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Chuong 1.

BAI TOAN QUY HOACH TUYEN
TINH

1.1. M6t vai bai toan thuc té
1.1.1 Bai toan lap ké hoach san xuat

Bai toan: Mot co sé san xuat du dinh san xuat hai loai san pham A va B. Céc
san pham dudgc ché tao tit ba loai nguyen lieu I, IT va III. S6 luong du trit cia ting
loai va s6 luong ting loai nguyeén liéu can diing dé san xudt ra mot san pham dudc

cho bang bang sau:

Loai Nguyeén lieu | Nguyeén lieu can ding dé san xuat mot don vi san pham
Nguyén liéu du tru A B
I 18 2 3
II 30 5 4
I11 25 1 6

Hay lap quy hoach san suat dé thu dudc tien lai 1a 16n nhat, biét ring tién 1ai thu
dugc khi ban mot san pham A 1a 3 trieu dong, mot san pham B 1a 2 triéu dong.
Ta xay dung mo hinh toan hoc cho bai toan trén: Goi x, y theo thit tu

14 s6 san pham A, B can san xuét theo ké hoach. Khi dé, tién 1ai thu dugc la:

Z =3x+2y (trieu dong )
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Nhitng rang buoc veé nguyen licu du trit, do la:

2r + 3y < 18 (Rang budc vé nguyen licu I)
S5x + 4y < 30 (Rang buodc vé nguyen lieu IT)
x + 6y < 25 (Rang budc vé nguyen lieu I1T)
Ngoai ra, con cac rang budc tit nhién 1a 2,y > 0. Vi s6 don vi san pham khong thé

am. Nhu vay, bing ngon ngit toan hoc, bai toan cé thé phat biéu nhu sau: Tim z

va y sao cho tai d6 bicu thitc Z = 3z + 2y dat gia tri 16n nhat, v6i cac rang buoc:

2x + 3y < 18
ox + 4y < 30
(1.1.1)
x+6y < 25
(x=20,y20
Bai toan tong quat ctia bai toan trén la: Hay tim véc to z = (21, 29,...,7,)

n
sao cho ham f(z) = 3 ¢;z; — max v6i céc rang budc :
j=1

n
Zaijxj < bi,i =1..m
j=1

€5 2 O,] =1.n

1.1.2 Bai toan van tai

Bai toan. Can van chuyén hang tit hai kho (tram phat) P, va P, t6i ba noi tiéu
thu (tram thu) 71,75, va T3. Bang duéi day cho biét cho biét s6 lugng hang van
chuyén ciing véi cuée phi van chuyén mot don vi hang tit mdi kho t6i méi noi tieu

thu tuong tng.

- Tramthu T T, T
Tram phat 35 25 45
P 30 5 2 3

P, 75 2 1 1

Hay lap lap ké hoach van chuyén théa méan yéu cau bai toan sao cho chi phi

van chuyéen 1a nhé nhat.
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Ta xay dung mo hinh toan hoc cho bai toan trén.

Goi x;; la lugng hang héa can van chuyén ti P; dén Tj, (i = 1..2vj = 1..3) thi
ta ¢6 mo hinh toan hoc bai toan la:

Tim X = (z;;) sao cho: f = bxyy + 2212 + 3213 + 2291 + 222 + T23 — min vdi

cac rang budc:

T +ri2 +T13 = 30
To1  +Toa ez =T5
I11 +ZT921 =35
(1.1.2)
12 +T22 =25

13 —|—I23 = 45

|2 >0i=1.2j=1.3

Bai toan tong quat ctia bai toan van tai.

Bai toan c6 m tram phat, lugng phat 1a a;,¢ = 1,...,m, n tram thu, luong thu
tuong tng la b;,7 = 1,...,n;¢;; la cude phi, x;; la luong hang van chuyén tit tram
phét thit ¢ dén tram thu j. Khi d6, bai todn c¢6 mo hinh toan hoc nhu sau: Tim

m n
x = (z5) sao cho f = > > ¢;jx;; — min véi cac rang budc:
i=1j=1

;

n
E Tij = Q4,1 = 1, "
J=1

Yory=0bjj=1..,n (1.1.3)
=1

L Tij = O,i: 1,...,m,j = 1,...,TL

1.2. Bai toan quy hoach tuyén tinh
1.2.1 Dang tong quat

Bai toan quy hoach tuyén tinh la bai toan tim bién (ho#c phuong an) théa man
cac rang buoc sao cho lam ham muc tieu dat cuc dai hodc cuc tiéu. Véi ca ham
muc tiéu va cac rang buoc déu tuyén tinh theo bién.

Nhan xét, max(z) = — min(—z). Do d6, quy hoach tuyén tinh la:
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Tim x = (21, -+ ,2,) sao cho

Jf(z) =) cjzj — min (1)
j=1

VoA

bivi € Ik =1,2,3 (2) (1.2.4)

n
E aij
Jj=1

l‘j|:
\

Trong do, véc to « thda cac rang budc (2) va (3) dugce goi la phuong an. Phuong

VA%

]O,jeNl,ll,Q(S)

an 1a ham muc tieu f(z) dat gid tri cyc tri theo yéu cau duge goi 1a phuong an t6i

uwu. Giai quy hoach tuyén tinh 1a tim phuong &4n t6i wu ctia bai toan.

1.2.2 Dang chinh tic va dang chuan tic

e Quy hoach tuyén tinh dang chinh téc 14 quy hoach tuyén tinh dang

flx) =) ¢jw; — min (1)
=1
Zaz’j:biaizla"' ,m (2)
=
r;20,j=1,2,---n (3)

e Dang ma tran ctia quy hoach tuyén tinh dang chinh tac
f(x) =c’z — min (1)
Az =10 (2)
x>0 (3)
Trong do, ¢,z 1a véc to cot clia R™, b 1a véc to cot cia R™. A 1a ma tran cap

nxXm

e Nhan xét: Moi quy hoach tuyén tinh déu dua dudc vé dang chinh tic. That
vay, néu A;x > b; (hodic A;x < b;) thi ta chon bién bu x,y; dua vé dang

AZ'I — Tp+ti — bz (hOaC Alx + Tnti — bz)

6
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Khi z; < 0 (hoac x; € R) thi ta thay z; = —z; (hodic z; = zjz;) ma
xj,),x; 1a cac bién khong am.
Vi du 1. Dua bai toan sau vé dang chinh tic

f(z) = bxy + 2x9 — 4w3 — max

dry +Txy +x3 >3
<

I —T2 —21‘3 —1
2:61 +3LC2 +6LC3 =11

1 20,22 20
Bai giai
Ta chon bién bil 24, x5 cho cho rang budc thit nhat, thit hai. Chon an phu
x3,x3 va thay 23 = z3 — 23 cho su khong mang dau cta z3.
Tt do, ta dua bai toan sau vé dang chinh tac nhu sau:

—f(x) = =5z — 2x9 + 423 — min

4I1 +7$2 +23 —T4 = 3
I — X9 —21‘3 +T5 = —1

2I1 +3$2 +6$3 = 11

;20,7 =1,24,5;25>0,*% =+, —

e Dang ma tran ciia quy hoach tuyén tinh dang chuan téc :

f(r) =clz — min (1)
<b (2)
0 (3)

AN

T
>

8

e Khi dua tit dang chuan téc vé chinh tic ta chi can thém bién b cho cac rang

budc.
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1.3. ¥ nghia hinh hoc va phuong phap dé6 thi

Xét quy hoach tuyén tinh hai an

r1 279
23]1 —3(1)2
4:131 —|—5LL’2

X

\YARVAVNEVNIRY
DO
)
CRCECECRG)

\ .:C2

Sau day ta day ta dua ra cach giai hinh hoc bai toan (phuong phap do thi ). Trudc
hét ta biéu dién hinh hoc tap phuong an (Hinh 1).

Trén mit phang toa do 0x;xs, cac rang buoc dude bicu dién bdi cac nita mit
phang . Giao clia chiing la tap phuong an ciia bai toan. Tap phuong &n bai toan
la ngti gidc ABCDE.

Tap céac diém (x1,22) sao cho ham muc tiéu nhan gia tri m : =221 + x2 = m,
14 duong thang, duge goi 1a duong miic (v6i mitc 1a m). Khi m thay doi cho ta ho
duong thang song song, c6 véc to phap tuyén v = (=2, 1).

Khi cho m gidm dan ta thay diém cudi cing ma dudng mic (m) con cit
tap phuong an la dinh A. A la giao diém ctia dudng thang (2) va (3) nén A =
(45/11,8/11).
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45 8 .
Vay, x*x = <ﬁ’ ﬁ) la phuong an toi wu va fim = f(ax) = 82/11.
Nhan xét
+ Trong truong hop tap phuong an khéc rong ma khong cé vi tri gidi han thi

bai toan c¢6 ham muc tiéu khong bi chan

+ Phuong phap do thi c6 thé ap dung cho truong hop nhiéu bién nhung chi c6

hai rang budc cudng biic.

1.4. Bai tap chuong 1

Bai 1.1. Mot co s6 san xuat c6 thé lam duge hai loai hang I va hang 11, tit nguyén
lieu A va B. Trit lugng céc nguyeén lieu A va B hang ngay c6 duge theo thi ty 1a
6 va 8 don vi. Dé san xuat mot don vi hang I can 2 don vi nguyén lieu loai A va
3 don vi nguyeén liéu loai B; sdn xuat mot don vi hang II can 1 don vi nguyeén liéu
loai A va 4 don vi nguyén liéu loai B. Gia ban moét don vi hang I va hang II theo
thit tu 1a 7 va 5 don vi tien té. Qua tiép thi dugce biét, trong mot ngay nhu cau tiéu
thu hang IT khong qua 2 don vi; nhu cau hang I hon hang II khong qua 1 don vi.
Van dé dit ra la can san xuat mdi ngay bao nhiéu don vi hang méi loai dé doanh
thu 16n nhat.

Hay thiét lap mo hinh toan hoc cho bai toan d6?

Bai 1.2. Mot may bay c6 trong tai M. C6 n loai hang héa can xép lén may bay
d6. Mdi don vi loai j ¢6 khéi lugng la a; va gia cude phi la by, (j = 1n). Can xép
len may bay mdi loai hang bao nhiéu don vi dé tong cuée phi thu duge 1a nhiéu
nhat.

Hay thiét lap mo hinh toan hoc cho bai toan d6?

Bai 1.3. Gi4 st mot nha may can phan cong cho m phan xuéng cling san xuat
mot loai may c¢6 n chi tiét khac nhau, trong d6 méi may can k; chi tiét thi
j(j=1,...,n).a; 1a s chi tiét thit j ma phan xudng thit i c6 thé san xuat trong

mot don vi thoi gian.
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Hay lap mo hinh toan hoc bai todn xac dinh s6 don vi thoi gian can danh san

xuat chi tiét j ctia phan xudng i trong mot don vi thoi gian?
Bai 1.4. Dung dinh nghia, chiing té z* 14 phuong 4n t6i wu clia cac bai toan sau

(a) f(x) =84x; + x5 — min
201 + 290+ 23 =5

1 —x9+ w321
4dr1 —r3 > —3
1 20
z* = (0,2,3)

(b) f(z) =r9+z4— min

—r1 219 +x3 +r14=1
—2r1 +mxe +x3 +x4 =2
3T9 + 2x4=3
1 =0
¥ =(0,-1, 0, 3)

(c) f(z) =2x14+x4 — max

r1 +xo +x3 414 =1

I +Z9 +3.7)3 +2$4 < 4

—r1 +x9 +9x3 +4rs =16
T 2 O

z*=1(0,1,3,-3)
Bai 1.5. Chiing t6 rang cac bai toan sau c6 tap phuong an khac rong nhung ham

muc tiéu khong bi chan.

10
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3.’,131
r1 +Xo2
—I1 +X9

1 —2.%‘2 <

(b)

—x9 — max
> 2

<2

2

Bai 1.6. Tim phuong an t6i vu clia bai toan sau:

f(z)
-2
—1
—1

2513’1

Bai 1.7. Chiing t6 rang, do6i

an toi vu:
flz) = —3xg +2z3
—5x1 +4x9 —x3
(a)
—4xy —Txy +6x3

—x1 — 219 — 223 +6x4 — min
+2x9 =5
+2rx9 —x3 44 =10
—2x9 +3ry = —2

+r3 —dxy < —13
209  —2x3 =35

v6i cac bai toan sau, moi phuong an déu la phuong

—x, — min
+33]4 = -7
— X4 =38

11
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f(z) = 100z + 70x9 — 30z3 — max

r1 —8xy —9x3 = —19

(b) I —333'2 —41‘3 =—-13
2x1 +dry +3x3 = —15
120 .
Bai 1.8. Giai bang phuong phap do thi cac bai toan sau:
f(x) = —x1 + x2 — min
—2r1 +x9 <2
I —2932 < 2
(a)
T 4+r9 <5

2120, 22020

f(z) = x1 — 3x2 — max

4dr; +3x9 =12
(b) -1 +r2 <9
r1 +dr9 <6

x1 20,

Bai 1.9. Dua bai toan vé dang chinh téc:

f(z) = 21 + x9 — max
201 + 19 > 1
(a) r1— 29 <0
120, 29 20
f(x) = x1 + x9 — min
(b) 0< 7 <3

.7}22—5

12
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Bai 1.10. Cho bai toan
f(z) =21+ x9 — min

2$1+l‘2>3

A1+ 19 < 2

Tim tat ca gia tri clia sao sao cho
(a) Tap phuong an la rong.
(b) Tap phuong an khéc rong nhung ham muc tiéu khong bi chan.
(c) Bai toan c6 phuong 4n t6i wu duy nhat .

