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2 X
Mo Dau

Trong cac ky thi tuyén sinh sau dai hoc, Dai s6 tuyén tinh la mon co ban, 1a mén thi bit
buoc déi véi moi thi sinh thi vao sau dai hoc nganh toan - cu thé 1a cac chuyén nganh : PPGD,
Dai s6, Giai tich, Hinh hoc.

Cac bai viét nay nham cung cap cho cac ban doc mot cach c6 he théng va chon loc cac kién
thitc vd k§ nang co ban nhat ciia mon hoc Dai s6 tuyén tinh véi muc dich gitp nhitng nguoi
du thi cac k¥ tuyen sinh sau dai hoc nganh toan c6 dugce su chuan bi chit dong, tich cuc nhét.

Vi l& cac bai on tap vé6i s6 tiét han ché nén cac kién thic trinh bay sé duge chon loc va
bam sat theo dé cuong on tap vao sau dai hoc. Tuy nhién, dé dé& dang hon cho ban doc thi tu
cac van dé c6 thé thay ddi. Ciing chinh béi céac 1y do trén cac bai viét nay khong thé thay thé
mot gido trinh Dai s6 tuyén tinh hoan chinh. Ban doc quan tam cé thé tham khao thém mot
s6 sach viét vé Dai s6 tuyén tinh, chang han :

1. Nguyén Viét Dong - Le Thi Thién Huong ...
Toan cao cap Tap 2 - Nxb Gido duc 1998

2. Jean - Marie Monier.
DPai s6 1 - Nxb Gido duc 2000

3. Ngo Thiuc Lanh
Dai s6 tuyén tinh - Nxb Dai hoc va Trung hoc chuyén nghiép 1970

4. Bui Tuong Tri.
Dai s6 tuyén tinh.

5. My Vinh Quang
Bai tap dai s6 tuyén tinh.

Bai 1: PINH THUC

Dé hiéu duge phan nay, ngusi doc canphai ndm dugc khai niém vé ma tran va cac phép
toan trén ma tran (phép cong, trit, nhan hai ma tran). Céc khéi niém trén kha don gidn, ngusi
doc c6 thé dé& dang tim doc trong cac sach da dan & trén.



1 BDinh nghia dinh thic
1.1 Dinh thic cap 2, 3

e Cho A la ma tran vuong cap 2 :

A — [ air a2 1
21 Q22
dinh thitc (cap 2) ctia A 1a mot s6, ky hiéu det A (ho#ic |A]) xac dinh nhu sau :

a1 a2
a21 A2

det A =

‘ = a11G22 — Q12421 (1)

e Cho A 13 ma tran vuong cap 3 :

ailz a2 Aas
A= Q21 Q22 (23
a31 32 as3

dinh thite (cap 3) ciia A 1a mot s6 ky hieu det A (hoac |A|), xac dinh nhu sau : det A =

ail a2 as
Q21 Q22 Q23 | = Q11022033 +A12023031 + Q13021032 — (13022031 — Q11023032 — 12021033 (2)

azyp asz g3

Cong thitc khai trién ( 2 ) thudng duge nhé theo quy tic Sarrus nhu sau :

X

Giiy Hauyén Dau B Din
Vi du
~1 2 3
I =2 1| =[(-1)(-2)4+21.(=1) +1.0.3] = [3.(=2).(=1) + 1.0.(=1) +2.1.4] = -8
-1 0 4

Néu ta ky hiéu S, 1a tap hgp cac phép thé bac n thi cac cong thitc (1) va ( 2) c6 thé
viét lai nhu sau :

det A = Z a,lf Cl,zf va det A = Z Cllf )azf(g)agf(g)
fES2 f€Ss

Tt d6 goi ¥ cho ta cach dinh nghia dinh thitc cap n nhu sau.



1.2 Dinh thic cip n

Cho A la ma tran vuodng cap n :

@11 A1z -+ Qin

Q21 Qg2 -+  Q2n
A=

Ap1 Gp2 - Adpp

dinh thitc ( cp n) clia ma tran A 1a mot s, ky hieu det A (hodc |A|), xac dinh nhu sau :

@11 Q12 - Qin
Q21 Q22 -+ QA2
det A=| 7 =) s(H)ars)s@)Gnfm) (3)
. . . . fGSn
Ap1 Ap2 -+ dpp

Chéc chan 1a ddi v6i mot s6 ban doc, (nhat 1a ban doc khong thao vé phép thé) dinh nghia
dinh thiic tuong d6i kh6 hinh dung. Tuy nhién, rat may 1a khi lam viéc v6i dinh thiic, (ké ca
khi tinh dinh thitc) dinh nghia trén hiém khi duge st dung ma ta chit yéu st dung cac tinh
chat ctia dinh thic. Bdi vay, ban doc néu chua c6 di thoi gian ¢6 thé tam bé qua dinh nghia
trén va can phai nadm ving cac tinh chat sau ctia dinh thic.

2 Cac tinh chat cta dinh thic

2.1 Tinh chat 1

Dinh thitc khong thay ddi qua phép chuyén vi, tiic la : det A* = detA (A : ma tran chuyén
vi clia ma tran A)

Vi du :
1 2 3 1 47
4 5 6|=|2 5 8
78 9 36 9
Chii y : Tit tinh chat nay, mot ménh dé vé dinh thitc néu ding véi dong thi cling ding véi

cOt va nguge lai.

2.2 Tinh chat 2
Néu ta doi chd hai dong bat ki (hodic 2 cot bat ky) ciia dinh thitc thi dinh thiic doi dau.

Vi du :
1 2 3 7 8 9
4 5 6|=—|4 5 6
7 8 9 1 2 3



2.3 Tinh chat 3

Néu tat cd cdc phan tit cia mot dong (hoic mot cot) clia dinh thite duge nhan véi A thi
dinh thic méi bang dinh thiic ban dau nhan véi \.

Vi du :
1 2 3 1 2 3
4 2 6|=2121 3
6 4 9 6 4 9
Chu y : Tu tinh chat nay ta c6 néu A 1a ma tran vuong cap n thi det (AA) = A" det A

2.4 Tinh chat 4

Cho A la ma tran vuong cap n. Gia sit dong thit 4 clia ma tran A c6 thé bicu dién dudi
dang : a;; = a;; + aj; v6i j =1,2,...,n. Khi d6 ta co :

_ / " !/ " / "
det A=| ajy +a}} a,+aly .. a,+al,

_ ! ! ! " 1 1
=1 Qg e Gy || G Qg e gy

Trong d6 cac dong con lai ctia 3 dinh thiic ¢ 2 vé 14 hoan toan nhu nhau va chinh 13 cac dong
con lai clia ma tran A. Tat nhién ta ciing c6 két qua tuong tir doi vé6i cot.
Vi du :

1
+| -2

1
4
7 7

00 Ot
© o w
Il

1
6
7

co Ot N
O = W
co O N
O© N W

Cha y : Cac tinh chat 2, 3, 4 chinh 1a tinh da tuyén tinh thay phién ctia dinh thic.
Tt cac tinh chat trén, dé dang suy ra cac tinh chat sau ctia dinh thrc :

2.5 Tinh chat 5
Dinh thtc sé bang 0 néu :
1. C6 hai dong (hai cot) bang nhau hoac ti le.

2. C6 mot dong (mot cot) 1 t6 hop tuyén tinh ciia cac dong khac (cot khac).

2.6 Tinh chat 6
Dinh thic sé khong thay doi néu :
1. Nhan mot dong (mot cot) véi mot s6 bat ky roi cong vao dong khac (cot khac).

2. Cong vao mot dong (mot cot) mot t6 hop tuyén tinh clia cac dong khéac (cot khac)



Vi du :

11 -10 1 1 -1 0
2 1 32 B 0 -1 5 2
~10 12 - 0 1 02
31 24 0 4 —1 4

(Ly do: nhan dongmotvéi (—2) cong vao dong 2, nhan dong mot véi 1 cong vao dong 3, nhan
dongmotvéi 3 cong vao dong 4).

Dé tinh dinh thtic, ngoai viec sit dung cac tinh chat trén ctia dinh thtc ta con rat hay si
dung dinh ly Laplace dudi day.

3 Dinh ly Laplace

3.1 Dinh thiic con va phan b1 dai s6

Cho A 13 ma tran vuong cap n, k 1a s6 ti nhién 1 < k < n. Cac phan ti nidm trén giao ciia
k dong bat ky, k cot bat ky ciia A lam thanh mot ma tran vuong cap k ciia A. Dinh thic cia
ma tran nay goi 1a mot dinh thic con cap k clia ma tran A.

Dic biet, cho trude 1 < i, < n, néu ta x6a di dong i, cot j clia A ta sé dude ma tran con
cap n — 1 cia A, ky hieu 1a M;;. Khi d6, A;; = (—1)"" det M;; duge goi la phan bu dai s6 cia
phan t1t (A);;. ((A);; 1a phan tt ndm 6 hang ¢, cot j clia ma tran A)

3.2 Dinh ly Laplace

Cho A la ma tran vuodng cap n :

a1 Q12 ... QA1 ... Qin
Q21 Q22 ... Qg5 ... Q2p
A= ’
Qi1 Qg2 Q45 Qip,
L Qp1 Ap2 ... QApj ... Gpp |

Khi do6 ta cé6 :
1. Khai trién dinh thic theo dong i

n

det A = aﬂ.Ail + aig.AiQ + ...+ amAm = Z aZkAzk

k=1

2. Khai trién dinh thic theo cot j

det A = alj-Alj + CLQ]'.AQJ' + ...+ anj.Anj = Z akj.Akj
k=1

T dinh Iy Laplace, ta c6 thé chiing minh duge 2 tinh chat quan trong sau ctia dinh thtc :



3.3 Tinh chat 1

Néu A 1a ma tran tam giac trén, (hodc tam gidc dudi) thi det A bang tich clia tat ca cac
phan tit trén duong chéo chinh, tic 1a :

a1 0 0 0
21 A29 0 0

= A11-429...Apn
Gp1 Gp2 Ap3 ... Gpp

3.4 Tinh chat 2
Néu A, B 1a cac ma tran vuong cap n thi det(AB) = det A det B

4 Cac vi du va ap dung

Nho ¢6 dinh ly Laplace, dé tinh mot dinh thiic cap cao (cap > 3) ta c6 thé khai trién dinh
thitc theo mot dong hodc mot cot bat ky dé dua vé tinh cac dinh thitc cap bé hon. Ctt nhu vay
sau mot s lan sé dua duge vé viéc tinh cac dinh thice cap 2, 3. Tuy nhién, trong thyc té néu
lam nhu vay thi s6 lugng phép tinh kha 16n. Béi vay ta lam nhu sau thi s6 lugng phép tinh sé
giam di nhiéu :

1. Chon dong (cot) c6 nhidu s6 0 nhit dé khai trién dinh thitc theo dong (cot) do.

2. St dung tinh chat 2.6 dé bién doi dinh thiic sao cho dong da chon (cot da chon) trd thanh
dong (cot) chi cé6 mot so khac 0.

3. Khai trién dinh thic theo dong (cot) d6. Khi d6 viec tinh mot dinh thitc cap n quy vé
viéc tinh mot dinh thic cap n— 1. Tiép tuc lap lai qua trinh trén cho dinh thic cap n —1,
cudi cuing ta sé dan vé viéc tinh dinh thitc cap 2, 3.

Vi du 1
Tinh

— e O
_ o N = O
el T e

2
—1
1
2
1

_ o O N

Ta chon cot 2 dé khai trien nhung trudc khi khai trién, ta bién doéi dinh thic nhu sau :
nhan dong 2 v6i (-2) cong vao dong 3. Nhan dong 2 véi (-1) cong vao dong 5. Dinh thiic da cho
sé bang (Tinh chat 2.6)

01 1 2 1112
Khai trién theo cot 2 1 -1 —4 3
10 -1 -4 3 =
-1 1 0 2
-10 1 0 2 1 0 -1 3
-10 0 -1 2




Dé tinh dinh thiic cap 4, ta lai chon dong 4 dé khai trién, trude khi khai trién ta lai bién
ddi dinh thitc nhu sau : nhan cot 1 v6i (-1) rdi cong vao cot 3, nhan cot 1 véi 2 1di cong vao
cot 4. Dinh thic da cho sé bang :

11 -2 4

L . 1 -2 4

1 -1 -5 5| (Khai tr1en:theo dong 4) (—1).(=1)°| =1 =5 5|=1
—1 1 10 1 10
-1 0 00

Vi du 2 Giai phuong trinh

1l z z2—-1 x+2
00 22-1 0 _0
z 1 x r—2 |
00 2°2+1 2!
Gidi :
C oz R 1 x x+42
Khai t theo d 2
VT( ai trien theo dong )(_1)5(x2_1) > 1 z—9
0 0 xlOO
(Khai trién theo dong 3) 1 x

(1— w2).a:100 =(1- x2)2.x100

rz 1
Vay phuong trinh da cho tuong duong vé6i (1 — 2%)2.2'° =0 <=2 =0, v = +1

Bai Tap

1. Tinh
a B v
6 v « | trong d6 «, 3, v, la cac nghiém cta phuong trinh 8 +pr+qg=0
v oa B
2. Giai phuong trinh :
1 =z 22 28
124 8|
1 3 9 27|
1 4 16 64

3. Chtng minh :
ar+by by+c cg+ay
a2+b2 b2+02 Co + as =0
a3—i—b3 b3+03 c3 +as

4. Ching minh :

a? (a+1)? (a+2)? (a+3)?

v (b+1)* (b+2)* (b+3)? _0
¢ (e+1)? (c+2)? (c+3)* |
d? (d+1)* (d+2)* (d+3)?
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Bai 2 : Cac Phuong Phap Tinh Dinh

Thitc Cap n

Dinh thitc duge dinh nghia khéa phiic tap, do d6 khi tinh cac dinh thitc cap cao (cap 16n
hon 3) nguoi ta hau nhu khong st dung dinh nghia dinh thtic ma st dung cac tinh chat clia
dinh thtc va thuong dung cac phuong phéap sau.

