nho Fermat (bai thp
4.4.50), chéng han: x ¥ = x [3] viiy =y [3] trdox - y=xt-y’ =00y =33
Tasuyrazx>y+3
Ré: 990 =x -y 23 -y =9y 2Ty +27> 97 tirdo v i< i1, v < 10,
Khio sit trutmg hop v = 1.

Gid thidt y 2 2. ThE thi x ' =999+ 2 1007, trdé x 2 11, 761 yr=xt 9992 117 - 999 2 332,
viyyzT.

Thit cdc tri 7, 8.9, 10 cha y.
& Tra l&i: (10, 1), {12, 9}

4.4.65 2) Theo dinh by nhd Fermat (bai 14p 4.4.50), V& e IY 7 - {01 grils | (trong
dé ~ chi 1gp modulo p).

- e e
Pa (hie X7 -1 clia (ZJPZ)[X] ¢6 bic p - 1, vanhan l....p—1 Llicdc khong digim khic
nhau titng doi. Ta suy ra

Pl

=H(X'—£}

k=1
Thay X b 0: -1 = I'[{ —“ky=(-n7 tp -
el 3o
Néuplé, i p-D=-1pl
Néu p chin, thi p=2 v p- DI=1=-112]

b) Ta gia tiét 12 hop s6; tdn tai @ € Ff* saocho: 2sa=n - | vaa | m ThEhia| - 131 va
almvay (n- 1y £ -1 [0l

4.4.66 Theo dinh 1§ Wilson (bii tip 4.4.65 a)): (n + =1+ 2]
Vig+ 1+ 1=(r+2nt-nl+)1asuyran+2 | nt-1.

Sir dung n > 4, ching nunli rang: n+ 2 < al - 1.

4.4 67 Theo dinb 1§ Wilson (biii thp 4.4.65 @) (p - D =-1 [pl. tic [a o day:

plam+1.
Hem nita:

Zm! + 1= (1.2.min+1in +2]...(2n))+l[E](L2...n){(—n(—ﬂ(-‘ﬂ+1)--A(—1)]+‘
p
== A L=t +1.

4.468  Taky hicua=2((p - 3)). Theo dinb 1§ Wilson (bai tap 4.4.65 w)).
alp - p-D=2p-HH=-21pl

Mat khic: a(p - 2)(p - 1) =2u 1rl-

Tudé2a=s-2[pltbi,vizap=1 a=-1[pl
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4489 Téntaig € Nsaochop=4g+3. Tack

2
([fz_—l}) = ((2g+ 1)’ [51(12“-(24+1)}((—(4¢I+2)){—(4Q+1)))---(-(2q +2))
P

=(-1**@g+=~p-N1=1{pl
theo dinh 1y Wilsson, bai tp 4.4.65, a).

44.70 Phép gidi gidng ahy d6i vei bai 1ap 4.4.69.

4.4.71 13 Gid thi€t n v # + 2 d&u nguyén t6. Theo dinh 1§ Wilson (bii tip 4.4.65, ¢})
e(n+ 1'=-1[nl,tadé4i0n - N+ 1Y+ n=0[n]
s(n+ D =-1fa+ 2] tirds:

An -+ a =222 -1 +4+n s]2[(n+l)n(n—l)!]+2=2((n+l)!+l) = 0
i

Jarv 2 w12
Cudicung, vinn(n+2)=1.ta ket ludn: Hn- I+ D+n=0 (n(n + 23).

23 Chimg minth phila dao bang cich “di nguge lai” cie phép tinh & 1y v sit dung bad tap 4.4.65, b).

4.472 ‘Theo dink 1¢ Wilson (bai tdp 4.4.65a)):

-1 = (p—D=(p—n-D{p-nip-n+D.dp-1)) = (p—n-DED A = (p-n-1)1
[p] (rl e
Ap dung: Lay p=T71 (nguyédnt8) vin =9.
Taco: (—1)nl=-9=-2573406}8) [:1’:_] =70 [TEII L tirdd 611=(71-9-13 = -1[71],
1

6 631=63.62.61' = (-9)-8)d) = -1.
71 7y

4.4.73 Tuong ty nhu cc bai tap tir 4,468 d&n 4.4.70.

4474 Sit dung céc dinh 1y Fermat va Wilson (bai 14p 4.4.50 va bai tap 4.4.652):

{E‘:fl’)‘![ﬂl e tiedé n® + (- D=0 (pl.
4.4.75 a) Theo bai tap 4.3.16, b}, anh xa 8: I/ g — T,y ¥ Ly,
¢l gp (X3 (el gy €x), 015 (1)
duoe dinh nghia ding dan va 1 mot dang ciu nhém cong. Hon nifa
o Y(x, ¥) € TP B(elplx) Cly(y)) = Kol (v = (el (). ¢, ()
= (el () (CL(¥), (el,0x) (Ch(¥) = (el (x), (eh(x) (claiv), (el ) = X (LN (cl(y)
o Bl () = (cl(1}, teh(1)).

Cui cing, & la mat dang cdu vanh.



Chi d&n va tra |4

b) V&i moi n thude [¥* ta k¢ hi¢u U, 12 tap hop cdc phdn tir kha nghich cla vanh Z/,_». Theo

4.3.4, 1) ¢(n) = Card(l7). Vi & 12 mot dang cdu vanh, nén 4 van chuyén cdc phin 1l kha
nghich, tifc a: v6i moi x thude Z. (cl,,(x) 1a kha nghich trong Z/ ,m khi va chi khi ({cl,(x),

cl,(x)} 1a kha nghich trong Z/ » x Zfym. Ta dé dang thiy ring didu kién cu6i ciing niy quy vé
didu kign cl,(x) kha nghich trong Z/, va cl(x) khid nghich trong @Wpm- Ta suy ra:
wa.b) = Card(U,,) = Card({/, x U,) = Card {{/,} - Card(¥/,) = p{a)gx b).
c) Vi p nguyén 1J, ta c6, voi moi # thude {1, ..., p};

nap'tlenapzlaplnene ipy1gkgp™ )
Tiadé: plp=p"-Card{kp; 1 <kgp~"y=pr-pP\.

d) St dung b) ta suy ra (bing quy nap) ring, néu gy, ..., a4, 1a shilng s6 nguyen t8 cing nhau

N N
timg 6i, thi : qa[]—[ a; ] = H(@J(a; )
i=l il
N N |
Twds: pomy=[etpf =[]l -of ).
i izl

4.4.76 Tap hop €7, cac phin tir khd nghich cha vanh 24,z 13 MmOl nhém nhén 6 bin s6
@(n). Theo dinh Iy Lagrange (C2.1): V&€ Tm, E97= 1, t0e L

VaeZ¥ (ann=1=a" =1 [a].

Dinh 1y Euler 1a mot sy tdng qudt hod cia dinh 1 nhé Fermat vi. néu # nguyén t& thi
T gn)=n-1.

N
4477 Takyhitun= Hp? 1a dang phan tich nguyén t8 clia 2. Theo bai tip 4.4.75, d):

i=]

N N N N
pinty= fp[pr*J =[@* - p* = [l_[p? *b I]—[ o - p )] =n*"g(m.
il i=1

i=i i=l

4478 13200=2%,3,5%.11.

Mod. 16: Theo bai tp4.1.1,6ntai X € Tsaochon® =1+ 84 ttdSn* =1+ 161+ 6422 =1 (16},
= (n* = 1° = 1 [16], v2 cu6i ciing #*' = n [16].

Mad, 3: Theo diph 1§ nid Fermat (bai t4p 44.50): i = n 3], titdé ' = (#Y = 0" =
mn=nn=r*=n[3].

Meod. 25: Theo dinh 19 Euoler (bai tap 4.4.76), vi ¢(25)= 5 - 5S=20va5Aan=11acd
=1 {25, tir d6 n*' = n [25)

Mod. 11. Theo dinh 1¥ nhé Fermac a'! = n [11],tird6 0¥’ =a"'n" =n"" = n(11]. Vi 16, 3,
25, 11 nguyén t& ciing nhau timg d6i, 1a k&t luan: 13200 | #* - a.

4.4.79 a) Ta k¥ hi¢u U(r) 1a tip hop cde ude = I cha n. Quan hé ® x4c dinb trong
{1...., 2} béi:

iRi<»inn=jnan
5 rang la mét quan h¢ wong duong,
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Mdi 16p modulo & chita mot va chi mét udc cha n (16p cla i chita § A n). Tir dé:

n=Card({L..n))= Y, Card(clg ().
dellin)

Mat khac, v6i moi d thugc U(n), dnh xa & — kd 14 mét song anh tir

(ke {1....,—‘;- bk A [%] =1} 1én cl(d)). do 46 Card (S kd)) = go(%}

Nhothé: n= Y @( } Zw(d), vi dinh xa U'{n)—»Lf(n) 1a mat hodn vi.
delitm d det? iy "

BYTheoa): ¥m e (1.....nL Zp(d) =m. V& mi kthuoe (1,..., n}, @ky xudt hign dang E [i;\—]
d‘m

lin trong c4c tdng I @(d) trén (1 Sm<a) T d6:

dlﬂl
2 (n 2 nin+1)
2E T jet)= 3| Sow|= Tm="0
k=1 m=11 dlm m=I 2
4.4.80 Takj(hiéu:E,,:[ke{l,...,n-l];knn:l}
(n- k}!\.ﬂ—i
Anh xa & — n - k 12 mot phép d6i hop cda £, vi: Yk € B, q1<n—k<n-
n—{n—-k)= k

Teds: 23 k= Y k+ 3 (n-k)=nCard(E,)=np(n).
kcE, keE, kekK,

4.4.81 Vi n chdn va 2 2. nén ton tai (. N) € ¥ sao chos n = 2PN va N 18.
N N N
) B 8 gl
d)|n W ) il dy AL dy
an

=729 V=27 N= % néuchuy 27 ;\g— =1 va sit dung bai tap 4.4.79a).
L

P 1) oy & S

A
dychan (dy=25)

4.482  Truimg hgp thi 1: n =g/, p nguyén 18, r 2 2. ThE thi g(n) = p’l— P vatace:
pmsn-In o p"lzJp_’az(r—l)rzrzz.
Trudmg hop the 2; » c6 it nhit hai u6e nguyén t6 khac nha.
The thi t6n tai (¢, b) € (M*Y sao chorn=ab.a22. b22.an b=1.Tacé:
@(n) = plab) = Pa)pb) < (a - Dib-D=n-(a+h+1.

Vi ab = n, nén ta c6, ching han azJ;.tt‘IdG: n-(a+b)+l£n—{J;+2)+l<n—J;.
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4.4.83 Cho (a.p) € (F*V saochoa s b= 1

Theo dinh 1y Luler (bai 13p 4.4.7): a™ = B

Vi mat khic @) 2 1, 1a¢6; ™= 0 |b). Tirdo: b | ™ + 57" - 1.
Trao d8i a v b: a | a™ + #™0 - 1

Cuicing a A h= L, viy ab | ™ + P™ - L

-l
4.4.84 L > a* 1{& — ) =a®"™ —1=0 [al. theo dinh 1y Euler, bai @p 4.4.7.

k=0
-1
Vi (¢~ 1) Aan=1,tasuy Z a =0 | n].
koth

4485  Cho(a. b) € (i) sao cho a | b.

N N
Xét efic dang phin tich nguyén t8: a= l—l pf‘ b= n pf‘i ttrong d6 1 = @, < )
0 il

N

N N
Taco: atpth}:[nﬁf‘ ](n(ﬂ,’”" —P,ﬁ"")}:nu’f" 'l ip, -y = bota
i1 [ I

4.4.86 Viaab|ah alab,b|ab, néntacé, (heo bai 1dp 4.4.85
abga A BY = (a A Bplahy,  aglah) = ubpua). bplab) = abgib),
tir 6, bang phép nhan:  @{a A Byplah) = (@ ~ bupa)gih).

4.4.87 Ciing mot suy lugn nhu trong 15 gidi b 14p 4.4.50, thay ¢ A b boc e vie | ab.

4.4.88 Theo phép chia Tuclide @a - 1) clio 4. 10n 1ai tg. 1) € 1 ¥ sa0 cho
o - 1y=kg+rva0sr<k
Via A (- 1) = 1, dinh 1¥ Euler (bai tap 4.4.76) clubng 10 a2 - 1.

&
Nhmg:  a?*@ " =(@*)a" = o .
(a* -1]

Tasuyraza*-1|a"-1

Matkhdc. 0 S r<k vay 0« - 1€ - | tndéa@ - 1 =0, r=0.k| @a*" ).

4489 Rommgh: VmeNx oS-l num22
elmy=i ndum=1

Pac bitt:  ¥m € TT%, @(m) < m vy (). ;13 dily gidn.

Vi (Vk & B, o, € P, 1a suy ra ring (4,3, .y |2 diiy dimg. Vay ton tai r € 1isao cho s, = #,.
Vi (¥r 2 2, @ian) < m), nén ta nhdl 1tngt phai of; o, = 1.



Chuong4 S6hoctrongZ

C.4.1 I 1) a)Khai tridn hai v&.
b} K&t qua don gidn tix a)
2) a) Taky hiéu F = (B, 7). G = 8-
Xy =-X,
hoac
X, =X
s
phdn ¢, ching 1a f(ﬁ),f(i)._'_"r[[f’__l]]_ Tuong ty, G c6 ding
2

3+ 1 3
/ > chung la g(a) g(I)g[(pT_l)]

Vi CardtF) + Card((D=p+ i>p= Card(Z]’pZ), tasuy ra: F (G = &L

Vi, 1amot thé, taco: VX, . X, € Lpm, | f(X)=f(X3) &

p+1

Nhu the, F 6 ding

-

. . -1|"
Viy tin lal (x,y) e {OPT} sao cho x> + y2 +1=0|p].
by Vaip=2 chicinchon: x=y=1.z=¢t=0,k= 1.

Néu p &, theo a) t6n tai (y,y)e [0 u} vik e Tsaocho xX* + ¥ + 1 = kp vi,
2

2
vi0<,r2+y2+1$2[—&;—1) +i<pt ach 1< k< p-1.
Viychicinchonz=1,¢=0.

3 Theo 2y by, tap hop {k € (L p-1h Ax v 2.0 e NN 2+ ¥ + 7+ P = kpt lamdr b
phan khic r8ng cha N nén c6 mot phdn tir bé nhat, ky higu m. T

X, ¥, 2, t chdn
1) N&u m 1a chan thi, néu ¢in thi hodn vi x, ¥, 2, £, ta c6: | hodic

x,ychinvaz, ¢1¢,

The i X=¥ ¥+Y 2=f 2% 43 thuae Z va
2 2 2 2

2 2 2 2
x-y x+y z—t z+1t | 2 1 " m
— | | F|— ] + = + tzo+1" )]=—p,
[ 2 ) [ 2 ] (2 ] [2 ] 2(1 e ) 27

didu nay mau thuln vai dinh nghia cia m.

byViad+bh +c+d X+ ¥ +22+¢=0[m] nén tbn tai ¢ € N sao cho

m

2
- - -1
A+ ++ 8 =gm Vi als m2 ! ,.‘..ldlsmTl.tacﬁqm 54[”‘7) Y g < m

& Gia thiét ¢ = 0.
Thethia=b=c=d=0,x=y=z=t=0{m], m* |’ + ¥ + 22 +# =mp, m | p. mau thuln véi:
I <m<p-1vhpnguyén 8.

s Gidthigi g = 1.

Tach (X + ¥ + 22 + ) @ + b + ¢ + &) = miqp.
KyhituA=ax+bv+cz+d, B=ay-bx+ct-d2,C=az- bt -cx+dy,D=at + bz - ¢y - dx. ta
dugc, theo 1) a): A+ B* + 2+ D* = nigp.
Mat khic, modulo m:
A=+ 472 +8=0, Bsxy-yx+zt-z=0,
C=xz-vi-zx+iy=0, D=xt+yz-2v-txs0

Vaytontai @, B, 7, 8 € Tsao cho: A = ma....D=mé Tasuyra o + fF + ¥ + & = gp didu
nady mau thuln véi dinb nghra ciia m.
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4y Mpoi s0 nguyen (2 2} déu phan tich dugc (it nhit thu mdt ¢dch) thanh tich nhiing s nguyén
t6. Theo 3) b), mbi phan ti nguy2n t& phan tich duge thanh 18ng cha bon binh phuomg, The
thi, theo I b), n phan tich dugc thanh 16ng cha bn binl phuong.

H Da)Tacs: V.7, (x+x) + (- xyt =2+ 12x7x] + 2x, U do:

4 4 4., .4 22
3 () A x) =2 Sxtexfyr 12 S xix
Lef jrd i fud T<i- fo.4

il

4 4 =

=6fo. +12 ert? =({er) .
k-1

i go4 =1
b)Cho n € B. Theo 1 4), t6n 1ai (X;... Xa) € B sao cho n=x,7 + X% + x3° + X% 16i, theo
a) 6n° 11 t8ng cha 12 tring phuong.

23 Theo I 4), 160 tal (s R} € 1 sac cho m = n + 4,2 + n + Ak 161 theo 1) b) méi
a2 (k = 1,.... 4) phan tich duge thanh 12 tring phurong. Vay 6m phan tich dugc thanh ong
cla 4% {= 4 x 12) trung phuong.

) a0=0+0% 1=1"+0%2=1"+1%8] =340 16=20 40 17=2"+ 1%
p) Cho N € N sao cho N 2 §1. Vi 0, 1. 2, g1, 16, 17 wong, img déng, du modulo 6 vGi
0.1.2.3. 4.5, néentntair e {0,1,2.81,16, 17} vane€ i sao cho N = om + r.
Thea 23, 6m phin tich duge thanh 18ng clia 48 tring phuong.
Theo 3} a) r phan tich duge thanh téng ciia 2 wing plrong.
Viy N phan tich dugc thanh tdng cha 50 tring plurong.
4) Cho N € {1..... B0}

e N&u M < 50 thi N phan tich duge thanh dng clia 50 triing phuong (N hang t bimg 17,
50 - N hang tit bang 0.

eNéu N e {51,...,80),thi3 < N-(2+2'+ 7Y < 32, vy N phan tich dugc thanh téng

clia 35 tring phuong (3 hang tit bing 2°. N - 3.2% hang U bang, 1*).
Nhir the ta duge két qua mong mudn.
C4.2 1) a) Thdy ngay '
b) Cho {(x, ¥, 2) € E.
Trute tien, ixyz = x> +y* +2> 0, tact: x20,y=0,z=1
Néu (x20vayz0),thiz20
Neu (x <0vayz ), thizs0vax, ¥ -2y e E.
NEu(x20vay<0), hiz<Ovalx -y -2) € E
Vay taco thé quy vE (x. ¥, 2) € R
Hon nifa, n€u y = X, thl (7, x,2) € Evay<xivay1a c6 thé quy v (x, 3, 2) € (H*Pvaxsy.

2ya) Gidst(x,y.2) € G,
'{zx-y]2+f+2-(zx-y)xz:—xyz+y2+x2+2=0,vay (zx-v,x. 2y € E.
-y(zx-y):xyz-y":xz+230vﬁy>0,vayzx-y>0.

» Ta gid thiét zx - y > X.

Thélhiy<zx—x.vayy2<y(zx-x):x2+y2+2-xy. tir d6 xy < F° + 2.

Nlmngx<y.vi_&yxy<.x?+2<.xy+2, edo 2 +2=xy+ Lx(y-xp=1,x=1vay=2, 0i thi,
Vi 2 4y + 2 = xyz, 7= 22, man thadn.

piéu nay ching td: (2x - ¥, X, 2) € F.
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Chuong 4  S8& hoc trong 7

by Cho (x, v, 7y €(8*)* sao cho x = y. Tac6:
' (PF=2vaz-2=1)
Crv+2=xr ol +2=rre Y-2)=2a | 0K
: (C=lviz-2=2)
e (x=1vaz=4).
NHChox, y. 2y e F.
Gidthiet: ¥a e M. fYx v, z).;t (11,4
Ta chimg minh bang quy nap ring: Vn e I, f"x, v, 2) € 5.
Vix, . 2) € Fvalx, v.2) = {1, 1. 4}, theo 2y b), tacd: (x. y. 7) € (5.
Gia thiét rang, véi modt # thude 1, f(x, y. 2) € G.The thi £, v, 2) € F (xem 2) a)) v
frhxy, z) = (L, 1, 4) theo gid tudt, vy f™'(x, ¥, 2) € (7.
Ky hidu (x,, ¥, 2,) = f"(x, y, 2) vdi € H, tacd:
YrneH <y, Vi, y,.I2,)€6
{ Ve oy, =X VI, Yee s Zaa )=S0, Y0 2,)

Nhu the, (¥,}, . 3 i8I0 nghidm ngit va c6 cdc tri thuge T*, miu thudn: do 1i "nguyen by di
xufng vo han".

bidu nay chiing ninh: - In e FL v 2= (1 1. 4).
Vardrang tang £ 7P — T lasonganhvaf 1 I - F
(X Y. D= (Y. ¥Z-X /)

N 0 1 2 3 4 i

L L4 L4 | (134 [ 3. 1L4 (1L 41,4 (41,153, 4) J

Tham khio: The Coliege Mathematics Jonrnal, Vol 22, N°4, trang 347.

C.4.3 I 1)a) Gid thigt t6n tai &, € ZJPZ sao cho §{;‘ =g. Tacd, v6i moi £ 1hude U, -

” ¢ =%o
£ =i (E-ENE+Eg) =0 |hoac
=—y
vi ZpZ, 1a mot thé (viy 12 mol vanh nguyén).
lon nita, & # - &, vi néu khong, 2&, =0,dod6&, =0 (M2 Aap=1),tbithl a=& =0,p|
a, mau thuin,
Diéu nay chimg td phuong trinh &= & ,v6idn § € lez. khong c6 nghidin hoac cd ding hai
nghiémy; hon niva, néu c6 hai nghigm, thi civing thuge E“’pz - {0y,

b) Taky hieu GG, = Z”pZ‘L -{0tva 8,: G, ~»G,. Theo a), méi phén Lrclia G,16,) codung
£
. . . 1 p—1 ' oop—l
hai tao dnh, vay Card(@,(G ;) = E(‘.ard((?p) = - Nhur the cé ding,

RQ mud p. vl

viy ciing cé p;l =((p—l}——Pq;l) NRQ mod p.

o) Cho ¢ € % sac cho p,i/a. V&i ubi & thudc | 1,.... p - L}, ta Ky hidu r, 14 due cia
phép chia Enclide &a cho p.



Chi diry vartra /i

Gia sirt6n tai (1, j) €{1,....p- 11*saochor;=r, Th€thitacd (i- fa=a=ia-ja [E1 r-r=0.
p

Vipnguyént6vap|a tasuyrapli-j vayi=j
Didu nay chiing minh ring ry...., r, ) khéc nhau timg déi. Tuong 4 7,...., rp, cling déu hac khong.
Suyrak —r,Jamdthodnvicia {l....p-1].

Theo b), pz_ ! cac s6 Fpyeoor 7,y lanhimg RQmod p, v pz_ ! ciing 12 nhimg NRQ mod p. Ta

1
K&t luan: i["_"}i'—l.ni'—l(-n:o.
=ik P 2 2

) 1) V6i k €{1,..., p - 2}, tOn tai ding k' duy nhdlt thuge (1,.... p - 1} sao cho
k'=1[pl. vl k *(16p modulo p chia k} c6 nghich dao trong Z’JPZ. Hon nita, &' = p - 1 vi:
k'=p—l=>12'=fl'=>E=Q=>k=—1.

o Gia thiét 16n 12i x € Z sao cho x* = k(k + 1) [p]. ThE thi: (kx)* = k" =1+ k" [p)
o Nguoc lai, t6n tai ¥ € Z sao cho y* =1 + k' [p), thé thi: e)? = I = B+ k [p).
Diéu ndy chimg minh ring k(k + 10) 12 mgt RQ mod p khi vi chi khi &' + 1 12 RQ mod p, vay

()52
2 S

2) Khi & chay khap { 1..... p - 2}. k' (nghich dao clia k modulo p) cling chay khap
{1,y p - 2}, tir d st dyng 1) va )

-2 Yy -1
i[k{k+l}J=2[k+l]:i[£]:_l
k=1 £ PRV =2\ P

23 a) Ta phan bigt hai trudng hop:

Trudmg hop thit 1: [E»] =1.
P

o
Vay t8n tai x, € T sao cho x;* = @ [p). Theo dinh 1y nhd Fermat (bdi t3p 4.4.50) : a P =xl=11p)

p_—l
Wixg Aap=1 vay(i)sa Lp]
P

Truong hop thue 2 [i}: -1,
Iy

Ta ky hiéw: G, = Tz, - {0} vaf:G, > G, saocho: V& € Gy, f8) = a.
£ Ela
R& rang f 1a mot song anh (tham chi 1a mot phép d6i hop).
Néu t6n tai & € G, sao cho (&) = ¢, thi &2 =4, vay a 1a mot RQ mod p, mau thudn. Vay :
VEe G (=24
Vay cac phdn tif clia G, ¢6 thé dugc nh6m lai timg doi ¢6 tich bing a , tir do, tao tich:
= '
Gt Tle=@ " =@ * .
kely

Nhung, theo dinh 1§ Wilson (bai tp 4.4.65 a)): (p - 1)1 = -1 [p].

2=l
21 Pt
Tasuyra: g ° =-1[p], vay [i]za 7 {p].
7

, 10 a1
Vidu: | —| =10 2 =103’ =85 =1,
31 )3y

e



¢

Chudng4 S8 hoctrong 2

r
byNeup=4k+ I (ke N®, thi(-1) = =(-1* =1
r-1

Néup=4k+3 (ke Wy, thi¢-1) = =(-n¥"' =1
¢y &) Ta suy ludn phin ching: Gid thiét ring khong c6 mot nhin tir nguyen 16 nae déng du

N
modul 4 v6i 3, va ky higw p = n pl.“" Ja dang phan tich nguyan i6 cia a.
izl
Trudc tien, 24 n (vi £ =3 [4]. Vatheo gid thiét: V., e [1.... N} p =1 [4].
Theéthitacd: V¥, € {Ll..., N}, pSi=l[4],1icdé 7= 1 [4], mau thudn.
B) Ta suy luan phin clhiing: Gid thidt 16n tai (x, ¥, 7) thude 77 sav cho;
Ery-82+ DY+l =0
* Trudc tién ta chimg minh vy k:
That vay, néu y chdin, i ¥ = 0 [B], tir d6 x* + 1= 8(2z + 1)* - ¥ = 0 |8], viy 27 = -1 [8]andu thudin
vi binh phuong cha mot s6 nguyan chi ¢6 dié déng dirmodulo 8 véi 0, 1,4 (xent bini tap 4.4.1).
sTach X2+ L =822+ 1V - ¥ ={2(2-+ - VA, rong A6 A = 422+ 1V + 222 + 1)y + ¥,
K¢ hiduy=2Y +1 (¥ & ZModule 4): A =2y + ¥ = 4¥ + 8V + 3 =3 [4],
Theo @, A c6 it nhilt ndt ude nguyen t8 ¢ saocho g =3 41 ViA 1 P+ ) asuy g |+ 1. e
la -1 1a RQ mod ¢.

Ntumg (xem b}): [___l
q

Ta dugre phuong rinh Lebespues bing cédcl chon 2 = (.
33 a) b). 2).3 ) déu 1a hidn nhidn.

) =-1 (¥ig=3(4]) viy -1 1a NRQ mod p, mav thudn.

