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Mot van dé cé thé gidi quyét bing cic budc sau :
e dung todn d€ mo hinh van d€ : 1am rd va gon hon,

e dung cic phuong phdp todn d€ gidi quyét bai todn
trong mo hinh.
e dién gidi k€t qua todn hoc bing ngdn nglr thuc tién

Thi dul. Gid mot cudn tap 1a 3.000$, qui tai tro chi
c6 3.500.000%, hdi c¢6 thé mua dugc bao nhiéu tip
cho hoc sinh ngheo?

Chiing ta mo hinh vdn dé nay nhu sau: s6 tip mua

132 mot sO nguyén 16n hon hay bing 1, s tién c6 thé
chi trd chi c6 thé 1a cdc s6 tir 1 d€n 3.500.000, néu
s tAp mua dudc 1a # thi s tién phai trd 13 3.000xnx.



Chiing ta mo hinh vdn dé nay nhu sau: s6 tip mua
13 mot sO nguyén 16n hon hay bing 1, sO tién c6 thé
chi trd chi c6 thé 1a cdc s6 tir 1 d&€n 3.500.000, néu
sO tAp mua dudc 1a n thi s tién phai trd 12 3000xxn.

Ching ta thdy trong m6 hinh nay khong cdn céc
van dé ric roi nhu : qui t thién, tip v4, ti€n bac va
hoc sinh ngheo.

Va van dé bién thanh : tim s6 nguyén n 16n nhat
sao cho 3000xn < 3500000.

Dung k¥ thuat lam todn thong thuGng, bai toan trd
thanh tim sO 7 16n nhat sau cho n < 1166,66.

Vay ta ¢4 161 gidila 1166 quyén séach.



Thi du 2. Ching ta c6 hai hé thong do

nhi€ét d0 : Celcius va Fahrenheit. Nhict
dd d€ nu6c déng biang 13 0°C va 32°F,
va Nhiét dd nudc ldc bat dau sbi 1a
100°C va 212°F.

D€ 1am mot nhiét k€ dung trong nha,
ching ta phdi lap bang ké cac so do
trong hé Fahrenheit tuong itng vGi cac
sd do tir -20 dén 70 cda hé Celcius,

C F
100 212
C F
0 32

bat C va F1a s6 do nhiét dd cua mot vat trong hé
Celcius va hé Fahrenheit. Ta biét: C=0 khi F=32,
va C=100 khi. Ta phai tinh F' tuong tng v&i cac

tri gid C tir -20 dé&n 70.




Pit C va F 1a s6 do nhiét dd cia mot
vat trong hé Celcius va hé Fahrenheit.
Ta bi€t: C=0 khi F=32, va C=100 khi .
Ta phai tinh F' tuong ng v&i cac tri gia
C tir -20 dén 70.

Tadéy C-0 _ F-32

100—0 212-32

hay F=3C+32
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A.TAP HOP

Trong viéc mo6 hinh nhu G cac thi du trén, ching ta
can quan tAm dén mot vai sd nguyén (chit khong
phdi tit cd cdc s6 nguyén). Trong cdc van dé khic
ciing vy, ta phdi quan tim d€n mot sO su vat co
chung vai tinh chit ndo. Mot tip thé mot sd cdc su
vat nhu trén dudc goi la mot 7dp hop, va cac sy vat
d6 dudc goi chung mot tén 1a “phdn tit” cia tap
hgp do .

Thi du : trong bai tinh s6 cdy phai trong doc theo
cac con dudng, ta phai tim 151 giai trong tap hgp cac
sO nguyén ducng N
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Thi du : Trong cdc bai todn vé cdc chuyén dong
chiing ta quan tAim dén cdc yéu td thdi gian, vin tdc
va khodng dudng di chuyén, cdc yéu td ndy budc
chiing ta phai xét tdp hgp cdc so thuc.

Cho mot tdp hop E va mot phan td x cia E (8
diy x c6 thé 1a mot s6, mdt di€ém hoic modt dir
l1i€u), luc d6 tandé1 x e E.

Dung 1y thuyét tip hop ching ta ¢ thé dién td dé
dang mot sO sy viéc trong todn hoc. Ngoaira ching
ta ¢4 thé khdo sat cing mdt lic modt s6 van dé
kh4c biét nhau bing cdch sit dung cdc khéi niém vé
tap hdp va anh xa.
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Thi du. DE& xét cdc nghiém clia phuong trinh
X+ 4x* - 5= 0,
Ta xdc dinh tAip hop E= {x: x*+ 4x*-5=0}.

Ta co cac tip hdp thong dung nhu

tdp hdp cdc sO nguyén duong N = {1,2,3,.....},
tdp hdp cdc sO nguyén Z = { ,=3,-2,-1,0,1,2,3,.. },
tdp hgp cdc sO hitu ti Q = {— me Z va nehN },
tdp hdp cdc sO thuec R, 4

tdp hdp cdc sO phitc C= {x+iy:x vay trong R },
tap hop trong ¢ 12 tdp hop khong chia phan ti
nao ca
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Ta thudng mo hinh tdp hdp cdc sO thuc R nhu 1a tp
hop cdc di€m & trén mot dudng thing D. S6 0 dudc
gdn cho mdt di€ém A trén dudng D, mdt sO thuc
duong x dugc gdn cho mot di€m M nim phia bén
phai A trén dudng D véi khoang cich AM = x, va
mot sd thuc 4m y dudc gdn cho mot di€m N nim
phia bén trai A trén dudng D vSi khoang cach NA =
-y

y 0 X

: | I
N A M
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Nam 1881, 6ng John Venn (nha toan hoc ngudi
Anh) dé xuat viéc mo6 hinh mdt tdp hgp X nhu mot
phan A ciia mit phang g1(51 han bGi mot dudng cong.

Ta g4n cdc phan tu’ cua X nhu’ 1 c4c diém dudc
ddanh diau trong mién A . Tuy nhién nhiéu ldc ta cd

mo hinh X nhu mién A, ma khong can ddnh dau
cidc di€m dugc gdn trong A .




M6 hinh tdp hdp nhu 6ng Venn 1am gidn don nhiéu
bai todn, thi du mdt mién A trong mit phiang c6 thé
mo hinh mot tip hdp X ¢6 vai phan ti hoidc tp hop
c6 rat nhiéu phan ti nhu R.

G day ching ta thdy toan hoc nhin sy vat theo nhiéu
cdch, n€u theo mot cdch nao d6, X va R chi dudc
nhin theo ¥ nghia tap hdp, thi ching cé thé dugc doi
stf nhu nhau va mo hinh nhu nhau!

Ching ta sé thady nhd tinh dong nhat héa nhitng su
viéc khdc nhau nhu vay, trong todn c6 thé ¢ céc
kh4i niém chung cho cdc su vat d6 nhu : phan giao,
phan hoi ctia cdc tap hop .
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Cho hai tap hgp A va B. Ta dat

E=1{x:xe Ava xe B},
E 132 phan giao cla Ava B A
va kY hiéu 13 AN B e

F = {x :xe A hoicx € B},
F 1a phian hop cia A va B va ky hiéu la AU B.
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Pit X va Y14 cdc do thi cia cdc ham sd y = cos x
vay=sinx, vllx €[0,6r]. Luc do XNY la tdp hgp
gdm cidc difm A, B, C, D, E va F. C4c di€ém chung
clia cdc dudng thudng dudc goi 1a giao di€m.

i;
\

\
\

\
\
\
\
\
(

\
/

/ /
| /
\J /
* F /
\ /
/

| \

\ \
\




Thidu:DPit A= {xeR :smxz =0} va
B={xeR:2x>+x -1=0}.

e AnB la tip hgp cdc nghi€ém cua hé phuodng trinh

sin xzz =0,

3 2
2x"+x-1=0.

e AUB la tap hgp cac nghi€ém cua phuong trinh

2x*+x -1)sinxz =0
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Cho hai tap hgp A va B. Ta dat
G={x:xeAvaxeg B}.
Takyhiéu G la A\B.
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Dinh nghia. Cho hai tdp hgp A va B. Ta no1
e Ava B 101

nhau néu va chi
néu AN B = ¢,

e A chtra trong B néu va

chi néu moi phan tit cla B
A déu thudc B (lic d6 ta A

néi A la tip con cua B va
ky hi€fu A < B)

eA bing BnéuvachinfuAcB vaiBc A,
luc d6 ta ky hitu A =B5B.

GIAITICH 1 - CHUONG 1
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Néu A c B, ta goi B\ A 1a phan bu cia A trong B.

B B\A
A

Cho A 12 mot tap hdp, ta dat 2 (A) 1a tap hdp tat
ca cac tap hgp con cua A.

Thidu: A={2,a,e}, lucdod
S A)={¢,{2}.{a},{*},{2,a},{2, ¢}, {a, ¢},{2,a, ¢} ]}
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Thi du . Goi A 1 tap hop tat ca cac linh kién trong
mot cura hang may tinh trong mOt ngay nao do. Mot
mdy tinh dugc ldp rap bing cdc linh kién ndy c6 thé
coi nhu mot tip con ciia A, hay 12 mot phan tf trong
PA). Bat 9 1a tdp hgp cdc mdy tinh duge 1dp rdp va
bdn ra trong ngay hom do. Luc do 9itla mot tap con
cua PA).

Thidu. DatA=1{0,1,2,...9}. Lac do {1,9,2,4} la

moOt tAp con cua A, nhung s6 1924 khong phdi 1a
mot tip con cua A.
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PE khio sit thi€t k&€ hé théng mdy lanh trong gidng
dudng nay, ching ta do nhiét do tai mot s6 vi tri trong
giang dudng nay (go1 A la tap hdp cac vi tri d0) ta1 mot
s6 thoi di€m tir 7.00 gid sdng dén 6.00 gid chi€u trong
mot ngay nao do. Luc do chung ta quan tim cung mot
lic d&n hai tap hop : A va [6,18] (cdc thdi di€ém ma ta
do nhiét d0). Ta mo hinh viéc ndy bing todn nhu sau.
Dinh nghia. Cho A va B 1a hai tdp hgp, ta dat tich
cia Ava Blaho tAtcd cdc cap (x,y) véimoix € A
vay e Bvakyhi€unod la Ax B.

Thidu: A = {2, }va B ={@#«&}, lic d6
Ax B ={(2, @), (2, #), (2, &), (o, @), (o, #), (®, &)}
BxA={(@,?2),(@,0e), (#2), (#, 9), (&, 2), (&, ) }



Thidu:A={2,e}vaB ={@,#&}, lic dé

AxB=1{(2, @), (2, #), (2, &), (¢, @), (o, #), (o, &)}
BxA=1{(@,2),(Q@,e), (#,2), (#, ), (&, 2), (&, ®) ]

A B
2 ‘ @ # &

B A

& |2,&) (&) ¢ [(@0) (#e) (&)

s le# 1) 2 [(@2) #2) (&2)

@ [(2,@) (s, @)
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Thidu:C={m,n}vaD =/{a,nd}, lucdo
Dx C ={(a,m), (a, n), (1, m), (1,n), (0,m), (0,n) }
Cx D ={(m,a), (m,1), (m,0), (n,a), (n,1), (n,0)}

D ¢ m n
d 1 O D
C
a ma na
m am 1m om
i mi ni
n an n on
O mo no
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Thidu:C={1,2}vaD ={-1,-2,.-3), lic d6
CxD = {(1.,-1), (1,-2), (1,-3), (2.-1), (2,-2), (2.-3)}
DxC = {(-1, 1), (-1,2), (-2,1), (-2.2), (-3,1), (-3.2) }

C

* - -
R L EEEE T : EEEEE TR

)
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Dung bi€u di€n theo tich Descartes

(b.d)
d ’ d+—
[a,b]x[c,d]
cCr + (a,c) ct
a : a :
N€u B = A, ta thudng ky hi€u A x A Y
[2 A2 Lic d6 A21a ho tdtcd cdc cip 2 |
(x,y) véimoixe Ava ye A, taphdilwu |
y trong trudng hop nay la (x,y) cé
th€ khiac (y,x), thi du nhu M =(1,2) YV 1 2

khac N = (2,1) trong RZ.




C6 hai bai todan cd ban lién quan dén tap hdp : xdc
dinh mo6t tip hdp va ching minh tap hdp nay chura
trong mot tap hdp khac. Chung ta xem cac phuong
phdp thong dung sau diy dung d€ gidi quyét cic
van dé ndy .

A.1. Xac dinh mot tap hop
Pé x4c dinh mot tip hdp E ta cd cdc phuong
phap sau :

e Liét ké tat ca cac phan tif cia E
e Dinh nghia lai tip h¢gp E mot cach gian di hon

e Dung do hoa dé dién ta tap hop E N



e Liét ké tat ca cac phan tid cia E

Thi du. Xac dinh cac tap hdp :
F={xeN:4dx* 4x°-x?+x= 0},
G=1{xeZ:4x* - 4x3-x?+x =0},
H={xeQ :4x*-4x3-x°+x =0},
K={xe R:4x*-4x°-x?+x =0}.

dx* - dx3-x’+x = x(x-1D2x-1D2x+ 1)

Phuong trinh4x*- 4x°-x%2+x = 0 c6 céc
A B 1 1
nghiem x = 0, 1,- , - .
2 2




e Dinh nghia lai tip hdp E mdt cach gian di hon
Thi du. Cho A va B la hai diém trong mot mdt phdng
P. Xdc dinh tdp hop E ={M € P: AMB =90° .
Pit O 12 trung di€m cia AB. Dung cic két qua
trong hinh hoc phing ta thdy E 13 dudng tron tim O
ban kinh OA G trong P hay E={M € P : OM = OA }.
Thi du. Xdc dinh tdp hop E = {xe R : x* +x-2<0 }
Dung phuong phap xét dau cia tam thitc bac hai ta

cO xX*+x-2=x-1DNx+2)<0 & -2 <x<1.
Vay E la khoang mé (-2, 1)
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« Duing d6 hoa dé dién ta tap hop E

Thi du. Xac dinh tap hop

X
E={(xy) e RxR :2x > y > Py vay-2<-x}

Dung phuong phdp gidi hé bAat
phuong trinh bac modt G chuong
trinh trung hoc ta thAy E 12 mién
tam giac dugc tO mau vang trong
hinh vé.

GIAITICH 1 - CHUONG 1
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A.2. Ching minh tip hgp A chia trong tip hop B

Cho hai tdp hop E va F, d€ chitng minh E c F, ta
c¢6 thé 1am nhu sau

Cho x trong E , chitng minh x thuoc F

Baitoan 1. Cho A, Bva C la ba tdp hop sao cho A
cBvaBc C. Ching minhA < C.

Cho x trong A, chung minh x thudc C

Cho x trong A, ta c6 x thudéc B

Cho x trong B, ta cO x thudc C

Vi A={0ng Socrate}, B 1a tip hgp tat cd loai ngudi,
va C 1a tAp hdp céc sinh vat ¢6 ddi song hitu han.
Chting minh trén 12 mau clia tam doan ludn Aristot.



B.QUAN HE TRONG MOT TAP HOP

Trong cdc ddng cd nhiét hay dong cd nd ching ta
can cidc hé thong piston va cylinder, kich ¢§ cla
piston phai tuong thich véi kich c¢d cua cylinder :
kich c¢G ctia piston phai nhd hon hian kich cG cia
cylinder, d€ piston c¢6 thé chuyén dong v4éi ma st
nhd trong viAn toc nhanh trong cylinder, nhung
khong dudc qui nhd dé cé thé tao luc nén trong
cylinder. Ta c6 thé mo hinh todn hoc nhu sau: goi r
la dudng kinh cua long trong cylinder va s dudng
kinh cua piston, ta phai cé6 0,998 < 5 <0,999r.

Nhu vy ching ta cAn mot quan hé thit tv trén R.
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Trong ndng 1Am ngu nghi€p ching ta thiy cong
viéc thudng tly vao thdi vu, thi du khong thé trong
lda vao cdc mua qud kho han dudc. D€ mo hinh céc
van dé nay ching c6 thé lam nhu sau: néu 18y don
vi la thang, va m va n 1a hai thang cho khdi sy mot
loai thdi vu, ta phdi c6 mot s6 nguyén (dudng hay
am k sao chon— m=12k.

Nhu vay ching ta phai xét mot quan hé tuong
duong trén tdp hgp N :

A < A P A
n~m néuvachinéucdé keZ dé cho n—m= 12k
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Cho A 12 mot tip thé nho nhd ndo d6 cla loai
ngudi. Trong tip hdp A c6é thé c¢é cdc mdi lién hé
kh4c nhau, c6 thé c6 x vd anh y trong tip thé A nay
c6 dinh ddng vGi nhau trong moi lién hé nay nhung
ching dinh ddng v4i nhau trong quan hé khic.

PE€ md hinh mot mdi lién hé
; trong tp A, ta Iam nhu sau: néu
a va b lién hé v4i nhau, ta chAm
di€m (a,b) 1én trén tap tich AXA.
Nhu viy mot moi lién hé trong
A ¢6 thé md hinh bing mot tip
albic|d €| con trong AXA
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Pinh nghia. Cho mot tdp hgp A khéc trong va cho
B 1a mot tip con khdc trong trong AxA. Ta néi
xRy néuva chi nfu (,y) € B.
Lic d6 ta goi 4 la mot quan hé trong A.

br---+(@b) pr- 4§ 5
o B 4. b

a R a R a
R R / R

B={(x,y) : x<y} B={(x,y) :x=y} B={(x,y):x=Yy}
albsa<hb aRbea<b alb=a=D>b




aRb<lal=Ilbl aRblalclbl aRb<lal <b

R . R
B B

1 1
-1 R R

1

1 -1

aRb< |alkl1-b’ aRb < a<l-b’




Trong thuc t€ ta hau nhu khong nhic dén tip B khi
dinh nghia mdt quan hé. Thi du cho X 1a mot tap hgp
khdc trong. Dat A 1a AX), ho céic tdp hdp con cla X.
Ta c6 thé dit quan hé saudiy: CAD < Cc D

Quan hé & tuong ung tap B = {(C,D) €AxA : Cc D}
Tuy nhi€n, v6i1 R
dinh nghia quan hé
bing cdc tip hdp B 1 _(.2,1)
trong AxA, ta co .
cac quan h€ khong a1/1 '2 R
thOng thuong.

aRb <
AmeZ,a=b+m




/

e Quan hé 4 doi xiing néu va chi néu “x Ay thi

y%x”
. R g @
/ - B +(b,a)

4 \ ‘bR
R N

R

aRb=>a=b g b lal=lbl aRb<a<h
do1 xung do1 xing khong doi xing
Pé cho quan hé 4 doi xing , ta thd'y B phai doi
xtng qua dudng chéo cua AxA .



e Quan hé 4 phan xa n€u va chi néu
“X A xv6imoix € A”

R B b (ab) R B
N\ B
. R @ R R
/ AN (-2,-2), 5
N R
aRb<lal=lbl aRba<b aRblal<b

phan xa phan xa khéng phan xa

PE cho quan hé 4 phdn xa , ta thdy B phdi chtra
dudng chéo cua AxA .
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eQuan hé & phdn doi xiing néu va chi néu
“XRhyvayRxthix=y”

(x,) R
y ali 423
B x--++0% Hhi. 4.4.83.2)
Y YOR o 23 R
R

alb<a<b aRbe Admes, a=b+m
phdn d6i xing  khOng phdn doi xing
PE cho quan hé & phin doi xing , ta thdy BNB’
phai chira trong dudng chéo cua AxXA , § diy B’ la
do1 xdng cia B qua dudng chéo cia AxA .



e Quan hé # truyén néu va chi néu
“x Ry vayRzthix Rz”

(x,z) (¥,2) ;B aRbsas<b

AR truyén trong
truéng hdp B ¢o
tinh chit nhu sau

truy€n

aRb<lal=+\1-b"

Y khoOng truyén

(y,2)

Gl£
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e Quan hé # toan phin néu va chi n€u “ v6i moi x
va y trong A thi hodc x Ay hodc y R x”

b *( 3 ) 2,6 .(1,2,6)
B (2.6.1)
VR
a R 1 26
R R
aRb<a<bh aRb< Im e,

a=b+m

khong toan phan

D€ cho quan hé £ toan phin , ta thdy BUB’ phdi
bing AxA , § ddy B’ 1a doi xdng cia B qua dudng
chéo cua AxA .

toan phan



Quan hé 12 mot quan hé tht tu néu va chi néu &
phdn xa, phdn d6i xi'ng va truyén.

B

b (ab)

y

y
y

aRb=a<b

khong 1a

quan hé thuo tu

a

R

R

B

b

(a:b)

R

aRb=a<b

quan hé thuo tu
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a=b+m
khong 1a
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Quan hé & 132 mot quan hé thd ty toan phan néu
va chi néu &4 phédn xa, phdn do6i xdng, truyén va

toan phan.

bl -(ab)
B

R

aRb<a<b
1a

quan hé thuo tu
toan phan

B
(-1,2)® 2
2
-1 }
1 ® R
2.-1
" (2,-1)
aRb<=a=D>b

hodcO0<a<bla
quan hé€ thuo tu
khong toan phan 42



Quan hé 4 12 mot quan hé tuong ducng néu va chi
néu 4 phdn xa, doi xtng va truyén

7 R B )

2 2 (22

‘I»’
V X > R

S%b; aRb<lal=lbl aRb< a=-b
r_n bE+ ’ la mOt quan hé khong 1a mot
cooTm tudng ducng quan hé tuong
la mOt quan
hé tuon duong
: g
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C. Ménh Pé todan hoc

Sau khi m6 hinh todn hoc, chiing phai rdi bo khung

tr6i thuc tién va budc vao thé gidi todn hoc, & d6
ching ta phai dung ngdén ngit dac thu toan hoc.
M6t ménh dé€ P ¢6 ¥ nghia fodn hoc néu va chi
néu hodcla P ding hodcla P sai (nghia 1a khong
cO truéng hgp P vua dung vua sai cling nhu khong
cO truéng hgp P vua khong dung vua khong sai)

ChoxeR vadatPla “x”+x+7=07, thi P1a mot
ménh dé todn hoc.

Cho ¢ 1a mot s6 thuc duong, cho x va y trong R va
dit P1a “ly —x 1 < ¢”, thi P 12 mdt ménh dé todn hoc.



Xét ménh dé R 1a “T6i ndi doi”.

Ménh dé R khong thé ding ( vi néu ding thi toi
dang n6i mot s that, lam sao ma néi doi dudc)

Ménh dé R ciing khong sai ( vi n€u né sai, thi toi
khong né6i doi, va cdu néi “Toi ndi doi” phdi la sy
that va phai ding).

Néu P 12 mdt ménh dé todn hoc thi ménh dé “P
sai” cling 12 mot ménh dé todn hoc va ta ky hiéu né
la ~P.

Ta goi ~P la phu dinh cua P.
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Cho A 1a mot tap hgp. Ta ky hi€u
e “Vdi moiphdn tit xtrongA” 12 “Vxe A",
e “comdtphantitxtrongA” la “Fx e A” .
Ta tht xem tdc dOng cta phtu dinh dén VvV va 3 :
Q: “VxeA thi P ding doi véix 7.
~Q : “Gxe A saocho ~P ding doivéix ”.

ChoA lamottipconcua R , vaP la “ < 4°

Q: “VxeA thi x=< 47,

46

~0 : “dxe A saocho x >4"7.



R: “JIxeA saocho P ding doi v6ix ”

~R: “VxeA thi~P ding d6i véix”

ChoA lamottdpconcua R , vaP la “ < 4¢
R : “VxeA thi x <47,

~R : “dxeA saocho x = 4 7.
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S : “Ixe Asaocho P(x)ding déivéiz, Vze B”

G day P(x) 1a mot ménh dé dude xdc dinh thy theo
cidc gia tricua x

~S:“V xe A 3z € B saocho ~P(x ) dung d61 v6i z”

Cho B 1a mot tap khédc trong trong R , A = [0, 1] va

Px) la “ < x*

S :“dxeAsaocho z<x, VzeB”

o/

~S :“VxeA dze B saocho 7z = x
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T :“Vx €A, 3 ye Bsao cho P(x) ding doi véi z,
Vzel(y)”

G day C(y) 12 mot tap hgp dudc xdc dinh tly theo
cic gia tricua y

~T :“Ix €A saocho Vye B, 37 e C(y) d€ cho
~P(x) ding d6i véi z.”
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Cdch viét mot ménh dé U thanh dang co bdn

m DE y dén cdc cum tr “vdi moi” va “cé mot” &
trong U, va viét ching thanh mot trong bon dang
néu trén. N€u can ta dit thém cdc tdp hop mdi.
Cho cdc tap hop C, D, E, Fva G , ta dat

A=CxD va B=ExFxG va viét

e “Vxe(C, VyeD” thanh “V(x,y) €A”.

e “JuceFE,dvelF vadreG”thanh “d (u,v,t) € B”

m Gom cdc ménh dé€ todn con lai trong U thanh mot
ménh dé P.

m Viét U thanh cédc dang cd bdn & trén.



C4ch phi dinh cdc ménh dé ¢ dang co ban
e d6i 3 thanh V

e d6i V thanh 3

e d6i P  thanh ~P

14 99

A A
e d€ nguyén “e

A A €6 / Ze * )
e d€ nguyén “ diing voi
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Bai todn 2. Viét ménh dé sau diy ra dang cd ban :

“ v61 moi s thuc dudng ¢ c6 mot sO nguyén N sao
cho

la,-al<& v6imoi s6nguyénduongmvan= N”
Tt d6 suy ra phu dinh cua cau trén.
V € € (0,o).dN e N sao cho
la -~al<¢ Ymvanz= N
Pl¢) la:“la,-~al<e”
V ¢ € (0,0), 4N €N sao cho
P(¢)ding v6imoi1 m, ne€ {(keN : k=N}
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Pl¢) la:"la,~a l<e”
V € € (0,c0o), dN e N saocho
P(¢)dung véimoim,ne {(kelN: k=N}
CN) ={keN: k=N}x{keN: k=N}
V € € (0,0),dN €N sao cho

P(¢) dung v61 (m, n) YV (m, n) € C(N)

dg € (0,o) saochoV Ne N, 4 (m, n) € C(N)

dé cho ~P(g) ding véi (m, n)



P(¢) la:"la -al<e”

dg e (0,o) saochoV Ne N, 4 (m n) € C(N)
dé€ cho ~P(g) ding véi (m, n)

~P(¢) la “la -~a,l = &7

dg € (0,o) saochoV Ne N, 4 (m n) € C(N)
d€ cho la,-a,l = ¢

c6 mot sO thuc duong & sao cho v6i moi sO
nguyén ducng N ¢c6 mva n =N d€ cho

la -~a,lz=c¢



Bai todn 3. Viét ménh dé sau diy ra dang cd ban :

“c6 mot sO thuc duong M sao cho vdi moi x € A ta
coO x<M?”.

Suy ra phu dinh cua né.
AM)la “x<M?”

AM e (0,0 )saocho V x € A thi P(M) ddng doi
vO1 X

V' M e (0,0), 3x € A d€ cho ~ P(M) ding d6i vé6i x
~P(M) la “x>M?”
VMe(0,0),3x A d¢cho x>M



\

Ciac ménh dé c6 “va” hay “hoiic” va
phu dinh cua ching

P 1la “R va S 7
~P la “~R hodc ~S 7

O la “R hodc § 7
~0 la “~R va ~S’

Pla “x<5vay=229"

~Pla “x =25 hodc y < 9”7
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Cac tuong quan suy luan =, <, <
gid su P dung thi Q phai diing
néu P ding thi Q phdi diing
Q dung khi P dung
T4t cd cdc cAunay déu cé cing mot nghia
P=0
Q< P

\

Néu “P= 0" va “O= P” tandi P va Q tuong
duong v_O1 nhau

P< 0O



Phan ching

dé chitng minh “P ddng”. ta chi cin ching minh ~P
khong thé ndo ding dudc

e Gid st ~P dding, coi nhu day 1a mot gid thi€t cua
bai todn. Gid thi€t méi nay thudng dudc goi 1a gid
thiét phdn chitng.

e K&t hgp gid thi€t mdéi vébi cdc gid thi€t cho sin
cla bai todn chiing ta c6 tim ra mdt di€u mau thuin
v6i cdc gid thi€t cho sin cta bai todn hodc mau
thuan vé6i cdc dinh nghia hodc ciac két qud cé tir
truGc.
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Bai tap. Cho A 1a mot tip hgp . Chdng minh @ c A
Ta ding phdan ching. Gid st “@ — A” sai

Ta phu dinh “@ c A”

“OcA” & ‘VYxe@® : xeA”

Phii dinh “@ cA” << “IGxe@d : x¢g A

Viy gid thi€t phdn chitng ctia ching ta 1a : c6
xe () sao chox ¢ A.

Viéc x € ) mau thuan vé6i dinh nghia cua tip trong

Vay gid thi€t phdn ching khong thé ding, né phdi
sai,dodé6 @ c A



Chitng minh bing ddo dé
P€ chitng minh “P = Q” ta c6 thé chifng minh
““() = ~P”
Cho a va b 1a hai so thyc dudng sao cho a < b.
Chung minh Ja<ib

P la “a<b “ va
Qlé « \/5<\/B ”
“P =0 ~Q = ~P

\/52\/5 = a=>b
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CHUONG HAI
ANH XA

Trong nhi€u md hinh cdc van dé thuc ti€n, ching ta
thudng thiy c¢6 cdc dai lugng thay d6i theo mdt hoic
nhi€u dai lugng khdc. Ching ta hiy xem cdch md
hinh cua todn cho viéc nay.

Né€u trong k¥ thuat ching ta phdi ¢c6 mot hinh tron
cO di€n tich dinh truéce, chung ta mo hinh bai toan
bing cong thdc sau :

Dién tich m6t hinh tron ¢6 ban kinh r = ntr?

Nhu vay dai lugng “dién tich” thay doi tuy theo dai
lugng “ban kinh”



Chung ta dau tu xay dung mot cong trinh véi s6 von

1a a, uGc lugng moi nam ton chi phi bdo qudn 1a b,
du ki€n sé& cho thué hang nim 13 vé6i gid ¢ (sau khi
trtt thu€). VAy nén dinh ¢ bao nhiéu dé€ sau 10 nim
ching ta thu hoi von.

Dung mo hinh bai todn nhu sau : xét cong thuc sau :
“Tién thu dudc dén cudi nim thd t” = (c — b)t

Trong hai thi du trén, ching ta m&1 mo hinh toan
hoc nita voi. Ching ta thdy “dién tich mot hinh tron
c6 ban kinh r” va “Tién thu dudc cudi nim thd ¢” cé
chung mot tinh c¢o ban 1a cdc lugng thay doi theo
mot lugng khac , va ta s€ ky hi€u chung 1a f (r) hoac
A1) .



Theo cdch nay chiing ta md hinh dugc su thay doi
cua mot lugng nao d6 theo mot lugng khac.

A. XAC PINH MOT ANH XA

DPinh nghia. Cho A va B 1a hai tip hdp khac trOng
va D 12 mot tdp con khédc trong trong A. Gid st véi
moi x trong D ta dinh nghia dudc mot phan t f(x)
trong B, ta no1 ta xac dinh dugc mot anh xa f tw D
vao B.
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r

T'hi du. Dién tich mot hinh tron c¢6 ban kinh r 1a ntr?. Ta
thdy r = f(r) = nr? 12 moOt 4nh xa i tAp hdp cdc s6 thuc
duong (0,00) vao chinh no.

Thi du. Nhiét @0 tai mot vi tri nao do6 trong giang dudng
nay tai thdi di€m ¢ trong budi sdng hom nay, 12 mot 4nh xa
tw [6,12] vao [20, 50].

Thi du. C6 dinh mot thdi diém ¢ trong budi sdng hom
nay, nhiét do tai moi vi tri trong gidng dudng nay 1a mot
dnh xa tir tip hgp A vao [20, 50], v6i A 1a tdp hdp céc vi
tri trong giang dudng nay.
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Thi du. € khdo sit thiét k& hé thdng mdy lanh
trong giang dudng nay, ching ta do nhi€t d tai mot
sO vi tri trong gidng dudng nay (goi B 12 tdp hdp cac
vi tri d6) tir 7.00 gid sdng dén 6.00 gid chi€u trong
mot ngay nao dé . Goi f(x,7) 1a nhiét do tai vi tri x &
thdi di€m ¢. Lic d6 f 1a mot 4nh xa tir Bx[7,18] vao
tap [20,50].

Thi du. Tong tri gid xuat khiu clia Viét Nam trong tirng
thang cua nam 2007 1a mdt 4nh xa tur tap {1,2, ..., 12} vao
tdp [1,20] néu ching ta 14y don vi 1a i USD. Nhung 4nh xa
nay dudgc coila tr {1,2, ..., 12} vao [16, 340] néu don vi

tinh ti€n la mot ngan ti dong Viét Nam.
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Ta c6 thé md hinh cdc 4nh xa qua do thi clia chiing.
Pinh nghia. Cho f 12 m0t 4nh xa tor mot tip hop A
vao mot tap hgp B. Ta dat
[ ={(xy) € AXB: y=f(x) }.
Ta goi /7~ 14 do thi cta f.

YA (x, fix) -
J(x) A
f(2) L Fix)
1 | e d ,
U ’ fil)
U | | 2 1 ’l 67




Pé v& ddo thi cia mot 4nh xa ftor mot khoang [a,b]
vao R, ta c6 thé dung Mathematica v§i 1én

Plot[f,{x,.xmin,xmax} ]

Thi du. Diung 1énh Plot[Cos[x’+Sin [x]],{x,0,7}] ta
c6 do thi cia 4nh xa f(x) = cos(x3+sinx) trén khodng
[0, ] nhu sau.

.07 P |

05 -

| [ |
20 25 310

Uu ;

Y Y Y . W Y Y I B
0.5

-10 -



Tuy nhién chung ta cing s
cO cac do thi cua anh xa *]
do cdc thi€t bi ghi cht =
khoéng phai vé tir dinh
nghia cua dnh xa dé.

Hai d6 thi bén canh do |
dia chidn k& ghi lai cic |
gia toc chuyén ddong miit
diat cuia mot vi tri theo
cic huéng bic-nam va
dong-tdy trong mot tran
dong dat & Northridge.

Theo tu li€u cua Calif. Dept. of Mines and Geology
(“Stewart, Calculus- concepts and contexts” tr.15)




Khi di xe taxi, ching ta phai trd mot so tién khdi
dau 12 a va mot khodng tién theo gid mdi km ching
ta di. Nhu vay gid ti€n trung binh mdi km trong mot
chuyén di 12 bao nhiéu.