(d) Bai toan c¢6 vo s6 phuong an t6i uu.
Bai 1.11. Cho quy hoach tuyén tinh

f(x) = 421 + 829 + x3 — 624 — min

2$1 +2.I‘2 —|—3ZL‘3 —|—3.’,174 < 50
4$1 +8.’L‘2 +2$3 +3(B4 = 80
4xy +4xo +x3 +2x4 =40

€ }O, j=14

(a) Ching minh moi phuong an ctia bai toan déu c6 z1 = x4 = 0.

(b) Xac dinh tap phuong an. Tt d6 tim phuong &n tdi wu clia bai toan da cho.

13
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Chuong 2.

TINH CHAT CUA TAP PHUONG AN
VA TAP PHUGNG AN TOI UU CUA
BAI TOAN QUY HOACH TUYEN
TINH

2.1. Tap hop loi

Dinh nghia 2.1.1 (T6 hgp 16i). Giasit ', 22, ... 2™ la cic diém ciia R". Diém

? N. o . .2 % Z X . . m
x duge goi 1a to hgp loi cua cac diem ay neu ton tai \; > 0, ¢ =1,..,m, Y.\ =
i=1

m .
1 sao cho x = > \;z’
i=1
Trong truong hop z 14 t6 hop 16i clia hai diém 2!, 22 ta thuong viét

r=Mr'+(1-N2% 0< <1

Tap hop cac diém 1a t6 hop 161 ctia hai diém z!, 22 dugc goi 1a doan thdng ndi

1

hai diém ay. Khi d6, hai diém z!, 2% goi 14 dau mut, céc diém con lai ctia doan

thing goi la diém trong ciia doan thang ay.
Dinh 1y 2.1.2 (Tinh chit bic cau ciia té hop 16i). Diém x la to hop 1oi ciia

cic diem 27, j = 1,..,m va moi diem 27 la to hop 1oi cia cic diem o', i =1, .., k.

Khi dé x la to hop 1oi cia cdc diem ', i =1, .., k.

Dinh nghia 2.1.3 (Tap 16i). Tap L C R” dudc goi 1a tdp 167 néu L chita hai
diém nao do6 thi né chia ca doan thang noi hai diém do.

Tap rong va tap don ti dudce coi nhu tap 1oi.

14
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Dinh 1y 2.1.4 (Tinh chat tap 15i).
(a) Giao cla cdc tap loi la tap 10i.
(b) Néu L la tap loi thi né chita moi to hop 107 ciia hitu han diém cia tip do.

Dinh nghia 2.1.5 (Diém cyc bién ctia tap 16i). Diém 2° ctia tap 16i L duge
goi 1a diém cuc bién cta tap 10i 4y néu né khong la diém trong ciia doan théng
n6i hai diém phan biét trong L, ttc 1a khong ton tai trong L hai diém phan biéet

ol x? sao cho ¥ = Azt + (1 - Nz2, 0 < A < 1.
Dinh nghia 2.1.6 (Da dién 16i va tap 16i da dién).

(a) Tap L gom cac dieém la to hop 10i clia cac diem z°, i = 1, .., m cho trude duge

goi 1a da dién 107 sinh béi he diem dé 2.

(b) Giao ctia mot s6 hitu han cac nita khong gian trong R™ duge goi 1a tap loi da

dién.

Ngudi ta chitng minh duge rang, mot tap 10i da dien khong rong va gidi noi la

mot da dién 16i.

2.2. Tinh chat ctia tap phuong an va tap phuong
an t6i vu ctia bai toan quy hoach tuyén tinh
Dinh 1y 2.2.1 (Tinh 16i ctia tap phuong an).
(a) Tap cdc phuong dan cia bai todn quy hoach tuyén tinh la tap 1os.
(b) Tap cdic phuong an toi wu ciia bai todn quy hoach tuyén tinh la tap loi.
Dinh ly 2.2.2 (Phuong an cuyc bién).

(a) Néu tap phuong dn ciia bai todn quy hoach tuyén tinh khong rong va la da
dién 107 thi bai todn dé co it nhat mot phuong dn cuc bién la phuong dn toi

uu.

15
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(b) Gid st T la mot diém ciia P={x € R": A >b,i=1,...,m}, trong dé
A; la ma tran dong thi i cia ma tran A ¢d n x m. Khi dé, T la diém cuc
bien cia P khi va chi khi théa man vdi dau bang doi vdi n bat phuong trinh

doc lap tuyén tinh trong m bat phung trinh Ajxz > b;, i = 1..m.

2.3. Tinh chat ctia quy hoach tuyén tinh dang

chinh tic

Dinh 1y 2.3.1 (Diéu kién ctia phuong an cyc bién). Gid st 2’ = (219, 29, . .
la phuong dan khdc O ctia bai toan quy hoach tuyén tinh dang chinh tac, vdi tap phung
an

P = {x ER": A + 20 A2+ 4, AV =D x> O}.
Khi dé, 2° la phuong dn cuc bién cia tap P khi va chi khi hé véc to lien két vdi

nd, tic la he H(x) = {A7: x;0 > 0} doc lap tuyén tinh.

Hé qua 2.3.2 (Tinh hitu han cia phuong an cuc bién). S6 phuong dn cuc

bién ciia bai todn quy hoach tuyén tinh dang chinh tdc la hitv han.

Dinh 1y 2.3.3 (Phuong an cuc bién téi wu). Néu bai todn quy hoach tuyén
tinh dang chinh tdc cé phuong dan toi wu thi né cé it nhat mot phuong dn cuc

bién toi uu.

Dinh 1y 2.3.4 (Diéu kién c6 phuong an t6i wu). Diéu kién can va di dé bai
todn quy hoach tuyén tinh cé phuong dn toi wu la tap phuong dn khdc rong va ham

muc tiéu bi chan.

2.4. Bai tap chuong 2
Bai 2.1. Chting minh cac bai toan sau c6 phuong an toi uu

(a) f(x) =3z + 222+ v3 — max

16
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I1+$2—|—l’3:1
1‘1—$2+£U3:1

:EjZO,jzl,...,S

(b) g(x) =z + x2 + x3 — min
—xr1+ 20+ 23<1

1

1

—T] — X3 — T3 <
—T1 — Ty + T3 <

(¢) ¢(z) =3x1 — 2 — min

r1 20,2920

Bai 2.2. Ching minh rang hinh tron trong R? 13 mot tap 16i.

Bai 2.3. (Gia st « 1a diém ctia tap 16i L. Chitng minh ring z 1a diém cyc bién ciia

L khi va chi khi L\ {z} 1 tap 1oi.

Bai 2.4. Trén R2 cho hai diém A(2,1) va B(3,4) va he bat phuong trinh véi

m-tham sb
20 —y =>2m — 2

r—3y<m-+3
r+y=2—3m
Tim tat ca cac gia tri ctia m sao cho moi diém thuoc doan thang AB déu la nghiem

cua hé da cho.

Bai 2.5. Cho hai tap 16i da dien X = {x e R" : Az > b, z > 0} , trong d6 A 1a
matran cdnxmvayY = {(z,y): x €R", y e R™, Az —y=0>b, x >0, y > 0}.
Chiing minh ring 7 1a diém cuc bién ctia X thi (Z,7) la diém cuc bién ctia Y, ¢ d6

y = AT — b va ngugc lai.

17
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Bai 2.6. Tim tat ca cac diém cuc bién clia cac tap 16i cho béi hé sau

T+ 19 =2

(a)

(
211 + 1o + 323 + 214 + 425 < 10
(b) 1+ 3x9 + 203+ 24+ 315 =5

z;>0,7=1,.,5
Bai 2.7. Trén R? cho céc diém O(0,0), A(0,2), B(1,3),C(2,0).

(a) Viét he rang buoc cho quy hoach tuyén tinh nhan ti giac OABC lam tap

phung an.

(b) V6i gia tri nao clia tham s6 A thi B la phuong an t6i wu clia bai todn quy
hoach tuyén tinh c6 tap phuong an 1a OABC va ham muc tieu f(z) = 2 — 2y —
min

(c) Tim mién gia tri ctia ham s6 g(x) = v — 2y tréen OABC'.

Bai 2.8. Cho quy hoach tuyén tinh

f(z) =221 + Arg — max

I1>07$2<0

(a) D41 v6i mdi gia tri clia A hay tim phuong an t6i wu ctia bai toan da cho.
(b) V6i gia tri nao ctia A thi gid tri t6i wvu ham muc tiéu nhd nhat.

Bai 2.9. Tim tat ca cac diém cuc bién clia cac tap 16i duge xac dinh béi cac hé sau

18
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T —xr3 +2xr4 =1
(b) r1  t+wey vy —2x4 =2
r120 5= 1,...4
Bai 2.10. Chung t6 cac bai toan sau ¢6 phuong an cye bién nhung ham muc tiéu
khong bi chan.

f(z) = —x1 — 229 — 223 + 624 — max
(

=21+ 229 =25

—x1+ 229 — 23+ 24 = 10
(a)

—r1 — 229+ 3x4 = —2

201 + 13— 5y < —13

\ 209 — 2x3 =5
f(x) = —4x1 + x9 — 3 + bry — min
( 221 =4
(b) 61 —229 =6
r3 < -7
r3 +5r4 = —12

\

Bai 2.11. Cho quy hoach tuyén tinh
f(z) = 1 + x9 — max
ar; +bry <1
120,20 20
Tim tat ca cac gia tri tham s6 a, b sao cho
(a) Tap phuong an khéc rong.
(b) Bai toan da cho c¢6 phuong an t6i uu.

(c) Ham muc tiéu khong bi chan.

Bai 2.12. Ddi v6i mdi bai toan sau, chiing t6 rang, «* 1a phuong an cyc bién t6i vu.
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(a) f(z) =4x;—6x9+3x3— min

—2x1 +4x9 —x3 =0
3r1  —bry +2x3 =1
—T —2r3 < =2
—3r9 +x3 <2
! —T9 > —2
¥ =(2,1,0)
f(®) = 29 4223 —2x4 —2z5 — max

.

—2r1 4319 +x3 rs =4
(b) 4y —Ddxo +3x4 —x5 = —6

r1 +2x9 +2x3 —x4 =3

z; =0 ,j=1,.,5

\

2 = (1,2,0,0,0)
Bai 2.13. Cho quy hoach tuyén tinh

2.271 —233'2 < —1
i) < 0

T +2r9 < —1

\ —x1 +4x9 < 3
2 2 1 7
Trong cac diém z! = (—1,0), 22 = (— 3 —6),x3 = (=7,-1),2% = <_ 5

diém nao la phuong an cuc bién, phuong an toi wu ctia bai toan da cho?

20
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Chuong 3.

PHUGNG PHAP DON HINH VA CAC
THUAT TOAN CUA NO

3.1. Co s i luan

Xét bai toan quy hoach tuyén tinh dang chinh tac

V6i A la ma tran m x n, b € R™ , ¢ va x € R", trong d6, A c¢6 hang la m
(m < n). Bai toan quy hoach 1a khong suy bién, tat cd phuong 4n ciyc bién ciia n6
déu c¢6 s6 thanh phan duong bang m va z* = (w1, T2, - - , Ton) 12 MOt phuong &4n
cuc bien. Ky hieu Jy = {j : zo; > 0}. He véc to {47 : j € Jy} doc lap tuyén tinh,
cho nén cac véc to A’ i = 1,..,n déu biéu thi duy nhat qua co s {A7: j € Jo}

A :Z:L’ijAj, 1= 1,.n (4)
jed

Néu goi B la ma tran c6 cac cot 1a {A7,j € Jy} va dat 2 = (x;5) € R™, j € Jy
thi A’ = Ba' hay ' = B™1A", i =1,...,n.

Néu dat 2° = (29) € R™, ¢ = () € R™ v6i j € Jy thi f(ag) = daxg =

J J

0 0 _
> Cjxoj, Ba =b.
Jj€Jo

Dinh nghia 3.1.1 (Uéc lugng). Ta goi A; = "Ta' —¢;, i = 1,...,n la wdc

liong ctia bién 2° (hay clia véc to A?) tng véi co sd Jp.
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Dinh Iy 3.1.2 (DAu hiéu t6i wu). Néu phuong dn cyc bién z* clia quy hoach
tuyén tinh c6 A; < 0, i = 1,...,n thi * la phuong dn toi wu cia bai todn

(1),(2),(3).
CHUNG MINH.

Xét phuong an bat ki y = (y;), ta co:

b= yi. A =
1=1 7

n

yl(z SCZ‘j.Aj) = Z (Z scijyi.)Aj; b= Z SUQjAj(dO (4))

J€Jo je€Jo i=1 J€Jo

= Xoj = wayz ] = 1,2,...n (5)
=1

Tt A; <0 (Vi) suy ra T2 < ¢;. Do dé6, ta dugc:

n

F) =) cyi = > (a)y;
i=1

i=1

- z”: (Z TijCi)Yi

=1 j€&Jo

=) (En: TijYi)C

je€Jo =1

= > ¢ = flwo)

Jj€Jo

Vay, 2° 14 phuong 4n téi wu. O

Dinh 1y 3.1.3 (Dau hiéu ham muc tiéu khéng bi chin). Néu phuong dn cuc

bien 2° cia quy hoach tuyén tinh ma cé §j sao cho A; >0 wva 27 < 0 thy bai todn
(1),(2),(3) ¢6 ham muc tiéu khong bi chan.

CHUNG MINH.