1 Phuong phap bién doi dinh thic ve dang tam giac

St dung cac phép bién doi so cap trén dong (cot) ctia ma tran va cac tinh chat ctia dinh
thiic dé bién déi ma tran ctia dinh thitc vé dang tam gidc. Dinh thic sau cliing sé bang tich ciia

cac phan tit thuoc duong chéo chinh (theo tinh chat 3.3).

Vi du 1.1: Tinh dinh thitc cip n (n > 2) sau day:

1 2
2 2
D=| 2 2
2 2

Bai giai: Nhan dong (2) véi (—1) r6i cong vao dong (3), (4), ...

1 2 2 9 1
2 2 2 2 | |0
D=0 0 1 o |2 o
0 0 0 ... n—2 0

(1): nhan dong (1) v6i (—2) cong vao dong (2).

[\

2
3

2

2
-2

—2

[\

n




Vi du 1.2: Tinh dinh thic cap n

a b b b
b b b
D=0 b a b
b b b ... a

Bai giai: Dau tién cong cac cot (2), (3),..., (n) vao c¢ot (1). Sau d6 nhan dong (1) véi (—1)
cong vao cac dong (2), (3),..., (n). Ta cé:

a+(n—-10 b b ... b a+(n—1>b b b ... b

a+(n—0)b a b ... b 0 a—b 0 ... 0
D=|a+(n-10 b a ... b |= 0 0 a—=b ... 0

a+(n—1b b b ... a 0 0 0 ... a—=b

2 Phuong phap qui nap

Ap dung céc tinh chét ctia dinh thic, bién déi, khai trién dinh thic theo dong hodc theo
cot dé biéu dién dinh thtc can tinh qua cac dinh thic cap bé hon nhung cé cung dang. Tw d6
ta s& nhan dugc cong thiic truy hoi.

St dung cong thiic truy hdi va tinh truc tiép céc dinh thic cting dang cap 1, cap 2, ..., dé
suy ra dinh thitc can tinh.

Vi du 2.1: Tinh dinh thic

1 + a1b1 albg Ce albn
Dn _ agbl 1 + a2b2 Ce G,an
anbl anbg B anbn

Bai giai: St dung tinh chdt 2.4, tach dinh thiic theo cot n, ta co:

1+ a1b1 c. albn_l 0 1+ a1b1 Ce albn_l albn
asby . asb,_1 0 asby o asb,_1 asby,
D, = . N N I
CLn_lbl oo 1+ an_lbn_l 0 an_lbl B an—lbn—l an_lbn
anby . anbp_1 1 anby . Gnbp_1 anby,
14 (llbl Ce albn_l 0 1+ a1b1 .. albn_l aq
(lgbl e a2bn_1 0 agbl e agbn_l (45}
Ap_1b1 ... 14+ a,—1b,—1 O An_1b1 ... 14+ a,_1bp_1 ap_1
anby - Anbp_1 1 anby . Apbp_1 A,

Khai trién dinh thitc dau theo cot (n) ta sé c6 dinh thiic dau bang D,,_;.
Nhan ¢ot (n) ciia dinh thite thit hai lan lugt véi (—b;) roi cong vao cot i (i = 1,2,...,n—1).



Ta dugc:

1 0O ... 0 ay
1 0 (05}
D,=D, 1+0b,| ... ... ... ... ... |=D,_1+a,b,
0 0 ... 1 ap
0 o ... 0 an

Vay ta c6 cong thitc truy hoi D,, = D,,_ + anb,. Vi cong thiic trén ding véi moi n nén ta cé
Dy = Dy + apby = (Dypes + ap-1bn1) + anby = -+ = Dy + asby + asbs + -+ + a,b,
Vi Dy = a;b; + 1 nén cudi cing ta co
D, =14 a1b; + azby + azbs + - - - + a,b,
Vi du 2.2: Cho a,b € R,a # b. Tinh dinh thiic cap n

a+b ab 0 ... 0 0

1 a+b ab ... 0 0

0 0 0O ... a+b ab

0 0 0o ... 0 a+b

Bai giai: Khai trién dinh thitc theo dong dau, ta dugc:

1 ab 0o ... 0 0
0 a+b ab ... 0 0
D,=(a+bD,—ab| ... ... ... ... ..
0 0 0 ... a+b ab
0 0 0o ... 0 a+b

Tiép tuc khai trién dinh thtic sau theo cot (1) ta ¢ cong thric:
D,=(a+b)D,_1—abD, 5 véin >3 (%)

Do dé:
Dn — CL.Dn_l = b(Dn_l — CLDn_Q)

Cong thic nay ding véi moi n > 3 nén ta cé
D, —aD, 1 = b(D, 1 — aD, 3) = V(D, 9 —aD, 3) = -+ = 0" *(Dy — aD;)
Tinh toan truc tiép ta c6 Dy = a® + b? + ab va Dy = a + b do d6 Dy — aD; = b%. Béi vay
D, —aD, ,=1b" (1)
Tiép tuc, tit cong thic () ta lai c6 D,, — bD,,_1 = a(D,_; — bD,,_3). Do cong thitc nay diung
v6i moi n > 3 nén tuong tu nhu trén ta lai c6
D, — bDn—l = a(Dn—l - bDn—Q) = a2<Dn—3 - bDn—4)
=...=a""?(Dy —bD;) = a" vi Dy — bD; = a*

Vay ta c6
D, —bD,_; =a" (2)
Khit D,,_; tit trong (1) va (2) ta sé duge két qua
an+1 o bn+1
D, =
a—>b



3 Phuong phap biéu dién dinh thic thanh tong cac dinh
thiic
Nhiéu dinh thitc cap n c¢6 thé tinh duge dé dang bing cac tach dinh thic (theo cac dong

hodc theo cac c¢ot) thanh tong ctia cac dinh thiic ciing cap. Cac dinh thiic méi nay thuong bing
0 ho#c tinh duge dé dang.

Vi du 3.1: Ta sé tinh dinh thitc D,, trong Vi du 2.1 bing phuong phap nay.

Bai giai: Mobi cot ctia D,, duge viét thanh tong ciia 2 cot ma ta ky hiéu 1 cot loai (1) va loai
(2) nhu sau:

1 —|—a1b1 O+a1b2 0—|—a1bn

0 + CLle 1 + CLQbQ ... 0 + G,an
D, =

0+a,by O+anby ... 1+a,b,

L @ @© @ 1) (@)

St dung tinh chat 2.4 cta dinh thic, ta lan lugt tach cac cot clia dinh thitc. Sau n lan tach ta
c6 D, 1a tdng ctia 2" dinh thiic cap n. Cot thit i clia cac dinh thitc nay chinh 1a cot loai (1)
hoiic loai (2) ctia ¢ot thit ¢ cia dinh thitc ban dau D,,. Ta chia 2" dinh thiic nay thanh ba dang
nhu sau:

Dang 1: Bao gom cac dinh thitc c6 tit 2 cot loai (2) trd len. Vi cac cot loai (2) ti 1é nén tat
c cac dinh thiic loai nay c6 gia tri bang 0.

Dang 2: Bao gom cac dinh thiic ¢6 ding mot cot loai (2), con cac cot khac 1a loai (1). Gia
st cot ¢ la loai (2) ta c6 dinh thic do la

Dmi _ 0 1 e a/2bi e 0 _ aibi
T
cot ¢
(khai trién theo cot i). C6 tat cd n dinh thiic dang 2 (ting véi i = 1,2,...,n) va tong clia tat

ca cac dinh thic dang 2 la

n

Z aibi

i—1
Dang 3: Bao gom cac dinh thiic khong ¢6 cot loai (2), nén tat ca cac cot déu la loai (1) va
do do6 c6 ding mot dinh thiic dang 3 1a

1 0 0
0 1 0:1
0 O 1

Vay D,, bing tong ciia tat ca cac dinh thitc ba dang trén va bang

n

i=1



Nhan xét: Tat ca cic dinh thiic ma cac cot (dong) ¢ thé biéu dién dusi dang tong 2 cot (2
dong) trong dé cac cot loai (2) (dong loai (2)) ti 1& v6i nhau déu c6 thé tinh duge dé dang bing
phuong phap 3 v6i cach trinh bay giéng hét nhu trén.

4 Phuong phap biéu dién dinh thidc thanh tich ciac dinh
thic

Gia st ta can tinh dinh thiic D cap n. Ta biéu dién ma tran tuong ting A ctia D thanh tich
cac ma tran vuong cap n don gian hon: A = B.C. Khi d6 ta c6

D =det A = det(B.C') = det B.det C

v6i cac dinh thiic det B, det C' tinh duge dé dang nén D tinh dugc.

Vi du 4.1: Tinh dinh thitc cip n (n > 2) sau

l+ziyr 14+xy2 ... 1+ a1y,
D L+woyr 14xy2 ... 1+ 22y,
l+z,y0 1+ ... 142U,
Bai giai: Véin > 2 ta c6:
_1+x1y1 14+z1y2 ... 14+ 219,
A - 1421 14229 ... 14 29y,
Ll taayn 14y o0 T+ 20y,
[ 1 2z 0 0 1 1 ... 1
1 To 0 0 Y1 Y2 ... Un
= 1 x5 0 0 0 0 0
1 oz, 0 0 0 0o . 0
B bl

Béi vay:
0 néun > 2
(r9 — 1) (y2 — 1) néun =2

D:detA:detB.detC’:{

Vi du 4.2: Tinh dinh thitc cap n (n > 2)

sin 20 sin(ag + ag) ... sin(og + ay,)
D sin(ag + ay) sin 2a) .. osin(ag + ap)
sin(ay, + o) sin(a, +ag) ... sin 2ay,,



Bai giai: Véin > 2 ta c6:

sin 2a;
sin(ag + aq)

sin(ag + aw)

sin

sina; cosay; O
sinag cosag 0
0

= | sinag cosas

sinoy, cosa, O

sin(ay, + aq)  sin(ay, + az)

sin(ag + ay,)

209 .. sin(as + ap)
sin 2a,
0 COS(v; COS iy
0 sinay  sin ae
0 0 0
0 0 0

/ \\

COS Qi
sin ay,

Béi vay:

D:detA:detB.detC:{

Tinh cac dinh thic cip n sau:

1+ ay ag as
ay I+ ap as
6. aj [25) 1+ as
aq a9 as
0 1 1 ... 1
1 0 T T
7 1 T 0 T
1 r x 0
5) 3 0 0

(\]
ot
w
(@)

a1 T x
9| T @ ... T
x x Qn
ap +b1 ar + by
10. as + by az + by

an +b1 a,+ by

-~

B

Qp,
Qp,
Ay,
1+a,
0 0
0 0
0 0
2 5
aq + bn
a + bn
an, + by,

Bai Tap

0 néu n > 2
—sin?(a; — ay) néun =2

Q9



cos(ay — B1) cos(ag — fB2) ... cos(a; — )
1 cos(ag — 31) cos(ag — fB2) ... cos(ay — )
cos(a, — 1) cos(a, — ) ... cos(a, — Bn)
Tinh cac dinh thic cap 2n sau
a O ... O 0 0O ... b
0 a ... 0 0 0O ... O
0 0 ... a b 0O ... O
12. 0 0O ... b a 0 ... 0
0 O ... O 0 a ... 0
b 0 ... 0 0 0 ... a
(duong chéo chinh 1 a, duong chéo phu 1a b, tat ca cac vi trf con lai 1a 0)
ay 0 Ce 0 b1 0 e 0
0 as ... 0 0 bg Ce 0
0 0O ... a, O 0 ... b,
0 Co A 0 0 d2 0
0 0O ... ¢, O 0 ... d,




DAI SO TUYEN TIiNH
Tai liéu 6n thi cao hoc nam 2005

Phién ban da chinh sta
PGS. TS My Vinh Quang

Ngay 10 thang 11 nam 2004
Bai 3 : Giai Bai Tap Dinh Thrc

1. Tinh

trong do6 a, 3, v 1a cac nghiém ctia phuong trinh 23 +pr+q¢ =0

L =2
L =

= @R

Giai :

Theo dinh 1i Viet ta c6 a+ 3+~ =0
Cong cot (1), cot (2) vao cot (3) ta co:

a+ B+
a+pB+7y

=2 @R
L2
o oo

Q2 @
Q=
S =2 @

= QR

a+ﬁ+7|

= X Q

2. Giai phuong trinh

R R
2 4 8
3 9 27
4 16 64

—_ =

Giai



Khai trién dinh thic vé trai theo dong dau, ta sé c6 vé trai la mot da thic
bac 3 ctia x, ki higu 1a f(x). Ta c6 f(2) = 0 vi khi d6 dinh thic & vé trai c6
2 dong dau bang nhau. Tuong tu f(3) =0, f(4) = 0. Vi f(x) la da thiic bac
3, ¢6 3 nghiém la 2, 3, 4 nén phuong trinh trén c¢6 nghiém la 2, 3, 4.