Ching ta m6 hinh bai todn nhu sau : goi x 12 s6 km
cia chuyén di va b 12 gi4 tién moi km, va ¢ 12 sd tién
di chuyén xe d6, va y 1a gid ti€n trung binh modi km
trong chuyén di d6; ta c6 cdc cong thirc sau

t=a+bx va y:£:a+bx:ﬁ+b

X X X
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Nhu viy gid tién trung binh y moi km 1am mot
anh xa tuy thudc vao khoang dudng di. Dung
Mathematica ta cé do thi clia y nhu sau

Plot[{7/x+6,6},{x,1,1000},AxesOrigin—{1,5.99}]

Theo do 13
thinay, gi1a
tién trung *
binh moi
km trong *
mot chuyén °
di giém dﬁn 8
theo dd xa .
cia chuyén

11

10 -

T T O Y I T Y T A N SO B B
dl 0 1 2 3 4 5 6 7



Trong viéc di€u
chinh gid mot
mat hang nao do
s& dan theo hé
qud sO ngudi mua
va sO lugng sdn
xuat mit hang do
sé& thay doi.

wn
oo
-
/ g m>/
c

~ cung

A .,
g1a

N€u cau va cung khong tudng doi bing nhau, chiing
ta s& c6 hai tinh hinh kinh t&€ b4t 6n : hoic hang ton

kho qud 16n, hodc thi€u hut hang hoa.

Duing do thi bén trén chiing ta c¢6 thé thdy dinh gia
mit hang 12 ¢+ 1am cho kinh t& 6n dinh.



Cho D 1a mot tap con khdc trOng trong mot tip A va
f1la mot 4nh xa to0 D vait moOt tip B. Luc d6 D dudgc
goi 12 mién xdc dinh cda 4nh xa f va tip hdp AD)
= {y =f(x) :x € D} dudc goi la tap hdp anh cua f.

Thidu. Cho D 1a mdt khoang md (a,b) trong R, v6i
x trong D ta dit fx) = 2—* . Lic d6 f 1a mot 4nh

xa ¢6 mién xdc dinh 12 D va tdp hgp dnh1a (0, )




P61 khi ching ta dung do thi d€ c¢6 hinh dnh cla
mién x4c dinh va tidp dnh clia mot 4nh xa.

tap | AN
hop N
anh L _ y =)
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Nhiéu khi ching ta dinh nghia mot 4nh xa bing mot
ménh dé todn hoc, lic d6 ching ta phdi im mién
xac dinh cua f.

Bai toan 4. V6i moi sO thuc x ta dit f(x) = y sao
cho y(x-1) = 1. Tim mién x4c dinh cta f.

bit D = {x e R : f(x) xdc dinh duy nhat }. Ta
ching minh D =R\ {1 }.
R\{1} < D Dc R\{l}

Néux e R\ {1}, tathdy (x-1) # 0, vdy ta cé thé
chon y = (x-1)!,suyrax € D. Do d6
R\{1} < D.



Dc R\{l}
Chung minh “x e Dthix e R\ {1 }”
Chitng minh ddo @€ “x ¢ R\ {1 } thi x ¢ D”.

Ta chon cachsauvix ¢ R\ {1 } chotax=1: bai
toan don gian hon

Chung minh “x=1thi x ¢ D”.

D = {x € R : f(x) x4c dinh duy nhit }

C6 duy nhiaty saocho y saochoy=f(1)
f(x) = y saocho y(x-1) =1.

Khix=1,tacé (x-1)=0 va khong c6 so thuc y
nao dé cho y(x-1)= 1, viyx ¢ D.



Trong mot ky tuyén sinh, ching ta chon cdc thi sinh
c6 tong sd di€ém thi > 18. Ta md hinh viéc tuyén
chon nhu sau: xac dinh tdp hgp

{ thi sinh : c6 di€ém thi > 18}.

Mo hinh t6t hon nhu sau : dit X 14 tAp hop céc thi
sinh, f (x) 12 di€m thi clia thi sinh x , Iic d6 tap hop
cac thi sinh dugc tuyén 12 {x €X: f{x) > 18}.

V6i gid hién nay cdia mdt sadn phAm nao d6 ching ta
c6 n khach hang. Nay ching ta muon ting gid dé
1én thém mot mic 1a 7, van dé nén chon T sao cho
s6 khdch hang tuy gidm nhung ciing con hon 90% s6
khach hang hi€n nay.
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Chiing ta md hinh van dé ndy nhu sau : goi ¢ 1a hé
sO gidm sO lugng khiach hang néu ting gid mot don
vi tién t& va F(T) 12 s lugng khiach hang khi ching
ta ting gid sdn pham thém 7. Lic dé

F(T)=-cT +n

Vay cdc mic ting gid c6 thé chadp nhan dugc 1a
{T : F(T)> 0,9n }

M6 hinh chung cho c4c van dé nay c6 thé 1am nhu
sau.
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Pinh nghia. Cho A va B 13 hai tip hdp khéc trOng
va C1a mot tap con khéc trong trong B. Cho mdt 4nh
xa f tr AvaoB.Tadit fFI(C)={xeA:flx) eC}
va goi fI(C) la dnh nguoc cia C qua f




Nhiéu lic ching ta mudn thu hep van dé, lic d6
ching ta phai cé cac cach mo hinh viéc thu hep nay.
Trong mdt sd van dé viéc thu hep ndy con gidp
chiing ta bdt so tinh todn va c6 két qua nhanh hon
trugc.

Vi céc sy vat phai quan sat dudge b6t di, mot s6 mo
hinh cling dugc “thu nhd ” lai. Ching ta dung ngdn
ngit todn hoc dién dat su viéc nay nhu sau.
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Dinh nghia. Cho f 1a m0t anh xa tr mot tap hgp X
vao mOt tip hgp Y, va A la mdt tdp hdp con cua X.
Véimo1x € A ta dat g(x) =f(x), luac do6 g la mOt anh
xa tr A vao Y va tanéi g la anh xa thu hep cua anh
xa ftrén A va ky hi€u gla f,.

— }C T
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. ¢ >: ~ Y g
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Thidu. Cho A=(0, ©), B=

(-0, 0)va f la mot

anh xag tw R vao R xac dinh nhu sau

J(x)=+

x> khi x>0,
0 khi x<0.

Dat g=fl, va h=flg.Taco gx)=x voimoix

trong A va h(x) =0 voi moi x

GIAITICH1 -

trong B.




Dinh nghia. Cho X, Y va Z 1a ba tdp hgp khac
trong, f 1a mOotdnh xa tr X vao Y, va g 1la mot
anh xa tr Y vao Z Ta dit h(x) = g(f(x)) vGi
mo1 x trong X. Liuc do # 1a mdt anh xa tr X vao Z
va dudc goi la dnh xa hop cua fva g va dudc ky
hicu la gof.




gof

X v— f
h

x¥
f ()

g(y)
X of(x)
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x walue

L

Rglo) |

046k

F(x)
15
g(x) -
10F
Flgx))
0.5F
g(x)
'III.IS I 1.IIII I g(x) I 1.I5 I E.IIII
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Z f\\

X

x-l-x

f=x* g =x>+x*  fogx) = (x* +x%)?

e T e

—
2 42
X x”+x" o
4
. fog




—_—
X X

\ gof /

o » \ yﬁ_\y2+y4
——— — A
2 x4+x8

flx) =x* 2(x) =x+x* gof(x)=x*+x8 fog(x) = (x* + x*)?

L T AR

_|_
2 42
X x2 + x4 (X X )
B 4
—_  Jog ’




B. XAC PINH ANH XA HOP

Pé xdc dinh 4nh xa hdp gof talim nhu sau:
véi moix trong X tinh y = f(x), r0i thay y bing gid
tr1 d6 vao cong thuc z=g(y), tu do xac dinh dudc
Thidu. ChoX=R, Y=[-3,0) va Z =[-5, 4], cz‘ho
fx)= J1+x> vdimoix trong X va g(y) = 1—y4
voi moi y trong Y. Xdc dinh gof. L+y

VG6i moi x trong X ta daty f(x)— VI+x’ . Ta
6 goftx) = glfitn)] =g(y) = 1= = 1201+

2 14y° 1+ (V1+x%)*

Vay gof (x) = A vdi moi x trong X.
x*+2x° +2




Viéc dity = f(x) = V1+ x> mdi xem rat tam thucong,

nhung no giap ta lam nhanh va it sa1 trong tinh toan

vé sau : n6 tranh cho ching ta kh01 IAm 14n cdcx

trong f{x) = J1+ x> va g(x) = |

1—x

7 (thudng nguoi

o« A A < A + x s, A
ta vi€t g nhu mOt ham s6 theo x ch khong theo y)

C6 thé dung Mathematica dé€ gidi thi du trén nhu sau

In
In
In

Out[3]:=

— -
1 .
(]
- —
— -
(]
—
(]
- —
- =
]
]
- —

fIx_]:= Sqrt[l + x?]

glx_]:= A
offfx]] 7

2
-X

1+(1 +x°)°



In[1]:= f[x_] := Sqrt[1 + x?]

AL L 1—x°
In[2]:= g|x_] := 4
1+ x
In[3]:= g[f[x]]
2
-X
Out|[3]:=
utl] 1+(1 +x°)°

Trong In[1] va In[2] ta dinh nghia fva g va trong
In[3] ta ra I€nh tinh gof (x)
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Nay dé tinh fog (x) bing Mathematica, ta lam
thém phan trén nhu sau

In[4]:= f[g[x]]
Out[4]:= Sqrt[1 +
In[5]:= Expand[ %]

2 4 8
Out[5):= Sqrt[ 2=2X +3x" +x"
1+ x*)?

(I=x)"

1+ x*)?

]

42 4, 8
Vay fog (x) = 22X +34x2 Y vé1 mo1 x
(1+x")

trong Y.



Thidu. ChoX =Y =Z=R, f(x) =x* +6x> —15x+8
x*+4x+5
x> +7

va g(x) = voi moi x trong IR. Tinh

fog

Bainay co s lugng tinh todn khd 16n ta nén dung

may tinh, & day ta dung Mathematica
In[1]:= flx_]:=x* +6x°-15x+ 8
In[2]:= glx_ ]:= * +4x+5

In[3]:= flelx]] X *7

3 3\3 3\4
Out[3]::8—15(5+4x2+x )+6(5+4X-2|-.;C ) Jr(5+4x+2x4)
T+ x (7+x7) (7+x7)



C. PHAN TicH ANH XA THANH cAC ANH XA PON GIAN

Cho tap hdp con A trong R va mOt anh xa f tor A
vao R. Vi mdi x trong A ta tinh can than f(x), tir d6
suy ra cach phan tich fthanh cac 4nh xa don gian.
Thi du. Cho f(x) = 1+ x> vdi moi x trong R. Phdn
tich f thanh cdc dnh xa don gidn.

V6i moi x trong R qud trinh tinh f(x) nhu sau :

e vGix ta tinh dudc x? dit g(x) = x?,

e v3i z = x? ta tinh dudc 1+x* =1+z: dith(zx) =1 + z,
ev3i w=1+x* tatinh dugcv1+x’ =Jw: dat
u(w) = Jw

f(x) =u(h(g(x))) v61 mo1 x trong /R hay f = uohog.



Thidu. Cho f(x) = sin(3x + cosx) voi moi x trong
R. Phdn tich f thanh cdc dnh xa don gidn.

VG6i moi x trong R qué trinh tinh f(x) nhu sau :
ev(1 x ta tinh dugc 3x va cosx : dat

g(x) = 3x va h(x) = cosx,
ov(31 7z = 3x + cosx ta tinh dudc sin(3x + cos x) =
sin 7 : dat

u(z) = sin z.
Vay fix) =u((h+g)(x)) ¥ x € R hay f= uo(h+g)

Khi dit cdc z va w, ta thiay hinh nhu 14 ta dang l1am
vi€c vO ich, nhung vi€c nay s€ giap ta lam toan
nhanh va tranh céc sai 1am khong ddng cé vé sau.



Viéc phan tich fthanh hgp cua cac anh xa don gian
rat hitu ich khi ta dua cdc bai todn phtc tap vé cic
bai todn don gidn, nhat 1a khi ta gip cdc van dé vé
lién tuc va kha vi cua mot anh xa phic tap.
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Trong mot tii ¢ 10 vién bi ¢6 kinh ¢S nhu nhau
nhung c6 cac mau sic khdc nhau. Ching ta chon ba
vién b1 trong tu1 nay theo hai cich sau :

* LAy mOt lan ba vién bi.

#*% 14y mot vién bi, ghi mau sdc cia noé roi bd lai
vao tii; 14y mot vién bi, ghi mau sic ciia nd roi bd
lai vao tdi; va 14y thém mot vién bi nira.

Chung ta thdy su khdc biét gitta hai cdch chon trén :
ta c6 ba vién bi khdc nhau trong cdch thit nhat, con
trong cach thit hai ching ta c6 thé cé cling mot vién
bi trong nhiéu lan 14y bi tir tui.
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Ta tht mo6 hinh toan hoc hai cach chon trén. M6
hinh c4dc 1an chon nhu tip hgp A = {1,2,3} va cdc
vién b1 nhu tap hop B ={1,2,3, .. .,10}.

Cach chon tha hai tuong ang v61 mo1 dnh xa ftu A
vao B. Cach chon th nhit tuong dng v§i cdc dnh xa
ftor A vao B c6 tinh chitsau: f(x) #f(y) néux #y.

Né&u xem mot con ngudi nhu 13 mdt phitc hgp thé
chat, tinh than va cdc yéu t6 khdc bién doi theo thdi
gian ¢ ky hi€u Ia f(¢), thi moi con ngudi 1a mot 4nh
xa tor mot khoang [a, b] vao tdp hdp B nhitng “con
ngudi tdc théi” (mot con ngudi G ding mot thdi
di€m nao d6). Anh xa nay ciing cé tinh chat
f)#f(y)n€ux=y.



Dinh nghia . Cho X va Y 1a hai tap hgp khac
trong, f 12 motdnh xa tr X vao Y. Tandi f 1a mot
don 4nh n&u va chi néu fla) =f(b) khi a =b,

f khong la don anh

f la don anh
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D. CHUNG MINH f LA MOT PON ANH
Cho f 1a mOt 4nh xa tt mot tap hdp X vao tdp hgp
Y, d¢ ching minh f don 4nh ta cé thé ding cédc
phucong phap sau

¢ Dung dinh nghia : cho x va y trong X sao cho x #Yy,
chitng minh f(x) Zf(y).

Thidu. Cho f(x) = x* vdi moi x trong R. Chitng
minh f la mot don dnh.
Cho x vay thudoc R saocho x#y. Taco
fx)-fy) = xX°- ¥y = (x-y)*+xy+y°) =
= (x-y) [+ y2) + (x + y)°1/2.
Vix#y,tacé (x-y)# 0 va (xX*+y>)+ (x+y)?> 0.
Vay f(x) - f(y) #0 hay fx) #f(y). Do d6 fla don 4nh.



e Dung ddo dé : cho x va y trong X sao cho f(x) =
fy), chiing minh x = y.

Thi du. Cho f(x) = x> — x*+ 2x vdi moi x trong
[1, ). Khdo sdt su don dnh cua f.

J day ta chua o phdi ching minh f 13 don 4nh
hay phaiching minh f khong la mdt don anh.
Chiing ta dung mdy tinh d€ dinh huéng gidi todn.
Ta dung Mathematica dé€ x4c dinh cdc (x,y) sao cho
X —x+2x =y - y+ 2y :ta vé dudng muic 0 (level
curve 0) cda ham s6

h(x,y) =x° — x*+ 2x — y> + y* - 2y
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Ta dung Mathematica dé€ x4c dinh cdc (x,y) sao cho
xX-x*+2x = y’—y*+2y : ta v€ dudng muc O (level curve
0) cia ham sO A(x,y) = x° —x*+ 2x —y> + y* - 2y

In[1]:= ContourPlot[x> - x* +2x - y> +y* - 2y,
1x,-200,2001},{y,-200,200},Contours->{0},
PlotPoints-> 60, ContourShading->False]
Out[1]:= -Graphics-

QO

Vay phucng trinh
X —xt+2x =y -y*+ 2y
hinh nhu chi ¢6 cdc nghi€ém x = y.

100

o

—100

Tir day ta vitng 1ong d€ cd ging -2°°
p : « A > -200-100 O 100 200
ching minh f la mOt don anh.



Cho x vay trong [1, o) sao cho f(x) = f(y). Ta sé€
ching minh x = y. Ta dung Mathematica

In[1]:= Factor[x> - x* + 2x - y°> + y* - 2y |
Out[1]:=(-x+y) (-2+x3—x*+ X%y —x3y+xy°—x2y*+y3-xy3—y*)
Vay ta co

0 =x7-x*+2x -y +y*-2y

=(-x+y) (-2+x3—x*x%y -3y + xy? —x%y? + y3 - xy° — y*)
= (x-V[2+x3(x -1) + x2y(x -1) + xy*(x -1) + y3(x -1) + y*]
Vi x va ytrong [1, ©) nén

[2 + x°(x-1) + X°y(x-1) + xy*(x-1) + y’(x-1) +y*] > 0
Suyrax=y vaf la m0t don anh.

GIAI TICH 1 - CHUONG HAI 103



CHUNG MINH f KHONG LA PON ANH
Pé chitng minh f khong 13 mdt don dnh ta phai
timx va y trong A saochox #y va f(x) =f(y).
Thong thudng ta doanra x va y.

N€u khong thidy ngay, tanén gidi phudng trinh
f(x) - f{ly) =0 va nénluu y : phuong trinh nay co
mot nghiém 13 x = y, nén ta dé ¥ 13 f(x) - f(y) c6
thé phan tdch thanh thira sd trong d6 cé (x - y).

Thidu. Cho f(x) = x>+ 2x + 3 vdi moi x trong R.
Khdo sdt sy don dnh cua f .

fx)-f(y) =x*+2x -y*- 2y=(x*- y°) +2(x-y)

= (- +y+2).
Tu do ta thay f(O)= f(-2) va f khong don anh.



Thidu. Cho fix) = x*+2x> vdi moi x trong R.
Khdo sat sw don dnh cua f.

Ta dung Mathematica dé dodn

/

huéng gidi bai todn nhu sau gg
In[1]:= Plot[x* + 2x3, {x, -4, 4} ] 15
Tw day ta thady f khong 12 mot don :

-z & .

ianh.Tuy nhién, ta khong thé chi
nhin trén do thi ma ndéi dudc. Ta
ti€p tuc dung Mathematica nhu sau

In[2]:= Solve[x* + 2x3 == 0, x]

Out[2]:= {{x>-2},{x>0},{x>0}, {x->0}}
Vay phuong trinh x*+2x°= 0 ¢6 hai nghiém x=0
va x =-2,do do f(0)=f(-2)=0va f khong don anh.



Mot cong ty du lich dinh hudng tim cac tours du lich
thich hgp véi mot s6 doi tugng c6 kha ning chi cho
du lich nhirtng muc khac nhau.

C4c mic chi tiéu c6 thé c6 clia cdc ddi tugng ma
cong ty luu tim dugec mo hinh 1a mot con B cua tap
hop cdc s6 nguyén dudng. Cdc tours du lich ¢6 gid
tién dugdc liét ké trong B dugc md hinh nhu mot tip
hop A . Van dé dugc mo hinh nhu sau : n€u f(x) 12
gid cua mot tour x, thi ta phai tim tdp A sao cho véi
moi y trong B déu c6 mot x trong A sao cho f(x) = y.

GIAI TICH 1 - CHUONG HAI 106



Dinh nghia . Cho X va Y 1a hai tap hgp khac
trong, f 12 mOt 4nh xa tr X vao Y. Ta ndi f 1a mot
toan 4nh néu va chi néu f(iX)=Y,

.
) / f <%\<%{> <

s f khong la toan anh

X .\7777/><}
PR
N B —

& v

-
] f la toan anh

— DNG HAI o7




Trong mot thit nghiém ngudi ta quan sit s virus
trong mOt mo1 truéng theo thd1 tng thd1 gian dinh
truGe. Mat khdc ching ta cing mudn xdc dinh cac
thdi di€m dé€ s6 luong virus trong moi trudng d6 dat
dén cédc sO lugng dinh trudc.

Chung ta mo hinh cac vi€c trén nhu sau, md hinh
thdi gian quan sat nhu mot khodng A = [c, d], va sO
virus dudc quan sat 12 mot tAp hdp B cdc sO nguyén
duong {n,, n,+1, ..., N}. Viéc quan sét sd virus
trong mOt mo1 truéng theo thd1 twng tho1 gian dugce
moO hinh nhu mdt 4nh xa f tw A vao B. Vi€c quan sat
thdi di€ém c6 mot sd nao d6 lugng virus trong moi
truéng dugc mo hinh nhu mot anh xa g tu B vao A.



Dinh nghia . Cho X va Y 1a hai1 tap hgp khac
trong, f 12 motdnh xa tr X vao Y. Tandi f 1a mot
song anh néu va chin€u f don 4nh va toan dnh.

-

><F

f 1a song anh

GIAI TICH 1 - CHUONG HAI 109



Dinh nghia. Cho f la mo0t song anh to@ X vao Y.
V6i moi y € Y ta ¢6 duy nhiat mdt x € X sao
cho f(x) =y, dit g(y) = x. Tathdy g la mot 4dnh
xa t¥ Y vao X cé tinh chatsau: gof (x) = x va
fog(y) = y vBimoix € X va v6imoiy € Y. Ta no1
g la anh xa ngudc cua fva thudng ky hiéu la f-!.

X — fe o sl Ty
- . Y X <« -
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CHUONG BA

SO NCUYEN VA 8O HUU T
A. SO NGUYEN - PHEP CQNG

Ta xét cac bail toan sau: tao ra lich cho nim sau
(danh sach cdc ngay va cdc th tuong wng, lién két
ngay duong lich va ngdy Am lich), tinh s6 clta s6 dé
x4y moOt cin nha, sO ngay hoc sinh dén trudng hiang
nim, s6 ca c6 thé nudi trong mot di€n tich nao do,
chi tiéu tuyén sinh clia mot dai hoc. . .

/? Al \ / h \ ° / Al A / k Al
Pé mo hinh cac bai toan bén trén, chung ta can mot
A ~ A A s, s o ° A

tap hop con s6. Ta khong thé c6 khai niém : nira
P ) o AN A Vs ° A (44 A 29
con ca, nua sinh vién, ta can khai ni€m “nguyén”.



Tap hdp cdc con s6 nguyén nay gom c6 cdc phan
t ndo d6. Tuy theo dia phuong n6é cé nhiéu tén, thi
du c6 mot phan ti dudc goi bing nhiéu cédch : hai,
nhi, dzi, deux, two, ni, . . . . Chung con dudc ky hi€u
theo nhi€u cdch con dudc ky hi€u bing nhi€u cich,
thi du mot phan t trong tip d6 cé cac ky sau : 12,
XII, 1100 (cd s6 nhi phan) . . .

C6 thé dong nhat tip sd nguyén véi cidc s6 dém
hay khong? N€u ching ta dém tat cd cdc sy vat ma
chiing ta biét, goi s6 d6 1a M, thi s6 M+1 tuy khong
12 sO ching ta d3 dung d€ d€m, nhung né rd rang la
mot s6 nguyén! Nhu vay khé ma dé tim tAp hgp tat
cd sO nguyén trong thién nhién.



Chiing ta cham dén mdt hinh dnh di€n t3 rat khéo
cau sau day cua Lao tu :

“Pao kha dao, phi thudng dao; danh kha danh, phi
thudng danh”™

“Pao ma dién gidi dudc thi khong phdi dao vinh
clfu bat bi€n, tén ma cé thé ditra d€ goi nd [dao]
thi khong phdi tén vinh cttu bat bi€n “.

(Nguyén Hién Lé dich)

G day ching ta thdy sic manh trf tué lodi ngudi, dit
ra mOt céi gi d6 (tdp hdp cadc sO6 nguyén) khong cé
sdn trong tu nhién, dung cdi d6 d€ gidi quyét cic
van dé c6 thuc trong tu nhién : ding cdc tién dé dé
dinh nghia tAp cdc sO nguyén.



Ong Peano dinh nghia tap sd nguyén dua vao tinh
thuc ti€n clia cdc sO (cdch dé€m su vat, phdi c6 mot
s6 dau tién, su ndi ti€p cdc s6 d€m) va “mot tinh
chit khong dé chap nhan lim” (tién dé IV).

C4c tién dé Peano vé tip cdc sd nguyén duong :
C6 mot tip hop N cung véi cdc tinh chat sau
I. V6i moi phan tif x trong N c6 moOt phan ti dudc ky
hiéu 1a S(x) trong N, dudc goi 12 phin tif k€ ti€p cuia x.
II. Cho x va y 13 hai phan t@ trong N sao cho

S(x)=8() thi x =y.
III. C6 mot phan t trong N ducc ky hiéu 14 1 sao cho 1
khong 13 phan t& k€ ti€p cla modt phan t& nao trong N.
IV. Cho U la mot tdp hdp concua Nsaochol € U
va S(x) e U v6imo1 x € U. Lucdo U= IN.




Tédp hop N duy nhdt theo nghia sau : néu co tdp
N’ thdéa bén tién dé Peano vdi phan tit dau tién la 1’
thi co mot song dnh f twN vao N’ sao cho f(1) =
(1) va S(f(n)) =f(S(n)) voi moi n € IN.

o

Pinh nghia. V4i bon tién dé nay ta x4c dinh s6 2
nhu 12 S(1), s6 3 nhula S(2),s6 4 nhu 12 S3),...
ta s& c6 moi s6 thudng duing dé€ dé€m

Dinh nghia. Ta c6 phép cOng trén & nhu sau :
n+l=8Sn),n+2=5mn+1),n+3 =Sn+2),....vV n €N

Dinh nghia. Ta x4ac dinh phé€p nhin trén [N nhu
sau :

ln =n,2.n = n+n, 3.n =2.n+n,..... Y n € IN.



Ong Peano d3a déng gép mdt ¥ todn rit quan
trong : IN khong chi 13 mot tdp hdp chita cdc sO
nguyén duong, ma trong N con ¢6 mot ciu tric
logic “phdn tit ké tiép”. Chinh cau tric logic ndy
xac dinh cac phép toan cOong va nhan trén IN va
quan hé€ thu ty sau day trén [N.

Dinh nghia. Ta ¢c6 m6t quan hé tha ty trén [N nhu
sau : chom van trong N, ta noi1

e n>m (haym<n) n€u va chi n€fu n=m+r
v6é1 mot r nao do trong IN,

e n>m (hay m< n) né€uva chinéu n=m hoic
n>m.



Pinh ly. Dinh nghia cdc phép + va . va quan hé >
trong N nhu trén. Ta co vdi moi m, n, p va q trong N
(1) m+n=n+m,n.m=m.n va m.(n + p) =m.n + m.p,
(i1) = la mot quan hé thit tu toan phan trén N.
(i) néu m=> n va p = q, thi

m+p =2 n+qg va mp = np.
(iv) Cho A la moét tdp con khdc trong trong IN
luc doco z trong A sao cho n =z vdimoi n
trong A (tandi A cé cuc tiéu ).

Céc tién dé cia Peano (tuong doi khd tuy nhién) gidp
chung ta s€ lam toan cOng va toan nhin c6 1y ludn
chic ché hon! Ngoai ra cdc tién dé nay con cho
ta mOt cach ching minh dac biét : qui nap todn hoc.



Dinhly. ChoA <« Nva pe A.Giasu S(n) € A
néu neA. Licdd {meN :m>p} c A.

B. PHEP QUI NAP TOAN HOC

Khi ta quan sat khong phai mét hi€n tugng, mot tinh
chat ma cd mot diay hién twgng hodc mot day tinh
chat {P.} véin 1a cédc s6 nguyén duong, ta c6 thé
dung phép qui nap todn hoc d€ chitng minh P,
ding v6éi moin > N chi can hai budc nhu sau :

¢ Ching minh P, dung vGin =N,

e Cho k l1a motsd nguyén duong k > N. Gia st
P, dung, ching minh P, , cling dung.

Néu lam dugc hai di€u trén, ta kétludn P,
ding v6imoin > N.



Baitoan 5. Chon e N. Ddr X =1+2°+ ... + 1.

Ching minh X = nz(r:q)z
bat P(n) 1a “ X = nz(rl:_l)z “.Ta thdy P(1) dung
Gia st P(k) ding v6imotk>1,tacé X, = kz(l:rl)z
X=X +(k+1)’ = k2(lz+1)2 +(k +1)°

_ i(k +1)2[K? + 4k +4] = (k”)zik”)z

Vay theo qui nap toan hoc P(n) duing v6imoin > 1.



Bai toan 6. Cho m va n la hai s0 nguyén duong. Gid
su co mot don danh f tw {1,...,m} vao{l, ...
n} . Chitng minh m < n.

Né&u m = 1. Ta c6 m < n (that ra khong cin gia thiét
vé f)
Gid st két qud ding khim =k .

Néu c6 mot don dnh f tw {1,...,k}vao {l,...,n}.
Thi k<n
Gid s co mot don dnh f tw {1,...,k+1} vao

{1,...,n}. Chitng minh k+1< n.

Gid su co mot don dnh g tuw {1,. .., k+1} vao {1,...,p}.
Chitng minh k+1< p.



Néu c6 don dnh f 1w {1,..., k} vao {1,...n}. Thi k<n
Gid s co mot don dnh g tw {1,...,k+1} vao
{1,...,p}. Chitng minh k+1< p.

Gid su co mot don dnh g tw {1,...,k+1} vao
{1,...,p}. Ching minh k<p - 1.

e o({1,...k})c={l,....,p-1 } dung gid thi€t qui nap
oo o({1,...,k}) khOng chira trong {1,...,p-1}.
e Jic{lkl « 5 .

| ) J
sao cho g(j)=p /<

]
k k+1

o




Néu c6 mot don dnh f tw {1, ...k} vao {1, ...,n}.
Thi k<n

Gid st co mot don dnh g tw {1,...,k+1} vao
{1,...,p}. Chiung minh k<p - 1.

ee Jje{l,...,k}saochog(j)=p

, .
D€ dua vé ) / ok
truéng hgp e, ~ ~

ta dit anh xa v N =l "
nhu trong hinh T

\%US




Ta co : k+1
gov(k+1) *
— p V

gov la mot l

don anh
k+1
Do dé 0
goV(i)S p-l l
Vi< k

Thay thé g bing gov, ta dua vé trudng hop da xét .



Bai toan 7. Cho m va n la hai s6 nguyén duong. Gid
sut co mot song dnh f tw {1,... ,m}vao {1,...,n}.
Chiting minh m =n.

f la motdon dnh tw {1, ... m}vao{l,...,n}. Do
do m<n

fYla motdon dnhtw {1,...,n}vao {1,...,m}. Do
do n<m

Dung ké&t qua nay, ta c¢6 thé dinh nghia “hitu han”
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Dung ké&t qua nay, ta c¢6 thé dinh nghia “hitu han”

DPinh nghia. Cho A 12 mot tip hop khdc trong, ta ndi

A ¢6 m phan tir néu va chi n€u cé mot song 4nh f
tv tap hop {1,2,3, .-, m} vaoA. Luc d6 ta noi
tip hop A c¢d hitu han phan tit

(1,..,m 1 (1,...n)
g
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Pinh nghia. Cho A 1a mot tdp hgp khac trong, ta noi

e A ¢6 n phdn tit n€u va chi n€u cé mdt song 4nh
ftw tip hop {1,2,3,---,n} vaoA.Luc do ta
néi tip hop A ¢d hitu han phan ti.

e Ala mottip hgp vo han dém dudc (hodc vin tit
]a dém dugc) néu va chi néu c6 mot song 4anh f
tu N vao A.

eA 12 mot tdp hdp qua 1am dém dudc néu va chi
néu A ¢é hitu han phan t&¢ hoic vd han d€m ducc .

e A 12 mot tap hdp vo han khong dém dudc néu
va chi n€u A khong hitu han va khong vd han dém
dudc .



Bai toan 8. Pat #(N) 12 ho tidt cid cdc tip hop
con cua AN. Chitng minh Z (N ) la mdt tadp vo han
khong dém dugc.

A 12 mot tAp hdp vo han khong d€m dudc néu va
chi n€u A khong hitu han va khong vo han dém
dudc .

Dung phan ching

A khong 1a tap hop vo han khong d€m dudc néu va
chi n€u A hitu han hoic A v6 han dém dudc .
PN){{1},{2},...,{n},...}:khOng hitu han

Gid thi€t phan ching : 9 (N ) v6 han dém dugc .
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Gid st ?(N) vo han dém dugc

A 12 mot tap hdp vo han dém dudc n€u va chi néu
cO motsong anhf tor N vao A.

C6 moOt song anh f tr N vao #(N)

Patf(n)=A, PN)={A A, . A . .. ]

PE dé xir 1y c4c tAp con clia N, ta tuong ng mdi tAp

con B ciia N bing mot ham sO sau
("

) )1 néu x € B, E—
X )= . — =
& ' 0 n€uxeN\B. Ay = L

X dudc goila ham dic trung cia B



(

1 néu x € B,
0 néu xeN\B.

Véay c6 mot song dnh tr (N) vaoF ={y, : Bc N}
AN) _ .
A E—{;(An :n e N}

N " F
0 néu ;(An(n)zl,

Xp(x)=>+ B'=B< gy, =¥

bat g(n) =+ B={neN:gn)=1}

8§=JXp € F
g;'&ZA VnelN g%Ez{;(A :neN} E + F*

1 néu y, (n)=0.



C. CACTAP HOP Z VA @
Chom van trong IN, xét phudng trinh n=x + m.

e n > m: theo dinh nghia ta ¢6 mot sO nguyén r sao
chon=m+ r.Vaytachon x =r.

e n < m: theo dinh nghia ta ¢6 mot sO nguyén s sao
chom=n+s. Vay “m b6t di s” =n. Trong toan
hoc ta ky hi€u “bét di s” la —s.

Phuong trinh nay 1am ndy sinh tAp hop cic sO
nguyénam {-qg:qgeN }

PitZ={-g:q eN }U {0} UN va goiZ la tip
cdc sO nguyén.
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3=x +1
4=x +2
S=x +3
6=x +4
T=x +35

131



Néu m € {-q : g €N} tanéimla motsoé nguyén
am va viet m< 0, n€um € N ta néi m 12 mot s6
nguyén duong va viét m> 0.

V6i sO nguyén m ta diat sign(m) nhu sau va goi
d6 1a dau cda m

| néu m>0 ,
sign(m) =< 0 néu m=0,
—1 néu m<0 .

bit 0.m=m.0=0 v6imo1 me Z

Moi s6 nguyén m c6é thé viétthanh sign(m) m’
v61 mot m’ trong N .



Trén Z ta co cac dinh nghia sau day : v61 mo1 m, n,
p va g trong Z

o -m=-sign(m)lml, m+(-m)=0, O+m=m

e m+n = sign(m)[Iml + Inl] n€u sign(m ) = sign(n)

e m+n =sign(m)[Iml-Inl] n€u sign(m)=sign(n), Iml > Inl

e m+n = sign(n)[Inl-lml] né€u sign(m)= sign(n), Inl> ml
e (0.m=0

e n.m = Iml.lnl  néu sign(m) = sign(n)
e n.m = -Iml. Inl  néu sign(m) #sign(n)

e m >n néuvachinu m-neN

e m>n néuva chin€u m=n hoicm > n.



Dinh ly. DBinh nghia cdc phép cong + va nhan. va
quan hé > trong Z nhu trén. Ta cO vO1 mo1 m, n,
p,va q trong /.