Ta co:
Al = Z zi; AT (Vi) (theo (4))
jedo
Goi
Tij J € Jo
di = (dij) : dij = -1 j=i
0 jé¢JJou{i}
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Xét vée to x(0) = 2° — 0d;(6 > 0), ta co:

ij(Q)A] = Z (ij — onj)Aj + QAZ
j=1

jedo
= ) i A +0(A = > g A) =b+0=0.
jeJo J€Jo

Va z;; <0 mneén d; <0 ma zp > 0, cho nén () > 0 véi moi 6 > 0.
Do do, x(6) la phuong an ctia bai toan.
Mzt khéc, ta thay

f(x(0)) = Z%‘%‘(Q) = > ¢j(wo; — Ozy) + Ocy

Jj€Jo

= Z cjTo; + 9((@) — Z cjxij>

J€Jo j€Jo

= f(zg) —0A; 5 —o0 khi 6 — 400 do A; >0.
Do do6, ham muc tiéu khong bi chan. O

Dinh 1y 3.1.4 (Dau hiéu xay dung dugc phuong an t6i hon). Néu phuong

an cuc bién x°

clia quy hoach tuyén tinh ton tai j sao cho A; > 0 va x; 6 it nhdt
mot thanh phan duong thi cé thé xzay dung duge phuong dn tot hon x°.
CHUNG MINH.
Xét véc to x(0) = xo — 0di(6 > 0). v6i
Iij ] € J()
di = (dij) :dij = -1 j =i
0 jé&hudi}

Theo trén, Az(0) = b va f(z(0)) = f(xo) — 0A; < f(xg) vif >0 va A; > 0.

Tuy nhién, z;; con ¢6 j ma xj > 0 nén khong bao dam cho z(#) > 0, véi moi
6 > 0.

Gia tri 16n nhat ctia 6 dé c6 2(0) > 0 1a
_ Lor

0y = mm{ﬁ c x>0, 5= 1,2,...,m} =
Lij Ty

Béng cach dit 7 = x(fy) duge phuong an méi t6t hon phuong an da cho. [
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Nhan xét 3.1.5. A" 1a véc to dua ra ngoai co sd (J}), con A 1a véc to (vao) co s6
(J§). Viec chon véc t6 vao co sd, thudng theo quy tdc: max{A;:i=1,...,n} = Av

khi d6 Av 1a véc to vao co sé.

3.2. Thuat toan don hinh

3.2.1 Thuat toan don hinh

Thuat toan don hinh dé giai quy hoach tuyén tinh dang chinh tac khi biét phuong
an cuc bién x*.
B1. Kiém tra téi vu.
Xac dinh: ®, 2 = B71AY i =0,1,...,n. Tmh A; =z —¢;, i=1,...,n.
Néu A; > 0, Vi thi z* 1a phuong an t6i wu. Thuat toan két thic. Nguoc lai,

chuyén sang B2.

B2. Kiém tra ham muc tiéu bai toan khong bi chin.
Néu ton tai k : Ay > 0 va 2, < 0 thi bai toan c¢6 ham muc tiéu khong bi chin.

Thuat toan két thic. Ngudc lai, chuyén sang B3.
B3. Xay dung phuong an cuc bién méi t6t hon.

(i) Tim véc to dua vao co s6: Néu maxA; : i =1,...,n =AY thi A” dugc

chon dua vao co sé.

(ii) Tim véc to dua ra co s6: Néu min {ﬂ DTy > O} — 7 thi ta chon A"
Loy Loy.r
dua ra co sé.
(iii) Xay dung phuong &n cuc bién méi (ing véi co s6 vita xac dinh méi).
Biang phép bién doi dong, ngusi ta goi 1a phép xoay, ta cé phuong an

cuc bien méi. Chuyén tré lai B1.

3.2.2 Bang don hinh

Thuat toan don hinh thuong dude biéu dién duéi dang bang. Mbi bude tng véi

mot phuong an cire bién 1la mot bang don hinh.
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M&bi bang don hinh gom 3 +n cot: cot ¢y, cot thit hai ghi cac vécto trong co sd,
cot thit ba ghi 2°. Dong trén ciing ghi vécto hé s6 ham muc tiéu ¢, dong tht hai
ghi cac vécto 27 ma cac thanh phan ctia né duge ghi vao cot tuong tng. Dong cudi
cing ghi f = f(Z) va cac A;, j =1,...,n ma cac gia tri cia n6 dudc tinh ngay

trén bang don hinh nay.

o f(T) = "T2": Tich vo huéng ciia ® va 2°.

o A;j ="l —¢;: Tich vo hudng ciia ® va 2/ trt di ¢;.

Sau khi tinh cac uéc lugng ta tién hanh kiém tra tinh toi wu, tinh khong bi
chan ctia ham muc tiéu. Néu thoéa mot trong hai tinh chat trén thi thuat toan két
thic, con khong thi ta xay dung phuong an cie bién mdéi, tuong ting véi bang don
hinh mdi.

Dé xay dung bang don hinh tiép theo, ta lan lugt lam cac viéc sau:

(I) Tim cot xoay: Néu phuong an chua thoa tinh t6i wu thi cot (v) tng véi véc

to dua vao co s AY la cot xoay.

(IT) Tim dong xoay: Theo quy tac tim véc to dua ra co sd, néu tim duge véc to

dua ra la A" thi dong r la dong xoay.

(ITII) Thuc hién phép xoay: Ta c¢6 dong A" clia ma tran A la dong xoay, cot A"
clia ma tran A 1a cot xoay,thi (z,,) goi 1a phan tit truc. Khi d6, ta xay dyng

duge bang don hinh méi biang phép xoay.
Tt bang don hinh, ta lap bang tiép theo nhu sau:
e Trén dong xoay thay A" bdi A sau do thuc hién phép xoay.

e Chia méi phan tit clia dong xoay cho phan t1t clia truc z,,, nhu vay sé 1 xuat

hién tai vi tri truc.

e Dé tinh dong i mdi i € J\ {r}, ta lay dong i cti trit di tich ctia dong xoay da
bién ddi véi phan tit nam giuao gitta hai dong dang tinh va cot xoay (ké ca

dong udc lugng).
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Vi du 3.2.3. Giai bai toan quy hoach tuyén tinh sau:

flx)= z1 —zo +2x3 —214 —3x6 — min

T +r3 +x4 —Tg =2
T2 +x4 +xg =12

dxs +2x4 x5 +376 =9

x; =20, 7=1,..,6
Giai
Bai toan c¢6 dang chuan téc.

C° | Co 1 [-1] 2 -2 0 -3
s6 | 2 | 2t [ 2% 23 | 2t | 2® | a®

1 | AV 2 1 0 1 1 0 -1

1 (A*| 1200 |10 | 1] 0|1

0 4] 9 0 |0 4 2 1 3

f 110 0 0| -1 ()] 0|1

At 2 1 0 1 1 0 -1
A2110) -1 1] -1 0| 0|2
A5 | 2 10| 2 0 1 5
fl14] -2 0] -3]01] 0@

AY1 31061014 1 020

A3 8 [-02] 1 |-18| 0 |-04]| 0

A% 1 1-04]0104] 0 |02] 1

f |-17]-08]0|-42] 0 [-06| O

Ta thay ngay phuong an phuong an cic bién z*

v6i co 5§ { AL, A% A5}

26
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3.2.4 Trudng hop bai toan suy bién

Truong hop bai toan suy bién, dé tranh xoay vong ta c6 thé stt dung quy tic Blac

dé chon véc t6 vao co sé:
A" 1a véc to vao néu v = min{i : A; > 0}.

Tuy nhién, xoay vong hién gip.

3.2.5 Tim phuong an cuc bién va co sé ban dau

Thuat toan don hinh gbc, 4p dung gidi quy hoach tuyén tinh khi dua dang chinh
tac, c6 san co s6 don vi va phuong an cuc bien. Tuy nhién khong phai lic nao ciing
gap may nhu vay. Trong truong hop do, ta phai tim cach dua vé dang cé thé ap
dung thuat toin don hinh ma tim ra phuong 4n cuyc bién xuat phat. Mot trong
nhitng cach dé6 1a dung bién gid sé dugce trinh bay dudi day, c6 hai dang: Hai pha
va danh thué.
Thuat toan don hinh hai pha
Bai toan gbc, bai toan bé trg

Gia st can gidi bai toan (ma ta sé goi 1a bai toan gbc):

f(z) = ¢’z — min

Axr =10

Tuong tGng v6i bai toan gbc, ta lap bai toan bo trg sau:

F(z,w) = Tpy1 + Tpyo + .o + Tpipm — min

Ar+w=1»

x>0, W=>=0
Trong d6, w! = (Tni1, Tny2, .- s Tngm) VA Ty 18 cdc bién them vao, goi 1a bién
gid i =1,2,..,m. Cac véc to A" 1a cac véc to don vi gid i =1,2,...,m.
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M5i lién hé bai toan gbc va bai toan bd trg
Goi tap phuong an bai toan goc va bo trg 1a P va P'.
Ta thay, x € P khi va chi khi (x,0) € P’; x 1a phuong &n cuic bién bai todn goc
khi va chi khi (z,0) 14 phuong an cyc bién bai toan bo trg.

Xét bai toan bd tro.

+ P # 0 vi(0,b) € P' v F(x,w) > 0. Do d6, bai todn bd trg luon c6 phuong

an toi uu.

+ Bai toan bd trg c6 dang chinh tic, c6 san co sé don vi va phuong an cuc bién
nén ap dung phuong phap don hinh gbc dé giai. Tim dudc phuong an cuc
bién t6i wu 1a (Z,w) = (T1, ..., Tn, Tntl, - - -, Tnrm). Hay xét hai truong hop

W=0vaw 0.

* w # 0, suy ra, ton tai T,.; > 0. Khi d6, bai toan goc c6 tap phuong an

P =0.
That vay, néu ton tai z € P thi (z,0) € P/ va F(x,0) = 0 va tai z,4; > 0
thi Fim = F(Z,w) > 0 > F(z,0) vo li. Do do6, P = 0.

* w = 0. Ttic 1a moi bién gia bang 0, khi d6, T 14 phuong an cuyc bién clia
bai toan goc.
Lic w = 0 thi Fn = F(Z,w) = 0 va (7,0) 1a phuong an cuc bién cta

bai toan bo trg nén la phuong an cuc bién ciia bai toan goc.

Thuat toan hai pha.

Pha 1. Tim phuong an cyc bién cho bai toan goc.
(i) Lap bai toan bd trg. Lap bién gia ting cho nhitng véc to don vi con thiéu.

(i) Giai bai toan bd trg, 4p dung phuong phap don hinh dé gidi, tim F,.
Néu Fipnin # 0 thi tap P = (). Dimng.
Néu Fiuin = 0 thi tim dude z* 14 phuong an cuc bién cho bai toan gbc chuyén
sang pha 2.

Pha 2. Tim phuong 4n cuc bien t6i uu, ap dung phuong phép don hinh dé giai.
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Vi du 3.2.6. Giai quy hoach tuyén tinh

f(z) = 2z1 + 6292 — bx3 + x4 + 45 — min

r1 —4ry +2x3 —5ry +9x5 =3
) —3x3 +4xry —bxr5 =06

T9 —r3 x4 —x5=1

Giai
Ta dua vao hai bién gia 1a x4, 27 cho cac rang budc thit (2) va (3). Khi do, ta dugce
bai toan bo trg sau.

F(z) = x¢ + x7 — min

r1 —4xy +2x3 —dxy +9x5 = 3
) —3x3 +4xry —dr5+16=0

T9 —r3 +r4 —T5+x7=1

Céc bang don hinh giai bai toan trén la

o| Co
C’l & )& 2 6 5 1 4
0 X1 X2 X3 X4 X5
0] A1 3 1 -4 2 5 9
1| A6 6 0 1 -3 4 -5
1| A7 1 0 1 -1 -4
F 7 0 2 4 -6
A1 8 1 1 3 0 4
A6 o 0 =y | 0 -1
A4 1 0 1 -1 1 -1
F 2 0 = T 0 -1
2 [ A1 14 1 -8 0 0

5| A3 2 0 .3 1 0 -
1| A4 3 0 2 0 1 -2
F 0 0 0 0 0 0

f 21 0 -9 0 o G
A1 14 1 -8 0 0 1
A3 16 1 11 1 0 0
A4 31 2 -18 0 1 0
f 7 -1 1 0 0 0
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Vay, phuong an t6i uvu x = (14,0,16,31,0) va fupm = 7.

Nhan xét 3.2.7.
+ Nhap s6 lieu lac dau he s6 z; cia F' 1a 0 néu né 1a bién, con bién gia 1a 1.

+ Pha 1. Két thic sau 3 budc lap, dau hieu t6i wu bai toan bé trg xuat hien,
trong co sd khong c6 bién giad. Ta tim duge phuong an cic bién cho bai toan
goc.

+ Pha 2. Ta phai tinh u6c lugng tuong tng phuong an tim dugc.

Vi du 3.2.8. Giai quy hoach tuyén tinh.
f(:E) = Tx1 4+ 29 — 43 — min

—6x1 +4x9 +5x3 = —20
Iy —|‘233'2 xr3 = 8

3r1  +2r9 —x3 < =8
2, >0,j=1,2,3
Giai
Ta chon bién bl x4, x5 ta dua bai toin dang chinh tic v6i b > 0 nhu sau.
f(z) = 7x1 + 29 — 423 — min

6x; —4xy —dx3+ x4 =20
1  +2x9 r3 =8
—3r1 —219 +x3—2T5=238
v >0,5=1,2345
Tiép tuc chon bién gid xg, x7, ta c6 bai toan bo trg sau.
F(z) = x¢ + x7 — min
6xr1 —4x9 —brs+ x4 =20
r1  +2x r3+ 216 =8

—3r1 —2x9 +13—T5+ 17 =28
r; 20,7=1,2,3,4,5,6,7

30



Quy hoach tuyén tinh Truong DHSP Dong Thap

Ta ¢6 bang don hinh sau:

Co|Co| O] 7 |1 |-4]0]0
sG | 20 | 2t 2] 23 |2t 2P

0 A% 20 6 |4|-5|1]0
1A 8| 121|010
1 |AT] 8| 32| 1/|0]|-1
Fl16| 2 [ 4] 2 ]0]-1

0 [A*|36| 8 |0]-3]1]1
1 |A%2) 4 105|1]05[01]0
0lA" 0| -4]0|0]0]-1
F| 0| -4]0|0]0]-1

4 [-650145[01]0

A 160 | 11 |6 | 0 | 1|1
A8 | 1 ]2 1010
AT 0| -4 0] 01]0]-1
f1-32/-11[-9] 01]0]0

Vay, phuong an t6i uvu x = (0,0,8) va fim = —32.