FiL po
4) Sir dung dinh 1y Euler (2, @)}: [b] =al b2 (a2 fﬁ]
r Plipl . | l\ I

-
Vi [i]{i]va( ]deu thude [-1, 1] va p > 3, ta ket ludn: [_JL ] [“’" )
P P P

by Cho € {1..... M},

2 >
Al ol
2 s

Pi Pi P

i L i
o Néuie Nt |2 |- PP |
P b g \J P I

e Néu i ¢ /, thi r; chin va: [

e (-} 0EH)

43 a) Nhu trong 1)) ¢} a).
by 13 Theo dinh nghia, &, ..., #, déu khic nhau timg doi, v,...,», ddu khic nhau titmg do; vii:

(kY€ {Ln s} % Ll 2}, 8 <p2 P:' vy
K&t qua 1 ..., H,, V,,..., ¥, déu khic nhau ting doi.
fra, vi i It U " +1
Hom nira, vi mdi phén tir cua{ 1.t p| hoac S .32__ loac > Pz + ta duge:
2

" .



Chi dén va trd 18i

2) Thieo dinh nghia, v,..., v, déu khéc nhaw timg doi, vdy p - ¥, . p - ¥, déu khac nhau

timg doi. Gidsir (i k € [ L. 8}%{ 1ooof ). Ta gid thidh s, = p - v, TOn tai (m.n)e{l.,,,,p;?“} S0

cho i, = ma [p] viL v, = ra |p). ThE thi ta cé: (m + n)a =, +v, =0 [pl, vy p | (% ) (vip
nguyen 16 va p | ). Nlumg 2 <m + n <p - 1, tir d6 gap tidu thuln.

Pidu nay chimg minh {uy.. i} A P - v p-nl =0

Cudi CONE, 16,weey My PP = Vyuony 1 - ¥, KDdC nhaw timg doi.

vie(la, st 1<u, = p-1
Hom nita: 2

ViE[l,...,f},lSp—\'kSp;i Vi p;ISkap—I]

Vatheo 1), s+r= pT—l

Nhe the,  wydf . p—vye, p-v, 14 P71 <8 nguyén khic nhau timg dai vi thudc :

-1 . -1
{IPT} vay: {1.:',..., Uy P= Vi PV, }= {l.... pT}

o Tu B) Iy, ta suy ra:

-1

?
-1 T -1
Wyt Ap =y bl p—v, b= A rp = taN2al.. P la]l=a Lkl )
: R )| 2 2

Tz d6 b} 2), ta suy ra:

g (Vi) P v,)lE}(—l}'ul,__.. Ve ¥y = (1) L2, P?_l = (- 1}‘[£1J!,
F .

2
Pl - -
Tir dé: a2 Lnl]‘.sl'—l)‘ p—-‘-}! [71.
2 2

- -1 P iz .
Vi 1;\;;:].2;-\;;:[.“..32—1;\;;:1. ta co (%—)!A p=1viy ta co thé gian udc

hiri [ﬁi]u vataduge: a * =(-1)"[pl
z

1
Theo dinh 1y Buler: g2 = [i] [p). vay [fi} = (- [pi Vi [EJ va -1y ' déu thude (-1, 1] va
r Iy P

P23, takét luan: [%] = (-1’

Vidurp=29,a=8

J 1 2 k! 4 5 i} 7 8 9 1o [ 11 12 | 13 |14
Je 8 16 | 24 | 32 | 40 | 48 | 56 | 64 | 72.| 80 | 88 | 96 | 104 |112

jamodp | 8 | |@ ] 3 |[u | @@ e |11|@] ]9 DG

3 day: (=27, va [i)= - -1,
y by | 5| =D

< Tra lai: [_3_)= 1.
29
dy Vi cicky duclab)y a=2,5 =2,..5p, =p—1. Viyiacs: [1] = (-1, trong do6
T P

las@edc so nguyen = Libuoe 4., p-1}

471



Chudng 4 S0 hoctrong Z

Vay cd ding E[ﬁ] s6 nguyén < —il trong {2, 4,.... p - 1}. Vay cG ding P;I —E(%] s
4 2 .
14
nguyén 2-—.
guy "2
sz
Nhu thé: [1]_( 1) E{“] .
P
Ta t4ch cdc trudmg hop theo du cia phép chia p cho 8.
p 8k + 1 Bk +3 Bk + 5 gk+7 |
"’—;LE[%) 2 2+ 1 2+ 1 % +2 j
2
P 8“ k(8K +2) 2k + 14k + 1) | 2k + D@k +3) | (Bk+6)k+ 1) )
R raing rang, trong mBi mot trong b trudng hop (p =8Bk + 1. p = Bk+ 3. p=8k+5 p+RE+T)
. P _yled o
thi L’“_]_E[ﬁ] v 271 c6 cong tinh chin le N the: (-1 +) =(-1 *
2 4 8

3 3?3
Vidu: 5 = 27| 2 1 B 120
; [3]] {3‘] [31 =(-1 ={-1 L.

& Tra i [L)ﬂ,

31
¢) Ta k¢ hiéu p = 81 + 7, dugc gid thi€t 1a nguyeén .

pi-l
Theo d): [i}: (-1} - (__IJ(SJ’H-(!X!H—U =1.
P

Pl
Va, theo dinh 1§ Euler: (1] =(-2) ? [pl.
P

il
Tiedé: 2 2 =1(p), ticla Sa+7|2"-1
Ching minh {chang han, bang quy nap theo n): Va € N* Ba+7<2¥ -1

I 1)3)Ca.rd{ eN*0¢a<—} Card {1 p_—_[} =£-_—1v2!
2 2 2

P
- Qo<
Card{ﬁeN*;0<ﬁ4%}=iz—1_ 1t d6: Card] (. B) € (N®?: 2l _p-la-t,

04}_34% 2 2

,p;}x{l,...,%—l} sa0 cho {m, r) € OC. Khi d6 ta of:

b) Ta gid thiét t6n tai (mae {1.

H -2 1xd6 pn=gm. Vipvaqdéunguytn t6 va khéc nhau, ta suy ra 2| 1 va p | m, mau thuln.
mop

Nhy thé, dudmg chéo OC cla hinh chir nhat OACB khong chifa didm nao thudce ()Y
©) 1) Gidsl g, b e {1 P

l}x{qu} Mubn cho (j, k) & trong tam gide OAC, cn
va do Ja k-:ij. vdi j c6 dinh, c6 ding %ﬂ] s§ nguyén k trong {lq—]-} thda
P p 2

mank <24 (i & LA ¢ M),
P P



Chidinvatralsi 473
Vay s6 diém thude (N*)? nam trong tam gidc OAC (tic 1A trong hinh chif nhit CACB va &

p 1

dusi OC) ;¥ F( Jq)

=1 N F

2) Tuong bf, v6i k e {1.. } e dinh, ¢ ding E[ ) s@ nguyén j tthudc { _p_'_l_}
q 2

q—t

théa man ; < kg5 cae didm clia (%)% nam trong tam gidc OBC La: z ["p )
q o L

e
(). Fofle)e2ztezt
f P — I 2 2

Mat khac, taky hiéu, véi je {l f__‘j}-} @, var, la thiuong vi dua cia pliép chia Euclide jg cho

d) Nhér a), b), c). ta duge:

2

!

Prjg=pa+rval< r<p- L.

& I
Tachaoy: a;= E( "'qJ Ta k¥ hig¢n (v6i cic k¥ higu cha L4): # =ZH,-,V*—'ZV;¢A
P .

il k-
P
Viy 1a cé: n+v—Zn +Z‘k‘2ﬁ“'a“+9“' ZH +Z{P Vel i
i=1 J=1
£l
. p- -1
Wdo: 1= pr s(u+I+{u+pt-vi= + 2 r
21" 12 8 4
il : i} i) ) pl N 21
2 2 2 r
Pl .-l
Mat khdc: ZE[ J[Zl pz:ﬂzJ z Kq-ri)=q 5 -zrj 28 +Zr;'.
=1 P j=1 j=1 j-1 - 1=t
p_l
‘ e P !
Kétquila: 4 = iE[ﬂ} vay (i]:(_l)! = (=14 e
21 \e I
g-1
2 _(kp?
Tuong tu, trao ddi p va ¢ [ J_ (_UE.ELTJ‘
7
rl g 1

DHa | L)L =—1@£11.‘7—_11é@(”_1vaq_l 13 @{"53[‘”.
AP 2 2 2 2 q=3[4]

b) Ta c6: 6417 = 3%.23.31, i d6 | —ont =( 23 ]{ 31 )
. 6007 6607 A &

oy J23=3[4] 23 Y (6617Y_ (6) (2Y3
Vi {6607 3 [4], nhéy ll.lat tong, hé bac hai: (m] ——[—-——3'—] = -—[—2-;] = _[EJ[E)

Theol4)()[ ] N S'=(_])6°=1

. 2
1=34) (3)_ (23)_ (2)_ . =t
v {2* 3 147" [23]_ (3} (”3')_ cnF =

PR T Y




Chuong4 S0 hoctrong Z

252 o)) (5

& e lak [2‘;;] -1

3) 1) Ta gid thiét £, nguyen 16, Vi3 =3 (4] vaF,= 2" +1=1[4) (vinz1).tact: (L]=(Fﬂ ]

Modulo 3:F, =22 +1 = (-2 +1=2.
131

. n Fa-
Tirde: | Fo ) {2 ! Nhung theo dinh 1§ Euler: | 3| = 373"
1 = 3 =(—-1 ==1. E 1 yu : T- [= :

F,-1

Cufficing: 3 = =-11F,]

Fa-1

Fa-l Y-
2) Ngwoc lai, gid thidt 3 2 =-1[F,] The thi: 35! =[3’—:—'] =1 (r,]

Gid st p 1a mOt wdc nguyén 6 hit ki cha F, (At nhignp 2 5. vi2 L F ovan X L. Theé thita

co: 3 = (p].

Tap hop {m € M*: 3" = 1 [p]} 1a mot b6 phan khic rdng clia [* (vi nd chia F, - 1) nén cd

mdt phén il bé nhét, ky hidu e

Thuc hién phép chia Euclide F, - | cho o tdn 1ai ¢ € [ va r € {O..a- 1} sa0 <ho

F - 1=ga+r. Tacs. modulo p:3%1=(3%)73" =3"[p].
Vi3 =1 [p], két qua 13 3 = | [p], r6i theo dinh nghia @, 7 = 0.
Didu nay chimg winh: a | F, ., =2

Fal Fpt

1

K- )
Mit khac: 3 2 =-1[F, L vay 3 2 # 11F,] (Vi F,#2). thd6 ai ——=2"

chiahgt F1=' rasgco 3"'-'_._1[ 1]).
2

Vi a| 22" va a f 22", nén 16 rang rang: a = 2.
Mat khic, theo dinh 1y nhé Fermat: 3" = 1 (pl (vip 4 3), viyu<p- L.
ThEthi: = F,-1<p- 1, viy F,<p. Nhungp| F, tirdé F, = p, F, nguyen 16
Vidu: Fy = 22° 4124204967297,

f‘?-_-]- 23!
377 =32 =10324303% -1 [4294967297), vay F, 1a hop s6.
Ta ciing c6 thé "cha ¢ : F, = 641.6700417,

indu o

4) a) Ta phii bién luan theo déng du modulo 4 ciia p (d€ sit dung luat tuong hd bac hat), va

déng du modulo 3 ciia p (d€ gidn udc (1) ). tir 46 bién luan modulo 12,
)

Ta xét, chang han trudng hgp p =-1 [12]; t6n tai k € N sao chop = 12k - 1.
.. J3=314] L3 P fp -1 2 2a
Vi {ng (4 , ta 6 (.!_)]=—[€] RG[.(?]z[T}=(?]=[_1] T =—1I.

Ta suy ra: [1) =1.
P

Cic trimg hop khac duge xét mot cich tuong ty.

by [l] =(JLIE] vi strdung 7 2) by va It 4) a).
P rPAP



Chi dan va tra 16i
cac bai tap chuong 5

5.1.4 < Tratai: (4, ) € {(-6,5).06,19)}.

In—k 2 -k
5.1.2 He tircha hang tir X rong (1 + X)™(1 - X)*' I Z( G v O =S,
k=0

5.1.3 (PP -2b,,=(ag+ ...+ @) - 2(a,a,+ Aoy, + ... + @,4))
= agl+ 2aga, + ...+ a) - A+ .+ aa) + (@t .+ a,)

;]
2
= a+ Zak(an —apapitia +...+a,)" 20
K=1

5.1.4 Cac P, déu c6 bac k& tifp (xem 5.1.4, Nhan xét).

5.1.5 0 GiasuP e & [X]; PX)PEX) 1amot da thic chdn, o6 bic € 2a. Vay t0ntai ap,....a, € [

sao cho P(X)P(-X) = Zak}(zk . tir 46 suy ra su L6n 1ai vi duy nhét cia P.vaP= Zakxk .
K=l k=0

b) PQ(XZ) = (PQ)(X)(PQ)( -X) = PCOQCOP-XH0(-X) = PEOP(- X)Q(X)Q( -X)

= P(X )Q{X )= (PQ)(X )y vy (do tinh duy nhdt cia cic he ti): PQ = PQ_

c) Rorang ring ~1(X2)=(-1)> =1 (vay (-1) = 1.

< Tra ldi: Khong.

516 Taxst4 CX1—CH , duge goi todn it sai phdn.
AP AX+1)- 4(’()

RG rang rang A tuy&n tinh v bing quy nap ta ching minh rang:

k L
VAe CIXl, YkeN, AA)=(D'Y 1V CAaX+i).
=0

NGi rigng: (A"F) (0) = (-1)" Z( LY WP
k=0
Nhung deg(P) < n, tir d6 deg(AP) < n -1, . deg(A"P) < 0. vay A"P 0.

5.1.7 Do mrtmg hop A = 0 ¢6 thd thdy ngay. ta gid thigt A # 0 va k¥ hitu # = deg(A). Anh xa

frCIX] = £C,[X] tuy&n tinh va 1a song 4nh, vi nfu k¥ higu e; =X (0 <i < n ) thi fle) c6
P PX-a)+PX-5H

bac i,



6

Chugng 5 Da thic, phén thifc hidu ty

§.1.8 1) Cho f1a mot ty ding cdu cla X - dai 6 K[X]. Ton tai A € K{X] - {0}, sao cho

L] .
fAy=Xtaky hitn A=) X' .
i=0

n _ n . .
Tacé: X = fld) = f[Za,—X‘] =Za,—(f(x)}‘ = Ao (f(X)

i=0 =0
So sanh cdc bic {xem 5.1.5, Ménh dé 1), ta suy ra:  deg(4) = deg(fiX)) = 1.
Vay thn tai (@, e K* x Ksaocho fixX) = aX + .

Vé6i moi da thic P = ibkx* thudc KTX]. ta c6:
k=0

)= )ibk (@X + By = P(aX + B) (hop thanh).
k=0

2y Nguoe lai, gid str (e, ) € K*¥ x Kvaf: K[¥X] — K[X]
P PlaX+

The thi {1y =1 (trong d6 1 € K[X]) va vdi mol A hude K va moi P, Q thude KIX]:

$IP+ =P+ aX + f=PlaX + ) + QaX + B = fiP) + fi)

* flAP) = (APY)(aX + ) = AP(aX + ) = Af(P)

*fPQ) = (POX X + B) = P(aX + BHQaX + B = IPIAQ).
Cubi cling véi ky higu g: K[X] - KiX] Jorangrang g o f=f o g=Tdgy, viyflascydnh.

e
«
O Tra lai: {K[X] = KTX] ta. fheK*x K}
P PlaX+ B

5.1.9 a) Gid sir P 1a chufin tic thich hop sao cho P # 0 va # = deg(P). T Lir cia hang tir X
cha XX+ DP”+ (X +2)P* - Plan’ - 1, tied6 n = 1. Ky higu P = X + va xdc dinh f € .

< Tralsi: (aX +2); a € RL
b) Suy ludn nhu & 2) d€ x4c dinh bac clia P, n&u P thich hop

< Tra o {%x’}.

5.1.10  Trudc tién chu ¥ rang, néu P, thich hop thi deg(P,) = n.

K¢ higu P, = Zakxk , tacd:
k=0

P -P =X"&(a,=1l,a, ,=na,...a=a)

e{a,=1,a, ,=0a, ,=n{n-1), ...,aq, =nn-1)..2 a=n).

L] Xk
O Trali: P, = Z’_LT



51.11 ay 7, = L}(X +y"! +“—_IX{X +m" - =
nt

n! L

= ”r(x +m) X 4= P, (X +D).
M- .

b) Quey nap theo n
Cong (hie lis hién nhién véi n = 0,
Ta gid thigl eong thire ddng vai mot r thude 1 Ta co:

d

ol Tawrmi= Yo

P-4 oHel f+f il

2 AX+m?

Chi dan va tr 18

_ {(X+n+(n-1x)

= 2B EHDPY) = 3 Al )

tef=mil ke fzn
il

d
- Pn ((x+D+y)= JI-J’)HI (x+y) :I(PNH{I_".‘”)‘
X

Vay. vdt y € ot dinh, t0n tai C,(y) € 7. sa0 cho

f+ 5 el

Y1 hon nita: ZP,—(I’))PJ, (W)= F =L 0+ 3+ C (0, ta suy ra O, 0v) = 0, tir do duge

i el
céng tnic mong mudn, & cip # +1

<) Thay & vilo v bai |,

5112 2) ba thic di cho, xem nlnr tam thite ca X 7, ¢6 (Y + 75 va (Y - 7)° 13 cde

"kKhong diém". :
Q Traldi: X+ Y +Z)X + Y - Z)Y +7Z - X}Z + X - Y.

= B, Z!’,-r.rJij}'} =P+ ¥+ Oy,

by < Tra ioi: S+ YUK+ ZUY +ZUX T+ Y+ 224 XY + X7+ YZ)

5.1.13 1) Vige kiém chimng rang 7 va J 1a nhimg 1déan 13 d& dady.

2) Rorangrang X X X (X 4, X X, déuthude £, Taky higu P = X X XX XX

vagid thiét P e £

Téntai P,, P,, P, P, € Asaocho: P = (P, X, + PyX P X, + P X,

Vi mSi i thude {1, ... 4). t6ntaip, € Kva @ € A sao cho {P"

{trong d6 val(Q;) |a "dinh g1 tofin phdn” cda Q).

=p; +0

valQ, ) t

The (hi: =X, +paXs + QX + QaXodpyXs + puX, + 04X, + QX,).
=p X Xy + ppn XX, + ppyXoXs + pop XX, + R,

trong dd K € A 1a dinh gif toan phén > 3.
lasoy capipy =1, py =1, papy = |, papy = 0, mau thudn.
Nhu the, P ¢ £ va £ khong phii 1a mot idéan oda A,

n \." y
521 Vainzn(X+1y-aX-1=> x5,

k-2

477
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Chuang 5  Da thic, phan thire hitu ty

r
al ] .
5.2.2 Takyhitu A=» X', B =[Zx‘] -x"

il ih

Jid )
Tact: B=A+ Xy -Xr= Y Chadx)r Faoxr - x,

£ _
i Pl ]
Vs X" -XT =X b XMt = A=) X
kol G

5.2.3 Chayrang 2, =X8,, + A sien - 1y e do, bang quy nap:

B, = Atsinta - 130+ XNsinggr - 20+ X" fh

o
& Trawgic ¢, =) X' sintr—A- 10
Lo

5.2.4 Thue hicn plép clna Fachide X'1 - X+ cho X: SaX 4+ 1 ta dl.fl_TL‘ dhr:
(J"l - Qu=1=0

B [
Reta' - 2a - X+ -a- +a+ L RO R =0 e <'l =g =

1 |

2 2|

a” —a—1l=t

< Tra lai

5.2.5 Theo pheép chia buclide (Xsin®? + cos@h cho X5+ (L dn wi @ e JIXivaie, pre 7
saw cho (Xsimd + cosdl ) = (X4 Wt aX +h

f . it
. o L i b e
Fhay X béniva-r: & ¢ b

| di+hme

< Tra lai: Xsinnf! - cosnfh.

[LLEN

f i \':

5.26 X=X - )X +X =(X"-1) X X vinder ¥y ran= deyeXt 1
L ! ) '
N ;

5.2.7 Ky higu (2 1a thuong cia phép chia Euclide # cho X - g, ta ek PP =X - )0 + Ple. Si
dung cong thie Taylor ddi voi da thife:

~ L PR g
X-aQ=F- Mo = ; T

(X-a)* ,  trong d6 a = degtd).

. - PU«'-]}[”) i
< Tra lai Z_-—-'—(X ~a)’ trong dda = deg(iy
e (k+1)

5.2.8 ) VidegiPy2 | va 8= 0, nén 1o ring rang: B(P) = 0.

AP =(BoPN(o P+ Kol
ﬁ-!dn:g(f{cv Pr=degiRydegif) < degtfidegidy = degi#i e £,

Vi [A=B0+R

cmen o
Vdegiiy < degiBy

By Uz Bop B = 00ed TS Kleio sat d2 dang, Neu B o= 0, vin i Ky g cau a):

BilooR=to e FP=tic B Flaop



Chidanvatrad's: 479

5.2.9 ¢huy rang UCLN duge tin hang thuit Lodn Luchde. trong do cic da tde trung gran
dau nhu nhaw dé v cie the K vaf

5.2.10 1) Quy nap theo /.

e lrwme hopr =00 P2 L P =X P X vay PR PP = L
s L gid thict cong thi dang v mdt A thude £ L The thi:

P Pt = PR P X P = Pt XPL =l PLo= L

by Suy ra1it ay, theo dioh 1y Bezout,

5.2.11 L suy luin phin climg: Gli NS AR + BO + CA v ABC I KDONE 11guydn 16 cling
nhan The thi 160 e miet da ihae bat khi quy £ thuae K1X] sao chos 0 |kt = e+ ) v
b Il (AR Vi D) PARC vin D L it kha quy . nén £ cha het A hoge # howe £ Chang, han: 42 || Al
Vi D) v D LAl & BC + CAy, nen D] BC, st i (4 12 bal khd quy), D | 8 e D¢ Nhwe
e, chang lan, 14 va 3], didu niy i tudn vor A A B =1

5.2.12 (iy = fiix

Ta gia ihidt A A B = 1 vaky tidu £+ A A B, deptdh 2 1.

Tom ta (A4, B € KX - (01 s chos A = DA vin = DB,

Ky htcu fi= B 4V =-A L L e AFD 4 BY = 0L depddh < depdh, deg(V) < depta )

tiiy = (in

Ta ga tnét 1on e o8 8 € (KIX]| - L0 sao chos AL+ BV = U, dap(d!y < degptdty,
degVy < depta) Ta ky neu 2 =4 A 8. Vi tai L, B € (KXY FOY T sao chos A = 14,
B=Di A A B = 1L VIHAA VB, =1L lasuy ra I\'B'. révi ti o4y [V (v Ay aB, = 1odinb iy

Gauss). Viy 16n i £ € K[X] - 10} sao0 cho Vo= AL TS deptd) Sdep(by < degl{A), vy
degtnz 1, D=1

Cudictng: An8=1

TR

5.213  (h-a =X - - (X-h = Zﬁgu LK - a X - Y
L n

N " ) i )
= [ZLM_,{—;)‘ X-a" ' Fx-by' ](x —up"
L3 )l

-l
+ {ZC‘EH H=DE (X =)™ R X b X
k=n

- e . _
O Tra i U :(—J-—)E—"TZ(;*:"_,(-UHX—J:" PR - o
; r=a kN

V=

1 i .] \
—— . Chy Y fx—a ' Hix-m'.
in

(h—al”

5.2.14 Mar buic khin diu cta php elna dan déa suedy doan:

i n \
V-abXi=(l - g+ X+ #h Xy ‘ I+Z(uk +ht ]Xk |I Fa™t P abtd™ BXD X
ok !



Chuong 5  Da thic, phan thifc hiiu ty

Chuing minh he thue nay bang quy nap theo .

O Tra lei: 0 = l+i(ak +65XE  R=a™ + 6™ - abla® + BX.
[ .
5.2.45  Taky hidu Q va R 1a thuong va ducin tim: A = BQ + X™R vadegiQ) < .
Vi (0 -X0A= - X va (14308 = L+ (1K™,
nentace: {1 +X)1 - X"y = (1 +X)! + 1YX™*H @+ (1 - XHX"R,
ted6: 14X =(1-X)Q+X™S rong dé:S=1+X + (11 - X2+ (1 - XIR.
Vi (1+X)-(l-X)0Q= X S vadeg(l +X - (1 - X)Q) s n+ 1, lasuy ra deptyy =0, Hom
nita, S{(1}=2. N th& §= 2, vay | + X = (1 - X)Q + 22X,
VidegiQ<a hdthic L+ X=(1-X)Q+ 2X™ chlmg 16 rang Q0 L tagong ca phép chia | +X

il
cho 1 - X theo 1dy Ihira tang dén cdp #, tiedd: @=1+ 22 Xt
£

R&i thiz (1 + X)R = 1 - (-1Y'Q, 1l d6 suy ra hidu thic cha K, Iiing cich tich ra lam hai truding,
hop tity theo s chin hoac le.

M ZZXER nun=2p+lpem
0 Tra loi: Q=|+2ZX" FERRE

-l
k=1 42)(2}(3* néun=2p, p e N*¥
k=0

5.3.1 Theo phép chia Euclide A cho P, tén i (0. R) € (K|X))* sao cho:
A=P0+ Rvadeg(E)<n

r
« Fa ching minh rang (L, }g. . 12 mot co sd cha KX} Cho (A 1., € K™ sao cho ZA,-L, =),

jeed

H

The thi: ¥j e {0, ...} 4,= {Zail.,- ](xj)=(). bidn nay ciumg 10 rang (L}, ., doc Kp.
=0

Vi hon nita dingK, (X =r + | ren ta két ludn (Lo -, [a mot o sécda K [ X

M
o VAy On i (&Y. ,- o € K saocho R = Za‘- £, Ta co, v ni § thuge (O
i=0

Atxpy=Ple Q)+ Ry =Rix )= [Za;f‘, ](xﬂ.- =a,

i-0

"
Cudi cung: K= ZA(x,- 3L .
i

5.3.2 Téntai @ € T[X] va(a. B € R saocho: P,= (XP+ D@+ aX + f.
Thay X b i, ta suy ra:
H 1 &H}‘
ait+ f=PFiy= H(C(‘S“k +isinag}=¢ * !
£
"

< Traldic R = Xsine + cosa. trong db ¢ = Z"k'
k1



Chi dan va tra idi

833 aGaseX -1 | #X"). The i POy = PO = 0, vay 16n L 2 € KI1X| sao cho
P={X- ). Thay X béi X, ta duce:

2n=|
PN = (X7 - DO = [ X! }((x - DX ™).
L
by Suy ludn toong wy nhu cla a).

5.3.4 Trudc tien ta chi ¥ rang du cidn tim cing i du cia phép chia Fuclide wong 1§ [X)
(Xem 5.2.2, Nhitn xEt).
Ton g @ € BIX| e B e B saocho X3 4 (X + 1™ = 00 + X + HQ + aX + f
Thay X bai j, ta suy i
CI_] + ﬂ=j2rn-l - U + l)u-i-'_' :J-'_‘n-H + (_j'l)!|+'_'.
Tiach truomg hop theo ddng dur module 6 cda a.
< Tra lgic

n=..[6]] 0|1 | -2 3 4 5

R 2X | O -2X-2 0 2 0

2k + 1) 2
5.3.5 Ky higu & =exp ((--*;ﬂ} (0= & < 4) la cic can bie 5 cha -1 rong T, 14 cé:

4
X*4 1= ”(X-.:U_
Pl
MeEmA | P, o vEke (0, 411 (&) =0,

® RS rang rang: P, (£, = P (- 13 =10.

g
o Giasik e {0.1,2. 3.4} TNE Ui tach: & - &, + & - & + 1 ==k +; —0. tir d6:
P& = (&Y - DS + &+ DEM L =8 (&, - Ep+ (& +1p =0

5.3.6 Vi ab = ﬂ=—i via+bh=(u+h+0e)-c=-3- ¢ 150y
I [

Wh+ab? +3ab=abla+b+ = 1.
< Traldi 1.