(1) m+n=n+m,n.m=m.nva m.(n + p) =m.n + m.p,
(i1) > la mot quan hé thit tw toan phan trén Z.

(iii) néu m=>n, p>q va r=>0, thi

m+p=n+q va mr= nr.

(1v) Iml = m

GIAI TICH 1 - CHUONG BA 134



Chon €Z\{0} va m €/, xét phuong trinh nx = m.

: | -6.p =
y 4.p =2

ﬂ O
M . l.g =2
/ 2g =4

9

R oar=2
6-5-432-1 PY1234567 5,_3

Phuong trinh nay c6 thé khong c6 nghiém trong Z
(thi du 4x =2). Nhung ta c6 thé coi (n,m) nhu 12 mot
nghi€ém cua né va xét tdp hdp Q xac dinh nhu sau
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XetX=(LZ\{0})xZ ={(n,m):neZ\{0} va mel }

Trén X ta dinh nghia quan hé¢ R nhu Ta chdng minh
sau (n.m)R(n’.m’) < n.m’ =n’.m  dudc A la quan
hétuong duong.
Ta dat Qla tap
thuong X/A.

Ta ky hi€éu I6p
tuong duong

cua (n,m) la n

n
va ta go1 do la

6 -5-4-3-2-1

6x =3 2y =2 4z=2

" mot sO hitu ti.
4.x =2 4.y =4 6.z=73



Vi 2.6 =3.4 nén

(4,2)4(6,3). Do
a6 = va

4 6
chila mot so

hiru ti z.

Nhu viy mdt s hitu ti ¢6 thé dudce viét ra nhiéu dang
khdc nhau, mdi dang cda né 1a mot phan so”

Cis o A s VO T
trong do m dugc goi1 la tor sO va n dudgc goi1 la mau so.



m km

¢ —=— v3imoisd httuti va véimoi k € N.

n kn
e dong nhat m véi ™ véimoimeZ, ta c6 Z < Q.

1

A m N N , A

e nu p=—=0 thi m €e Z\{0} va ta cO thé
n
s, A ~ 2 n . ° A N
xétsohttuti — ,takyhiéu 7 1a pl.
m m

e vi (n,m) R (Inl, sign(n) m), ta cé thé viét cac sd

htutiddang ~ véiseN vare”Z.
s



< ? m \
Dinh nghia. Chocacso htuti — va

n
vase N va m var e Z. Tadinh nghia

m+r_ms+nr mr_mr
n S_ ns ’ n.s_ns
Iml_lml

n lInl

nm r

_>_

néu va chi néu ms > nr

> _ néu va chi néu ms > nr
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Pinh 1y . Dinh nghia cdac phép cong + va nhdn. va
quan hé > trong Q nhu trén. Ta co voi moi m, n, p
va q trong Q va p # 0

1) m+n =n+m va m.(n+p) = mn+m.p,
(i) n.m = m.n va p.p =1,

(i)néu m > n va n > m,thi m = n,

(iv) néu m > n, p>q va r>0,thi m+p> n+gq
va mr> nr. Néu m>nva r > 0,thi mr > nr.
(v) lml = m.
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CHUONG BON
sO THUC

Néu chiing ta qui hoach mdt con dudng
mau xanh trén mot khu dit hinh vudng d
c6 chiéu dai mdi canh 12 1 km. Hdi
ching ta nén ghi chiéu dai d clia con
dudng nay la bao nhi€u trong du an ? 1

Theo dinh 1y Pythagore d? =2 . Trong cac chuong trudc,
ching ta da thay khong c6 sO hitu ti ndo bing d ci. Con
s6 d nay c6 thuc ngoai ddi nhung khong thé ti€p cin
bing cdc Iy luan binh thudng ngoai d6i nhu dém sd, chia
phan (s6 nguyén va so hitu t).



Trong Phu luc A cua quyén “Gido Trinh Todn Gidi Tich
17, NXB Thong Ké, dung khai niém day Cauchy, ching
ta xay dung dudc tdp hdp R cdc so thuc d dua vao tip
cdc s6 nguyén nhu sau.

Dinh nghia. R [a mot tdp hop trén do ta xdc dinh dvoc:
phép cong (x,y) > x +y va phép nhdn (x,y) > xy (day la
cic dnh xa t R xR vaoR) va mot quan hé thu tu
toan phdn  c¢é cdc tinh chdt sau : véi moi x,y, z va u
trong R

(R1) x+y =y+x,

(R2) x+(y+2)=(x+y)+z,

(R3) c6 mdt phan t& 0 trong R sao cho 0 +x=x Vx € R,
(R4) ¢c6 mOt phan tir - x trong R saocho x + (-x) =0,



(R1) x+y =y+x,

(R2) x+(y+2)=(x+y)+z,

(R3) ¢c6 mot phan tit O trong R sao cho 0 +x=x V x € R,
(R4) c6 modt phantd - x trong R saocho x + (-x) =0,

(RS) xy=yx,
(R6) x(yz) = (xy)z,
(R7) c6 modtphantd 1 trong R saocho lx=x Vx € R,

(R8) n€u x # 0 cé6 mdt phanttd x! trong R sao cho
1,
xtx=1,

(R9) x(y +2) =xy + xz,
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Baitoan 1. Cho § va n 12 hai so thyc sao cho

xX+0=x vax+n=x Vxelk.
Chirng minh 0 = 1.

x+0=x VxeR x +nm=x VxeR o=n

5§=864+1n=n+8=n VAayphantt 0 duy nhat

Baitoan 2. Cho § va n 12 hai so thyc sao cho

o0.x=x va nx=x Vxek.
Chirng minh 0 = 1.

o.x=x VxelR nNx=x VxelR 0

I
=

0=0.1M =MN.0="n
Vay phan t¢ 1 duy nhat
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BAI TOAN 3. Cho hai s6 thuc x vd y . Chitng minh

x+y =x > y = 0.

XHy = X y = 0

[x +y]+ (-x) =x+ (x) =0

O=x+[y+ (-0)] =x+[(-x) +y] =[x +(-x)] +y=0+y =y

BAI TOAN 4. Cho mot sd thuc x . Chitng minh 0.x =0
Ox = (0O)x = 0+0).x =0.x +0.x Ox =0

BAI TOAN 5. Cho hai s6 thuc x va y. Gid st x % 0.
Chung minh xy =0 > y = 0.

y =(xD.(xy) =(xH.0 =0.(x) y =0



BAI TOAN 6. Cho mot s6 thuc x . Chitng minh
-1)x = -x
(R4) x+(-x) =0,
x+(C-DHx = 1x+(-1Dx
lx+(-1D)x = [1+(-1)]x = Ox

Pinh nghia . Cho hai s6 thuc x va y . Ta dit
y-x =y +(x)
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"

(R10) "x<y vay=z" = "x=z",
RID"x<y vay=<x"= "x=y",

(R12) x<y hodc y<=<x,

(R13) "x=<yvaz=su" = "x+z =y+ u',

(R14) "x<yvalO=<su" = "xu < yu'.

BAI TOAN 7. Cho hai s6 thuc x va y . Chitng minh
x<y & 0=y -x

<y=>0 =< y-x 0 < y-x =>2x=y

X
x|y 0] )y -x

X+ (-x) <= y+(-x) (Dung (R13) )
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BAI TOAN 8. Cho hai s6 thuc x va y . Chitng minh
X<y = =-y= -Xx

(1) X s@
<

v = G
X - -y -y =X +(-x -y)
(1) va (R13) : X +(-x-y) = y+(-x-y)
Pinh nghia . Cho hai s0 thuc x va y ta s& dung cidc ky
hi€u sau :

x=y néuvachinfu y <ux,
x>y néuvachinfu "y <xvax=y",

x<y mnéuvachinéu "y =xvaxz=zy".



Pinh nghia . Cho hai s6 thwc ava b, saocho a< b .
Tadat [a,b] = { xeER :a <x < b }

Pinh nghia . Cho hai s6 thuc ava b, saocho a < b .
Ta dat

(a,b) = {xeR :a<x<b }

[a,b) = {xeR :a<x< b }
(-co,b) = {xeR : x<b }

(a,0) =1{xelR :a<x}
[a, ) = {xeR : a=<x}

(-oo,b] =1{xeR : x=<b }



Cho mot s6 thuc a ta dit

(a khia>0,
a] = <

_a khia<O0 .
Ta goi lal 1a tri gid tuyét doi cuda a.

BAI TOAN 9. Cho mot s6 thuc x . Chéng minh

x < x|
® Néu x =0 : Ix|l=x.
® Néu x <0 : Ilxl = -x

Bai todn tr§ thanh :n€u |x < O/chdng minh x <-x

IA

Dung baitoan8: x <0 = 0 - X



BAI TOAN 10. Cho mot s6 thyc x . Chiéng minh

-Ixl = x

® Néu x>0 : Ilx| =x

Bai todn tr§ thanh : néu |0 < x| chtfng minh -x < x

Dung bai todn 8 : O0<x = -x =<0
® Neu x =<0 : Ixl= -x

Bai todn trd thanh :néux <0 ching minh - (-x) < x
BAI TOAN 11. Cho mét s6 thuc x . Ching minh

| x |

IA

+ X

| x |

S
IA
“
<
oo
S
IA



BAI TOAN 12. Cho hai s6 thuc x va y . Chéing minh

lx+yl < Ix| +1yl
® Néu O<x+y:lx+yl=x+y
Bai todn trd thanh :néu 0 < x +y ching minh
x+y < lIx| +1yl
® Néu x+y<0 : lx+yl= -(x+y)=-x-y
Bai todn trd thanh :néu x +y < 0 chidng minh
-x-y =< Ix| +1yl

Dung bai todan 8 , baitoan 9 va (R13)
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(R15) R chita tip hop cdc sO nguyén ducng N va cdc sO

nguyén duong n chinhla 1+--+1 (n lan).

(R16) Tap hop cdc sO nguyén Z = {-n:neN }U {0}U N

chira trong R.

(R17) Tap hop cdc s6 hituti Q = {n'm : neN va meZ }

chira trong R.
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(R18) (Tinh chdt Archimede) Néu x >0 va 0 <y, lic d6
c6 mot sO nguyén duong n sao cho

y < nx . (hay n'ly < x )

(R19) (Tinh trt mitcua Q va R\ Q trong R) v4i moi s
thycx va moi s6 thuc duong ¢ ta tim dudc p va ¢
trong Q va r va s trong R \ Q sao cho

X-& <p <x<qg<x+¢& va

X=& <r < X< s§s< X + &
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Pinh nghia . Cho A 1a mot tAp con khdc trong trong R .
Ta no1

e A1a mOt tAp bi chdn trén néu cé mot so thuc o sao cho
X < o VxeA,
lic d6 a dudc goi la mot chdn trén cua A .

e A 1a moOt tAp bi chdn dudi néu cé mot so thuc B sao cho
b < x VxeA,
licdé6 B dudc goila mdt chdn duoi cua A

e A 1a mOttip bi chin néu A 1a mot tip bi chdn trén va
bi chdn duoi

GIAITICH 1 - CHUONG 4 155



Thidu 1. Cho hai s6 thuc ava b, saocho a < b . Ta
thay

(- 00, b) la mottip b1 chan trén,
(a,c0) lamdttap b1 chdn dudi,
[a, c0) 1a mOt tap b1 chdn dudi
(-c0o,b] lamottap b1 chan trén,

(a,b) la mOt tap b1 chdn
l[a,b) 1a mdttap b1chan,

(a,b] 1la modttip bichdn .
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(R20) Néu A 13 mot tAp con khdc trong va bi chdn trén

trong R, lic d6 c6 mot s6 thuc m, sao cho
(1) X =< m, YV x €A,

(i) Néuc6o modt b trong R saocho x < b Vdi

mol1 x €A, thi
m, < b

Lic d6 ta goi m, 1a chin trén nhd nhat cia A va

ky hieu m, la supA.
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(R21) N€u A 12 mot tAp con khéc trOng va bi chdn dudi

trong R, lic d6 c¢6 mot s6 thuc k, sao cho
Q) k, < x V x €A,
(i) NEucoé mot b trong R saocho b < x v6imoi
x €A, thi
b =< k,
Lic d6 ta goi k, 1a chin dudilén nhat cia A va
ky hi€u k, la infA.
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Bai toan 13 . Cho A 1a khoang (0,1). Chitng minh
supA =1
(1) X =< m, vV x €A,

(i) Néucé6 mdt b trong R saocho x < b vdi
moi x €A, thi m, = b

Lic d6 ta goi m, 1a chan trén nhd nhit ciia A va
ky hieu m, 1la supA.
(i) x o<1 Vv x €(0,1),

(i) NEéucé6 mdt b trong R saocho x < b vGimoi
xe@0,D, thi 1 <b

GIAITICH 1 - CHUONG 4 159



(i) Néucé mdt b trong R saocho x < b v6imoi
xe0,1), thi 1 < 5b

x <=b VY xe (0,1) = 1 < b

Pjodée : “P=2>0Q” o “~Q > ~P 7
b < 1 = dxe (0,1) saocho b < x
b < 1 = Timmoét x € (0,1) saocho b < x
TN
0 !
ebe (0,1 chon x =2 (1 +b)

ebe (-0,0] : chon x =21



Baitoan14. Cho A 1a tiphdp { n'':n €N }. Chiing
minh
int A =0

Q) k, < x V x €A,
(i) NEucoé mot b trong R saocho x < b véi
moi x €A, thi b = £k,

Lic d6 ta goi k, 1a chin dudi16n nhat cia A va ky
hi€u k, la infA.

i) 0 < x Vv x €A
(i1) NEucoé mot b trong R saocho b < x véi
mo1 x €A, thi b < 0
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(i) Néucé mdt b trong R saocho b < x v6imoi
X €A, thi b < 0

b < nl! YV n N
= b <0
Piodée : “P=>Q” o “~Q > ~P7”
0 <b
= I n eN nl< b

(R18) (Tinh chdt Archiméde) Néu x > 0 va 0 <y, lic
d6 c6 mot sO nguyén duong n sao cho
y < nx . (hay n'ly < x )




Cho A la mottap bichdn trén trongR va M €R.
Pé chitng minh sup A < M , tacdé thé lam nhu sau

Chungminh x = M VY x €A.

Bai toan 15 . Cho ¢ 12 mot so thyc duong va B
1A mot tdp con bi chin trén khéc trong cia R.
bat ¢B ={cy :y € B} .Ching minh

sup cB =c sup B

bit A =cB va M =csup B . Taphai chitng minh
e supA =M
e M < supA



cB = {cy :ye B}.Ching minh supcB =csupB
bit A =cB va M =csup B . Taphai chitng minh
e supA =M
e M < supA

Chung minh  sup A < M

Chung minh x =<csupB YV x €eA=cB.
Chung minh cy =<csupB Y v €B.
y < supB YV v €B.

cy < csupBb =M YV v €B.




cB = {cy :ye B}.Ching minh supcB =csupB

bit A =cB va M =csup B . Taphai chitng minh
M < sup A
Ta phai chitng minh ¢ sup B < sup cB
Ta da chdng minh sup ¢B < ¢ sup B
bat E=cB va d =c¢! .Tacé B =dE

sup d E < dsup E
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Bai toan 16. Cho A 1a mot tAp khdc trOng va bi chin
trén trong R va ¢ = sup A. Cho ¢ 12 mot s6 thuc duong.
Chirng minh ¢ - & khong la mot chidn trén cua A.

(1) X =< m, vV x €A,

(i) N€ucoé mot b trong R saocho x < b véi
moi x €A, thi m, < b

Lucdo m, = supA.

(1) X =<¢C YV x €A,
(i) NEucoé mot b trong R saocho x < b véi
mo1r x €A, thi ¢ < b

166
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Bai todn 17. Cho A 13 mot tdp khac trong va bi chin
trén trong R va ¢ la mot chin trén cua A. Gia st v6i moi
sO thuc duong ¢ ta ¢6 mOtx € A saocho c-¢ < x.
Chung minh ¢ = sup A

(1) x =< m, Vv x €A,

(i) Néucé modt b trong R saocho x < b Vvdi
moi x €A, thi m, < b

Lucdom, = supA.
(1) X =¢ vV x €A,

(i) Néucé mdt b trong R saocho x < b Vvdi
mo1 x €A, thi c¢c < b



(i1) Néub 1a mdOtchintrénciua A, thi ¢ < b

b 1a mot chin trén cua A
= c <b

Piodée : “P=>Q” o “~Q > ~P7”

b < c = b khong 1a mot chdn trén cua A

b < c = Timmot x € A saocho b < x
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b < c
= Timmot x € A sao cho

EZ%(C—b) b C-€ KC

— 2t —>

YVe>0 ta co mOt x € A saocho

b khdng con la moOt chdn trén cua A
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CHUONG NAM
DAY VA CHUOI SO THUC

PE xay dyng mot rao ngin khin
gid tran vao san thi ddu béng d4,
ta can tinh chu vi p cla mot hinh
nhu bén canh. Hinh ndy gom hai
cung tron va hai doan thing, mdi
cung 12 mot phan tu cia mot
dudng tron c¢6 ban kinh 60 mét.

Dung cac cong thitc don gian ta tinh dugc
p = (607 +120+/2) mét
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Néu ban hoc todn dé€ dat huy chuong Field, thi cong
thitc trén qué tdt. Nhung khi dua vao cdc dé 4n thi cong
thyc t€, ching ta phdi ding mot trong cdc gia tri cia p
nhu sau

p= 60x3,14 + 120 x1,41 ;
p = 60x3,141 + 120 x1,414 ;
p = 60x3,1416 + 120 x1,4142 .

Nhu vay trong thuc t€, mot sO sO thuc thudng dugc thay
th€ bing cdc gid tri x4p xi clia ching.

Thi du , ngudi thudng dong nhat © v6i mot trong cac sO
{3,14;3,141; 3,1416}, va /2 vGi mdt trong cac sO
(1.41: 1,414: 1,4142)
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Nay ta xem cach mo hinh y tudng trén cua cac nha toan
hoc .

Dinh nghia. Cho f 1a m6t anhxatw N vao R, dat
a = fin) v6imoin € N, tandi {a } 12 mot diy so thuc.

Thidu 1. {sin(n’+ 2n)} 12 moOtday soO thuc

Thi du 2. Pt a,=3,14, a,=3,141, a,= 3,1415
a,=3,14159 , a;=3,141592 , a, = 3,1415926 ,

a,=3,14159265 , ay=3,141592653 , a,= 3,1415926535 |

. DPay la diy so gitp ching ta chon cdc gid tri gan
ding ctia s6 x theo cdc sai s6 cho phép trong cdc tinh
toan cu thé .



Ta xem md hinh todn hoc ctia y tudng dong nhat mot s6
thuc a véi mot day cdc gid tri xap xi cua nd nhu sau

Pinh nghia . Cho {x } 1a m{tday so thuc va mot so
thuc a.
Tanéi diy {x } hoituvé a n€uva chinéu

Ve>0 dN(e) e ¥ saocho

lx -al < g Vn > N(g)
X
x3 X5 xN(8)+mx 1 xN(8)+1 N(e)+k 'x37 X4 'X2
| | | | |
] —_— | | |
o a a+e
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Bai toan 18. Chirng minh {n'!'} hditu vé O .
Ching ta nén md hinh todn hoc nhu sau : ditx, =n'! véi

moi s6 nguyén duong, va ching minh {x_} hoitu vé 0.
Ve>0 dN(e) € N saocho

lx -al < ¢ vV n > N(g)
Chomot €>0 timmoOt N(¢) € N saocho

lx -al < g vV n > N(g)

1 | ,

N(e)+k N(e)+l 4
H—FF%H |
-& 0 c ‘

. W
NP




Chomot €>0 timmoOt N(¢) € N saocho

lx -al < g VvV n > N(¢)
Chomot €>0 timmot N(¢) € N saocho

ln! -0 < ¢ V n > N(g)
Chomoét €>0 timmoOt N(¢) € N saocho

nl<eg V n > N(g)
Chomoét €>0 timmot N(¢) € N saocho
gl <n vV n > N(g)
1 I ,

N(e)+k N(e)+1 4

L W

—— N

- 8 0 8




Chomoét €>0 timmoOt N(¢) € N saocho
cl < n vV n > N(g)

(R18) (Tinh chdt Archimede) Néux >0 va 0 <y, lic
d6 c6 moOt s6 nguyén ducdng N sao cho

y < Nx . (hay Ny < x )
y=¢ ! vax=1

C6 mot sO nguyén duong N(e) : &1 < N(¢g) .1

el <NE.l<n V n > N(g)
Chomot €¢>0 c6 N(¢) € N saocho
el < n V n > N(g)
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Bai toan 19. Cho {x } 1a motday so thuc sao cho c6
mot sd thuc duong C d€ cho
Ix | <= n!C Vne N.
Ching minh {x } hoitu vé 0.

Chomoét €>0 timmoOt N(¢) € N saocho

lx -01 < ¢ vV n > N(¢)
Chomoét €>0 timmot N(¢) € N saocho
lx | < € vV n > N(¢)

Chomoét €>0 timmot N(¢) € N saocho
n'C < ¢ V n > N(g)

Chomét €>0 timmot N(¢) € N saocho
elC <n Vn > N(g



Bai todn 20. Ching minh {2"} hditu vé 0.

Chung ta mo6 hinh todn hoc nhu sau : dat
x, =27 Vne N.
Ching minh {x, } hoé1tu vé 0.

Ching minh c¢6 mot s6 thuc C sao cho

lx | < n! V ne N .
Pins 20V neN (20 =pl; 26ns2bp )
Pl: I < 21=2 dl’lng

P, diang : n s@
Pn+1: n +1 S@

n+l=(n)+1=<2"+1=<2"+2"< 2.2" =2l




Ve>0dN(e)eNNsaocho 7 Ve>0dN(e)eN sao cho
lx -al<e Vn>N(E) <« lx-al<e Vn > N(g)

Ve>03 N(e)eN saocho 7 vg'>0,3 M(g’)eN sao cho
lx -al<e Vn>N(eg) @Ixn—alsa’ VvV n >M(E)

Ve>03N(e)eN saocho — veg’>03 M(e’)eN sao cho
lx,-al<e Vn>N() <k -al=e Vn >ME)

Ve>0dN(g)e/N sao cho Ve’>0 3 M(g’)eN sao cho
lx -al<e Vn>N(eg) — x -al<ge Vn >M(E)



Ve >0 dN(e)eN sao cho

lx -al<e Vn>N(eg)

—

vVe'>0 d M(e’)eN sao cho

x -al<€e Vn >M(E)

Chomot € >0 tacdéo mot M(e’) € N

lx - a |
n

Cho mot ¢ >0

IA

b

e

tim N(¢) € N

lx -al < ¢
n

sao cho
vV n >M(E)
sao cho

vV n > N(g)
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ChomoOt ¢ >0 taco mot M(e’) € ¥ saocho

b

lx -al| = ¢ V n> M(g)

Chomot ¢ >0 tim N(¢) € N saocho

lx -al < € V n > N(¢

<n © < 37

Chomot ¢ >0 tim N(¢) € N saocho

lx, -al < 56 ¥V n> N()

Cho ¢, dat ¢ = % e ,tacoM(g’), dat

N(e) = M(¢') = M(% £ )



Ve>0dN(e)eNNsaocho 7D Ve>0dN(e)eWN sao cho
lx -al<e Vn>N(E) <« lx-al<e Vn 2 N(g)

Ve>03N(e)eN saocho ? weg'>03 M(g)e sao cho

lx -al<e Vin>N(g) <= x -al<e Vin 2M(E)

n>NE) < n=> N(e)+1
Baitap tu lam
Ve>0dN(e)eNN saocho 9D Ve>0dN(e)eN sao cho

lx -al<e Vn>N(E) < lx-al<e Vn 2 N(g)
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Pinh nghia. Cho ¢ 1a mdt 4nh xa tu tdp hdp cdc sO
nguyén ducng & vao N . DBait

n, = g(k) V k eN.

Ta dung {n, } thay cho {x } vi ta thuGng ky hi€u céc
sO nguyén dudng 1a n

glk)=12 V k e N n, =12 V k ehN
gk)=k YV keN n =k V k eN

gk)=3k ¥V k e N n, =3k YV kel

glk)=k-8k+100Vke N n =k*-8k+100V ke N
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Cho ¢ la mot

anh xa to /Y vao
AN va f la mot
anh xa tor & vao
R. bat
x =f(n) vVonelN «|”

b, =fog(k) ¥V kelN
Ta thdy fog ciling 12 moté4nhxa tr & vaoR.
vay {x } va {b} 1a cdcdiy so thuc.




Cho { x } la mdtdidysd thuc va mot sb thuc a.
Tanéi ddy { x } hoituvé a néuva chinéu

Ve>0 dN(e) e ¥ saocho

lx -al<e vV n > N(e)

Cho g laméOtanhxa tr Y vao/N va [ la mOt anh xa
tr & vaoR. Dbat

x = f(n) V. n eN.
b, = fog(k) V k eN.
bk =Xg(k) YV kK N

kK =< g(k) V k eN



Né&u g ting e
Ilgh iém cich thi N /’ 4\‘\ | N
k<gk) VkeN e

Ta no1 {b,} la . / f

mot day con cua fog "\ N .7
tang nghi€ém |/
cach. Luc do ta
ky hiéu R

(b, = fog(n) =b, = f(g(n))= fln) )



Néu g(n) = 2n ta ky hiéu Xnk la x,,

Néu g(n) = 2n+1 taky hiéu X , la x, .,
k

Néu g(n) = 5n+3 taky hiéu X la x5 . ;
k
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Bai todn 21. Cho mot diy so6 thuc {a,} . Ching minh
ba di€u sau day tuong duong

(1) {a,} hoi tu vé a trong R.
(2) {a,-a} hoi tu vé O trong R.
3){la,-al} hoi tu vé O trong R .

Ve>0 dN(e) € ¥ saocho

lx -al<ce vV n > N(¢)
Ve>0 dM(E) € ¥ saocho
[(x -a)-0l<ce Vm > M(g)

Ve’>0 dK(E”) € N saocho
[lx, - al-0l< ¢ vV k >K(”)



Ve>0 dN(e) € ¥ saocho

lx -al<e vV n > N(g)
Ve>0 dM(E) € Y saocho

l(x -a)-0l<ce Vm > M(g)
Ve?’>0 dK(E”) € N saocho

[lx, -al-0l< ¢ Vk >K(E”)
Ve>0 dN(e) € ¥ saocho

lx -al<e vV n > N(g)
Ve>0 dM(E) € ¥ saocho
| (x, -a)l=1x -al<e Vm > M(g)

Ve?’>0 dK(E”) € N saocho
X, -all =1x, -al <ce V k >K(e”)



PE tinh s=7++/2 ching ta thudng 1am nhu sau
s= 3,14 + 1,41 hoic
s = 3,141 + 1,414 hoac
s= 3,1416 + 1,4142 . ..

Ta tht m6 hinh toan hoc cho viéc lam thong thuGng nay
nhu sau.

Pita, = 3,14, a,=3,141, a, = 3,1415 , a, = 3,14159 ,
a.=3,141592 , a, = 3,1415926 , a, = 3,14159265 ,
ag = 3,141592653 , a, = 3,1415926535 ,

b= 141, b,= 1414, b, = 1.4142 , b, = 1.41421 .
b.=1.414213 , b, = 1. 4142135 b, =1.41421356,

by = 1.414213562 , by = 1.4142135623 ,
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Ta thdy cdac day sO {a,} va {b } l1an lugt 1a cdc day cac
s6 x4p xi m va V2, hay {a } va {b }1an lugt hoi tu vav2

Nay ta dat

s, =a,;+ b,
S,=a,+b,,
Sy =d;+ bs,
s,=a,+b,,
Ss =ds + bs

Theo cdch lam thong thuGng, ching ta chdp nhin {s, } la
day sO thuc x4p xi cho s6 s=7++/2. Ching ta s& chifng
minh viéc chdp nhdn nay 14 ding theo bai todn sau.
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Bai toan 22. Cho hai s thuc a va b va hai day sO
thuc {a,} va {b, } . Gia st {a,} hditu vé a va {b,}
hoitu v€ b.Dit c=a+b vic,=a,+b, v6i moi sO
nguyén duong n . Chitng minh {c, } hoitu vé c.

Chomoét ¢>0 ta cO0 N(e) € N sao cho

la, - al<ce vV n > N(g)
Chomot ¢ >0 ta c6 M(¢’) € N saocho
b, - al< € Vm > M(g”)
Chomot €7>0 tim K(¢”) € N sao cho

lc, -cll< g” Vk > K(E”)

Chomot €7>0 tim K(e”) € N sao cho
| (g, +b,) — (a+b)l< €” Vk > K(”)

192



Chomot e>0 ta c60 N(¢) € N saocho

la - al<e

vV n > N(g)

Chomot € >0 ta c6 M(¢’) € N saocho

b - bk g

Vm > M(g)

Chomét ¢”7>0 tim K(¢”7) € N  sao cho

[(a,+b) - (a+b)l< €7 Vk > KE”)

(a,+b) - (a+b) = (aq,-a) + (b, -b)

(a,+b,) — (a+b)
(a,+b,) — (a+b)

(a,+b,) — (a+b)l

< la,-al +1b,-b]
< g+ Vk> N(e)va k> M(g)
< g+¢& V k> max {N(g), M(¢’) }



Chomét ¢7>0 tim K(¢”7) € N saocho

| (a,+ b)) - (a+b)l< €7 Vk > K(”)

I(a,+b,) — (a+b )l <|e+ € |V k> max { N(g), M(¢g’)

Cho mot €7 >0, chon

e=¢=1¢" va K" =max { N(g), M) }
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Bai toan 23. Cho hai so6 thuc a va b va hai day sO
thuc {a,} va {b, } . Gia st {a,} hditu vé a va {b,}
hoitu vé b.DPiat c=ab vac,=a.b, v6i moi sO
nguyén duong n . Chitng minh {c¢,} hoitu vé c.

Chomoét ¢>0 ta cO0 N(e) € N sao cho

la, - al<ce vV n > N(g)
Chomot ¢ >0 ta c6 M(¢’) € N saocho
b, - al< € Vm > M(g”)
Chomot €7>0 tim K(¢”) € N sao cho

lc, -cll< g” Vk > K(E”)

Chomot €7>0 tim K(e”) € N sao cho
|Clk.bk T Cl.b | < 8” \V/ k > K(S”)
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Chomot e>0 ta c60 N(¢) € N saocho

la, - al<ce vV n > N(g)
Chomot € >0 ta c6 M(¢’) € N saocho

b, - bl< g Vm > M(g)
Chomét ¢”7>0 tim K(¢”7) € N  sao cho

la,.b, — abl< ¢g” Vk > K(E”)

a,.b.-a.b= (a.,-a)b, + alb,-b)

la, .b, —a.bl =< la.-allb| +lallb, -b]

la, .b, —a.bl < ¢lb |+ lale’ YV k> N(¢)va k> M(g)
Xuly bl b )I<Ib, -bl+1bl<e +1bl ¥k > M(g)

la, .b,— a.bl<eg +elbl+ lale” YV k> N(g)va k> M(g)



Chomot e>0 ta c60 N(¢) € N saocho

la, - al<ce vV n > N(g)
Chomot € >0 ta c6 M(¢’) € N saocho

b, - bl< g Vm > M(g)
Chomét ¢”7>0 tim K(¢”7) € N  sao cho

la,.b, — abl< ¢g” Vk > K(E”)

la, .b,— a.bl<eg +elbl+ lale” YV k> N(g)va k> M(g)
Giai phuong trinh x? + (1bl+ lal)x =¢”

\/(Ial+lbl)2+4g"—lal—lbl>
2

la,.b,— a.bl <¢g” V k> K(e”) = max{N(e),M(¢’)}

0

it e=¢'=x=



Bai toan 23b. Cho s6 thuc a khdc khong va day so
thuc {a,} sao cho a, khéc khong v61i moi n . Gia su
{a,} hoitu v€ a. Dit ¢,=a, v6i moi sO nguyén
duong n . Ching minh {c¢,} hoitu vé a’!.

Choe>0,co N(e) e Nsaochola -al<e Vn > N(g)

Cho &’ >0, tim M(¢’)e Nsaocholc -a'll<e’Vm

1 1 a-a 1o
c —a = = m Xuly —  pyy ,7:@
a a ada a,d 2

m

CoONM) eN saocho la,-al<m V n> N(n)

lal= lal-1a-a, | > |a|
al-n =24l ~ p=lalm + lal+n

v n> N(n) 0 a| lal




Choe>0,co N(e) e Nsaochola -al<e Vn > N(g)

Cho ¢’ >0, tim M(¢’)e Nsaocholc, -a'll<eV m
1 1 a-—-a w1 L
c —a ' = = m Xuly — Baitry:M

" a a aa a,a 2

m

CoN(Mm) eN saocho la,-al<n V n> N(n)
lal> lal-la-a,| >lal-n =2"'al V n> N(n)

a—ada 2la—a | &

-1

Icm—a | = | m| < 2” < :
a da | al la |

m

Vm > max{N(g),N(n))}
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Bai toan 24. Cho motsd thuc a va ba day sO thuc

{a}, {b}va{x}.Gi st

(i) a < x. < b, v6i moi s0 nguyén ducng 7 .

(i) {a,} va {b,} hoitu vé a .

Chung minh {x } hdi tu vé a.

Chomot e>0 ta c60 N(¢) € N saocho
la, - al<ce VvV n > N(¢)

Chomot € >0 ta c6 M(¢’) € N saocho
b -al<ég Vm > M(g”)

Chomét ¢7>0 tim K(¢”7) € N  saocho
lx, —a |l < ¢€” Vk > K(E”)
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Chomot e>0 ta c60 N(¢) € N saocho

la, - al< ¢ VvV n > N(¢)
Chomot ¢ >0 ta c6 M(¢’) € N saocho
b, - al< € Vm > M(g”)
Chomét ¢”7>0 tim K(¢”7) € N  sao cho
lx, —a | < g Vk>K(E”
X, —al =lx, —a, + a, -al <=lx,-a/l + la - al

a, Xn bn

x,—al <lb-al+la-al<|b-al+la-al+la -al

x, —al < &+ 2¢ Vk > N(e) va kK > M(¢g")



Bai toan 25. Cho hai tAp con khéc trong A va B trong
R. Gia su X <y VxeA,VYyeB.

Chung minh supA < intf B
Chung minh X < mtB VYVxeA
¥V x e A , chitng minh X <Yy VYyeB.
Bai todn 26. Cho hai day so thuc {a,}va{b, }sao cho
la,,b,] C [a,,b,] VYm,neN, m =< n.

Ching minh sup a, = 1nt b
neN nelN
Chung minh a =< b Ym,nelN

n m
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Chung minh a < b Ym,nelN

n m

la,,b, ] C la,,b, ] YVm,nelN, m=n.
la,,b,] C la,,b,] Vr,selN, r < s.
e m<n : r=mvas=n |a ,b ] C [a,6,b,]
| | | |
a. an bn bm

a€la ,b,] = a,ela,,b,]. Viy a, < b,

nvas=m J|a,6 ,b, 1 C la,,b,]

=
[ I I I
an am bm bn

b,ela,,b,] = b,6€la,,b,]. Vay a, = b,

¢ n=m




Bai todn 27. Cho hai day so thuc {a,}va{b, }sao cho
la,,b,] C [a,,b,] VYm,neN, m =< n.