Nhan xét 3.2.9. Budc 2 két thic pha 1, tuy co sé con bién gia nhung gia tri bang

14 0. Do do, ta tim dugc phuong an ciic bién suy bién cho bai toan goc.

Thuat toan danh thué (Thuat tosn bai toan(M)).
Bai toan M-16n
Ta c6 thé két hop hai pha ctia phuong phap hai pha thanh mot nhd phuong
phap danh thué vao bién gid. Tu bai todn xuat phat dang chinh tic, ta lap bai
toan M-16n nhu sau.
F(z,w) = c"x + M(Zpi1, Tnio, .., Tppm) — min
Ar+w =0

r>20w>=0
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Trong d6 w = (Tpi1, Tna2s - -+ Tntm)s Tntls Tni2, - - - Tnim 01 12 cac bién gia.
M 1a s6 duong rat 16n (16n hon bat ¢t s6 nao can so sanh). Ung véi mdi bién gia
thi c6 hé s6 ham muc tiéu ctia n6 1a M, nhu la st danh thué vao bién gia.

MGi lién hé bai toan gbc va bai toan M-16n

Dinh Iy 3.2.10 (Quan hé giita bai toan géc vA M-16n). Xem bai todn goc va

bat toan M -lon tuong ing thi

(a) Néu bai todn goc cé phuong an thi moi phuong dn cuc bién toi wu clia bai todn
M-lon phai co w = 0.

(a) Néu bai todn goc cé phuong an toi wu x thi bai todn M-Ién phdi cé it phuong

an o1 vu (x,0) va ngudc lai.

Nhan xét 3.2.11. Nhu vay, dé giai bai toan goc, ta c6 thé gidi bai toan M-16n
tuong tng. Khi bai toan M-16n khong c¢6 phuong an hoac ¢6 phuong an cyc bién

to1 wu (z, w).

Véi w # 0 thi bai toan gbéc khong c6 phuong 4n ndo cd; néu né c6 phuong an

t61 wu dang (x,0) thi z 1a phuong an t6i wu bai toan goc.

Thuat toan danh thué

(i) Lap bai toan M-16n. Lap bién gi4 tng cho nhiing véc to don vi con thiéu.
Lap bang don hinh xuat phap: Cac uéc lugng c6 dang A; = a; + $;M nén
tach ra hai dong. Dong trén 1 oy, dong dudi 1a 5;. Ta c6 thé bo cot bién gid

khong lap.

(ii) Ap dung phuong phap don hinh giai.
Khi gidi, so sanh cac uéc luong A; = a; + 3; M, ta ap dung theo quy tac:

(a) Az < 0 néu ﬁz < 0 hoac (5120\/3 Q <0)
(b) A; > 0 néu §; > 0 hodc (8; =0 va a; > 0).
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(C) A; < Aj néu 0B < ﬁj hoac (52 = 5j va o < Oéj).

DAu hiéu bai toan gbc c6 tap phuong an réng la phuong an téi wu clia bai

toan M-16n 1a (x,w) ma w # 0 hodc Fim(z,w) == ag+ oM ma [y # 0.
Vi du 3.2.12. Giai quy hoach tuyén tinh sau:

f(z) = =321 + 22 + 323 — £4 — min

1 2ry —x3  +x4 =2
2%1 —61}2 —|—3$3 +3$4:9

r1 —Ty +x3 —14=206
2, >0,j=1,2,3,4
Giai
Ta chon bién gid x5, x6, 27, ta c6 bai toan M-16n tuong ting sau

F(x) = =31 + x2 + 373 — 24 + M (25 + 26 + 27) — min

r1 +2x9 —r3 HT4+x5=2
27 —06xo +3x3 +3x4+ 26 =9

r1 —xo H4r3 —x4+2x7=06

2;20,j=1,2,34,56,7

Ta ¢6 cac bang don hinh.

Co|Co| O ]-3|1 3 -1

6 | 20| 2t | 22| a3 xt
M | A° 1 2 -1 1

=
=

AS | 510 |-10] 5 1
AT | 4 033 -3 2 -2
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F | -6 0 |-70] -2

910 |-13] 7 | -1
AL 31110 0 | 12
A1 1]0] - 12102
AT 210 1| 0 | -24
F|6|0]-7] 0] -2

210 1] 0 | -24
AL 31110 0 | 12
A1 51010 1 | -46
A2 210 1| 0 |-24
F|{8|0| 0] 0 |-188

0[0] 01 0 0

Vay, nghiém t6i uu bai toan z = (3,2,5,0) va fim = 8.
Vi du 3.2.13. Giai quy hoach tuyén tinh
f(z) =2z — 229 + 323 — min
201 + 229 — 23 < 1
{ r1— T9g—3r3 > 1
v, >0,5=1,23
Giai
Goi hai bién bt x4, x5, dua bai toan vé dang chinh tic va zg 1a bién gid, ta co
bai toan M -16n sau.
F(z) = 221 — 229 + 323 + Mxs — min

{ 201 + 219 — x5+ 24 =1

T1— X9 —3r3 — x5+ =1
r; >0,7=1,2,3,4,56
Ta ¢6 cac bang don hinh sau:
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Co|Co|l O |2]-2] 3] 010
s | a2 [t |22 2?2 | 2t | 2P

0 |A*] 1 ]|2|2] -1 110
M[AS| 1|1 -1 3]0 |-1
F|lO0|[2/2|-3]010

1 |1]-1]-3]0 [-1

AV 105 1 [ 1|-05/05]0
A5 1050 |-2]-25[-05]-1

F|l 1|04 -4 110
050 |-2|-25|-05]-1

Vay, bai toan da cho c¢6 tap phuong an rong. Do bai toan M-16n ¢6 phuong
an to1 vu z = (0.5,0,0,0,0,0.5) c¢6 bién gia x¢ = 0.5 > 0.

3.3. Bai tap chuong 3

Bai 3.1. Cho bai toan quy hoach tuyén tinh:

3r1 + 2x9 + Sr3 — 224 — mMin (3.3.1)
T +T7x3 —314 =7
To —2r3 +T4 =1 x; > 0,7 =1, 2,3,4,5. (332)

3rs —x4 +x5 =16

(a) Tim phuong 4n cyc bién x ting véi co s A3, A1) A5
(b) Dai vé6i phuong an cuc bién  hay tinh cic ude luong A;,j =1,2,3,4,5. Tu

do6 suy ra tinh t6i wu cua z.

Bai 3.2. Giai cc bai toan quy hoach sau bang thuat toan don hinh (tén goi chung
cho thuat toin don hinh goc, thuat toan hai pha, thuat toin bai toin M va ca

thuat toan don hinh déi ngau)
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(a) f(x)=3x1 + 2x2 + dx3 — 224 — min
T +7x3 —3x4 =7
To —2x3 14 =1
3rs —x4 +x5 =16
x; >0,5=1,2,3,4,5.
(b) f(z) =31 + 3xe + 223 + Tz4 — max
{ 311 42wy 4wy +3ws +2z5 <15
r1 +2x9 4wz +4rs H+ax; <19
x; >0,5=1,2,3,4,5.
(c) f(z) =1 — 229 — min
{ -1 Fx <2
T —2r9 <3
1 > 0,29 > 0.
(d) f(z) =2z + 4x9 + 23 + 4 — max
r1 +3x2 +xs <4
2x1  4xo <3
ro +4x3 +x4 <3
x;>0,7=1,2,3,4
(e) f(z)= —3w2+ 224+ 226 — min
Ty +5x4y x5 +2x¢ =10
To —r4 x5 =3

3 —5:E4 —31‘5 +8£E6 =1
x;>0,j=1,2,3,4,56.

(f) f(x) = —x1 4+ 29 — 23 — 4 + 225 + 226 — min

Tr1 +T2 +x3 +T4 =10
To  —x3 +2x4 x5 =0
209 +x3 4814 +x¢ = 30

z; > 0,j=1,2,3,4,5,6.

(g) f(x) =214 22+ x3 — min
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I —XT4 —2%6 =5

o +2:L’4 —3$5 Te =3

+x3 +2x4 —dxrs +6x5 =5
x;>0,7=1,2,3,4,5,6.

(h) f(z) =29 — 3x4 + x5 + 626 — min

I —T4 —23’)6 =7
To +X3 4:]35 71}6 =9
T2 3rg =4

2;>0,j=1,2,3,4,5,6.
Xuat phat tit phuong an cyc bien 7 = (1,4, 3,0,0,0)

(i) f(x) = —bz1 + 29 — 223 + Hrgy — max
Ty —x2  +2x3 <7
2r1 4xy 433 —3x4 <9
3r1 —2x9 +x3 +x4 <30

2;>0,j=1234.

() f(x)=—-11x; + 329 — x5+ 11lx4 — min
1 —xp +4xz —3r4 <5
T —2x3 —2x4 <4

201 —x9 —x3 +x4 <06
r; >0,7=1,2,3,4.

Bai 3.3. Giai va bién luan bai toan sau theo tham sb ¢:
f(x) =221 + tog + 3 — min

6xr1 +8rs —2x3 <1

201 —8wy +x3 <3

—X1 —51’2 +Is3 §2
z; >0,7=1,2,3.

Bai 3.4. Giai bai toan sau xuat phat ti phuong an cyc bien T = (1, 2,0, 3)

f(x) =2x1 — x9 — 1523 + 424 — max
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r1 +2r9 —x3 w14 =38
—r1 ‘19 +x3 —I14 = —2

3r1 —w9 Hdrs +x4 =4
xj = 0,7 =1,2,3,4.

Bai 3.5. Cho bai toan quy hoach

f(z) = —x1 + 29 — 223 — 324 + 425 — min
)
3x9 —4ry +3z; < 34
1 +4ze 4+ry —2x5 =24
Txg +2xy —3xs <12
1 L.
\ 51’2 +x3 —5335 =

z;>0,5=1,2,3,4,5.

(a) Hay giai bai toan trén bang thuat toan don hinh.

(b) Hay giéi bai toan da cho khi ¢6 thém rang budc f(x) > —106.

Bai 3.6. Cho bai toan véi tham s6 t

f(x) = —21 + x3 — tr4 — min
( —r1 o 12253 —2txy +4xy =
211 +8x3 —|—<1 — t)iL‘4 +2x5 =14
T +H(t—1)xy —3x5 =4
1
\ 556‘2 +IE3 —51’5 =

z; >0,j=1,234,5

(a) Biét rang 7 13 mot phuong an cyc bién tng véi co sd AL, A%, A°. Hay lap

bang don hinh tng véi 7.
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(b) Tu bang don hinh vita lap duge, hay tim tap tat ci céc gia tri clia ¢ sao cho

7 1a phuong an t6i uu.

(c) Giéi bai toan da cho khit =1vat=3.

Bai 3.7. Giai cac bai toan quy hoach tuyén tinh sau bang thuat toan hai pha

(a) f(z)=2x1 + 629 — bz + x4 + 425 — min
r1 —4ry 4+2x3 —dxry 4915 =3
r9 —3x3 +4xry —dr5; =06
To —r3 4x4 —x5 =1
x; >0,5=1,2,3,4,5.
(b) f(z) = Tx1 + x9 — 4x3 — min
—6x1 +4x9 +5x3 > —20
T +2x9  Hx3 =8
3r1 —2x9 —x3 < =8
r;>0,7=1,2,3.
(¢) f(zx)=—z1+ 323 — x4 — min
T —r3 +2r4 =1
2v1 4wy +4x3 —214 =2
3r1 +x9 +3x3 =3
x; >0,5=1,2,3,4.
(d) f(z) =21 — 229 + 3x3 — min
2¢17  +xo +3x3 =2
201 +3x9  4dxz =1
r1 —x9 +3r3 <4

z;>0,j=1,23.

(e) f(x) =21+ 29 — 3 — 424 — Mmax
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;

21’1 —|—2332 —XI3 Sl
T +3.’L‘2 +I3 S—Q

31’1 —|—4332 —X3 §3

T3 >0
Bai 3.%. Giai céc bai toan sau bang thuat toan M:
(a) f(z) =4z, + bxe — 223 — min
T o +r3 <6
217 3ryg —x3 =1
r1 +2x9 —x3 =10
2 >0,j =123
(b) f(x) =21+ 29 —x3 — min
2001 —x9 Hax3 =2
dry —x9 4223 =1
T +2x9 —4drs <4
2 >0,j =123
(¢) f(z)=z1 —3xy — max
4r1 +3x9 <12
—x1  +wp <5
r1 +dbry <6

x> 0.
(d) f(z) = —3z1 + 222 — max
{ T, —trys <1
—x1 Fx9 >1
2;>0,5=1,234
(Bién luan theo tham s6 ¢ > 0).

(e) f(x) =bx1 —x9+ 23— 1024 + 75 — max

31’1 — X9 —XI3 =4
Ty —x2 +T3 +I4 =1
21‘1 —f—l‘g —|—2333 —|—$5 = 7
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2;>0,5=1,2,3,4,5.

(f) f(CU) = T4 — T5 — Max

229 —x3
211 +2x3
) 1 —2x9
xr1  +xo a3

2> 0,7 =1,2,3,4,5.

(g) f(x) = —3x1 + 22 + 33 — r4 — min

I —|—21‘2 —X3

2r1 —2x9 +3x3 +314

r1 —xo +2x3
r; >0,7=1,2,3,4

—Xy4 +I5

—X4 X5

>0
>0
>0
=1
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Chuong 4.