2 2 2.2 2.2 2
1 1 1 . xyx5+x3xy+xix oy =200 . .
53.7 a) E= _2+_2+_‘7= L2 2"232' [k A}I 3 Vo =0, 0u=p,
Xpooxpoxy xj xjxy Ty

oy, = -4.

2

[ ]

< Tra lai ‘r—,‘

q-

2 T 7 I ¥ ]
b)Y F = (%% + 207 + 2500000 + 8, +06) - (X, 0% + 00, 0 L+ ) = (as - 20,000, -
co.viig=3 ao=1l.o=1

< Tra loi: -16.

481



Chuang 5 Da thie, phén thic hitu ty

cyef = ZZ,r{‘ +3Z.t]2x3 .
oz_rlz,rz =(Z.tlx3)(z.r3) - 3NN = OhG, - VO

o Lay téng ba dang thic x' + pr¥ + g+ r = 0 (k= 1.2, 3) taduccs Sy 4 pd: + ¢, + 3=
O, tir d6 la suy i iri cla Ny

& Tratsi: - 2p° + 3pg + B

) Phuwong phéap tho nhat
b= (Zxrx:_,“ ) (Z,r?]—z,rf_rg x% =1 o'g TN AN rr{ Arong dan S, = ,\'f +_\'§ +\1
Taco d, =0, Gy =p. Gy =g ¥a b+ pS + g = 0. W doS, =- .

Ta suy ratri cha f.
PPrang phap thit hal:
Fo= 88, - N, rong da 8, = ¥ e vd ke [l Taco: = AN =g =0 N = gf -2 = 2

& cong, ba danyg thiic 1: Fpx g =00 08 3 aduge 5 +py g = ootnde s, = 3y

Tuomy W S, pS, gy =1, tirdo N, =2p°
No 4+ pNy gy =0, tirdo 3= Spey
Sy 4+ PRt gh, =0, lrda &= -7p%.

T suy ratri cia E.

& Tra K - 3pq.

e = (Z.\'1.r3)(Zx?)—z,\'?.\'gx_q . Z_r?,\'z.t_‘ ={z .\'|,\'3,1'_1)(Z .1'13)—2.\'12_\'3,\'3_\'4 .
Y xfxaxyey = (T rrrarca ) (T )= 505 WdGE = 0, - oy + 048, - 5oy néuy hicy
S.{' = zr{‘ ke IT

8, = G’ll - 2o,

o8y = (fo)(Zx.]-ZxE-rz- Z-‘E-"z =(Z-‘|"~':)(Z"l}_32"'1"’7"'-‘

so =4 =3 o=0,0=L o=-L

< Tra lai: -83.

= 7450 =20y )4 (75 — 2124}

a

3 g a
O TraWic g =12.0, =0Ty —4T5.0 =TTy +73 —40a7,.



Chi dan va tra 13

539 6 ba tx. v, 7y thude 2% b nghi@m cia hie di cho ki vt chi khi vov, o ddu la
4 A 3 gl :

nghidi cia phueng thnh dai s& ¢ - War-p=0.dnre L

Ta ko it st hicn thien clia

.;,r;'_RL—»R i |—c:c s | r X

1,0
LAY B R

|
@1y | 2 | v ” |
i \
1 \ * i l . |
O Trai:0Zps —
27
5.3.10 Ky higu &, 0. 7 134 cdc hiun doi ximy co hdl'l el X v,z e 5O phide vy s din

I nglncm cta phuong rinh £ - o+ ot - gy =0 dnf €0 VY la < thi thay 13 di cho 1w
et ke ong duong diol vl g dy. O vir X, v, o s duge xde dinh ndne 1 nghigm RRRIE

phuong trmh bie b,

L gy =2 a, =2
Firdo suy ra J‘ g, =2 = a, =12
l .\'. =Y O'.‘:l]

< Tra lai o (o0 1, 2) v cde lusdin vi cla chiing 1.

by Ta kg heu (pog. 7)€ 27 saocho vy s ianghicm clia - pf +gr-r=otinre -

Leill y=v+vt+t.

T o
sp=a
= =11
o 8, = PN,y - S, + vy {J‘ (}c‘»{f’ )
=M r=

eN, =g’ - 20,= P v Sg = g8y + S, VY

g, =0 p=0 p=10
N=0 =5 r=2 = G=-3
S5 =30 -l = 20 r=2

$ Tealsiz {(-1.-1, 2, (-1, 2. -1, 2. -1, B
¢) < Tralgi: {1, 1, -i) va cdc hodn vi nd |

d) <O Tralgi: (L. %) i cdic giao hodn vi clia 06,

5311 a) Ky hidu r=z,.7; . la el

I—I+21=—.‘\' { Iy =—d

2 - el

PKCD | Hzymie C -y +r =¥l Aoy mE C-qa=-12 =438,
] Ty =-1 ; | ‘}.:—4["'

& Trad 18i o DOKEY 4 = 4R

o [rong trudmg hop nay, cie nghiéng la -4 tképy, 3 tdom).

Chva,

Wil

483



Chuong 5  Pa thirc, phan thic hiu ty

b) Ta ky hidu z,, 2,, 2; lacdc nghém v =2, + 2, T = 2,2; - Vi z,. 2, gilt nhilng vai 1rd déi
x@ng, nén ta c6 thé thay diév kiénz, - 2, =1 bz, -2, =l icla o’ - 4w =1.
R thi:

Iy ==0C
O'+Z3=0 ) a
Gzy = p -y la=Z -1
3{0.::.23)eC3-. rrz:=—q | o appeC. 4
—dg” i@t - =4
0'2 —-4r=1 fr @ b r
(o — 1o =344
T 4p+|
o|Joeci? T 3

tp+ho :-—-3(1
O Tralsi: (p+ 1Y (4p + 1) +27¢° = 0.
<) Theo bai tap 2.3.3 cla Tap 1. cilc didin c6 toa vi 7,. 7., 2+ 120 thanh mdt tam glac déu thuin
Khi va ciil Khi 2, + jZ; + 172, = 0, tao thanh not tam gide déu nghich khi va chi ki 2, + Pz, + 2. =11
vy ching tao thanh mot tam gidc déu khi va chi Khi (z, + j2. + 1723045, + FZa+ joy = L ue b
24 4 - (Tt I+ R =0
O Tralgi:p®-3g=0.
72 =22
21tz +23 =0
Zy2p 42225 +242) =7 5
142923 = =4 2zi23 =-4

ol ec!{d =l
621 =j-

$ Tralai: A = 6 hoac A= -0.
&) Phuemg phdp ther ridi:

3Zi + Iy =0

& |z, 20,2306 C o | Hzyzare C L322 43225 =7

Ha+ffy=-a

o +aaf+ i =h
2(0:3,6+uﬁ3): -r
a'l}g? =

Pau tien DKCD duge bidu didn bai: 3 (a, e 7, L rHi ndu ky lugu

= - rit flﬂ?‘
s=a+ B p=af boi: s, pye 25p = —¢

. p-=d
Phuong phdp thit 2:

(A, u) e CL X aXP + B+ X 4 d= (X + AKX+ )
e (A, 40 € 2 24=a, B2 +2u=b2du=c, i =d.

a

2 \2
a:O,[E] +2£=h, [£J=d
: 2 C a

| hoac

a=0. c=0, [E) =d.
2

O Tra lai: aiab-a’) =8¢
(4b—a%)* = 64d.
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485
DKy higw s =7, + 5, p=22,,8'= 7, + 7, p' =17, lack
p=1 p=1 p=1
g =0 I.\'+s‘:n p=h
ay =10 e dwrperp =0 = 5 =N
‘t a5 = - NP = t 4l + hy =1
a,=h v =h th- 15 = -a.
Viegc klilt s chotw: (b- D2 (h+ 1) - =0,

Ap ding: Didu Kien duoe théa mdn, Tacd G day: p=1. s = 3, &’

= -3, p' = n N, ee
Knhiong diém phai tim L cic khong didm cia A1 =0V AT+ 3reN =
C Tragieth- 1y b+ h-a" =1,

. {B—JE 3445 -3-i23 —a+id23
® Ap dung: 5 . . .

2 2 2

2) O Tralii 24+ pu-9=0.
hy <& Tratsi: e A=-7.

« (e khﬁngdiéml;‘lz |—JE. I+Jg. 3__1ﬁ 3+iﬁ.

2 2

e 5, pcdc himddi ximgcobanciaz,. 2
1) Vi k¥ hicu: { pe & “ren

102,03 cde hadx.ab. cluzy. 2y, 25

thi ¢de ham déi ximg co ban r,,
chaz,, ...z I

W Ts

oSO TS LG tO N+ LG+ O+ O N I, TGS+ Ouf), [s = G

S.op=8- L
a, = -+ 2,
a5 208 =0
A=at-2s
< Tra lgi: A = -56 hoac 4 = 50

p=La
BKCH duge bidu dién bdi: 3 (a,. on, &y, 8, p) € 10

5.3.12 a) Chi y trudc tign rang - | 13 nghidin, vit nhim O i6a bii x + 1, Rai voi v g 0%

{ 3
M2 v+ 1=0 & L,\.“+%]+2[,\'+l}—l=l}

X X
Sy +2y-3=0s(y=1 hoye v=-3)
1 1
Gral

x+—=1x+—=-13
X

O Tra lai: {—1._3;‘.6 —3+J5 1-0f3 ‘“‘E}
o . :

2 2 2
by O Tré I
{—‘L—f&[uﬁﬂ, 140&—2]. %(3“{5 +ggiJoJ§+2];(sJ £11e {-L1}? }
5.3.13

Tén tai 2, € -0F sao cho 2, va -2, linghidin, tir dé do 18 hop:

2§ -4z - 4125 —36=0
- 4525 43620



Chuoghg 5  Bathlc, phan thie hau ty

By gitr ta chi ¥ rang: X* - SXT- 36| X0 - 4X* - 41X2 - 36, didu nay cho phép la nhan 10 hod
trong phuong trinh:
ozt -5 30) =0,

O Trabais {-3.3.2i 20 -, 7).

5.3.14 o) Thay x bdi - —% L due:

+ h 1
Sraitbite= {huf—]s +[{ _L+2“ i
3 3027 |

by Gidd 2l tee, By € 77 sao cho ci ¢ An Fdéo khang phii langhidim coa ' + pz + g =0 dnz = Do,

o ed e 7
Phdp doi bicn: v=

sau vai dong tinh lodn, quy phuong ldnh '+ pz + ¢ = O ginz € 0)

vé phutaing trindy:
W+ pf+ gy - Qaff +pla+ 2+ 3 vV + 3B+ pa+ i+ 3Gy - ta’ + pu+g) = (L
tinve D)

[ a{) +ple +20)+ 3y =t
- ﬁ+;)(_¢a+ﬂr+1q._lr

Mudn cho phiromy trimh theo v oo dang v + A = (O, céin va da 1a:
E ] ATE

ufflc+ Fr+pla+ fi+2g =0

e 1 (do 6 hop) {"a{f+p _0

- . H
Ky hitu o= a+ M, ® = aff. hé irén quy vé: 7 = LS
R P
e : i Xy p . - s = .
Vay clir cin giii mét phuomg trinh bag 2: ¢~ +—r~? =0dn 1 Jhode duge e, foron gl
s s
B +pB+qy' -1 + pa+ gy =0dny e ) dd duge v vii cudi clng -

Hom nita, vidi k¥ hidu 7 cho ¢ hoge f#, ta ci:

% 3g{ 3 '
¢ +pt+g=1t —~-i.'+‘r +p.'+q:—i ——qr‘+£
P P r3,

ap apt £27¢4°
+—;-f+(f='”7,‘q.’.

Ap

NI the, neu-pt + 27¢" = 0 v B= 01 laco: (F + p+ g’ - (& +pa+gr=t o v’ = 4.

5.3.15 W va by NEw (P ) = (0, 0), thi (X - P va (X - @0
{x - d) LSO 4 TP Y] | P + Q vil {X _ a)ﬁl]ﬂali-NQlul I PQ

. viy
Trutmg hop (2 = O hoae @ = 0) 6 thé khdo st d& dang.

) Cde da thue (X - @)™ (a & TUP)) nguyeén 16 ciing nhau (imyg déi va chia hét P, viy:

l_lfx m el Footirde: Z(Up(‘”=d‘3‘r'{ n{x ~ gyrte ]Sdcg(}’)

a A AR REwAY S

d)y Hom nita: Z(u;;(d) =degifie= | e K- p= n(X —a]m”“” ] .
TR AR LA

5.3.16 Ta ky igu 2 = AX" + X"+ L viove moi & thude [0, .. a2 - 1} s, i déng cic
khiong didm caa P,



Chi dan va tra &

- L i 0k n-1 .. : .
Choke 0, n-dp. v phioi ! b SR LELILE YL S ORI

=k AN

Sk_"ulu—i)! (hn=—k+D _(H+‘1)ﬂ+k.L‘

-4 ' Ant 1y An

5.3.17 Ky hicu = X5+ pX +gvd 0= 00 anX - ffaed

_[;"‘(a):;‘)‘ _|fx2 +puty=f = l(x: +ﬂ2 +pia b4 dg =+ ff
[Pifh=a l_ﬂl +pfbg=u ]1'[(1- Aua+ff+p+li=t

ol _ Uy = (=1 -«
Ky ludu o= a+ B = aff bé wen quy vé: 17 A “G+““'_“.hu;_w i‘” L
o . br+p+l=n lep =7+ 7
The i PO = (X7 - aX + auX™ + pX o+ )
=Xl 42X G + 20+ 20K - (F + 2an+ X < a+ T
Viy:
b +2a = —(2u+1) o= ——| [’(,:_1 Ja=2 |
T dm e =tu—1i- T=1—, _ =1 i
Az PO = (T‘\+Z(r+27r =1 N cr:il 7 o 17 i
la” +2am+0 = -h “’___'—'—3”' —d a=2 Tola=-1
|z +mr=1 l” —nw-2=0 Hh.——z th=-14]
Cudiciing: ta. fhe "o o -dn =0
G Tralai 12, 14,
5.3.18 o -he=d - b tac+ by +athyey=a T+ (@ -t} = - + (T = -Lped + )

® Phcp 66i bidn v = - (px + ¢) thay phiong tinh x' + po + g+ r=0tidny £ 7
b phiucmg trinh:
Vg - pI By - prgiy + gt Pty =0
O Tralsi ¥V + (3g-pwW + B¢ - pigv gt - epli= 0,

5.3.19 Didu kign di cho quy v degtTTCLNX + 2X7 +p X'+ X v qri 2 2.
O Tralgip=1vag=0.

5.3.20 1y =: Hién nhién.
2) =:
" "
Tatcd cae he W cha P = n (X+x)=X" +chx” Y ddu 2 0.vay P khong o6 ot khiony
il k1
digm nao thude R .
Nhumg. cic khong didmeclaPlacic-x, . 1 <rsnitrongdd: Yieg [1, .. b xz0
5.3.21 GHA s A La mot ude bat kha quy cha P. Vi O ladch duge v A [ O, an A e bac !
Didu nay chitng 1o rang £ la tich duge.
5.3.22 Ky higu x,, v, la cic khong didm cla 8. ta e
Bl A e vhe bt (Pl ' = At

Taky néu, vinie (1. nwp.0, = l_[(_X =) xem 5.3 Viduy
| ]

pat

487
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L
Ta tim £ dudi dang P = z.l,-(“‘ A, . A,y € K phin tim.
fal
- 4 g 2 :i()\'k ] a . . P K .
Tacs: Blit-As|vhell.a) Al =———— y.didu nay chimg 18 sy 160 ta cla cac 4;.
(Cy (g )™

5223 V6 P e RUX|. theo phép chia Euclide I cha XIX - 1P 16n tn A € E[X] vi
(@ b.c,dy € B sao chos P = X7 (X - P A+uX + X+ X+

=1 d=1 i.'u:]
. Ply=0 a+bre+d=0 |h=-4
: L]
RoL: iy =0 c=0 Yo=0
Piy=1 a+2he=| ld=1

O Tralgis XX - 1PA+3X1-4XT + LA e BIXI)L

i1
5.3.24 a) Ky hi¢u P, = [ZX \ X e P =0
k-0

wol AT
v ."',,:2[2)(" J[ka" ‘} R UX i dé: Py = 20 ”‘”2 D a1y =0.

ko Al
Két quala ! likhong didny boi it ahdl Ta 2 cha 4, e 1 (X

by Taky higu P, = X" -+ 2X™ + (1 + )X - p omg do 17, =i + 2))\"” - (n +2)(n + X +n+2
vi 7, = a4+ D+ 20X - X© b, Ta duge d& dang: # I(l) =P =P =0, viy 1l
kiang didm it nhal bgi ba cha P, 1l (X - 1y | I
5.3.25  laky hitn Q. R 12 thuemg vA du etia phép chia Luchide A cho £

A=BO+ Rvadeptfy £33

Jlk(“) = Ay =ta=h’ , nEN 16N 1 8 € Z[X] sao cho:

Ry = Athy = (h- )™
R-th-ay"=(X-a)X -byvidegNM < 1L
Hom nita, 18y dao han: A’ = B'Q + B + R tirdo 2~ b)i:;t = Alta)=R'ta)=(a= b’\s‘ld) .
2ulb—a)” = A'thi= R (b)) ={h—a)N(hH)
ir d6 Sta) = Stb) = 2ath - @y Vi deg($) € 1, 1a duge § = 2n(h - @)%
O Tra 18i: R = 2nth - @)™ (X - a}X - b) + (b - ).

¥ rad the+1=0 3

5.3.26 Khiy x trong: {4x° + Zax* +h=0 |.Taduge: b= T vadt=-lo.
12x% +6ax =0 4

O Tra 1o (a. b= (N2 (g + &) V2 (5 - & (5. &) & (-1 11

5.2.27 Tinh P10, 87 P 0 P2 P D, L duge:

ep(ly=0

o, = 20X - P (n+ DX+ 2000 - DX - - DX cOPn=0

o 17 = 2020 - DX A+ DX Ly 2n - D - DX - ni - D - )X 7,0 =0
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o PYoz ot - 120 - DXF? - R+ X 4 200 - Dt - 23X5% < i - 20 - X
P (1) = 0.

o P o= ngne - D82 - 132n - K3 G R B 29X+ 2 - Tn - 20 - HxK
- nin - 2¥n - 3 - Ay CAa N P = 2w a - bt D20

& Tra lai: Chp boi ciia 1 xem nhu khomg didn cia £, e 4.

5.3.28 Vid o= (XP - XY - L)onén @ cd cic khong didin cha A dou oo cap £ 20 vay
A A latich cie X - 7, wong do 2 chay trén @p hop cic Khong didin keép ctia AL e 1 tip tusp
e can dong thin bie p viy bic ¢ el b

O Tra i A aas = XYM -

5.3.29 Tach (Play)’ + AQan” =0
Plad () + Al QLay =0
e Nén Qlay = 00 Play = O, vy (PO - POy =0
o Néu Qay = 0, thi v APt () = ) Py = AQuan’ Pria), 1 suy
Plan('ia) - PeanQay = 1.
5.3.30 Gid sl P € 'ZX] bt kha quy, thda nidn r l/\’” AR v P . ik
Vi P | B? viur T bat khit quy. nén # Vg, wai e i Bva Pl B - A vy P AR ViaAB= 1,
la suy L f i
Vil i £ viu B 13 tich duge, nén P la tach ra duge (rer il @ 5,321y, vity degtdhy =1 (v £ hi
khi quy). The thi B va &7 6 it nhat mot khang didm chiung, mis thudn
Préu nay el 10 (A'B - ABD A g=1.

5.3.31  Tim mot khong diém hut 3 (el coy

Gia st (p. @) € T* x 1T* sao chiop Ag =1 va L 3 knong didm cha 2X1- X -X -3

i
ThE it cG: 2p° - P - pa - 2T =0
TRIRT: 3
T suy ra 1!1.:;1. vy pl .
q12p7. vy g2
3 2
Tieds: e —3.—1.1.3.—'—.—#1,4
q 2022 2]
. o3 .
I'a nhan thiy rang > 1a nghidun.
O Trd o (2X - X - X -1
2ik
5.3.32 * Ky lugu ¢, = ¢xp (——i] ks oo
"
fi+ Y | +iz A |- aewy,
] J ] -q" c:r[Elke{() ..... N R P = Y SN L LU
-z 3 - J y Vet )
e V@i tnoi @ ¢ modun bimg, 13
t ! 1+
1—-ﬁ = '.?;c:>i—-@-=-1—-% ol -lae=0e =L
| +aiw | +aew - a
S

i
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134

] < k=n -, rong do
)’

I-.J[""‘\

< TR » Noulgl = | vilg" 2 (- 1", edc nghiém la; 1:mf

= Argia) |27

. . e a 24
o NGl el= 1 vire = I wn ik, e (0 0 - 1} saocho Arglay = 1 —r—'?—r»[l-‘rl .
H
6k
vicde nghiém li: l:m[—+—”] kel - k.
2 n
{ 2ikr
5.3.33 W Tuemyg 1 ntue b tap 5.3.320 Ky higu :pr (N be il 2idta o
Vil

s T+ i
I+ ey o s !{EU\'E Hen2u).— =y

| T
i w; + ka
= |3 e={i..... 2ut.o = o botan —2
| wy o= RSN

Mal Klide. sip dung cong thde nhi thae Newton, 1 thidy rang da (e £, co bie 2, vGi he e cao
nhat e 20+ 1.

)
£

In o
O Tralgi =220+ 1) H(X - eoban A
L 2+

;
i
] Y A
Va+i—& Y
b Wiocotdan —— = —potun
Inid 2n+i

- nliodne cac nham 1 timg Jon:

]
Po=2i2n+ 1) n |(X' —eotan - |
SN 4

a4l

- o ¥4
Lhay X han ai. ta duge: Plany=20-1¥i2n+ 1) l_[ " wcotan <
P n+l

Mat khde:  Potan) = (ai + 07 (- P

]_ PR Sy PR
2+l N2+

i
< Tra loi: l"[{a"‘ Featan
Aol

i

Chang han : l—l [ 4+ cotan
ko

kx v 3ty

L

2;.I+I|J_ 202n+1)

N ;5 -
5334 a) O Tralei:l, = r[(X - ) trong do: oy =cx|{ 2ikp ]
+ 1)

P o+
0y Thay Xhon 1.

H+1

O Tra lair l—]m]——-

e alr

5.3.35 Ky Info £, = (X" + 1" - X" et ) =47 + 1" - % Bich tnemg hop theo
dong du modolo ¥ cia e

" ap o dpad i+ 2

Pn(‘” M -1 y»_lj-’.’ _J' (_] };l‘ll _ ,i: 1

O Fralgio 2= 2 {05,
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by Y hign A = X5 - X7+ X - =X - DX o0 # 1) vidn ba ieh duce vaceo cie klong dicn
dom.vit £, = (X7 - X 41 - XP X - Lt A |!',__ e Pili=P =t vl 2 iNGD
Trwie tndn: £ 01y =0,

eNGUn=2ppE iy i Pty = -1 - .

o NGun T2 Lipe 1 h his o =,
O Tradaion £2 (4],

K hicuZ="J, LtawX' +xX'+1= l_l (N = ehovin L ich dioe vi ed cac khing
P

didin dem, Viy:

. . S 4" +op = 1]
X X+ X4 PXM g S iV e oW pel g T Do ¥ Lo 1o
e
= R g S NP g E

Tich ra b ba truimy hap tieo Bap dong Jdoomodulo 3 e,

jn=013)

IR
1I+p+q:(}

< Tra o lhesgc :
Colp=g=t
5.3.36 Ky hicu 2 =X - 1uX" - A = (X" - IXP - vt Q@ = (X - TN i N =
X - DX e A X o e
cic Khong did clia £ Bl gkep) vis sie phin 10 cuia
e NEU s A (p+ 1= 1,100 Lo - o
cic khong didm cda O la 1 okép vis cac phin wecua
R AR T LI

viy vk Lo gL, e 0

e pe npl

.neén £} .

o NEu A+ 1) # i 2 oo itnhat mo khong didm Kép Khae TR dé @ ctaad | lackhong
didm R vay ;“/]/ Q.

O Tralaiinnp+1y=1.

5.3.37 Cide Wp b G - T T den iy Do r nbaa v p sy =y
=y oA=L hao ancirong - L vy
XX X - =X Y [

» "",:,: L

(X=X -1 [N =,
= ' - 'l..-w- :.

[
ih

5.3.38 (X" - XY - D) Borach duge vived cie khémg didm L

ciie phin tir eda "Ly L tkep

cie plén wrena (s Loy 1m '_P_I,,j(dafn)_

~'n

Hom nie: 0, D, =, vicd, o L

5.3.39 La gid Uadt £ ¢a it nhd mot kKhdng disin 2 thdaomnidn |z 1< T [ e
+
(
‘ ” R A I
i y y 1 ak .
I=|-» a1 a2l =MDy I < M W = . <]
Lot il R <y S g
i i -
M+

AL thudn.
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| —n!
5.3.40 ) Taco: P Y= iélxz +(n—l)!X+{n—2)!=(i%{n(n—l)X2 +2(n—1X + 2),
1a mot tam thide thife véi bidt thire: A" =(n - 1) -2ntn- 1) = 1 - P <0,

Ta suy ludn phan chimg: Gid thidt i cd cdc khong didm ciia P déu thue. Ap dung dinlhi 1y
Rolle ¢6 tinh dén cle cap boi. ta suy ra rang tdt cd cdc khong didm cda P ciing ddu thue, rh
tit ¢ cie Khong didm eta 7% diu thye. mau thadn,

by Bura v a) bang cdch ky higu ¥ = %

53.41 ay Vai mioi a thude 11; +20 |, ta co:

P P
PRO= (@A + 4, A7)+ (@ + L+ a) 2 a0 - Z|a,- [.r’ Za, "~ MZ.\-‘
roib ion

el

X -1

= a”x” -M—
=

b) Ta suy ludn phin ching: Gia (hidt £ ¢é il nhat mat khong didm thye thoa min:
1

M u-p'
r= )+ | — Viy e |1

“"
The thitaco: g (- D=am " - 1ttt e [ I N AR VAU
Ur 6, sir dung a):
Ozax"x- 1y - M@ 1) > M, mmau thodn.

eyVidun=10,a,=06,p=2, M="71id6 vin moi kKhiong dicni thue « v <1 + [—] <202,
[

5.3.42 Ta suy ludn phan chimg: Gid thiét £ ¢6 it nhat miot khong didm 2 thoa nidn

V5—i

Izl < (< ).

Truomg hop thir 1: 7, 2 2

Tace: 0= Pl ={1+2m+ 224 42> N {FT L T P Py L D
I

2

1z1 __]—I:I—Izli
-1zl 0 1=zl 1-z1
J5 -1

=1-|z)® L

Nlumg o rang: 124 <

= 1-lz) - 121> 0, 1ir d6 gap miau thudn.