Ching minh [ sup a,, 1t b |c ﬂ la,,b, ]
neN nelN oy

Chiang minh [ sup a, inf b ] < [a,.,b] VkeN
neN nelN

(?

xelsup a , inf b] = xela,b] VkeN
nelN nelN

sup a, <x < int b, = q <x<b  VkeN
neN nelN



Bai todn 28. Cho hai day so thuc {a,}va{b, } saocho
(1) la,,b,] C la,,b,] VYm,nelN,m =< n.
(m) lm, (b, -a )= 0.

Chitng minh nSzI;\I U = nlng Z
—
R4 infb b,
O< it _nb, - SUP,cnG, = b.-a, YkeN
Chomot e>0 ta c6 N(¢) € N saocho
b, -a, - 0] < g vV n > N(e)
O< mf__nbD, - SUP,cN G, = € Ve>0
NéuO<inf__nb, - sup, . @, ,ddt e=infb, —supa,

meN meN



Bai todn 29. Cho hai day s6 thuc {a,} va{b, }sao cho
v la,,b,] c la,,b,] VYm,nelN, m < n.

i)  lim__ (b, -a,) = 0

Chong minh lim, , a, =lim,_, b, =sup,_n @,

B e B
a, supa inf b, b

keN reN
Chomot e>0 ta c6 N(e) € N saocho
b, -a, - 0| < g Vn > N(g)

Chomot ¢ >0 tim M(¢’) € N  sao cho
la, -sup, . 4, <€ Vn > M)

n

la, -~sup ,.n a,| <lb,-a, | <& Vn> N(g



Bai todn 30. Cho ba day so6 thuc {a,}, {b,} va{x }sao
cho

1 la,,b,] c la,,b,] Vm,nelN,m =< n,
(11) lm, , (b, -a,) = 0,

(m) x,ela, ,b, ] Vv nelN.

Ching minh {x, } la mét day ho1 tu.

lim, ., a, =lm,_ b, =sup, _na, (baitoan?29)

a < x, < b, Y nelN.
a, < X, <}
SUp a, / GIAI TICH 1 - CHUONG 5 207
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Cho {x,} 1a mot day s6 thyc. Cho J 1a mot tdp con
trong N va J ¢6 vo han phan ti .

Dung qui nap toan hoc ta dat

n, = minJ
n, = mmJ\ [0, n]
n;, = min J \ [0, n,]

n.,, = mmn J\ [0, n] V ke N
Ta thdy {n, } 12 motday don diéu ting trong N

Vay {Xﬂk} la mdt day con cua day {x }
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Bai toan 31. Chométdnh xa f tuNvaotip {1,2,..,9}
bit x = f(n) v6i moi s6 nguyén ducng n. Tim mot day

con {X”k} cua {x,} sao cho {X”k} hoi tu .

bat I ={neN:x = m}véimoime {1,2,..,9}.
[LJr,U---Ui, =N

Cére{l?2, ..,9}saocho I 1atdp cé vO han phan t@
biat J= I, va lapday 1X, } tuong Gng v6iJ.

VinmelJ=1 ,x =r véimoi s6nguyénduongk.
k

Cho €>0, ta thdy : |xnk—7”| =0 < ¢ V k2l

hm X =7r GIAI TICH 1 - CHUONG 5 209
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Cho {x,} 1a mdt diy s6 thuc. Cho {J } 1a mdt ho
dém dugc cdc tip con trong N . Gid st J ¢6 vO han
phantt va J _, cJ vdi moisd nguyén duong n .

Dung qui nap toan hoc ta dat

n, = minlJ,
n, = mmJ, \ [0, n]
n; = min J; \ [0, n,]

n.,, = min J_, \ [0, n] YV ke N

Ta thdy {n, } 12 motday don diéu ting trong N

210
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Pinh 1y 6.1 (Bolzano- Weierstrass) Cho a va b la hai s6
thuc va {x } la mét day s6 thuc.Gid st a < bva

x, € [a,b] vdi moi s6 nguyén n. Liic dé c6 mot ddy con

{Xnk} cua day {x } sao cho {Xnk} hoi tu vée x € [a, b].
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Pinh Iy (Bolzano- Weierstrass) Cho a va b la hai s6
thuc va {x } la mét day s6 thuc.Gid st a < bva
x, € [a, b] vdi moi s6 nguyén n € N . Liic dé c6 mot

day con {Xnk} cua day {x,} sao cho {Xnk} hoi tu vé x

trong |a, b].
e ——
a b
Jr =1 neN:XnE—} J)={ neN:X € —j

Vi J', UJ”,=N.Nén mdt trong hai tdp J’, va J”, phai
¢6 v han phan tr. Ta gid st J°, ¢6 vO han phan tf .
bit [a,,b]= = tacd [a,b,] < [a,b] va (b,- a)=2(b-a)



J; ={ neNwx e —1} J"={ neN:x € —}

S, ={ neJ,: x € =} J7 ={ neJ :x € —]

Vi J,uJ”,=J",. Nén mot trong hai tap J', va J”,
phéi c6 v han phan tir. Ta gid sit J”, ¢6 vO han phan tf .
VadatJ,=J",.
bat[a,.b,] = —

Tacé:J,cJ,,la,.b,] cla,.b],va (b, -a,)=272(b-a)
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J,={ neJ,: x € =} J7 ={ neJ :x € —j

J, =(nel”: X, =} J”={neJ”:xe —}
Vi J,0J”;=J",. Nén mot trong hai tap J'; va J 7,

phai c6 vo han phan t. Ta gid st J”; c6 vO han phan tir .
VaditJ,=J";.

bat [a,,b,| =
Taco:J,cJ,cJy, la;,b;] Cla, ,b,] Cla,.b], va

(by — a;) =27 (b- a)




J, ={ne ) : xe =} J,” ={ne J,”: x,¢ —}
J) ={neJ”: x,€ Z=}]” ={ne ). x€ —}
Vi J,uJ”,=J";. Nén mot trong haitap J', va J”,

phéi ¢6 vd han phan tr. Ta gid sit J°, ¢6 vO han phan tif .
VadatJ,=J", .

Dét [Cl4,b4] — m—
Taco: Jy,cJ,cJ,cJ,,

la, ,b,] < la; ,b5] < [a, ,b,] [a,,b;], va
(b, — a,) = 2*(b- a)



x, € [a, bl vdi moi s6 nguyén n € N . Liic dé c6 mot
day con {x, } cua day {x,} sao cho {Xnk} hoi tu vé x
trong |a, b].
Dung qui nap todn hoc, ta tim dugc cédc so thuc a,, . ..
a ,...,b,,...,b, ,...sao0cho a, <b, VneNva

¢ [a,b] Dla,,b,] Dla,.b,] D> ...Dla,.b,]>D...

e (b,—a,)= 2"(b-a) VneN,

e NéuditJ ={neN:x e[a,,b ]}, thiJ c6vo han
phantt va J,oJ,oJ, o ...oJ D....

Lacdé lima =Ilimb =x=sup{a, :neN}

N—00 N—00

Chon ddy con{X, } cua {x,}saochon, € J;,V keN.
Taco & <X, <b. _ vay limx, =X

kK —o0



Pinh nghia . Cho { x } 1a motday so thuc . Ta néi day
{x } 1a mot ddy Cauchy né€u va chi néu
Ve>0 dN(e) e XY saocho
lx -x |I<eg Vn>m > N(g)
Bai toan 32. Cho { x } 1a motddy so thuc hoitu vé
a. Ching minh { x } 1la m§tday Cauchy .

Ve>0 dN(e) e ¥ saocho

lx -al<e vV n > N(g)
Ve>0 dN(e) e ¥ saocho
lx -x |I<eg Vn>m > N(¢)

Ve>0 4 M) e N saocho
lx -x I< €& Vn>m > M(g)



Cho { x } la mdtday s thuc hditu vé a. Ching

minh { x } la mdtday Cauchy .
Ve>0 dN(e) e N saocho

lx -al<eg vV n > N(¢)
Ve >0 dM(e) €e N saocho
lx -x I< € Vn>m > M(g)

Chomot e>0 ta co0 N(e¢) € N saocho
lx -al<eg vV n > N(¢)

Chomot ¢ >0 tim M(e’) € N saocho
lx -x I< € Vn>m > M(g)
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Chomot e>0 ta co0 N(e¢) € ¥ saocho
lx -al<ce vV n > N(¢)

Chomot ¢ >0 tim M(e¢’) € N saocho

lx -x I<¢€e | | Vn>m>M($)

lx -x |1 <lx -a+a-x 1< lx -al + la-x |
n m n m n m

lx -x | <& +¢ Vn,m>N(8)§

n m |

________________________________

£ +& =2 g || M(e’) = N(g) |

Chomot ¢ > 0, ta chon ¢ =%8’ va M(g’) =N(e)

Ixn -xml < Ixn -al + Ia-xml
<g+e=¢ Vn>m > M()



Bai toan 33. Cho { x } 1a mot day s6 thuc Cauchy .
Ching minh A={x : n eN} bi chin trong R

Tim mot sO thwe M saocho Ix | <M ¥Yn &N

-M < x, =M Yn €N
Ve>0 dN(e) € ¥ saocho
lx -x | < & Vn>m =z N(g)

Tim mot sO thue M saocho Ix, | <=M VYn eN

lx,l <= lx -x | +lx | <e+lx | Vn>m = N(g)

e=1, m=N): Ix, | <1+ Ilxyqy!l Vn>Na)

bat :M=max {lIx I,1x,|,..., [xyg !, I+lxyqp!?




Bai toan 34. Cho {x } 1a mdt day so thuc Cauchy va a
la mot sO thuc. Gid st {x } c6 mot day con {Xx, }h01 tu
vé€ a. Ching minh {x } h01 tu vé a.

Chomot e>0 ta c6 N(¢) € N saocho
lx -x <€ VvV n>m> N(¢)

Chomot € >0ta c6 K(¢’) € N sao cho

IXnk—aI< g Vk > K()

Chomot €7>0 tim M(e”) € N sao cho

lx -al<g” Vn > M)

GIAI TICH 1 - CHUONG 5 221



Chomot e>0 ta c6 N(¢) € N saocho

lx -x |I< € V nz=mz=N(e)
Chomot ¢ >0ta c60 K(¢’) € N sao cho
IXnk -al< € Vk > K()
Chomot €7>0 tim M(e”) € N sao cho
lx - al< g” Vm > M(g”)

lx ~al<lx -x |l+lx -al<e+lx -al V n=m=N(¢)
m m n n n

lx -al < e+ X, -al YV m = N(g)
m

lx -al<e+e V m=N(),m > K()
Chomot €7 >0 . Dbat
e=¢ =¢7/2 va M) = max {N(¢g), K(&) }



Bai toan 35. Cho {x }1a mot day so thuc Cauchy.
Chiéng minh {x_ } hoi tu.

C6 mot so thuc duong M sao cho
lx | = M Vne N

C6 mot so thuc dudng M sao cho
xne[—M,M] Vne N

{ x } c6 motday con {Xnk} hoi tu vé a.

{ x } hoity Ve a.
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Bai todan 36. Cho n 1a mot sO6 nguyén ducng . Dit
X = CH '+ @Yt +©6)'+...+ CnD)!' Vne N.
Ching minh {x } hoitu .

Ching minh {x } la mot day Cauchy

Chomét ¢e>0 tim N(e) € N saocho
lx -x |I<eg Vn>m > N(¢)

x -x,=[2) '+ ... +Cm)T+ Cm+ D)+ ..+ (2nl)! ]
-2 4. +Cm) ) = C(m+ D)D)+ .. +(2n))!

lx -x |< pom-lp 42 ngp 4 < 2Mm Np>m

Chomot € >0 tim N(e)eN saocho 2™ < ¢V n> m> N(g)



In[l]:=N[Sum[1/((2*1)!), {1, 1, 11}]]
Out[1]=0.543081

In[2] :=N[Sum[1/((2*1)!), {1,1,0}], 13]
Out [2]= 0.543081

In[4] :=N[Sum[1l/((2*1)!),{1,1,o}], 140]

Out [4]=0.5430806348152437784779056
2075706168260152911236586370473740
22147107690630492236989642647726435
54303558704685860
442352756503219469470958629076



In[4d] :=N[Sum[1l/((2*1)!),{1,1,Infin1
tytl, 25]
Out [4]=0.5430806348152437784779056

=Sum[1l/((2*1)!), {1, 1, o}]
|={(Sgrt[2/n]-2 ESqgrt[2/ n] +
B4 Sgrt[2/ n]) Sgrt(n/2]}/ (2E)

In(3]:=Simplify [ (Sgrt[2/n] -
2E Sgrt|[2/nm]+
E?Sqgrt[2/n])Sqgrt(a/2]1}/ (2E) ]
Oout[3]=[2(-1 +E)]/ 2E
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Bai toan 37. Cho {a,} la mot ddy so6 thuc don diéu
tang va bi chgn trén . Pit A={a,:ne N }.

Lic dé {a,} sé hoi tu vé a= supA

a < a Y m,neN, m =< n a = sup A

m n

Chomét ¢e>0 tim N(¢) € & saocho
la -al< g Vn > N(g

Chomét ¢e>0 tim N(¢) € N saocho
0<a-a <ce¢ V' n > N(g)

Chomét ¢e>0 tim N(¢) € N saocho
a-¢ < a Vn > N(¢
I . g I
a, a, d; d, ds d, Oy,
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a < a Y m,neN, m =< n a = sup A

m n

Chomoét ¢e>0 tim N(¢) € & saocho

a-g < a Vn > N(¢
Chomoét ¢e>0 tim N(¢) € N saocho
I I B N B
a, a, d; d, is Uye A,
Gia su a < a-g Ym e N
a-& a

a -¢ la mOtchintréncua A



Bai toan 38. Cho {a,} la mot ddy s6 thuc don diéu
tang va khong bi chan trén . Lic do i{a,} sé hoi
u Vé oo

IA

n

m n

a =< a Ym,neN, 6 m
YVMeR taco mot neN saocho a, 2 M
YVM>0 tatimmot NeN saochoa,2M VY m= N.
Bai toan 39. Cho {a,} la mot ddy so6 thuc don diéu
giam va bi chgn duoi . Pit A={a,:ne N }.

Lic dé {a} sé hoi tu vé a= infA

Bai toan 40. Cho {a,} la mot ddy so6 thuc don diéu

giam va khong bi chdn dudi . Luc do {a,} sé hoi
u vé - o0 .



limsup
Cho mot diy s6 thuc {a,}. Dt
A = {a,: m2=2n |
ADA DA, VYm,neN, nz m

B Néu A, khong bi chin trén . Dat

limsup a,, = o

N — o0
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Cho mot diy s6 thuc {a,}. Dt
A = {a,: m2=2n |
A DA DA, VYV m,neN, nz m
B Néu A, bichin trén . Dat
b, =sup A,

b= b, =>0b Ym,neN, n>2 m

m n

e Néu {b, } khong bi chin dudi , dat

limsupa, = —oo

Nn— oo



Cho mot diy s6 thuc {a,}. Dt
A = {a,: m2=2n |
A DA, DA, YVm,neN, nz m
B Néu A, bichin trén . Dit
b, =sup A,

b,=2b,2b, Vm,neN, n=z m

o N&u {b, } bi chin dudi , dit

limsupa, =limb,  (=lim(supa,) )



Choa,=(-1)"n v6imoin eN..

A ={a,: m=2n} = {C1)"m: mz=2n}
A={C1)m: m=2n }>{2k:keN, k= n}

A, khong b1 chédn trén = limsup a,, = o

N— o0

Choa,=-n vBimoin eN .
A ={a,: m=2n}={-m:m2=2n }c(-0,0]

A, bichéan trén
b, =supA =sup{-k: k= n}=-n Vne N

n

{b,} ={-m:m eN} khdng b1 chdn duéi
— limsupa, = -

N— 0



Choa,=(-1)" v6imoin eN.
A={a, . m=2n}={CD"m=2n}={1,-1}
A, bichéan trén
b, =supA, = sup{l,-1} =1
{b, } bichindusi =  limsupa, =limb, =1
Ta thiy {a, } khong hdi tu nhung van c6
limsupa, =1

N— o0
GIAI TICH 1 - CHUONG 5 234



limint
Cho mot diy s6 thuc {a,}. Dt
A = {a.: k=2 n}
xeA < dk =2 nsaocho x=gq

nz m: xeA, < 3Jk 2n=>m saocho x =g
ik 2m saocho x=aq, & xe€A,

ADA DA, YVm,neN, nz m

B Néu A, khong bi chin duéi . Bit

liminf a, = —oo

Nn— oo



Cho mot diy s6 thuc {a,}. Dt
A = {a.: k=2 n}

A DA, DA, YVm,neN, Z6 n=>2 m
B Néu A, bichindudi.bat
c, =Int A

c,<a, Vk2m nz2m:c,<a, Vk=zm c, =mnftA,
c,<c,<c, Ym,neN | nz=2 m

e Néu {c, } khong bi chin trén , dit
liminf a, = o

N— o0
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Cho mot diy s6 thuc {a,}. Dt
A= {ag:m= n |
A DA, DA, Ym,neN , n=>2 m
B Néu A, bichin dudi. Dit
c, =1ntA_

¢, < ¢, <c YVm,neN, n>2 m

e Néu {c, } bi chin trén , dit

liminfa, =limc, (=lim(infa,) )

Nn— o0 N— oo nN—o>oo N2>2m



Choa,=(-1)"n v6imoin eN..
A ={a,mz2n} ={(-1)"m: m= n }
Ai={C1)ym: m=>1 }>{-2k-1:k> 1}
A, khong bi chdn duéi = IiEn_)iQf a, = —%©
Choa,= n v6imo1 n e N,
A=4{a,:m=z2n}={m: m2=2n} C[n,x]
A, bichin dudi

c, =infA =mf{k: k=2 n }=n VneN

{c, } =N khOng b1 chin trén
= liminf a_ = o

N—oo



Choa,=(-1)" v6imoin eN.
A={a, - m2z2n}={C-D"m=2n}={1,1}
A, bichin dudi

c, =mnfA =int{-1,1}=-1

m

{c,}bichintrén = Iliminfa, 6 =limc, =-1

Ta thiy {a, } khong hdi tu nhung van c6
liminf a, =-1 . Mitkhdc limsupa, =1

N— oo N—> 00

Trong trudng hgp nay limsupa_ = liminf a_,

N — o0 N—0



Bai todn 41. Cho mdt day s thuc {a,}. Gid sk
limsupa, va liminf a, déu la cdc s thyc . Chitng minh

N—0o0

e limsup a, > liminf a,

N —> o0 Nn— oo

A, = {a.: k=2 m}

m

b, =supA, ¢ =infA,

b >a. 2> c

m m m

limb_ > Ilimc,_

M —>o0 M —>oo

limsup a, = liminf a,

N— o0
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Bai toan 42. Cho mot day so6 thuc {a,}. Gid su :

liminf a, va limsupa, déu la cdc s6 thuc va bing nhau.

N— o0 N—> o0 i )
Ching minh {a } hoitu va lima_ = limsupa,
fl=>ee N—> o0
A = {a.: k=2 m}
b, =supA, ¢, =IntA_ c, <a,<b VmeN
limb_=limsupa, c, < 4, < b
m— oo NI -
limc_ = liminf a_
m — o n— o N ¥
limsup a,
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Bai todn 43. Cho mot ddy sO thuc {a,} hoi tu vé a.
Ching minh limsupa, = liminf a, = a

Nn—oo N— 0

Ve>0,dN(e)e Nsaocho la, —al<e Vn=>N(e)
A =1{a,: nz m} b, =supA, ¢, =infA_

m m

limsupa, =limb,  [iminfa = limc_
N— oo M—> 00 n— oo m — oo
la, —al<eg -e<a,—a<e a-€¢ < a, <a+eg

Ve>0,dN(g): a-¢ £ a, <a+e Vnz=mz=N(g)
Ve>0,dN(e): a-¢ £ ¢, <b <a+e V m=N(g)
Ve>0,dN(e)e Nsaocho Ic, —al<e Vm=N(e)
Ve>0,dN(e)e Nsaocho I, —al<e Vm=N(e)




Cho mot diay sO thuc {a, } hoitu vé a. Chitng minh
limsupa, = liminfa, =a

N— o0 N—c0

Ve>0,dN(e)e Nsaocho la, —al<e Vn=>N(e)
A =1{a,: nz m} b, =supA, ¢, =infA_

m m

limsupa, =limb,  |iminfa, = lim c_

N— oo M—=>00 N — oo m — oo

Ve>0,dN(e): a-¢ £ ¢, <b <a+e V m=N(g)
a-c a a—+¢
c, b,

Ve>0,dN(e)e Nsaocho Ic, —al<e Vm=N(e)
Ve>0,dN(e)e Nsaocho I, —al<e Vm=N(e)




Bai todn 44. Cho A 12 mot tap khdc rong bi chiin trén
trong R. Bbat B={-x:x € A }. Chirng minh B bi chdn
dudiva supA =-inf B

supA <-mmtB? supA =Z-mtB ?

supA <-mf B ? X <-mnfB VxeA

-x 2B VxeA y=-x2>2miB VxeA
B={x:xeA}. y>2mtB VyeB

SUupA =2-intf B ? supA <-int B ?
| | |

sup A Sup A + ¢ -int B
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de>0:supA+e<-int B

de>0:supA <-¢ -intf B

x<-&¢-mftB Vx €A

B={x:xeA}. -x>¢+mfB Vx €A

y=-x>¢+mfB Vx €A
y > ¢ +1nif B Vy €B

¢ +inf B 1a mOt chdn duGi cua B

Bai toan 45. Cho A 12 mot tip khdc rong bi chin dudi
trong R. Pat B={-x:x € A }. Chitng minh B bi chin
tréenva nfA =-supB



Bai toan 46 . Cho mot diay so thuc {a,}. Ditb, = -

V n € N. Ching minh limsupa_ =—-Iliminfb_
A = {a,:n=2m ;| B, = {b=-a,:n=2 m}

d, =supA, ¢t =infB, t =-supA =-d

m

limsupa, =limd_  liminfb =limt_

N —> o0 M— oo N — o0 m—> oo

Bai toan 47. Cho mot diy sd thuc {a,}. Pit b, = -

V n eN . Chirng minh liminfa_ = —limsupb_

N— o0 N —> 00
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Cho {x }1a mOt day sO thuc. Vi moi s6 nguyén n € N
ta dat ]
s =x, +...+ x, = 2X
i=1
Tagoi s, la tong riéng phan thd » claday {x, }.
m Néu diy so thuc {s,} hoitu vé mdt sd thuc s ta cé
th€ coi s nhu 12 “t6ng s6” cla cdc sO trong diy {x }.
Lic d6 tagoi s 1a chuoi sé_ cua cdc so trong day

° A N X N s e XN e A o0 A e
X, vaky hi€usla > x, vanoichudisd yx  hoitu.
n=1 n=1

m Néu diy so thuc {s } phidnky ,ta néi chudisd

2 X, phanky.
n=1



Bai todn 48. Ching minh chudi $2°™ hdi tu va

m=1

2" o

m=1
Pitx =2 Vme N vas, =21+...+2" ¥Yne N
s, =21 1+...+2™) =1-2"V n e N (qui nap toan hoc)

im2™" =0 limc =1

N—o0 N—>c0
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Bai todn 49. Cho ¢ e (0, 1). Chiing minh chudi Yc"

A . ~ C 1=
ho1 tu va Zcm —
m=1 1-c

biatx =c™ YmeNva s =c+...+c" Vn e N

1_ Cn+1

S =C+---+C"=c(l+---+C")=cC VneN
1-cC

limc" =0 limc" :L

L0 N—00 1_C
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Bai toan 49. Chudi X (-1)" phan ky

m=1
bat x, =(-1)™ v6imo1 m € N va

s, =DM+, .+ (-D)" Yn e N

A < A 2
s =-1 néunlée va s =0 néu n chan.

{s, } khongla motdiay Cauchy
{s, } khong hoitu

o0
Chudi > (=1)™ phanky
m=1
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Pinh 1y (Tiéu chuan Cauchy). Cho {a} la mot day
s6 thuce. Liic dé chudi s6 2x-18x hoi tu néu va chi néu
vdi moi s6 thic € >0, c6 mot sO nguyén duong N (g) sao
cho Y al< e Vnxzm=N(e)

~
S

S = a, VreN ¢ —g :Zak Y n>m

Cho ¢ >0, c6 mOt s6 nguyén dudng N (€) sao cho

s, — s, | <& Vnz m=N (¢g) .

{Sn} Cauchy {Sn} hO1 tu  Huone Zokozlak ho1 tu



Pinh 1§ . Cho 2x_1d va Yp.b, la hai chudi sé thic
hoi tu. Lucdo ¢ ,(a, +b,)hoituva

Zf:l (ak L bk) — Z:):l A + Zf:lbk

Pit

n
k=1
n

Vn — bk
k=1
n

Sn — (ak T bk)
k=1

o0
limu, = 2_a
k=1
limv, =2.b,
k=1
lims_ :Z(ak +b,) .
N—oo

k=1



Bai to4an 50. Cho {a ! 1a mot ¢

ay sO t

chudi _18y hdi tu .Chirng minh ¢

e, Gia su

ay {a,; -

101 tu ve 0.

V6i moi s6 thuc € > 0, c6 mot sO nguyén duong N (¢)

sao cho

| Dkem@ | < ¢ YV n>m> N(g)

V6i moi s6 thuc & > 0, tim mot s6 nguyén duong K(g’)

sao cho

| a, -01 < g V k> K(g)

K
‘ak_o‘zlaklz‘zai‘<g v K
i—k
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Pinh 1y (Tiéu chuan so sanh) Cho mot day s6 thuc
khong dam {a}. Gid si chuoi >k=18x  hoitu. Cho mot
day s6 thuc {b,} sao cho cé N € N dé cho

b, < a V n = N.

n

Liic d6 Y b hoitu.

n
|ZE:mbk l = Zk:m‘bk‘ = ZE:mak v n=m
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Pinh Iy (Tiéu chudn cin s6 ) Cho mét day sé thuc
{b.}. Gid sit c¢6 mdt so thuc duong c € (0, 1) va mot
s6'nguyén N saocho |b ['" < ¢ V n>N.

Liic d6 2x-1bx hoi tu.
bat a, =c¢c" Vn=2N

n

b, | <a, Vnz=N

> k=10 hoi tu
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Pinh 1y (Tiéu chuin ti s6 ) Cho mdt day sé thuc khdc
khong {a }, mot so thuc duong ¢ € (0, 1) va mot sé

A o D ? a
nguyén N. Gid su |l « ¢ Y n>N
’ , X A e al/l
Liucdo Y a, hoitu
n=1
Quinaptodnhoc: la,| < c¢™Vlayl Y n>N

bit b, = c"Vla,l
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Pinh Iy (Tiéu chuin ti s6 ) Cho mot day sé thuc ta, tva
mot sO nguyén N. Gid s

Gty > 1 v n>N
00 an
Liic dé Zlan phén ky
N=

Quinaptoanhoc: la,l = layl > 0 Y n>N

Suy ra ta khong c6 lima, =0

n—»a0
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Pinh 1y (Tiéu chuan Leibnitz) Cho mot diy so thuc
fa ) saocho {la|} 1a mot diay don di€u gidm hoi tu vé

0O va

a,.a, ., <0 VmeN,
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Pinh Iy (Tiéu chuan tich phan) Cho mot diy so thuc
fa,} sao cho c¢6 moOt s6 nguyén N va moOt ham sO f

don diéu giam tr [N, co) vao [0,20) sao cho

a, =f(n) YV n

vV

N.

s, P A e A Q0 A e A N ~
Lic d6 chuoi so thuc 2 4@, hoitu néu va chi néu

o0

jf(t)dt<oo

N
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CHUONG SAU
HAM SO LIEN TUC

Chiing ta da bi€t néu {a,} 1a mot day hoi tu vé a, theo
Iy thuyé&t vé diy s6 ching ta ¢6 thé dung {a.} d€ xap xi
a® . Nay ching ta dit f(#) = vSimoisd thuc . Ta cé
thé dién td viéc trén nhu 13 “cé thé dung day so thuc
{fla,)} @& xap xifla)”.

Ching ta s& xét mdt md hinh todn hoc vé cdc 4nh xa f
c6 tinh chat sau: néu {a, } 1a modt day hoi tu vé a , thi
{f(a,)} 1a mot day hoi tu vé fla). D6 1a khdi niém ham sd
l1én tuc.



Cho A 1a mot tip con khdc trong cuia R va f 1a mot
dnh xa tf A vao R, tandi f 12 mot ham so thuc trén A.

Cho moOt ham s6 thuc f trén mot tAp hgp con khdc
trong A cda R vd x € A, tandif lién tuc taix néu va
chi néu v6i moi sO thuc duong ¢ ta tim dudc mot sO
thuc duong o(x, £) sao cho

Ifx)-f(y)I<¢ VyeA vol ly-xl<o(x, é).

Néu f lién tuc tai moi di€fm x € A ta ndi f lién tuc
trén A
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Vi moi s6 dudng ¢ ta tim dudc mot s6 dudng 8(x,&) sao
cho If(x)-f(y)I<eVyeA vbi ly-xl<o(x,e).

x fx)

// N \ﬁ xX)-€ flx)+e
O

z J(x)




f(x)+e
1(y)

f(x)

f(x)-¢

x-S(x,ig) x y jx+8(x,8)
B(x,€)
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Bai toan 51. Cho ¢ 12 mot sO thuc va diat f(x)=c Vvdi
mo1 x € R . Ching minh f li€én tuc trén R .

Chung minh f li€n tuc ta1 mo1 x trong R .

VxeR,Ve >0 do(x, e)>0 sao cho

1 f(y)- f(x)]| <e VyeR ,ly-x 1| <o(x, €)
Cho xR vacho € >0,tim do(x, €)>0 sao cho
1 f(y)- f(x)I| <€ VyeR ,ly-x | <o(x, €)
[ f(y)-f(x)l =1lc-cl =0
o(x,e) =1

1l f(y)- f(x)l =0<e VyelR ,ly-x | <o0(x, €)



Bai toan 52. Cho ¢ 12 mot sO thuc duon , dit f(x) = cx
v61 mo1 x € R . Chiang minh f lién tuc trén R .

Chung minh f li€n tuc ta1 mo1 x trong R .
VxeR,YVe >0 do(x, e)>0 sao cho

1 f(y)- f(x)I| <€ VyelR ,ly-x | <o(x, €)
Cho xR vacho € >0,tim do(x, €)>0 sao cho
1 f(y)- f(x)I| <€ VyelR ,ly-x 1| <o0(x, €)

1 f(y)-f(x)l =lcy -cxl =cly-x|
Cho xR vacho € >0, tim o(x, €) >0 sao cho
cly-xl<e VyelR ,ly-x | <o(x, €)
Thayly-x | biang d(x,e) trong “cly-x |<¢€”

co(x, €)=¢€ o(x, €)=cle ta cé



Bai toan 53. Bit f(x ) =x?> vdimoi x € R . Chi'rng minh
f hiéntuctrén R .

Chung minh f li€n tuc ta1 mo1 x trong R .

VxeR,VYVe >0 do(x, e)>0 sao cho

1 f(y)- f(x)| <€ VyeR ,ly-x | <o(x, €)
Cho xR vacho € >0,tim do(x, €)>0 sao cho
1 f(y)- f(x)I| <€ VyeR ,ly-x | <o(x, €)

Ffo) - fl = Iy -x?l = [ (y+x)y-x) | =ly+xly-x|
Cho xR vacho € >0,tim do(x, €)>0 sao cho
ly+xlly-xl<e VyelR ,ly-x | <o(x, €)

266



Cho xR vacho € >0,tim do(x, €)>0 sao cho

ly+xlly-xl<e VyelR ,ly-x 1| <o0(x, €)

Cachxuly ly+ x| Néuly-x | <1, taco:

x'll L Iyl <l 21
y 2 <ly-x|+2Ix1<1+2Ix|

ly+xlly-xI<(I+2IxDly-xI VyeR,lyxl<1
Thayly-x | bang d(x, €) trong “(1+ 2lxDly-x|"”
(I+2IxDly-xlI<(+2Ix)o(x,e)<eVyeR,|ly-xI<1
(1+ 2Ix D) 6(x,e)< € & O(x, €)<(1+ 2Ix]) e

Chox e Rvae >0,dato(x, €)=min{1,(1+2Ix)'e}>0
ly+x Lly-x | < (1+2Ix Dly-x1<e VyeR,ly-x|l<od(x €)



Bai todan 53. Cho modt ham s6 thuc f trén mot tdp hop
con A cua R va x € A. Gia su f lién tuc tai x . Cho
{x } la mdtday trong A (nghiala x, € A v6imoin) va
{x }hoi tu vé x. Chitng minh diy {f(x)} hoi tu vé
J(x)
Cho € >0,co dd(x, €)>0 sao cho

1 f(y)- f(x)I| <€ VyeA ,ly-x | <o(x, €)

Cho méte >0 taco mOtN(e') eN sao cho
lx, -x|l < € Vn=N().

Cho mote” >0 tim mot M(e”) € N sao cho
[ fx,) -f(x)| < €” Y m=M(). -



Cho mote” >0 tim mot M(e”) € N sao cho

fx,) -fx)| < €

Cho mote’ >0 tacomOtN(e’) eN sao cho
Ix, -xl < €

Cho mét e>0 taco o(x,e) > 0 sao cho

____________________________

1 f(y) -f(x)| < € VyeA vii I y—x | < 5(x_§_) ______
€= €| |x, 2y |oxe) =€ M(e”) 2 N(€’)
Choe”’>0 VGb6ie c6 dat Vb6ie  dat

dit € =€’ o(x,€) € =0(x,e) cON(E) M(e”)=N(¢e)
m=M(e")=N(€) Ix,-x|<€=6x€) | fix,)-fx) | <e”
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Bai toan 54. Cho modt ham s0 thuc f trén mot tdp hop
con A cua R vaxe A. Gida su v6éimoiday {x } trong
A (nghiala x, e Av6imoin eN) va {x,} hoitu vé x,
thi day {f(x,)} hoditu vé f(x).Lic dé f lién tuc tai x .

Cho mote>0 ta co mOt N(e) €N sao cho

lx, -x| < € ¥ n = N(e)
= Cho mote’ >0 taco mot M(e’)) eN sao cho
[ fix)-fix)l < € Y n=M().

Cho mot €”>0 tim o(x,e”) > 0 sao cho
| f(y) -f(x)| < €” VyeA vO1 ly—xl<o(xe€”)

Cé €”>0 saochov6imoi 6 > 0 tacodmdt y;€ A
vo1  ly,—xl<9d saocho |f(ys) -f(x)|l = €”




Cho mote>0 taco mOtN(e) eN saocho
lx, -x| < € YV n=N(e).