BAI TOAN QUY HOACH TUYEN
TINH DOI NGAU VA THUAT TOAN
DON HINH POI NGAU

4.1. Bai toan quy hoach tuyén tinh déi ngiu

Dinh nghia 4.1.1 (Bai toan déi ngau). Cho cic bai toan quy hoach tuyén tinh:

f(z) = c’x — min
Al
AiTxébl- 11 € My
(a) | Az =b; ;i € M3
zj =20;5€ N
r; <057 €Ny

ijR;jENg

g(x) = b’y — max
(yi>0;iEM1
Y <0, 1€ My
|\ yi € R, 1€ M;
(?JTAJSCJ‘JE]\G

yT AT > ¢;, j € Ny

yTAJ = Cj, ] - N3

\

Ngudi ta goi bai toan (a) 1a bai todn goc va (b) 1a bai todn doi ngau.

Trong d6 AT 1a véc to dong i clia ma tran A, A7 1a véc to c¢ot j clia ma tram A.

Mbi rang budc bat dang thiic clia bai todn nay tng v6i mot bién trong rang

buodc vé dau ctia bai toan kia, goi 1a cip rang budc doi ngau. Dong thoi cac chiéu

cia bat déng thitc c6 quan hé v6i nhau thé hien ¢ bang sau:
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Goc min | max DO6i ngau
=b | R
Rang buoc | <b; | <0 Bién
>b; | >0
>0 <¢q
Bién <0 | > ¢ | Rang buoc
eER| =g¢

Vi du 4.1.2. Xét quy hoach tuyén tinh & bén trai va bai toan d6i ngau bén phai,

cac bail toan sau:

g(y) = byy + 6ys + 4y3 — max

f(z) = x1 + x2 + 3x3 — min

—x1 +319 =5 -1 2y <1
(a) 201 —x9 +3w3 =6 (b) 31—y > 1
r3 <4 3y +ys =3

y2>07 y3<0

21 20,22 <0

Nhan xét 4.1.3. Quan hé ddi ngau gitta cac bai toan quy hoach tuyén tinh c6

tinh chat déi xing.

Dinh 1y 4.1.4 (Dé6i ngau yéu). Néu x,y lan lugt la phuong dn ciia bai todn quy

hoach tuyén tinh goc va doi ngau thi g(y) < f(x).

CHUNG MINH.

Ta dat

,m

vi=(c; —y ANz, j=1,...,n

(4.1.1)

Theo dinh nghia bai todn d6i ngau, thi y; va ATz — b; cting dau, ¢; — yT A7 va

x; cung dau. Do d6, u; > 0 va v; > 0 v6i moi ¢, j.

Ta co

m
> ui=y' Ar —y'b;
=1

n

_ I T A
E vj=cx—y Az;
Jj=1
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Do d6, 0 < Sus + > vy = e —yTb = f(x) — g(y) = g(y) < f(x) =
? J

P — —

Hé qua 4.1.5. Gid st T,y la phuong dn cia bai todn goc va déi ngau. Néu f(T) =
g(@) thy T,y lan lugt la phuong dan toi wu cia bai todn goc va doi ngau.
CHUNG MINH.

D61 véi moi z,y 1a phuong an bai todn goc va doi ngau thi g(y) < f(z) =

g(@) < f(z). Chiing t6 tinh t6i wu clia T, 7. 0

Dinh 1y 4.1.6 (D6i ngau manh). Mot cdp bai todn doi ngau, néu bai todn nay
c6 phuong dn toi wu thi bai todan kia ciing cé phuong dn toi wu va gid tri toi wu cia
chiing bang nhau.
CHUNG MINH.

Gia st bai toan goc c6 phuong an t6i wu. Do d6 bai toan dang chinh tac tuong
tng n6 c¢6 phuong an téi wu la 20 véi ma tran co sd B. Khi de, y° = g)T /\él la
phuong an ctia bai toan doéi ngau. Goi 2° 1a phuong 4n t6i wu bai toan gbdc thu

duge tu ;5. Ta co6:
9(y") =" = @B b= "2 = f(a°)
Vay, 3° 1a phuong an tdi wu bai toan déi ngau. O
Dinh 1y 4.1.7 (Su ton tai phuong an). Ddi vdi cip bai todn goc-doi ngau ciia
quy hoach tuyén tinh chi c6 mot trong ba truong hop sau xdy ra:
(i) Cd hai cung cé tap phuong an rong.

(it) Cd hai cung cé phuong dn toi wu va gid tri ham muc tiéu cia ching bang

nhau.

(11i) Bai toan nay c6 ham muc tiéu khong bi chan, con bai todn kia cé tap phuong
an rong
CHUNG MINH.
Theo dinh 1{ d6i ngdu manh, ta c6 (ii). Néu khong c6 (ii) thi x&y ra (i) hodc
(iii).
Theo dinh 1i d6i ngdu yéu, thi ¢6 (iii). Bang vi du chi ra ¢6 (i). O
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Dinh 1y 4.1.8 (Do léch bu). Gid st x va y la phuong dn cia bai todn goc-doi

ngau tuong ing. Khi do, x va y la toi wu khi va chi khi
yi(ATz —b)=0 Vi (4.1.2)
(—y"A7)a;=0 v (4.1.3)
CHUNG MINH.
Tac60< Y ui+ Y v =c'z—y'b= f(z) — g(y) va x,y la cap phuong an toi
[ J

uu thi f(z) = g(y). Khi d6, u; = 0 va v; = 0 v6i moi 4, j. Do d6

yi(Ajz —b)=0 Vi (4.1.4)
(¢j -y AT)z;=0 v (4.1.5)
Dinh 1y dugce chiing minh. ]

Vi du 4.1.9. Kiém tra tinh t6i wtu clia phuong an 2* = (2,0, 1, —2, 3) ctia bai toan
quy hoach tuyén tinh.
f(z) = —4z1 + 929 + 1623 — 84 — 2025 — min

51’1 +4ZI?2 —I3 +3!I?4 +Zs5 >5
—x1 +2x9 +4x3 —2x4 —dr5 > —9
—r1 —2r9 —r3 +2xr4 +3x5=2

2;>0,j=1,23
Giai
Goi y = (y1,¥2,y3) 14 phuong 4n bai toan ddi ngau tuong tng z*.

Ta c6 Ajx* =6 > 5, Agx™ = =9, Agx™ = 2 nén y; = 0.  Mat khac, xét z* ta

c6 7, x5, x), v5 khac 0 nén

-1 -1 —4

4 -1 Y2 16 ya = 4
= &

-2 2 Y3 —8 ys =0
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va f(z*) = =36, g(y) = —36.

Vay, z* 1a phuong an t6i uu.
Vi du 4.1.10. Cho bai toan quy hoach tuyén tinh

f(x) = 621 + 229 + Tx3 + 814 — 525 — 926 — MiIn

=27 419 —x3 +314 +2x5 > 7
—3xy +2x3 +4ry —x5— 3x5 > —8

r1 —2x9 +4x3 —3r4 —DHrs5— 316 = —22

2;20,7=1,2,3,4,56

(a) Ching t6 z* = (0,0,9,0,8,6), y* = (3,1,2) tuong ting la phuong an t6i wu
clia bai toan da cho va bai toan déi ngau clia no.

(b) Tim tap phuong an t6i wu clia bai toan da cho.
Giai

(a) Xét x*, ta thay xF > 0 v6i moi j.
Ayx* =7, Agr® = =8, Agzr™ = —22. Neén z* 1a phuong an va f(xx) = —31.

Tuong tu, xét y*, ta thay yF > 0 véi moi 4.

Aly = —4<6, Ay = —4<2, Ajy" =T7<T

Aly*=7<8, ALy =-5< -5 Aly"=-9<-9

Do d6, y* 1a phuong an va g(y*) = —31.

Vay z*,y* tuong ting 134 phuong an téi uu ctia bai toan da cho va bai toan doi
ngau cua no.
(b) Tim tap phuong an t6i wu ciia bai toan da cho.

Goi z(x;) 1a phuong an t6i vu bai toan da cho tuong tng y*.

T ATy* = -4 <6, AL = —4<2 AT =7<8matalaicor =29 =124=0
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(

f(z) = Txs — bxs — 926 = —31
—x3+ 215 > 7

2rx3 — x5 — 316 > —8

4xg — bry — 3 = —22

(7 =2 0,=;7=3,5,6

(
T3 — 226 = —3

—T5 + 16 = —2

= —r3+2x5>7

203 — x5 — 3w > —8

rj > 0,=5=3,5,6

r3=—3+2t

rs =241
=

33'6Zt

t>3/2

\

Vay, tap phuong an t6i uu ctia bai todn da cho 1a T = {(0,0, =3 + 2t,0,2 + ¢, ¢) :
£>3/2)

4.2. Thuat toan don hinh déi ngau

Thuat todn don hinh déi ngau la thuat toan don hinh ap dung vao gidi bai toan
d6i ngau ctia quyb hoach tuyén tinh da cho nhung cac buéc tién hanh lai duge
dién ta trén bai toan goc. Sau day ta tim hiéu noi dung ctia thuat toan don hinh

do6i ngau.
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4.2.1 Co s6 i luan

Dau hiéu to6i uu.

Ta xét bai toan dang chinh tac

f(z) = "r — min (4.2.6)
Az =10 (4.2.7)
x>0 (4.2.8)

va bai toan do6i ngau ciia noé
T
9(y) =b"y — max

ATy <e

Trong d6 A 1a ma tran c¢d m x n va A c6 hang lam. B ={A7 : j € Jg} 1a mot co
| A =c5€T
sG cua ma tran A. B duge goi 1a co s6 doi ngau néu , tic
A< Cj; ¢ Jp
14 ton tai phuong an ciyc bién 7 tng véi co s B clia bai toan doéi ngau.
Nhan xét.
o Taco !l =Bt suyra gl A = (B YA = M(B1A)) = Mgl =
Aj + ¢j vay B la co s6 doi ngau khi va chi khi A; <0, V7.
7 =10; khi j€jp
e Gi& phuong an. Dat 2° = B™'b = (), j € jp VAT = ’ ’
70 Kl s
Ta goi T 1a gid phuong an ciia bai toan gdc thi d6 1a phuong an ciic bién toi vu.
T d6 ta c6 dau hiéu t6i wu sau.
Dinh 1y 4.2.2 (Dau hiéu téi wu). B la co sd doi ngau cia quy hoach tuyén
tinh. Néu 2° = B='b > 0 thi 7 la phuong dn toi wu cia bai todn doi ngdu va gid
phuong an T la phuong dn toi wu cia bai todn goc.
Dinh 1y 4.2.3 (Dau hiéu tap phuong an réng). Néu ton tai j € J, sao cho
xoj < 0 va x5 > 0 vdi moi i thi bai todn doi ngau cé6 ham muc tiéu khong bi chan.
Cho nén bai todn goc cé tap phuong dn rong.
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Dinh Iy 4.2.4 (DAu hiéu phuong an cyc bién tét hon). Néu ton tai j sao
cho xzo; < 0, dong thoi vdi ton tai i sao cho xj; < 0 thi ¢6 thé zay dung dudc

phuong dn cuc bién cho bai todn doi ngau tot hon.

4.2.5 Thuéat toan don hinh déi ngau

Gid st da ¢6 sin mot co sG don vi 1a co s6 d6i ngdu ctia bai toan (4.2.1), (4.2.2), (4.2.3).
Ta lap bang don hinh giéng nhu thuat toin don hinh gdc theo cac budc sau:
Bu6c 1. Dat 2/ = A7, (j = 0,1,...,n), tinh A; = 2/ —¢;, 7 =1,2,...,n va
020,

Chuyén sang budc 2.
Buéc 2. Néu 2° > 0 thi gid phuong 4n 7 1a phuong an t6i wu va két thic thuat
toan.

Néu trai lai chuyén sang budéc 3.
Budc 3. Néu ton tai ¢ € Jy sao cho 19 < 0 va z;; > 0 v6i moi j = 1,2,...,n thi
két luan tap phuong an la réng.

Néu trai lai thi chon Ay = min{zyp: i € Jo} va gia su

A A
0 = k:min{ i

Tk Lk

L Ly < o} (4.2.9)

Chuyén sang budc 4.
Budc 4. Thuyce hién phép quay xung quanh phan truc x4, ta thu duge gid phuong

an moéi, coi n6 nhu gid phuong an ban dau roi quay lai buée 2.

Cha y 4.2.6. Bang don hinh dugc 1ap nhu trong thuat toan don hinh gboc, chi
khac nhau & chd, tai vi trf ghi gia tri ham muc tiéu & cot 2° khong ghi f(Z) nhu
trudec ma la g(y), rieng bang da xuat hién dau higu t6i wu thi hai gia tri noi trén

trung nhau.
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Vi du 4.2.7. Giai bai toan

f(z) = 4z1 + 622 + bxg + 324 — min
r1+ 29+ 3x3 + 214 > 5
r1+4x9 + 2034+ 14 > 3

r; >0, 7=1,2,34.
Giai
Dua vao hai an but khong am x5, zg ta duge hé rang buoc mdi.

{—xl —X2 —3.%’3 —233'4 +Zs = -5

—X1 —4£L’2 —2%3 —4$4 +Zg = -3

2; >0, j=1,2,3,4,5,6.

Cac rang buoc ctia bai toan déi ngau la:

YAl = —y; —yp < 4 'yA? = —y; — 4y < 6
byA3 = =3y, — 2y, < 5 byA' = —2y; — 9 <3
YA = —y <4 YAS =y, <0

Ta thay ngay 7 = (0,0) la phuong an cyc bién ciia bai toan d6i ngau vi dé
thay no 1a phuong an, ngoai ra con théa man dau ” =" déi véi hai rang buoc doc
lap tuyén tinh cudi cuing; co s6 dbi ngau tuong ting 1a co s6 don vi gom hai vecto
A5, A% Ung v6i co s6 d6 1a gia phuong an T = (0,0,0,0, —5, —3). Cac két qua tinh
toan dugc thé hién trén cac bang don hinh duéi day.