Truomg hop (hit 2: #, = 1

Taxet il - XPeX) vacha § rang ¢6 160 tai 3oy tUGC {1, 0, 1) sa0 cho:
Hy -]
XN+ X+ X b Xy o1 g 3 g x™W
L2
vit k€t qud cha trudmg hop thur | ciing Gp dung duge cho da thie fay.
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5.3.43 Anhxa ¢@: 10,0 >} 1 khi vi trén ] 0 +oo | vi:
Pix) < a2y
Xk P =]- ZT.(_
X k=0X

el
Vrejoaml = 3

k=0 X

Nhur 1he, @ tang nghiém ngat trén ] 0; +o [. Hon nifa, @ Jién tuc va ling = —x, limg=1..
(]f v

=0,

n+l k

Nhuthe: kg, € ] 0 400 [, @lxg) =0

. £(x) an 1 k
53.44  Taco. véi moi x thudc B ——= D (k+ 1)[— =1 .
x-" X

¥ k=0
Wi f o vig Rk
2n Znrl ]
1> Zlkﬂ]r" e Zr‘
keh k=0

In+2

RO rang ring g kha vitrén L vA Vi € g =fin.Vivie R-{1}.g0= — o ta suy
I_

I+l 22 41 . .
ra: Ve ®-{11 fin= (2n+1) (2n+2x Tt 46, voL moi x thudc B - {-1, 8}

(-1
Py = 2F [_ _l_] _ 2n+i+{2n+ 2)4_( e
X tx+ 13
Khao sit su bidn thién cba b B — F xde . _ A 1
dinh b&i: A(x)=2n+ | + (20 + 2 + Gt ’_‘ ® ; e
Bing bién thién ching 13: Vx € B - (-1} ) ~ 5 + l
OO > 0, tirdé: Vx e |- (-1, 00 P ix) = Q.
. N { hxy Ta 1 e
Cubiciing, PL-D)>0vaP ) =1>0. 0
I

5.3.45 1) Gid sk P thich hap. Ta ky hidu 13p hop cdc khong didm cha P irong Z1a Z vt
gid thigt deg(P) z 1.

® Gidsitz € Z. The thi ta ¢6 P(z) = 0 va P((z - 13 + 1) = 0,1ir d6, theo gid thidt P2 +z+1)=0va
Plz-12+@-D+D=0vay: " +z2+ 1 € Zvarr-z+lel.

* Theo dinh 1§ d” Alembert, Z 12 mot bo phan bi han Khac réng cla T Viy on gl v € Zsao
cho: Vz e Z Izl <lul. Pacbigt: |+ 0+ 1 <lul valwd-u+1l g lal.

Nhung: Nul=lGé +u+ V) - @ -u+ Dlgid +u+ Ut led - n+ 11 Aul, tir dé
| + 0+ 1=l a® -+ 1=l va, theo sy khido sit trudng hop dang thitc trong bit dang thic

tam gige trong C, t6n tai 4 € K, sao cho W+ = AGE 4w+ 1) (inemg hop (0 + 1+ 1) =0
¢6 thé khio sat 4& dang).

Viytasuyrad= 1 (vl =1vade ) rdi i+ 1=0.
Vi P e B[X]. nén tdn tai n € ¥* vh @ € RIX] sa0 cho;

' P=(X+1YQ, Q=0 Qi) =0
Chimg, minh:  @EOQX + )= QUG+ X + 1),
Phép suy ludn trén, dp dung vao ¢ thay cho P, chitng t& @ 1a mot hang.
2y Vai (a1 € ¥ x B kg higu P = @ X+ 1Y, taco:

POC+X + D= a((XF+ X 417 + 1) = a0+ DK+ 1+ 1

tirdé: POOPX +D=PX*+X+ e d=a

493
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5.3.46 Gid st P € C[X] thich hop, sac cho deg(P) = 1.
Ta k¢ higu tap hgp cac khong diém cha P trong C 13 Z. Theo dinh 19 d’ Alembert: Z = @.
Gidstze Z TacG Pz+ DPz+D =PRI P+ =0viy: z+leZhoacz+2¢e 7
MOt phép quy nap dom gidn chimg td rang, vai moi # thude £

z+nelZ hoac z+n+l1e?, hodc...hoacz+2ne Z
Dac bigt, véi moi K thude T z+ 2" -1 € Zloacz+ 2* e Zhoac ... hoacz +2"' -2 € 2,

Nhimg cic tap hop {z +p; p € {28 - 1. 252" - 211 & € 1, déu rdi nhan timg doi.
Viy 7 s€ vi han, mau thuin.

5.3.47 ) Ky higu B = aX? + X + ¢, ta, b, ¢} € 27, 1 ch,

B(l)=l da+h+e=1 da+h+e=1
Blay=f o {ad+barc=f o Ja@+PH+h=-I
B(b’]:a aﬁ2+hﬁ+(-: € (‘{(a+m2_2a’{f)+(b_ |)(a+,{)’)+2r:(}

Mat khic, X' 4X-2=(X- I){X3+X+2).v:_\y a+ f=-lvaafi=2

a+h+r=1
Nhu the ta quy vé vidc gidi he: —a+h=—1
=3a+l-b+2r=0

O Tealwi B= 2x2-Lxa+l
4 a2
b) Phuong phip thir nhit

ViAa=(X-1uX - ayX - B tach duge va o6 1t ¢a cic khodng didn don, véi ky higu
=B« -X, tacs:

AlC & COy=Cla)y=C(B) = 0.
CH=BBAN-L=M1)-1=0
Vi: s ey =RBla))-a=8(fH-ua=0
CH =BBS - B=Bila)- f=0.
Phuong phap thit hai

3 1 .
Vifi= :Xz - IX +_—;~ . mét phép tinh true tigp cho 1a:

- 4
BoB-X= %(3)(4 —2x3 +3%¢ —ax+4)=?&(3)(—2)(x-‘ +X-2).

N

5.3.48 a) Taky higu P = Za;fx“' Jdrong d6 N e Hoap. .. oy €
k=0

S dung coéng thirc nhi thic Newton:

J\’
Pla—t) = Platdb) +Pa-vb) = Y apa+ b ra-Vb)* e,
k=0t

N
—Pla—by= Pla+db) - Pla-Jb) = Zak{(wﬁ)* ~ta-Jt e Jpa.
k=0

Vi b g 0, tacé: f-Cf_'r'\(JngJ]z 10}, tirdé Pia - Jf;):(].



Chi dan va tra 16i

b} Theo a). g + JE vau- JE 14 nhimg khong diéin coa P trong T, Khac nhaw (vi b= 0). Vay khi

k¥ hitu P =(X - (2 + Jg X - (d - Jf_1 3 = (X - @) - b% A 1a oo P, chia hét £ trong BXI]. Vi
P, va P déu thudc <BrX1, nén ket qua Ja P, chia hét P trong X7 (Xem 5.2.2, Nhan x61). Viy tén
tai @ € X} sao cho: £ = F,0.

Ap dung a) vao @ thay cho P.ta cd: Py 1 © trong Q[X]. Vay t6n tai P, ¢ D[X]saocho 0= PP
e dé P =P 7.

5.3.49  Thay X bdi 1, 1. - taduge: (D + (1) = 3R, P + )00 = 0. P + PO = 0
1 do P = (1) = 0 R =0

5.3.50 a)y Taky hien P = X*_oXP+ 1.
ViX®- X+ 1 = (X + X+, von tach duge va ¢6 clic khong didm déu dom, ta c6, trong ZIX|:
X -X+ 1P PE) =P =0 P-j=0.v £ € EiX|,
va ¥i p 1¢ vit khong phdi 12 boi chia 31 P(-j) = GF-CFFi=F e +=0
Didu nay ching t0: X* - X + | | trong CIX1.
Vi XC - X + | va > ddu thuse T X), suy ra (xem 5.2.2, Nhan xéty: X* - X + 1 | # trong X
Cubi cung, vi he 1 bic cae nhii cla X* - X + 112 1. phép chia Euchde £ cho XX+ Lehing
t& rang cic hé t cha thuong A dén thude Z.
b) Gid it p 1 56 nguyen 18 2 5. & € FI*, n = kp. Thay X bai 2 trong @, vavi A(2) € T tasuy ra:
(29 - 28 +1 | (2492 - (2t + 1 = 2% - 2" + 1 trong T
CuGicing: 2% -2+ 1 22vik2 1.
0 2F L 2F 42 2¥ M lvipz2

Vidg VA N = 2% - 2% + L tachon =8 p=7T k=12va N by cla
m=2"-2%+1=16773 121.

5.3.51 Via b, e, € 0 P e QX va Play = Pby = Pte) = 2, trong i X] da thiac M - 2

chia hét cho (X - aXX - B)(X - c). Hom nita, vi P € Z[X) va (X - axX - ByX - &) 1a chudn tic,
phép chia Euclide P cho (X - a)X - bYX - ¢) chimg tH rang thuong cé cic he r thude Z.

Nhu th, 6n i @ € Z{X] (tde L @ € {IX] va cic he ur frong 7.

Nhu the, t6n tai @ € Z{X) (te 1a: Q € CX] va cac he tir cia ¢ déu thude 7 sao cho:
P=(X-aXX - bYX - 00 + 2.

Ta gia thit t6n tai x € Z sao cho Plx}y =3, The thi ta cé: (x - d)x - B)x - ¢y Qi =1, Vix-a,

¥ - b, x - ¢, QUx) ddu thudc Z, k6t qua Jax - @, x - b, x - ¢ déu thuge -1, 1], vay Khong khic
nhau timg dé1. mau thudn.

5.3.52  Ta suy luan phan chimg: gi thi€l 16n tai a, b, ¢ € Z. khic nhau timg doi va
P € T[X| sao cho: P{ay= b, Pthy=¢, Pty = a. Vi Pla) - b =0, tén tai Q@ = U[X] sao cho:
P - b =(X - ). Phép chia Euclide - b cho X - & chimg td rang cc h tir clia ¢ déu thudce
7. Thay X bin b: ¢ - b= (b - @)Q(b) va Qb) € L viy: b - ale-h

Iloz’mv';vbnglrbna‘h‘(.'tadmjﬁ::b—a]c—b.r‘bla—(.‘\a-c‘b—a,tﬁd{‘):lb-aizia—dzlr—h!,
s Neub-a=c-a tlih=c, miu thuin.

eVayh-a=a-c,vituongtya-c=c-b Suy raa =k = ¢, mau thulin,
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5.3.53  Tasuy luan phan ching: gid thiét P = X® + X + 3a khong bat khd quy trong Q[X].
Thé thi tén tai A8 € ([X]saocho P=AB. 1= deg(A) £ 2. Tach : deg(A}y =1 va deg(B)=2,
sai khéic vé thi t.

Viy P c6 it nhit mot khong di€m trong (. _
Giasti(p.g) € LxN*saochorpag=1va P(ﬂ1 =0, Thé thi ta c6: p* + pg* + 3¢ = 0. tr do:
i
{p|3q’.v2}y(p;\q= H:pla
gl vy prg=1:g=1

Nhr thé: [f-] € {-3,-1.1.3}.
q

Ta kiém ching d& dang rang bn s6 hiru ty 6 khong phai 1a kihong diém cda P.
Cu6i ciing: P la bat kha quy trong X ],

-k .
5.3.54 vaii e {O,...0). ta k¥ higu L; = n Z(—k— (da thic ndi suy Lagrange tp cic
. i—
Ooken
ke

didm 0, 1,.... . xem 5.3.1, Vi du).

N n
Theo 5.3.1, Vidy, tacé: P= 3 Pi)L; .trongdd: Va=Z. Pla)= PRLGINC
-0 i 0

. -k -k
V& () e [0,....n) % T, ky higw: &, = I_l a viw = I—l a

R imtzken LK
(v6i quy uGe: mot tich duoe chi s¢ héa bdi @ Lhi bang 1); nhu thi Lia) =M, v,

0O néu i=a

sNoud <a<a thilia)= _
! I ndu i=a

vy Lia) e D

Newas i, = .g[a—‘ll}.‘.(a—i +1} - Cra €Z. vav,, = (-1 _1){&'_‘--2.)'“(“ -n)
i=1)...1 (=W =2)..00~m
_ {a—n)a-n —.lJ...(a— i—1) _ {_”,,_,- CZ—:‘I <z
="' n-it
a{a—.ll),..(a—i+l) _ (—ilalfl ¢:I+_l)...(| al+i-N =(-l)j Clia|+|' €2
iti—1)...1 i!

sNEug<O:u =

_(ami-D@—i=2..(a=n) _ ) (al+i+)(al+i+2).al+n)
=) (n-i =0 =i
—-"Cl eZ '
Nhu thé; Yi € {O.....n}. L, (@) € T

vavm

ViP@= 3 PO (@), sy raP@)€ Y P = UCLN(PWoss B ¥y UCLNMo1o)| @)
i=0 iz)

5.3.55  Tasuy luan bing phin ching: Gid thigt ton tai A.B € Z[X] sao cho:
P=AB. 1 <degA)<n, | <deg(B)<n

Thé thi ta c6, v6i moi & thude {1,....n1: Alg)Blay) = P(a;) = -1, 1t d6 vi A(ey) va Blay) déu ta

Alag)=1 | hoac {A(ak )=-1

nhimg 56 nguyén: {B(a,; y=— Blag ) =1 vay A} + Bla) = 0.

Didu nay chiing tb A + B triét tidu tai 4, . . . . @, . nhing s6 ndy déu khic nhauw timg, déi.
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Vi mat khdc: deg(A+B) € Max(deg(A), deg(B)) < n., suy ra: A+B=0
Nhumg thé thi # = AB = - A< 0, mau thuln v6i: p(x) ———-— +%.

Tyl

5.3.56  a) Chi ¥ ring 3 12 mot khong diém:
O Tralai: (X - DX+ 1)
B) Trong CIX[: (X? - X + 27+ (X - 2@ = (X*- X +2+41(X - DU - X + 20 - X - 20
= (K24 CL+DX + (2 - 200X - (1 + DX + (2 +21))
Cic khong difm cha X° + (-1 + DX + (2 - 2112 -2i va 1+ i (don). Tu do:
(:s_(2 SX 2P HE - =X - - X 20K - P+ DX -2 = (X - 12 +1)(X° + 4.
O Trd b (X2 - 2X + 2XXP + 4).
¢) Phuong phap thi 1
Vi cic can bac 6 cha 1 trong Cla: 1, j, % -1, ), - J*, nén ta c6 trong C(X] :
X+ D -X=X+1-XX+ 1 +PXX+1 -+ 1+ XHX +1 - PXHK + 1 +3X)
= (2X + DEHX + DEPX + DI - X+ DI - X+ 1)
Phuong phap thi 2
X+1-X® = (X + 1) - X)X+ 1P+ XD
= (X + 1) - XK A1 + (X + DX+ XX + D+ X)X + - (X + DX + X5
C Tra o X+ DX+ X+ DEXE+3X+ 1)

5 _ 1,3 .2 -
d) C4c khong diém boi c6 thd ¢6 1a nghiem ciia: { 4_72 _222 +12248=0
527 -21z° —4z+12=0

Chi ¥ riing -1 vi 2 déu 13 nghigm.
O Tra s (X - 22X + DX +2).
e) Trude tign : X3+ 1= (X + DX*-X"+X*- X + 1)

Phuong trinh 2° - 2 + 2% - 2+ 1 = 0 (4n z € ©) 12 mOt phurong trinh thudn nghich (xem bai
tap 5.3.12).

O Tralai (X + 1) [X’f ”J_x nx? -1 ‘Fx+1]

£) Cha ¢ rang da thitc di cho chia hét cho X* + 3.
O Tra lgi : (X* +3) (xz -J2d3-1x +J§](x2 231 +J§) )
£) Xem bai 1ap 5.3.12, phuong irinh thuin nghich.

<>'rn?ne'i:(x+1)=[x2 Jg;]x“ x? - J_ x+1]

MX +X+ =X+ 12 -X =+ XX - X+ D= (X +1) - XK+ 1)% - 3X3).
O Tri Iois 0% + X + DEC- X + DX +43 X+ DX - B3X+ 1.
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X241 = (X + IHX® - X* + 1), r6i thi nhu h),
O Tra 18i: (X2 - X2 + X2+ X2 + DO - J2+J§ X+ X2+ ‘/2+J§>(+ 1
X - 243 X+ DK+ 243 X+ 1)

n-l PR o
XY - 2comaX + 1 = (X" -e9)X" - = ]‘[[x —aye” }]‘[[x ~wge " ] .

k=0 k-0
trong dé =cxp{2]k”] € Z.

n

Nhom cde nhan i

X - 2cosaX" + | =] [[[ X-wpe™ | X -, e ~ =]—](x- ~2uo.~;-~——-x+|].

Eo P S ETEN "
. . . . . \ . 2 a+2kT .
vii v moi K thude (0 e - 1 bidt thde cda tam thie X° - 2eos———X +11a
r
Lo U+ 2k N -
= &In” <{I Via €& T

1]

wl .
& Traléi: l‘](x3 — 2o BT |].

ked) "

5.3.57 Ciic wic chudn tac bat kha quy cha I; [1r0lng [ X]) l1a

s (Cac X - 2, vai nhitg & théa méan z, € [

o Cic X' - 2Re(z )X + 1 z,|* véi nhimg & théamian z, € T - B

Vi (VK. Refz,) < 0), ¢fic da thike X + 2, va X7 - 2Re(z)X + | 2, 12 déu o6 cdc he tir 2 0, vay tal
ca cae b tir cda P déu cang mot ddu.

5.3.58 ¢ Khio sdt trude tign trong hop deg(P) £ 0.

© Gid sir P thich hop sao cho deg(Py = 1. Vi 4nh xa da thitc P lign tuc trén khodng
F. va khdc hang, nén tap hgp P(R) I mot khodng clia [k (dinh 1y vé gid tri trung gian, Tap 1,
4.3.3, Dinh 1) khdc rfing, khong suy bign thanh mét didm. Dac hiat, P(R) 1a vO han.

Nhumg. theo gid thidt: ¥x & E, PP(O) = (POOY, viy: Yy € P(R), Pivy= V.
Nhtt Ih€, P - X* 1riét tieu taj vo han cdc s6 e, vay P - X* = 0. '
Nguoge lai, X* hién nhién thich hop.

O Tralsi: (LA Ae RIw (G L ke MU (0 ke K- {0, 1]}tk X &k e ).

5359  Xé Q—1+T xo;—n . X[x*”"'(‘x“”“).
nl

i .
Vigcahicnva: Vhe 0.0}, Q)= ZQ =2 tacé: Q=
1=

k .
e hi: Pr+ =0+ = ZC',M =gl
=]

< Tralsi: 27 - L,
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5360 XauQ=XP-1
Taco: Yhe [, ...+ L} Qky=kPk)- L =0.

Htl
Videg() £ n+ 1,100 tai 4 € E sac cho: @ = 2]—[ (X-k).
koL
(_”Jr _UH nel
VigiOy=-l.lasuyrad = . Nhuthe
¢ RS n+|)'l_[(
« ._”” "
Pae gt e + 2) = (n+ld=i(-1}
n+1!
N
O Traei LD
nt2

5.3.01 Trutmg hgp thir 12 # chén
XA Q=P-Po+l-X).

Rorimg g deg(Qy <o - | v Whe (1., ), Mk = %. 1 = {),
ek
(-n -1 LN i
Suyra{=0tirdd: PN -Par+ =0 =0, P+ 1y=Min=1,
Trudmg hop (hit hai: » 1<
Xet Q= (X + P - (n + 1- X)P(n - X).
Ro ring deg(Q) < nvi Yk € {0, ... n}, QU = AL 2R
- nok
(41+1 CH+|
Suy ra @ = 0; dac bidt -1y = 0, th dé Pia+ 11 = 0.
O Tra lasi - nénnchdn
f} nfunic
5362 Anh Xag: -k hén tye trén khoang . va khbng tridt ticu la_xi'uuj)l 50

X P - 000

thye nao. Theo dink 1§ vé gid tri trung gran C1ap 1, 4.3.3, Hinh 1¥) ta suy ra chang han ¢
Vame B PO > Q0. Th this Y € 53, PO ) > OPo) = PO > 00000,

Chu ¥: K&t qua vdn con mda luc khi thay £, ¢ hang nhitng anh xa bién e,

5.3.63 Tacé: (C + AN - A) =8

Gid sit 2, 12 khong didm cba C - A E U CL) + Atzg) = Cz0) - ALz = O, vlly (120 = Az = 0,
i (Bz ) = 0va X - z; chua hét A, B, ¢ indu thudn,

Ninr thé, cap b cda 2, trong ¢ + A cing nlur trong 82, vity chidn.

Tuong trddivéi C- A, C+ B, C -8,

5364 Téntaide B*suochoP = AH{X— X}y . Taco: !"{r|)|—/tl_”r - r;l Vit
kol b2
v6i moi & thude {1, ., n):lx —_t;.|$|x1 x4y -,\'k|£2i.r -yl tir de

|P'(_rl)| ]x-.\’,l < |af2= l—Il,\:—,l’k t=22" 1Pl
k=1

33 - b5l
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5385  Theo dinh Iy d’Alembert, P tich dugc trén C; ky higu » = deg(P) 2 2. t6n tai

H
AeC*z,..,.z,e Csaocho: P=A H(X—z‘,}.
k=1
1} N&u z,. .... z, khong déu bang nhau, thi n tai (&, ) € {1, ... #}? sa0 choz, = z, vi
P(z,) = Pz) = 0, Vay P khéng phai 1a don anh.
)N&uz, = ...=z,.taxét @ =P +1,c6 bic n. Tt cd cic khong diém cia @ déu don vi v6i
mei z thude C:
QD=0 dnz-2)y'=0z=, =120,

Viy ta ¢6 thé 4p dung 1) cho @ thay vi P: Q khong phdi 1a don 4nh. Vayvif=¢ -1 nénfp
khéng phai la don dnh.

5.3.66 1y Trutmg hopn =1

N
Ta k¢ hiéu Q = q,P - ¢)P* , ¥ = a—O.P=2H{X—xk}a‘= .trong d6 A € P* N e [,
Y e

Xpeoodly € RooXx) << xy aye L &, € L%,

n
Anhxaf: > khdvitréenRva: Vxe B frixy= e——Q(,r),
x = e P, !

V6i gia thiét chang han y> 0, thi vi limf = fix,} = ... = flx,} = 0. nn dinh ¥ Rolle (suy

rong) chang 16 rang £ triét tidu 1ai il nhat ¥ sé thue y,, ..., vy sao cho:

YV SX €Y, <L <Yy <Xy
Mat khic, vén mow & thude {1, ..., n} sao cho &, 2 2, P’ nhan x, 1am khéng didm cap a, - 1.
nén Q cing the,

Vii N+ (e -D=N+ Y (@ -D=N+—N)=n=degQ) . ta suy ra Q tach duge
ke NV Lok
ay 22

trén F.
Trudng hop A = 0 khi d6 (deg(Q) = n - 1) duge khio sét tuong .

2) Trudng hop téng quat

Ta k¢ higu cdc khong didm cha A lau,... ., vAvéimoi k € {1, ...} T, RIX] - R[X},

. . M M - M

Ta c6. chang han, v&i moi M thute R[X]:
Tye Ty (M)= (M- MY - M’ - uMY= M - (1, + u))M” + 1, M.

Né&u ky hidu g..... o, 1a cac ham dbi xing co ban cha u,,.. .4, , thi ré ring (bang quy nap):

H
T,o..o T\ (M)=M"-aM" " { .  +(¢lyoM= lzakm”" .
Y S
Vi P tach dugce trén R, theo trudng hop # = 1, T,(P) tdch duge trén R, réi 1ap lai nhidu 14n, ta
c6: T, o... o T\(M tach ra duge wén [

2 1-x"1
541 Tacé: > X*= — oyt d, bang cich dao ham:
k=0 -

-

n 1
= p XM o+ DXT 41 "X [X (H-;DH 1
2 k+X* = = . Vay: P, 1+—J=n'.
#

s (X-1° X—-12
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5.4.2 Phin thae O khong od nghigm:
NEu R # O vicF = X, i deg(F)y € 'ovin 2deg) = 1omdu thudn.

5.4.3 Thco dinh Iy d" Alembert, P tich duge rén 2o @n i A € 2% 2 Lo, & Tosao choe

"
p=i]X-z0
L

s A o | E O I
[he thi et —= LUEG = Y .
LD -ty i+
. woo Pl i T R N
Nt thid: —+—)-(——}: L_._ 1=._ & ]
20 P N2 T 2T e
i fp b (e m DG+ (o =1 1z 17 -
Ta G, vai i K thude { . k :( £ (*q ).l[r(!('): ]{cl k ‘=L7,‘
5+l iz, +11° A N

v L eb

|‘."| -1 1 !(—l :
—! +—)>(}
2 J‘(‘“

1
i thue, tasuy ra: =~ ) ———— = 2
e e 2 PN
y R S .
Neu{vk e {I‘.,...-:I..|;‘_._|c'| b L ‘:Ziﬂ < O mdy thudin,
“ 1 ||:'( + 1

Bidu nity el 10 rang £ cd it nikt mot khong didi v adun 2 1.

544 < Trdai

] | |
HY ';__r+ 4— _‘+. ’I
X' OX x-nt o ax-nT Xl
2 I K 2 1 3
b) o Tt B . 2
(X1 (X-1n0 X-1ox+nt (Xeny XA
-3 2
) —e———t

(X+nt x-1

545 O Tralai
15 32X ~32X — 40
'! '3’+ ) 1 + )
(X-+2X+2) (X~ +2X+2)y X +2X+2
| i

2 " 2
X2 odx 41 XT ed2x 41

2 I 2
X—J X+J~
4. 4 2 -1
2K XPa2X
| |
lX+ —]X+-
2" 2,27 2
X7 +X+1 X7 -X+1
Wrea . 3443 2833 -3
A TJ_ X+ J_
) ! + {y _ {y - 4] 0
X-1 X o JaxX 4 X7 42X +1

X -oX + 8+

1y

bt —

¢}

[}

X

iy

501
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2 |
IX - X+
3 3 3

+ )
NT 42X 42 2XT 43K 44
! ! X+! +2X—I

13

g)-_‘]_._r+- T ) al
¥POX (x4 X7+
2 2% #1 _
I} X+3+——]—— ——— -
(X+17 X+ X +x+1
Xt I X+ -
i) + + —+

XZ41)7 X34l XD HXEDT XD X+

- M . 2l
U X~ !
DChay: = =[l— = ] .

X+l X7 +1

O Tratei > b o ————.
;\.2(. G, (X7 + 1

5.4.6 Phep phan tich thanh phin we don gian (7THG) cho ta:

| |
\
AT -1 ~ ) | 2

(X - XTI+ (X -7 XS X

Tir do. ven o N thude T mdin N 2 2

N o N N .
s -1 1 I o 1
P — — o — -
”g(u—'l)‘n‘(n+1)“ 2,,23(11—”‘ ,,Zgu‘ 'ZHZEU:+IJ‘
N N Vol
1 i | [ |
= - —— - + -
2 ML HZ:.‘” 2 w3
1
| |
= —[I+—1— l+—1;1+l[1—+ i -
20 47 i a7 2 v
y e R 2N+
& Tra e, —————m— -
BOON-(N+1)
3 1
1
X +2 . 1
54.7 Mot PIDG choy ——— = 4 . 4 4 )
XT -0 (X-hT (X X+l
4 3 3 4
2 42 2 I 1
Medo, f — = v rong do T i = Z—-— Y—
e T - e :
cattp—h otz -l i le*’“

Ta k¥ hign P2 = X - X+

Y
’ . -1 7
o lachd —= _5_ Jrdaw = —_l—l:_‘
Py 2

o - ,(;'3 + 1
® G0 bang cieh dao hany: —_——= ) —— .
{+- koA ‘X - I ¥
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PO PP P - PEDPTD S
Py (P10 v

tir dod: =

R 14
< Tralai - — .
Y

54.8 &y < Tralai

(2 o a2 A x|

ol -1y X -1°

- R — " i
X-1 o}t iX+n X+l

, 16 IoAX—D+FAK -1 =2 X AN 1)
[y Fheo al: 7 7= 3 + . .
(X DX +1y (X-1y (X410
1 .. .
< Tra ke {f = -!Tm S9X 4+ 32XV = —IIF{H+'-JX+3}(“)A
] ]

54.9 Mot PIDG cho, vdi bk {00 - 1]

at (X +at o {1 2 ! 1
lX—cJ'('_NX--a"”]{)(—u;":} (l—u-}2 X—a*' X—u'("l ko2

Ta suy r:
Hl | 1 i i i

U= f = D -2y Y

i [.X-—ur A |X—u; b X -u
[ I I J J 0 | 1 I | ]
= ——+——|=2 + + + .
X-1 X-u X-a x-a") Lx-u® X-a"!

ot (oLt )

(- VX=X -e X-4" X-u

n

hel Y fﬂk,
5410  Takyhicw: Q=] [(X-w)=X"~1F, =ZX L p=QF, vy taos
=y :
Lon Ko TH 4

PeZIX| va degtP)<n.