=~ Cho mote >0 tacomOt M(e') eN sao cho
lfx)-fx) | < € VYn=M(E).

Coe”>0 sao cho v6i moi §>0 ta ¢c6 mdt y, € A
vO1 | ys,—x 1< 0 sao cho | f(ys) -f(x) | =€”

Tim cdc thanh t0 cé vé mau thuan v4i nhau

) -f) 1< € 2 1fiyg) -f) =€

2 X lv.—xl<d 2 |lx. -x| < €
y6 n y5 n

— -l v _
Chon o=n" va x, =y,

lx, -x| <n! valfix)-f)|=1fys)-fix)l=€” VYn




Bai toan 55. Cho A la mot tdp hop con khdc trong
ciua R, x € A va hai ham sé thuc f va g trén A lién
tuc tai x. Pdt

h(z2) = f(2) +8(2) 'z € A
Licdo hlién tuc tai x.
Cho mot e>0 tacd o(x,e) > 0 sao cho
1 f(y) -f(x)] < € VyeA vO1ly— x| < o(x,€)
Cho mot € >0 taco n(x,e’) > 0 sao cho
lg(y) -gx) | < € VyeA volly — x| <n(xe€’)

Cho mot €”>0 tim u(x,e”) > 0 sao cho
lh(y) -h(x) | < €” VyeA vOlly — x| < u(x,e”)



Cho mot e>0 tacd o(x,e) > 0 sao cho

1 f(y) -f(x)| < € VyeA vOol |y —x1<0(x,€)

Cho mot € >0 taco n(x,e’) > 0 sao cho

lg(y) -gx) |l < €] VyeA vOel |y — x| <n(x€)

Cho mot €”>0 tim u(x,e”) > 0 sao cho

lh(y) -h(x)| < €” VyeA vo1 ly—xl<u(xe”)

[ h(y) - h(x) [=1(fy) +g)-(fx) +gkx)) |

=1f(y)-fx) +g(y)-g) | < 1f(y) -f) | +1g(y) -gx) |

lh(y) - h(x) |<e+€ Yye Aval ly—x|<d(xe), ly—xl <n(x,e’)
1

E=& 258" w(x,e” ) =min {o0(x,€), n(x,€)} =



Bai toan 55. Cho A la mot tdp hop con khdc trong
ciua R, x € Ava hai ham sé thuc f va g trén A lién
tuc tai x. Dar h(z) = flz) +g(z) Vze A

Chitng minh h lién tuc tai x.
Cho {x,} 12 motddy hoitu v€ x trong A.

Tacé {f(x,)} 1a motday hoitu vé f(x)

Tacé {g(x )} 1a motddy hoitu vé g (x)
Chirng minh {4 (x,)} 1a mOt ddy hoitu vé h (x)
x)+g(x) = hx,)
hx) = fl) + gy 1) A

) ¥

R = f0+80) ) el f00)+ g(x) =



Bai toan 56. Cho A la mot tdp hop con khdc trong
ciua R, x € Ava hai ham sé thuc f va g trén A lién
tuc tai x. Ddt h(z) = f(z)g(z) V z € A.

Chitng minh h lién tuc tai x.
Cho {x,} 12 motddy hoitu v€ x trong A.

Tacé {f(x,)} 1a motday hoitu vé f(x)

Tacéd {g(x,)} la motday hdity vé g (x)

Chirng minh {4 (x,)} 1a mOt ddy hoitu vé h (x)

hx) = foo)etey S - gx) = hlx)

O =S80 ) ) f).g()



Bai toan 57. Cho A 12 moOt tAp hdp con khdc trong cida
R, xe Avaf,,...f 1acdcham so thuyc trén A lién

tuc tai x. Pat h(z) =f(z) +. ..+ (2) vak(z) =f(2) ...
f.(z) v6i moi z € A. Chitng minh 4 va k lién tuc tai x.

Chung minh A li€én tuctaix Dung qui nap toan hoc
n=1:dang

Gid st két qud ding v6in = m. Xét trudng hop n = m+1
2 =f1(2) +. ..+, @ =i+ .. #,1) + £, ()

fi+. .. +f, :lién tuc tai x theo gia thi€t qui nap

h=[fi+ ..+ 1+f ., :1i€éntuctaix

276

Tuong tu k 1i€n tuc ta1 x



Bai toan 57b. Cho A 12 mot tdp hgp con khdc trong cua

R, x € A va f 12 mOt ham s0 thuc trén A lién tuc tlai X.
Gia st f(z) # 0 véi moi z trong A. Pat & (2) = _f 2)

v6imo1 z € A. Ching minh g li€n tuc tai x.
Cho {x,} 12 motddy hoitu v€ x trong A.
Tacod {f(x)} la mdotday hoitu vé f(x)
Chitng minh { g(x,) } 1a mot day hdi tu vé g(x).
Pit a, = f(x,), b, =g(x,), a=f(x) vib=g(x)
1 1 1 1

T T, TR T T




Cho {x,} 12 motddy hoitu v€ x trong A.
Tacé {f(x,)} 1a motday hoitu vé f(x)
Chitng minh { g(x,) } 1a m0t day hdi tu vé g(x).
bata, = f(x,), b, =g(x,), a= f(x) va b=g(x)
b, = 8(x,) = —— =~ Vi b= g(x) = —— =~
f(x,) a, f(x) a

Cho {x, } hoitu v€ x trong A

Tac6 {a,} hoituveé a a=0va a=0

Theo bai todn 23b {b,} hoitu vé b
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Bai todan 58. Cho A va B 1a hai tip hop con khéc trong
cia R, f 12 mOtham s6 thuc lién tuc trén A va g 12
moOt ham so thuc lién tuc trén B sao cho f(A) < B.
Chung minh 4 = gof li€n tuc trén A.

h=gof
Cho {x,} 12 motday hoitu vé x trong A .
Tacé {f(x,)} 1a motday hoitu vé f(x)
Cho {y, } 12 motday hditu vé y trong B.
Tacé {g(v,)} 1a motday hoitu vé g (v)

R

Cho {z,} 1a mdt diay hoitu vé z trong A.
Chitng minh {4 (z,)} 1a motday hoditu vé A (z)



\ h=gof /

X, —~Z— X fix) f(x,)
{y,} hdituvey = {g(v,)}hdituve g(y)

y=f(x) y.=f(x) h(x,)=g(.) () =h(x)"



Bai todan 59. Cho f 12 mot ham so thuc lién tuc trén
mdt khoang dong [a, b]. Lic d6 tip hgp anh f([a, b]) =
{f(x) :x € [a, b]} 1a mOt tap bi chidn trén trong R .

Cho xe[a,b] va €>0 tacod o(x,e) >0 sao cho
1 f(y) -f(x)| < € Vyela,b] v61 |y—xl<o(xe)

Cho {x,} 1a mot diy hoi tu vé x trong [a, b] . Ta c6
{f(x)} 1a mot day hoi tu v€ f(x) trong R .

C6 mot sO thuc M saocho C6 mot s6 thuc M sao cho
y=<M VYyef(a,bl]) fx)=M V¥Yxe]a,b]
V sOthueM , Axe[a, b] saocho f(x) > M

V s6thuc M , dx,,€[a,b] saocho  f(x,,) > M




Cho {x } 1a mot diay hoi tu vé x trong [a, b] . Ta c6
{f(x)} 1a mot day hoi tu v€ f(x) trong R .

V s6thuce M , dz,€[a, b] saocho f(z,) > M
Chon x, =z, Vne N

n

Vi {z,} Clab], c6mdtday coniZm | cia { z, )
hoi tu vé x trong [a, b]

Chon x, = Z, Yne N

{f(x,)} hoituve f(x) va
Vo Iy

f&x,)>m, = n Yne N

Cho { a } 1a motday s6 thuc Cauchy . Liic
d6 A={a :n N} bichin trong R
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Bai todn 60. Cho A 12 mot tdp khdc trong va bi chin
trén trong R . Chi'rng minh c¢6 day {x, } trong A hdi tu
vé b=supA

_ X < b YV xeA

m VY e>0 : b- € khongla moOtchin trén cua A

Ve>0,c0y €A saocho y € [b-€, b]
e I o B

b-¢ Ve b
Bét'xn =Y 1/n I 1 )I( — |
V neN b- " y,ﬁ b

Cho A 12 mot tap khéc trong va bi chin dudi trong R .
Chirng minh ¢6 ddy {x, } trong A hoi tu vé c¢=infA.



Bai toan 61. Cho 12 mot ham s6 thuc lién tuc trén [a,b].
Lac do c¢o c trong [a, b] sao cho f(c ) = max f([a, b])

fla, b]) = { fix): x € [a,b] } 12 mdt tAp bi chidn trén

1 {y }<f([a,b]) sao cho {y }hdi tu v€ d =sup f([a,b])
1{x } < [a,b] sao cho {f(x )}h01 tu vé d = sup f([a,b])

sup fila,b])

a v b oyefy)
C6é mdt day con {X,,,k } cua {xn}hél tu vé x trong [a, b]
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C6 mot day con {X, } cua {x }hditu vé x trong [a, b]
K

Vi f lién tuc, day {f (X, )} hoi tu vé fx)
K

\
|

a X Xn, b f(x, ) —=— f(x)
{f(x,)}hoi tu vé d=sup f([a,b])
D3y con{f (Xnk )} ctia {f(x )}hoi tu vé d=sup f([a,b])

\
|

=" %, b  fx)—=—> d
x€la,b] va f(x) =d = sup f([a,b])
biat ¢ = x € [a,b]  f(c) =sup f([a,b]) = max f([a,b])



Bai toan 62. Cho f 12 moOt ham so thyc lién tuc trén
[c,d]. Paita=f(c) va B=f(d). Gia st a < .Ching
minh [« , B] < f([¢,d]) .

Cho ye[a,f] chingminh yef([c, d])
Cho y € [a, 8] chitng minh ¢6 x € [¢,d] d€ cho f(x) =Yy
y=a:y=f)  y=pB:y=f(d
Cho y e (q, ,8) chu’ng mmh cOXx e (c d) de cho f(x)=y

= =l 9 x OC y AB
- S —

c o d f<c>/ fld)

T

bat § = {xe€|c, d] f(X)<y}
ceS cle,d] 3dtelc,d] dcho r=supS




C

d J(c) fld)
bit § = {xelc,d]: f(x) <y }
ceS Clc,d] 1 re(c, d] d cho t =sup S
p

Y
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bat § = {xec,d]: f(x) <y}
ceS Clc,d] 1 re(c, d] d cho t =sup S

B

Y

C: - : . / [ d
Ta chung minh f(tr)=y f(H) <y flH)=y

Ta ching minh f(7) <y
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bit § = {xec,d]: f(x) <y}
1 te[c, d] dé€cho t =sup S

Ta ching minh f(7) <y

C6 {x } trong S sao cho {x,} hdi tu vé ¢

c S + = Y
D [ d o f(x n) B

fae) <y {fix,)) hoitu vé finy

c S Y
S — w e —

X 1 d b f (x,) (1) B
A<y
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bat § = {xec,d]: f(x) <y}
dtec,d] d€cho t =supS FAH<y
Ta ching minh f{ir) 2y  Gid st f{r) <y

— I y
T ——— 1 1 i

S N () B
bite=y-fl >0 vaz =)

g — f)
| — — | ——

do>0saocho:Ilf(x)—f(t)l<e Vxelcd],Ix-tl<o
c S / | \f(x)y

S 1110 d O ZE Z Z+EB >0




bat § = {xec,d]: f(x) <y}
dtelc,d] d€cho t =supS <y
Ta chiing minh f(r)>y Giasuf(r) <y
biate=y-f(r) >0 va z=£1)
do>0saocho:lf(x)—f(t)l<e Vxelcd] |x-tl<0
c S / | \f(x)y

S e g O z€ 7 z+8[3

]
bat x:t+55 > If(x) — (1)l < €

Jx) - (D) <¢ JO < f(H+e=/(0)+y—ft) =y
xeSvix>t=sup$ Vo Iy 1) >y



Bai todn 63. Cho f 12 mdt ham s thyc lién tuc trén
[c.d].Pita=f(c) vi B=f(d). Gid sta>p. Ching
minh [5,a] < f([c, d]).

biat g(x) =f(c+d—x) Vx e |[c,d]. Taco

e (c+d-x) € [c, d] néu va chinéux € [c, d].
e ¢ 12 mOt ham so thuc lién tuc trén [c, d].

° g(c)=fld)=p

* g(d)=flc)=a

e Néug(s)=y thi i) =y ,v6i t=c+d—s

Ap dung baitodn 62 : [B,a] < g([c, d])



Bai todan 64. Cho 12 mot ham so thuc lién tuc trén [a,
bl. Pita =min f ([a, b]) va B =max f([a, b]) . Ching

minh f([a, b]) = [a, B.

flla,bl) c [, Bl la,Bl c fla, bl)
a X b minfla,b]) flx) maxAlab])
fla, b]) c la,pl?

yeflla,b]) =yela,p]?

y € f(la, b]
y € f(la, b]

) D>a<y <[7?

) = minf([a, b]) <y <maxf([a, b])?
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Chung minh [, B] € f(la, b])

dc, d € [a,b] d€ cho
fle)=min f ([a,b]) =a va f(d )= max f ([a,b]) =

~ L A ﬁ
ac d p minf(la,b]) max f([a,b])
cacbaitoan 60 va 61 : [a, B] € f([c, d])
flc, d]) c flla, b))

la, Bl c f(la, b))
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Pinh nghia. Cho A 12 mot tdp con khac trong cua R. Ta
n6i A 12 mot khoang n€u v6i moi x va y trong A sao cho
x<y,tacod [a,b] CA.

Cac tip sau day la 1a cac khoang:

l[a,b] ={ x
(a,b] ={ x €
l[a,.b) ={ x €
(a,b)={x €

i

R.

R:a<x <b}.

R:a<x <b}.
R:a<x <b}.
R:a<x <b }.
[a,0)={x e R :a<x}.
(a,0)={xeR:a<x}.
(-o,b]={xeR:x <b}.
(-o,b)={xeR:x <b }.

eTrong cac truéng
hop1,2,3,4,5,6:
a dugc goi la mot
dau mit cia
khoang.

eTrong cac truéng
hop1,2,3,4,7,8:
b dugc goi la mot
dau mut cla
khoang.



Bai toan 65. Cho A va B 1a hai khoang trong R va f'1a
mot song anh va don di€u ting tr A vao B . Ching minh
f 12 mOt ham s0 lién tuc trén A.

f don diéu ting n€u va chin€u:u < v thi flu) <f(v)

Trong trudng hgp bai toan nay ( f don anh), f don di€u
ting nghi€m cach : u < v thi f(u) <f(v).

Cho x € A, cho € > 0, tim m6t o(g) >0 sao cho
If(y) — f(x)| <¢ VyeA ly—xl<o(e).
Ta phin ra ba truéng hgp :

e x khong 1a dau mut cua A.

e o x 12 dau mit phia tay trdi clia A.
e ¢ ¢ x 12 dau mut phia tay mit cua A.



u < v = fu) < f(v) .

Cho x € A, cho € > 0, tim m6t o(g) >0 sao cho

y) — £ (o) <& Vyed ly—xl<d).
e x khong 13 dau mut cia A.

Co x, va x, trong A sao cho x;, <x <x, flx;) <flx) <f(x,)

N R &
X, X xz\ f(xl) f(x) - J(x,)

Dat = min{e, (X)f( )J‘(X)f(x} mln{—,—,—}
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Cho x € A, cho € > 0, tim m6t o(g) >0 sao cho

) — F ()l <e Vyed ly—xl<d@).
S RS

Dat m= min{e, f(X)f(X)f(xz) J‘(X)} MIN{—, —,

Co u va v trong [x,,x,] < A sao cho : f(u) = f(x) -n va

fv) =f(x) + n
u v fx)n f(x)+n
o & fix) f(x) ) ™




Cho x € A, cho € > 0, tim m6t o(g) >0 sao cho
If(y)— f(x)l <eg VyeA ly—xl<o(e).
bat m= min{g, f(x)-f(x,), fx,)-Ax)} = min{—,_,

du,v e [x1 xz] cA Sao cho f(u) = f(x)- n va f(v) = f(x)+n

//

U v f(X) N f(x)+n
xooox X fo) fro A
Pbato = m1n{x uvx}>0 Lucdo[x8x+6] [u,v] :

-8y x+6 f(x) -1 f(Y)f(x)+ﬂ

L — | |

Lo x fuy fix) fv)

) —f(x)l <n <¢ VyeA ly—xl<o(e)



e e x 12 dau mit phia tay trdi ctia A.

Cho € > 0, tim mot o(¢) >0 sao cho
If(y) — f(x)l <eg VyeA ly—xl<o(e).
Co x, trong A sao cho x < x,

f) <flx) X, f(x) Jx)

—_—

Ddt n= min{e, f(xz) f(x)} — IIllIl{— —}
Cov trong [x,x,] < A Sao cho fv) =f(x) + n

v f(x)+n
X X, f(X) f(x ) 300




Cho x € A, cho € > 0, tim m6t o(g) >0 sao cho
If(y)— f(x)l <eg VyeA ly—xl<o(e).
Co x, trong A sao cho x < x, fx) < flx,)

Ddt n= min{e, fix,)-(x)} =min{—, —}
Cov trong [x xz] C A sao cho f(v) f(x) + 1N

. f(X)+n \
x X fix) fix)
bato=v-x>0. Luc do [x, x+ o] < [x,V]
Y s ) fosn
x v o fv)

) —f(x)l <n <¢ VyeA ly—xl<o(e)



Cho x € A, cho € > 0, tim m6t o(g) >0 sao cho

y) — £ (o)l <& Vyed ly—xl<d).
e e ¢ x 13 dau mit phia tay phdi cia A.

Co x, trong A sao cho x,; <x flx)) < f(x)

v ) S

—

—

Bat n mm{s f(x) f(xl)} = min{—, —
Cou trong [xl,x] - A $a0 cho f(v) =f(x)-n

y f(x) -1
X 2 f(x ) /( X)
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Cho x € A, cho € > 0, tim m6t o(g) >0 sao cho

If(y)— f(x)l <eg VyeA ly—xl<o(e).
Co x, trong A sao cho x,; <x f(xl) < f(x)
Ddt n= min{e, x)-Ax)} =min{—, —

Co u trong [x1 X] < A Sao cho fv)y=flx)-n

v f(x) -n
X fv) 0
bato(e) =x-u>0. Lic do [x- 0, x] < [u,x] :
if(y) — f(X)|<n <g VyeAIy x| < 0d(g)
-3y - " f(y)

| 1 | |
u X fiu f()
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Bai todan 66a. Cho sO nguyén n = 1. Dit f(x)=x" v4i moi
x € [0,00). Ching minh f li€n tuc tu [0,00) vao [0,) .

Dung cdc bai todn 52 va 57 ta thiy f lién tuc

Bai toan 66b. Cho s6 nguyén n = 1. Dit f(x) =x" vdi
mo1 x € [0, o). Ching minh f 1a m0t song anh tu [0, o)
vao [0, o) .

f la mOt don anh tu [0, ) vao [0, o).
x,ye [0,0).x2y = f)#f()
0<x<y=x"<y" Dung quinap todn hoc n=1: ding
Gia su trudng hgp n = m ding, xét trudng hop n = m +1

m+

X lzxmx<ymx<ymy:ym+l
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f 1a moOt toan anh tu [0, o0) vao [0, o).
Choy € [0, ), tim x € [0, ®) sao cho f(x) =y.
e Néuy=0,chonx=0 .Tacé f(0)=0.

e Néu y > 0, theo tinh chat Archimede, c6 mot sO
nguyén duong N sao cho : theo tinh chat Archimede, c6
moOt s6 nguyén dudng N saocho:0<y<N.1=N

Dung quinap toan hoc,taco : N<N" Vn e N,
J0)=0<y<N=N'=fN) y e [H{0), AN)] < f([O,N])
dx € [O,N] < [0, ©) sao cho f(x) =y (baitap 64)

Vay cho y €[0, o), ta tim dudgc x € [0,00) sao cho f(x) =y
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Bai todn 66¢c. Cho moOt sO nguyén n = 1. Pit f(x) =
x"v6imoi x € [0, ). Bit h =f-'. Chitng minh & don
di€u ting trén [0, o0) .

Cho u va v trong [0, o) sao cho u < v. Ching minh
x =h(u) <h(v)=y

u=x",v=y" x'<y' =>x <y?

“P =07 ©"~0 =>~P”

x 2y = x"2y"? :dung qui nap toan hoc nhu trong bai
tap 66b

(iv) Dung bai toan truGc
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Bai tdp 66 . Cho sO nguyén n = 1. Diat fix) =x" v6i
moi x € [0, ©0). Chirng minh

(1) f hLén tuctu [0, o) vao [0, ).

(11) f la mOt song anh tu [0, o) vao [0, o) .

(iii) Bat h =f-!, thi & don diéu ting trén [0, o) .

(iv) ' 12 mo6t ham sO thuc lién tuc trén [0, o). Ta
ky hidu f(x) 1a ¥x hay x* véi moi x e [0, ).
(1), (11) va (111) : cac bai tap 66a, 66b va 66¢.

(1v) : dung bai toan 65
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Bai toan 67. Cho mot sO nguyén k = 1. it n = 2k+1,
f(x)=x"v6imo1 x € R. Luc do :

(1) f Lén tuctu R vaoR.

(11) f la mot song anh to R vao R.

(iii) Pat A= f-1, thi h don di€u ting trén R.

(iv) ' 12 mdot ham sO thuyc liéntuc trénR. Ta ky
hieu f'(x) 1a ¢fy hay x» v6i moi x eR.
Phan chitng minh tuong tv nhu trong dinh 1y trudc, chi
khac phin (ii).

(ila) Cho x va y trong R sao cho x <y . Chitng minh
x"=flx) <fy)=y"



(ila) Cho x va y trong R sao cho x <y . Chitng minh

x"=flx) <fy)=y"
Chia lam ba trudng hdp :
e 0 <x«<y.
oo x <0 <y,
eeoe x <y< 0.

e Nhv trong phan chitng minh dinh 1y trudc
o ¢ P& y x2ktl (0 < y2k+1.

eeeDitu =-yvav=-x.TacoO<u<v vau" =-y"
vavy" =-x". Apdunge .



Cho t € R ta tuong ung
mot géc va mot di€m M(¢)
nhu trong hinh vé. Ta dat

esin = hoanh d6 cua M(7)

e cos = tung dd cua M(?)
Xétham s6 gt [-1,1]
vao R nhu sau

g(x) = \/1—x2 Vx e[-1,1]

/ AN
- M(t)
T / 0
{ - ? COS
-1 COS?t |
\\\\\ S ///
1| T
2

Ta thdy v6i moi x € [-1,1] ¢6 duy nhat mot ¢ €[0,n] sao
cho (x,g(x)) = M(t), va ngudgc lai. Va x chinh la cost .
Vay ham cos la m6t song anh tu [0,7] vao [-1,1] .



Ta thdy v6i moi x € [-1,1] ¢6 duy nhat mot ¢ €[0,x] sao
cho (x,g(x)) = M(¢), va ngudgc lai. Va x chinh la cost .
Vay ham cos la mdt song anh t [0,7] vao [-1,1] . Theo
hinh vé, ham cos don di€u giam. |

Do tinh song anh don lsif\l
diéu giam , ham cos lién 2

tuc tr [0, m] vao [-1,1], M1
va ham ngudc cua nd /
ciing lién tuc tr [-1,1] T M
vao [0,m]. Ta ky hieu -1 cost T
ham nay 13 arccos t vdi
mo1t € [-1,1].




Theo hinh vé ta thay :
® COS-f =cCOSt,

e cos(t+m) =-cost.

® cos(t+ k2x) =cost, t .
-1 COSt

v61 mo1 ¢ trong R, £ €N.

trong [0, ] va hoityu vé x -1 5

trong [0, 7], thi {cosx,} hoi tu v€ cosx .

Nay cho mot day {z } trong [0, 2] va hditu vé .
Ta s& chitng minh {cos ¢.} hoi tu vé cosm .



Bai toan 68. Chirng minh ham cos lién tuc tai 7 .
Cho mot day {z } trong [0, 2n] va hoitu vé€ m . Ta s&
ching minh {cos ¢,} hdi tu v€ cosr .

Ham cos lién tuc trén [0, m]

-

t néu ¢, €[0, 7],
27—t néut elrx,2x].

e I2n-1)-m=In-1) :{x,}
trong [0, ©] va hoitu vé w w

e {cos x,} hoi tu V€ cosm

® COS X, =COS— [, =COS t,

e {cos ¢ } hoi tu v€ cosm



Ly luin tuong tu, ta thAy ham sin 12 mdt song 4nh don

diéu tdng lién tuc t [—5 7,5 7]

vao [-1,1]. Vay ham

ngudc cua nd cling lién tuc tir [-1,1] vao [—%72',%72’]
Ta ky hifu ham nay la arcsintvdimoit € [-1,1].

sin
1M
Tu day ta chirng minh dugc / AN
- e T - M(t)
su l1€én tuc cua ham sin trén /
R nhv trong trudn r
. S g hop il MR COS
ham cos -1 cost ?
NER




Ly luin tuong tu, ta thiy hém tg 14 mot song 4nh don
di€u tang lién tuc t (—5 77,5 77) VAo (- oo, ). Vay ham
ngudc cua noé ciing li€n tuc tu’ (- 00, 00) Vao (——72', 5 T) .

Ta ky hi€u ham nay la arctg t vdi mo1 ¢ € (- o, ) .

Tu day ta ching minh dugc

sy lién tuc cua ham tg trén

U(kﬂ'—%ﬂ',kﬂ'-l—%ﬂ')

ke
nhu trong truéng hdp ham

COS

tg N
/ / ) to f
/ M( t)\ g
] |0
|
. 2 P




Ly ludn tuong tu, ta thdy ham cotg 14 mot song 4nh don
di¢u giam lién tuc tor (0, ) vao (- o, o). Vay ham ngudgc
cla noé ciing lién tuc tir (- o0, ©) vao (0,7) . Ta ky hiéu
ham nay la arccotg f v6i moit € (- o0, o©0) .

0 cotg t
Tu day ta ching minh dugc cotg
A 5 ns / M)/
su li€n tuc cua ham cotg
trén U (k 7T, k T+ T ) A |
- 0

kel < N
nhu trong trudng hdp ham

COS




X
Pbat lnxz_“1 %dt VvV x €(0,0)

Ta chitng minh dugc In 1a mot

song anh don di€u taing tu

(0,00) vaoR . Do d6 In li€n tuc trén (0,00 ) va n6 c6 anh

xa ngugc ky hi€u la e* 1a mot
(0,00).
Cho s6 thuc duong a, ta dit

ham sO lién tuc tr R vao

In x : logarit Neper cua x

log x=ln—x vV x €(0,00) In, x : logarit c6 hé a cua x
Ina ¢ ham mu cua x
In

a* =" V xelR

Cac ham nay lién tuc trén tap

chung xac dinh



Pinh nghia. Cho A 12 mot tip con khdc trong cia R
vaf lamdétanhxatu A vao R, ta no1 f 1la mdt ham
sd thuc lién tuc déu trén A néu va chi néu
Ye>0, do(e)>0 sao cho
[ f(x)-f(y)l <€ VYx va yeA saocho ly-xI<0d(e).

Bai todn 69. Cho mot sO thuc duong ¢ va dit f(x) =cx
v3i moi x € R . Chi'ng minh f lién tuc déu trén R .

Choe>0, tim o(g¢) >0 sao cho
[ f(x)-f(y)| < &€ VxvayelRsaocho ly-xl<o(e).

[ f(x)-fN) |=clx-yl<e DPatde) =c'e

lf0)-f(y)l <& VxvayeRsaocho ly-xl<o(e).



Baitoan70.Cho f(x)=x*> Vxe&R.Ching minh f
khong lién tuc déu trén R.

VYe>0, d0o(e) >0 saocho

1 f(x)- f(y) | <¢ ¥Yx va y eRsaocho ly-xl<o(e).
de>0,YV0 >0 co6x(0) va y(0) elR sao cho
y(0)-x(0)l<o(e) va |f(x(0))-fy(©) | = &l
x>0, y=x+h v61i h>0

ly-xl=h 1fx)-fAy) =@ + h)?-x2=2xh+ h2= ¢
V6>0,chonh =26, x8) =6, y(d)= x(d)+ 216

| f(x(8)) - f(y(®) I= 2x(@B) h+ h*= 1

Chone=1. 319




Baitoan71. ChoA =(0,1)va f(x)=x! VxeA.
Ching minh f khong lién tuc déu trén A.

100 ¢
€0
&
40

0!

de>0,YV0 >0 co6x(0) va y(0) € Asao cho
y(0)-x(0)I<o va [ fix(©®))-f(y(©) I = €.
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de>0,YV0 >0 co6x(0) va y(0) € Asao cho
y(0)-x(©0)I<do va [ fix(©))-f(y(©®)| = €.
x,y €eOl), y=x-h v61 h>0
ly- xl=h 0 x-h X )
) -f =& -h'-x'=[x(x-h)T'h = x=h
V5 >0 (8e(0,1)).Chonh =215 ,x(8)=+h va
y(©)=x-h

| f(x(8) ) -fly ®)) | = x(8)*h =1
Chone =1.
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Baitoan 72 .Cho f 12 moOtham so thuc lién tuc trén
mot khodng dong [a,b]. Lic d6 f lién tuc déu trén [a,b]

Gid st c6 mot so thuc duong € sao cho v6i moi so thuc

duong 8 ta c6 hai s6 x(8) va y(8) trong [a, b ] sao cho
x(0)-y(©)l<o va  Ifx(o))-f(y0))l = ¢

bit x =x(nt') vay =y(n!) Vne N

x -y I<nlvalfix)-f(y)=¢ {x }la motday trong [a,b]

C6 mdt ddy con {Xnk} cia {x } hoitu vé ctrong [a, b ]

Dét l/tk — Xnk Vé Vk — ynk V k = W

limu, =c |y, -v, 1<) <k va Iflu,)-fv,)l = &

k—>o0



limu, =c lu -vl<@m)' <k’ va fw)-flv)l = ¢

k—>0
Ve —v <t w -t ey <u 42
P T RS e T SV St
1 Sl .
uk+ k < Vk < uk k llmuk zllmvk = C
- o limf) = £(0) Tmf(y)=f(©)
k—o0 ot

c 0 | C c 0
Cho 8'=58 , ¢0 N(g’) va M(¢’) trong N sao cho

fu)- flo)l < & ¥ k=N(g) va If(v,)- fle)l < & ¥ k> M(E)

Chon k= N(g’) + M(g’) + 1
e < If(u, ) - o < Ifwy) - flo)l + 1 fc) - f(v)l <e'+¢€ =¢



CHUONG BAY
PHEP TINHVI PHAN

Quan sat mdt chi€c xe chay trén dudng thing, ching ta
mudn xét viéc chay nhanh hodc chim cua né tai mot
thdi di€ém ¢ . Ta md hinh to4dn hoc viéc nay nhu sau: ghi
vi tri chi€c xe tai thdi di€m s 12 x(s). Vi mot thoi diém s
kh4 gan nhu khéc 1, ta tinh dudc van tdc trung binh cia
chiéc xe trong khodng thdi gian tir # dén s nhu sau

_x)-xm X0 )
S — l‘ e

X(S)

Vv

l,s



_x)-xm X0y
S — l‘ T

X(S)

Vén tdc trung binh v, ; cho ching ta cdc thong tin ve
viéc chay nhanh hoic chim cta chi€c xe tai thdi di€m ¢.
Né€u s cang gan ¢ hon, thi v,, cang cho chung ta cac
thong tin chinh xdc hon vé viéc chay nhanh hoic chim
cla chiéc xe tai thdi di€m +.

Vv

l,s

Vay dé€ bi€t viéc chay nhanh hoic chim cla chiéc xe tai
thdi di€m ¢, ta phai xét vi tri x(r) clia chiéc xe tai cdc thdi
di€m r trong mot tip hop A. TAp hop A nay phdi c6 tinh
chat : ludn ludn cé cdc phan t khic ¢ nhung rat gin t.



Ta mo6 hinh todn hoc ¥ tudng bén trén nhu sau

Pinh nghia. Cho A 12 mot tip con khdc trong cia R
vix € R. Tanéi x 12 mot diém tu cia A néu v6i moi s6
thuc duong o ta tim dudcy € A saochoO<Ix-yl<o.
Tap hop tat cd cdc di€m tu clia A dugc ky hiéula A .

Y A

e ——————f———

-0 X X+0

dy e AN{(x-0,x+0)\ {x}}
dy e {A\{x} }N(x-d,x+9d)
{A\{x}IN(x-8,x+8)+ @

xe A"

& xe(A\x})




Bai toan 73. Cho A = (0,1) va x =0. Chtng minh x Ia
mot di€m tu cia A

Choo>0, tim ye€eA saocho O< Ix-yl <0
Choo>0, tim ye (0,1) saocho 0< |10-yl <0
10-yl =1lyl=y

Choo>0, tim y e (0,1) saocho 0< y <0

_ 0
0 V=, 1
_—

X-0 X X+0=0
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Bai toan 74. Cho A =[0,1] va x = 0. Ching minh x Ia
mot di€m tu cia A

Choo>0, tim ye€eA saocho O< Ix-yl <0
Choo>0, tim ye (0,1) saocho 0< |10-yl <0
10-yl =1lyl=y

Choo>0, tim y e (0,1) saocho 0< y <0

_ 0
0 V=, 1
_—

X-0 X X+0=0

328



Baitoan75. ChoA = {0} U[21,1] va x=0.
Chirng minh x khong 12 mot di€ém ty clia A

V&>0, {A\{x1IN(x-8,x+8) % @
38>0, {A\{x}IN(x-8,x+3)=Q
386>0, [2L,11N(-8,8)= O

0
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Bai toan 76. Cho B 1a mot tdp hdp con khéc trong cia
R,a € B*.bat A = BU{a}. Chiing minha € A*.
V8>0, tacd {B\{a}lN(a-8,a+8)+ @
vV 8 >0, chitng minh {A\{a}}N(a-8,a+8)+ @
A\ {a) =B\ {a} ?
A\{at =A AR\ {a}) = (BU{a)) AR\ {a})
= (B NR\{ap))U({a}n(R\{a})
=BN(R\{a}) =B\ {a}
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Quan sat mdt chi€c xe chay trén dudng thing, ching ta
mudn xét viéc chay nhanh hodc chim cua né tai mot
thdi di€m ¢ . Ta m6 hinh todn hoc viéc ndy nhu sau

e chon mot tdp hop cdc thdi di€m A sao cho ¢ 12 mot
di€m tu clia A,

e vG3i mot thoi diém s € A\ {¢}, ta tinh van td¢c trung binh
v, clia chi€c xe trong khodng thdi gian tir r dén s.

e néu s cang gant thiv, cang gin mot so thyc v . Ta
néi v 1a van toc tic thdi cia chi€c xe tai thdi di€m ¢.
Cx-x) XD X

) S

s—1 X(S)

v



Ta tht xem mo hinh todn hoc ¥ tuéng bén trén nhu sau.