O budc lap dau tien ta thay 20 = (=5, —3) < 0, min(zs50, Tg) = min(—5, —3) =
—5. Do d6 A® ra khéi co sé. Vi

min{% D55 < 0} = min{
5j

—4 —6 -5 -3 A

g —— _} == (4.2.10)
—1"-1"-3" =2 T54

nén dua A* vao co s thay A°. Thuc hién phép quay xung quanh phan ti& truc

r54 = —2 ta c6 budc lap thi hai.
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O bude cudi, ta thay 2° = (1,1) > 0, tit d6 ta thu dude phuong an t6i wu

x*=(0,0,1,1).

& | Co Y ! 7 3 zt 2 af
s 4 6 5 3 0 0

0| A | (-5) -1 -1 -3 (-2) 1 0
0| A° -3 -1 -4 -2 -1 0 1
0 -4 -6 -5 -3 0 0

3 AT 5/2 /2 1/2 3/2 1 -1/2 0
0| A5 | (-1/2)|-1/2 -7/2 (-1/2) O -1/2 1
15/2 |-5/2 -9/2 -1/2 0 -3/2 0

3| At 1 -1 -10 0 1 -2 3
5 | A3 1 1 7 1 0 1 -2
8 -2 -1 0 0 -1 -1

Vi du 4.2.8. Cho bai toan

f(z) = z1 + 10x9 4+ 8x3 — min
—x1+2x9+3x3=1
$1+I2+2I3:1

z; >0, j=1,2,3.

(a) Hay tim tat ca cac co s6 doi ngau. Trong cac co sé dbi ngau do, co s6 ndo
14 co s6 t6i wu ciia bai toan da cho va khi d6 hay xac dinh phuong an to6i uu.
(b) Xuat phat tir co sd doi ngdu khong phai 1a co s6 t6i wu, gidi bai toan da

cho bang thuat toan don hinh ddi ngau.

Giai

o1



Quy hoach tuyén tinh Truong DHSP Dong Thap

(a) Bai toan do6i ngau

f(x) =y + y2 — max
—y1+y2 <1

2y1 +y2 < 10

1 +2y2 <8

z; >0, j=1,2,3.

—1 2 1
Cac he {Al - A% = }{A?,A3 - } va he {43, A} ddu doc lap
1 2

0
tuyén tinh.

e Xét he {Al, A%}:

WAl = ¢ —h+y=1 y1=3
= = (4.2.11)

'yA? = cy 2y1 +y2 =10 Yo =4
Vecto (3, 4) khong théa man rang buoc (3) nén he { A, A%} khong phai 1a co

sG doi ngau.
e Xét he {Al,A?’}:

YAt = ¢ 1 +y2=1 Y1 =2
= = (4.2.12)

yA? = c3 Y1+ 2y2 = 8 Yo =3
Vecto (2,3) théa man rang buoce (2) nén he {A, A%}a co s6 d6i ngu.
Ta tim phuong an tuong tng: Cac thanh phan co s clia gid phuong an dude
x4c dinh béi hé z1 A + 2343 = b, tic 1a he:

—xr1+x3=1 $1:—1/3
= = (4.2.13)

$1+2[L’3:1 1'2:2/3

trong gid phuong 4n c6 thanh phan am nén { A, A3} khong phai 1 co s6 toi

uu cua bai toan da cho.
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o Xét he {A% A3}

A% = ¢ 2y1 +y2 =10 Y1 =4
= = (4.2.14)

yA® = c3 Y1 +2y2 =8 Yo = 2
Vecto (2,3) théa man rang bude (1) nén he {A% A3}a co sd d6i ngau.
Cac thanh phan co sé ctia gia phuong an dude xac dinh béi he z9A% + 2343 =
b, tic la hé

201 + 3 =1 $1:1/3
= = (4.2.15)

1'1+2.’,133:1 .’,132:1/3

Vi d6 1& nghiém khong am ctia hé trén nén x = (0,1/3,1/3) la phuong an toi
uu.
(b) Ta sé giai bai toan da cho bang thuat toan don hinh déi ngau véi co sé doi
ngau xuat phat {A! A3}
Thuc hién phép bién ddi so cap trén cac dong clia ma tran rang buoc A dé dua

mot ma tran c6 co sé don vi tuong ting voi Al A3

-1 2 11 0 3 3 2 01 1 3/2 0 1 1 3/2
— — —
1 1 21 1121 112 1 1 -1 0 —1/3
Ta c6 bang don hinh sau (dé don gidn cach viét ma vAn khong lam thay doi

ban chat, ta van dung cac ky hiéu nhu thuat todn don hinh trude day).

| col| 2 1 10 8

g [AY2/3]0 1 1
LAY [-1/3] 1 (-1)

8 A% 1311 0 1
100421 1/3[-1 1 0
6 -3 0 0

) 11 )
O budc 2, do 2° > 0 nén suy ra 7 = (0, 3 §) 13 phuong an toi wu.
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4.3. Van dé tim phucong an cuc bién xuat phat
ctiia bai toan doéi ngau

Tit Iy luan va cac vi du trén day ta thay ring, dé tién hanh gidi bai toan (1), (2), (3)

bang thuat toan don hinh déi ngau ta can phai biét mot phuong an cuc bién cla

bai toan doi ngau (coi né la phuong an cyc bién xuat phat dé tién hanh thuat

toan).

1) Truong hgp thi nhat

Giai sit can giai bai toan (dugc goi 1a bai toan chinh):

trong d6 ¢ > 0; A la ma tran c¢d m x n.

Dura bai toan trén vé bai toan dang chinh tac, né c6 dang:

f(z,w) =" cx — min
—Ar+w=-b

x>0, w>0,

trong d6 w = (Tp41, Tnt2, -« s Tntm)-

Cac rang budc ctia bai toan ddi ngau ctia bai toan dang chinh tac la:

ty(—Aj) <¢ (=12,...,n)

byI'<0 (i=1,2,...,m)

Dé thay rang 7 = 0 la phuong an cyc bién ciia bai toan ddi ngau do, tng véi co
sd do6i ngau 1a co s6 don vi, gid phuong 4n tuong ting la T = (0, —b). Xuat phat tu
phuong an cuyc bién dé ta tién hanh thuat toan don hinh déi ngdu dé gii bai toan
da cho. 2) Truong hop tong qudt

Dai v6i bai toan (1), (2),(3), gid st chua biét mot co s6 ddi ngdu nao nhung da
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biét mot he doc lap tuyén tinh gom m cot ciia ma tran A, do6 1a he

H={A": jc )} (4.3.16)

Chiing ta xét hai truong hop sau day.

(a) Néu biét duge rang he

AN = ¢ i€ Jy
tAT < ¢; jé& Jy
c6 nghiem hodc biét duge rang A; < 0 véi moi j (ing v6i H) thi H chinh la mot
co s6 do6i ngau.
Néu may man gap truong hgp trén thi:
Thite hién phép bién ddi so cap trén cac dong clia ma tran [A[b] dé thu dugc

ma tran mdéi c6 m cot vects don vi khic nhau tuong tng véi co s6 doi ngau H.
Xuat phét tit d6 tién hanh thuat toan don hinh déi ngdu dé giai bai toan da cho.
Néu H khong phai 1a co s6 ddi ngau hodic chua biét né c6 phai 1a co sé déi

ngau hay khong thi ta xét bai todn sau day ma ta goi la bai toan md rong.

trong d6 o 1a mot an méi duge bo sung, M 1 tham s6 duong dugc coi 1a rat 1én.
Vi du 4.3.1. Giai bai toan sau bang thuat toan don hinh déi ngau

f(x) = —x1 — 229 + 3 — min

—x1 +4x9 — 223 <6

T1+ 29+ 223 > 6

201 — a9+ 2203 = 4

z; >0, j=1,2,3.

%)



Quy hoach tuyén tinh Truong DHSP Dong Thap

Giai
Dua vao hai an bt z4 v x5 ta dude bai toan dang chinh tic

f(x) = =21 — 229 + x3 — min
—x1+4r9 — 203+ 24 =06
T1+x9+ 203 — x5 =6

201 — 19+ 2203 =4

2; >0, j=1,2,3,4,5,

Co6 thé thay he gom 3 vecto A', A%, A5 1a doc lap tuyén tinh.

B0 sung vao bai toan trén mot rang budc gia tao ta cé bai toan

f(zg,x) = —x1 — 2x9 + 3 — min

ro+ax9+a3=M —x1+4x9 — 223 +24 =06
1+ a0+ 203 — x5 =06

201 — X9+ 2203 =4

t; >0, j=0,1,2,3,4,5.
Bing cach giai he Ba/ = AJ véi j = 0,2, 3, ta dudgce:

20 = (2,8, —4) z? = <—%,g,—g)

hosic ¢6 thé tim dugc ching bang cach thuc hién cac phép bién so cap trén cac
dong ctia ma tran.
Viéc tinh toan duge thé hién trén bang dudi day. Do cac thanh phan cilia gia

phuong an c6 dang pM + ¢ nén cot 2° va hé sé p trung nhau.

A | co 70 20 zt o a? 3 z? 0

sG M 0 -1 -2 1 0 0
01A 0 1 1 0 (1) 1 0 0
1 AL 2 0 0 1 -1/2 1 0 0
0|A*| 8 0 0 0 7/2 -1 1 0
0A>] -4 0 0 4 -3/2 -1 0 1
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0 0 0 5/2 -2 0 0

21 A% 0 1 1 0 1 1 0 0
AN 2 /2 | 12 1 0 3/2 0 0
04*] 8 | -7/2 | (-7/2) 0 0 -9/2 1 0
0 (A 4 | 3/2 1] 3/2 0 0 1/2 0 1
5/2 0 0 -9/2 0 0

2 A2 16/7 | 0 0 0 1 2/7 2/7 0
1AV 22/7 10 0 1 0 6/7 1/7 0
0]A°|-16/7| 1 1 0 0 9/7 2/7 0
0|A°| -4/7| 0O 0 0 0 (-10/7) 3/7 0
0 0 0 9/7  -5)7 0

2 A2 12/5 | 0 0 0 1 0 1/5  -1/5
1AV 14/5 | 0 0 1 0 0 2/5  3/5
0]A%|-14/5| 1 1 0 0 0 1/10  9/10
1A% 2/5 0 0 0 0 1 -3/10  -7/10
36/5| 0 0 0 0 -11/10 -9/10

Vi A° thudc co s tng v6i phuong an t6i wu dé nén phuong an tdi wu ctia bai
14 12 2)

toan ban dau la z* = <€’ F

4.4. Van dé hau toi vu
H!Hau t6i wu Gia st ta da giai xong bai toan
f(z) =" cx — min
Axr=1>
r >0
bang thuat toan don hinh va thu dugc phuong &n t6i wu T tng véi co sé Jy khi

dau hiéu t6i wu da xuat hién (moi udc lugng déu khong duong). Gid st 2V 1a vecto

cac thanh phan co s ctia T va B 13 ma tran gom cac vecto trong co s toi uu.
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Trong thic té thuong phat sinh cac truong hop can xtt 1 sau day:
1) Truong hop thi nhat
Thay déi vé phai ciia hé rang budc cudng bic, trude 1a b, bay gio 1a b va ta ¢o

bai toan can phai giai &

Khi d6 khong can giai bai toan mdi tit dau ma chi can tinh z° = B~'b. Néu
7% > 0 thi B van 1a c¢o s6 ti wu doi v6i bad todn méi va ¥ chinh 14 vecto cac thanh
phan co sé trong phuong an toi wu clia bai toan méi. Néu trai lai, tiic 1 79 c6 it
nhat mot thanh phan am thi trong bang don hinh cudi ciing ta thay z° béi z° va
nhu vay ta c6 bang don hinh xuat phéat dé giai bai toan méi bing thuat todn don
hinh d6i ngau.

2) Truong hop thit hai
B6 sung vao bai toan ban dau rang budc '§:1 Am+1,jT; < by, tic 1a can giai
bai toan mdéi sau day: "
f(x) =" cx — min
Axr =1b
m
Zam_Fl,ij:j < byt
j=1

x>0

Néu 7 théa man rang buoc bo sung thi né ciing la phuong an toi wu ctia bai
toan mdi.

Trong truong hgp ngugce lai, ta sé dung cac rang budc cudng bic cta bai toan
ban dau, c6 mat dusi dang tuong duong ngay trong bang don hinh cudi ciing, dé
khtt cdc an co s z;, j € Jy trong rang bude bo sung:

m
Z Am+1,5L5 + Tpt+l1l = bm+1 (4417)
j=1

58



Quy hoach tuyén tinh Truong DHSP Dong Thap

trong d6 x4 1a an bt khong am. Sau d6 dit dong cac hé s6 mdi ciia rang buoc
bo sung vao dong cudi ciing (ttic dong thit m + 1) ctia bang don hinh cubi ciing.
Va nhu vay, do cac wée lugng van khong thay doi va A, 1 = 0 (luu ¥ ring he s6
ctia an bit x,,; 1 trong ham muc tiéu bang 0) ta c6 bang don hinh xuat phat dé giai
bai toan mdi bang thuat toan don hinh déi ngau.

Néu Jy = {1,2,...,m} thi badng don hinh xuat phat do la
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o co 20 c1 G Cm Cj 0
sG z! x ™ xl ke

C1 Al 10 1 ce 0 cet 0 X1j 0

Ci A Ti0 0 1 0 Lij 0

em | A" | zpo | O o 0 e 1 T 0

0 |A™ |y |0 v 1 - 0 Tt 1

0 1 0 A; <0 0

trong do:
ma1 = D1 — Z Am+1,iTi0 (4.4.18)
i=1
Tm+1,j = Om+1,j — Z (i1, %5 (j=1,2,...,n). (4.4.19)
i=1

N6i cach khac 1a nhan dong i, (i =1,2,...,m) clia bang cudi cung v6i —am11;

cong tat ca lai, roi cong véi hé s6 tuong tng ciia rang buoc bo sung, két qua dude

dat vao dong m + 1.