3. Ching minh
ap+b b+ a+a
a2+b2 b2+62 Co + as =0
a3+b3 b3+Cg c3 +as
Giai :

Nhan cot (2) véi (-1), cot (3) véi 1 161 cong vao cot (1), ta co:

2&1 bl +c1 c1+ay ay bl +c1 c1+ay
VT = 2&2 b2 +Cy Co+ Qg = 2 [¢5) b2 +cCo Co+ ao
2(13 b3 +c3 c3+as as bg +c3 c3+as
ap bi+c o ar by o
@ @
- 2 (05} bg +cC Co - 2 (45} bg Cy
as bg +c3 c3 as b3 C3

G'ias thich:
(1) : nhan cot (1) véi (-1) cong vao cot (3)
(2) : nhan cot (3) véi (-1) cong vao cot (2)

4. Ching minh

a’> (a+1)? (a+2)? (a+3)?
(b1 (b+2? (b+3)? |,
A (c+1)? (c+2)? (e+3)?2 |
d? (d+1)* (d+2)* (d+3)?
Giai
a> (a+1)% 2a+3 6a+9
W v (b+1)2 26+3 6b+9 |©@
VI= 2 (c+1)? 2c+3 6c+9 =0
d> (d+1)% 2d+3 6d+9

Giai thich:
(1) : Nhan cot (1) v6i (-1) cong vao cot (4), nhan ¢t (2) véi (-1) cong vao cot (3)
(2) : Dinh thiic ¢6 2 cot ty lé



5. Tinh dinh thic

14+ a; a9 as A,
a 1+ as as an,
aq (05} 1+a3 Qp,
aq a9 as 1—|—Cln
Giai :
l1+a1+...4+a, asy as a,
l4+a1+...+a, 1+as as an,
VT(Q l4+a1+...+a, as 14+a3 ... an
1+a1+...0a, as as ... 1+a,
l4+a1+...+a, ay as ... a,
0 1 0 ... 0
2
@ 0 001 ... 0 =14a+4. +a,
0 0 0 1

Gias thich:
(1): Cong cac cot (2), (3),..., (n) vao cot (1)

(2): Nhan dong (1) véi (-1) roi cong vao cac dong (2), (3), ..., (n)
6. Tinh dinh thic
01 1 1
1 0 =z T
1 2 0 T
1 2 x . 0
Giai
Véi z # 0
0 1 1 1 n-1l
1 =z 0 ... 0 <
wl, Ol“ o la] 0 —z 0 0




=T ) = (1) - D (2 2)

T
Gidi thich:
(1): Nhan dong (1) véi (-x) cong vao dong (2), (3), ..., (n)
1 .
(2): Nhan cot (2), (3), ..., (n) v6i — roi cong tat ca vao cot (1)
T

Dé thay khi z = 0, dap s6 trén van dung do tinh lién tuc ctia dinh thiec.

. Tinh dinh thic

5 3 0 0 0 0
2 5 3 0 . 0 0
0 2 5 3 . 0 0
Dn: .
0O 0 0O0 ... 53
00 0O0 ... 25
Giai :

Khai trién dinh thic theo dong dau ta c6 :

230 ... 00
053 ... 00
025 ... 00
Dn:5Dn—1_3 S ..
000 ... 53
000 ... 205

Tiép tuc khai trién dinh thtic theo cot (1) ta c6 cong thiic truy hoi :

Dn = 5Dn,1 — 6Dn,2 <*) (n > 3)
Tu (*) ta ¢6 :
D, —2D,_, = 3(Dn—1 - 2Dn—2)

Do cong thitc ding véi moi n > 3 nén ta co:

D, —2D, 1 =3(D,_1—2D,_5) =3*D,_2—2D,_3) = ... =3""2(Dy—2D))
Tinh toan tryc tiép ta c6 Dy = 19, D; = 5 nén Dy, — 2D, = 9. Béi vay ta co:
D, —2D, 1 =3" (1)

Mt khac, cting tit cong thic (*) ta co:

Dn - 3Dn71 - 2(Dn71 - 3Dn72>

4



Twong tu nhu trén ta co:
D,—3D,_1 = 2(D,,_1—3D,_3) = 2*(Dy,_9—3D,,_3) = ... = 2""*(Dy—3D;) = 2"

Vay ta co:
D,—-3D, 1=2" (2)

Khit D,,_; tit trong (1) va (2) ta co:
Dn _ 3n+1 o 2n+1
(Ban doc c6 thé so sanh cach gidi bai nay v6i cach gidi ¢ vi du 4)

. Tinh dinh thic

a, T
T o T
D= )
r ap,
Giai :

Dinh thtc nay c6 thé tinh bing phuong phap biéu dién dinh thic thanh tong
cac dinh thitc. Trude hét ta viét dinh thitc dudi dang:

a — T+ 0+ =x 0+ =«
0+ =« as—T+x ... 0+«
0+« 0+ .. ap—T+T

W e 1@ 1) (2)

Lan luot tach cac cot ciia dinh thiic, sau n 1an tach ta c6 dinh thic D bang
tong ctia 2" dinh thic cadp n. Cot thit ¢ clia cac dinh thitc nay chinh la cot
loai (1) hodc loai (2) ctia cot thit 7 clia dinh thitc ban dau D. Chia 2" dinh
thitc nay thanh 3 dang nhu sau:

Dang 1: Bao gom cac dinh thitc ¢6 tt 2 ¢ot loai (2) trd len. Vi cac cot
loai (2) bing nhau nén tat ca cac dinh thiic dang nay déu bang 0.

Dang 2: Bao gom cic dinh thitc ¢6 ding mot cot loai (2), con cic cot
khac 1a loai (1).



Gia st cot ¢ 1a loai (2). Ta ¢6 dinh thic dé la:

a; — T 0 T 0
0 Ay — T T 0
D; = .
0 0 T ap — T
T
cote

Qe — ). (4 —2) (@i — ). (an—x) =

((1) khai trién dinh thtic theo cot )
C6 tat ca n dinh thitc dang 2 (ting v6ii = 1,2,...,n) v tong clia tat ca cac
dinh thtc dang 2 la:

1 1

+ ...+
a,—x p — X

z(a; —z)...(a, — )
Dang 3: Bao gom cac dinh thiic khong c¢6 cot loai (2), nén tat ca cac cot
deéu 1a loai (1). Va do d6 c¢6 dang 1 dinh thiic dang (3) la:
aL— 0 . 0
0 as — T ... 0
= (a1 —x)...(a, — 1)

0 0 . Qp— X

Vay D bang tong ciia tat cd cac dinh thic ctia 3 dang trén va bing:

I(Ch—x)...(an_x)(lJr 1 T 1 )

r a;— ap — T
9. Tinh
ap+b a;+b ... ar+0b,
a2+bl a2+b2 (I2+bn _0
an +b1 a,+0bs ... a,+0b,
Giai :



Dinh thtic nay c6 thé duge tinh bing phuong phap biéu dién dinh thiic thanh
tong cac dinh thiic véi cach giai tuong tu nhu bai 8. Chi tiét cia cach gidi

nay xin danh cho ban doc. o) day ching t6i dua ra mot cach tinh ntta dya
vao phuong phap biéu dién dinh thic thanh tich cac dinh thic. Véi n > 2

ta co:

a1+b1

a1+b2
a2—|—b1 a2+b2

an+b1 an+b3

Béi vay, ta co:

D = detA = det(BC') = detB.detC = {

10. Tinh

cos(ay — )
cos(ae — 1)

a1+bn
a2+bn

a, + by,

cos(an' — 1) cos(

Dé tinh dinh thic nay ta ding phuong phap biéu dién dinh thtc thanh tich
cac dinh thuc. V6i n > 2 ta cé:

A=

I cos(ay — 1)
cos(ay — 1)

cos(ay — [32)
cos(ay — [32)

I cos(ay, — (1) cos(ay, — fa)

cos(ag — (2)
cos(ay — [32)

Qp — 62)

cos(a1 — )
cos(az — ()

COS(an - ﬁn)

cos(ar — ;)
cos(az — )

COS(an - ﬂn)

(a1 — as)(by —a;) néu n =2

cosay sina; 0 0 cos 31 cos By cos (3,
cosay sinag 0 0 sin 31 sin (3, sin 3,
— | cosas sinasz O 0 0 0 0
cosa,, sina, 0 0 0 0 0
B C
Béi vay ta co:
0 néu n > 2

D = detA = det(BC) = detB.detC = {

sin(ag — aq).sin(fB — ;) néu n =2

ap 1 0 0 1 1 1
as 10 0 bl b2 bn
a3 1 0 0 0O O 0
| an 1 0 0 1L 0o 0 .. 0
B C
0 néu n > 2




11. Tinh dinh thic cip 2n

a0 ...0000 ...0
0 a 0000 b
0 0 a 00 b 0
D, |00 0 ab 0 0
=00 0 b a 0 0
0 0 b 0 0 a 0
0 b 0000 a
b 0 0000 0
Giai :

Xét khi a # 0
b

- Nhan dong (1) v6i —— cong vao dong (2n)
a
b

- Nhan dong (2) v6i —— cong vao dong (2n-1)
a

b
- Nhan dong (n) v6i —— cong vao dong (n+1)
a

Ta co :
a 0 0 0 0 0
0 a 0 0 0 0
0 0 a 0 0 b
0 0 .0 a b 0
2—62
00 00 = 0
2n — a2 —-b2
00 . b 0 0
a
0 0 .00 0 0
00 .00 0 0

O e

a? —b?

2nx2n

0
a? — b?

a

Khi a # 0, do tinh lién tuc ctia dinh thiic cong thic trén van ding. Vay ta

c6: Do, = (a* — b*)"



12.

Chii 9j : Khai trién dinh thiic theo dong (1), sau d6 khai trién céc dinh thitc
cap (2n —1) vita nhan duge theo dong (2n —1). Ta sé ¢6 cong thiic truy hoi:

Doy, = (a® — 0%) D1y
Do cong thiic trén ding v6i moi n > 2 nén :
D, = (az—bQ)Dg(n,l) = (aQ—bQ)ZDQ(n,g) =...=(a®*=b*)""'Dy = (a*—b*)"
(Chi tiét ciia cach lam nay xin danh cho ban doc).

Tinh dinh thitc cip 2n

: (1)
0 as ... 0 : 0 b2 e 0
0 0 a, 0 0 b, (n)
D2n -
¢, 0 0 d, 0 0 | (n+1)
0 ¢ 0 0 dy 0| (n+2)
0 0 cn 0 0 dn | (2n)

Xét khi ay, as, ..., a, déu khac 0 :

- Nhan dong (1) v6i A i cong vao dong (n + 1)
a1

- Nhan dong (2) véi —=2 131 cong vao dong (n + 2)
a2

- Nhan dong (n) véi ~ 5 i cong vao dong (2n)



Ta c6 :

0 a9 0 : 0 bg 0

0 0 Qp, 0 0 bn
D=l o o o @hzha 0 0

a1
0 0 0 0 Gty — bacz 0
a2
0 0 0 0 0 M
G,
= (a1d1 — blcl) Ce (andn — bncn) = H(azdl — bzcz)
i=1

Khi cac ay,as, ..., a, bang 0, do tinh lién tuc ciia dinh thiic cong thic trén
van ddng.
Vay ta c6 :

n

Dy, = H(aidi - bici)

i=1
Chi ¢ : Khai trién dinh thitc theo dong thit n, sau d6 khai trién cac dinh
thitc cAp 2n — 1 vita nhan dugce theo dong (2n — 1) ta sé c6 cong thiic truy
hoi:
Dy, = (andy — bpcp) Doy Y1 > 2

Do do, ta co:

D2n = (andn - bncn)DQ(n—l) = (andn - bncn)(anfldnfl - bnflcnfl)D2(n—2)
=...= ((ann — ann) R (a2d2 — bQCQ)Dl

i=1

(Chi tiét ciia cach nay zin danh cho ban doc)
1

I'Ngudi danh méay : Nguyén Ngoc Quyen
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DAI SO TUYEN TIiNH
Tai liéu on thi cao hoc nam 2005

Phién ban da chinh sta
PGS TS My Vinh Quang

Ngay 15 thang 11 nam 2004

Hang Cua Ma Tran

Cung v6i dinh thitc, ma tran (dac biét la hang clia ma tran) 1a cac cong cu co ban dé giai quyét
cac bai toan vé hé phuong trinh tuyén tinh noéi rieng va dai s6 tuyén tinh néi chung. Bai viét
nay sé giéi thieu dinh nghia, cac tinh chat co ban ciia hang ma tran, va hai phuong phap co
ban dé tinh hang ctia ma tran.

1 Pinh nghia va cac tinh chit co ban

Trude hét, can nhd lai khai niem dinh thic con cap & clia mot ma tran. Cho A 1a ma tran
cap m x n; k 1a 6 ty nhien 1 < k < min{m,n}. Chon ra k dong, k c¢ot bat ky ctia A. Cac phan
tt thuoc giao ctia k& dong, k cot nay tao thanh ma tran vuong cap k, goi 1a ma tran con cap k
clia ma tran A. Dinh thic clia ma tran con cap k nay goi la mot dinh thic con cap k clia A.

1.1 Dinh nghia hang cta ma tran

Cho A 1a ma tran cap m x n khac khong.
Hang clia ma tran A 14 s6 ty nhién r, 1 < r < min{m,n} théa man cac diéu kién sau:

1. Ton tai it nhat mot dinh thiic con cap r ctia ma tran A khac 0.
2. Moi dinh thitc con cap 16n hon r (néu c6) clia ma tran A déu bang 0.

N6i cach khac, hang clia ma tran A # O chinh 1a cap cao nhat cia cdc dinh thiic con khdc
khong cia ma tran A.

Hang clia ma tran A ky hiéu la r(A) hoac rank(A).

Qui udc: hang ctia ma tran khong O la 0.

1.2 Cac tinh chat co ban vé hang ctia ma tran
1.2.1 Tinh chat 1

Hang clia ma tran khong thay doi qua phép chuyén vi, titc 1a rank A* = rank A.



1.2.2 Tinh chat 2

Néu A 1a ma tran vuong cap n thi
rank A =n<=det A#0

rank A <n<=detA=0

Néu xay ra trudng hop dau, ta néi A 1a ma tran vuong khong suy bién. Néu xay ra truong
hop thtt hai, ta néi A 1a ma tran vuong suy bién.

1.2.3 Tinh chat 3

Néu A, B la cdc ma tran cling cap thi

rank(A + B) < rank A + rank B

1.2.4 Tinh chat 4
Cho A, B la cac ma tran sao cho ton tai tich AB. Khi d6
1. rank(AB) < min{rank A, rank B}

2. Néu A 1a ma tran vuong khong suy bién thi rank(AB) = rank B.

2 Tim hang ctia ma tran bang phuong phap dinh thic

2.1 Tu dinh nghia hang cia ma tran ta c6 thé suy ra ngay thuat toan sau day dé tim hang
clia ma tran A cAp m x n (A # O)

Buéc 1
Tim mot dinh thitc con cap k khéac 0 ciia A. S6 k cang 16n cang tot. Gia st dinh thic con
cap k khac khong 1a Dy,

Buéc 2
Xét tat cd cac dinh thic con cap k + 1 ctia A chita dinh thitc Dy. X3y ra 3 kha ning sau

1. Khong c6 mot dinh thitc con cap k + 1 nao ciia A. Kha nang nay xay ra khi va chi khi
k = min{m, n}. Khi d6 rank A = k = min{m, n}. Thuat toan két thuc.