Pinh nghia. Cho A 12 mot tip con khdc trong cua R,

c eR, f1a motham sO thuc trén A vaia € A*. Ta néi

e f c6 gidi han la ¢ taia néu va chi néu véi moi s6
thyc duong € ¢6 mot sO thuc ducong 3(¢) sao cho

[ f(x)-cl < ¢ V xe Av610<lIx-al<o(e),
va ky hieu  lim f(x)=c .

X—>d
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Bai toan77. Cho A=[0,1],a=0 va

(\/;_1
f(x)=9 x-1 v xel0D,
| néu x =1.

Chitng minh lif)l(} fx)=1

¥ ¢ >0,tim o(g) >0 sao cho

[ fix)-1] < € VxeA v610<lIx-0l<o(g)
¥ ¢ >0,tim o(¢) >0 sao cho
1 f(x)-11 < ¢ V x €[0,1] v610 < x <0(¢)
f(x)_&—l_(&—l)(ﬁﬂ)_ 1
Cx=1  (X=DG/x+1)  Jx+1

vx €(0,1)



Ye >0, tim o(¢) >0 sao cho
1 f(x)-11 < ¢ V x €[0,1] v610 < x <0(¢)
Jx=1 Ix=DEXx+1) 1
f(X)= = =
X — 1 (x—l)(f+1) JX +1
[T (X)-1|= = VX
f 1 VX +1
Ye >0, tim o(¢) >0 sao cho
Jx <& YV xel0l] vio < x <)
JX<e x<é? 5(8)252
Ve >0,dat d(e) =¢” taco
1 f(x)-11 < ¢ V x €[0,1] v610 < x <0(¢)

vx €(0,1)

<X VX e(0,])




Baitoan78. Cho A=[0,1],a=1 va

Jx -1
\v4 0,1),
J(xX)=4 x—1 * el
, 1 1 néu x =1.
Chitng minh Iim f(x) = —

x—1 o)
Cho € >0, tim o(¢) >0 sao cho

| F(x)—~l<e VYV xeA vdi0o<lx-1l<(e)
2

X

———————————————]
0 T
1-8¢e) 1 148()

Choe >0, tim o(¢) >0 sao cho
| F(xX)—~l<g V¥ xe[0.1] v6i 1-8(e) < x < 1
2



Choe >0, tim o(¢) >0 sao cho

| F(X)—~l<e YV xel01] v6i 1-8(e) < x < 1
2

f(x)_&—l_(&—l)(&ﬂ)_ 1
Cox=1 (x=DEXx+1D) JUx+1
1 I 1, 1-vx  1-x

| F(x)——1 = | ey =
0=3 Jx+1 2 2(Wx+1) 2(&+1)2<

Choe >0, tim o(¢) >0 sao cho

| F(x)—~1<ll-xl <& Vxe[0,1] véi 1-8(e)< x < 1
2

Choe >0,dat o(e)=¢ tacod
1 :
If(x)—gl < & Vxel0l] v61 1-0(e) < x <1

VX €[0,1)

1—x




Dung 1énh Limit[ f(x),x = a] d€ tinh lim f(x)

X—>d

. —1
In[1]:= Limat [\/; , x> 0] Ix =1
Out[l]:=1 X—1
In[1]:= Limit [0, x 1]
' x—1 . VX -1 ]
11Inx—>1 —2

Out[l]:= -
2
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X
In[3]:=Limit [x* ~1, x>o0] o x -1
Out[3]:=1 *¥—=0
. X 1
In[4]:=Limit [———x, x > 1]
x—1 In
|
Out[4]:=—
ut[4] >
: | 1
lim( : X)=—

-1 x—1 In 2 -



Pinh nghia. Cho A 13 mot tip con khdc trong cua
R, ceR, f lamothimso thuc trén A va ae A".
Tanéi f c6 gidi han bén phdi la ¢ taia néu va chi

néu v4éi moi s6 thuc duong € c6 mot s6 thuc ducng d(g)

sao cho
[ f(x)-cl < ¢ V x ecAv6l 0<x-a<o(e),
vikyhieu lIim f(x)=c
x—a"
. ———————————————————
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Dung 1énh Limit[ f(x),x — a,Direction —» —1] dé
tinh  lim f(x)

X—>a

In[l1]:= Limit [(1+x)* , x — 0, Direction — —1]
Out[l]:=e

Iim(1+x)"" =e

x—0"
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Pinh nghia. Cho A 13 mot tip con khdc trong cua
R,ceR, f lamothimsothuc trén A va ae A".
Tanéi f c¢6 gidi han bén trdi la ¢ taia néu va chi

né€u v4éi moi s6 thuc duong € c6 mot s6 thuc ducng d(g)

sao cho
| f(x)-cl < ¢ VxeA v6iO<a-x<o(e),
va ky hieu lim f(x)=c

X—>ad
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Dung 1énh Limit[ f(x),x — a,Direction > 1]  dé
tinh  lim f(x)

X—>a—

X —_— a _1 — O —> 1
. .. Log(cosx) . .
In[1]:= Limat | P x — 0, Direction — 1]
x| x
Out[l]:= l
2
Bm Log(cosx) 1

x—0 X | X | 2 342



Bai toan 79. Cho A 12 mot tip hop con khdc trong cua
R,a € A'N'A va mdOt ham s6 thuc f trén A. Gid st f lién
tuc taia. Lucdo lLim f(x)= f(a)

X—>a

Cho mdt & >0, c6 mot sd thuc duong 8(a, £ sao cho
If(x)-fla)l < ¢ VxeA vll Ix-al<o(a,e)
Cho mot & >0, tim mot s6 thuc dudng n(a, &) sao cho
If(x) -fla)l< & VxeA v6l O<lIx-al<n(a, &)
Cho & >0 Diate=¢g, c60(a,s) Dbatn(a, &)= 0(a,s)
Ifix)-fla)l<e =& Vxe A,0<Ix-al< o(a,g)=n(a,c)
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Bai toan 80. Cho A 12 mot tAip hop con khdc trong cua
R, a € AN A va mOt ham so thuc f trén A. Gia su
lim f(x)= f(a). Ching minh f lién tuc tai a

X—>d

Cho ¢ >0 ¢6 mot s6 thuc duong 8(a, € sao cho
If(x)-fla)l< ¢ VxeA v6l1 O<lIx-al<o(a,s)

Cho & >0 tim mot s thuc duong n(a, &) sao cho
If(x)-fla)l< & VxeA v6l Ix-al<n(a, &)

mxZa: 0O<lx-al

Cho & >0 DPiate=¢, ¢co6o(a,e) Patn(a, &)= 0(a,s)
If(x)-fla)l<e =& VxeA,0<lIx-al<o(a,e)=n(a,cs)
mx=a: fix)=fa), |fx)-a)|=0 =



Bai toan 81. Cho A 12 mot tAip hop con khdc trong cua
R, a e A"N A va mOt ham so thuc f trén A. Gia st
lim f(x)=c .Cho {x,} 12 motday trong A\ {a}

X—>d
(nghiala x, e A\ {a} v6imoin) va {x } hOitu vé a.

Chirng minh day {f(x )} hoitu vé c.
Cho € >0,c6 dd(a, €)>0 sao cho
1 f(x)- cl <€ VxeA ,0<lx-al <d(a, €)

Cho méte >0 taco mOtN(e') eN sao cho
O<lx, -al < € ¥V n=N().

Cho mote” >0 tim mot M(e”) €N sao cho
[ fx,) -cl < €” VY m=M(”). "



Cho mote” >0 tim mot M(e”) € N sao cho

fix,) -cl < € | Vm=M(E). >

Cho mote’ >0 tacomOtN(e’) eN sao cho
Ix,-al< € < Vnz=NE).

Cho mot €e>0 tacod o(ae) > 0 _saocho

1fx) -cl < € VxeA,0<lx—al<8ae) |

29

€e€=2€| x,=2x| oae=¢€ M(e”) =2 N(€’)

Choe”>0 VOie Vi1 €
,= M ’9= )
dit e =" c68me) ¢ @9 o NGy METNE)

m=M(e”)=N(€’) Ix,-al<€'=0(a€) | f(x, )- cl<e”

— — 346



Bai todan 82. Cho mot ham so thuc f trén mot tip con A
ciaR,c € R va aeA”. Gia su v6i moi day {x, } trong
A\{a} (nghiala x, e A\{a} VneN)va {x,} hoitu vé
a, thi day {f(x,)} hoi tu v€ c. Chitng minh. 1lim f(x)=c

X—>d

Choe>0, tacd N(e) eNsaocholx-al<e Vn=N(e

Cho mote >0 tacomot M(e’)) N sao cho

= fx)-cl < € V= M(E).

Choe” >0, tim 0(a,e”) > 0 sao cho
| f(y) -cl < €7 YVyeA vO1 ly—al<o(ac€”)

Cé €”>0 saochovéimoi 6 > 0 tacédmot y;€ A
vO1  |lys,—al<o saocho If(y;) -cl = €7




Cho mote>0 taco mOtN(e) eN saocho
lx, -al < € ¥ n = N(e).

=~ Cho mote >0 tacomOt M(e') eN sao cho
[ fx)-cl < € VYn=M(E).

Coe”>0 sao cho v6i moi §>0 ta ¢c6 mdt y, € A
vO1 | ys,—al <o saocho | f(ys) -cl=¢€”

Tim céac thanh t6 c6 vé mau thuan v4i nhau
[ f(x)-cl< € =2 |f(ys) -cl=€”

Vs X lys—al<o =2 |lx, -al < €

n

— -l v _
Chon o=n" va x, =y,

lx, -al <n! valfix)-cl=1f(ys)-cl=€" VYn




Bai todan 83. Cho A 1a mot tdp hdp con khéac trong
cia R, x € A"va hai hAms6 thuc f va g trén A cd
gidi hantai xla c va d. Biat h (z) = f(z) +g(zr) V z € A.
Chung minh A4 c6 giGihantaix 1a c+d.

Cho {x } la motday trong A\ {x} hditu VE x.

Tacé {f(x,)} 1a motday hoitu vé c

Tacé {g(x,)} 1a motday hoitu vé d

Chitng minh {4 (x,)} 1a mOt ddy hoitu vé c+d

h(x,) = ﬂ{cﬂ) + g(x,)

c+d C d =

h(x,) = flx,) +g(x,)



Bai todn 84. Cho A 1a mot tdp hdp con khéac trong
cia R, x € A" va hai hAm s0 thuc f va g trén A c6
giGihantaixla cvad. DPit h(z) = f(9)gz) Vze A

Chung minh A co6 giGihantaix la cd.
Cho {x,} 12 motddy hoitu v€ x trong A.

Tacé {f(x,)} 1a motday hoitu vé c

Tacé {g(x,)} 1a motday hoitu vé d
Chitng minh {4 (x,)} 12 mot day hoitu vé cd
h(ix)=fx). ox
h(x,) = flx,)g(x,) é ) =A%) - 8 )

Cd C / d 350



Pinh lIy. Cho A 12 mot tip hdp con khdc trong cua R,
a e A"N'A va mdOt ham soO thuc f trén A. Lic d6 ba diéu

sau day tuong duong

G lim f(x) = f(@)

X—>d

(11) f liéntuctaia

(iii) v6i moi day {x } trong A hditu vé a,ta cé {f(x,))}
hoi tu vé fla).
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Bai toan 85. Cho B 1a mot tdp hdp con khéc trong cla
R,a € B',c € R va mOt ham sO thuc g trén B . Pit A =

B U{a}. Gia st limg(x)=c . bat

rd f(x):<g(x) X eB\{a}

Ching minh f liéntuctaia .

Cho ¢ >0 ¢6 mot so thuc duong 8(a, &) sao cho
lg(x)-cl<e VxeB v61 0O<lIlx-al<o(a,eg)

C X=d

Cho & >0 tim mot s thuc duong n(a, &) sao cho
If(x) -fla)l< & VxeA v6l Ix-al<n(a, &)

(g(x)—c X e B,

fx)—fla)=f(x)—c=+ A = B U{a}
0 X =a.

k



Cho ¢ >0 ¢6 mot s6 thuc duong sao cho
lg(x)-cl<e VxeA v61 O<lIx-al<o(a,e)

Cho & >0 tim mot s thuyc duong n(a, &) sao cho
If(x)-fla)l< & VxeA v6l Ix-al<n(a, &)
(g(X) X eB\{a}

C X=d

.

A=BU{a} T(X)=-

f(X)—f(a):f(x)_C:<g(x)_C x B,

0 X =d.

\

Cho & >0 Piate=¢ co6o(a,s) Dbatna,g)=0(a,e)
fix)-fla)l<e=¢ VxeA,lx-al<o(a,& =n(a, &)
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Bai toan 86. Cho A 1a mot tap hop con khéc trong cua R,

a €A, ceR vabahamso thuc f, g va h trén A. Gia su

f) < hx)< g(x) VxeA valim f(x)=limg(x)=c .
Chdéng minh lim A(x) =c o o

Cho {x,} 12 motddy hoitu v€ x trong A.
Tacé {f(x,)} 1a motday hoitu vé ¢
Tac6 {g(x,)} 1a motddy hoitu vé
Chirng minh {% (x,)} 1a mOt ddy hoitu vé c
fix) < hx,) < g(x,)
flx,) < h(x,) < g(x,) y .

\

b o



Cho x € (a, b).Lic dé c6 modt sO6 thuc ducng r sao

cho x+he(a,b) Y he(-r,r)
e
a X-r X h x+r b

Cho f 1a mot ham so thuc trén (a, b) va x € (a, b). Dit
f(x+h)—f(x)
h

uch) = Vhe A=(-r,r)\{0}

De A”

: . +h)—
C6 thé xét  limu(h) hay 1M J(x+h)=J(x)

h—0 h—0 h
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Pinh nghia. Cho f 13 mdt ham s0 thuc trén khodng

m& (a,b) va x € (a,b). Chon mot s6 thuc duong r

sao cho (x-r,x+r)c(a,b). Dat
u(h) = f(x+hz— f (X)

vh e(-r,r)\ {0}

Ta néif 12 mot ham so khd vi tai x néu va chi néu gidi
han sau diy c¢6 va 1a mot so thyc.
lim J(x+h)— f(x)

h—0 h

(=limu(h))

Luc d6 ta ky hiéu giGi han nay la f (x) va goind la dao
ham cda f tai x. Néuf khd vitai moix e (a, b) ta néi
f kha vitrén (a, b).



Bai toan 87. Cho ¢ 12 mot sd thucva f(x)=c YV x e
R. Chitng minh f kha vitrénR vaf (x\)=0 Vxe R

106 tim LE =S ()

h—0 h

Choxe R va he R\ {0}

f(x+h)—f(x):§20

h h
lim f(x+h)_f(.X) _

h—0 h

0
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Bai toan 88. Cho ¢ 12 mot sO thuc va f(x) = cx Vx €
R. Chiing minh f kha vitrénR va f (x)=c Yxe R

106 tim LE =S ()

h—0 h

Choxe R va he R\ {0}

f(x+h)—f(x) c(x+h)-cx ch
h - r h
hmf(Hh)—f(x):C

h—0 h
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Dung 1énh D[f(x), x] d€ tinh dao hAm clia ham s6 £

Thidu.Cho f(x)=(7x-3)’cos2x ¥Yxe R .Tinh
dao ham cua f.

In[1]:=D[(7x - 3)’Cos[2x],x]
Out[1]:= 21(7x - 3)?cos2x - 2(7x-3)>sin2x

f'(x)=21(7x - 3)*cos2x - 2(7x-3)sin2x Vxe R
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Bai todan 89. Cho f va g 12 cdc ham s6 thuc kha vi trén
khoang mé (a, b). Tacé k=f+ g kha vi trén khoang
mG (a,b)va k(x) =f (x)+g’(x) Vx e (a, b)

, . fx+h)—f(x) . 8(x+h)—g(x)

— ] ! —

S (x)=lm ; g'(x) %133 ,

, . k(x+h)—k(x
k'(x)=lm +h)— k) Chox € R vd he R\ {0}

h—0 h
kix+h)—k(x) _fGe+h)+gx+m)]-1f(x)+g(x)]
h h
@)= fOI+ g+ M =gl
h
u(h) = f(x+hk)]— f(x) v(h) = g(x+hr)]—g(x)




k(x+h)—k(x)

k'(x) =lim Chox e R va he R\ {0}

h—0 h
Wy = KT }2 —KO) _ Ly v
u(h):f(x+hr)]—f(x) V(h):g(x+hg—g(x)

lim, ,qu(h)=f (x)

lim, ,,v(h)=g(x)
w(h)=u(h)+v(h)

k(x0) = limy_,w (h) =f (x)+g'(x) o



Bai todn 90. Cho f 12 mdt ham s6 thuc trén khodng
méG (a,b) va x € (a,b). Gia st f kha vitai x. Cho M
trong (I £’ (x)l, ©). Chitng minh c6 mot s6 thuc ducng r

sao cho (x-r, x+r) c (a, b) va

| f(y) — f()I <Mly-x| VyeR,ly—xl<r
f’(x):%lin(} f(x_l_h}z_f(x)

Ve>0, d0(e) >0 sao cho

|fr(x)_f(x+h]i_f(x)| <

E YV h, |hl <o(&)



Ve>0, d0o(e) >0 sao cho
PRI SON

. E YV h, |hl <o(&)

&

&

£ fx+h)- £(x)

h
()l —e < fl(x)—e < f(“h}:_f(x) <F)+e< | fi(x)l+e
1) 1 —e < LI T

h
<1 f(x)l+e VY h, 1h]l <8(&)

S+ = ()
h



|f(x+h}:_f(x)| <If'(x)l+e Y h, 1hl <5(e)

Chon e=2(M-1f'(x)D>01 f'(x)1+2¢ = M
| f'(xX)|+e = M- < M

Chon r = A¢)

SO+ = ()
h

| f(x+h)—f(x)l < MIhl ¥V h, |hl <r

lfy)—-f(x)l < Mly—-x| V ye(a,b), Iy—ggl <r

< M Y h, |hl <r




Bai todn 91. Cho f 12 mdt ham s6 thuc trén khodng
méG (a,b) va x € (a,b). Gia su f kha vitaix va f’(x)
khac khong. Cho c trong (0, | £’ (x)l). Chitng minh c6 mdt
sO thuc duong r sao cho (x-r, x+r) < (a, b) va

cly-x | <1 f(y) — f(x)l VyeR,ly—xl<r
N ] (X)) = f(X)
f(x)=1lm ;

Ve>0, d0(e) >0 sao cho

(X))

f(x+h2_f(x)| <& YhIhl <)



Ve>0, d0o(e) >0 sao cho

|f’(x)—f(x+h2_f(x)| <& Yh lhl<8)
&

e

[ f0) f )
h

—lal-e<a—-e<f'(x)La+e< lal+e

St f(x), < (x) < RACKED Il ACT N

h h

| £(x)] < |f(x+h2_f(x)|+g V h, hl <5(¢)




i) —& < |f(x+h]2_f(x)|

Chon e =5( f'(x)1=c)>0 | f'(x)|2¢ = ¢

| f(x)l—-¢ = c+¢& > c

Chon r = A¢)

S - f()
h

| f(x+h)—f(x)l > clhl ¥V h, |hl<r

l f(y)—f(x)l > cly—x| V ye(a,b), ly—xl|<r

367
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Bai todn 92. Cho f 12 mot ham s6 thuc trén khodng
mG (a, b) vax € (a, b). Gia st f kha vitaix . Ching
minh f li€n tuc ta1 x

Cho € > 0, tim mdt o(g) > 0 sao cho :
f(y) —fx) I <e V' y e(a,b), ly-xl < o(¢)
Baitoan90: Cho M > [f’(x)l, c6 r >0 sao cho

(x-r, x+r) C (a,b) va

| f(y) — f()l < Mly-x| VyeR,ly—xl<r

Cho ¢ >0, dit d(e)= min{r, M ¢}

Ify)— f(x)l<e V y e(a,b), ly-xl < o(¢)



Bai todan 93. Cho f va g 12 cdc ham sO thuc khé vi trén
khoang mé (a,b). Ta c6 k =fg kha vi trén khoang mé
(a,b) va k(x) =f (x)g(x) + fix)g’(x)  Vx e (a,b)
F1(x) = lim S +h)—f(x) g(x +h)—g(x)

¢'(x)=Ilim

h—0 h h—0 h
2 Tim k(x+ h; —k(x)
k(x+h)—k(x) f(x+h)g(x+h)— f(x)g(x)
h h
_Jx+h)gx+h)— f(x)gx+h)+ f(x)g(x +h)— f(x)g(x)
h
S @) o 8E g

h h



k(x+h)—k(x) _ fx+h)— f(x)

. . g(x+h)
‘|‘f(X) g(x_l_h}z_g(x)

k(x+h)-k(x) _ J(x+h)-f(x) (x )+ fx) g(x+h) g(x)

h /
/
/
\L /
N\ / 7
\ N e /’
\ \ /
\ AN N\ /
N\ \\\\ “\ /
NN\ NN /
N\ N /
\ N . /
\ \ /
\
\

? 0 flegx)+ fix)g (x)

k'(x) =f (0)gx) + flx)g'(x)  Vx e (a,b)
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Bai todn 94. Cho £ 12 mdt ham so tu (a, b) vao (c¢,d)
va g 12 mOt ham s0 thuc trén (¢, d). Cho x € (a, b) sao
cho f kha vitaix, g kha vitaiz=f(x) va g'(x) = 0. Bat u
= gof.Ching minh u kha vitaix va u’(x) = 0

Chiing minh Tim SO =g(F () _

h—0 h

Cho € > 0, tim o(¢) > 0 sao cho V A, |hl < o(¢) :

B G+)=g(f() | _ | g +h)—g(f(x))
h h

0

-0l < ¢

Cho € > 0, tim o(¢) > 0 sao cho
lg(f(x+h)—g(f(x)| < ¢lhl Y h, |hl < o(¢)



Cho € > 0, tim o(¢) > 0 sao cho
lg(f(x+h)—g(f(x)| < elhl Y h, |hl < o(¢)

BT 90 : PBatM=1f(z) | +1, c6 r> 0, sao cho

| f(x+h) — f()I < M| hl Vh,lh|l <r
BT 90 :Cho & >0, cos(&g’)>0, sao cho
| g(z+k) — g(I < & | k| Vk,lkl <s(&)

| g(f(x+h)—g(FOO) | < &'l F(x+h)— f(x)| <&'MIh
V | f(x+h)— f(x)l<s(e), 1hl < r

| fx+h) — OIS MR <s(&) YVh,lhl <r
Cho £ >0, chon €= Mg, va d(¢) = min{r, 2'M's(&")}
lg(f(x+h)—g(f(x)| < ¢lhl Y h, |hl < o(¢)




Bai toan 95. Cho £ 12 mdt ham so t (a, b) vao (c,d)
va g 12 mOt ham s0 thuc trén (¢, d). Cho x € (a, b) sao
cho f kha vitaix, g kha tai z=f(x). Patu= gof.
Ching minh # kha vitaix va u'(x) =g (f(x))f (x) .

® g'(x)=0:u’(x) =0 (BT 94)

® o’'(z) =a>0.bit

g(t) = gl®)-at Vte(cd).

v(s) = g(f(s)) Vs € (a,b).

g/ =g@®-a Vte(cd g'@=gk@-a=0
vi(z) =0  v(s)= g (f(s) = g(f(s)) - af(s) = u(s)- a f(s)
vi(s)=u'(s)-af(s) 0=v(z)=u(z)-af(z)

w(s) = a.f(s) =g fx))f (x)



Bai toan 96 (Pinh 1y 4nh xa ngugc) . Néu £ 12 mot song
anh tv (a,b) vao (c,d), f lién tuc trén (a,b). Cho mot x
trong (a,b) sao cho fkha tai x va f’(x) #0. Ching minh
anh xa ngugc g ="' cua f kha vitaiy=f(x) va

o
RRTpTESS
Piatu=g(v) Vv e (c,d)
£1(x) = lim J(u)— f(x) ¢'(x) = lim gv)—g(y) _ , L,
X U—X R f(g(y)

bit s = 2-''min{y—c, d-y}, ¢’ = y-5, ¢’ = y+s, a’= g(y-9),
b’ = g(y+s). Lic d6 f([a’,b’]) 1a mdt khoang dong I chira
[c’,d’]. Tw d6 g li€én tuc trén I, va g lién tuc tai y.



Piatu=g(v) Vv e (c,d)
, C f - . 8W—gly) 1
x) =lim g (x)=lm =— ?
/1) U—x U— X Y V=Y f(gy)
bit s = 2-'min{y—c, d-y}, ¢’ = y-s, ¢’ = y+s, a’= g(y-s),
b’ = g(y+s). Luc d6 f([a’,b’]) 1a mdt khoang dong I chira
[c’,d’]. Tw d6 g lién tuc trén I, va g lién tuc tai y.

lim(u —x) =lim(g(v)—g(y)) =0

V—Yy V—Yy

gv)—g(y)  u—x [f(u) — f(X)]_1

v=y  f-f(x)  u-x
lim M =80 _ o SO F O ’1 _ ’1
Sy y—y  wox oy f ) f(gy)

Vv#y




Cho

g(y) = arcsiny Vyel-1,1] va
f(x)= sinx ¥V x e [ 72Z,722]

Ta thdy gla 4nh xa ngudc clia f va

Fl(x)=cosx =+/1— f(x)’
1 _ 1 _ 1
') J1-fg(y) J1-y°

g(y)= Vye(=L1I)
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Cho f 12 mOt ham s6 thuc trén mot khodng md (a, b) va
¢ 12 mot di€m trong (a, b). Ta nodi
m { dat cuc daitai ¢ n€u va chinéu
flc) 2 f(x) v6é1imo1x € (a, b).
m f dat cuctiéu taic néu va chinéu
flc)<f(x) véimoix € (a,b).

Bai toan 97. Cho f 12 mdt ham s6 thuc trén mot khodng
md (a, b) va ¢ 12 mot di€m trong (a, b). Gid st f kha vi
tai ¢ va dat cuc daitai c. Chdadng minh f’(c) = 0.
) f(c+h)— f(c) _tc)=lim f(c+h)—f(c)
h—0 h h—0 h
f(c+h)—f(c . f(c+h)—f(c
Heh-f© ooy ferh-f©
h—0 h h—0 h

lim

lim




Bai toan 98 . Cho f 12 mdt ham s6 thuc trén mot khodng
md (a, b) va ¢ 12 mot di€m trong (a, b). Gid st f kha vi

tai c va dat cuc ti€u tai c. Chitng minh f‘(¢) = 0.

lim

f(c+h)_f(c)=f'(c):lim f(c+h)—f(c)
h—0" h h—0 h

f(c:+h)—f(c)ZOZIim f(c+h)— f(c)

lm | _
h—0 h h—0 h

378



Bai todan 99 . Cho f 12 moOt ham sO thuc lién tuc trén
[a, b] va kha vi trén moOt khoang md (a, b) sao cho
fla) =f(b). Chung minh cO ¢t € (a, b) saocho f’(r) = 0.

Coc vad trong [a, b] sao cho f(c)=min f([a, b]) va
f(d) = max f([a, b])

flo)=f(x) <f(d) V x € [a, b]
mNEuf(c)=f(d): thi flc)<f(x)<f(c) Vxela, bl f

1a 4nh xa hing va ta thdy f’(x) =0 v6i moi x € (a, b).

m Néu f(c) # f(d) thi hodc ¢ hoidcd phai thudc (a, b),
vi fla) = f(b) .
f'(c) =20 hoac f'td) =20



Bai toan 100 (Dinh 1y gia tri trung binh). Néu f la
moOt anh xa li€n tuc trén [a, b] va kha vi trén (a, b) ,
thi cO mot ¢ € (a,b) saocho f(b) - fla) = (b-a)f ’(¢)

bat g(x)= f(x) J(b)~ J(a) (x—a) Vxela,b]

b—a
Ta thdy g(a) =g(b) va
g = f (- @ vx (a,b)
Theo bai toan 99,c6 c € (a, b) saocho g’(c)=0
. b)— , _
O=g'(c)=f(c)—f( ) f(d) f(C)Zf(b) f(a)
b—a b—a

380

Jb) - fla) = (b-a)f (c)



Néu f kha vi trén (a, b), dit g(x) = f’(x) v6i moi x trong
(a, b). Ta thdy g 12 mOt ham so trén (a, b).

Néu g khd vitaix € (a, b), ta thiy
gx)=(")).
Luc d6 tand1 f co6 dao ham bac 2 tai x, dao ham bac 2

cua ftai x chinhla g’(x), va dugc ky hi€ula f’’(x) hoac
o)

Taconky hiéu fO=f va fD =7~

Ta c6 thé dung qui nap todn hoc dé€ dinh nghia cic dao
ham bidccaon >2 nhusau: f®@(x) = (F™*D)(x).

381



Pinh nghia . Cho f 12 mot ham s0 thuc khd vi trén mot
khodng md (a, b). Tathly f‘ 12 mot ham so thuc trén
(a,b) .Néu f* liéntuc trén (a, b), ta noi f thudc 16p
C'trén (a, b).

Pinh nghia . Cho f 13 mot ham s thuc kha vi 7 14n
trén mot khodng mé (a, ). Ta thdy f™ 12 mot ham s6
thuc trén (a, b) . Néu f®™ lién tuc trén (a, b), ta noi f
thudc I6p C" trén (a, b).

382



Dung 1énh D[f(x),{x,n}] : tinh dao ham bac n cua ham
sO f.
!

In[1]:= D[e *,{x,3}]

1
2. 8 36 24
Out[l]==e *" (- -—=+—)
X X X
4 !
DPao ham bic ba cia e X* 1a e X2(89 3?+%

X X X

383



Cho c va d 1a hai di€m trong khodng md (a,b), I(c,d) 1a
khodng déng c6 cdc dau muitla c va d, va £ 12 mot ham
khd vi dén ciAp n -1 trén khodng md (a,b), v6in > 2.
Xét da thac Taylor baAc n ta1 ¢ nhu sau

n 1 f(k)(C)
k=1 !

P_.(x,c)=f(C)+ X (x—=0)*  Wxel(c,d)

384



Dung 1€nh Series[f[ x],{ x,c,n}] Ta tinh dugc P, _,(x,c).

In[3]:= Series[ex Ax,0,4} ]

1 1 1
Out[3]=1+x+—x"+—x" +—x" +o[x]
2 6 24

Vay ta ¢6 khai tri€n Taylor tai 0 dén bic 4 cda

haim s6 ¢ la
x> x> x*

1+ X+—+—+
2 6 24

385



Pinh ly. (Taylor) . Cho ¢ va d 13 hai di€m trong
khodng mé (a,b), I(c,d) 12 khodng déng c6 cdc dau mit
la cva d, va f 1a mOt ham khd vi dén cap n trén khodng
md (a,b), v61i n>2. Luicddcd s € I(c, d) sao cho

(n)
f(d)y= P (d.C)+ n(S)(d c)"
n—1 £ (k) (n)
_f)+ S (C)(d S (S)(d c)"
k=1 k! n!
n— lf(k)(c)

P_(x,c)=f(C)+ X (X — c) vXx el(c,d)

k=1 !

386



Baitoan 101 . Tinh 2  véi sai s6 nhd hon 108 .

Xeét f(x) —/X v6i mo1 x € (0, o). Dung qui nap chung
minh f ¢6 dao ham moi1 bac va v61 mo1 x € (0, o)
3

fo=3x2, fP)=-33x 2,

fPx)=D)" 1t (n=3)x 2 n>3
V2 = J_Tmh\/fg Pitc =100 va d = 98

(k) (n)
F(d) = f(c)+Zf (C)<d— o + Loy (seleay

n!

n!

(k)
1 f (100) (=2)" (s el(c,d))

m_10+z )(=2)¥ +




f (M (s)
n!

—1 £ (k)
@:IOJran (100)

k=1

(-2)" + (—-2)" (s €(c,d))

f (n) (S)
n!

(k)
ﬁzéﬁ%[lmz f k(100)( _2)K]

Chon n sao cho sais6 | (-=2)"<10™®  va tinh

(n) , 1o
Sai 86 . | f (S) (—2)” |< (n 1) (98) 22 2 < 1(49)—n+1
In[1]:=N [; 497 In[2]:= N[; 497] Chon

Out[1]:=3.46933 10 Out[2]:=5.90022 10 "= °



(k)
ﬁ:%@z%[me B0 2y

o k!
In[9] := N[1 (10 + : 100_%(—2)—1 : 1100_3(—2)2+
T 2 2272
5 1
ML 2y - L] L3340, 2 (=2)"
6222 2422272
9
p LIS T T oy 1)
12022222

Out[9]:=1.4142135623750000

Vi sai s6 nhd hon 10, ta c6 thé chon gi4 tri xap xi
cia ~2 1a  1,414213562



Pinh 1ly. (Maclaurin) Cho f 13 moOt ham s0 ¢6 dao
ham f®™ cip n trén (a,b) véi moi s6 nguyén dudng n.
Giasdcor> 0 sao cho [-r,r] < (a,b) va

.o

lim— sup |f™M(X)=

n—o N!

"X e|-r,r]

(k)
Lacdd f(r)=f(0)+ Z / (O) t" Vte(-r,r)

Pinh 1y Taylor chota : c6 s € I(c,d) sao cho

(k) (n)
f(d) = f<c>+2f (C)<d— o + L8 ey

n!



Dinh ly Taylor chota : cOs € I(c,d) sao cho
(k) (n)
k=1

n!

(d—c) + (d—=c)

vOic =0 va d =t : cos € [(0,¢t) sao cho
(k) (n)

n!
£ (N) r " (n)
v(S) e —v sup | f (0] Jim f (S)tn =(
n! n! X E[—I’,I’] N—> 00 n'

n—1 f (k)(O)tk f (n) (S)
!

lim > — lim[ f (t)— f (0)—

N—0 k=1 ' N—> 0

Z f(k)(O) K

k=1

t"]

— f (t) - f (O) 391



Cho f(x)=¢* v6imoix € R .Tathiy f khd vi moi
bac trén Rva f™W(x)=e* YxeR va f™0)=1VYneclN

r" rhel

| M (x)|< —— — Vxe[-rrl,vr>0
n! n!

n rner

n!

o sup [ ()

n'Xe[—r,r]
2k F 2k r 2k F 2\k
re re re r

k! 12..2k  k.2k k"

2
— e’”(%)k <e' (L) Vk>2r



r2kel” r2kel’° r2kel" ” (rz )k
= < <e
2k 1.2..2k k..2k k"
2

— e”(%)k <e' (L Vk>2r
lim ()™ =0 lime"(H)™ =0 limre"(1)™ =0
M—> o - M—>00 M—> oo

nAar
lim " =0
N—> o0 n!

r" rhef
lim— sup |f™(X)|< lim =0
n—co N! n—-o N! 393

X el|l-r,r]



Cho f(x)=¢* v6imoix eR. Tathiy f khd vi moi
bac trén Rva fMWkx)=e* Yxe R va fMW0)=1 Vne

rn

lim-——  sup (W (x)|=
e My el-r,r]

Dinh ly (Maclaurin)

(k)
f(t)= f(0)+zf (O)k Vte(-r,r), r>0
k=1
(n) o0
¢! = f(1)= f(0)+2f (O)t =1+ it” Vtel|-r,r]
n=1 i/

w -

Loty =1+ >t Vi e(—0,0) .,




Dinh 1y (L’ Hopital). Cho f vd g 13 hai ham s& kha vi

trén khoang mé (a,b) sao cho g’(x) # 0 v6i moi x € (a,b),

§ diy -,o<a<b<oco.Giasu gidihan lim f’(x)
X—>a g (x)

xac dinh .