- ; . ) Pleoy Pleagy o Playg)

Fieo 5.4.2, @), Ménh dé 2, vdi el k thude {00 - 1} wf =— &) = kLR £
Qilwg)  pwy" : "

tirde: whe i - b Moy = H(uf :

eNGup & | Lo, #- 1} i dithue P - pX™' cobac < i - 1L ndt tu i 50 phue Khiae nhau

limg d61 tedc w;h. viy da i bang 0,1 ds 2 = aX*.
* N&u p = 0, phép suy ludn tuong wecling dp dung cho /- nxr!,

at
ax" !

néy p =it

nfupell,..n-1!}

503
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,()
(X— X -hHX -}

a+b+e

5411 a) D6 chinh 1a PTEG cBa

1) Chon P = X? trong két qué cha a) r6i iy X hai

O Tra 18i: {ath+c)

(bh+e—afe+a-bia+ k-l '

5.4.12 Vigc sdc dinhi cie cye didm vis phdn nguyén doi L phai tich ra Lun hai truong
tigp Ly theo tinh chidn 1¢ cha n.

Truomg hop thi 1: # chan

i e s .o r  kr s R ;
Ciac cue diém cta £ laede v =1an [2— +—} e ol e - 1 ea déu don va phin nguyen
noon
r | 3
. - o - A
hang khong (e 13p 102,505 Vay 100t A, A, € 7 osaocho By = }_. - .
h “)\— Y.
Choke [0 -1} Taco: A = fim (G- 0. Cicdnhxa L8, Loy b oxic dint s

X ).\'ﬁ

VaoE L 10,00 = cosin Arclany), N0y = sing Arclanyg) kha vi (rén P wvie vl ol v thude

|
. (RIS A
Booqxp02hsn- - R 0 =800 [M—} .
\ -

"o . Sl d L+ xf
3 .SH(XL.)¥()I (,t—,(k)f'“(,V]-T'—}—y—'&_’_=——_-"’A_ -

+xy ST GO O H

urdé, vi (7 )= -

Truimg hop thir 2: 2 lé

Ta ky higup = ”—;I— .p e

. 2 . .y r kxm s
Cic cue digmcla F lacic x, = l:u{—z— +-——] e {0 L) - et bt e dey don va plian
noon

U | ]
nguyén cia K la —X . Viy tdntai g4, . Ap o yioemidy, & 2 w00 cher

n
1 Ap
Fp=—X+ Y 2
Ho proap™T %%
ke
Ta tinh cic A, nhu trong, trisdmg hop tai 1.
< Tra loi;
[ -
L 1+ . .
-— néu ke chan
i ('X—_ll. =
. 2 . kT
I, =31 | I+ x; v Crong dé: xp =tan| —+—|.
—X - néu x le 20 R
H

ot X7 K

1
q o
¢
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‘('” o
5.4.13 a)y Ton i 4. ‘( CviciXem 54020 2 g Manide 25
_k
A =__‘.'f'_
Qi
X &L
O Tra I3 -——.L.—‘
d O X - )
o i _.f'
by Vol ke [1....n). 0= l_l(X—,r} teo. thevay: X7 = Z -0,
X_“'l I i "Q{"]
rok
" _P
Chi ¥ rang he wrela X!
Q [ .
O Traladi:Ondup<a-1 1nfup=n-1.
» I | Iz }
5.4.14  Taco PIDG: —_z Ci) .t do —42 i
Q{A)X-:. (.’(;)3\—1
. . . .. 2Pz
Che X 0&n ra vo Ln, ta ket ludn: —— =0
y !Q {7}

i
5415  Takyhice Q= [JiX -z v véi moi K thuge {len), G = [Tex-z0
fa Yrom
ik

e Cho k€ { Lo} Tacd: (= (X - 20, i di, bang cdeh dpo ham . 7 = (X -0+

vy ep = Qi = [

l- e
J"—'k
. Pz,
Nhuthe: ¥k e [l ol 8, =2 - —— x) .
e
s Taco PIDG: —= z . trong dé phdn nguydn bang | vi degtf) = dept()
¢ o Q(q Y X -2,
vi P citng (2 déa chiudn tac.
Ta ky ¢y &yene. &, € T sancho 0= X 4@, X"+ .+,
Pz, X P-Q .
(2 = XP-9 . Lacsuy i, khi cho X tign ra vo tin
106 X2y Q
o P[_L"k)
- =y, -y -
: lQ(EJ\.] ) H
n Hof f‘lzk) N
Tir do: ZI.‘{. = z Ip T — = Z.’.’k =L, —, )
£ i) 'z r) o

Mat khide, ¥i 2., 2, 12 ciic Khong didm cia ¢}, ta oot Zz‘. ==y
£

it
Cludh cung: Zn‘. =y
kol
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6.21 w D

VN .
%’:Hq\ﬁ (Fm G (F e

= (FG)+(FN 1Yo Fefe - 1)
= {FnG)+{Fai)c G

P F e G
|F it o i 1=
39 VG vi 4 e nbimg var tro d61 ximg, nén o the grd (et chang han, 6 = 1
i T v S R G4 M ThE i x € Fovaton Lai g o € Gox Hosaocho x = g+ A Tasey
hov-opelb vivelvigetob Saudon = g+ hongdige G=F oG vihe ol
Prdu nay cnmyp t P e+ o ey + kI dodoote ) iesuy ra (I.m,_L thire,
3y O Traloi K=o k= FR =G =0 o=ty
Trong vidu nay: (F " dep + e Eh = 0 0 s {0y va i+ H =0 =8,
T
| Fer ('\::»;‘r-[! + G {F + 1) ‘
IRR=22R R _ . _
by 1 = lGamclt +6)nlF+11)

%‘;!::’; :(;" =Gl e (F+G)nF i

23 Chng ning trong a4y 25, e thd pid tndl, Lh‘m;_ ban, o1
(hox et +aym M + 10
Tonta (f. gy € P x Grvagf e B dfsaochow =f+g=f"+hSuyrah=f+y fTe
Nhuviy: v= "+ ho e Fohe G Hourdd sy rave Pt (G H.
Pidu do chiimg 10 (F + (A~ U+ IS F w0 o do daotin b ta sy ra dany (e,

2y O Tra ldi: Cong vi du niae ¢ ay 3,

6.2.2 Lap luan bang phan chimy. pid sir F = £ v G = E 10 @ e Esan cho v @ fovi
ve Esawchovg G ViE=F ot lasuy .y € tivave l,

Xél viwvi+rvell=Ful

Neéur+ye Fothia=(+y)-ye Fomd thudn.

NG X + v E G, i ¥= (v + ¥) - & € Gondw thudn,

Didu do chidnp (6 F = E hoac G = £

6.2.3 batr=J#.
o
L Vilz @ t6ntaid, € Lvido D F, 101 nén Fz .
2 Giasiex. v € FTén (L jy € 17 sa0 chot x € Fovivy € £ Theo gt thict 16n t kel
cho FouF, CF  Kndétaco x e FovefFoatny+yvel cl.
Y GhistAde Kove Folon i e fsaochox € FlLTaed: el k.
Nl vay, F 13 mdn kgve cla £
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6.24 O Trali: K =Ty =K F, = (00, 0OLF = (OO @D = (00D,

6.2.5 Chumg minh rang £ 13 ol kgve cla o7 ddi van ciie luat thomy tiomy.
nNES.vioe k.
DGidshf,, e . TonwA, A, € Ry hyga b 0T tang sao chie:
Yog i, (zA, = fiio=gly- iy
Yrye ', (]2 A, = il = gatx - il
Ky méud = MaxiA, A og =8, + & =0y + ek
Ae R
2 0 anyg lirdé suy ra f, + 4. ¢ FL
Vre o llxl 2 A =) + f(x) = gix) - Hx)
BGiasthe B fe Fléntide RY [ g:f -7 tang sao cho:
Fxg bl z A=l = ey Ao
Neu A= 00tht Ag, Alrtang vic Yy e ¥t 2 A = (ADio = cdong - (A,
Né A <0, thi -Ah, -Ag tang vas Wy € 2, (I 2 A = (400 = A - (Ao,
Nhuvay: Af € F.

6.26 1y « FxOvithe

« NEU (L e FRUN Ve 10, L N e = fLd) + ey = 1
dovay fi +f, € F.

o Tuonp i VA e 2 Vel Af e F.
2y R& ritng 7 oot kpve caa 7 {xem 5014,

DN Giasaf e F o thd i fla mdn da the bic £ Notnén tidu tai & + 13 thiue khae nhi
timg doi mot, vi viy f=10,

Nhur vy £ e = {0,

4Gl stt g e E.T8n tal g € (G sao cho: ¥i € {0, .., N1, gla) = ¢ta,) xem da Lhie ndn suy
Lagrange. 5.3.1, Vi du.

Puf=p-gtacdfeF.geG o=f+4
bido dé chimg 1o F+ G = £,

6.27 e XcAvaX'z@vi0e X"
s Gidslriv, 2y e X7 Ta ok
YreX v+ =ay+az=syn+zv={vennmnv+ze X
o Gidsir(d, v)e K= X TackVYre X xidy)= Aavi=Av = (Avinndn dv e X'
o Gidsilriy. 7)€ X7 Tachd: ¥x € X, dy7) = (V)2 = (¥a)2 = (a7} = ¥(IN) = (V2.
nén vz e X',

£idu do chitng td X 12 mot da <8 con ciia A.



Chi din va tra idi

M 1JCho X <Y, vi gidsgzre ¥ .
lavo: Yy el vz =121y,

viviy: Yy e X yo=1yv.

dodd e X7 Nwviy: ¥ X7,

2y G s v € X Tirdinh nghia coa X' suy r wve X' xy =y doviy vEX =X

6.3.1 Vamoi e foppe

oy =1}
(m+;‘}\'+}'11':(1<:>(a+}'),\'+(a+;’)’}‘v+(ﬁ+ yiz st la + =0 e a=pg=y=10
h{f—!—}':[i

$.3.2 Lap ludn bang quy nap: gid si 4N e 6N i (a, by € 7Y sao cho

’s’/ﬁ:?— vaianh=1.
]

Via" = B'N nén b chia hél ¢
Matkhie chAad" =1 vian b=1 (xem 4.3.3, Menh dé 2.

Tasuy rab =1, N=d" miu thudn .

Lo -2 - o - .
by Gidsiie, ff € o saocho o + YN =0 Neu g=0mi YN = -78— e -, mau thudn Vi
viy fi= (1 vasau do a =0,
6.3.3  (uy ngp theo n
Frufmy Twp A= Ol i thuony,
Giidh sif tinh chat dung véi bt a thude 1, vi gl sz, ... 2, € U Khidc nhau timyg don mdt .
Hel
Ao oo Aygy € 5 3u0 cho Z;‘HX -0 =0
ko0
el il
LAy dao hiun: Zﬁ.k (X — 20" =0 suu 40 nhan v tX - 21 ZA_,‘. (X2, KX -z ) =0,
k=t Lo
nel
Suy ra: 2'11 (X =2y )+ Zp + 2 MX -2 =00
1"]
nth "
Do z&k(X —z)" =0 néntasuyTa Z’lﬁ'(zi‘ —r X —T =0,
ko0 k0

161 theo pia thidt quy nap: Yk € 10....a}, A (2, - Ly = 0, Vi vayn Yk € (Do, A =1
Didu nay dan 6 2 ,, (X - 2,0 =0, dodé Ay =0
H
6.3.4 a) Giasin e IT.a... a, € |G 1], khic nhau timg doi oL sao cho Z;‘fﬁ' =1,
il
H ’1
nghia le Yee 1001, — =0
Z‘-‘l -4 X
il !
. " A
Choie tl....af Tacs: Vxejo 1l A=-(1l-ax T _
el Y TR
pi
L . . i
LAy gidt han Khi v 0an 16 — . ta suy ria A =10,

2
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Nhan xét : Cing cd thd dimng tinh day nhit cia dgng phén iich thimh tich cde phan uT dom

n
., - - - o )‘i
piin cla phin tnfe hitu ty Z .
.. |- (JJ;X
. i
by Ding tinh duy nhit cha ding phan tich thanh tich cde phan 1 dow gidn trong = X ) el
[ -
phan thite hita 1y O trong he thike Z L =0 viin et de . La, € [0+E] Khide ohau

P X+a; +1
timg doi moL. A, . A, £ E

i
Yy Gidsttn € 1T ape o a8 Dosaocliod <. <, Ay Ay € 5 saocho Z}.,j'l, =1
0

J1 néu i=1

r
Prac hicl: z}kff”r_ {ay 3 =0, nlumy _f'“f {u = 10 néu iz St dd suy rad =0
t1

[ap tai Jap Tndn trén, @S¢ suy rac A= A=

M Giasanell g g, € fsanclod. <<l A

Hi
CLA e T osan cho Z/‘.,-_f'ﬂl =1,

[
it
T K . o A
nghia lan Wa g &, Z’q‘i” =)
[
ol
T thi: ¥y e 0, A, = —Z /'.,-cl”' Do do khi cho g ddn i+ oo, ta <8 nhidn durge A, =t
[

Lap Lai 14p ludn trén ta suy ra A,=00A,, =0, 4 =0

) “Trude hdt nhin €1 rang voi woi hy hit han { ctia 2,100 1ad has T hitu han J, K ela: <ao
clw F  f = K. Tink doc 1ap wayen tinh cla (f g, e per SUY T8 tir it dée Yap wyen tunh cla
{Jru.h Yabv 4 K -

Do vay. gl sit (n. py € Ty a4, € Khiie niaud nmy dor uit by by e Khae

nhag timg doi mot . (A )y, € R w0 cho Z aham =

- e
AL
' . v
The 1hi tac6: Fix, v e 35 i l)tuc“’" =0
L

e ) R—R ) o _ LI,
Giasiry € L theo d). ho by dow: 1ap tuydn tinh edé <y rc 9 € Lop) SAest=n.
v ] ;
- tip P

H
Nhu vity: Vi€ 1L . ph ¥R E T, ZA,-_I, ¢ =0 tir do. van theo d) L suy i
i
Vie lhoaph ¥redlo nt oA, =0
[} Quy ve d) himg phép o bicn xf ="

3 Quy vé ¢y nhurrén day.

B g
by CGiast N e 17 4y, ., Ay € Fusao c'huz,i,”j'” =0, nghialiv Yy e oo Zj_” singx =10

il nol
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\
|
o . 1 H

iy dao hiwn: Y € Zml” o Leostay =0

nl
GUA ST (A s Ay = (O 0) vibgol a1 56 nyuyén nho nhiit 2 | saocho 4, =10, T i

0= En}_”.\ Hb sy~ aAy, 7T thudn.
Tl
al

BCho A, g vie i Yeavcho: Af+pf o f +yfefof =0,
Vil cde khai trién it han t6i cdp § tai Wn cin coa O -
s 3

k) 5 -
R B Syt fefye) = e
Jixy=x (+|2“+n(.r).(_{ fne=x p

i 4 4
Iy 4 ) oLy 5
—— X}, s )= r—— +—— +edN ).
» 1 oy fef M 2 40t l

e <o, tir tinh duy nhdl coa Khai tricn hins ban w91 cp St Tan cim O cda b Khong. sy ri

At Ay =0

A v . o I -
- _(_ e 3 =0, sau kb thye hién ciic phép tinh L se co A=zpu=v=10.
¥ a

NI

P =)
P20 10 40

6.3.5 < Tralai: kbongvifo, +f1, =2/,

636 LHGiast(f floelF = xiadniyswchof+ '+ =1L
Vil cGndn g € Godods, vi £ va G binhaa trong £ f=[ 7+ g =10
Sau do, Vi e BTl g e 6 F7 v 67 b ahau trong £ onen J ==

Pidu do cliimg 10 F, £, G A 67 o6 tong rge nép.

2)e { _f' co |=>F'+(¢.‘m;')c¢;‘
{frmilr C s

eGidsiry e Ténta f e F' g e saochox ="+ Vil Ct; nén /s GLotieda
suyrag =x-f e G vavivly g e G N GLNhu vy, v+ g wrong do f e I v
¢ € G G7, didu ply cing 10 GC P+ IGNGT).

La i nbidn duge : £ +{G NG =t

HF AP GG =R+ TGN =R+ G=E

637 LGusd{y,... .. v, ) doc (ap tuyén tinh .

o lhénnien rang: ¥Wre (1. ... it =L

I [
o (ha s (¥ ...y, }E r[ Kx, sawcho E_y_,- =0,
A

[

T
VE B € L1l o) 1dn i A € Ksaochoy, = 4,4 Vi zi,x,- = 0wt (A, doclip
i
tuyen tinh, ta suy ra (Vi € 11, .., ny A =0 vicsaundé (Fie {1 .onbov = 0y,
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N
Pidu ds cliimg 16 Y Kx; lidng trge Gép .
g i £ e g
[

Yie {le..nbx; #0

2y Ngwge lai, gid st - {< oo
» e fal ZK,r, I tng true Lep

i
il L
hasitid, . ... A4, € K" sao cho Z}.f.r, 0. VIV e Ll Ay e Kovd .\-_,K‘.- lit
I v
tong Lrye tidp, ta suy rs (Fiell....onh Ax, = hova (V1 e | [ ARER b )

Didu dé ching 1O (X, ..., X,) d6c K tuydn tinb.

H /1
6.3.8 Cho (y...x,)E 111’;‘J sac cho Z_\, SOV i {1 G koL
i o
¢ Ny true GEp. tasuy ras i E (b =0

i
6.3.9 1) Mot ho con hitu ban cia nz’.f CoO e Vst dudn dang fv, e
[
trong dé P=tiL jyr 1Sisn 1 &)= Nt N
Giasitho td, ), @ o mdn Z}t”-_\'”- =i},
G L2

w N, 5,
Vi 2‘[ ZAU- Xy 1 =0 vido|Vie {I‘,...n}.z&ja'” ek | vl L F el 160y e BEp nen
, = ]

N
Gsuy rin Wie 1ot Z Ay = o de dogietint dée lp Ty En Nt claae L nen
[
Wi [1o.on L ¥ie L Nij 4 .=0
[ I Y i ]
by Veey e, J:Z\/m(r;f):zlh; =k
el il ]
<) Suy ratira) viLhy .
6.4.1 Vaimoi.vwone T
1.l+\'+:=“ J.t:-v—-: { r=i:
l_1r+|_\'—:=(l 1(1—I)_\'=2: Ly = -+

Nhrviy Foejoio-il e iz € Thovi vity £ Lokgve cla Tl b vertio AL -4+ L
& Tra lgi: e Mot corsd et £ la i - (14 0. 1)
e dim (F) =1

6.4.2 Varie {1, 4 laky ludu g ]—I : I[-—b R
vy b .‘:_I;l\'l
Nhr vy, vadi e v thode [, et gty =1 - X gl = L+ vgydny = bogdvl =

RS rimg 1(gs, 20 d0c [ap uydn Unh va i g = 8- 83 825 801 8y : i do <y rarang if;. fop dov
lap wyen il vafi= £ fo o= H 4 e
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O Tralsi: e Motcosdetaflad, . f)
o dimify=2.

6.43 LyVamoi(e foyye

(I+_j|/:(] ’
g+y=0
o+ e+ e =0 = Su=fF=y=0
br+p a—fiy=0 B=;
y =0

vi vily (v, v, w) doc 1ap tuyén tinh va dim (F) = 3.
23 idn nhieén (x.y) la doc 1ap layén tinh , nén din (65 = 2,

3y Mo (o, v,owe, &) dde 1ap tuyEn tinh vi v moi (e, 8, 7 8 ) thude 2

a-+y =0
- =1} .
m:+ﬁ'+}4|’+cit=0<:> gi—;+§/+6=“ — G:ﬁ:y:ﬁ:(]‘
A=l

Mal khaie tir day ta cling suy ra (#, v, w) dfe 1ap tuyén tinh .
NIz vy, dun (F + ¢ 24, nén, vi PG o BN F =00
Hrdi iF oGy = ding Y+ dim () - din U+ Gy = 3+ 2 - 4,

< Tralsi: dimiFy =23, dun (7 =2, dim (F +(N=4, dun i iy = |,

6.4.4 ‘Iheo 0.4, MEnh dé o, F o6 i nhdt mot phin bu 67 wong £

kgve F(luomy dng: () co it nhit mé cosd A=, ..., £ pz ] (ummg ing: =080 L. g0
gzl & =0 e g gy hvat = Veel ()

1y Ta chimge nunh: F e’ = {0,

tl if
Gidsltve FoGu Tt A A, e, € K saocho v = i).“r} = if] a0+ Z;:j,s:j .
r=1 2

4 if
Khi dé: iﬂ,f, —mf = iﬂjg;’ e FmG;={0). nén Z-“_:’-"’j =0, sau do vi ¢l dac lap
=1 PR il
tuyéh tinh, nén (Vi € {1, ..., g}, 5;=0). dod6x =0

2) Tachimg minh: F+ G = E.

- L
Choxe ETontai A, .o A, gty - gt € Ksaocho x = ik[j‘- +i|lfg i -
- il i

r
Khi do: x =[(ﬂ.1 =0 +Zl,-f!-]+ i+ Hi-";‘-?_ﬁ eF+.

=2 j=2
M Tacdf +g € (7, vaf, +g, & € vinduwdi lai th: f, = ¢f + g,) - g, € (7, mdu thudn .

Do dé: 65 =G,

6.4.5 Sirdung: dim ) + dim (€)= dim (F + G) - dimi tF A (9D .

513



Chuong 6  Anh xa tuyén tinh

6.4.6 Vi£F x Fhitu han chiéu, nén £ x F c6 it nhat mdt ho sinh hins han {x, v),. .,

"
Choxe E Vi(n0ye Ex I, nénton tai (A} ., , € K saocho (x.0) = Y 2,053 . iz do
il
N
Uy TR X = Zz‘t,-x‘- .
[}
bidu d6 chimg 16 (x;);. ;. , sinh ra £, va do vy £ hiw han chidu .

6.47 1) Kyhidwe: Ro>R ,s: Ro>R tact: Vie {1, 23], f“; = (cosg; e — (sinu, b

Y= {ORT R LR

U do suy ra Veet(f, . fu, S 1 € Vect(e.s) vado vy rank(fy Ju, - fe 152 -

3

2y Vi f, =0 .taco rank(f,, Sy a2

3) Hangeta (f, . f, - fa,) 12 T kluva chi khi f, va f, dong phuong v 7, . Vit odoc
lap tuyen tinh:

[cosas = Aeosay |

{fa,-£a ) P thude tuydn tinl & (31 € R.e‘ cine = A sine
- | b i a - 5 £ ] !_i

\
S COSUSING, = SINA,COSE, S Sld. - &) =0 S dy - a) € 7.
I nfuias —aj.uy —cy ) € ln‘Z}3
2 lai ;M | <13 1
<O Tra loi ) 5 -
2 ndulus —a.ay ~ap )& (7L)

648 1)=2)
» Ta di bigt rang # 13 mol ho sinh cha &

* Gid sit & 13 mot ho sinh cha £ sao cho § < §F. ViFhitu han nén & hitu hgn, Vi & lahdu han
vi 12 mot ho sinh clia E nén thee 6.4, Ménh dé 1.3, Card (4} 2 ditn (&) = Card (F).
N N e ..
147 Jnén 5 =X
{ca.rd(g) > card( #} nen i

2y=1)

Lap ludn bang phan chimg: gid sit @ phu thudc tuyen tinh, t6n tai x € F sao cho v phin tich
wyen tinh duge irén F "= #- {x}.
NI vy # 3 mot ho sinh c@a £, F* c #. F " # 7, di¢u nay mau thudn véi 2).

ly=3)
o Ta da bidt rang #doc 14p tuyén tinh
o Ghia st £ 12 mét ho doc 1ap tuy@n tiah clia E sao cho A< L. Theo 6,4, Midnh dé 3, 1), £ hitu
han va Card (1) < dim (£} = Card (A .

Ry
'

in L=F
Card{£) < Card{ #)| neén L

= 1)
LAp ludn bang phin chyng: Gid s Fkhong phii 12 ndt bo sinh cha £, klu A6 tdn i v e 7 osao

che v g Vet (A, Nhu vay ho F xac dinh béi #° = F v (x) doc 1ap wayén tnh Ao A7
7= A dido nity mau thudin véi 3).
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6.4.9 o) buge suy rati phép ching nimfy cha 6.4, Pinh 1y - Pinh nghia 1.
b) DS i dinh 1§ vé co sd khomg ddy di. dang y&u, 6.4, Pinh 1y 2.

¢y Theo a), tén tai mdlee 56 4, clia £ sao cho 4, C g Theo dinh 1y v co sa khong day di
tdang manhy, cé (he b sung cho £ nhimg veetd thude A, (vi vy cha ¢) dé nhan duge moL oo
sé A, cla B Ilidn nhign lace L A, C & .

Yy Pugre suy tir ey dp dung cho L0 g thay vi 5

6.4.10 a) e Tir dinh nghia cla A suy ra A 0 kgve ela 7 - kgv % smh bén o

4 = (1.V2.43.46)
e [Lién nludn rang . Yia. fhe {I.\E.\E.Jg}: Laffe s

Do dé, 1l tinh chat - toy@n tnh suy ra; ¥ix, ¥) € A7, xv € A,

Theo 6. 2, Dinhb nghia 4, A 12 mot dai s6 con cia - da <6 1, .

hyChasiia, boo,d) € ”.'."j“ a0 Cho o + a2 +(‘J§+d\fa =1},

Il(t+b\(5): =M +d\{5):

Ta suv ra a L wsan dd, two Bhitap 6. 3.2
1{(: +I'J§)_ =2{}'J+dﬁ)‘

ia: +2h° =% —0d” =0

~ a4
m’: = 3('{! ) i . suy ra J a” = ()d”ﬂ
d” +3c7 =2h" -0Od” =0 \ T =3t
e = 2hed

5
Vi 'Jg g o Vi /= @ e oviin theo b Gpteen, taduoe . a=d=0vab=r=10
g 1' 3 : t $
Bidu ds chitng 164 doe lip luyén tinh.

Vi, theo dinh nghia cha A, Jsinl ra AL nén F 13 méi co s& eda A vadim (4 ) = 4

D Gidsix e A-10F . Vix e ' v eé mat nghich déo trong 12, k¢ hidu ' Ta chi clin phis

chitng  rang x”' € A TOnta (@ b o, dh e TP saocho x =a + B2 42+ d\{a‘. Ta s¢ Llinh
v’ bang cach dung cic "lugng lién hop™.

Hién nhign (a. b, ¢ ) = (0, 0, O, O3 Vi viy. theo by, (a+h\/5)—(r 3 +d\/a);t(:.
-1

- a+,8\5
B =2ab-~6cd.

nén X Ltrong do v = ta+b\51—(r'ﬁ+d Gy, a=a +2h7 =} —0d”
Vi a+ ,8\5 # {0, nén nbat thidl (e f = (0.0), va do vay vi (L.JEJ déc 1ap tuydn tinh | nén

a—,{)’JE#O Ta duge : X! =y(—cf_—€~‘[_%-1621.
a” =2p8"

O T -1l
4 4 4
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cac bdi tap chuong 7

7.1.1 Ly G i fiAy C fUB), vivgid s x € 4 + Kergf), Ton ke € A viv e = Ker ) sae
e x = w ko Vi flay & flAy C filhy nen tén i b € B xao ol fla) = fil, vitdo doa - b o
Kor(fy, Kiidos v =h+ta -+ he B bt one Kergf) trdo suy a8 B+ Korify,

La kSt hudan © A+ Ker() © 8 + Kerif),
23 Ny lai. pid st + Ker(fy © 8 + Kentfy, vivgiisay e . Pinwia = A s choy = flen.

