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Gi6i han dang v6 dinh 1a nhiing gii han ma ta khong thé tim ching bing
cach ap dung truc tiép cac dinh 1y vé gidi han va cac gidi han co ban trinh bay
trong Sach giao khoa. Do d6 mudn tinh giéi han dang vo dinh ciia ham sb, ta
phai tim cach khir cac dang vé dinh dé bién d6i thanh dang x4c dinh cua gidi

han

Trong chuong trinh toan THPT, cac dang v6 dinh thuong gép 1a :
0 o

01 51 w_wl O'wl 100
Sau day 1a noi dung tirng dang cu thé.

1. GIGI HAN DANG VO PINH 2

0

Gidi han dang vo dinh g 13 mét trong nhitng gisi han thuong gip nhat
d6i voi bai toan tinh gidi han cta ham sb. Dé tinh cac gidi han dang nay,
phuong phap chung 13 str dung cac phép bién ddi ( phan tich da thirc thanh nhan
tr, nhan ca tir va mau voi biéu thac lién hop, thém bét, ...) dé khur cac thanh
phan ¢ gidi han bang 0, dua vé tinh giGi han xac dinh. Chinh céac thanh phan ¢
gidi han bang 0 nay gay nén dang vo dinh.

Pé tinh gidi han dang vo dinhg, trudc hét gido vién can rén luyén cho

hoc sinh k¥ nang nhan dang.

1. Nhan dang gioi han vo dinh %

Dé giai bai toan tim giéi han ctia ham sb, hoc sinh can xac dinh giéi han
can tim thudc dang xac dinh hay vo dinh. Néu gigi han d6 1a vo dinh thi phai xét
xem no thudc dang vo dinh nao dé co6 phuong phép gii thich hop. Bai vay viéc
rén luyén ky nang nhan dang cho hoc sinh cé quan trong, gitp hoc sinh dinh
huéng dugc cach giai, tranh nhitng sai xot c6 thé mac phai.

Déi véi dang vo dinh %, viéc nhan dang khong kho khin 1am vi hoc sinh

thuong gap gidi han :
lim —= 3 limf(x)= limg(x) =0
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

. . f(x
Thuec té hoc sinh hay gap truong hop )!'_)”X] % ma f(X,) = g(X,) = 0. Ngoaira

trong mot s6 bai toan hoc sinh phai thuc hién cac phép bién d6i dé chuyén vé

dang v6 dinh g, sau d6 moi ap dung cac phuong phap khir cac thanh phan co
gidi han bang 0.

Khi giang day, gido vién nén dua ra mot sb bai toan dé nhan manh cho
hoc sinh viéc nhan dang nhu :

f(x)

lim —— limf 0 i 0
A e ma Nm () # 0 hogc lim g(x) =

Tréanh tinh trang hoc sinh khong nhén dang ma &p dung ngay phuong phap giai.
Vi du ap dung :

(Yéu cau chung cia nhitng bai tdp la : “ Tinh cdc giéi han sau”).

Vidul:L, = lim> 2
° X—>2X +1
Bai gidi :
_ox-2 2-2
L= ey ™ 2 0
Vidu2:L, —Ilm X+ 2
x—>1X ]_
Bai gidi -
L, —I|m

+2_ I|m(x+2) 1+2=3
o vl I|m(x )=12-1=0

Xx—1 X

, . 1 3
Vidu3: L, = )![)nl[x 1 1)

Bii gidi -

1 3 . [(X?2-3x+2
3_!<|—>1(x 1 x2—1j:!<@>1[ xZ—1 j:

(x-1)(x-2) im x2) 12 1

!(el[Wj X-1(x+1) 1+1 2
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

Dang v6 dinh % duoc nghién ciru V6i cac loai cy thé sau :
2.Loail: IIm (( )) ma f(x), g(x) 1a cac da thirc va f(xg) = g(Xo) =0

Phwong phdp : Khir dang v6 dinh bang cach phan tich ca tir va mau thanh
nhan tr v4i nhan tir chung 1a (x — Xo).
Giasu: f(x) (X — Xp).F1(X) va g(x) = (X — Xp).01(x). Khi d¢ :

tim T jim XX iy £(x)
x=% g(X) i (X %), () %% G, (%)

Néu gigi han lim 1((x)) van & dang vo dinh % thi ta 13p lai qua trinh khir dén
%0,

khi khong con dang vé dinh.
Vi du ap dung :

Vidyd: L, = lim 2 - >*2
0 xZax - 6
Bai gidi :
Ta phan tich c4 tir va mau thanh nhan tir véi nhan tir chung : X - 2
_ 2X*-5x+2 . (Xx-2)(2x-1)
L, = lim==—""==lim =
Xx>2 X24X -6  x>2 (x-2)(x+3)