Taco lim J(x) = lim EC), trong cac trudéng hop sau :

x — a 8(X) x—)ag’(x)

@ lm f(x)= lim g(x)=0
X—>dad X—>a

(1)  lim g(x)=Zw
X—>d



Tinh  Lim In(1+ 3x)
X—>0 X
bat u (x)=In(143x) vav(x)=x Vx €(0, o)
Ilm u(X)= Im v(x)=0

X—0 X—0

u'(x) = V'(X)=1

0= V)

lim Y~ YO 3 g

x—>0V(X) x—>0V(X) x—0l+3X

396



TINH GIGI HAN CAC HAM SO

I = Dung tinh lién tuc cua cdc ham s6
Cho 12 mot ham so thuc trén khodng [a, b] va lién tuc
tai ¢ € (a, b). Lic d6 limT(x) = 1(c) (Baitodn 79)
X° —4X* +5

X* + X°

Bai todn 102 . Tinh gi6ihan ~ lim

Pit g(x)=x"—4x>+5 va h(x)=x"* +x~

f(x)= X" —4x" 45 :M V x€]0,3] V xe][l,3]

x*+x° h(x)
X° —4Xx* +5 5
£ liéntuc trén [1,3], V3 e(,3) M 2 f(ﬁ)zg




IT = Dung cic két qua cua bai tap 7.7.3.1

lim x" = o0 lim x*" =
X—>0 X—>—00
. 2n+1 . 1
lim x*"" = —o0 lim —— = oo
X—>—00 x—0 X n
. 1 . |
lim —— =0 lim —— = —o0
x—0" x T x—0 X o
6 2
Bai toan 103 . Tinh giGi han iy~ _7X 2
ow XX
XO—4x*+5 xX°(1-4x7"+5x°) L 1-4x"+5x°

X

X"+ X° X*(1+X7) 1+ X~



1- 4x*+5x° ——> 1 [1+X° — > 1

y \Z > y M

0 0 0

J1-4x*+5x°

e
X
oo/l/ X —> 00
X —4xT+5 . L, 1-4xt+5x7°
lim = lim X — 00

D S G = 1+ X~

399



. 2x+1
Bai to4an 104 . Tinh gidi han 1131 1

bat y=x-1 x=y+1 2x+1=2y+3
lim 22— im 2 lim 2y +3) -
y

x—>1" X —1 y—0" Y y—0*

|
@y+3)— "= lim(2y+3)~=o
Y y—0"

Q0

3 y—>0+

. 2X+1
lim — o0
X—)lJr X —_ 1 400




. 2x+1
Bai to4an 105 . Tinh gidi han }gllﬂ 1

bat y=x-1 x=y+1 2x+1=2y+3
lim 25— im 2 lim 2y +3) -
y

x—>1~ X —1 y—=>0 y y—0

]
(2y+3)— = -« 1im(2y+3)l=_oo
yN y—>0
3 y—>0 "

. 2X+1
lim = —o0
Xx—1 X o 1 401




Bai toan 106 . Tinh gidi han lim(v/X> —5x+1—X)

X—00

2 4
\/X2—5X+1—X=(\/X2—5X+l—x)\/x X1 HX

X 5% +1+ X

X =5x+1-x> X(=5+x7)  =5+4x7
U =5x 414X XWI=5x"+x2+1) ~1=5x"+x2 +1
/0
—5‘|‘X_1 5
J1- 551+ 2
1 4; X —> 0
54+ X7 5

lim(v X% = 5% +1 - X) = lim __ 2
e o J1-5x ' +x2+1 2




ITI = Dung ciac két qua cua cac bai tap 7.7.3.1 va

7.7.2.3 o
lime® =0, Ime =0, limlnx=o0. limlnx=—-
X—>00 X—>—00 X—>00 x—0

Cho v 1a mot ham s6 thuc duong trén (a, b). Pit flx) =
In(v(x)) v61 mo1 x trong (a,b). Ta co

() lim f(x)=d < limv(x)=e?

(ii) Iim f(x)=0 < limv(x)=o0 ,

(iii) lim f(x)=—0 < limw(x)=0 .

X—>C X—>C
Bai tdp nay gidp ta tinh cdc gidi han cda cdc ham sO v
cO dang tich hodc luy thua



Bai toan 107 . Cho 6> 0. Tinh gidi han limx’

X—00

bit fix) =1nx®= 6 Inx

lim f(x)=o0  limx’ = oo

X—>00 X—>00

404



3+5x

Bai toan 108 . Tinh giéi han lim(—; )t
=0 x° +7
Pt f(x)—ln(3+5x) —xln(3+5x)
x°+7 x°+7
3 (‘L?,—I—Sx 3
x—0 - =
7 "X +7 d
hl§ é4z§an(3 Sx)
7 4T —=> ()
0 x—0
lim f(x) = 0 11m(3+5x) .

=0 x° +7

405



IV = Dung bai tap 7.7.3.5

() limx"e* =0, lim x"e* =0, VneN

X—>0 X—>—0

(if) lim X _

X—>00 _x

1
Bai toan 109 . Tinh giGi han lim x*

X—>00

1 ]
Pbait f(x)=1Inx" :ln_x limf(x)zlimﬂ:O

x X—>0 X—>00 x

1
Iim x* =

X—00 406



1

Bai todn 110 . Tinh gidi han  lim x*

X—>00
g - Inx _
bit f(x)=Inx* =—- Pity=x* x—>o y-—>wx
X

Inx Iny”? 1lny
2 — —
X y 2

| _Iny"™ 11 1. 1
lim f(x) = nx—hm ny =lim ny——hm ny:O
X—>00 X—>00 X y—>00 y y—o ) y )y y

1
. 2
Iimx~* =1

o0
5= 407



V = Duing nguyén tic Hopital

Bai todan 111 . Tinh giGi han lim(1+ 6x)~

x—0

Pit f(X) _ ln(1+6)C)% _ 111(1+6X)

X

0 «=In(1+6x)=> 1 In(1+ 6X)\\\

x— 0 X '77
bat u(x) =In(1+6x) , v(x) = x w(x)=6,vx) =1
lim £(x) = limAnd 00 o 0Oy 20 1 & 6
x—0 x—0 X x—0 V(X) x—0 V’(.X) x—0 1

1
Iim(1+6x)* = e° 408

x—0



Bai toan 112 . Tinh giGi han lim(1 + —)y

y—>0 y

Pitx=y! y—>wo x—>0

1
Dit f(x)=In(l+6x)* = U060
X
0 «= In(1+6x)=> 1 In(1+ 620\\\
x—>0 X '77

Patu(x)=146x,vix)=x u’'(x)=6,v(x)=1
lim £(x) = limAnd 00 o 0Oy 20 1 & 6
x—0 x—0 X x—0 V(X) x—0 V’(.X) x—0 1

lim(1+ _)y 11m(1 + 6x) =¢° 400

y—>0 y



VI = GIGI HAN CUA DAY SO

2n

.. . e —e"+3
Bai toan 113 . Tinh giGi han lim —
noo  3e” +5

e —e* +3
Dat =
it S 3¢”* +5
e —e'+3 e(l-e"+3e¢7") l-e " +3e™
3e”" +5 e (3+5e¢) 3+5¢

0
/ \ Il xoo . e"—e"+3 1
LT 2)(/__2——-%1 }’1_{2 3€2n+5 —5
3+5¢" =, 3 3 410




—Sn
Bai todn 114 . Tinh gi6i han  limn’"*

n—oo

el —S5x -5
X b — 1 — 1
Pit f(x)=x73 at g(x) = — nx= A nx
-5 x—o 5 _5
1 ; hmg(x)—hm7 ; —In x = —0
7_'_3x" - 7 X—>0 X—>0 _|_ x
— lim f(x) = 0
- m f(x)=
_ 5 / X—>00
v 11’1)(3-7———-? -00 s,
e = 11—>00 .

7



TICHPHAN
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Pinh nghia. Cho A 14 mot tdp con khdc trong cua R
vaf lamOétanhxatud A vao R, ta no1 f 1la mdt ham
sd thuc lién tuc déu trén A néu va chi néu

Ye>0,d0o(e) >0 sao cho

) -f 1 < e

Vx va yeA saocho ly-x1<0o(¢g).

Cho 112 mot khodng trong A c6 chiéu dai dd(I) nhd hon
5(g). Cho x va y trong I sao cho f{x) va f(y) 1an lugt 12 cuc

ti€u va cuc dai clia
ftrong I . Luc do

) -fx) <e

f(y)
f(z)

J(x)

--------------------------------------- Sesmme Y

...............................................

= ~ B \.\\\\\... < 8

N o H i
------------------------ g : ; A

1 ] |

1 1

L dd() < 8(e)
"



Cho f 12 mot ham s6 lién tuc trén khodng [a,b]. Pit S 1a
12 dién tich cta hinh giéi han béi do thi cda f, truc hoanh
va cdc dudng thing thing géc véi truc hoanh tai cdc dau
mut a va b vO1 truc hoanh.

a b
Cho mot so thuyc duong ¢, ching ta sé tinh x4p xi S véi
sai sO nhd hon ¢ .

Nhung dt(S) 1a gi ? Lam sao xac dinh no ?



Pinh nghia. Cho mot khodng déng [a, b]. Cho 2n+1 sO
thuc ay, a,, - - a,, cy, -+ c, sa0cho a=a,< a;< ---<
a <a,=b vac, € [a_,a] v61 mo1 k =1,--- n.

LliC dé ta Iléi P — {ao, al, IR dn_l o Cln; Cl’ AR Cl/l} lé
moOt phan hoach cua khoang [a, b] va dat

IP| = max{a,-ay,a,~a,, --a,-a,,}.

biat P([a,b]) 12 tAp hdp tat cd cdc phan hoach cia [a, b].

a b
—————— —— —— —— — —— —]
g ¢ dy & a, (343 Ap1 Cn an



Pinh nghia. Cho mot ham s6 thuc f trén mot khodng
dong [a, b] va P = {ay.a,, - -+, a,,a,; ¢y, - -+ C,} 12 mOt
phan hoach ctua khoang [a, b]. Ta dat

n

S(f,P) = Elf (ck)(ax —ayx_q)

va goi tong sd nay 1a tong Riemann tuong tng véi phan
hoach P.

ZIA

"\

dg ¢ dy ¢ 4y C3  dj a,1€,4,




Dinh nghia. Cho P = {q,,a,- - -, a,,a,; c{, - -+ c,} 1]a mOt
phan hoach cua khoang [a,p]. Ta ditd,=a;, v6i moi i
trong {1,...,n}va P’ ={aya,, -, a,,a,;d, --d.;.
Ta thay P’ 1a mot phan hoach cua [a,b].

d
y Cpap &y Gy C3dy App Cn Uy

Bai toan TP1. Cho mot ham so thuc f lién tuc trén
mot khodng dong [a, b], va ¢ 12 mot so thuc duong.
Chirng minh c6 mot s6 thuc duong 8(g) sao cho

IS(FP) - S(EP) < & V P €9([a, b]), IP| < 8(¢).



Bai toan TP1. Cho mot ham so thyc f lién tuc trén
mot khodng dong [a, b], va ¢ 12 moOt sO thuc duong.
Chirng minh c6 mot s6 thuc duong 8(g) sao cho

IS(FP) - S(EP) < & V P €9([a, b]), IP| < 8(¢).

Cho € >0, tim o(g) > 0 sao cho
IS(f,P) - S(f,P’)l < ¢ YV P €9(|a, b]), IPl < 0o(¢).

Choe >0,co6 o’(¢’) >0 sao cho
If(y) - f(x)l <€ V x,y € |a, b], ly-xI < 0’(¢).

S P =S fle)a, —a)  SUEPY=Y fla)a,, —ap)

IS(FP) =S P =13 fle) (@ —a) - fla)a,, —a)]



Cho e >0, tim o(g) > 0 sao cho

IS(f,P) - S(f,P’)l < ¢ VY P €9(|a, b]), IPl < 0o(¢).
Choe >0,co6 o’(¢’) >0 sao cho
If(y) - f(x)l <€ V x,y € |a, b], ly-x| < 0’(¢).

IS(f,P)=5(f,P)I = |nz_:f(ck)(ak+l—ak)—nz_:f(ak)(akﬂ—ak)l

= |nZ[f(Ck)—f(ak)](ak+l —a,)| < i'f(ck)—f(ak) [ (a,, —a,)

d 1 d2 d3 d4 dn— 1

a

b

dy C; 4y Gy %) Cz dj a,i1 €y a,

1SCf,P)=-S(f,P)I Snz_ig'(akﬂ—ak):g'(b—a) néu I[P < 5'(e")



Cho ¢ >0, tim o(g) > 0 sao cho

IS(f,P) - S(f,P’)l < ¢ VY P €9(|a, b]), IPl < 0o(¢).
Choe >0,co6 o’(¢’) >0 sao cho
If(y) - f(x)l <€ V x,y € |a, b], ly-x| < 0’(¢).

1SCf,P)=-S(f,P)I Snz_ig'(akﬂ—ak):g'(b—a) néu [P < 5'(e")

Choe >0,date’ =(b-a)'le. Taco d’(e’) >0 .DPiatd(e) =
0’(g’). Ta co

IS(£P) - S(EP) < & v P €9 ([a, b]), IPl < 8(c).

422



Dinh nghia. Cho P = {a,a,, - - -, a,.,a; ay, - -+ a,,} va
Q={dyd,, --,d, .d.d,- - d_ ,} la cac phdn hoach
cua khodng [a,b]. Tanéi P = Q néu va chi néu
1apsays - -+ A, 1,0, } < Ydpdy, - -+, dy, 1, d,,)
d() dl dz d3 d4 d6 d’7 d8 dg dlo dm_2 dm—l dm
( ———— ———— —— e —————] b
o 2 ) 2z (-1 U

Bai toan TP2. Cho mot ham so thuc f lién tuc trén mot
khodng dong [a, b], va & 1a mot sO thuc duong. Ching
minh c6 mot s6 thuc duong 8(g) sao cho
IS(L,P’)-S(,0)l <€ V P, QO e?P(la, b)), P <O’
|IPl < 0(¢)

423



ado d] d2 d3 d4 d6 d7 d8 dg dlo dm'2 dm—l

Cho € >0, tim o(¢) >0 sao cho
IS(F,0°) - S(,P)l<e VP, Q0 €P(la, b]),P < Q' IPl <d(¢)

S(faQ') — mz_f(dk)(dk_H _dk)

SUFLPY=Y fa)a,, ~a)=. fa) ¥ (d,~d)

a;<d;<aj,

n—1

=> > fla)d,, —d)

]:O a]Sdk<a]+1



Cho € >0, tim o(¢) >0 sao cho
IS(F,0°) - S(,P)l<e VP, Q0 eP(la, b]),P < Q’ IPl<d(¢)

S(faQ') — mz_f(dk)(dk_H _dk)

n—1

S(f,PY=> > fla)d, —d,)

J=0a;=d;<a;,
S(f,0") = "Z > @) =dy)

Jj=0a;<d;<a,

IS(f,Q0)=5(f, |Z Y. f(d)-f@)ld,,, —d)

J=0a;<d;<a;,,



Cho € >0, tim o(¢) >0 sao cho
IS(1,0°) - S(,P)l<e VP, Q €P([a, b]),P’ < Q’, IPl <0(¢)

1S(£.0)-SF.PY =13 S Lf(d) - fla)l(d,., —d)|

n—1

<> > 1 fd)-fa)ld,, —d,)

Jj=0a;<d;<a;,

dO d 1 dz d3 d4 d6 d’7 d8 dg le dm_2 dm—l dm
a b
d a a, as a,_1 a,
Choe >0,co6 o’(¢’) >0 sao cho
If(y) - f(x)l <&’ V x,y € |a, b], ly-x| < 0’(€’).

|S(f,Q')—S(f,1l>')|snz_1 Y &'(d,,~d,) néu IPIKS5 (e

]:O aj Sdk <aj+1



Cho € >0, tim o(¢) >0 sao cho
IS(F,0°) - S(,P)l<e VP, Q0 eP(la, b]),P < Q’ IPl<d(¢)

Choe >0,co6 o’(¢’) >0 sao cho
If(y) - f(x)l <€ V x,y € |a, b], ly-x| < 0’(€’).

IS(f,Q')—S(f,P')ISnZ_i Y &'(d,,, —d,)n€u IPILS' (")

IS(F.0)-SU.P) <8y Y (dp-d) =& (b-a)

néu Pl < 5'(g).
Choe >0,date’ =(b-a)'le,taco d’(¢’). Bat
o(e) =0’ (g”)



Bai toan TP3. Cho mot ham so thuc f lién tuc trén mot
khodng dong [a, b], va ¢ 1a mot sO thuc duong. Ching
minh c6 mot s6 thuc duong 8(g) sao cho

S(EP) - S(EO) <& Y P, Q €9 ([a. b]). IPI. 10! < 8(¢)

Cho € > 0, tim o(¢) > 0 sao cho

IS(F,P) - S(f,O)l<e VP, Q €9([a, b)), IPl, 10l < ()
Choe >0,cod o(e) >0 sao cho

IS(f,P) - S(f,P’)l < ¢ VY P €9 ([a, b)), IPl <0o(¢e).

Cho € >0, c6 o(e) >0 sao cho
IS(1,0°) - S(,P)l<e VP, Q0 e€P([a, b]),P’ < Q’, IPl <d(¢)
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Cho € > 0, tim o(¢) > 0 sao cho
IS(f,P) - S(f,O)l<e VYV P, Q €9(a, b)), IPl, 10| < ()

Choe’ >0,co6 o°(¢’) >0 sao cho

IS(,R) - S(,R)l < € YV R €9 (|a, b]), IRI <0’ (g”).
Cho €7 >0,c607(e”) >0 sao cho
IS(LU) - S(L,V)l < e” VYUYVe?P(a,bl,UcCV,
Ul < 07(g”)

IS(£P) - SEO) <IS(EP) - SEP) + ISEP’) - S(EQ) +

+ IS(,0°) - S(,O)l <2¢& +IS(,P’) - S(f,Q’)l
v P, O €9 ([a, b]), P, 10l < & (") .
Ta udc llI'(jIlg |SOC,P,) - S(ﬁQ,)l 429



Ta uSc lugng IS(f,P’) - S(,0")|
Cho €7 >0,c607(e”) >0 sao cho
IS(LU) - S(L,V)l < e” VYU YVe?P(a,bl,UcCV,
Ul < 07(g”)

Néu P va O 1a ciac phan hoach cta [a,b] thanh cdc doan
c6 dau mit 1an lugt1a {a,ay, .. ..a,} va {d,d,, ...d },
chon V 1a mdt phan hoach cua [a,b] thanh cac doan cé
dau mat 1a laga, .. ..a,.dyd, ...d./}.

S(,P) - SO <S(H,P’) - SEHV)HI+S8(,0°) - S(, V)

SEP’) - S(EQ)) < 2&”
V P, Q €9 ([a, b]), IPI, 10l < §”(”)
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Cho € > 0, tim o(¢) > 0 sao cho
IS(f,P) - S(f,O)l<e VYV P, Q €9(a, b)), IPl, 10| < ()

IS(£P) - SEO) <IS(EP) - SEP) + ISEP’) - S(EQ) +
+ 1SEQ) - SEO) <2 & +IS(EP’) - S(EQ)
V P, Q €9 ([a, b)), IPl, 10l < &(g") .

SEP’) - S(EQ)) < 2¢”
V P, Q €9 ([a, b]), IPI, 10l < §”(”)

S(EP) - S(£.O)l < 2&” +2¢”
V P, Q €9 ([a, b]), IP), IQl < min{8’(&") , §”(”)}

Choe>0, diate’=e"=4"¢, va 6(¢) = min{d’(¢),0”(e”)}
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Dinh nghia. Cho mdt khoang déng [a, b], dit
a,,=a+n'k(b-a) VneN, k=0,1,...,n
P,={a,y, a,....b;a,y,a,,. .. a,,,}

Ta goi P,1a phan hoach déu thi n cta doan [a,b]
11— ——
a b

Bai toan TP4. Cho mot ham so thuc f lién tuc trén mot

khodng déng [a, b], dits = S(f,P,) v6i moi sO nguyén n.

Chirng minh {s } hoi tu vé mot s thuc s.

Cho mot € > 0, tim mot s6 nguyén N sao cho

s, — s, | <& Vn>mz2 N
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Cho mot € > 0, tim mot s6 nguyén N(¢) sao cho
s, — s, <€ Vn>mz2N(e)
Cho mot € > 0, tim mot s6 nguyén N(¢) sao cho
S(LP,) — S(FP.) 1 <¢ V1> m>N(e)

Cho e’ >0,c6 0’(¢’) >0 sao cho
IS(f,P) - S(f,O)l<e VP, Q eP(a,b]),I|Pl,I0l <)

P, | = k''(b-a) Chon M(g’) sao cho M(g’)!(b-a) < & (g’)
IPl,IP | <0d’(g) Vn>m2M(E)
IS(f,P,) — S(f,P,) | <€ Vn>m2M()

Choe>0,chon ¢ =¢. Taco M(e’). Bat N(e) = M(g’)



Bai toan TPS. Cho mot ham so thuc f lién tuc trén mot
khoang dong [a, b], dat s nhu trong bai toin TP4. Chiing
minh : V €>0, 3 0(¢) >0 sao cho

| S(f,P)— 5| <¢g V Pe 9 ([a, b]), IPl < d(¢).

Cho mot € > 0, tim mot o(g) > 0 sao cho
IS(,P)—s I <eg V Pe @(la, b]), IPl < o(e).
Cho mot & > 0, tim mot sO nguyén N(g’) sao cho
IS(,P,)—s | <€ V n2N(E)

Choe€” >0, tim 0’(¢”) > 0 sao cho
IS(F,P) - S(f,O)l<e VYV P, Qe®(la, b)), IPl, 10| < & (g”)
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Cho mot € > 0, tim mot o(g) > 0 sao cho

IS(,P)—s I <eg V Pe 9([a, b)), |Pl < o(e).
Cho mot & > 0, tim mot sO nguyén N(g’) sao cho
IS(,P,)—s | <€ V n2N(E)

Choe€” >0, tim 0’(¢”) > 0 sao cho
IS(F,P) - S(f,O)l<e” V P, Q €9([a, b)), IPl, 10l < & (e”)

S(EP) — s 1 <IS(EP) — S(EP ) +1S(fP.) — s 1 <" + &
Vn2NE),V PeP(la, b)), IPl,IP | <0’(€”)

Choe>0,diate’ =¢”=2"1¢. Chon d(g) =0’(¢”) va mot

sO nguyén n sao chon > N(g’) va IP | = n'l(b-a) < 8 (e7) :

IS(f,P)—s |<eg V Pe 9([a, b]), IPl < o0(¢).



Pinh nghia. Cho mdt ham s0 thuc f trén mot khodng
dong [a,b]. Ta néi f khd tich Riemann néu c6é modt sO
thuc « sao cho v8i moi sd £> 0, ta ¢6 mot & > 0 d€ cho

la -S(f,P) | < ¢ vV P e P(a, b]) v61 IPILo

T\ A/

NS

g ¢y dy ¢, A4y C3 dj a,1€,4,

IP| = max{a,-ay,a,~a,,--,a,-a,}.

Lic d6 ta goi o la tich phan cua £ trén [a, b] va ky
hiéu « 1a JQ £ (t)dt



Ta ky hiéu [ f(r)dr =~ Lb f

Pinh Iy. Cho f 12 mot ham s6 thuc

(t)dt

l1€n tuc trén mot

khoang dong [a, b] . Lic d6 f kha tich .

Integrate[f(x),{x,a,b}] : tinh tich

phin Riemann

NIntegrate[f(x),{x,a,b}] : tinh x4
IN[1]:= Integrate[x3 * ArcTan|x], {x,
Out[1]= 1

6

1
3
(j) x“arctgxdx = &

b x1 tich phan

0, 1}]
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IN[3]:= Integrate[(x"3)xArcTan[x], {x, 0, 6}]

out[3]= =198 + 3885 ArcTan|6]
12
In[4]:= NIntegrate[(x*3)*ArcTan|x], {x, 0, 6}]

Out[4]= 438.5/8

? «Carctgxdx = —198 + 3885arctg6

~ 438,578
: 12

8



Cho f 1a mot ham s0 thyc lién tuc trén mot khodng dong

[a, b] . Lic d6 f kha tich. P€ gidi cdc bai todn 1y thuyét

vé tich phan cda f, ching ta 1am nhitng budc sau

eV i moi s6 nguyén n, chon phan hoach P, cia [a,b]

fa,a+n'(b-a),--,a+m-DHn'(b-a), b;
a+n'b-a),---,a+m-Dnl(b-a), b}

e Xt ly bai todn duva trén tong Riemann S(£,P,)

S(f,P)= Zf(a+kb G ada+ k-2 g1 278

n n

1)

—Zf(aJrkb a)b a
n

Dung tinh chdt  lim S(f,P,) = jbf(x)dx

n—aoo




Bai toan 114. Cho f va g 12 cdc ham sO thuc lién tuc

trén mot khodng déng [a, b], @ va B la cac sO thuc .
b

Chang minhrop gy (t)dt = 05? f(t)dt +ﬂ? g(t)dt

ChoP, = {a,a+n'(b-a), ---,a+n-)ni(b-a), b,
a+nl(b-a),---,a+n-n'(b-a), b} la phan hoach
cua khoang déng [a, b].

S(af +Bg,P )= Z(ocf+[39)(a+kb a)bna

b-a
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S(af +Bg,P ) Z(ocf+[3g)(a+kb a)bna

b-a

S(af ,P) = Zocf(a (2~ a)bna—ocS(f,Pn)

S(Bg.P,) = ZBg(a+kb a)bna—asw,e,)

S(Otf"_Bgan) = aS(LE, ) +  PS(g.E )

1’9g gb

b
|@repoar  af roar pf soar |,
a a a




S(af+Pg.F ) = oS(fh ) +  PS(g.F )

Voo

b b b
j (of + Bg)(x)dx aj f(x)dx BI g(x)dx
a a a

[[(@f+po)wdx = af foode + p gxdx



Bai toan 116. Cho f 12 mdOt ham s6 thuc lién tuc trén
mot khoang dong [a,b] va c € (a,b). Ta co

jab f@oydr =" f(rydr+ jcb F(0)dt

Qq :{a,a+ﬂ,.. .,a+(n_1)ﬂ,c ;a+ﬂ,. ..’a+(n_l)ﬂ,c}
n n n n

R ={c,c+ﬁ,- - -,c+(n—l)ﬁ,b ;c+ﬂ,- - -,c+(n—l)ﬁ,b}
n n n n
_ _ h— h—

P ={a,a+c—a,- - -,a+(n—1)2l,c,c+—c,- - -,c+(n—1)—c,b ;
n n n n

_ _ h— h—
a- ¢ a,- - -,a+(n—l)ﬂ,c,c+—c,- - -,c+(n—1)—c,b}

n n n n



c—d c—d c—d c—d

o ={g,a+——, - a+(n—1)—,c ;at+——,--,a+(n—1)—,c}
n n n n
R ={c,c+ﬂ,- : -,c+(n—1)ﬁ,b ;c+ﬁ,---,c+(n—l)ﬁ,b}
n n n n
c—a c—a b—c b—c
P ={a,at+—, - ya+(n—1)——,c,c+——, - ,c+(n—1)—,b;
n n n n
c—a c—a b—c b—c
at+—,--sa+(n—1)—,c,c+——, - ,c+(n—1)—,b}
n n n n
0, R,
/"‘-—_"’\—_ﬁ /~/\_\
a::::}:::::::::::(;:::HH:H:::::E)
== B
p 444



+ Zf(c+kb_c)b_c

n n n

CCZCCZ

S(f.P,)= Zf<a+k

c—da.c—a L bcbc

S(f,0,)= Zf<a+k ) S(f.R)= Zf<c+k

n n
S(f,P) = S(f,R,) + S(£,0,)
. ¥ \ \

L f(x)dx J: £ (x)dx Bj.czjf(x)dx 415




+ Zf(c+kb ¢yb=c

n n

bcbc

n

CCZCCZ

S(f.P,)= Zf<a+k

c—d c—d

S.0) =D flark O SR)=D ek
S(f.P,) = s, R) + S(1.0,)

)\ Y \

ja f (x)dx J':f (x)dx Lbf(x)dx

Lb f(x)dx = J: f(x)dx + Lb f(x)dx
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Bai toan 117. Cho f va g 13 hai ham s6 thuc lién tuc
trén [a, b] . Gia st fix) < g(x) V x € [a, b]. Chitng minh

b b
j f(H)dt < j o(t)dt
b-a.b—a S(/,P) < S(g.P)

S(f,P f K
o Z - b - a)b na g &!
S(Q,Pn)=kzz;9(a+k - _[ — J‘ ¢ ()

j: Fdr < Lb o(1)dt
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Bai toan 118. Cho f 12 mot ham s6 thuc lién tuc trén

[a, b] . Chiing minh D b
IOt 11 @l
a

S(f,P) = Zf(a+kb a)bna

S(f1,P,) = Z|f<a+kb a)P-a

| SCRJ = S L2

b b
. \ ﬂ [ (t)dt|< []  ()]dt
_ _ a a
‘J‘ f()C)d)Cl J‘ |f(X)|dX 448
a

(




Bai toan 119. Cho f 12 mot ham s0 thuc lién tuc trén

mot khoang [a, b]. it
G(x) = j f(H)dt Vxela,b]

Chiéng minh G 13 mo6t ham so lién tuc trén [a, b]

Cho mot € > 0, tim mot o(g) > 0 sao cho

Gx)- G(y)l<e Vx,yelab], lx—yl<d)
G)=G(y)=| f(di=| f(nydi=| f(n)dr ¥ y>x

1G(x)-G(y)| = |jxyf(t)dt| < Lylf(t)ldt Vy>x
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Cho mot € > 0, tim mot o(g) > 0 sao cho

G(x) - G l<e Vx,yelab], lx—yl<d)

1G(x)—G(y)] = |jxyf(t)dt| < Lylf(t)ldt Vy>x

Vif lién tuc trén [a,b], nén c6é mot s6 thuc ducng M :
()| <M Vx,ye€la,b]
1G(x)—G(y)] Sjylf(t)ldtﬁMly—xI < &

de)=M'g
IG(x) — G(y) l<¢ Vx,yela b]l, Ix—yl<o(e)
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Bai toan 120. Cho c la mot sO thuc va f(x) = ¢ v6i moi
x € [a, b] . Chirng minh j f(x)dx = c(b—a)

S(f,P) = Zf(a+kb a)bna_ cha—c(b a)
k=1

S(f,Pn) = C(b' Cl)
\

ja F(dx

Lb f(x)dx = c(b—a)
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Bai toan 121. Cho f 12 mot hémxs@' thuc lién tuc trén
mot khodng [a, b]. Pat G(x)= | f(dt Vxela,b] -

Ching minh G kh3 vi trén (a,b) va G’(x) =f (x) Vxe (a,b)
G(x+h)—G(x) G(x+h)—G(x)

%igg h = f(x) %II_I)I(}| —f(x)1 =0
hso Gx+h)-G(x) _ I f(t)dt—L f(t)dt _ ljmf(t)dt
h h h<x

x+h 1 ex+h
jx foodt=fh 9= [ f et

G(x+h)—G(x)
h

x+h

1 x+h 1
—fe=_f fdi—— | foodr

452



G(x+h)—G(x)
h

1 x+h 1 x+h
—fe=_]  f@di—— | foodr

1 x+h
=], L@ 0

Chomote >0, tim d(e) >0 saocho V A, O0< 1Al <5(¢)

SO pt = 1 [ sl < o

1 1

@S 0l = =1 | L@ (0)]1de

1 x+h
< s | £(t)-f(x)|dt .



Chomote >0, tim d(e) >0 saocho V A, O0< 1Al <5(¢)

RO pot =1 [T o <
h h>
1 x+h 1 x+h
) ToF ol = | L@ G
1 x+h
< ﬁ ; |f(t)-f()€)|dt

Cho mot € > 0, tim o(g) > 0 sao cho

% :+hlf(t)—f(x)ldt <& VYh 0<Ihl <)
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Cho mot € > 0, tim o(g) > 0 sao cho

1 exe
— NFOF)ldt < & Y h, 0< kI <5(&)
Chomote’ >0,co moto’(e’) >0 sao cho
If(u)-f(v)l < € Yu,ve [a,b], | u-vi< 0’(¢”)

h>0 u=t, v=x X t XTh
1 px+h Lo 00 1 0, o
EL |f(t)-f(x)|dtgﬁjx Zdt=—g'h=e'  VO<h<d (&)

Choe>0, ditee =e>0 c60’(e’)>0 dato(e)=0’(¢)
Cho mot € > 0, tim dudc o(g) > 0 sao cho

|G(x+h]z_G(x)—f(x)| <& YhIhl< 8)




Bai toan 122. Cho f 12 mot ham s0 thuc lién tuc trén
[a,b]. Gid s& c6 ham sd v lién tuc trén [a,b] va kha vi
trén (a,b) va v’(x) = f(x) v61mo1 x € (a, b) . Luc do

jf(t)dt = v(x)—v(a) Vxela,b]

bat G(x) = ]if(t)dt , u(x)=v(x)—v(a)—-G(x) Vxela,b]

u'(x)=v'(x)-G'(x)=f(x)-f(x)=0 VX € (a,b)
Vte(a,b),dxe(a, b): ut)—u(a)=u"(x)(t—a)=0
u(t)=u(a)=0V tela,b) ulién tuc trén [a,b]
u(b)=lmu(r) =0 :
=P 0=v(x)—v(a) —j f(t)dt Vxela,b]
u(t) =0Vt € [a,b] ¢



Bai toan 123. Cho f 12 mot ham s0 thuc lién tuc trén
[a,b]. Gid s& c6 ham sO v lién tuc trén [a,b] va kha vi
trén (a,b) va v’(x) = f(x) v6imo1 x € (a, b) . Luc do

v(x) = j f(t)ydt+v(a) Vxela,b]

Pinh nghia. Cho f 12 moOt ham s6 thuc lién tuc trén
[a,b]. Cho ham sO v lién tuc trén [a,b] va kha vi trén
(a,b) va v’(x) = f(x) v61 mo1 x € (a, b). Luc do ta no1

e v 12 mOt nguyén ham cua f trén (a,b), c6 mot hing so ¢
v(x) = jf(t)dt+c Vx ela,b]
o [ f(dr1a tich phan xdc dinh cda f trén [a,x]



Bai todn 123 gidp ta tinh tich phdn cia modt ham sO f
lién tuc trén mot khodng [a,b] nhu sau : tim mOt ham s6 v
lién tuc trén [a,b] va kha vi trén (a,b) v6i v'(x) = f(x)

voimo1l x € (a,b) . Lucdo .,
[ rwdr = vb)-v(a)

Bai toin 124 . Tinh jj()ﬂ — X% 4 5)dx

Pat v(x)=1x"—1ix* +5x vdi moi x €[0,3]

Dung nhin xét bén trén ta co

_[03 (x'—x’+5)dx = v(3)—v(0) = (%XS _%x4 _|_5x):|z _ 65819



Bai toan 125. Cho f 12 mot ham so thuc lién tuc trén
mot khoang déng [a, b]. Lic d6 c6 ¢ € (a, b) sao cho

[ fFoodx = fe)b-a)

it G(x) = | Cf()dt Y xela,b]

G lién tuc trén [a, b] , kha vi trén (a, b) va G’ (x) = f(x)
vG1 mo1 x trong (a, b).