Viae Ao A Ker(f) <8+ Kerf)onénion b e B vav e Kergfi saacho o = bty Way
v=fth+vy=fiby + fivy=fiby & il Ta ket Juding frA) < fiddh

7.1.2 Giast A e Koaoa € F.olanco: (a+ Aa' flay + Atayy = ta fran + A’ fle'y & 1
Do do, tie tinh duy nhil cla phin o e cia F osao cho ta’ + Ao’ )= G taosuy T
fray + A fla’y =fHa + Au')

7.1.3 1> dang chidng mink tnh chit wySn inhcda f.
H ‘

Véimwl = Zc:l.X thude X1 e
[N

M

] . L
=Y Xt - XY kXt =0 Ky, X*
Pl P

PN

s e Kefre (Vhe (0. it (] -k = iV A 0 onp- e = 0nde ik
Ker f= X,

o Tnif = Veot (X dpe oo vis Pk e LA =0 - X
O Tralsi: Ker(f) = EX, Inf = Veet (XD, 114

7.1.4 Trusc bt VP e EP-P e k.
D2 dang ching numbs tinh tuyen tinh cla f.

BGA s P e B -0y videgiIhy = (\\:%U"), et [P - P O Pada do chidng W Keri ) = 104
vivdo vay f i don dnh.

G saQ e £
o CHA SO E8N i P € £ - 10] sao cho i = Q. Dat p = degt) = deg((h vit iy dao hane

P=-F+P. Q=P P 0= SR P o da bang cdeh cong Hme v sy
VRN I AR o ¢ el
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degi(h
s Viytasédlanh xa g > Exdc dinh b - V0 e £ gith = Z Q"“ fvip gty = 1)

i

Staen

i
thé K¥ hico g(()) = ZQ‘“ - Hién nhitn g tuyéh tinh, vi:
Lo

VPeF (go MM =g )= -+ ("-P"y+ " - p
YOEE (fogl( =10+ 0+ 4 (',

=(Q+QI+"'+Q““]‘-(Q“"Q”‘F""f'@l”‘“}TQ-
trong di s = degP) = dep( ()

Bidu da cliing 16 13 mot w dang cau cha £, vag=£".

O T voer ;=Y "

L0

7.1.5 w) Iicn nhién
by Tinh tuydn tinh coa ¢ 1 hicn nlncén

NB¥fel. feKendh = f'=0afeilnurongdal: B> 1

Vi |
2yeGidsltyg e intg), fe Esaochog= @ =/".
- - - - 5 - e '
Bang cdch iy nguyén hiun, tasuy rarang Bntai A € ¥ saochior Yoe 7, flab=24 + .I;. glride .
T
Vi f1a - tudn hoan nén: 1) = fO), Lt des Suy rit L gltxir =t |
T
® Neuoe dai, gid sit g € F seo cho Ig =0 . Xétf: R—oR
fl \'l—}ﬁxunlr
Ta bict rang fhude 16p C7 e Ko, vif "= g (xem Tap 1. 6.4.1, HE qua 1)) 1un nise

o 0 T v 7
Yye i, flx+T)-flx)= _“: git)ds =_|‘r_s:{r)dr+£, Linds +L‘ glnde .

T d g ?_ d 0
["::”—- j-“ () 1‘-!—_[rl e+ THdr =0,

didu nity chumg 16 : f < &

-
O Traldi:  Kerig) =, lmig) = {g € i-,';J-” et = [}} .

7.1.8 Theo pid thict: Yxe -0} A € K. fix)= v Nhe vity chi cg’in'chimg 10 rang A,
Khiong phu thude v . Gid sir v, vy & (8 - {0))

Iy Giadsie v, vy doc 1p tuyCn tinh .

Faco ‘;i:, : :: i fi(jrrf:“}]: Aeredyy drddsuyra A, A v+, —A v =0,
vivdo viy AL v - A,o=4, ¥ —,T._\. =1 A, =4,

2% G s, vy phu thude Tuye@n i,

Ton i g € K- {0 sao cho v = o, virta el fiv) = gfta) = alxvafivi=Ay=sdearnind =2,
Dicu do chimg t0: 32 € K, ¥y & £ - |0}, fln= Av. Cudi cimg:  fiy=0= 20,
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7.1.7 Quy nyp theo #
Truemg top # =1 1 ldm thudng

CGid sit tinh chit dang, véi mot » thude F 1, vivgid sir 2, L ... &, € K khic nhau timg dai mot,
N,=Ker(f - Ae) 1212 a4l

Rl
Gia ST (X, e, &) € N % oL N, 530 cho Z.r‘- =0.
il
1
Tac déng bang f:0= f(0)=f1 ¥ x; Zf(r )—Zﬂv, -
f-l
nt! n+l
K& hop hai dang thitc : 0= 3 A;x; = Ay Z x, = Z(f’ = A
i

"
Vi ZN,— 1 téng true HEp, nén s Wi e {1, ., nh (A4 - A 0n =0,

i)
"

WL VIYi € (Lo b A= 4,0 men: Fie {1 np.x=0vitcudicing s v,y = —z x, =1,
r

Pidu dé ching o N, L. ... N,,, doc 1ap tuyén tinh.

7.2.1 ) D& ding.
by O TrAlGE w o ¢ > E . pow =1dg
xsf o fun
¢y Hidn nhién o @ khong phin L dem dnh {vi (@ey )1} =0}, Khong pludd 14 1oan anh ivi
1& Imiy =)
O Tralai rpla} toan fmh\khi'ﬁngl‘ud(.m a’nh
w la dondnh , kidmg 4 toan inh

7.2.2 Vi {(ae+g)" = ¢, nén bang cich kKhar 1rién theo cong thie nhi thie Newton (¢ va g
giao hoidn duge viéi nhau ), ta duge

|)¢»+ZC wE gk

Viy néu ky higo # = a" FeF 1 thitasdcs: gou=nog=e didudochimgtd
2 lasong anh va g’ =
O Tratsi- g7l = Kat Fgt

#r
7.2.3 V& moi (x, ¥). (X, ¥y thude £ = 173

_ y+givy=X x=X-gl¥)
@(.r,_v)—(X.Y)@{ voY @{ yo¥

Viw: FxF s ExF tuydn tinh vi wo@ =goy =Idg ¢ . nén la ket ludn rang ¢ L mot
(XY i X gl

tyding ciucia F x F.va @' = .

7.24 Ta c6 fo(gef)=(fogiof=ecof=f, nen : fo(gef—e)=0, vi sau do

fo(gof—(»+g):fo(gof—(')+fog =feg=¢,
Mo da. theo gid thigt tasuy ta: go f—e+g=g . dodo gof =¢.
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3—1
7.25 Giasud,..... A..) € K sao cho i’lifl =10,
i=0
.4y ham hop vai f772, tasuy ra Ag =1
=1
Suu 6 1y ham hop véi £ trong )uif‘ =0.tasuyrad, =0. ..
=]

7.2.6 Anhxaf, von 12 tuyén tinh, 12 don dnh khi vi chi Khi:

n \
|- GRS U I O SN S S [z.t;- =0=%refl...nbx, = f]J .
i

nghia 13 khi va chi khi £, , ..., £, d@c 13p tuydn tinh (xem 6.3.3, Pinh nghia 2) .

7.2.7 RS rang fuvén tinh.
H
Wi sty e Evify, ... v e I, x .« b saoche x = Z_r,- CTa o
il
L
re Ker(f)y«= Z.{}(_rf Y= (Tie (lo.nt fiix; N =1
il

H
= (Vr {l.nhx; e Kerifi))e xe Z Kuer(f, ).

Lol
H
1 o suy ra: Kerif)= z Ker(f;) .
i1
L i
o nira, vi (Vie |1, ..onl Kedfyc B v Z!;‘,- Ia téng trye tidp . nen z Keri f; ) latdng
[ il
ryc Li&p.
by Che vy € Imgf ). Tén @i x & K sao cho v = flx) vy ... vire kv . w B saocho

N i} il
x= Zx, néntacé: ¥= Zf,—(x,-}e Zlm(f,-) .
il i 1=l

"
Fa cluimg minh phin dao theo cdch tuong wr . do do: Imif)= Z imif;).

=1

i "
Hem nia, vi (Yie (1, .. ..nL Imif)) < ) vado F; 1a téng tnue tigp . nén PN TARE
i £ B 2 mif;

i-1
LNy (rife tidp .

i

7.2.8 1) Chox e Ker(f). Tacd: f(g(,r}): (_[ og)(x) = (gof)(,r) = g(f{xj].—_ g0y = 0, vy

g(x) € Kerif )
Didu do chiung 13 Ker(f) dn dinh déi véi g.
2) Cho y € Ingf). Tén i x € F sao cho y = flx), v ta cd:
2w = i) = (e Sho = (e gk = flgea)e imisy.

tucu d6 ching 16 rang T On dinh véi g.
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7.28 mevael {veKeryofne (gofhrnr=0elfin)=0
e vy e Kerg) e v g [ iKergnn
o ViKerted 2 10 aed Kerdge fi=/ '{Kur(,u)]D I3 Loy = Kot
hye lmige f)= (_g of')(,';') = _u[f'(!‘_'}}: g(lm[_,f'}],

e hoige f)= g(lm(f}] o (= I,

7.2.10 1) Giat 50t Ker{g o fi=Kerifre fr .

Cho v Inf) e Kerfgy o tad v e fsaocho v = flxg viegiy) =1 U dd suy a Qifivh =0
Nhaviy ve Kerfgo fi=Kerthe S dodahim= b fovy=0 v = Kendn.

Bicu do chimg i Tmigfy Rer(g) < Tty ey Kerghn Var eond® sy cla g va b irang p el
cho phép ta ket Tuan i ed dang e,

23 Nguee L, s Iy o Kerig) = Togfy o Kerehy

Clio ve KRerige f3. Khi d6 fiv £ Tnfy o Kertgy = Tndfy o Kerthe v vy ftfian = 0.
ve Kerthe f0.

Pidu do chitng 10 Ker{g o ) C Kerih o 1 sawda, van iy dén simg cua g vl cho phidp o
dang (e,

7.2.11 Wy Véimoi v el e

o (f+gko=flotaney

o (ifko=Adfney

o (gofko=glrn)eyv

by D& dang ching minh bang quy map theo w, bang cich ding a) (ge f) .

¢y O Trdlgi: £ = BF jcde ludt thong dukmgy 72 F = & trong do finy: R = B

M f (N1 T TR

VzluweliVee B_,wixd=10}.

7.212 Lap tnan bang phin chimy: gia sGon i o & K - {0} suo cho g = ap. Khi dic
ap=G=g° = (ap)y = @p = @p  Wdosuy ra e = of, @ = Nog = pomdan huan,

7.2.13 Che x € 1. Vix - proy € Kerfp) = Kerfg), adn fa ot giy - playy = 0 suy 1a
glar=(ge oy, Viopog o nhithg van (rd don xumg rong g Hich nén e ctiag ol
pley={pegiad, dodo pv =gl

7.214 1) Néu pogzqop=0 i« (prql =p- +pogrgopry =p~ +y™ = pg .
nén 2+ g laomdt phép chidu .

20 Nguoe Jad g st 4o 0ot phep ctacu . lacei
pg = (fr+eg) = .f'". +pogrgop gt = pEpogtgen iy

e pog = —gop. sut O peg=—peigepl= —tpegieprigeplep=gep v o de
2;:1,(!:2(':.:;):(!, proy=aqop=1L

521
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7.2.15 (i) = (il):

Taco: fof=folgef)=(foglof=gef=f,vawongly gog=g.

Gid siry € Imgfy . Vi f 12 mot phép chigu: fix) = x.

Sau dé: v = f(o) = (g oka} = g(f(_r))e Imig) .

Nh vay: Im(f) € Iin{g) .

Vai trd d6i xdng cha f va g trong gid tist cho phép ta kEt Judn rang o6 dang thie .

(ity = (b

Gidsttx € £.Taco : fix) & Im(f)y = hin(g), do dé vi g la mot phép chidu: g(flo) = flx
Nhuviy gef=f . vituong g, feg=g.

7.2.16 Jyeite f

o NCU A e K va (. f e 12100 i (1, ) € (AEY saocha f) = e p Vi
fo=taop lrdd sy ra A + fo =(An +uadepe L.
Endo do chitmg 6 L Lo mdn kgve el L8 .

Ap cung kel qui niy cho phép chidu ¢ = @ - p, 1a S8 suy ra rang M clng 13l kgve el 45,

T.217 Ay 1INGu fog=ldy iflawandanhvi: ¥y e F, y=(fegiy)= _!{gl}‘)} -
23 Newuoe lal, gia U 1 oin danh.
Kgve Ker(fy cOa £ ed it nhil mot phin b H trong £ £ = Kenh @ #H .

Anl xa @ FF— In(f) 12 y&n tinh, hién nhign i oim dnh, 1a dom dnh vi ndu x & A thoa
i

min =0 thiv e H o Ker(f) = {0} viviyv=10.

X&t anh xa tuyén tinh g0 F = Indfy = E duoe side dinh bd: vy e Flogivy = ¢t ov).

Tacs: Wyek, (foukvi= f((P' 1(“#)):(0(_(9 't(_v))z viodovay feg=Id, .

by 1N e f =Id g, khi d6 f1a don dnh vi: Vx € Ker(f), & = (e S = h{f 1) = A= 0

2) Nguoge lai, gid st /3 dom anh., Kgve Inf) cua F o it nhdl mot phi bi £ trong
F=Im(fy® L. Vifladon dnh, nén nh xa tayén tinh ¢ £ - lm{£) hidn nhign 1 song dnh .
= fix)

gy |
Xét danh xa tuydn tinh e £ — £ duge xde dinh bog phép din vyelnif). ay) =y v
’ Yyel hw=0

Tach: Yrel, (li o _f)(_t') = hU'(.\'!) =i '[_f(x}) =x.vivay hef=Tdg.

7.2.18 ) Ly NEudn tal i & LF (hsavcho g=hef 1l
¥ e Kertf). giay = A(fiayy = i = 0 L vy Ker(fy < Kergy).
2) Newoe L, gia st Kerf) < Kerig).

Kgve bl cha & ¢d it nhit ot phin bo L trong F 2 F=Tmh &1,
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Gidsity € &, 1on i (20w € Imfy < £ duy ahdl sae chio v = 2+ o san dé on s £ Fosao
cho - = fivy

N vy a € 8 hoa min 2= fixg) = fixg). Wi, - X £ Kerff C Kettghoviviy glag) = wtaa) N
vy phin 1ir g} khong phu thude viw wich chon v irong osan cho 2 = fivy a2 eadinbn

Xoldanh xa B B 6 dige X dinh nine viy.
Vvt

Noude Ko ov v el el woe Lo man v = fln) 4 u vy = fivy 4
Av+ v =ftdv+amb+ (Ao 40y, vi vy Ay +x ) = glder v = Auvoy+gicy - Ay = vty
Pidu dé chimg 16 A fuydn tinkb.

Coteung o Yre b (J'; ° _;')‘_r) = h(,r"l,\')] =l Ab VY fref =y

1) 1) NoU G0 i k€ b Fysaocho g = £ ok Al vén o thude £ gty = fikivyy € hingfh
nen Ined < I,

2y Npuoe i, pidsir ey B Khang gian secio con oot il £ v i nhdd oL phiin
b A tromg £ F o= Kerdfy @ AL Cha st v 85 Vo eds et & linegy = Bmgf Visdy, 1Wm
vz Fosao cho govy = Jiv), ronon L w2 Ker(f1, o € fl=ao oy 7~ 2

Tu chimy W rang = Khong phu thuoe cach chon v rong FONGIL v, v R fthoa i
plxd = fiv,) = flvy v, iy € Kerf), 2, 7 2 P thdaomdn vy = 1, + 5 LT e )
V- vy e Ker(f) vivdy DLy - S Eyy Ve (- Har e Kooy JE o dodin =20

Xétanh xa kB - # duge xic dinh olar vy,
R =

Nipde Koy el vy e Fsaocho iy = fiv), glv )= fiyTh s da e Kergfh.o.o e
swrchoy=w+z, ¥ =+, e

glAdx +) = Agly) +alxy = Ayt S = FUav+ ) vt Av+y'= LA+ +1Az+ )
lir do suy T kA + 371 = Ao 4= Ao +kix' ).
Hidu do chimg to & uydn tinh.
Cu@i cing, vai cic ky higu trén

Yy el, U okl.t) = f(k(_r)): floy= fiy—ud= fly) - flay= fivy=gta) vy feok=x.

k
{. === > f
.s:\ /f
0

Nhan xé1 : Bai @ap 7.2.17 1@ ol tnuimg bap dae gt et biv 1Gp 7208 Kl ta lay €= va
p=1Id,.

7.2.19 RO rang rang:

o e JE PN Yy e U560, o f € LUEAR)

o VOi mon fhuoe AELE), @ () ydn unh, vivity gif) € Al Ghoth i)

o fuonp i Yy e Af LG wid € FIVAY AN NI T AN P

ay Ty Neuf L wodn dnlic ti Kerd g =g e afl i F=luficKer(g)t =101 Vivay @)l
doninly

523
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2) Nguoe lai, gid st @) 1a don dah. Kgve Ingfy clia /7 ¢6 it nhdt mot phan b £, trong F
F=ln(h @1 Gid sl = {0);16n1ai v, € L - {01, 180, kgve Ky, clia £, cd it nhat mot phan bo
£ wrong £.osuo cho £ = Inff) ® L' ® (Kvy).

Mal khie, vi (G # {0}, nén i6n tai 7, € Gsaoche z,# 0,
Xt dnh xa tuyen tinh g 1 & = 6 xie dinh béi phép din : {V_v & ImfI®L ¢(y) =9
gl =2

Khidotacd {g(/3Ng)=gef =0 vag=0, mau thudn.
bidu dé chimg 10 Ty = F, vi viy [ i toin dnh .
by 1) Gia sa f la don anh.
Vi mei b thude L&, (), ta oo Ker(f ) = {0} < Ker(/), vi vity (xem bai tap 7.2, 14 a)). 16m 1
g€ UF, Msuocho h=go f = (¢(f}](.k‘).
Bidu do chimg 16 #(f) 1a toan dnly,

23 Npuoe lai, gia s ) 1a toan dnh,
G s Kerify = 10}
60t 5, & Ker(f) - [O], 18 kpve Kx, cla E ob it nhit mdt phin bl trong £ 8 = (Kx) @41 Vi
o= |0, W00 L 2, € G sao cho 2, = (.
Jhivgy =z,
1‘?.\' e ff. Mx)=0
Vi@ lic wan anh, tOn tai g e AR G) sae che h= (¢(f))(g) =geof ., do di :

o =an) = (g o _,-"](_\"-, }= ;:(f{,\'r, }) = (0 =1, mau thuin.
Didu dé climg 16 Kerify = 10}, nén £ la don dnh.

Xt anh xa wydn tinh e £ — Gxde dinh bt phep din

¢) 1 Giad sir g 1 dom anl,
Gid sit f € Kertyag, nghia la: fe LE. Fyva () f)=gef =0,
Khidé: ¥x e £, gifto) =0, do do. vi g la don dnh : VYye b fixy=0vidovayf =0,
idu do chidng o KerqpA(g)) = {0}, wig) 1a don dnh.
23 Nguge lai, gia st g1g) Livdon dnh,
NEu g khong [a don dnh, 0n tai v, € Ker(g) sao cho y, # 0,
Vi K 2 {0}, 1én tai x, € E sa0 cho x, = 0. Kgve Kxg clia E ¢6 il nhdt mo1 phin b /£ trong £
£ = K D H.
Yxe H., flx=0

X&t dnh xa tuyén tinh i E — # xdc dinh bini phép din {
flag) =¥y

Ta 6 {Vxe g [X0=00)=801=0 g0y op o,

(go fXx)=glyg)=0
Vi {qf(g)}{f]:gof:(} va vi vay pag) W don dnh, fa suy ra f = (0 mau thudn v
fixgy=y, =0
tndu do chang 16 g 1a don dol.
dy 1) Giad s g 14 toan dnh.
Vean moi & thude 45, (). 1a od gD < G = Iing), vi viy. (xem blu tlp 7.2.18, ). Lon L
£ At Fysaocho = go f = {p@f) .
Piéu do clumg 16 gag) 1 win dnh.
2y Npuoe lai, pid s g4 g) §a toan dnl.
Choz et
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VIE # [0} 180 lai y, € £ saonchoy, =1, edi kgve Ky, el b7 o it nhit mot phin b H Trong £
. e [wye H o=t
Fo= (K @ 1 XSt anh xa tuydn tinhy B £ — G oxae dinty bin phep Jdn :ﬁh{l\ - e .

Vi
g} i tan dnli nén on ' f e A Py saochod = (ur'{ﬁ!}]'.f) =y ).

Viviy oo 2 = Mxgd= (‘s" o f)(.r[_. )= ,u(_f{,\',_, ))e fmie).
bidu do chimg 0 Yz, € 5.2 € g, vitdo do g b toin anh

7.2.20 by = (ii):
Gid =i 160 L f € ZF) sao cho Im(f)= Fva Ker(fy = (7.
Kgve € cla £ ¢ it nhilt indt phén b ff trong I 2 =0 @1
Xet dnh xa tuydn tinh } Cf S b la han ohE cha fren tap nguon M.
e fL
Of L dom dnhy, vi ndu v e H v _F(.\'} =0, v e HAG={0)vivivya=0
. ',f" Loy (i d@ni, vio vén migi v thude #F= hingfh, 10n L ¢ € F sao cho y = fif). s do ion ty
vy e Gx Hsaochol=n+vovitlacady = fin=fun+ flxy=finy = JT‘{_.\'} .
Nhuvay £ 12 motding ciu wrif 1en £
(i) = (i)
Gist <00 100 i mét phin it H e G rong £ sao cho /1= P Wity 1 ot dang ciu g -
fgve . ftar=t

e . . . i . . [

Gaa sir {0 8 — F Erdnh xaouyen tinh xae dinlt b phdp din s < .
s f A T : Rl IYve il Jivi=a@xl.

RO rimg, It = kmig) = F vie Kertfy = 61

Nhin xét : NCu £ hing bign chidu, i didu kidn (i) tuong duemy vou dinigdy + dimieds 3= dung B

(xem 6.4, Ménh dé o).

7.2.21 WKy higu it £ s By F = F

i B F
I cde dom dnl chinh tae, ted: ¥f e Ld . l !
. C e e R : #if v
Gy = jo fei tit do dd dang suy rarang ¢
o boe—  F
tayén tinh. f

by e Vi mwife 4E F):
feKerd) e jofeiz=li foi=le Imiiy s Keri fy e £ Keri [}
» 3 Gidsusd [ € Ing). Ton wn f & 4L F) sao che fl=dify=jofei
nén: Yy € ELf )= ), vindo do: Imif Yy k.
23 Neuoe lui, gia sit f* € A, F’) sao cho Imif yc r.
Kgve £’ clia I ¢6 it nhat mét phin b (7 frong E FE=i®

Xét dnh xa luydn tinh {2 £ — 7 xic dinh bivi phép dan < {:: Z f}" J’:E:: z ": ()
Kinds: Yae £, (jofeikn=flo=1t0.vy f=jcfei=0lf).
. |Kerg)=1{f € LIEFr.Ker(f) D E)
£ Tra l8i:
ra e {lm({b}: (fe L F O Imif e F).

7.2.22 Kave Ker(f) cda £ cd it nhilt mat phén b G trong £ £ = Kerlfy ® (5.
(hi st @0 G — Imef) . Ta chimg 10 rang @ 13 ot ding, cdu Khong gran vecwo (xem 1 gid

v fla

el biu tap 7.2.17. @k
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Kgve Iy cha £ ed it nhil mol phén b £ trong S50 1= B¢y @ L Xétunh Xa aycn hnh

- v | .
g 1+ — B xide dinh bai phép dan - J¥yelm(fleiyi=¢ (V)
; : Vve L.glyy=10.

Tawh:
ey e £ (fogo fH0=flgui)= [l "(fvm=gte T(flam= {0,
vty f oyo f ={.

. JV_\' elm{fhigo foghyi=(ge /He v = gletp (xim=e(v) cnlursdy ye foy =y
IV_\;E Lagoe fegiy)={(ge fHa{yn={(go fHUY =0=yly

7.2.23 ) C6 th nhian xét rang € khde rdng vino chva phep cligu en £ song song v £
Gia it f e (L VI i) c il =15 nen by G dinb doi von f2 Ky hidu [0 Ao — £ G dong v
el £y cam sinly b

1y £ Li don dnh.
Gristen € £, saocho o = Khndotaed ve Bovan s Kertf/y = F . ndny =t
Bidu dd chumg w7 L donanh,

237 1A todan dinh
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{BX -AY =1, LH-—AH Lax =1,

O Ted ol (B - AR'AY ., -BAB - ABTAYD).

ey {2 2) (20
saar o as(l 0} a-(2 7} =2 0).

NEu (X, Y, 23 thich hgp Wi AC = (XY)ZX) = X YAX = XBX

Pat x=(f :’] t oo

(2x+vRy+s)=2

y+r=0
AC = XRY <= -sz+-‘l)(}+”_“ =2+ v+ =2

22+ +21=0 (ZzH1HN +2) =0
(20 + 1)y HO =0

]}'+f:{l ]::—\
a2 yHe+)=2 S xFI= 24,
\2(“.*_2}3 - R \2.\'+_\‘= &

trang dé =1 hoae -1,

X £-2y
Nhgviy: X =
v (28—.\' —-£+2_\']

Ching 18 ring X kha nghich khi va chi khi 4o - 22 0.va Khi Jax - 2 = (i -

v | (—s+2x —&+2x
der —2 281X )’

x  E-2x ] —g+2x —E+2x{€ £
O ek toi: {([25—,\( —x+2x]' ?.'Ex—l( -f+x x ][E 6]]

(g xye {-1. 1} xvit2ec- 120 }

X

8.1.18 a) R6 ring dnh xa £ M(K) = M(K) tayén 1inh va £ = Kerg), do vy £l keve
M— M5

cia M,K) .

by o) Nhan xét: ¥A € MK (A e F o AS=5.

Gid s (LR € FE ThE thi AS = Sva B8 = S nén: (AN = ABN) = AV = Sovindovay AB e P
B3 Gri st A € F e GL KD Tacor ATS = ATANy = AtAs=Snen Al e

8.1.19 ay (1, + K, - ¥ =1, - £, =1, xem ban @p B Vivay 1+ L, Kha nehich vii
(1, + Ly'=1 o xem thtm 8.1.7,

by Cho 4 € MK san chor P € GL, K AX = XA
NG TIeng. véi ol (4, ) thude | l.obPsaochoizj: AL+ b y=1,- L.

viv vi vy Al = LA
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Pat A = ey )y - lach:
a); 0
Al =0 1 0 L kpaslay oo ay | himg i
Ay G
T
cin thi §
Suy tadg, = ¢, vive, = 0 vindo viy A = @ E
o D& ding suy ra phin dio,
< Tratai KL,

X

8.1.20 Xde dinh KergM ). Cho X = e Mg, (2) Tack

" oy

Lexy +hya +o b by, =10 |{u—h).\| +hix o a, ) =0
XecKerlM et =
ha +has +odar, =it l{u—h]_\'” +hia, ot 1)
Truimg hgp a = A o thd xdt oS dang.