Vi du 4.4.1. Cho bai toan

f(x) = —x1 + 329 + 23 + 224 + x5 — min

r1 432 +2x4 —9x5
3rg —2x3 +2x4 —Txs

3562 —33’33 +xs5

2; >0, j=1,2,3,4,5,

(a) Giéi bai toan da cho.

=5
<19
<15

(b) Giai bai toan da cho khi vé phai b = (5,19, 15) dugc thay bdi b = (3,14, 6).

Giai
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Ta dung thuat toan hai pha. Dua vao hai an gidi x¢, 27 ta c6 bai toan phu

f(z) = —21 + 322 + 23 + 224 + x5 — min

r1 +3x9 +2x4 —9x5 =5
3ry —2x3 +2x4 —Tx5 x4 =19
3562 —3333 +s5 +x7 = 15

2; >0, j=1,2,3,4,506,T.

Ta c6 bang sau:

A | co 20 -1 3 1 2 1 1 1
6| b | b |zt 22 3 A L 1
0|A |5 1 0 3 2 9 10 0
1| A%]19 0 3 -2 2 -7 110
1|AT|15 0 (3) -3 0 1 0 1
0 6 -5 2 -6 |0 0
0|A] 5 1 0 3 2 9 10
1A% 4 0 0 1 (2 8|1
0|A%]| 5 0 1 -1 0 1/3]0
0 0 1 2 -8 10
1 A 1| -5 1 0 2 0 (-1)
2 A 2| 4 0 0 1/2 1 -4
314251 2 0 1 -1 0 1/3
18 0 0 -5 0 -7
1| A° 5 -1 0 -2 0 1
2 | At 24 | -4 0 -15/2 1 0
3| A2 1/3(1/3 1 -1/3 0 0
54 | -7 O -19 0 0

D6i v6i bai toan da cho, 6 buée 3 da xuat hien dau hiéu t6i wu véi phuong an

t6i wu la z* = (1,5,0,2,0) va f(z) = 18.
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2) Co s6 t6i bude 3 ddi véi bai toan da cho la {A) A1) A%}
1 20
B=[A'A'"A%]=1]0 2 3
00 3

Dit 7° = (21, 24, 72). Khi d6 he 7° = B~'b tuong duong véi Bz’ = b va c6 dang

I +3(IZ4 = -5

Do 7Y ¢6 thanh phan am nén z* khong phai la phuong an t6i wu ciia bai toan
mdi va can phéai tiép tuc tinh toan.

Dat z° vao cot b & bude thit 3 rdi tiép tuc thuat toan don hinh ddi ngdu (chd y
rang, chi bién ddi cot b theo phan tit truc da xac dinh khi giai bai toan ban dau).
O bude 4, ddu hicu t6i wu d6i v6i bai todn mdi xuét hien 1a 7 = (0,1/3,0,24, 5)

gia tri t6i uu ctia ham muc tieu tai 7 1a 54.

4.5. Bai tap chuong 4
Bai 4.1. Tim gia tri t6i vu clia ham muc tiéu clia cic bai toan sau:

n
(a) > cjrj — max
j=1

n
Z CL]'LE]' S ﬁ
j=1
2;>0,7=1,2...,n
trong d6 f3,¢;,a;, 7 =1,2,...,n 1a cdc sd duong.
n
(b) > jz; — min
j=1
i

v <i, i=1,2,...,n
7=1

x; >0,j=12,...,n
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Bai 4.2. Chiing té bai toan sau ¢6 ham muc tiéu khong bi chan

f(z) = —4x1 — 229 + 323 + dry — min

Ty  +we —4us >17
—2r1 +3x9 +3x3 —dxry > 10
2x1 +8xy —4x3 +6x4 > 16

2, >0, j=1,2,3,4.
Bai 4.3. Chiing minh rang bai toan {'cz — max: Ax < b, x > 0} ¢6 phuong an

t6i tu néu b > 0 va ma tran A c6 it nhat mot dong gom toan cac sd duong.

Bai 4.4. Ching t6 rang T = (0, 1,0,3) 1a phuong 4n t6i vu cia bai toan

f(z) = —x1 — 329 + x3 — 24 — min
dry +12x9 +4xy =24
r1  +3xy  —x3 >3

4dr; —18xy +2z3 +3x4 > —33
z; >0, j=1,2,3,4.

Bai 4.5. Kiém tra tinh tdi utu ctia phuong an 7 = (0,0,2, —2,0) ctia bai toan:

f(z) = =221 + 429 — x3 — 224 + 225 — min
r1 +2x9 +3x3 +14 > —1
4xq +xr3 —d5xr4 +2x5 > 5
3r1  —xo +4rs +3r4 —275 =2

120, 12 >0,
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Bai 4.6. Biét rang phuong an toi uu cia bai toan

f(x) = 1521 + 1029 4+ 623 — min

(

31’1 +2LIZ’3 :24
I +2I2 +2[L’3 23

I +£E2 —|—{L’3 Z 2

4[131 +2$2 —2[173 21

\

.lel, xZZoa x320
la z = (1,5/4,11/4). Hay tim phuong 4n ti wu ciia bai toan doi ngau.
Bai 4.7. Tim tap phuong an t6i uu ciia bai toan

f(z) = x1 + xo + 223 — 224 — 425 — min

p

—xr1 +x9 —3x3 +2x4 —2x5 =8
—2x1 —xr3  +xy4 —x5 > —21
3x1 +brs —3x4 +2z5 =25

\ 211 +x4 +4xs < 20

2, >0, j=1,2,3,4,5.
biét rang ¥ = (1,0, 1, —1) 1a phuong &n t6i wu ciia bai toan déi ngau.
Bai 4.8. Cho bai toan

f(z) =21 + x9 — x3 — min

(

r1 +2re  +wz <7
Ay 4329 —623 <9
201 —x9 —8rz < —06
—2x9 +x3 <2

—2r1  —xT9 +5x3 <1
-1 +3x3 <1
T3 <0
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(a) Chiing t6 rang cic phuong an T = (—4,6,—1), ¥ = (4/5,0,3.5,0,0, 1) theo

thit tur 1a phuong 4n t6i wu ciia bai toan da cho va bai toan déi ngau ctia né.
(b) Tim tap phuong an t6i wu ciia bai toan da cho va bai toan doi ngau ctia no.

Bai 4.9. Cho bai toan

f(z) = 2z1 + 329 + brg + 44 — max

r1 +2x9 +3r3 +x4 <5H
I —|—$2 —|—2£L’3 +3£C4 23

2; >0, j=1,2,3 4.

(a) Ching t6 rang phuong dn 7 = (0, 1,1,0) 1a phuong &n t6i wu ctia bai toan
da cho.

(b) Tim tat ci cac phuong an t6i uu clia bai toan da cho théa man diéu kién

c3+dry = 1.
Bai 4.10. Cho bai toan:

f(x) = bxy — 99 + by + Try + 325 — mMin

2x1 +6xy —2x3 —2x4 4x5 < —4
811 +2x3 +4xy —x5 =20

—xr1 —IT9 +x3 —r5 > —1

z; >0, j=234,5.

(a) Chiing t6 rang phuong 4n T = (0,1, 0,5,0) la phuong an t6i wu ctia bai toan

da cho. Tim tap phuong an t6i wu clia bai toan doéi ngau.

(b) Hay tim tat ca cdc phuong an t6i vtu ctia bai toan da cho ¢6 thanh phan thi

ba la x3 = 4.
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Bai 4.11. Cho bai toan

f(x) = 4x1 + 329 — 1223 + axy + fr; — min

211 +5x4  Hx5 > by
329 —Txy —x5 > by

—4x3 +2x4 —2x5 > b3

.':U4ZO, x520

(a) Tim tat cd cac phuong an cyc bién clia bai toan da cho.
(b) Tim diéu kién can va di vé cic tham s6 «, 3 dé bai toan da cho c6 phuong
an toi wu véi moi by, be, bs.

(c) Vé6i gia tri ndo cla «, § bai todn da cho ¢6 ham muc tiéu khong bi chan?

Bai 4.12. Cho bai toan

f(x) = x1 + 329 — 1225 + axy4 + fr5 — min

2[171 —|—5$4 +Is Zbl
39 —Txy —x5 > by

—4x3 +2x4 —2x5 > by

x4207 ':U5ZO

(a) Giai bai toan da cho.

(b) Tim tap phuong &n toi uu clia bai toan da cho.

Bai 4.13. Cho bai toan

f(x) = =421 — 9 — 823 + bxry — min

r1 +2x9 —2x3 +4xy4 =3
5%1 —|—3.7I2 —|—6$3 —Xq =8

33420, .1'520
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Hay tim tat ca cac co sd doi ngau. Trong céc co sé doi ngau hay chi ra cac co s6

t6i uu cuia bai toan da cho.

67



Quy hoach tuyén tinh

Truong DHSP Dong Thap

Chuong 5.

BAI TOAN VAN TAI VA THUAT

TOAN THE VI

5.1.

Bai toan van tai

Trong muc 1.1., ta da néu dang tong quét cia bai toan van tai la

f)i x;; — min (1)
ilx =a;, (=12,...,m) (2)
me (1=1,2,...,n) (3)
zi; >0, (1=1,2,....m,j=12,...,n) (4)

trong d6 a; >0, (1 =1,2,...,m,b; >0, (j=1,2,...,n).

D6 1a bai toan quy hoach tuyén tinh dang chinh tic nhung c6 cau tric kha dac

biét ma ta goi né la bai toan van tdi co dién.

Dat

1=1

1& bai todan can bang thu phat

Ki hiéu A la ma tran rang buoc va

mn
x:(1'117"'737171)'"7',1;217"'a:UQn)"'?xmlw"?':Cm’rL) eR

mn
C:(CH,...,Cln,...,621,...,an,...,le,...,Cmn) eR

Thi bai toan van tai dugc viét lai dudi dang

f(z) =" cx — min
Az = A°

x> 0.
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Trong bai toan van tai, he Az = A° gdbm m + n phuong trinh véi n x m an,
trong d6 chi c6 m + n — 1 phuong trinh doc lap tuyén tinh, mdi phuong trinh 1a
hé qua cia cac phuong trinh con lai.

Sau nay mdi phuong an ta viét dudi dang ma tran ¢ m x n : x = (x;;). Ta
ciing ¢6 ma tran cudc phi ¢ m xn:c = (c;j).

Nhu vay, bai todn van tai dudc coi la da cho néu biét vecto luong phat a =
(a1,az,...,ay), vecto luong thu b = (by, b, ..., b,) va ma tran cudc phi ¢ = (¢;;).

Ta ki hiéu bai toan van tai do la (a, b, c).

Dinh 1y 5.1.1 (Diéu kién c6 phuong an téi wu). Dé bai todn van tdi (1),(2),(3),(4)

c6 phuong dn toi wu, diéu kién can va di la cé diéu kién can bing thu phdt @ = b.

5.2. Cac Tinh chéat cuia bai toan van tai

5.2.1 Chu trinh

Mot day 6 c¢6 dang
(11, 1), (i, J2), (i2, J2), - -+ (tk, Ji), (ik, 1) hay
(i1,71), (2, 71), (12, 72), = -+, (ik, Jr), (31, jx) dugc goi la mot chu trinh (hai 6 ké
tiép cting man trong mot dong hay mot cot, ba 6 lien tiép khong cling man trén
mot dong hay mot cot, 6 dau tién va 6 cudi cung ciing dudce coi 1a hai 6 lién tiép).
Nhu vay s6 6 trong mot chu trinh 13 mot s6 chin khong nhoé hon 4.
TapoI'c U ={(i,5): i=1,2,...,m; 7 =1,2,...,n} dugc goi la chia chu
trinh néu nhu tit cac 6 ctia I' c6 thé lap dude it nhat mot chu trinh. Néu trai lai

thi ta noéi I' khong chita chu trinh.

Dinh Iy 5.2.2 (Diéu kién khéng chita chu trinh). Diéu kién can va di dé tap
0 T C U khong chita chu trinh la hé vecto tuong 1ing vdi né, tic la hé {AY : (i,7) €
I}, doc lap tuyén tinh.

Hé qua 5.2.3 (S6 6 t6i da khong chita chu trinh). Néu bding van tdi gom m

dong va n cot thi tap 6 khong chita chu trinh cé toi da lan+m —1 6.
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Dinh 1y 5.2.4 (Chu trinh duy nhét). Gid st bing van tdi gom m dong va n
cot, E la tap 6 gom m +mn — 1 6 khong chita chu trinh, (i,7) la mot 0 cla bing

khong thuoc E. Khi dé6 F = EU{i,5} ¢6 mot chu trinh duy nhat qua 6 (i, 7).

Dinh 1y 5.2.5 (Dau hiéu tap khong chita chu trinh). Gid st F la mot tdp
gomm-+n 6 chita chu trinh duy nhat V va (i,7) € V. Khi dé tap 6 E = F\{(i,7)}

s€ khong chita chu trinh.

Dinh 1y 5.2.6 (Diéu kién cyc bién). Phuong dn x = () ciia bai todn van tdi
(1),(2),(3),(4) la phuong dan cuc bién khi va chi khi tap 6 chon tuong ing vdi nd,
tic la tap o

H(z) ={(i,7) : zi; >0} (5.2.3)

khong chita chu trinh.

Dinh 1y 5.2.7 (Diéu kién chita it nhat moét chu trinh). Tiap 6 khong rong ' C
U sé chita it nhat mot chu trinh néu trong moéi dong va moéi cot cia bang van tdi

hodc la khong cé 6 nao cia I, hodc cé it nhat hai 6 cia T.

5.3. Van dé tinh cac uéc lugng
Gia st bang cach nao do ta da tim duge phuong én cue bien 2 = (z;;) clia bai toan
van tai v6i tap o chon H(x) gdbm m+n — 16 (ké ca 6 chon-khong) khong chita chu
trinh. Theo thuat todn don hinh dé xét tinh tdi wu ctia = ta phai tim dugce cac ude
lugng A;; ting v6i mdi vectos AY ngoai cd s6 clia x, tiic la ting véi mdi 6 loai (7, 7).