Coce(a,b): Gb)— G(a) =G (c)b-a) = f(c)(b-a)
Gb)=Ga)=[ fdx=["fxdx = f(xd

[ fodx=fexb-a)



Bai toan 126. Cho u va v 12 cdc ham sO thuc kha vi lién
tuc trén (c, d), va cho mot khoang [a, b] chita trong (c, d).
Ta co

[ utW ()t = [ub)v(b)~u(@(@)] [ 'tV (o)ds

bat G(s) = u(s)v(s) v6imo1 s €(c,d). ta co
G’(x) = u‘(x)v(x) + u(x)v’(x) vt mo1 x € [a, D]

G(b)—G(a):j:G'(t)dt

u(b)v(b)—u(a)v(a):Lb[u(t)v'(t)+u’(t)v(t)]dt

= [Cu(tVv(t)dt+ [ u'(t)v(t)de



Bai toan 126 cho ta phuong phap tinh tich phian tung
phan cho cdc ham s6 c6 dang tich:

e (da thitc).(bi€u thirc ludgng gidc)
e (In x, arctg x, arcsin x, arccos x). (da thuc)

Bai toan 127 . Tinh ijcosxdx

Patu(x) =x va v(x) = sin x u(x)= vavi(x)=cosx

j Oﬂ X COS xdx = J: u(x)v'(x)dx
= u(z)V' () = w(0)V'(0) = | u'(x)v(x)elx

= —Ioﬂ sin(x)dx = cosz —cos0=-2 461



Pinh Iy (Taylor). Cho a, b, ¢ va d 1a cic so thuc sao
cho [c,d] = (a,b), va f 12 mOt ham khd vi dén cdp n trén
khoang md (a,b), v6i n>1.Pbidt g(x) = fix)— P, (x,c)
v61 mo1 x trong (c,d) . Luc do

1 (C) a(d—x)"

ST

(d—c) +

J(d)= f(C)+Z

glx)=f(x)-P ,(x,c) Vxe(d).Lacdo
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(k) . n—1
 f (C)(d_ o) +j (d —x)

D! £ (x)dx

J(d)= f(C)+Z

en=1: fd)-f)=] "
eGiastun=m=>1 ding:

(k) m—1
r@=fe+ 3 Doy + [0

c (m-1)!
e Xétn=m +1

(k)
F=fere 1 ot [ o o

£ (x)dx

463



J(d)= f(C)+Z

" f (k)(c‘)

e Xétn=m +1

(k)
F(@)= 1o+ Yo + [

d (d_x)m—l

¢ (m—1)!

f(m)(x)dx = —

<d—>+j

(d _x)m—l

¢ (m—-1)!

(d—x)"

m!

£ (x)

£ (x)dx

1d

_I_

—1C

+J-Cd (d ;13'5) f(m“)(x)dx _

Dy [T s
¢ m!

m!



Bai toan 128 . Cho f 132 moOt ham s6 thuc lién tuc trén
moOt khodng [a,b], h 12 mOt ham s6 thuc kha lién tuc trén
khoang (p,q), va khoang [c,d] < (p,q). Gia su h([c,d])
chua trong [a, b]. Chung mlnh

[ o s = fxa

h(c)
Chonusaocho u’ =f . DPat v = uoh.

v'(s) =u’'(h(s))h’(s) v'(s) = f(h(s))h’(s)
f F(h(s)H (s)ds = jcd V(s)ds = w(d) - v(c)
=u(h(d)) —u(h(c))

h(d)

jh(d)f(x)dx =j u' (x)dx =u(h(d)) —u(h(c))

h(c) h(c)



Pinh nghia. Cho mot ham s0 thuc f trén mot khodng
m§ (a. b) . Gia st

d
e | f(t)dt xdc dinh v6imoil[c,d] < (a,b).
C

e C6 midt sO thuc a sao cho v6i moi sO thuc duong &
ta tim duoc mot s6 thuc duong & dé cho

d

o - JEMAt] <& khila-cl <Svald-bl< &
C

Lic d6 ta néi o 1a tich phdn suy rong cua f trén (a,b)

va van ky hiéu no la

b
[ f(t)dt

G day ta c6 th€ xét a bing - o hoic b c¢6 thé bing .
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Bai toan 129. Cho f(x) :L vé1 moi x € (0,1).

Jx

Chitng minh f kh tich trén (0,1) va tinh jol F(x)dx.

d
e [f(t)dt xdc dinh v6imoilc,d] < (0, 1).
C

e C6 moOtsd thuc a sao cho v6i moi so thuc duong ¢ ta
tim dudc mot so thuc duong & dé cho

d
o - [f(t)dt] <& khil0-cl<Svall-dl< &
C

jdidx=2&]d:2(ﬁ—\/2) > 2 khid >1vic—0

o Jx



1
1+ x

Ching minh f kha tich trén R va tinh j_oo f(x)dx.

Bai toan 130. Cho f(x)= vé1 moi x € R.

2

d
o | f(t)dt xdc dinh v6imoi[c, d] < (-00,00)
C

e C6 moOtsd thuc  sao cho v6i moi so thuc duong ¢ ta
tim dudc mot s6 thuc duong M dé cho

d
la - [f(t)dt] <& khi ¢ <-M va M< d.
C

jd1 1 ~dx =arctg| =arctgd - arctge — 7 khid — o0 va ¢ — -
c 1+ x ¢



Choa, b, a,, ..., a, trong R sao cho a = a,<a, <..<a,=b.
n-1

Cho f 12 mOt ham so lién tuc trén A= U(aI a4). Luc dé

f dudc goi 1a mot ham s6 lién tuc tirng doan trén (a, b).

Pinh nghia. Cho f 12 mot ham so thuc lién tuc tirng
doan trén mdt khoang mé (a, b) (v6i A= IDl(ai ai.4)). Gia
su tich phan suy rong cua f trén cac khOélZIig (a,,a,), . ..,
(a,, ,a ). Lic dé ta ndi tich phan Riemann cua f trén

(a b) xac dinh, dugc ky hi¢u laj- f(#)dt va co tri gid 1a
ZJ i+1 T (t)dt

|1|
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BAI TAP GIAI TICH 1

1.5.2.6. Cho A va B la hai tap con cia tdp E. Ching minh E\ (AN B) = (E\ A)U (E\ B).

Giai.

Ta c6

o ENA={tcE:t¢gA}.

e E\B={ueE:u¢B}

e (EN\A)U(E\B)={r€E:z€ E\ Ahoicz € E\ B}

={r e E:x ¢ Ahoicx ¢ B}. (1)

e E\(ANB)={se€FE:s¢ AnB}.

bit Pla “se€ ANB” hay “s€ Avase B’,tacé~ Pla “s¢ Ahoics ¢ B”. Tudé ta céd

E\(ANB)={s€ E:s¢ Ahoic s ¢ B}. (2)

Ti (1) va (2) ta c6 diéu phai chiing minh.

1.5.3.9. Tim pht dinh cia ménh dé sau: “z < a v8i moi v € A” va “a < b néu x < b v6i
moi x € A”.

Giai.

Dit P=“cx<avéimoiz € A7, va g = “a <bnéux <bvéimoizxzec A”. Vaiy ménh dé
cho sdn c6 dang “P va @Q” va phu dinh cliané 1a “ ~ P hodc ~ Q”. Ta c6

o “~P’:“codxe€ Asaochox>a”.

e Q: “a<bVbe{fc:x<cVzeA}l

o ~Q:“Ibe{c:x<cVzxeA}saochdoa>1D".

e “~ Phoic~Q": “céx € Asaochox > a” hoic “Dbsaochox <bVr e Avaa>"b".

1.5.3.14. Chiing minh khong c6 hai s6 nguyén duong m va n sao cho % =2

Giai.

Gia st ¢6 hai nguyén duong m va n sao cho % = v/2. Goi d la uéc s6 chung 16n nhat cda
m va n, lic d6 cé hai nguyén duong p va ¢ sao cho m = dp va n = dq. Ta c6 b _ V2 va p va
q c6 ubc s6 chung 16n nhat [a 1. !

Tu dé p—z = 2. Vay p? = 2¢>% Tu d6 p? chia chin cho 2. Suy ra p chia chin cho 2. Diéu
nay lai dﬁnqdé'n p? = 2¢? chia chin cho 4. Vay ¢? chia chin cho 2. Suy ra ¢ chia chin cho 2.

Vay 2 1a mot uSe s6 chung ctia p va ¢ : mau thuin . Do d6 khong c6 hai s6 nguyén duong
mvénsaocho%:\/ﬁ

2.5.2.1.(iv) Cho f 1a mot 4nh xa ti tap X vao tAp Y, cho A va B 1a hai tdp con cia X.

1



Ching minh f(ANB) C f(A) N f(B).

Giai.

e f(ANB) ={y:3z € AN B sao cho y = f(x)}

o f(A) ={u:3s € Asaochou= f(s)}

e f(B) ={v:3t € Bsaochov=f(t)}

Ta phéi ching minh :

e cho y € f(AN B) ching minh y € f(A)N f(B)

e “yc F(ANB) = “y € F(A)N f(B)

e “c6x € ANBsao choy = f(x)” = “c6 s € A sao choy = f(s), va ¢ t € B sao cho
y=f@)

Dits=xzvat=xtacéy= f(s) = f(¢).

2.5.2.2. Cho f [a mot danh xa ti tAp X vao tap Y, cho A va B 1a hai tip con ctia X. Ching
minh f(4)\ f(B) C f(A\ B).

Giai.

Cho mot y trong f(A) \ f(B), ching minh y thuoc f(A\ B).

o f(A) ={u:3s € Asaochou= f(s)}

e f(B) ={v:3t € Bsaochov=f(t)}

eye f(A)\ f(B): c6 s € Asaochoy = f(s) nhung khdong cé ¢t € B sao choy = f(t). (1)

e f(A\B) ={y:3x € AnBsaochoy= f(z)}

eyc f(A\ B): c6 x trong A nhung = khong trong B sao cho y = f(z). (2)

Chon = = s trong (1), ta thiy z thod (2) : dpcm.

3.7.3.1. Chiing minh 111+ 212+ +nln = (n+1)1—1  (0)

Giai
en=1:11=1va2!—1=1. Vay (0) ding véi n = 1.
e Gid st (0) ding v6in — k. Ta co

M+ 224+ klk=G(k+1I—1  (0).

Ta chiing minh (0) ding v6in =k + 1. Ta co

m+22+- -+ kk+k+DI(E+1)=111+224 -+ kK] +(k+D(E+1) (0).

(k+1)! =1+ Fk+DN(E+1)=(k+1)(k+2)—1=(k+2)! -1
Vay (0) véi n =k + 1. Ap dung qui nap toan hoc ta ¢6 (0) ding véi moi s6 nguyén n.
4.2.3.1. Cho A la mot tap con khac trédng va bi chin trén cia R, cho ¢ [ mot chin trén

cia A. Gid st moi s6 thuc duong ¢ déu c6 mot x trong A sao cho ¢ — ¢ < z. Chiing minh



¢ = sup A.

Giai .
c—sup A

Gid stt ¢ > sup A. Dite = . Ta thay

— A A
c—e=c—° s2up :c—l—s2up > sup A (1)
dr € Asasochoz >c—¢. (2).

Tu (1) va (2), ta c6 mot x trong A sao cho z > sup A. Mau thuidn nay cho thay ¢ < sup A4,
vay ¢ = sup A.

4.2.3.4. Cho A la mot tap con khic tréng va bi chin trén cia R. Pit —A = {—x: x € A}
Chiing minh

(1) —A bi chin du6i.

(i1) inf —A = —sup A.

Giai .

(i) bat B=—-A = {—xz:2 € A}. Ta phdi ching minh
y>—supA Vye B hay

y>—supA Vy=—-x,x €A hay

—xr > —supA VxeA hay

r<supd VaeA

Dong sau cung hién nhién ding .
(i1) Do (i), ta c6 inf —A > —sup A. Ta chi con phéi ching minh inf —A < —sup A hay
sup A < —inf —A. Ta phai chiing minh

z< —inf—A VaxeA  hay
—x >inf—A VaxeA  hay
—x > inf —A V—-—ze—-A

Dong sau cuing hién nhién ding .

4.2.3.3. Cho A va B la hai tap con khac tréng ctia R sao cho A C B. Chiing minh

(1) Né&u B bi chin trén thi sup A < sup B.

(7i) N&u B bi chin du6i thi inf A > inf B.

Giai .

(i) bat M = sup B. Ta phai chiing minh x < M v&i moi z trong A. Cho x trong A, ta cé
2 thudc B (vi A C B), vay z < M.

(i) bat M' = inf B. Ta phai chiing minh = > M’ véi moi z trong A. Cho z trong A, ta cé
x thudec B (vi A C B), vay © > M.



5.6.2.4. Cho {ax} la mot day s6 thuc Cauchy. Ching minh c6 hai thyc b va ¢ sao cho
b<ap<cvdimoike IN.

Giai.

Ta chi cAn tim mot s8 thyc M sao cho |ag| < M v6i moi k € IN.

Cho mot e > 0, ta tim dugc mot s& nguyén N(e) sao cho

|am —an| <€ V'm>n2> N(e).

Vay

lam| < lam — an| + |an] < e+ |an] V' m>mn> N(e).
Do d6

lam| < lan| +1 Vm>n2>N(1).

lam| < lan@yl +1 V'm > N(1) (1).

bat M = max{la1|, -, lan)l; [an@)| + 1}

Tu (1) ta cé

lak| < M véi moi k € IN.

5.6.2.9.Cho A 1a moét trong céc khodng sau : [a, b], [a, 00), (—o0, b] hay (—o0, 00). Cho g la
mot dnh xa ti A vao A sao cho c6 mot s6 thuc ¢ € (0,1) d€ cho

l9(z) = g(y)| < ¢z —y| Va,yeA

Lic d6 ta néi g 1a mdt 4nh xa co trén A . Cho ag € A. Dit ay = g(ag), a2 = g(aq), - -,
ant+1 = g(ay) v6i moi n € IN. Ching minh

(1) |an+1 — an] < "ar — ag| VnelN.

(i7) Day {a,} hoi tu vé& mot s6 thuc b € A.

(i4i) Gi6i han b cta day {a,} chinh 12 mot diém bat dong ctia g, nghia la g(b) = b.

(iv) g chi c6 mot di€m bat dong trong A.

Giai.

() Dung Qui nap todn hoc. Dat P, 1a “|ay1 — ant1| < ¢™la; — ap|”. Khi n=], do tinh co
g tacd

lag — a1| = |g(a1) — g(ao)| < clar — aol

Vay P; dung. Gid st Py ding, ta c6

lags1 — ag| < cFlay — ag| (1).

Ta ching minh Pyy; cing ding. Ta ¢6

k141 — apsa| = [9(art1) — glaw)| < clagtr — ax

< ccflay — ag| = F Y ay — ag|



Vay Pi41 ding. Theo qui nap todn hoc ta ¢ P, diing v4i moi n € IN.

(7i) Cho mot € > 0, tim mot s& nguyén N (e) sao cho

|am —an| <€ V'm>mn> N(e). (2)
Ta c6
|am - an| = |an - am| < |an —Gpt+1 tApy1 — Gpg2 + -+ Appm—n—1 — A

< |an - an+1| + |an+1 - an+2| +---+ |an+m—n—1 - an|
< "lay — agl + "Hay —ag| + -+ -+ ¢ Hay — agl

=[]+ 4+ Ylay —ao| < [1 4+t ™) |ag — ag
7

SC”[ZiiockHal—ad < 1_C|a1—a0|- (3)
T
Vi {1C la; — ap|} hoi tu vé 0, nén cho &’ > 0, ta tim dugc mot s§ nguyén M (g') sao cho
c" - cl
lar — ao| = | lay —ag| — 0] <€ Vn>M(). (4)

1-c 1-c
Nay cho e > 0, dit &’ = ¢, ta c6 M(¢'), dat N(e) = M(¢'), ta ¢6 (2). Vay {a,} la mot day

Cauchy va né hoi ty vé mot s6 thuc b.
(¢i7) Ta phdi ching minh g(b) = b. Ta cé
l9(b) = b] < [g(b) = ant1| + |ans1 — b] = [g(b) — g(an)| + lant1 — b]
<clb— an| + |ans1 — bl (5).

Suy ra

19(6) — bl < 1im [elb — a| + [anss — bl) = 0.

(iv) Gid st ¢6 u va v trong A sao cho g(u) = u va g(v) = v, ta cé

lu—v[=lg(u) = g(v)| < clu—vl.

Vay0 < (1—¢)jlu—v|<0,vi0<ec< 1 Tathdy (1—¢) >0, nén |u=v=0.

5.6.3.2. Cho e [a mot s§ thuc va {a,} 1a mot day sd thuc sao cho {a, } khong hoi tu vé e .
Chiing minh ¢6 s6 thuc duong € va mot day con {a,, } cda {a,} sao cho |a,, —e| > ¢ v6i moi
ke IN.

Giai.

Vi {a,} khong hoi tu vé e, nén c6 mdt s6 thyc duong € sao cho v6i moi s¢ nguyén N ta lai
c6 mot s6 nguyén n(N) >N dé€ cho |a,n) — €| > e Vay tap J = {m : |ay — €| > e} 1a mot
tap vO6 han. Diung qui nap todn hoc dat

e 11 = inf J,

e ng =inf J \ [1,ny].

e ni+1 = inf J\ [1, ngl.

Ta thay {an, } 1a mot ddy con cAn tim cda {a,} .
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5.6.4.4. Cho e la mot s§ thyc va {ai} 1a mot day s§ thyc sao cho limsupa, < e . Ching
n—oo
minh ¢6 mdt s nguyén N sao cho a,, < e v6i moi n > N.
Giai.

bit A, = {ax : K > m}, by, = sup A,,. Lidc 46 limsupa,, = lim b,. Dit o = lim b,, ta
n—oo

n—0o0 n—00
e—
cda<e Détsz?‘ Ta cé
eate<e (1).

e Ta cé mot s& nguyén NN sao cho

b, —af <€ V'n>N. (2)
Tu (2) ta c6
b, <a+e V'n>N. (3)

Vay sup Ay < a+ ¢, do d6, theo (1) ta cé

anp <supAy <at+e<e ¥V n>N.

6.3.2.2. Cho hai khodng mé (a,b) va (¢,d), A = (a,b) U (¢,d), va f 12 mot ham s6 thuyc
tréen A. Dit g(t) = f(t) v6i moi t € (a,b) va h(s) = f(s) v6i moi s € (¢, d). Gid st g lién tuc
trén (a,b), va h lién tuc trén (¢, d). Ching minh f lién tuc trén A.

Giai.

Cho mot x trong A va mdt s6 thuc duong €, ta tim mdt sd thuc duong §(z, ) sao cho

fly) = fl@)| <e VyeAly—z|<d(ze). (1)

Ta co x € (a,b) hodc z € (¢,d). Tru6c hét ta xét trudng hop x € (a,b). Lic d6 vi tinh lién
tuc cda g, véi mot s§ thyc duong ¢/, ta tim mot sd thyc duong v(z, €’) sao cho

lg(u) — g(z)| < & Vue(ab),lu—z| <vize).

Vi f(t) = g(t) v6i moi t € (a,b), ta c6

|f(u) — f(x)] <e Vue(ab),lu—z| <vize). (2)

Piat p = min{z—a,b—2z},tacé t € (a,b) néu |t—z| < p. Choe, dite’ = ¢, tacé v(z,e’). Dit
d(z,e) = min{u, v(x,e’)}. Tathdy “y € (a,b), |lu—z| < v(z,e')” néu “y € A, |ly—z| < d(x,e)”.
Do d6, theo (2) ta ¢6 (1).

6.3.2.4. Cho A la mot tap con clia R, va f 1a mdot ham s6 lién tyuc tréen A. Chiing minh
|/| 12 mot ham s6 lién tuc trén A.

Giai.

Cho mot x trong A va mdt s6 thuc duong €, ta tim mdt sd thuc duong §(z, ) sao cho

1f[(y) = fI(=)| <€ VyeAly—z|<d(ze). (1)

Do tinh lién tuc cda f, v6i mot s§ thuyc duong ¢, ta tim mot sd thyc duong v(z, €’) sao cho



If(u) = f(x)] <€ VueA |u—z| <v(ze). (2)

Ta cé

1) = [f1(@)] < [f(y) = f(2)]-

Vay theo (2) ta c6

Lf1(y) = LfI(@)] < [f(y) = fl2)] <€ VueA |lu—z| <v(ze). (3)

Cho ¢, dit &’ = ¢, ta ¢6 v(z,€'). Dit §(z,e) = v(z,e’). Tu (3) ta c6 (1).

6.3.2.5. Cho f 1a mot ham s6 lién tuc tit khodng déng [a, b] vao [a, b]. Ching minh ¢6 mot
x trong [a, b] sao cho f(z) = =.

Giai.

Dit g(s) = s — f(s) v6i moi s trong [a,b]. Ta thiy g 1a mot ham s6 lién tyuc trén [a, b],
9(a) < 0 < g(b). Vi g([a, b)) 1a mot khodng dong, nén [g(a), g(b)] C g([a, b)). Vi 0 € [g(a), g(b)
nén 0 € g([a, b]). Vay ¢6 = trong [a, b] sao cho g(z) = 0. Lic d6 f(x) = x.

6.3.4.7. Cho A la mot tp con khac trong trong R. DPit A, = {|lz —y| : y € A} va
f(z) =inf A, v6i moi z € R.

Chiing minh f 13 mot ham s6 lién tuc déu trén R.

Giai.

Cho u va v trong IR va y trong A, ta ¢

flu) <lu—yl <lu—v[+[v—y| hay

fu) = u—v] < |v—yl VyeA hay

flu)—ju—v|<s VseA,.

Vay f(u) — |u — v| 1a mot chin duéi cia A,. Do d6

f(u) —|u—v| <inf A, = f(v) hay

flu) = f(v) < Ju—wl. (1)

Tuong ty ta ciing c6

f0) = f(u) < |v—u|l=|u—v] (2)
Tu (1) va (2), ta cé

[f() = fw)] < |v—ul. (3)

Nay choe > 0, dit § =¢,do (3) ta c6

|f(v) = f(u)|<e VuveR,|u—ov| <9I

Vay f lién tuc déu trén R.

7.7.4.7. Cho hai khodng m& (a,b) va ¢ € (a,b), A = (a,c) U (¢,b), vd f 12 mdt ham s&

thyc lién tyc trén (a,b) va kha vi trén A. Gid st %im f(t) = d. Ching minh f kha vi tai ¢ va
—c



f'(c) =d.
Giai.
Ta phéi ching minh
flets) = flo)

lin% =d hay

S— S

Cho mot s6 thyc duong e, tim mot s§ thyc duong () sao cho
|ﬂii%:ifl—a<a V5,0 < |s| < 8(c) (1)

Cho s 1a mot s§ thuc duong kha nhd, dung dinh 1y gia tri trung binh, ta c6 mot z(s) € (¢, c+s)
sao cho

Flets) = f() = f/(a(s)) e+ 5 —c) = /(as))s  hay
HexD =IO _ (o)) )

s
Cho s la mot s§ thuc am v6i [s|lkha nhd, dung dinh 1y gid tri trung binh, ta c6 mot

z(s) € (c+ s, ¢) sao cho

fle+s)— f(c
L 0) Q
K&t hop (1) va (3) ta chi cAn chiing minh diéu sau day : cho mot s6 thyc duong €, tim mot

s0 thuc duong 6(g) sao cho

|f(x(s)) —d| <e Vs, 0<[s| <d(e) (4)
Vi %im f'(t) = d, ta ¢6 : cho mot sd thyc duong €/, ¢6 mot s6 thuc duong v(e’) sao cho
|f'(t) —d| <& Vi0<|t—c|l<v(e) (5)

Vi |z(s) — ¢| < |s|, nén v6i mot g, dit &’ = ¢, ta ¢6 v(e'), ddt §(e) = v(e), ti (5) ta ¢ (4).
7.7.4.8. Cho f [a mot ham s8 thuc kha vi trén (a,b), va 2 € (a,b). Gid st ¢6 mot day {x,}

trong (a,b) \ {z} sao cho {z,} hoi tu vé z va f(z,) = f(x) v6i moi n trong IN. Chiing minh

7(2) =0,
Giai.
Ta cé ]llirr(l) fla+ h})L — /(@) = f'(z), hay : cho mot e > 0, ta ¢c6 mdt d(¢) > 0 sao cho
|ﬂx+2_f“)—ﬂun<g W h,0 < |B] < 6(e). (1)

biat hy, =2, — z, ta c6 x, = v+ hy. Vi f(x,) = f(x) va ti (1), ta ¢6 : cho mot e > 0, ta

c6 mot d(g) > 0 sao cho

flz+hn) = f(2)

|f(z)| = | Y — (@) <e Vn,0 < |hn| < 6(e). (2)
Vi {x,} hoi tu vé z, ta c6 dicu sau day : cho mot &’ > 0, ta c6 mot N(e') € IV sao cho
|hn| = | — ] < & Vn>N(). (3)

Véyvéimois>0,d£1t5’:5,tacéNs’.Apdung 2) cho hpy (e, ta ¢6 :
(¢

[f'(@)] <e



Vay [f'(z)| = 0.

7.7.6.1. Cho f(z) = anz™ 4+ ap_12" ' + - + a1z + ag 1a mot da thic trén R véi ay, # 0.
Cho ¢; < g <+ < ey sao cho f(cg) =0 v8imoi k € {1,2,---,m}. Chiing minh m <n.

Giai.

Ta ding qui nap todn hoc theo n. Ta thay bai todn ding v6i n = 1, vi lic d6 m = 1. Gid
st bai toan ding v6i n = N. Xét da thic g(z) = by +byaN + -+ bz + by 1a mot da
thic trén R v8i by # 0, va dy < ds < -+ < dps sao cho g(di) =0 véimoi k € {1,2,---, M}
Ta s& ching minh M < N + 1. Pat ay = (k + 1)bg41 va

f(x) = apz™ + ap_12™ L -+ a1z + ag

Ta c6 bac cia f nhd hon hoic bing N. Ap dung dinh 1y gia tri trung binh ta tim dugc cac
ck € (dg, dg+1) v6imoi k € {1,2,---, M — 1} sao cho

0= g(dk+1 — g(di) = ¢'(ck) (brs1 — bk) Vke{l,2,---,M—1}.

Suyracy <co<---<ecpy—1va f(eg) =9¢'(er) =0 v6imoi k € {1,2,---, M —1}. Theo gid
thi€t qui nap todn hoc M —1 < N, suy ra M < N + 1. Vay bai toan ding v4i moi sd nguyén n.

7.7.6.9. Chiing minh c6 duy nh&t mot z trong (0, 00) sao cho v/z ++vz +1—4=0.

Giai.

bit f(z) = Vo + Vr +1—4 véi moi z € [0,00). Ta thdy f lién tuc trén [0, 00) va khi
trén (0, 00). Ta ¢c6

1 1
fl(z) = 7 + T >0

Nay cho u va v trong [0, 00) sao cho u < v. Diung Dinh 1y gid tri trung binh ta ¢cé mot s €

vV x € (0,00).

(u,v) sao cho
fv) = flu) = f'(s)(v —u) > 0.

Vay f la mot don anh trén [0, 00). Ta cé f(0) = —3 va f(15) = v/15. Vay [-3,/15] chita
trong f([0,15]). Vay ¢6 x trong [0, 15] sao cho f(z) = 0. Do tinh don 4dnh cda f, nghiém nay
duy nhat.

22 +1
9.5.4.3. it f(x) = / (sint® +t)dt v6i moi s6 thyc x. Ching minh f kha vi tréen R
2

va tinh dao ham cia f.

0
bit g(y) = / (sint? + t)dt v6i moi s6 thuc y, u(s) = s> va v(s) = s> + 1. Ta thdy

Yy
f(z) = g(v(x)) — g(u(x) v6i moi s6 thyc x, hay f = gov —gowv. Vig, u vd v déu kh3 nén f
khé va véi moi z trong R, ta ¢6 ¢'(z) = sinx? + z, o/ (z) = 2z, v'(z) = 2z, va

f'(@) = ¢'(v()).v'(x) = g (u(z)).v'(x)



= sin(v())%.2z + v(z) — sin(u(z))?.22 — u(z) = sin(z* + 222 + 1) — sin(2?) + 1.
9.5.4.7. Cho f la mot ham s6 kha n lan trén mot khodng (c, d), va [a, b] chda trong (c, d)

b
sao cho / f(z)dz =0 va f"(a) = f7(b) = 0 v6i moi r trong {0,1,---,n}. Cho g la mot da
a

thic bac bé hon n. Ching minh /b 0 (2)g(z)dz = 0.

Giai. -

Ta chi cAn chiing minh / 2* f(x)dz = 0 v6i moi k trong {0,1,---,n}. Ta qui nap theo
n. Hién nhién k&t qua nay dfﬁlg vG6in = 0. Gid st bai todn ding v6i n = N, ta s& ching minh

né didng v6i n = N + 1. Tru6c hét vi bai todn ding v6i n = N, 4p dung bai toan cho f’ vaf,

ta cé
b b
/ xkf(NH)(x)da::/ 2F fMN) (z)dz = 0 Vke{0,1,---,N} (1)
a a
Dung phuong phap tich phan tiing phan ta c6
b b
/ N—I—lf(N—l—l ( )d.ﬂ?_[bN_Hf(N( ) N—|—1f(N N—I—l / wa(N .23_0

9. 5 5.3. Cho f l1a mot ham s6 thyc duong lién tuc trén R. Gid st f x+y) = f(z)f(y) véi

moi s thyc z va y. Ching minh f kha trén R.

Giai.

bit e = ( / f(t)dt)™L. Cho z trong R, ta ¢

/ Fo+ t)dt = / f@ f(x)/ F()dt hay

0
= c/ flz+t)d (1)

Pit h(t) = x4+t véi moi ¢t € R, ta cé ' (t) = 1 véi moi t € R. Ap dung cong thic ddi bin
ta c6 h1) .

/ flo+t)dt = / Foh(t)dt = / F(s)ds = / F(s)ds. @)

h(0) .
Tu (1) va (2) ta co
z+1

Flz) = / F(s)ds VreR (3)

bt g(t) / f(s)ds,u(t) =tvaov(t)=t+1véimoit € R. Tacéd g, u va v kha vi trén
Rva f(z) = (z)) — g(u(x)] véi moi z € R. Vay f =c[gov — gou|,do d6 f kha vi R.

10



PE THI MON GIAI TiCH 1
Hé C& nhan chinh qui - Khoa Toan-Tin
Hoc ky I - 2006-2007
THOI GIAN : 120 PHUT
(Thi sinh dugc tham khdo moi tai liéu mang theo )

Trong céc ciu chi c6 mdt khidng dinh, thi sinh phai chiing minh khing dinh cta
minh. Trong cic cAu hdi cé trudng hop ding cé trudng hgp sai, thi sinh phai cho
céac thi dy tuong Gng va chiing minh cac khing dinh trong cac thi du dé.

Giai 6 trong 7 cau sau :

1. Cho A va B 1a céc tap con khéc trong ctia [0,00). Gid st A va B bi chin
tréen. Diat C = {2%y : 2 € A,y € B}. Ching minh C bj chin trén.

2. Gidi phuong trinh : z3 + sin(a:% + sin8z) = 1.

3. Cho {z,} va {y,} 1a hai day Cauchy trong R. Dit ¢, = z,y, véi moi s§
nguyén duong n. Hoi {c,} ¢6 1a mot day Cauchy trong IR hay khong?

4. bit a, = sin(%r) v6i moi s& nguyén duong n. Tinh lim sup a,.

5. Cho f 1a mot ham s6 thyc kha vi trén IR sao cho f’(;)_)liohéc khong véi moi
x trong IR. Hoi f ¢6 1a mot don dnh hay khong?

6. Cho f [a mot ham s8 thuyc lien tyc trén R. Gid st f(t) > 0 v6i moi ¢ trong
R. Dat

2z
g(z) = /0 F(t)dt v e[l,2].
Cho z va y trong [1, 2] sao cho x < y. Héi g(z) < g(y) dlng hay sai?
7. bat A ={272373,...,n7",...}. X4c dinh A* (A* 1a tap hgp tat ci cic diém

tu cia A).

Hét



PE THI MON GIAI TiCH 1
Hé C& nhan chinh qui - Khoa Toan-Tin
Hoc ky I - 2007-2008
THOI GIAN : 120 PHUT
(Thi sinh dugc tham khdo moi tai liéu mang theo )

Trong céc ciu chi c6 mdt khidng dinh, thi sinh phai chiing minh khing dinh cta
minh. Trong cic cAu hdi cé trudng hop ding cé trudng hgp sai, thi sinh phai cho
céac thi dy tuong Gng va chiing minh cac khing dinh trong cac thi du dé.

Giai 5 trong 6 cdu sau :

1. Cho A va B la céc tap con khéc trong cia (—o0,0). Gid st véi moi z trong
A c¢6 mdt y trong B sao cho z < y. Hbi sup A < sup B ding hay sai ?

2. Cho {z,} va {y,} 1a hai ddy cting hoi tu vé a trong R. Dit cop = zox va
Cok+1 = Yok+1 vOi moi s& nguyén duong k. Héi {c,} c6 1a mot day hoi tu trong R
hay khong?

3. bit A= {x € R: 2* < 5}. H3i A c6 bi chin trén trong IR hay khong, va
n&u dit b = sup A4, thi b ¢6 bing v/5 hay khong?

4. Cho cho a l1a mot s8 thyc va {z,} 1a mot day trong R. Gia st lim inf y,, la
mot s6 thuc b. Dit ¢, = a + x,. Tinh ligr_l)(i}olf Ch-

5. Cho f 1a mot ham s8 thuc khd vi trén IR sao cho f/(0) > 0. Hoi ¢6 mot s
thuc duong a sao cho f| e 12 mot ham s& don diéu ting hay khong?

6. Cho f va ¢ la hai ham s6 thyc lién tuc trén R. Gid si f(0) = g(0) va

/Ox f(t)dt:/oxg(t)dt Vo e (l,00).

Héi f(x) = g(z) v6i moi x trong (1, 00) ding hay sai?
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