A E =X
(@—h+nb)(x) +-4x, =0

[x

Cid thidi g = b, Taco X e KerfM ) < %

eNGha+in-Dh=20i:Xe KerlM, )<= 5 | = =AY ey = .= x, =00
: lxy 4ot x, =0
KertM, 3 = 10}, do dé rankeM, 4} = .
eNCua+ - Dh=0 i Xe KertM, ) = x, = ... =4, viviy dim{KertM, ) = L, nedn (Lhee
dinh 1y v¢& hang) @ rank(M, ) =1 - .
n ndnazhvaa+in-0h=20
e Nad . _qn-! nfuawbvia+in-hHh=0
& Tra loi: rankiM, .} = -
' 1 nfna=h=0
0 nfua=h=1

8.1.21 a) rank(A) = 4 & rankie ) = dungM, (K
= Vel 0 = MK e (e e d0) sindyra M, (KO

By rnk(A) = p e rnki = p e (L)) dde 1ap tuyen tinhi

8.1.22 ayrankiA} = # < rank(f) = n < dim{nfi) = A
< Iy = £ < i i dnh.
b) rank(A) = p <> rank() = p < duner(f)) = 0 < Kerf) = 10} & f 1a dan anh.

Tu cfing oo 1hé st duny bai ap 8.1.21.

8.1.23 1) Pal s = rank(A} va gid Budl r S s.

‘Theo dinh 1y v& hang, dim{KertA)) 2p - 5. NEus = p.tacd thdchong=1va =0,
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Gid st s < p. T6n tai mot co sd Vy, ..., V,, cla Ker(A). Datg =p - r vi B 1a ma trin cia
M, (Kyc6cacchtlal,, ... V,.tacorank(B)=p-r 2p-svAAB=0ViAV =..=AV, =0

2) Nguoc lai, gia sirton tai g € N'. B € M, (K) sao cho AB =0 v rank(B) 2 p - 5. The thi t6n
tai p - 5 cOt cha B tao thanh mdt he doc 1ap tuy&n tinh, va nhilmg cOt ndy thuge Ker(A)
{(vi AB = 0). Do vay dim(Ker(4) = p- 5, do d6 theo dinh 1¥ vé hang, c6 rank(4) £ 5.

8.1.24 o Ker(8) C Ker(AB) vi: ¥Xe M, (K}, (BX=0= (ABX= ABXy =0

= Mit khéc, theo dinh 1§ vé hang: dim(Ker(8)) = ¢ - rank(B) = ¢q - rank{AB) = dim{Ker(A8).
Ta suy ra: Ker(B) = Ker(AB). .

e Tuong ty nhy trén : Ker(B8C) © Ker(ABC).

» V@i moi X thude M, (K):

X e Ker(ABC) = CX € Ker(AB) < CX € Ker(8) = X € Ker(BC).
Nhu vay: Ker(A8C) = Ker{BC), nen theo dinh ¢ vé hang:
rank(ABCY = r - dim{Ker(ABC)) = r - dim(Ker(BC)) = rank(BC) .

0 -1 -1
8125 PatM=|-1 0 -1|, kiém chingring M*=M.
11 2

Ta suy ra: ABC =M = M” = (ABCY".

Ching ih) rang rank(M) = 2, ti dd suy ra: 2 = rank(ABC} = rank{(ABC V%) = rank(AB{CABYC}
< rank(ABC) (xem 8.1.66, Nhan xét).

Nhung CAB € My(R) nén rank(CAB) < 2.

Ta nhan dugc rank(CAB) = 2 , nghia 1a CAB € GLy(R).

Sau d6: (CAB)? = C(ABC)AB = C(ABCY'AB = (CABY', do d6 V1 CAB kha nghich, nen CAB =1,
Cudi ciing: (BCAY: = B(CAB)CA = BL,CA = BCA.

8.1.26 a) Truc h&t nhan xét Im(AB) € Im(B); mat khic, df dang chimg minh bang quy nap:
Yk e I, A'B = BA"
Gia st Im(BA) = Im(B).
. Chung minh bang quy nap theo k& Yk € N, Im{BAY) = Im(B).
Theo gid thiét, tinh chat ding cho & =1. Gid st n6 ding cho mo¢ £ thude i
Pat E=M, (K). Tact:
Im(BA**Y) = (BAM')E) = (A"'BY(E) = A(A'BIE)) = AB(E)) = (AB)(E) = (BAXE)
= Im(BA) = Im{B).
e Vi A 12 Iily linh, nén t6n tai k € N" sao cho At = 0. Khi d6 ta c6: Im(8) = Im{BA®) ={0}.
nén B.= 0, trudng hop nay bi loai.

Didu 46 chitng td: Im{BA) g Im(B)}. va do vay : rank(AB) = rank(BA) < rank(B).



Chiddnvatrd1gi 939

b) Quy nap theo p
Tinh chit ding cho p =1 vi A, lily linh nén khong kha fighich, do d6 rank(A}<n- 1 = (n- )"
Gia thi€t tinh chit diing cho mot p thuoe N', va gid thigt A, ..., Ay, € M,(£) liy linh vagiao
4
hodn v6i nhau timg doi mot. Dat B=] ] 4: -
i=1

Chimg 1 rang B iy linh va giao hoan véi A. N€u 8 = 0, tinh chft 13 tAm Lhudng. Gid st
8 # 0. Theo a)

rank({4,, ,B) = rank(B) - 1 nén A, 8 =0 hoac rank(4, By =(n- pi-l=n-clp+1)

" 7
¢) rank[nAi],ﬂ_{n -nyt =0, vivay 1—[.4,- ={.

i=1 i=1

1 1 a a*!
L 1 :
8.1.27 pat H=U'v=] ¢ OQa-a”ly=| ¢ a |’
] I 1
n-1 - i
a at! i

hién nhién & = & - L.

k
a) Vi H val, giao hodn voi nhau, nén theo cong thic nhi thifc Newton: A¥ =ZC}( (—l)‘-k_'- HY.
=0
Vi: HY = (U'VYOWV) = UCVIDY = (VIDU'V = nff (1 VU € R), ta duge:

ko o .
A=D1+ Y v A e =(-D*I, +i{{n—l)k -(=D5yH
i=1

~D)*+a, o - dpa™!
Qi
O Tralai: A* = a
M aka
ag oy
+ T e
a

trong d6 a; = —;-((n - l)* - (-1)") .

b) Theo can a); A= +(n-2)H =(n- 24 +(rn- 1}1, ,nenA(Ll(A-(n—z)In)Jﬂ,,..
n_

Diéu d6 ching td A kha nghich va cho ta A™.

-(n=2) a - a*!

a1 1 2

O Traleic A7 = A—(n-ly=—-| ¢
n-l(r (n-2)L,) Y : 4

R
an - -n-2
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2 . 1 - . . W
¢y Thac trién k¥ hidu e, =-—((n—i}k —{- l')k) . di ducc dua vioe trong 1 gl cua a) . cho
n

ruomg hop k € ' 1aco a .y =

. va cong thitc ciia a) vé A” s¢ ding cho &= 1.
n-

Gid st voi mot k thude 2 A, = -1, + adf.

i
Khi d6: A*~! = (-1, + e fNE-1, + —1—H={—l)hll + Sl —a,+n—a—k— H .
n-1 " n—1 ’ n-\

k

-1 R
SelAPMRNLLT I
n-1 n—1

Kidn chimg lai: a@g=
& Tra l6i: Cing cong thife nhu frong a).

8.1.28 Sid sir (AL B O € (VLK)

. . {
Vi tr(AB - BA) = tr(AB) - 1t = 0, nén 160 tai (e H.oye K. sa0 cho AB-BA= ], u
y -

3 Al
Khi do: (A5 - BAY :[“ ‘8} I O Y 2 P
v -a 0 o+ Py

Vi L, giao hodn vdi € nén k&1 ludn ta co cong thic mudn chding minh.

=

8.1.29 Gia st tai (A, B, C. D) thich hop. Khi do

{n =1r(l, ) =i AC + DA =1 (AC) + (DB} iau thudn.

0= r(CA + BD)=tr{(CA) +U(BD) = ACY+ (DB

8.1.30 Né&u (X, ¥) thich hop, ihi tr(tr(X)Yy + (¢ ¥YiXy= irL: ~ i} =0 . do dé Xt Yy =0
1y Gid sirirn(X) = 0.

The thi ton tai 4 € T sa0 cho X= }L[j :] Khi dé

]
w(Yy=—
( A

. . A
A TS| 4 -2) _ ‘4,1[1 —IJ

2) Gid s (¥} = 0.

The thi én i g € B’ swchoY:p[: Fj).l(hi_dé:
1r{X)=—l—
! uz' N S } !
1 1)1
4 = = —
’ux[l —]] [4 —2) 1% 4)“(4 —2](1 —1}

1 {2 1
@X'lzﬂ(z 10)

8=
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(4200 s 2]

)y
8.1.31 a) Vi ranktf) < 1 nén on ¢ :( . le M, (K} sao cho cic cot cia H dong
1 .

plivemng v £ 2 vi vy 100 i vy, . v, € Ksao cho cde et cia i la v f v Htrndo suy ra

Y vy, i ["'l
H=| : : = (1'1.-‘-.\'")=UTV, trong do ta divdin V=10 |,

N N, L\'”,
" vy
Hon nita. triff) = Zh‘;\'j =(uyanigy o= v
Pl h

by HT = (VY = DOVEDY = (VERDY =D (i VT e ),

8.1.32 1y Gid st A = 0. The thi IngA} < KertA), nén rank(A) < dim(KeriA) = 3 - rank(A) vi
viy rank(A) < 1. 1o bii Wp 813 LA =1tAA L ot treAy = 0. hioae A =0, do d6 Ay = 4.

2) Ngiwe lai, néu ranktA) £ 1 v triA} = 00, thi theo bid tip 8. 131 A =t A =0,

8.1.33 Trude hét nhdn xétt VX € M(K), triAXB) = r(XBA).

13 Ta chimg minh dé dang phép suy didn <.

2) Gid sit: VX € M, (KD, r(XBAY = 0.

Néi rigng, v6i X=F, (/. j} € {l.....p} % {1..er q), dat BA = (€)1 dite:

0= tr(XBA) = iifsnﬂ?wf\-u =Cjis

w=lv -l

v vi vy B4 = (1

8.1.34 a) 1) Gid str £ thich hop. V6 gl &, j, k. Tthude ..onfaco: fIE, By =i, L),
vi vy (xem b tp 1L 8, fTE) = 8,A015,).

Véi (i, 1) c6 dinh, chon & = j = L, ta nhan duge: fiE) = 8/(L,,).
Khi dé, véi moi A = (), thude M (K
w {
f(A):f(Za,-inU J=Za,-_,-6j,-f(ﬁn)=1 > ay ]f{u!])=1r(f1)f{i;“).
i N 4 fl
Didu d6 chimg 16 16n wi £ &€ MK} sa0 cho YA & M (K. fid) = i)k,

2y Ngwrge lai, gid sit F e MKy va f MK - MKy
At AN
Hi¢n nhign £ uyén tinh va vén met (AL By thude (M (K™
f{/\b’} = tr{ A = tr(BA :f(B.r'\).

< Tra 100 {M,.(K} MK FEM,.tK)}
A =AW
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by 1) Gia skt f thich hop. Theo a), 16n tgi F € M, (K) sao cho: vA e MK} fld) = tr(AW. Do
vay: VA, B.C € M,(K), tABO)F = tr(BACI.

Né&u F = 0. n6i rieng ta suy 1a (néu n > 2): 1 =1E ExBy)) = T(E ;3E; E2p) = 0, mau thudn.
2) D& dang chimg minh phdn dao.
& Tra i o [0y néun22
o L(M(K)) néu n=L.

8.21 Theo 8.2.3 2}, Ménh dé 2. t8ntai P € GL(K). Q= GL (K saocho: A = Q1A

\P:iak
1 ’

ot S o
Pat A, = QTE,P vo1 k={ ... r]. taco A=Q LZILH
= ;
wke{l---.r) rank(d, ) =1

8.2.2 GiasitA e M (D) dat r=rank(A).
Theo 8.2.3.2), Ménh dé 2, 16n 1ai P. @ € GL,(K) saocho A = o'1,,.F.

1
2
| 2 0
PatU=—1,V=1,,, -l= 2 B=Q P c=Q'VP
2 " 1
0 L
2
1
2
Ta c6: A=Q W+VIP=B+c
(B.Cye (GL,(C))°
§.2.3 1) Dat s = rank(A) va gid s& & < r. Theo 8.2.3, Menh dé 2. 160 ta P € GLAKY,

0 € GL,(K) sao cho: &= Q'3,, P

Nhan xét rang: J,, Jops = Japs - 40 d6 néu dat B = Q'),,, va C=],, Pt
BeM, (K),CeM (). A=8C.

2y Nguge lai, gid sirtén tai (B. () € M,,(K) x M, (K} sav che A = BC.
Khi dé Im(A4) = Im(BC) < Im{B). vi vay tank(A} < rank(B) = r.

8.2.4 a) N&u A =0, tinh chat 1 hi€n nhien.

Gid thiét 4 = 0. Bang cach giao hodn cic hang va giao hodn cic ¢OL. 1a quy vé it ma rin
(a;c0 a, =0

Nhan cot tha nhat vai anl . sau dé thay hé ndi et C,(2£f<p) bai ¢ - ai'll ¢, ta guy v

mot ma tran dang: [l 0 A

0
. ] Jtrong dé A, € M, (i) varank(A) =7 - |
: l

Lap lai d6i vai A,.
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Nhur vy, (60 tal mot diy i han nhifng phép bién d6i sa cdp trén che hang va cac cOt quy A

1 0

: g U 0
v& mit ma trin T co dang.: T= | .
0
Bang cic phép bicn 46t so cdp rén hang (U« o fr( 'y, o) la quy v
1 0
’ 0

]n.p,r: 4] ' 1

0 O
Pac bidt. 1a gap lai Manh dé 2 clia 8.2.3, 23
by (1) = (1)

Néu rank(A) = rank(B), theo &), ta cb hd dua A va B vé J,,, bang nhimg phep bich di s cip,
o vay c6 thé dua A vé & bang nhimg phép bicn d6i so cap.

(i) = iy Xem 817, Menh dé,

o) Gid st A & GL K. Vi rank(A) = 7 nén Lheo by, ©6 md dua A vET,,=1, bang nhing phép

bich ddi so cap. do vy A la mdt tich nhimg ma trin cla nhimg phép bidn Adi sorcdp (vivew
nghich dio, ching thuoc cong logi).

8.2.5 batp=diaf).n= dungly, r = rank(), 1’ = rank{g).
a) Theo #.2.3, 2). Ménh dd 2, 16n tai cde co s 3,4 sefia £, va G ¢ cha F sao cho:
Mat,,. () = 3y Mitly o 5 Jupee
o} Xé1h e LF), ke LD xdc dinh bdi:  Mal,. 4(k) = Topom Mat,. {1y =1,
Tacd: Mty (h o2 =_(Malp..(.[h})[Malﬁ.,..-.(g) =L = Lope
Mat,, f o k) = (Mat, {NH(Mat, Ky =dipAupr
Virgracd T daps = npem do dé Mat, (i e )= Mat,,. -{f o k) nén hepg=fek
HNon nits, 16 rang fi € L.
by Fueomg tg nlr &

Iv) Cing, phurmg, phdp nhu trong 1o gidi cOa a) o hang cich Ly Mat,. RISES M Mat..(h)= 1.

8.2.6 Nhin xét rang StA) = 1Ay, do dé:
SUTAPY = WP APHPAP)) = tr( At Py = A"y = MA )

8.2.7 Nhan xét rang: A® # 0 va B=0
& Tra lai: Khong.
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8.3.1 RO rang la ¥P e ©,
/)“

a“-

XL PIX] + !"[—)25}+ +!“"'(—>E—l e TX] vh dnh xa

l\’ N
—J tnyan linl.

L

i
£ XY > DX xdc dinh bdi: YP € CiX], AP) = PO &+ e lL

[x]

1

l{om nita, Mat W)= \\ 11 tam gide 1én vor cie he <6 cheo kliic Khong, vi
XX 0 | :

khit nghich.
Niwe viy, f 13 song anh, tir dd suy ra k&l qud nwdn chimg wink.

Xem thém bai tip 7.3.1

8.3.2 & GidsirA liy linh. Ton 1wk € I sao cho A= 00 VI eie hang W cldo cia Adnd, =
00 <i<n), xem 8.3,.2, Nhan x&02,nén 2 Vie {1 omhoa; =1,

o Npuge lp, giasin Vie o ona, = 0. Thé thi:

. bo—— '
0 \ {() ) ( 0 e
Il M .lu-l. 0 {
¥

A= \"‘l.{\": .

0 0 f
A ) B R
0 — 0

e

LU—-——U

1 x _\ql a b ! r4x btoex+y
833 o | :J(l Ioe|={0 r+: o |eld

0a a0 r o n |
DI eG
1 x ¥ | » =
3|0 | z| khinghich va nghich délo ¢lia né o6 dang: {0 1 e xem 8.3.2, Menbh de
00 1) noo,
4, nén thude .
| a b
MCho A=|0 | ¢|e:.Ta cé
00 1)

(vM e, AM = MAY e (Y v2) e K b+ex+y=y+ia+ by
_ Yo n e K o=y ea=c =1

1 0b I

01 il be K}

[ 0l ,

<& Tra lai:
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8.3.4 1) Gia i A thich hop. N6t rigng: Y, e fleaat L US]= Ab, = B4 Dat
A = (el - VO QL L0, v sao cho ¢ <, tacie

n ]
z (JHIJ” (SU = Z (5,“ (‘)‘4 .fdh' .
I 'l
nghia 12 @,8, = 8,
Cho (e, vy e 1l npsaochon =1

Ldyi=j=v.lasuyrad,, = O, Neg w< v, lay = 1 j = volasuy d, = d
Nhu vdy 180 Wi @ € Ksaochod = al,.
37 Phitn dao 14 hidn nhién.

< Trd e K1,

8.3.5 1) Gid sit A thich hop. Noi ndng: Wie {le.n) Al = Ea

’ " H
Dul A = (gl VA Mo iy thude | 1,....n), tad Zu,d(‘)‘”(’f,,, = 25 T ITUN
il Tl

nghia e, 0, = Ot
Gid sit, v) € [ L saocho i 2 v
Chon § = v, Suy T, = 0.

2} Nguoe fai, néu A lima trfn chéo. thi A giao hodn v&i moi wa trin chéo (xem B33, Menh
dd 1)

O Tra t8ic DK
B.3.6 1) Gidsird = te), thich hop. Thed thi ta e
ayy oy Ay 0 ().1 0 @y A

ay o e 0 ﬂ.” k 0 A-n_ tyy oo

i1 P
L \
(“n_j-q Ay Ay A
nghia L : P 5 :
anlj'l ann‘lrr Aty - A ptyn
hoac: V4. j) € { Lot} (A - Adati ;=0
Vi A,,....4, khic nhau timg doi mot, suy i ¥ij e { s 1T (i f ma, =0, vavi vy Alama

1rin chéo.
23 Npuoe Tai, moi ma trin ciigo giao hodn véi 2 (xem 8.3, Ménh dd 1.

O Tra i DK
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|
C81 I Gasitx=|: |eM,)(R) saocho AX =0, nghia I
X,

a0y +ﬁt2 +"'+}a‘:n =0
I'gxl +"'+)8'trr—1 Xy =0

PuS=x+..+x.suyra S =(fF- o), =...=(f- ok,

o Néu khong 16n tai mot i nao thude { 1. n) saocho @ = . thi: ¥ie (1. nl - o <.va
¥ivily &, .., €0 cimy didu theo nglia rong, nghia L (o, Lo xerF 1 e (. ) € G0

fiy By

£ LOoin, = <0,
J'I{j_al Jﬁ -G,

nén x, = ...=x, =0, X =0 Tuomg 1 ddi vé truemg hop thit hai.

Nhung khi d6, rong trutmg hop thanhat asced S = 0,16 x| =

. . . Fa
« NEu 90 tai mét va chi mdt chi s 4, thode {1..at} swocho g = 1t S = v v, =0.nen;

g
»
Vie {Loa)- i) a =ﬁ’r—a =0,
f
Bic x;, =S— 2. =0 ,vadoviy X=0.
1§
iy

Pidu do chimg to: ¥X e M, (B), (AX =0=X =0), vido viy: A € GL, (R
11 138D A= (g), V6 moi i, j) thude {1....n)% taco:
(ll'j = ibhb” =Ca"d{kE {l.‘...'n}:b“ = h_(} =1
k=1
=Card{k e {1,...pli e A, vy e A}
= Card(4, M A).
Y. pell-miizj=a, = Card{A; A )=
s Theo gid thiél: S AN 1(1 j=ay = CardiA; NA;) = )
Y, e fLn)” 0 = Card(A; ) 2 Card( A, ﬂAJ,-): B
Gid s1f ton tai {t nhat hai chi s6 4, i, thude {1.....n}, khde nhau, sao cho @, , =g, = f.

Khi d6 1a cé: Cardi4;) = Card(4,) = Card(4; M AL, do dé. vi A VLA, 13 i han, nen
A, = A, mau thudn,

Nlur vay, A théa miin cdc thidt cha 7, do d6 A € GL, (I).

2y ViA e GL, &y n =rank(A).

Mat kidc, vi In(4) = Im¢'BE) < Im('8) (cling 6 thé xem bai tap 7.2.9) ta e
rank(A) = dimtImiA)) £ dm{Im{'8) = rank('H).

Vavi'R e M, (k) rank('8) <p.

Nhu vay: 7 <p.



Chi dan va tra loi
cac bai tap chuong 9

9.4.1 |deA)=

= Z‘aﬂﬂ)“ "‘lacr(n)n‘

e,

£ z ia,-lll‘..ai-“,, =ﬁ[ilaﬂ],
(i b et J=t =l

bing cach khai trién tich ciia # t6ng gbm n hang tir.

> TNyt - Do

ce®,

09.4.2 1) AB =-BA = detiAB) =(-1)" det(AB) < det{A)det(B) = (-1 ydet(B)det(4)
e 1 =(-17 < nchin

o (01, 5 [0 -1
b O Tréldi.A-(l 0),3_[1 0)'

9.4.3 a)e SL(K) c GL(K). videtA) =1=> det(A) = 0
e Néu A, B € SL(K) thi det(AB) = det(A)det(B)=1- 1 =1, Vi vay ABe SL(X)
o[, € SL(K)vide(l)=1.
«NéuA € SL (K), thi det(A™) = (det(A))" = 1" = 1, vi vay A" € SL,(K).

b) Giasir A € GLK). Ton tai o € T sao cho o' = det(4); dit B= lA . khi d6 ta ¢6:
[+ 3

det(B) = lﬂdet(A) =1,dovay B € SL(K).
&

9.4.4 Gid sirA thich hop,

o Loy M = A, taco 2" det(A) = 2dey(4) , do dg, vin 2 2uéndet{d)=0.
Nhu vay ta cé: YM € M(C), det(A + M) = det(M).

e Ky hienchcctciad 2 C,,....C,

Gid st A #0; ton tgi j € {1, ..., n) sao cho C; # 0. Theo dinh Iy vé ca s khong ddy du, thn tai
cic etV . Vi Ve, V cia M, ,(C)saocho {Vy, .o, Vi € Voppns V,) 1a mot co s&
cia M, (Z) -

Goi M la ma trin ¢é cdc et 1a Vv, ..., Vi n-CaVirnn V), khi d6 ta cé:
det(A + M) =0 (¥1 cét thit j bing khéng)
{ detiM) =0
viy A =0.
Phén ddo 12 hién nhién.

mau thufin

< Tralgi: {0},
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9.45 a)ViAB=BA,tacé A’ +B’ =(A+iB{A-iB),nén:

det(A2 + B?) = det(A + iB)det(A - iB) = det(A + B)det(A + iB) = |det(A + iB)’ 20.

b) O Traldi:eCé,néun=1

» khéng, néu n > 2; ching han A:[l '2]. B=[(1} g)

946 AnhxaP: KE— & [4 4nh xa da thic, do vay lién tyc.
x> det(A + xB)

ViP(x} — P(0)=det{A) = 0, nén tén tai g > 0 sao cho:
a0

Vrxed (kd<e= P)y=0=>A+aB e GL(3))

9.4.7 a) Quy nap theo k.
« Hién nhién v k= 0.
s Nigu AB* = B(A + kL), thi:
AB**) = AB*B = BY(A + k1,)B = B*(AB+kB)= B* (BA+ B+ kB)=B*" (A + (k+ DI,).
by LAp lusn phan ching: Gia thiét det(B) # 0, khi d6 tir a) suy ra:
Vk e i, det(A) = det(A + &L,).

Nhung, sau khi khai trién, & — & 12 mot da thite bac n v hé s6 cia 212 1 (s6 hang
x> det (A +xL)

duy nhét chita x* xu#it phét tlr hang tir cdia khai trién dinh thic ¥mg véi hodn vi déng nhAt}.
Vivay det(A +XI, )k—>oo , hu thuln.
o

det(M) 0—0
<& Tra l3l: com{A) = (l) 0
0

9.5.2 ViA°=I, vhp e N nén A khd nghich, do do:

(com(AY = (det(A) (A~ )7 = (det(a)” '(A7)P = det(AP) (APY " =1

"

9.5.3 ViA kha nghich nén:

com(A~" )= det(a™ ) A" ) ) = (der(a) A7) = (com(A)~" .
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|I2 2? 2’ n* 1 R 3 e 2=
B 4 - o a
- - - + 1y i s 7T e 2+l
961 2: E 4: (n : "= 2: : : f:
" (.-*.-+l}2 (_n+2): (2nrl}: e 2+l Qa4+ . 4n-j
b €, e - O v =2
o3 2 —2
s 2 =2
= 2‘ ‘ - hlfil('j<— -0, wai g = 3
e 2n+l 2 —2
0 nfunzd
O Tralai: (-7 ndun=2,
| ndup=1

By ilc hidn déng 1hdi: Ca = Cy — ) O e = Cn e, ¢, e O, =, VIES Ty quy ve

vige thitc fign tie © Cy 6= Cp = Cpp gl U3 =y 4= =4 e

S :l fl_ ':'l N0 — 0

.\‘ . n.‘ _ .“"

dor S 8-y

5, 8 83— 8 |= -0

[ T )

s« X AT N, —N
‘\I ‘\1 ‘\3 e '\H 1 L 2 H Il -l

<& Tra Wi n!

¢ Thue hidn dong i Ca 4= € = Oy = Uy =0y e 0 =0, sad o khan (nen
theo dong cudi cing.

& oTraldi -1 g tds - a))"

dy Khai tri¢n theo tinl chall da tuyen tinh vis thay phicn:

I LA ap 0 by ap O
ay + by o ey 0 ay by O 0w 0
ty tiy+hy 0 gy | _ . N . S 0
; . . : = . : . 3
ﬂ. a. o -.i—h 0 0 i 0
! . g g J’” o H J’H | ( ‘ € il j) ]
b u
I 1
0
+ ...t ’
0 B,
By

O Tealsi b b+ aby b+ haby . b+ b,

NCu b, ... b, # (0, c6 1hd vict ket qui dudi dang: by ‘.,h,,[1+‘;—1+,.,. +t:l] .
)l 7

H
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¢) Goi 4, 12 dinh thitc cén tinh, thay C, b& €+ ... +C,, taduge

a  —q 0
—-a) 4 +dy 0
A" = —au-2 =a.A 5.
0 —Qu-2 ap.2 +a, 0 nl
0 =ty a,
]
O Trate: e
k=1
a b
0
fPat 4, = &,
Y ¢ @l
Véi n > 3, trudc hét ta khai trién theo dong thi nhai dé duge:
¢ b
0ab0
Au = aAu -7 b ‘ C = aAu 17 b['.d'u -2
0 7]
0

c d
X¢é1 céc day truy hdi miyen tinh ciip 2 voi he 58 hﬁngl {:;p 1,3, 4, 2). Phuong trinh dac trung 12
P2 - ar + be = 0 v6i bigt thirc &= a - dbc
Truong hop tha nhét: §#0
Phuong trinh dic trung ¢6 hai nghi¢m phan bigt ry, 1y, vaton tai (4, A) € 72 sao cho:
Vne W, 4,= 40 + Ay
Ta chd ¥ 12 c6 thé dat Ay = 1 dé h¢ thie 4, = nd, ., - bed, ., ciing ding cho n = 2. Khi dé:
i

/1|=

A, =1 - Ay t+Ax=1 o g — 1

Ay =a Ayn + Ay =d 1 o
-3:

L}

n =

Dodé: 4, = (rl"+I _}._—;I'H 3.