Chung ta dé dang ching minh dugc

Aij = Z Cij — Z Cij (534)

(i.j)eve (i)eV?

trong d6, V¢ va V! theo thit tu 1a tap hgp cac 6 mang s6 hieu chén 18 ctia V.

Vi du 5.3.1. Bai toan van tai va phuong an cuc bién x ban dau ctia n6 dude cho
bdi bang
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Thu
40 70 50 30
Phat
40 15 35 100
80  § S JSOEEE § :
10 C 70
68 51 - 53 18
30 | e Pk CELE T TR PR :
20 : 10
- 120 30 - 150 16
20
30 54 13 80
ol 10 50

trong d6 cac cudc phi ghi ¢ goc trén bén trai mdi 6, cac thanh phan co sé cla
phuong 4n cuc bién x ban dau duge ghi ¢ goc doi dién (cac thanh phan phi co sé
biing 0). C6 96 loailacac o (1,3), (1,4), (2,2), (2,3), (3, 1), (3,2), (3,3), (4,2), (4, 4).

Ta hay lap bang tinh A;; véi AY ngoai co s, tiic 1a véi céc 6 loai (4, j). Trude
hét ta hay tinh Ass. Tap 6 gom 0 (3,2) va céc 6 chon chita chu trinh duy nhat gom
6 0, dugc thé hieén béi duge thé hién béi duong nét dit tren bang. Cac 6 nay cling

v6i s6 hiéu clia n6 va cude phi tuong ting 1a

O trong chu trinh | (3,2) | (3,4) | (2,4) | (2,1) | (1,1) | (1,2)
S6 higu 1 2 3 4 5 6
Cij 30 | 16 | 18 | 68 | 40 | 15

Theo cong thic (5.3.4) ta c6

Agy =16 —-18+68 —40+15—-30 =11
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Twong tu ta ciing tinh duge

A3 =40—-30+ 13 — 35 = —12,

Ay =40 — 68 + 18 — 100 = —100,

Agy =68 — 40 + 15 — 51 = -8,

A3 =68 =30+ 13 -53 = -2

Asp =16 — 18 + 68 — 120 = —54

As3 =16 — 18 + 68 — 30 + 13 — 150 = —101
Ay =30—-40+15—54 = —49

Ay =30—-68+ 18 — 80 = —100

Viéc tinh cac ude lugng theo cong thiic (5.3.4) la kha don gidn nhd hinh &nh tryec
quan ctia khai niém chu trinh, nhung sé don gidn hon néu ta tng dung dinh 1y

duéi day

Dinh 1y 5.3.2 (Phuong phap don gian xac dinh cac uéc lugng). Néu ta thay
ma tran cudc phi ¢ = (c;i;) bdi ma tran ¢’ = (cj;), trong dé ci; = cij + i + s, tilc
la néu ta cong vao cude phi & moi 6 cia dong i vdi cung mot s6 r;, cong vao cudc
phi ¢ moi 6 clia cot j vdi cung mot so sj thi sé dugc mot bai toan van tdi mdi
tuong duong vdi bai toan van tdi ban dau (theo nghia hai bai todn cé chung tap tdp

phuong dn toi wu).

Dinh 1y 5.3.3 (DAu hiéu t6i wu). Gid st x = (z;;) la mot phuong an cuc bién

cia bai todn van tdi vdi tap o chon H(x) va c; = 0 vdi moi o (i,7) € H(z) (tic la

da quy-khong cac o chon).
(a) Néu cj; >0 vdi moi 6 (i,5) ¢ H(x) thy x la phuong dn toi wu cia bai todn.

(b) Né ton tai o (i,7) ¢ H(x) sao cho ¢j; < 0 thi ta c6 thé zay dung duge phiuong
an cuyc bién o' tot hon x, néu x khong suy bién (néi chung x' khong xdu hon
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5.4. Mot s6 phuong phap xay dung phuong an

cuc bién ban dau

Duéi day ta néu ra ba phuong phap, d6 1a phuong phap géc tay bac, phuong phap
cic tiéu theo bang va phuong phap Vaugen. Déi v6i bang van tai gdm m dong va
n cot, viec tim tap 6 chon gom m + n — 1 6 khong chita chu trinh duge tién hanh
bang phuong phap quy nap theo m + n 1a tong sé dong va cot ciia bang van tai.

Néu m + n = 2 thi bing gom mot 6 duy nhat. Do diéu kién can bang thu phat
nén a; = by. Dbi véi ca ba phuong phap ay diéu chon 6 (1,1) va dat z1; = a;. D6
la phuong an cuce bien vi AY # Ova 16 rang ¢6 n +m — 1 = 1 6 chon khong chiia
chu trinh.

Gia stt da biét cach xay dung phuong an cic bién ban dau theo ca ba phuong
phéap v6i bang c6 m+n < k— 1, khi d6 déi véi bang ma m +n = k ta sé tién hanh
nhu sau:

Néu as < b; thi 2y = as va x6a ngay dong s; b, duge thay bdi b, = by — as.

Néu ag > by thi zy = by va x6a ngay cot t; as duge thay béi a), = as — by.

Sau khi x6a di, ta dugc bang méi gom m+n = k— 1, trén dé da xay dung duge
phuong an cyc bién (theo gia thuyét qui nap) véi tap o chon H gom n+m—1 = k—2
0. Dé thay rang H U {s,t} 1a tap gom k — 1 6 chon (d6i v6i bang méi) khong chita
chu trinh, béi vi néu trai lai thi chu trinh &t phai qua 6 (s,t) nhung diéu nay khong
thé dugc vi dong s cot t da bi x6a. Nhu vay, véi bang ma m +n = k ta xay dung
dugc phuong an cyc bien véi tap o6 chon H U {s,t} gom k — 1 0.

Nhu vay, 6 mdi bang hinh thanh trong qua trinh phan phéi (ké ca bang dau
tien) sau khi phan phdi t6i da vao 6 (s,t) ndo d6 ta xéa chi mot dong hodc mot cot
dé dugc mot bang mdi.

Viéc chon 6 (s,t) 1a ngau nhién, nhung ta thuong dung cac phuong phép sau:
(1) Phuong phdp géc tay bdc: (s,t) 1a & goc trén bén trai clia bang (6 mdi budc).

(2) Phuong phdp cuc tiéu theo bing (s,t) 1a 6 sao cho ¢y = min¢;; trong d6 cuc

tiéu duge chon theo 6 (i,j) clia bang (6 mdi budc).
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Thu
40 70 20
Phat
10 9 2
80
40 40
4 3 1
30
30
2 6 2
20
0 20
Bang 5.4.1: Phuong phap tay bac
Thu
40 70 20
Phat
10 9 2 [7]
80
20 40 20
4 3 1 2
30
30
2 6 2 0
20
20
2 3 1

Bang 5.4.2: Phuong phap Vaugen

(3) Phuong phdp Vaugen V6i mdi dong va mdi cot ta diéu tinh higu clia cude phi
thap tht nhi va thap tht nhat (ta goi higu d6 1a do chenh léch ctia dong hay
cot d6). Chon dong (hay cot) c¢6 do chénh léch 16n nhat. Trén dong (hay cot)

da chon ta sé& chon 6 (s,t) c6 cu6e phi thap nhat.

Vi du 5.4.1. Duéi day la cac phuong an ciyc bién ban dau tim dugc bang phuong

phap gbc tay bac va phuong phap Vaugen.
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5.5. Thuat toan thé vi

Phuong phap da néu trén day dé tim phuong an toi wu ctia bai toan van tai véi
cac bude cu thé sau day dude goi 1a thuat todn thé vi.

Budc 1. Tim phuong an cyc bién ban dau z = (z;;).

Buéc 2. Quy-khong céc 6 chon. Néu ¢j; > 0 v6i moi 6 (4, 5) ctia bang thi két
thic viéc tinh toan va két luan z 13 phuong an t6i wu. Néu trai lai, titc 1a ton tai
0 (i,j) sao cho ¢;; < 0 thi chon ¢, = min{c]; : ¢j; < 0} va chuyén sang budc 3.

Budc 3. Lap chu trinh V' di qua 6 (s,t) va s6 6 xac dinh ndo dé ctia H(z).
Tinh

6 = min{xz;; : ij € V°}. (5.5.5)

chuyén sang budc 4.
Budc 4. Xay dung 2’ = (z;;) theo cong thic

¢

zi;+60  néu(i,j) € V!

T =a;—60  néu(i,j) € Ve (5.5.6)

T4 néu(i,j) €V

\

cho 2’/ déng vai trd ciia x va quay lai bude 2.

Vi du 5.5.1. Giéi bai toan van tai (a, b, ¢) véi vecto lugng phat a = (100, 400, 230)
vectd lugng thu b = (320, 180, 110, 120) va ma tran cuéce phi

5 3 16 9
c=153 7 8
1 8 12 10

Giai

Bang phuong phap goc tay bac ta thu dude phuong an cic bien dau tién suy bién,
trong d6 c6 mot o6-chon-khong, d6 1a 6 (2,3) (sau khi phan phéi t6i da lan thit bao

vOi 299 = 180, néu x6a dong 2 thi o-chon-khong 1a 6 (3,2)).
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Thu
320 180 110 120
Phiit
6 3 16 9
100 0
100
5 3 7 8
400 O TSI IR 1
- 220 180 0
1 8 12 10 4
5 U ) 110 120
-6 -4 -3 -6
LR S AN . S | D 0
100
0 0 0 3 5
110 180 110
S N A S S L 9
110 120
0 0 0 -9
0 o 8 -6 5
100
SR T— S = . 6
110 180 110
0 S Y o s [ Q... 6
210 20
6 6 6 6
£ A Mo G e 0
100
0 LI WOk S T 6
90 180 110 20
0 9 9 0 .
230
-6 -6 -6 0
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0 1 8 0 5
100
0 0 0 0 P
90 80 110 20
0 9 9 6 i
230
1 1 I 1
1 0 9 1
0 0 0 0
0 9 9 6

Tt d6 ta c6 phuong an t6i uu

0 100 0 0
=190 80 110 120
230 0 0 0

v6i gia tri toi uu clia ham muc tiéu 1a

f*=110.3490.5 4 80.3 + 110.7 4+ s120.8 + 230.1 = 2950.

5.6. Tiéu chuan to6i vu. Bai toan doi ngau cua bai
toan van tai
5.6.1 Tiéu chuan téi wu

Gia st « = (z;;) 1a mot phuong an clia bai toan van tai (1),(2),(3),(4).
Theo 4.1.6 thi diéu kién can va di dé phuong an z 14 phuong an t6i uu ciia bai

toan van tai 1a ton tai vecto
7= (u,v) = (ug,..., Un,v1,...,0,) €R™" (5.6.7)
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sao cho
7 AY <e¢;  néuay; =0
7 AT = 3, xy; >0
Do tinh chét dic biét ctia vecto AY nén ta cé
TAY =u;+v; (i=1,2,...,m; j=1,2,...,n) (5.6.8)

Tu d6 suy ra rang:

Diéu kién can va du dé phuong an = = (z;;) 1a phuong an t6i uu ctia bai toan

1),(2),(3),(4) 1a ton tai cic s6 u; v6ii =1,2,...,m vav; véi j = 1,2,...,n sao
(1),( j VO
cho

u; +v; < ¢y l‘ij:O

ui+vj:cl~j $¢j>0

Néu z 1a phuong &n t6i wu clia bai todn van tai (1),(2),(3),(4) thi 7 = (u,v) la

phuong an toi uu clia bai toan ddi ngau.

5.6.2 Bai toan d6i ngau ctua bai toan van tai

Bai toan van tai 1a bai toan quy hoach tuyén tinh dang chinh tiac. Cha y dén

(5.6.8), bai todn d6i ngdu clia n6 dang
m n
Z a;u; + Z bjUj — max
i=1 j=1

ui—l—ngcij (i:1,2,...,m,j:1,2,...,n)
Tit didu kién can va di dé bai toan van tai (1),(2),(3),(4) nhan phuong an z
lam phuong an t6i uu néu trén, ta rut ra két luan:
Néu (r,s) = (r1,...,Tm, 51, - - -, Sp) 1a mot he thong thé vi ting véi phuong an
t61 uu thi
(—=r,—8) = (=71, -, —Tmy —S1, -+, —Sn)

14 phuong an toi uu clia bai toan doéi ngau.
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T
Tinh 16i, 15
Tap 101, 14
Tap 16i da dién, 15
T6 hop 16, 14
Thuat toan don hinh, 24, 35, 47
Thuat toan thé vi, 75

Van tai co dién, 68
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2.1.2. Tinh chat béc cau ctia to hgp 16
2.1.4. Tinh chat cta tap loi

2.2.1. Tinh 15i ctia tap phuong an

2.2.2. Tinh 16i ctia tap phuong an

2.3.1. Diéu kién 1a phuong an cyc bién

2.3.3. Phuong an cyc bién toi uu

2.3.4. Dieéu kién c6 phuong an toi uu

3.1.2. Dau hieu tdi uu

3.1.3. Dau hiéu ham muc tiéu khong bi chin
3.1.4. Dau hiéu xay dung dugc phuong an tdéi hon
3.2.9. Quan hé gitta bai toan goc va M-16n
4.1.4. D6i ngau yéu

4.1.6. D6i ngdu manh

4.1.7. Sy ton tai phuong an

4.1.8. Do léch bu

5.1.1. Diéu kién c6 phuong an t6i wu

5.2.2. Diéu kién khong chita chu trinh

5.2.4. Chu trinh duy nhat

5.2.5. Chu trinh duy nhat

5.2.6. Dieu kién cuc bién

5.2.7. Dieu kien chita it nhat mot chu trinh
5.3.2. Phuong phap don gian xac dinh cac uéc lugng

5.3.3. Dau hieu t6i uu (bai toan van téi)
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