2. Tat ca cac dinh thic con cap k + 1 ctia A chia dinh thic con D, déu bang 0. Khi do
rank A = k. Thuat toan két thic.

3. Ton tai mot dinh thitc con cap k + 1 clia A 1a Dy chita dinh thiic con Dy, khac 0. Khi
d6 lap lai buée 2 v6i Dy thay cho Dy. VA ctt tiép tuc nhu vay cho dén khi xay ra truong
hop (1) hodic (2) thi thuat toan két thic.



2.2 Vidu

Tim hang ctia ma tran

1 2 2 1 4
-1 111 3
A= 3 3 2 2
1101
Gidai
Dau tién ta thay A c6 dinh thiic con cap 2, Dy = ’ _1 ? ‘ = 3 # 0 (Dinh thiic nay duge

tao thanh béi 2 dong dau, 2 cot dau ctia A)
Xét cac dinh thiic con cap 3 clia A chita D,, ta thiy c6 dinh thic con cap 3 khac 0. D6 1a
dinh thic

1
Dy=| -1
1

W = N

1
1|=1+#0
2

(Dinh thitc nay duge thanh béi cac dong 1, 2, 3, cac cot 1, 2, 4 cia A)
Tiép tuc, xét cac dinh thic con cap 4 ciia A chita Ds. C6 tat ca 2 dinh thidc nhu vay, dé 1a

1 2 21
1111
Dir=| 1 3 39
110
va
1 21 4
111 3
Dyn = 1 32 2
210 1

C4 2 dinh thitc nay déu bang 0. Do d6 rank A = 3.

Chi y. C6 thé nhan xét dong (4) ciia ma tran A 1a t6 hop tuyén tinh ctia dong (1) va
dong (2); dong (4) = dong (1) - dong (2), nén dé dang thay duge Dy; =0, Dys = 0.

Viéc tim hang ctia ma tran bang dinh thitc nhu trén phai tinh toan kha phiic tap nén trong
thiic té ngudi ta it sit dung ma nguoi ta thuong st dung phuong phap tim hang clia ma tran
bing cac phép bién ddi s¢ cap sau day.

3 Tim hang cia ma tran bang phuong phap st dung cac
phép bién doi so cap (phuong phap Gauss)

Trude khi gidi thieu phuong phap nay, ta can nhd lai mot so6 khai niém sau

3.1 Ma tran bac thang
3.1.1 Dinh nghia

Ma tran A cap m x n khac khong goi 1a mot ma tran bac thang néu ton tai sé ty nhién r,
1 <r <min{m,n} thdéa cac diéu kien sau:



1. r dong dau ctia A khac khong. Cac dong tir thit r + 1 trd di (néu c6) déu bang 0.

2. Xét dong thtt k v6i 1 < k < r. Néu (A)g;, 1a phan tit dau tién ben trai (tinh ti trai sang
phéi) khac 0 ctia dong k thi ta phai c6 i3 < iy < -+ < .

Céc phan ti (A),, goi la cdc phan tit dude danh dau cia ma tran A. Cac cot chita cac
phan tit duge danh dau (cac cot iy, g, ..., i) goi la cot danh dau ctia ma tran A. Nhu vay,
dicu kien (2) c6 thé phét bicu lai nhu sau: Néu di tic dong trén zudng dudi thi cic phan i danh
dau phdi lui dan ve phia phdi. Va nhu vay, ma tran bac thang c¢6 dang nhu sau:

31 () (2%
[ 0...0 (A),, e e ] (1)
0...0 0...0 (A, - -onn. (2)
T (A):iT (7“)
0...0 0...0 O 0... 0 (r+1)
| 0...0 0...0 0. 0.. 0 (m)

Ta c¢6 nhan xét quan trong sau:
Néu A la ma tran bac thang thi so v trong dinh nghia chinh la rank A.
That vay, c¢6 thé chi ra mot dinh thiic con cip r clia A khac 0 chinh 1a dinh thic D, tao

bdi r dong dau va r cot danh dau iy, ia, ..., %,
(Aray -
0 (A)s, v -
DT - : : . : - (A)lh(A)?iz"'(A)rir 7&0
0 0 Ce (A)rir

Ngoai ra, cac dinh thiic con cap r + 1 ciia A déu tao béi r + 1 dong nao d6 nén c6 it nhat
mot dong bang khong. Do d6, chiing déu bang 0.

3.1.2 Vi du vé ciac ma tran bac thang

0120 O 34 0

00 03 4 —-10 0

A o0 00 1* 00 O

00 00 O 0 2 3

00 00 O 0 0 O

00 00 O 00 O
0 000 0 O
0O -1 200 3 4
B=120 0 003 0 O
0 0 000 4 1

0 0 000 0 5

Céc ma tran A, B déu la cac ma tran bac thang, va ta c6 rank A = 4 (bang s6 dong khac
khong ctia A), rank B = 5 (bang s6 dong khac khong ctia B).



3.2 Phép bién déi so cip trén ma tran
Ba phép bién doi sau goi 1a phép bién doi so cap trén cac dong clia ma tran:
1. Do6i chd 2 dong cho nhau.
2. Nhan mot dong cho mot s6 khéc 0.
3. Nhan mot dong cho mat s6 bat ky roi cong vao dong khac.
Tuong ti, bing cach thay dong thanh cot, ta c6 3 phép bién ddi so cap trén cac cot ciia

ma tran.

3.3 Tim hang ctia ma tran bang phuong phap st dung cac phép bién
doi so cap
Noi dung ctia phuong phap nay dya trén hai nhan xét kha don gian sau
1. Céc phép bién déi so cap khong lam thay déi hang ctia ma tran.

2. Mot ma tran khac O bat ky déu c6 thé dua vé dang bac thang sau mot sb6 hitu han céc
phép bién doi so cap tren dong.

Nhu vay, mudn tim hang ctia ma tran A, ta ding cac phép bién doi so cap dé dua A vé
dang bac thang, do nhan xét (1), hang ctia A bang hang ctia ma tran bac thang, va ta da biét
hang clia ma tran bac thang chinh bang s6 dong khac khong ctia no.

Can luu y ban doc riang: k¥ ning dua mot ma tran vé dang bac thang bang cac phép bién
doi so cap 1a mot ki nang co ban, né can thiét khong chi trong viéc tim hang clia ma tran ma
con can dé gidi nhidu bai toan khac ctia Dai s6 tuyén tinh.

Sau day, ching toi xin dua ra mot thuat toan dé dua mot ma tran vé dang bac thang bing
cac phép bién doi so cap:
Xét ma tran

@11 Q2 - Qin

Q21 Q22 -+ Q2
A=

Am1 Am2  ° Amn

3.3.1 Buéc 1

Bing cach dbi chd 2 dong cho nhau (néu can), ta luon c6 thé gia st aiy # 0.

Nhan dong (1) véi —%, cong vao dong (2),
aiy

Nhan dong (1) véi — 2L, cong vao dong (3),
a1

Nhan dong (1) véi —%, cong vao dong (n).
ai

Ta nhan dudc ma tran



a/ll a12 ... D a’ln

0 by -+ -+ by
Al _ 0 b32 e e bSn
0 bm2 e e bmn
Chii 9. Néu toan bo cot 1 bang 0 (a1 = 0, a1 =0, ..., a,1 = 0 thi ta c6 thé bo qua cot 1
ma thuc hién bude 1 véi cot ké tiép.
3.3.2 Buéc 2
Xét ma tran
S o
B byg <+ -+ bs,
T

Néu B = O hoac B c6 dang bac thang thi A; 14 ma tran bac thang, thuat toan két thuc.

Trong truong hop ngugc lai, tiép tuc lap lai bude 1 cho ma tran B.

Can cht ¥ rang ma tran B c¢6 it hon ma tran A 1 dong va 1 cot. Do d6, sau mot so6 hitu
han buéc lip, B sé 1a ma tran khong ho#c ma tran bac thang. Khi d6, thuan toan sé két thuc.

3.4 Vidu
34.1 Vidul

Tim hang ctia ma tran

0 1 3 4 6
1 -3 4 5 2
A= -3 5 -2 -3 —4
—2 3 5 6 4
Giai
1 -3 4 5 2 1 -3 4 5 2
A d1d 1 3 4 6 ds—3da +ds 0 1 3 4 6
-3 5 =2 -3 —4 dg—2d1+dy 0 —4 10 12 2
-2 3 5 6 4 0 -3 13 16 8
1 -3 4 5 2 1 -3 4 5 2
dsAds +ds 0 1 3 4 6 di——dytda 0 1 3 4 6
di—3424ds | O 0 22 28 26 0 0 22 28 26
0 0 22 28 26 0 0O 0 0 O
Vay rank A = 3



3.4.2 Vidu2

Tim hang clia ma tran vuong cap n

a 1 1 - 1
1 a 1 - 1
B = oo
1 11 a
Gidi
a+n-—-1 1 1 --- 1
p oertet ot a+n—-1a 1 --- 1
a+n—1 1 a -+ «a
a+n—1 1 1 - 1
do=ds—d
phn |0 a0 0|
dn:"a-l;dl : : : - :
0 0 0 --- a-—1

Xay ra 3 truong hop sau:
1. a#1—n, a1, khi d6 ma tran C' la ma tran bac thang va rank B = rank C' =n
2. a =1, khi d6 ma tran C' la ma tran bac thang va rank B = rank C' =1

3. a=1-n,khidé

0 11 1

0 —n 0 0
¢ = o

0 00 —n

Do d6, C khong 13 ma tran bac thang nhung c¢6 dinh thitc con cap n — 1 khac khong, d6
13 dinh thtc con tao bdi n — 1 dong cudi, n — 1 cot cudi

_n 0 DTS O
0 —n 0 _—
Dn—l = . = ( n) 7é 0
0 0 -n

va detC' =0
Do do, rank C' = n — 1 Béi vay, rank B =n — 1.
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Tim hang ctia cac ma tran sau

~
o o
— e _
MmN~ o 7 N LA oo
_ 10 <t D~ ‘I_:I_411_.
A~ Mo VY
AN <f AN < N o <A ~ N 4 oo
— N <t D~ — = o= D < — = O AN
10O D~ 00 — M A0 — — O I~ <f
[ N N — O — = < — M — — AN~ 3 AN
— M _
MmO MmO ([ H NI A M A AN A — <t~
—_— 8
<t 00 <f 00 MO — D~ N~ MO AN o~ o~ MmN _
(\
o <t Yo o) = 0
— — — — i —

A

an vuong cap n

Tim hang ctia cdc ma tr

a

1+a

a 1+a

a






DAI SO TUYEN TIiNH
GIAI BAI TAP HANG CUA MA TRAN
Phién ban da chinh sta
PGS TS My Vinh Quang

Ngay 3 thang 12 nam 2004

13) Tim hang ctia ma tran:

4 3 -5 2 3
8 6 =7 4 2
A= 4 3 -8 2 7
8 6 —1 4 —6
Giai:
4 3 -5 2 3 4 3 -5 2 3
AdQH(f2)d1+d2 00 3 0 —4 d3——d2+d3 00 3 0 —4
d3——d1+d3 00 -3 0 4 dd—(-3)yd2+a4 | O 0 0 0 O
U= g g 9 9 —12 00 0 0 0
Vay rank A =3 .
14) Tim hang ctia ma tran:
3 -1 3 2 5
5 -3 2 3 4
A=11 3507
7 -5 1 41
Giéi:
1 -3 507 1 -3 5 0 7
ddi dong 3 -1 3 2 5| a2--3a1+ad2 | 0 8 —12 2 —16
A——> —_—
5 -3 2 3 4 d3——5d1+d3 0 12 -23 3 -31
7 -5 1 4 1] M 0 16 34 4 —48
1 -3 5 0 7 1 -3 5 0 7
d3—7*d2+d3 | 0 8 —12 2 —16 | d4—-2d3+a4 | O 8 —12 2 —16
dd——7d1+d4 0o 0 -5 0 -7 0O 0 -5 0 =7
0 0 —-10 0 —16 0 16 0 0 =2
Vay rank A =14 .



15) Tim hang ctia ma tran:

— A <t

— A <t

AN — ™

L0

1O

I~

Ne}

L0

L0

Giai

|
|

-3
—2
)

-3 0 =3 0
-2 0 -2 0
-5 1 =3 0

1
0
0
0
d3—2d2+d3
d4—5d2+d4

d2——2d1+4-d2
d3——3d1+d3
d4——5d1+d4

|

1 21 21 2

212121
34 3 4 3 4

55 6 7 5 5

|

dl—d2
-

A

12121 2
01 0101
00 0O0O00O0
0012200

1
&=
— o oo
~ =G T
—_ o o
&=

1
0
0
0

d2e—2d2

|

12121 2

01 0101
0012200

000O0O0O0

|

d3d4
_

Vay rank A =3 .