Truong hop thir hai: =0

Phuong trinh dac trung c6 mét nghi¢m "kép’ b?mg% va 6n 1ai (4, 26 € 7 sao cho:

B L]
Vne N, A,,=(An+,u)(%] ‘

=1 p=1

L ae JBg=
Khi do: A1=ac> (3-+,u)%=a

eAd=p=1
& Tralai: « Néu o - dbe # 0 goir,, r, 12 bai khong diém ciia X2 - aX + b trong T, ta cé:
1

Vne¥, 4,= (' -
I’| - 1"2
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r
eNgug*-dbc=0,hi¥ne [l A, =+ l)(%] .

M
C6 thd t8ng hop cic dip s6 cla hai truomg hop dudi dang: A, = PR
£ Up P E X 4 n 112

kot
£3 Goi A, 1a dinh thic cdn Llinh:
]
C, o — o
Wl "
LI CI. me Cn
4] 2l ] - . - P
A, =0, Ch L Gy | BIC e -0  voij22
Ll 1 H
Cu Cn - C?,n—!
1
C, 6 — 0
| A
o C [ C,
= - w1 wdi b, . i1z
= (4_1 C’! bai D« D -D vditz2
0 -
0 Cn—l e L;n--l
= An- [
< Tragi: |
Wy Goi 4, 1a dinh thde cin tinh, Khai trién (heo ddng cudi cimg:
-1
Au =adn-l+ (_I)”+lan & 0 = a‘ju-l +a,,

ra
2
O Tralgi: Y ata, ; (néudatag= 1.
k=0

1) Goi 4, 1a dinh thite cdn tink, Khai tridn theo ddng cudi ciing 1a c6:

An = bn‘dn at (_ l )"l * 2“"

=b.A, . D a1V e by b, )]
Cong lai sau khi di nhan véi cic hé s

An:bndn-i+hl"'brl-lrln2 1
AN-I:bn-ldn-l"'bl"'bn-?a};—: hu
An-'l=b.li-2Afr-3+bI"'bn-3H§ 2 bn-lbar

' el
A =bh + af by ... hy,

O Traldiz b,..b, @+ by, @ bt ai by b, + b

b, b

#

n} 2
. . . ar a,
Néu b, ... b, = 0 co thd vigt k&t qua dudi dang: b ...b,,[l +—1+---+i] .
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13 Chimg nnah e it 4, =24, - awt?
O Tralgiazt - (- Ly %

k) Goi 4, 1a dinh thitc cin tinh. ta oo

G -l

0 ¥l

il A
A, = \ n—2 | B, =4,
0

g —tlatu+l) O
(}————-10 u —n\

= 1yt Cavat - nd, ., bang clich ki tridu theo cot cudh cung,
i

(—1 . . d .
L onhdn duge: Waoe 1T LT 1, =——+ b, v i, =+ 11}
!

byl 1, = ———
N

nok
O Tealai: (_|)”“1Zf__

N
[n 10 U I Y
9.6.2 bal=l. A= 0 0 L] Vi AT=12 0 O], néntacd
(2 no 02 0]

E=id +vA+24%); (xy.o) € Gty
Do d6, rd fng £ i kgve coa ML02) sinh bén (7 A. A

Mat Khie, vi A*= 20, tich cha hai phin tir cta £ duge phin tich T-tuydn uinluirdn 4L A Ta
suy ra f7 1 mot vinh con cia M, (0.
Com lai phéi ching minl cang, mot phiin tir khic Khéng ciia £ 60 midt nghich dio trong, I
Teuge hat ta clismyg mnh - YM € Rodettdi =0 = M = (3%
Giasiroe vz € 25 M = b+ vA + 2’ va gid st detid) = 0, pghia la xan khi Khan trién:

v o2yt 4 - oxvz =0

: o . i 3 .
Toutal (@ o e Tivigell saocho x=—.¥ =L.z -z L do div
7 § q
a + 208 + 4y - eafy=0

Bang phuemg, phip di xudng vo han, La s& chiimg minh rang phuong trind: nay chi o nghidi
(041,00

Gia st (e P omdt nghign,
Kiu d6 2| ¢ . vi vity 2| . vivdo vily (én i ¢ € Tsao cho a= Ze 1 dlo suy
dgt + B2y -0 By =0
Tuong . 2| £ nén ton @i € Lo sao cho B=2 . 1rdo suy Ta
Zatdfit -0 By =0
Lan o6 20 poén tén tai ¥ € 7 sapchoy = ¥ ndn:
at 2t Ay a0

nghia I 7, .7y 1 nghicnm.



Chi dén va tra ldi

Nhy vay, voi mot nghidu (e . ) . basd nguyén c. B,y chia hdt cho 2. Bang cach lap lai qui
trinh nay, ta suy ra &, A,y chia hét cho mei lity thira 2"(n & ITwadovaya= fi=y=0.

Cho M e £ - 104, Theo k&t quia tren. deuM) = 0 v do vay M e GLgts™)

Anh xa f: E — I wyéntinh. 1 dem dnh (vi M Khil nghich trong G0, vitE il Tign chidu,
N MN ’

do vay f L song anh. Vil € Inén tén tai N € E savcho MN =1, nghia la: M7 e £

abe <0 fadh >0
9.6.3 a)ldef <0 = abedefghk <), Vi< belt » O = abcdefelh > 0.
ght <0 : ofk =0
aek >0 —ceg > H)
by 4 bfg >0 = abcdefghk > O, vl — ufh = 0 = ubedefghk < 0.
cdhv >0 —bdk =0

9.6.4 Trudc Ut tucha ¥ 1 fuyen tinh,

‘I'a phac lai rng 8,080 (14p hop cie ma 1rdn ¢t xang thye cap a) v ARy (1ap hop cdc
(ran phan doi ximg thye cdp #) bu nhay trong M, () (xemn 8.2.1. Ménh dé 2y,

Trong ndt co 8§ cia M, (1) tao thanh bdi mdt co sdcla$,(F). ke tidp la mt ca sGcua A, U0
ma iran caa f 1a

N0 )

! 3 nén:  det(fy= {—l)di“"‘a\"""n =(—l)- 2

0 N
-1
Ngay 10t ddu, ta ¢6 thé nhan xét rang, vi { 1a mot phép déi hop nén: {det(HY = detf = 1.
=1y

O Traldi: (- 2

96.5 )
i1 o 0 e e (1+x)— x ']
2 0 (l+_\f)2—xz 1
plx+)-@, 0= 3 3 : I:
- (_‘p-i r " 1
: p I+ —x
L G O n+x)f"‘—.c”"\

553
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Con cudt citmg, phidn tich thanl:

(l+x)—v¢ ' \ f1 o) ( Y 0
= - 1+2x l
(I+3) —x N 2
: = b I s T Y DL T
(1 +‘\‘)f’ - _l-P ’ (‘/F| | 4]
peh pl k o rl fi
(L+x)77 = iCP”lr 1 L pel ](p. Ji (fh
nen do tinh chil tuyén tinh vi thay phicn:
‘l . (}—-‘—r— 0
Pply il —g,ie= !\ . ol | !i:l'z'f{'--f".i""‘}-“;'
| I . (_.}, 0
1 r ! _r
11(~p-l pl (- (-Ju| |
< Tralon (o + DL
by @in + 1) - @ln = (p+ D
@) - P Sy=p+ Dt -1y
@l - @ily=(p+ INH
i =0
L
g =t Iy Zk"
£
“ 1 n+l i+
ey 1} L:— {h+y= 5=
AZ, n? L] 2
1O a+l {0 M)
4 + + 020 +1
NS ‘—-tpq(n+l}—z L2 vl ]= A e
ko 13 m+l)] ’ P 3ot +2n1| '
1 0 n+l
gtz r+D”
3 = —ganth)=
Z p‘ 24|13 3 n+1y?
1 46+
1 00 th
20 1 \
_ n+111 20 1Jr: - win+1) 33 w2 | H tu+11“
24 11 33 NS+ 20 N i
3 N 46 n +3n+’*l
a6 +3nT + 30

i+ o,y ne+D2n+l) "o WwEin
O Tralai: R_” s —_— =
$oormt, S e, §0-

Wl
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8.6.6 Khai trién theo tinh chdt da tuyén vt thay phien (nhir trong 101 gide cGa banidp 9.0
o)), ta duor:

deliA) = &, L, + N X RGN Y S T

trong do gy.....a, 11 cae hiun 6l ximg s ilp et by en, (et 5320 Dinh nphia 2). Vi,

13 cic khong didw etia X7+ X + 1, taed (xen 5.3.2 Menh déy o, , =1V va g, =i-1"

LI

& Tralgi: 2(-11"

9.6.7 RO rang dnh xa o 27 - K xic dinh bai:

I ot dang # - tuyén tinh thay phicn.
Theo 922, MEnh dé 1 ta et V(4 b e B plv oV h=det (b g st

Mat khdc. néu ky hicu miactrdn ctia fiimg 134 = {4,), 10 e

| 0 uy
-0
H 1 i
IEDY g =>4y, =y =utf).
I P i
Q : \
@ b

9.6.8 Vi det(4) duge bidu didn nhus i téng nhimg tich cic phin U eda AL ach ndu chuyén
|

qua modulo 2, ta duoge: detiA) = NO \ =} vt dodé det{A)y=10.

1

9.6.9 Ciing nhy 1 gidi cha bai t4p 9.0.5, néu chuy&n qua module 2, ta duge:

0 |
det{4) E~ R l .
| {] ]

0 11—
1 0
Vi \ ={n-1) \1 béd C e+ ..+ 0,
-1
) I 0

|1 |

-1 0
:m_nH \ n D, e D ~Dyval 22

0 0 -1

=(- DL
Vinchan (n-hi=n" t=1]2].
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Piutemg phdp khde: Chimg o ring c6 thé dp dung bai 14p 9.0.8 cho A%, tir 6 suy ra
del(A)” =0 va sau d6 det{a) #0.

9.8.1 1) Né&u rank{A} £ n - 2, thi tdt ¢ cic phin phy dai s chia A déu bang khong, vi d6 1a
nhitng dinh tnic clia cac ma tran vudng cip - 1 irich ratir A, xem 9.8, Dinh 1y,

. 1 - .
23 N&u rank(A) = », thi delid) # 0, vavi [d ) tz‘;\com(m =1, nén com(A) kha nghich, do
' [

dé rank{com{A}) = n. ’

3y Gia st rank(Ay=»n - L.

Vi AlicomiaA) = det A3, = 0 nén ta cé Imi'comiA)) £ dimiKer(Ay) viv do viy:
Rank{comiA)) = rank{'com{A ) < dim(KeriA))

Nhung. theo dinh 1y vé hang, dim{Ker(A)) = » - rank(A) = I,

Mat ki, theo 9.8, PHnb 0¥, 16n tai mét ma tran vadng cdp # - 1 trich ratlr A vi kbd nghich, va
do vay 1t nhiit mat trong cde phin phu dai sé coa A 1a = 0, tir do suy ra comigAy = (.

Ta kel luné_m'. rank{conAl) = I.

89.8.2 Vdip e [T, ky higu comy,(A) = comt...(com(A))...). trong do com duge lap lai p lin.
4y Ta bat ddu biang vige xdc dinh con.(A).
13 Néu rank(A) € 2 - 2, theo bl tap 9.8, 1, comiA) =0, vi vay comsiA) = 0,
23 (Hid st ranktA) = oo Khi d6: con(A) = det(AYA™", nén:
det(comtAy) = (dett A" detiA))! = (detiAyy ™' = 0,
v vi viy comiiA) khd nghich (efing ¢6 thé xem ban tap 9.5.3). Sau do:

coniy(A4) = comeemiA)} = deticonitij) "com(A)y !

= (@derAy ' Wett) 4 1y L =detcan™ o

3y Gia s rankiAy=n - 1.

Theo bai tip 9.8.1, rank{com{A)) = |, do vay n&u # 2 3, dp deng hdi tdp 9.%.1 cho com(A) thay
vl A, ta sE o coang{d) = 1.

New o= 2, A= a b , det(dy = ), conA) = d -c . cOMLiAA) = « b ==
o d -b = ¢ 4

(det(AN" 2 A Vit =1,

Nt vay ta di chiimg minh: VA € M,(K), coniy(A) = (de(A)” .

by Ta suy Ta: cottiy(A) = com(det(A))” *A) = (det(A)" “*" “com(A), nhir cong thie hidn
nhidn:

YA & K, com{ia) = A" 'comiA).
Sau do: comy(A) = (det(AN" 2 comaA) = (detgap " D 4

Chumg minh k&t gqui bang quy nap.
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< Tra lai:
(dct(z\))("_m" D=1 v (- DTy

2. ERTTLIEN
17 231+ (m=1y" =t (n=-11 ]A

coim{Ay néup i 23 p=2k+1 ket

{det(A) ndupclin, p = 24, L e 11

9.8.3 TacdAB =0=1ImB) C Kerd = rankif) < dungKerAy = # - rankid) = 1.

NEu B =0, thi p= 01 thich hop.

Gid st ¥ = 0, vi rank(8) = L, thuo bai 1dp ¥.1.31 a) 16ntm £V e M, (K)saocho B =M.

=) T
Khi dé: {AB_O {(AU} V=0

BA=0 " |yi'vay=0’

Néu mot trong cdc phin tir clia cOl AT 12 = O, vi ding 'V 1A = O(ndu Khong: B = 0, thi 6 it
nhifit mot phin 1 cia ma trdn vudng, (ALY khide khong, mau thodn,

Viviy AU =0 Jwong tr 17 = 0, do vay AV =0,

Vi dim(Ker(Ay) = | va dim(Ker('A} = p-rank(’) = » - rankiA) = 1. nén la suy ra rang {7
(twomg dmg: V) sinh ra Ker(A) (tiomg dng: Ker{'A)).

Ap dung clng 1p luan nay cho 'conitdy thay vi 8.

Dovay tbntai U, Voe M, (K). a. € K- 10} sao cho: comiAy = UV, E = ali, V= U
vado vay 8 = affl7V, = aff 'coniA).

9.8.4 1) Tinh rank(4)
‘Irudc hét ta nhan thdy tdng céc cot clla A bang 0, nén dei(A) = 1.

e
-1
Vaimei X=| 1| thudoc M, (K):
X, N
(A-mx; +xq3 4+ 4x, =0 Xy tx, = nx
Xe Ker(d) < <: e it < x, = . =A,
Xyt tx, ) Hl-n)x, =0 X+t x, =K,

Vi vdy, dim(Ker(A)) = 1, rank{4) = n - L.
2) Theo bai tp 9.8.1, ta ¢b rank(com({A)) = 1.

1—1
PatB=i| 1 ||e M, K) 16 rangtacé AB = BA = 0.
1—1

Thee bai tp 9.5.3, tdn tai § € K sao cho 'com{A)} = 88. N6i cich khic, t4t cd cde hang 1 ciia
coniA)ydéu bing nhau. Hang 1% thif (1,1) clia com(4) |

-1 1 ——1

1-n 1 .
™S = 1”_1 1 b&i €, b, 4
- 1 | IR el
I ;1 1—n ' \
. (n-1] =1 1 Sl-n
[r 1]
-1 11—
=T "”\0 bisi D, « D, - D, v6ii 22
Q 0 — 1
[n-1]
:(_l)n-lnn-Z‘
1

O Tralgi:  com(Ay=(C1y ‘ot || 1|
1

557
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9.8.5 Khai trién theo dong thit ahdl, ta c6:

Ay 0 0 A,
Ay 1 0 Azp
A 0 1 Arr—ln
Anl 0 0 Ann
1 Aoy Ay
0 : : : 0
= Ay +-T A, 0
0 L Apin Ap-11 1
0 — 0 A, Ay 0 ——0

=A Ayt O 1“11;‘(‘1)"‘4»1 = AA,, - A

Mat khic:
A A
ay e A 1 L0 In
det|| i : \ N \
Ty A 0 !
) Aul A]Ii‘l
n n
SajAn @z 7 G > @A det(d) @z G 0
i=1 B B i=1 0 a?Z aZr_l--l 0
= H : : H = | : : i
=z L 0 dyo2 7 Bn-in L 0
z;“m'ﬂu @y " Gun-l ;am/’*m 0 . Uyt detiA)
i= =
= det(A)det(Rydet(A)
N vay ta nhin duge: det(A) (A A, - AuA,y) = (det(A)) del(B).
» NEu det(A) = 0, tasuy 1a: Al An| _qet(a)detB).
An'l L]
_ ; ; . A A
« Néu del(A) = 0, thi rank(com(A)) £ 1 {xem bai tap 9.8.1)), va vi vlly A A =0.
nl nn

9.9.4 a) Ching han, it z it phuong trinh the nhét va the vao, he phuong trinh teong duong vL:
{z:2x+3y +1
Tx+ 1ly+1=0

8
O Tralait pmdx¥l P80 cech
TEMET!

b) Rt z tir phirong trinh thif hai, hg phuong trinh dugc quy vé:

z=-mx-y+1
(m - DU2m +1x + 2(m - Dy-2m-1)=0
(1 -mx + (m- 1)y - Im-2=0

Néum=1, it y= {—_—22_51)—)23 va dua vio phuong trinf thit ba.



Chi din va tra 10

[— 2 .3m R ! né'um#—ivhm;tl
m—-1 m-1 m-1 2

< Tra lot: x,x+1,£ ixeC ne'um=—.§—
2 2
& néu m=1.
¢) Tir hitu giita céc phuong trinh thif nhét va th{ ba, suy ra: mix+2y+2)=0
z=-x-2y
Néu m = 0, he phuong trinh duge quy vé : Cm+5ix+m+3y=m-1

x+y=-m-1
Riit y v the vao.

mZ+5m+2  2mE+8m+d 3me +11lm+6 .
— ndum=0vam=2

m+2 m+2 | m+2
O Tralgi: | © néum= -2

{[x,—x—l, TI;B}XE C} néum=0
1 , ..

{(m,l,—]} néum & {-1,0,1,-i,i}
m

{(-Ly,-y)h yeCl néum=-1
& o TR lg 0 aum=0
{Ly,yhyeC néum=1
{(x,~ix,~i); x e C} néum=i
{(x.ix,i);J_rEC} néum=—i.

7] néua+h#3
{(2-a,y,y+5-3a)y€C} néva+h=3"
ax+{h-Py+2z=1
f) Bing phép trir cdc phuong trinh, hé duge quy vé; s(b-2)y+z=0
hz=2b-4

—2_—6,—2-,2!’—4!-) néubz0,b=2,a=0
ab b b

{(x,l-ax0);x e C} nfub=2

x,_l,i s xeC " néua=0,h=6
33

1% wrong cdc trudng hop cdn fai.

g) H tao bdi 3 phuong trinh du ¢6 mot nghiém va chi mot (2, 2a - 2, 2a). Th¢ vio phwong
trinh thit 4.

<& Trd 18ic

e} © Tralsi:

$ Tra il

%] nfuazh
{(2.2a-22a)} néua=h

9.9.2 Ba mit phiing dang xét chifa ciing mét dudng thing vecto khi va chi khi he phuong
(1-m)x—2y+2=0

trinh tuy#n tinh {3x —(1+m)y-2:=0 6 it nhat mot nghiém ngoai nghigm (0,0,0), didu d6
3x-2y—(l+mz=0

1-m =2 1
(xem 9.9.2, 4), Ménh dé) wong dwong véi: | 3 -1-m - 2 |=0.
3 -2 —=l=-m

559



)  Chudng 9 Binh thire, hé tuyén tinh

[.“'(+4\+ +2i= Fx+dy+:=
993 a) 123« +4_\;+-)+bf.—-? e 421=1
1'2(3x+-1y+3)+l(lf=(1 =0

& Tra loi O.

~Tx+06y+2 —3x—-y+2Y ol o g
by O Trélsi: X, ¥ P . -5 e yiel néwm =2

&) . néup = 5

) S Tra loi: {[ o+l {+—~L.—(m+2}x— W [x.¥ic C‘!: Nt = A

m—1 m-1) !
1) notn =

dy Cang hon phuong rinh ddu ten: x4y + o+ = 20 Ny, & L b bon phifony trinh i
Lién oo ol nghidm va chimgtr= 1, y=-1.27= = t=2
{(1.-10.21} ndua=h=-1

< Tra o .
%] néukhomg

e Cong lai, ta suy T (a+3x+y+o+i)= L+h+h b

< Tra ldi:
1 . . .
\ (——(l -, —-—[b-c} ———(h i} ———(b -} néna# Lviia = vadat
Il a1 a1 a1 a—1
i ' |+’J+;"12 e
. - PE—
d+3
TRRIEA TRl RN S I chy nwuae=h=1
1-1 -h° teb -3
li L \+-—1 x+ i-b .x+—-—’- ke C n611¢1=—3v21|+h+h"+h“ =1
| 4 4 4
‘ & : . néu khing

-

§.9.4 Lin luon tinh a,. X 1 theo 1, vit the vio phuong rinh cudy cing; tich cie uueny
hop theo tinh chan ke ClL A
< Tra lai:
Iy NEu 2 1d chan, s = 2p(p & Py
o S=D iUty gy F o F A F 0

o = 0x, 20, - &, 2ds - 2ay H X 2yt 2ipat 2u, - 5,1, €L

» -
NEU Gy - oy T oty -a, =0

NEu pchdn, a=2p+ L (p e 1T S={{x et 2p-1 )} tTONE de:
X| =dap4 —dxp +... oy,
Xag gy =€12p_,_1 —agp o daper Tl +day T + .y ke {l ..... f}']i‘
Xy = —ﬂzp_i +(12P —..tdayg i TH-2 +..-ds Ty ke “ ..... P}

Xy =as—dytaz-dn +h
Xy = —ag iy Ty +dy F

Chang han, v&i p = 2 (n = ). tacl: g = ds —dg +ag +dr =4,
Xq4 = a5 +ayvag—ax iy

Xy =ag+dy—ds + iy~



Chi dan va tra loi
cac bai tap chuong 10

10.1.1 Khai trién bing tich vo hudng, 14t cdic hang 1ir s& duge gidn uéc.
Céch khic
Palu=hb-av=c-a w=d-a Apdung déng thic hinh binh hanh:
20007 A+ N - b+ - P 4wl = 2 el Hwe - vl 4 2000 - ull? + Daell®)
= e+ - WP+ Mo - w vl + Dl - o+ wl? + e - - wli
vt 201 + llwe - wli® + llv-_ w- By = W+ w - mll + 1l - w o+ ul? +20 - w -y,

1ir d6 suy ra dang thic céin chitng minh.

10.1.2 Cho X € M, (%) sao cho (I, + A)X = 0, nghia 12 AX = -X. Ly chuyén vi, vi vi A
XAX = 'X(AX) = - 'XX

.

la phan d6i xing, ta duge: ‘X4 = X, do 96
TXAX = ('Xa)X = ' XX

nén ‘XX =10, va cudi ciing X=0.

10.1.3 S dung bat ding thirc tam gide trong E, sau d6 1a bat ddng thite Cauchy - Schwarz
" théng thudmg 4p dung cho (1,...,1) v& {lly1l,... x|}, 1a duge:

rong .=
L 2 " 2 Ll b "
uZ Xy S[Zu 5 ||] s[ZIEIZn 5 ||2]=n2u P
k=1 . k=1 k=1

k=1 k=1

10.1.4  Theo ding thite hinh bimh hanh:
200x - yIEHly - ZIPY =y - 2P + Wy - 2v + 2P 2 iy - 212
Nhdn xér: Téng quat hon, bt ding thitc ddng trong mot kgy trye chudn vi
e - ZI2 < llx - pl? Hly - 212 + 2lx - it lly - 210 < 200 - yIF + Ly - 2109,

do: Y, B e R, 2af < a’+ A l

10.1.5 Ap dung bat ding thitc Cauchy « Schwarz cho (1, 1,1, 13 vd (1 -x, x-¥ ¥ -2 1)
trong .7 thong thudmg:

12=((1-2) + (x- ¥+ (y-2) + 22 4} - X2+ (x- ) + (y - 22 + 2.

Theo 10.1.2, Ménh dé 1, 1a ¢6 ding thitc khi vA chi khi (1 - x, x - ¥, y - =, 2) cong tuyén vai
(I,LLL,),nghfaid: l -x=x-y=y-z=12z,

o 243)



Chuong 10  Khdng gian vectd Euclide

10.1.6  Bat ding thic cdn ching minh suy G bat ding thitc Cauchy-Schwarz trong X"
3
théng thudmg, dp dung cho u=(J}T,...,J§)vh v= _1_,...,; .
N

Theo 10.1.2 , Ménh dé 1, ta c6 déing thic khi v chi khi (», v) phu thubc tuyén tinh,

O Tri Ioi: O6 ding thifc khi va chi Khi x, = .. =%, = — .

"
ki3

10.1.7  Gidst y a;b; =0, the thi [Za,—] [Eb,-]:ial‘b'-.
i#f i i i
. Ea,—b,‘

Vicdcaq, >0, tasuyra : Zb
Za

2 .
Theo bét ding thirc Cauchy-Schwarz : [z a; b;] £ {Z a? IZ b,-z] ,
i i i

2
vivi g;>0nén: Za,—ls[ a‘-] .
i i

2 2o | 2

iRl

Ta suy ra: E bib;

i%f

1]

10.21  Trubng hop x =y o6 thé khao sht # ’
dé dang.
ayDatH = (x- " — »
Vi<x+y x-y>=lxf-IyE=0, 0 x+y H
néntacé x+ye H. ' S
Vi {y+xeh’ , tasuy ray = sy{x). +
y-xeH?t x-y
HJ.
b) DAL H = (x - ). x-y 4 y
Vi <x-y y>=<xy>-IyF=0,
néntacé: ye H.
yeH
L_xeﬂl.msuym y = pulx).
T Ty H




Chi g&n va ted 1ai

10.3.1 DalL A = (a),, v6i moi j thude {1,...n)1ach CiC = (g )4 »

L
. L _ _at
do dé ; ZCJCJ'"[E a;‘jakj] =A'A.
i =l ik

1032 e« '5=1; 2 yctoy=1, -2 ¢cic=s
LS t(ﬂ

e C
4 4 4 4
o585 =5=1, - O+ —ctcCtC =1, - C'Cr - oot =
tce ooy ‘ce tCCy
eSC=C- C'CC =¢-2C = -
‘oo
-1 2 ]
*VXe O 8X=X - ~—C'CX=X
teo
n
):“u
1 j=l
1033 Dat Us=|l|e M, (B) 1aco AU=

n
pILH
=l

Theo bat ding thifc Cauchy-Schwarz trong M, (R) dugc trang bi tich v& hudng chinh tac:
| < AU, U> | < ILAUIIUN, va HAUI = IUI vi A & O,(R), vay

Yayl= z[zaJ] < WP =n

=i, j=n i=14 j=1

Khdo sdt truong hap ddng thic

Theo 10.1.2, Ménh dé 1, c6 dang thite khi va chi khi (AV, U) phy thude tuy&n tinh,
1
& Tra l8i: C6 déng thirc khi va chi khi AT/ = U hoac AL/ = -U, trong 46 U/ = [
1

10.3.4  a) N&u (V,,....V,) phu thudc tuyén tinh, thi bat dang thic 1 hi€n nhien.
Gia thigt (V ,....V,) doc 1ap tuy€n tinh.
Theo thil tuc tryc giao héa Schmidt, 16n tai W,.... W, € E sao cho:

(W,....W, ) lamot ho tryc giao

Yiejl..n, W; =20

Yie2,...n), W, e Vect{V W ... .W_i)

W,
V&iie {10} dat e, = ——,
||W||

Theo 9.2.2, He qud (he thic Chasles 