16) Tim hang ctia ma tran:

-1 -1 -1

0

0 -2 -2

0

Giai:

—
_0043
—
_0302
—
_2001
S OO OO
I
— o~ o~ 0 <f I
T3 388
— = < - | T4
SETYY
|
an| ITE
AN o o — hSAS]
L
_ — = = = <f
A — = = < - ™
— = M~ — N
— N o
E;
ps)
<
‘@
kS|

-1 -1 -1

0

o O

d3—2d2+d3
d6—d2+d6



1 1 1 1 1 1 1 1
0o -1 -1 -1 0 -1 -1 -1
d4——3d3+da | 0O O 1 2 ds—2da+ds | 0 0 1 2
d6—2d3+d6 0 0 0 —6 d6—Lda+d6 0O 0 0 -6
0O 0 0 4 0O 0 0 O
00 0 2 | 0 0 0 0 |
Vay rank A =14 .
17) Tim hang ctia ma tran :
31 1 4
a 4 10 1
A= 1 7 17 3
2 2 4 3
Giai:
1 1 4 3 1 1 4 3
A ddi cot 4 10 1 a | d2——4di+d2 0 6 0 a-—12
7 17 3 1 | a3——7dq1+a3 | O 10 =25 =20
9 4 3 9 | #omd | g5 ¢ 4
1 1 4 3 11 4 3
ddi dong 0 2 =5 —4 d3——3d2+d3 | 0 2 =5 —4
0 6 0 a-—12 di——5d2+4da | 0 0 15 a
0 10 —-15 -—-20 00 0 O
Vay rank A = 3. V6i moi a.
18) Tim hang ctia ma tran:
-1 2 1 -1 1
a -1 1 -1 -1
A= 1 a 0 1 1
1 2 2 -1 1
Giai
1 -1 1 -1 2 1 -1 1 -1 2
Ao | -1 -1 1 a -1 B Ps o —2 2 a—1 1
1 1 0 1 a dd——di+ds | 0O 2 —1 2 a—2
1 -1 2 1 2 0 0 1 2 0
1 -1 1 -1 2 1 -1 1 -1 2
d3—d2+d3 0 -2 2 a-—1 1 dd——d3+d4 0 -2 2 a-—1 1
0O 0 1 a+1 a-—1 0O 0 1 a+1 a-—1
0 0 1 2 0 0 0 0 a—1 1—a

Vay : néu a # 1 thi rank A =4 .



néu a = 1 thi rank A =3 .

19) Tim hang ctia ma tran:

1+a a a
A a 1+a a
a a ... 1+a
Giad:
1+ na a a l1+na a ... a
cl—elte2+..4cn 14+na 14+a ... a d2——d1+d2 0 1 ... 0
A - -
dn="d14dn .
1+ na a ... 1+4+a 0 o ... 1

. 1
Néua # ——. Khidé 1 +na # 0 varank A =n .
n

. 1 . N
Néua = ——. Khi d6 1 +na =0 varank A =n —1 vi c6 dinh thic con capn —1 gom n — 1
n

dong cudi, cot cuoi .

1 0 0
D, , 11 ... 0 140
0 0 1

Con dinh thtic cap n bang 0 .

20) Tim hang ctia ma tran (n > 2 )

0 1 1 1
1 0 =z T
A=|1 = 0 x
1 =z = 0
Giai:
Néuz #0 :
0 z =z x (n—1zx =z =z x
r 0 x ... w (n—1zx 0 =z x
cl—zxcl cl—cl4c2+..4cn
—— |z x 0 ... =z (n—1z =« 0 x
dl—xdl
r oz 0 n—1z z =z 0
m—1z =z =z x
0 -z 0 0
d2——d1+d2
_— 0 —z . 0
d3——d1+d3
T -
0 0 0 —T
Vay rank A =n



Néux =0

0 1 1 1 0O 1 1 1
1 0 10 0 0
A=|1 0 0 0 | Z==2 B 00 0 0 0
DY dn_>_d2+dn .. ..
1 0 0 0 0 0 O 0
rankA = 2.
Vay
rankA =n néu z # 0
rankA =2 néuz =0
21) Tim hang ctia ma tran vuéng cap n:
a b b b
b a b b
A= b b a b
b b b a
Giai:
a+(n—1b b b b a+ (n—1)b
cl—cl4+c2+...+cn a+ (n — 1)b a b b gg::gﬁ% 0
A - 5
oo | dnmaan
a+(n—10 b b a 0
1. Néu a # (1 —n)b,a # b thi rankA =n
2. a =040 thi rankA =1
a=>b=0thi rankA =0
3. a=(n—1)>b=0thi rankA=n—-1
Vi ¢6 dinh thitc con cap n — 1 (b6 dong dau, cot dau)
a—b 0 0
0 a—>b 0 _ (a b)n_l 7& 0
0 0 a—>b

Con dinh thic cap n bang 0.



DAI SO TUYEN TIiNH
MA TRAN KHA NGHICH

Phién ban da chinh sita
PGS TS My Vinh Quang

Ngay 6 thang 12 nam 2004

1 Ma tran kha nghich

1.1 Cac khai niém co ban

Cho A 14 ma tran vuong cap n, ma tran A goi 1a ma tran kha nghich néu ton tai ma tran
B vuong cap n sao cho
AB=BA=E, (1)

(E, 1a ma tran don vi cap n)

Néu A 1a ma tran kha nghich thi ma tran B thoa diéu kién (1) 1a duy nhat, vd B goi 1a ma
tran nghich ddo (ma tran ngugce) ctia ma tran A, ky hieu 1a A~1.

Vay ta luon c6: A A =A"1A=E,

1.2 Cac tinh chat
1. A kha nghich <= A khong suy bién (det A # 0)
2. Néu A, B kha nghich thi AB ciing kha nghich va (AB)™! = B~1A™!
3. (A== (A1)

1.3 Cac phuong phap tim ma tran nghich dao
1.3.1 Phuong phap tim ma tran nghich dao nhd dinh thic

Tru6c hét, ta nhé lai phan bu dai s6 ciia mot phan tit. Cho A 13 ma tran vuong cap n,
néu ta bo di dong 4, cot j ciia A, ta duge ma tran con cap n — 1 cia A, ky hieu M;;. Khi d6

Aij = (—=1)""7 det M;; goi la phan bu dai s6 clia phan tt ndm 6 dong i, cot j clia ma tran A.
Ma tran
¢
A Ay - Ag A A - A
Ag Agp -+ Ap Agi Agp -+ Agy
Py = . . . = . . .
Aln A2n T Ann Anl An2 e A’rm

goi la ma tran phu hgp ciia ma tran A.



Ta c6 cong thic sau day dé tim ma tran nghich do ciia A.

Cho A la ma tran vuong cap n.

Néu det A =0 thi A khong kha nghich (tic la A khong cé ma tran nghich ddo).
Néu det A # 0 thi A khd nghich va

1
—1 _ P
det A4

Vi du. Tim ma tran nghich dao ctia ma tran

1 21
A=10 11
1 2 3
Giai
Ta c6
1 21
detA=|0 1 1|=2#0
1 2 3
Vay A kha nghich.
Tim ma tran phu hop P4 cua A. Ta co:
11
(1)1 _
Ay =(-1) 5 3 ‘ 1
0 1
(1142 _
Ajp = (1) 1 3 ‘ 1
0 1
_(_1\143 _
2 1
_(_1)2+1 _
Ay = (—1) 5 3 ’ 4
11
_ (_1)2+2 _
Ay = (—1) 1 3 2
1 2
([ 1)2+3 _
A23 - ( 1) 1 2 O
2 1
(L 1\3+1 _
Az = (1) 11 1
11
_ (_1)3+2 _
Asp = (—1) 01 ’ 1
1 2
Agg = (—1)313 01 ‘ =1
Vay
1 -4 1
Py = 1 2 —
— 0



va do do

) 1 -4 1 1 -2 1
-1 __ _ _ 1 _ 1
-1 0 1 -5 0 3

Nhan xét. Néu sit dung dinh thic dé tim ma tran nghich dao clia mot ma tran vuodng cap
n, ta phai tinh mot dinh thitc cap n va n? dinh thic cap n — 1. Viéc tinh todn nhu vay kha
phiic tap khi n > 3.

Béi vay, ta thuong ap dung phuong phap nay khi n < 3. Khi n > 3, ta thuong st dung cac
phuong phap duéi day.

1.3.2 Phuong phap tim ma tran nghich dio bing cich dua vao ciac phép bién doi
so cap (phuong phap Gauss)

Dé tim ma tran nghich dao ctia ma tran A vuong cap n, ta lap ma tran cap n x 2n

(A E
(E, 1a ma tran don vi cap n)
ay ap o ap | 10 - 0
A|E,) = Qo1 Gyo -+ oy | O 1 e ()
Gp1 Qp2 - a;m 0 0 e 1

Sau do, dung cdc phép bién doi so cip trén dong dua ma tran [A| E,] vé dang [E, | B]. Khi
do6, B chinh 1 ma tran nghich dao ciia A, B = A%

Chu y. Néu trong qua trinh bién ddi, néu khéi ben trai xuét hien dong gdm toan s6 0 thi
ma tran A khong kha nghich.

Vi du. Tim ma tran nghich dao ctia ma tran

0111
101 1
A=14 0 1
1110
Giai
01 11] 1000 33331111
A By = 10110100 . 10110100
Y7111 0 11001 0 | diedigrdordsids | 110 1100 1 0
111000001 11100001
1 1 1 1 T 1 1 1
1111|4414 1 1 1 1 S T
. 101110100 |edre|0 -1 0 0 -3 5 -5 —
a—ta, | 11011001 0 |dmo—ditas | O 0 =1 0] —3 =% 2 —2
1 110000 1) d>dtd\qg 0 0 —1 _%_%_%g



1 0 0
. 0 -1 0
di—ditdotds+ds | O 0 —1
0 0 0 —
1 0 0 0 —
do——d> 01 00
dy——dy 0010
ds—=ds \ 0 0 0 1
Vay 2 1
i3
Al = SO
] 3
3 3

2 1 1 1
O =5 3 3 3
ol -1 & _1 _1
3 3 3 3
ol -1 _1 8 _1
P S S S S
3 3 3 3
2 11 1
3 3 3 3
A T G
3 3 3 3
S S B
S GRS G
3 3 3 3
1o
i1
_3q
3 3
3
3 3

1.3.3 Phuong phap tim ma tran nghich dao bang cach giai hé phuong trinh

Cho ma tran vuong cap n

a1; a2

Q21 A22
A=

An1  Ap2

Dé tim ma tran nghich ddo A~', ta lap hée

1121 + a12T9 + - - -
Q21T + Q22T + - - -

Ap1T1 + Apoxy + - - -

trong do6 xy, xo, ..., x, la an, yi, yo, ...
* Néu v6i moi tham s6 vy, v, ...

nhat:
1 = buyr + b2y
To = b1y + bl
Ty = bnlyl + bn2y2
thi
bi1 b
e ba1 b
bnl bn2

* Néu ton tai yi, yo, . . ., yn dé hé phuong trinh
thi ma tran A khong kha nghich.

Q1n
A2p,

+ a1,y = Al
+ AopTy = Yo

+ UpnTp = Yn

, Yn 12 céc tham so.
, Yn, he phuong trinh tuyén tinh (2) luon c¢6 nghiem duy

bln
an
bnn

tuyén tinh (2) vo nghiém hoiic vo s6 nghiem



Vi du. Tim ma tran nghich dao ctia ma tran

a 1 1 1
1 a1 1
A= 1 1 a1
1 11 a
Giai
Lap he
ary + To + T3+ T4 = Y1 (1)
w1+ax2+$3+x4:y2 (2)
1+ g+ axs + 14 = Y3 (3)
1’1+$Q+I3+CLI4:y4 (4)

Ta giai hé trén, cong 2 vé ta c6
(a+3)(v1+ao+w3+24) =91 + Y2+ Y3+ Us (*)

1. Néu a = —3, chon céac tham s6 yy, Yo, ¥3, ya sao cho y; + yo + y3 + y4 # 0. Khi d6 (*) vo
nghiém, do d6 hé vo nghiém, bdéi vay A khong kha nghich.

2. a# =3, tu (*) ta co

1
= — kk
T 4 o+ x5+ 24 a+3(y1+yz+y3+y4) ()

Lay (1), (2), (3), (4) trit cho (**), ta c6

1
(a—l)x1:a+3((a+2)y1—y2—y3—y4)
(a—1)es = ——(—p1 + (a+2) )
a $2—a+3 n a Y2 — Y3 — Yu
(a - ay = ——( T (a+ 2)ys — i)
a — Ta = — — a -
3 ar3 Y1 — Y2 Y3 — Ya
1
(a—1)as = (=91 — Y2 — y3 + (a + 2)ya)

a+3

(a) Néu a = 1, ta c6 thé chon tham s y1, o, y3, ¥4 dé (a + 2)y1 — y2 — y3 — y4 khac 0.
Khi d6 hé va nghiém va do d6 A khong kha nghich.

(b) Néu a # 1, ta c6

1

T = m((a +2)y1 — Y2 — Y3 — Ya)
1

To = m(—% + (a+2)y2 —ys — ya)
1

T3 = m(—w — Yo+ (a+2)ys — ya)

5



1

ry=————"—#-“—(—mn—1y—ys+(a+2

4 (a—l)(a—i—?))( Y — Y2 — Y3 ( )y4)
Do do
a+2 -1 —1 -1
e 1 -1 a+2 -1 -1
(a —1)(a+3) -1 -1 a+2 -1
-1 -1 -1 a+2
Tom lai:

Néu a = —3, a = 1 thi ma tran A khong kha nghich.
Néu a # —3, a # 1, ma tran nghich ddo A~! dugc xac dinh béi cong thiic trén.



BAI TAP

Tim ma tran nghich dao ctia cac ma tran sau

22.

23.

24.

25.

Tim

26.

27.

W N =

W N

ma tran nghich dio clia cadc ma tran vuong cap n

e}

—_

N —

—_

—_ = = =

O = = =

1

1

1

1
1 1
1 1

1+a 1
1 1+a



DAI SO TUYEN TINH
Tai liéu on thi cao hoc nam 2005
Phién ban chua chinh sita

PGS TS. My Vinh Quang

Ngay 19 thang 12 nam 2004

HE PHUONG TRINH TUYEN TIiNH
1 Cac khai niém co ban

1.1 Dinh nghia

Hé phuong trinh dang:
a1121 + a12T2 + -+ + ATy = b1
Q211 + Q2% + *+ - + A2 Ty, = bg

(1)

Am1T1 + A2l + -+ + ATy = bm

trong d6 x1,Ts,. .., T, 1 cac an, a;;,b; € R 14 cdc hiing 80, goi 1a hé phuong trinh tuyén tinh
(m phuong trinh, n an).
Ma tran
aiq a1 ... Qip
a Qg ... @
A= 21 022 2n
Am1 Am2 ... Qmp

goi 13 ma tran cac he s6 ctia he (1).

Ma tran
a1 a12 Ce Q1np bl
Z _ a921 99 Ce Qony, b2
A1 Am2 - Qmn | D

goi 1a ma tran cac hé s6 md rong ctia hé (1). Mot hé phuong trinh hoan toan xac dinh khi ta
biét ma tran cac hé sé6 mé rong ciia no.
Cot
by
by



goi la cot tu do cua hé (1).
Chii y rang, he phuong trinh (1) ¢6 thé cho dudi dang ma tran nhu sau

X1 by
A Z2 _ b.2
wn bm

trong d6 A 1a ma tran cac he sb ctia he (1).
Nhan zét: Néu ta thuc hién cac phép bién ddi so cap trén céc dong ctia mot hé phuong trinh
tuyén tinh ta dugc hé mdéi tuong duong véi hé da cho.
1.2 Mot vai hé phuong trinh dac biét
a. Hé Cramer
Heé phuong trinh tuyén tinh (1) goi 13 heé Cramer néu m = n (ttc 1a s6 phuong trinh bang s6
an) v ma tran cac hé s6 A la khong suy bién (det A # 0).
b. Hé phuong trinh tuyén tinh thuan nhat

Hé phuong trinh tuyén tinh (1) goi 1a he thuan nhat néu cot ty do ctia hé bang 0, tic 1a
blzbgzzbm:()

2 Cac phuong phap giai hé phuong trinh tuyen tinh

2.1 Phuong phap Cramer

Noi dung ctia phuong phap nay cting chinh la dinh 1y sau day:

Dinh 1y 1 (Cramer) Cho hé Cramer

a11T1 + A12T + - + ATy = b1

a91T1 + A922T9 + -+ Aonly — b2

(2)
Ap1T1 + Gp2X2 + -+ + AppTy = bn
trong do
a;pr a2 ... QAip
A _ ao1 A2 ... QA92n
Ap1 Ap2 ... Qpp

la ma tran cdc hé so.
Hé Cramer luon cé nghiém duy nhat dudc cho bdi cong thiic

Y det A




trong do A; chinh la ma tran thu duoc tw ma tran A bang cdch thay cot i cia A bang cot tu do

by
by
bn,
Vi du 1: Giai hé phuong trinh:
ary + brs = c¢
cxro+ars =>b
cx1 + brs =a

trong d6 a, b, ¢ 1a ba s6 khac 0.

Giai: Ta co:
a 0
det A=|0 ¢ a|=2abc#0
c 0 b
nén hé trén la hé Cramer. Hon nita
c 0
detA;=|b ¢ a :(a2—b2+cz)b
a 0 b

va

a b
det A3 =0 ¢
c 0

Do d6, hé c6 nghiem duy nhét:

detA;  a®>—b*+¢2 det Ay —a®+ 0>+ 2 det A;  a?+b>—¢2
x = , Lo = , T3 =

- det A 2ac B det A 2bc - det A 2ab

2.2  Sit dung phuong phap bién déi so cap (phuong phap Gauss) dé
giai hé phuong trinh tuyén tinh tong quat

Noi dung co ban ctia phuong phap nay dua trén dinh Iy quan trong sau vé nghiém ctia mot he
phuong trinh tuyén tinh.

Dinh 1y 2 (Dinh ly Cronecker-Capelly) Cho hé phudng trinh tuyén tinh tong qudt (1), A
va A lan lugt la ma tran cdc hé s6 va ma tran cic hé s6 md rong. Khi dé:

1. Néurank A < rank A thi he (1) vo nghiém.
2. Néurank A = rank A = r thi hé (1) c¢6 nghiém. Hon nita:

(a) Néur=mn thi hé (1) cé nghiém duy nhat.

3



(b) Néur <n thi he (1) c6 vo so6 nghiém phu thudc vao n — r tham so.

Ta c6 thuat toan sau dé gidi he phuong trinh tuyén tinh:
Lap ma tran cac hé s6 mé rong A. Bing cac phép bién ddi so cap trén dong dua ma tran A
ve dang bac thang. Ma tran bac thang cudi cling c6 dang:

-O Ciil BT S T ) dl i
0 ... 0 6312 cee eee o Cop dg
A-C=10 ... 0 ... B e
0 0 0 0 0 |ds
0 ... 0 ... 0 .. 0 ... 0 dy |

Heé phuong trinh tuong ting v6i ma tran C tuong duong véi heé ban dau. Do do

1.
2.

Néu ton tai it nhat d; véi r + 1 < i < m khac 0 thi hé vo nghiem.

Néu dy1 = dpyo = -+ = dp, = 0 thi hé c¢6 nghiem. Khi d6 cac cot iy, s, ..., i, (la cac
cot duge danh dau *) gitt lai ben trai va cac x;,, 24,, . .., 75, 1A cdc an con cic cot con lai
chuyén sang bén phai, cac an x;, Gng véi cic cot nay sé tré thanh tham sé. Vay ta c6
n — r tham s6 va hé da cho tuong duong véi he

Ciiy  Clip -+ Cli, d; (xkz)
O C2i2 Ce CQZ‘r dg(Ik) (3)
0 0 ... cp | di(g)
trong d6 d;(zx) 1a cac ham tuyén tinh cta zy v6i k # iy, 9, . . ., i,. H¢ phuong trinh (3) 1a
hé phuong trinh dang tam giac, ta c6 thé dé& dang giai duge bang phuong phap thé dan
tit dudi len, tic la tinh lan ludt z,, 2,1, ..., 21.

Chu ¥ : Néu trong qua trinh bién déi xuat hien 1 dong ma bén trai bang 0 con bén phéi khéc
0 thi ta c6 thé két luan hé vo nghiém ma khong can phai lam tiép.

Vi du 2: Giai hé phuong trinh:

1+ 20+ 224+ 25 =1

201 +4x9 + 23+ 324 = 3

3r1 + 6294+ 2203+ 3x4 +25 =m
1+ 200+ 213+ 25 =2m — 8

Gidi:
120 2 1]1 120 2 1]1
Z_ 241 3 03 do—(—2)d1+d2 001 -1 —2|1
" 136 23 1|m ds—(—3)di+ds | 0 0 2 =3 —2|m—3
1 210 1|2m—8 | da>Chdtds | g 0 1 -2 0|2m—9
120 2 1]1 120 2 1]1
ds—(=2)dotds | 0 0 1 —1 =211 dims(—1)da+ds | 0 0 1 —1 =21
dio(—Ddatds | 0 0 0 =1  2|m—5 1000 -1 2/m=5
000 —1 2/2m—10 000 O O0|m-=5



* Néu m # 5 he phuong trinh vo nghiem.
* Néu m = 5, he da cho tuong duong véi

12 0 2 1|1
0 01 -1 =2|1
0 0 0 -1 210
0 0 O 0 0]0

Truong hop nay hé c6 vo s6 nghiem phu thuoc vao 2 tham sé 1a 2o va 5. Chuyén cot 2 va
cot 5 sang bén phai, hé ¢6 dang

r1+2x4y = 1—2x9— 215
T3 — Tq4g = 14+ 2[L’5
—Xy = —21'5

Giai tur dudi lén ta sé co
Tyq = 21’5

T3 =x4+ 205+ 1 =4x5+1

ZEl:1—2I2—2I5—2ZE4:—2$2—5ZE5+1

Toém lai, trong truong hgp nay nghiém cua hé 1a

(21 = —2a—5b+1

T2 = Q

r3=4b+1 a,b tuy y.
lL‘4:2b

\375:()

Vi du 3: Giai hé phuong trinh:

T1+To+x3+mry =1
Z‘1+I2+ml’3+$4:1
x1+mx2+x3+a:4:1

mxy + T+ T3+ x4 =1

Gidi:
1 1 1 m|l dys(—1)ds 1 1 1 m 1
q— 1 1 m 1)1 dz—(—1)d1+d3 0 0 m—1 1—m |0
1T m 1 11| de—(em)ditds | O m—1 0 1—m |0
m 1 1 111 0 1—=m 1—m 1—-m?|1—-m
11 1 m 1
dords 0 m—1 0 1—-m |0
00 m—1 1—m |0
0 1—-m 1—m 1—m?|1—m
11 1 m 1
dy—da+ds+ds 0 m—1 0 1—m 0 _C
00 m—1 1—m 0 o
0 0 0 3—2m—m?2|1—m



Chu ¥ rang 3 — 2m — m? = (1 —m)(m + 3). Béi vay:
1) m = 1, khi do

111 11
000 00
C=10000lo0
000 00

Heé c6 vo s6 nghiém phu thudc vao 3 tham s6 x5, 73, 4. Nghiém 13

r1=1—-a—-b—c

T2 = Q
l‘gzb
Ty = C
2) m = —3, khi do
1 1 1 -3]|1
0 -4 0 4|0
¢= 0O 0 —4 410
0O 0 0 o0}4
Hé v6 nghiem.
3) m # 1 vam # —3, hé ¢6 nghiem duy nhat
1—m 1
x4: =
3—-2m—-—m? m+3
1 1
Xa =Ly = —— ., Lo =Ly = ———
3 YT m+3 YT m+3
1
1 po — e — -
T ) ZT3 miy m+3

1

Vay: oy =20 =23 =24 = 3.

Tém lai:
e m =1 hé c6 vo s6 nghiém;
e m = —3 hé vo nghiém,;

e m # 1,—3, hé c6 mot nghiem duy nhat 2, = 29 = 23 = 14 =

Bai tap

Giai va bién luan céic hé sau:

(201 +To + a3+ 74 =1
o7 1+ 2209 —x3+ 414 =2
1+ Txg —4xs+ 11y =m
421 + 8wy — 4x3 + 1624 = m + 1
(201 — 29 + 23 — 224 + 325 = 3
53 T+ Ty — 23— T4 +x5=1
31+ X0+ 23— 3x4 + 425 =06
( D21 + 223 — Dy +T25 =9 —m

1
m—+3"°



'mx1+x2+x3:1
29. Ty +mrs+z3=1

\.Z‘l‘i‘l’g‘i‘ml’g:]_

(mx1+$2+x3+x4:1
30. T+ mres+23+ x4 =1

\a:l—l—:cz—l—mxg—l—:m:l

31. Cho a;; la cac s6 nguyen. Giai he:

1
§$1 = a11T1 + Q1272 + - - - + A1, Ty,
1
51’2 = 2171 -+ 99T + -+ Ao2nTn

Ea’f'n = Ap1T1 + Ap2Zo + -0+ ATy

\

32. Giai hé phuong trinh:

(SC1+$2+"'—|—SL’TL:1
l‘1+21‘2+"-—|—2n_1$n: 1
1+ 3v -+ 3" e, =1

\x1+nx2+---+n”_1xn =1
33. Chitng minh rang hé phuong trinh:

a11T1 + A12T + * - + ATy = 0

a91T1 + A92T9 + -+ Aonly = 0

p1T1 + ApaZa + -+ + App @y = 0

trong d6 a;; = —aj; va n 1&, c6 nghiém khéc 0.



DAI SO TUYEN TiNH
§8. Giai bai tap vé ma tran nghich dao

Phién ban da chinh sita

PGS TS My Vinh Quang

Ngay 29 thang 12 nam 2004

Bai 21. Tim ma tran nghich ddao cia ma tran

1 0 3
A=12 11
3 2 2
Giai
Cach 1. St dung phuong phap dinh thic
Taco:det A=24+12—-9-2=3
11 0 0 3
11 5 o 21 ‘ 5 ‘ 31 L
2 1 3
Ap = — 3 9 =—1 A22—‘ 2‘2—7 Agy = — ‘25
2 1 1 1
13 3 9 23 ‘ 3 ‘ 33 5 |
Vay
. 0 6 -3
AT=21 -1 —
3 1 7 5
1 -2
Cach 2. St dung phuong phdp bién doi so cdp
Xét ma tran
10 3|1 00 0 3 1 00
A=|21 1|01 o | Z=20tk, 1 =5 |-210
d3——3d1+d3
3 2 2 (0 01 2 =7 1-3 01
3 1 0 ) 1 3 1 0 0
— 24y ds=1d
b2t ds 5 -2 10 | == 5| -2 10
0 3] 1 -21 1| 3 -2 3



1 00 0o 2 -1
—lo1o|-1 1
oo | b1y
Vay
0 2 —1
1
at=| -y 1
1 _2 1
3 3 3
Bai 22. Tim ma tran nghich ddao cia ma tran
1 3 2
A= 21 3
3 2 1
Giai
Ta st dung phuong phap dinh threc.
Tacodet A=14+27T+8—-6—-6—6=18
1 3 3 2 3 2
Ay = =-5 Ay = — =1 Az = =7
11 9 1 21 5 1 31 1 3
2 3 1 2 1 2
12 5 1 22 3 1 32 5 3
21 1 3 1 3
= =1 Agg = — =7 Asz = = -5
SR # 3 2 P2
Vay
-5 1 7
oL 7 =5 1
18
1 7 =5

(Ban doc ciing c6 thé st dung phuong phap bién déi so cap dé giai bai nay)

Bai 23. Tim ma tran nghich ddao cia ma tran

-1 1 1 1
1 -1 1 1
A=
1 1 -1 1
1 1 1 -1
Giai

Ta st dung phuong phap 3.



Xét he

—r+zotas+ai=y (1)
T1— T2+ T3+ Ty = Y2 (2)
T1+ T2 — T3+ Ty = Y3 (3)
T1+ X2+ T3 — Ty = Y4 (4)

WM+ +B)+ W= tmtomta=gtptyt) ()
() = (1) = 21 = 3~ + 92 + 15+ )

() = () = 22 = 30— v2 + 15+ )

() = (3) = 23 = 3 + 32— w5+ )

() = (4) = 2= 3+ 32+ 45— )

Vay

Bai 24. Tim ma tran nghich ddao cia ma tran

0 1 11
-1 0 1
A=
-1 -1 01
-1 -1 -1 0
Giai

St dung phuong phap 3.

Xét hé
Ty + T3+ Ty =11 (1)
—Z1 + T3+ Ty = Y2 (2)
Ty — Ty + T4 = Y3 (3)
—T1 — T2 — T3 = Y4 (4)

MW+@2)-@)+@) = —n+mtastm=y+yp—ytu (%)
(=) =21 =2+ ys— s

($)—2)=d2=y1—ys+ v

(4) T3 =—T1 —Tp—Ys= Y1 +Y2—Ya

(3) Ty =TI+ T2+ Ys=Y1 —Y2+Ys3



0 -1 1 -1

| oot
-1 1 0 -1

1 -1 1 0

Bai 25. Tim ma tran nghich ddao cia ma tran

1 11 - 1
011 - 1
001 - 1
0 00 1
nxn
Giai
St dung phuong phap 3.
Xét he
p
T+ T+ -+ Ty =Y
To+ -+ Tp =Y
Tp—1+ Tpn = Yn—1
. Tn = Yn
N)-@)=z=yp—p
2)-B)=22=12—ys
(n_l)_(n)imnflzynfl_yn
(n) = Tn = Yn
Vay
-1 0 0
0 1 -1 0 0
At = .0
1
0




Bai 26. Tim ma tran nghich ddao cia ma tran

1+a 1 1 1
1 1+a 1 1
A= 1 1 l+a --- 1
1 1 1 o 1+4a
Giai
St dung phuong phép 3.
Xét he
(I+a)ry +axs+a3+- - +x, =1 (1)
i+ (14+a)zg+x3+ -+, = Yo (2)
o1+ vy tas+-+ (1+a)z, =y, (n)

Lay (1) +(2) + -+ (n), ta co
(n+a) (i +ze+-+2) =1+ +n

1. Néu a = —n, ta c6 thé chon tham sb i, ¥a, ..., y» théa y; + - -+ + y, # 0. Khi d6 hé vo
nghiém va do d6 ma tran A khong kha nghich.

2. Néu a # —n, khi d6 ta c6

1

n+a
1
1) — (x) = = — Dy —ys — - — yp,
(1)~ () = am = (0 +a— Dy~~~
(a) Néu a = 0, ta c6 thé chon tham s6 yi, ¥, ..., ¥, dé phuong trinh trén vo nghiem.

Do dé hé vo nghiém va ma tran A khong kha nghich.
(b) Néu a # 0, ta ¢6

- - — Dy — o — - — yy,
I a<n+a>((n+a )yl Yo Y )

1
(2)—(*):”52:m(?ﬂ—(”+a—1)y2—y3—”'—yn)

1
(”)—(*):xn:m(yl—’y2—y3—"'—(”+a—1)yn)
Vay

n+a—1 —1 -1 -1
-1 n+a—1 -1 -1
A*lz; —1 —1 n+a—1 --- -1
a(n+a)
-1 -1 -1 - n+a-—1

nxn



DAI SO TUYEN TIiNH
Tai liéu on thi cao hoc nam 2005

Phién ban da chinh sita

PGS TS My Vinh Quang

Ngay 24 thang 1 nam 2005

§9. Giai Bai Tap Ve Hé Phuong Trinh
Tuyén Tinh

27) Giai he phuong trinh tuyén tinh

201 + o+ 23+ 14 =1

T1+ 220 —x3+ 4w =2

1+ Txy —4das+ 11y =m

4oy + 8xy —dx3 + 164 =m+1

Gidi: Lap ma tran céc hé s6 mé rong A va ding cac phép bién ddi so cap trén dong dé dua ma
tran A vé dang bac thang. Nhan xét rang hé ban dau tuong duong véi hé c¢6 ma tran cac hé so
md rong la ma tran bac thang sau cing. Cu thé ta c6

2 1 1 1|1 1 2 -1 412
i 1 2 -1 4|2 dyds 2 1 1 11
1 7 —4 11|m 1 7 —4 11|m
4 8 —4 16| m+1 4 8 —4 16|m+1
1 2 -1 4]2
do——2d1 +da 0 -3 3 —-7|-3 do—2da+ds
ds——d1 +ds 0 5 —3 T|lm—2 dssds
dimmddrds L g 0 0 0|m—T
1 2 -1 412 1 2 -1 412
0 -1 3 —7T|m—8 | d3——3dotds 0 —1 3 —7/m-—28
0 -3 3 —-7[-3 0 0 —6 14|-3m+21
0O 0 0 O0|lm-T7 O 0 0 O0|lm-T7

e Néu m # 7 thi hé vo nghiem
e Néu m = 7 hé tuong duong véi

1* 2 -1 4|2

0
0 0 -6 140
0



hé c6 vo s6 nghiem phu thudoc mot tham s6 1a x4. Ta c6

7

[E3:§J}4, I2:3ZE3—71‘4+1:1
T :2—2x2+1’3—4x4: —;1;'4_43;4: __1-4
3 3
Vay, trong truong hop nay, nghiém cua hé la
T = —da
To =1
’ (a € R)
T3 = Ta
T4 = 3a

28) Giai hé phuong trinh:
2561—232+ZE3—2.T4+3$5 =3
X1+ 29— Ty — Ty + x5 = 1
3I1+ZE2+I3—35L’4+4ZL’5 =6
5x1+2x3—5x4+7x5:9—m

Gidi: Lap ma tran cac hé s6 mé rong

2 —1 1 -2 313 1 1 -1 -1 1|1
s 1 1 -1 -1 1|1 di—ds 2 —1 1 -2 313
3 1 1 -3 7|6 3 1 1 -3 7|6
5 0 2 =5 4|19—m | 5 0 2 =5 4(9—m
1 1 -1 -1 1]1 1 1 1 -1 -1 1
do——2d1+d> 0 -3 3 0 111 do—da—ds 0 -1 -1 00
ds——3d1+ds 0 -2 4 0 1|2 0 —2 4 0 1
dmmsdhrd 1 g 5 7 0 2|4—m | 0 -5 7 0 2
1 1 -1 -1 1]1 1 1 -1 -1 1
d3——2dg+ds3 0 -1 -1 0 0|—-1 dy——2ds+ds 0 -1 -1 0 0
dy=—5da+d4 0 0 6 0 1|0 0 0 6 0 1
0 0 12 0 2|9—-m 0O 0 0 00
e Néu m # 9 thi hé vo nghiem.
e Néu m = 9 thi hé c6 dang
1* 1 -1 -1 1|1
0 -1 -1 0 0]-1
0 0 6* 0 11]0
0 0O 0 0 0]0

rank A = rank A = 3 nén hé c¢6 vo sbd nghiém phuy thuoc 2 tham s6 1& 24, x5, ta co

1
T3 = ——=Ts

6
1
x2:—$3+1:6$5+1

Ty =—-To+x3+r4a—2+5+1

1 1
:—61’5—1—6$5+$4—$5+1:—§$5+5L’4



Vay, trong truong hgp nay nghiém cta hé la

($1:a—8b

To=b+1

x3=—b a,beR
T4=a

\1‘5:61)

29) Giai va bién luan hé phuong trinh

mxri+xo+a3=1
T1+mxy+x3=m

T, + Ty + mrs = m>

Gidi: Lap ma tran cac hé s6 mé rong

m 1 1|1 1 1 m|m?
A= 1 m 1| m — 1 m 1| m
1 1 m|m? m 1 1 1

1 1 m m?
— | 0 m-—1 1—-m m — m?
0 0 2—m—m?|14+m—m?—md

Cha y rang 2 —m — m? = (2+m)(1 —m). Ta c6
e m = 1, hé tré thanh

- 1
A= 10
0

o O =
o O =
o O =

rank A = rank A = 1 nén hé ¢6 vo sb nghiém phu thuoc hai tham s6 1, x5. Nghiem I3

z1=1—a—2>

To=a a,beR
T3 = b
e m = —2, hé tré thanh
1 1 —-2| 4
0 -3 3 |—-6 hé vo6 nghiém
0o 0 013

o m # 1,m # —2, hé c¢6 nghiem duy nhat

( I+m-—m?>—m* m>+2m+1

Tr3 = e

T 2+m)(1—m) m + 2
m? +2m + 1 1
Tg=T3—-M=—"—"—————Mm=——
m + 2 m + 2
9 m3+2m? —1—m(m?+2m+1) —-m-—1

Ty =mMm" — Ty — MIT3 = =

\ m+ 2 m+ 2



30) Giéi va bién luan hé phuong trinh
mxy + T2+ T3+ x4 =1
T1+mzo+a3+x4=1

x1+x2+mx3+a¢4:1

Gidi: Lap ma tran cac hé s6 mé rong

B m 1 1 1]1 1 1 m 1|1
A= 1 m 1 1|1 | 225 11 m 1 1|1
1 1 m 11 m 1 1 1|1
1 1 m 1 1
mmditd: g 1 1—m 0 0
dsmmmditds g 1 1—m2 1—m|1—m
11 m 1 1
Bmdards, g g — 1 1—-m 0 0 (%)

0 0 2—m—-—-m? 1l—m|1l—m

Cha ¥ rang 2 —m — m? = (1 — m)(2 +m). Ta c6 cac kha niang sau
e m = 1 hé trd thanh

1 1)1
0 00
0 0]0

OO =
o O =

rank A = rank A = 1, truong hop nay hé c6 vo s6 nghiem phu thuoc ba tham sb zo, 3, 4.
Nghiém cua heé la
r1=1—a—-b-—c

To = Q

a,b,ce R
SCgIb
Ty = C

e m = —2 hé tré thanh
1 -2 111
0 3* =3 010
0O 0 0 393

Ta c6 rank A = rank A = 3 nén hé ¢6 vo s6 nghiem phu thudc mot tham s6 1a z3. Ta ¢
gy =1, 3x9 = 323 = 195 = 23
I :—5E2+2$3—ZL‘4+1:J}3

Trong truong hgp nay nghiém cta hé la

r =
To = Q
a€cR
T3 = a
1’421

o m # 1,—2. Khi do, tit (%) ta thay he c6 vo s6 nghiem phu thudc tham s6 z, va m. Ta c¢6
(1-m)—(1-m)ry 11—y
(2 —m —m?) S om+2

2-—m-—mHrs=(1—-m)— (1 —m)zy = 23 =

(m—1Dxzy=(m—1)z3 = 22 =23

2)—(1— —m(l — — 2 1—
$1=1—x2—mx3—x4:(m+) ( 4) —m( xg) — (M + )$4: Ty
m+ 2 m+ 2




Vay, trong truong hgp nay hé c6 nghiém la

( 1—a
T =
YTmt2
1—a
To =
m+ 2
1—a
€T ey
Tm + 2
L Ty = Q
31) Cho a;; 1a céc s6 nguyen, giai he
1
51‘1 = a11T1 + 19T + -+ A1y
1
51'2 = a91T1 + Q22 + - -+ + A2, T,

—Tp = Qp1T1 + 2T + -+ GppTy
\

Giai: Hé phuong trinh da cho tuong duong véi

(20,11 — 1) T+ 2(1125(]2 + -+ 2(11n£L’n =0
2&21£C1 + (2&22 — 1) To + -+ ZCLQnJZ'n =0

20,171 + 20900 + -+ (200, — 1) 2, =0

Goi ma tran cac hé s6 cia hé phuong trinh trén 1a A, ta c6

2(111 —1 2@12 . 2a1n
det An _ 20,21 20,22 -1 ... 2(12n
20,1 20,0 e 200, — 1

Cha y rang a;; la cac s6 nguyén nén cac phan bu dai s6 cta (4,);; cing la cac sé nguyen, do
do6 neu khai trien dinh thic theo dong cudi ta sé co

2all -1 2&12 c.. 20,17”71
det A, = 2k + (2ap, — 1) 200 2a2—1 ... 2a3n-1
20’71—1,1 2an—172 e 2an_17n_1 — 1

=2k + (2an, — 1)det A, 4
=2k 4+ 2a,,det A,,_; —det A,,_1
= 2] — det An—l

Do do, det A, + det A,,_; = 2l 1a s6 chan, Suy ra det A,, va det A,_; c6 cling tinh chan lé
v6i moi m, ma det Ay = 2a;; — 1 14 86 1é nen det A, 14 s6 18 va do d6 det A,, # 0 (vi 0 1a 86
chan). Vi hé phuong trinh c6 det A, # 0 nén hé trén 14 hé Cramer va c6 nghiem duy nhat la
1 =Tg="--+=2x,=0.



32) Giéi hé phuong trinh

(o1 + @+ -tz =1
T+ 2y + -+ 2"y, =1
T+ 3+ -+ 3", =1

\x1+nx2+---+n”’1xn:1

Giai: Gia st xq, T9, . .., T, la nghiém cia hé phuong trinh da cho. Xét da thiic

fX) =2, X" "y X" 2 X 4+ —1=0

Vi 21,9, ..., 2, la nghiém ctia hé nén X =1,2,...n la cdc nghiém ctia da thic trén. Vi f(X)
c6 bac < n — 1 ma lai ¢6 n nghiém phan biét nén f(X) = 0 (f(X) 1a da thic khong), do do6
ta c6 ¥, = Tp_1 = --- = 19 = 0, z1 = 1. Vay hé phuong trinh da cho c6 nghiém duy nhat
rn=1z9=235=---=2,=0.

33) Chiing minh hé phuong trinh
a11x1 + a1ax2 + - + a1, =0
A21T1 + Q22X + * ++ + ATy = 0
ap1 1 + Apaa + -+ + Gppn =0
trong d6 a;; = —aj; va n lé, ¢6 nghiem khong tam thudng.
Gidi: Goi A la ma tran cac he s6, theo gia thiét (A);; = —(A4);; do d6 A = A". Do tinh chét
dinh thic det A = det A® nén ta co6
det A = det(—A") = (=1)"det A" = (—1)"det A = — det A( do n 18)

Béi vay suy ra det A = —det A hay det A = 0, tiic la rank A = r < n. Theo Dinh 1y Cronecker-
Capelly hé c6 vo s6 nghiem (phu thuoc n — r tham s6) do d6 hé c6 nghiem khac (0,0,...,0).
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DAI SO CO BAN
(ON THI THAC SI TOAN HOCQ)
Bai 10. Khong gian vecto
PGS TS My Vinh Quang

Ngay 18 thang 3 nam 2005

Cac khai niém co ban

Dinh nghia khong gian vecto

Ky hieu R 1a tap cac s6 thuc, V 1a tap tuy y khac @. V' goi la khong gian vecto (trén R)

(mdi phan ti ctia V' goi 1d mot vecto) néu trong V ¢6 2 phép toan:

e Phép cong 2 vecto, tic la véi mdi cip vecto a, 8 € V xac dinh dude mot vecto tong

a+peV.

e Phép nhan vo huéng mot s6 véi mot vecto, tiic 14 v6i mdi a € R va vecto o € V xac dinh

1.

duge mot vecto tich aa € V.

Ngoai ra, phép cong va phép nhan trén phai théa man 8 diéu kién sau:

Phép cong két hop; v6i moi o, 3,y € V:

(@+pB)+v=a+(B+7)

Phép cong giao hoan, véi moi o, 3 € V:

at+f=0+a

Phép cong c6 vecto-khong, ton tai vecto O € V' (vecto-khong) c6 tinh chat:
a+0=0+4+a=avimoiacV

C6 vecto dobi, véi moi vecto o € V, ton tai vecto —a € V (vecto ddi clia ) 6 tinh chat:
a+(—a)=(—a)+a=0

Phép nhan phan phéi véi phép cong, véi moi a € R va cac vecto a, 3 € V:
ala+ f) =aa+af

Phép nhan phan phéi v6i phép cong, véi moi sé thic a,b € R, moi vecto o € V:
(a+b)a = aa + ba

Phép nhan két hop. V6i moi a,b € R, v6i moi vecto o € V:

(ab)a = a(ba)



8.

l.a = o v6i moi vecto o € V

Nhu vay, dé kiém tra tap hop V clng véi 2 phép todn cong va nhan vo hudéng cé phai la

khong gian vecto hay khong, ta phai kiém tra xem chiing c6 thoéa man 8 diéu kien trén hay
khong. Ban doc c6 thé dé& dang tu kiém tra céac vi du sau.

1.2

1.

Cac vi du ve khéng gian vecto
V =R"={(ay,a9,...,a,)|a; € R} véi:
- Phép cong: o = (ay,...,a,) € R", 8= (by,...,b,) € R™
a+pf=(a;+0by,...,a, +b,) €R"
- Phép nhan vo huéng: v6i moi a € R, a.ae = a(ay, ..., a,) = (aaq, ..., aa,)

thi V' 1a mot khong gian vecto.

V = M,xn(R) - tap cdc ma tran cap m x n véi he s6 thuyc - véi phép cong 1a phép cong 2
ma tran, phép nhan vo huéng 1a phép nhan maot s6 thuc véi mot ma tran, 1a mot khong
gian vecta.

R[] - tap cac da thiic véi he s6 thuc - véi phép cong 1a phép cong hai da thitc, phép nhan
vo huéng 1a phép nhan mot s6 véi mot da thic, 14 khong gian vecto.

R* 1a tap cac s6 thuyc duong. Trong RT ta dinh nghia phép cong va phép nhan vo hudng.
- Phép cong: v6imoi o, 3 € RT, a ® (= af

- Phép nhan vo hudng: véi moia € R,a € RT : ax a =

Khi do, (RT, &, %) 1a mot khong gian vecto véi vecto-khong 1a 1, vecto do6i clia vecto o 1a

vects —
o

Cac tinh chit co ban

. Vecto O va vecto ddi (—a) 1a duy nhat.

Phép cong c6 luat gidn uée: véi moi o, 3,y € V,nua+ 3 =a+ythi =1~

0. =0, véimoi a € V,
a.0 = O, v6i moi a € R,

(—1).a=—avéimoiaecV
Néu a.occ = O thia =0 hoiic a = O
Néua #Othiaa=ba<sa=>b

(—a)a =a(—a) = —(aa) véimoia e R, a € V



2

2.1

Poéc lap tuyén tinh, phu thudc tuyén tinh

Cac khai niém co ban

Cho V 1a khong gian vecto, aq, ..., a, la mot hé vecto cia V.

e Heé vecto ay, s, ..., a, goi la he vecto phu thuoc tuyén tinh (PTTT) néu ton tai cac sb

thuc ay, as, . .., a, khong dong thoi biang 0 sao cho
ayoq + -+ apay, =0

tic 1a phuong trinh vecto x1aq + -+ - + 2,05, = O ¢6 nghiém khac (0, ..., 0)

e Heé vecto ay, s, . .., a, goi la he vecto doc 1ap tuyén tinh (DLTT) néu n6é khong phu thuoc

tuyén tinh, néi cach khac hé aq, ao, . . ., o, DLTT khi va chi khi: néu ajaq+- - - +apo, = O
véi a; € R thi a; = 0 v6i moi 4, tiic la phuong trinh vecto x1aq + -+ + x,0, = O ¢6
nghiém duy nhat 1a (0,...,0)

Vi du. Trong R* cho hé vecto oy = (1,0,1,1), ay = (0,1,2,3), az = (1,2, 3,4). He trén

DLTT hay PTTT?

Giai. Xét hé phuong trinh vecto
T10q + To0o + T3g = O

LL’1—|—JI3:O
To + 223 =10
Ty + 2205+ 323 =0
£L’1+3$2+3$3:0

=

1 01
~ ~ ~ L 2 ~ ~ < O 1 2
Ma tran cic hé so ctia hé trén 1a A = 1 2 3
1 3 4
Dé thiay rank A = 3 nén hé trén c6 nghiem duy nhat (0,0,0). Vay hée vecto tren doc lap

tuyén tinh.

Nhan xét. Dé xét he m vecto aq, o, . . ., &, DLTT hay PTTT trong R”, ta lap ma tran A

véi cac cot 1a cac vecto ag, o, . . ., ayy, 101 tim rank A. Néu rank A = m (s6 vecto) thi he DLTT,
néu rank A < m thi he PTTT.

e Vecto 3 € V goi la biéu thi tuyén tinh (BTTT) dudc qua hé vecto aq, as, .. ., a, néu ton

2.2

tai cac s ap,as,...,a, € R sao cho 3 = aya; + asas + -+ + a,q, (ttc 1a phuong trinh
vecto riay + Tag + -+ - + T, = [ ¢6 nghiém)

Cac tinh chit co ban

. Hé chtic vecto-khong luon PTTT.

Heé gom 1 vecto PTTT khi va chi khi vecto d6 bang O, hé gom 2 vecto PTTT khi va chi
khi 2 vecto doé ty le.

Néu mot he DLTT thi moi hé con ctia n6 ciing DLTT.

Hé vecto ay, ..., a, PTTT khi va chi khi ¢c6 mot vecto trong hé biéu thi tuyén tinh duge
qua cac vectds con lai ctia he.

Néu hé o, ..., o, DLTT thi hé vecto aq, . .., a,, 3 DLTT khi va chi khi 8 khong biéu thi
tuyén tinh dugc qua hé oy, as, ..., a,.



3 Hang caa mot hé vecto

3.1 Heé vecto tuong duong

Trong khong gian vectd V' cho hai hé vecto:

(CK) ap, Q2 ...,Qm

(ﬁ) ﬁluﬁ%--wﬁn

Ta néi he (o) biéu thi tuyén tinh duge qua hé (3) néu mdi vects clia hé («) déu biéu thi
tuyén tinh dugce qua he (43).

Ta n6i hé (a) tuong duong véi hé () (ky higu (o) ~ (8)) néu hé («) biéu thi tuyén tinh
duge qua hé (8) va ngugc lai.

Tt dinh nghia, ta c6 ngay quan hé ~ la mot quan hé tuong duong.

3.2 Heé con déc lap tuyén tinh téi dai ciia mét hé vecto

Trong khong gian vecto V' cho hé vecto (o) oy, o, ..., . Hé con oy, iy, . .., o, clia hé
(a) goi 1a he con doc lap tuyén tinh t6i dai ctiia he («) néu ay,, @iy, - . ., oy, doc lap tuyén tinh
va moi vecto o, cia he (o) déu biéu thi tuyén tinh duge qua hé con ay,, asy, . . ., q;,

Tit dinh nghia, ta c6 ngay hé con doc lap tuyén tinh cia mot hé vecto tuong duong véi he
vecto dé.

3.3 BO dé cd ban vé su déc lap tuyén tinh

Trong khong gian vectd V' cho hai hé vecto

() 1,9, 04,

(ﬁ) ﬁlaﬁ?a"')ﬁn

Néu he (o) doc lap tuyén tinh va biéu thi tuyén tinh duge qua hé (8) thi m < n, va ta co
thé thay m vecto ctia hé () bing cac vectd ai,as, ..., q,, ciia hé (a) dé dugc he méi tuong

duong véi he (3).
Tt bo dé co ban, ta c6 ngay hai hé vecto DLTT tuong duong thi c6 s6 vecto bang nhau.

3.4 Hang cua hé vecto

Trong khong gian vecto V, cho hé vecto () ay, o, ..., qp

Hé () c6 thé c¢6 nhiéu hé con doc lap tuyén tinh t6i dai khac nhau. Tuy nhién tat ca céc
hé con doc 1ap tuyén tinh t6i dai ctia he () déu tuong duong v6i nhau (vi ching cling tuong
duong véi hé (a)). Do d6, theo bo dé co ban, tat ca cac hé con doc lap tuyén tinh t6i dai déu

6 s6 vecto bang nhau. S6 d6 goi 1a hang clia hé vecto oy, ag, . . ., apy; ky hieu rank{ay, ..., a;,}
Nhu vay ta co
rank{ay, g, ...,y } = SO vecto clia hé con doc 1ap tuyén tinh ctia he ay, as, ..., q,

3.5 Cach tim hang, hé con doc lap tuyén tinh t6i dai ciia mot hé
vectdo

Trong R™ cho hé vecto
o = (an, a12, ... 7611n)
Qg = (a217 @22, . . - 7a2n)



Ay = (amla Am2, - - - aamn)

Dé tim hang, hé con doc lap tuyén tinh tdi dai clia clia hé aq, as, . . ., oy, ta lam nhu sau:
e Lap ma tran A la ma tran dong clia cac vecto aq, ao, ..., Qpy,
a1; a2 ... Qip
A Q21 A2 ... dQgp
Am1 Am2 .. (mp

e Bing cac phép bién ddi s cap trén dong, dua ma tran A vé dang bac thang. Khi do:
rank{ay, a9, ..., a,} =rank A

Heé con doc lap tuyén tinh t6i dai clia hé oy, as, ..., q,, bao gom cac vecto ting vé6i cac
dong khéac khong ctia ma tran bac thang.

Vi du. Trong R® cho hé vecto

a; = (3,2,0,1,4)

as = (4,1,0,2,3)

az = (3,1,—1,0,1)

as = (1,0,1,2,2)

Tim mot hé con doc 1ap tuyén tinh va hang ctia hé vecto trén.

Giai
32 014\ 1 10 122\ 4
a4 023 )2 f4a1 0232
31 10113 31 10113
10 122/ 4 32 014/ 1
10 1 2 2\ 4 10 1 2 2\ 4
01 -4 -6 -5 | 2 01 -4 —6 —5 | 2
“—lo0o1 -4 -6 5|3 "loo 5 7 8]1
02 -3 -5 -2/ 1 00 0 0 0/ 3
rank A =3

Do d6, rank{ay, ag, as, ay} =3
He con doc lap tuyén tinh t6i dai clia he oy, as, as, ay 1a {ag, g, ay}.



N ° ~
Bai tap
. Xét xem R? c6 la khong gian vecto hay khong? véi phép cong va phép nhan vo huéng
sauu:
(al, (ZQ) + (bl, bg) = ((11 + bl, as + bg)

a(ay, as) = (aay,0)
. Chting minh rang mot khong gian vecto hodc chi c6 mot vecto, hodic ¢6 vo s6 vecto.

. Xét sy doc lap tuyén tinh va phu thuoc tuyén tinh. Tim hang va hé con doc lap tuyén
tinh t6i dai ctia cac hé sau:

(a) a1 = (1,0,—1,0), an = (1,2,1,1), a5 = (3,2,3,2), ag = (1,1,2,1)
(b) a; = (1,0,0,—1), as = (2,1,1,0), a5 = (1,1,1,1), ay = (1,2,3,4), a5 = (0,1,2,3)

. Cho hé vecto ay, s, ..., a, DLTT trong khong gian vecto V. Chiing minh:

(a) He vecto 1 =y, fo=a1 +ag, ..., B =1 + s+ -+ + ay, cing DLTT.
(b) Heé vecto

Y1 = anog + A+ Ay

V2 = Q2100 + Q22002 + -+ A2 Oy

Ym = Am10q + Qmaia + « + + + A Oty

doc lap tuyén tinh khi va chi khi det A # 0, trong d6

a1 aig ... A1m
921 ao29 ... Aom
A=
Am1 Am2 ... Amm
. Hé vecto aq,...,a, biéu thi tuyén tinh dudgc qua hé vecto 31, Ba, ..., 3,. Chiing minh
rang:

rank{ay, ..., <rank{, Bs, ..., On}

. Cho hai hé vecto cuing hang. Hé dau biéu thi tuyén tinh dugc qua hé sau. Chiing minh
hai hé vecto da cho tuong duong.

. Trong R* cho hé vecto:

wn = (L1, 1,1), up = (2,3, —1,0), ug = (—1, —1,1,1)

Tim diéu kién can vd di dé vecto u = (11,79, 23, 4) biéu thi tuyén tinh dugc qua hé
Uy, U2, U3.