_ lim 2x -1 22—1:§
X—>2x+3 2+3 5

Véy L4:_

Vidu5: L, = lim 57 3X*2
XS2 X2 4x + 4

Bii gidi -
_ X?- 3X +2 (X-2)(x-1)
L= i s a I oy
= lim=—==w
X—2 X -

(Vi gi6i han cua tir bang 1, gioi han cuia mau bang 0)

Vay L, =
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

3
, X+XZ+x°+...+X"- n
Vidu6: L= lim (mneN)
X=>L X+x2+x3+,..+X™

Bai gidi : Ta s& phan tich tir vd mau thanh nhan tir VSi nhan tr chung : X —
1 bang cach tach va nhém nhu sau :
+X"—n=(x-1)+ (-1 +(-1) + ..+ (X"-1)

X+ X+ X+ ...
X+X2+xX3+ . +xX"—m=(Xx=1)+ (=1 +(C-1) + ..+ (xX"-1)
Khi do:
(X D)F(XE- D DX 1)

L e
o (x- 1)[1 + (X + 1) o+ (XTI X 24+ X +1)}
= X'E‘E(X 1)[1_'_()(_'_1)_'_ +(Xm1+ xM-24 +X+1)}

o T (D) A (XM X X +D)

S oLl 4 (X + 1) e (XM XM+ X L)

L (X D)+ DHOC- Db+ (X™- 1)

1D A (A I 1 L)
1+ (LD 4 (A AP+ 1 +D)

n(n+1)

_14243+..4n _ 2 _n(n+1)
1+2+3+..+4m mm+1) m(m+1)
2
n(n+1)

Vay Le=tm+ 1)

Vidy7: L, = lim 29X x - 1
: T x51 3x4-8x3+ 6x2- 1

Bai gidi :
o 2xXA-Bx+H3x%+ x -1 (x-1)(2x3- 3x%+1)
L7 =lim 4 3 2 = 3 2
x>1 3X"-8x+ 6Xx“-1  x>1(x-1)(3x- 5x“+x+1)
—lim 2x3- 3x%+1 —lim (x-1)(2x%- x -1)
x>13x%-5x%+ x +1 x> 1(x-1)(3x*- 2x -1)
—lim 2x%-x -1 —lim (x-1)(2x+1)
x>13x%-2x -1 x>1(x-1)(3x+1)
2x+1 2.1+1 3

=lim
Cxo13x+l 3.1+l 4
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

Vay L=

Két lugn:

Phuong phép dé giai bai tap loai nay 13 phan tich da thtrc thanh nhén tir
v6i nhan tir chung 13 X - Xo. Yéu cau ddi véi hoc sinh 13 :

Phai nim vimg cac phuong phap phan tich da thirc thanh nhan tir, cac
hang dang thirc, cong thirc phan tich tam thic bac hai, da thic bac ba thanh nhan

tir: f(x) =ax*+ bx + ¢ = (x - Xo)(ax' —j (f(xo) = 0)
Ngoai cac hang dang thirc dang nhd, hoc sinh can nhé cac hing dang thirc
boxungla:a"-b"=(a-b)@ *+a" *b+...+ab" +b" "), neN"
a"+b"=(a+b)@" "-a" b +...-ab" >+ b" ), n1a sb ty nhién 1é.

Pé hoc sinh d& nho, can ldy cac truong hop cu thé nhu : n =2, 3, 4 va
truong hop dac bigt: x"- 1= (x - 1)(X" '+ x" ...+ x + 1).

Tuy theo dic diém timg bai ma bién ddi mot cach linh hoat dé khir dang
v6 dinh. Trong qu4 trinh thuc hanh, nhiéu khi sau cac bién ddi da khir cac thanh
phan c6 gidi han bang 0 ta van gip gisi han dang vo dinh % méi ( thuong 13
“don gian” hon so vé&i giéi han ban dau). T4i day ta tiép tuc qua trinh khir dén

khi gidi han can tim khong con dang vé dinh % thi thoi.

Bai tap tw luyén

—3X+2 Q1+x)1+2x)(1+3x) -1
1) lim——— 2) lim
Hlx —4x+3 ! X
00 n+l
3) lim —2x+1 2) Iimx (n +1)+n
s x¥ —2x +1 x-1 (x-1)

3.Loai?2: IIm 9 ma f(x), g(x) chira cac can thirc cung bac va f(x0)=g(Xg)= 0

9(x)

Phwong phdp : Nhan ca tir va mau vai biéu thirc lién hop twong tng cia
biéu thtrc chtra can thuc (goi tat 1a phwrong phdp nhan lién hop hay ding biéu
thite lién hop) dé truc cac nhan tir X - X, ra khoi cac can thic, nham khir cac
thanh phan c6 gigi han bang 0. Biéu thuc chira can thic c6 thé 1a tir, mau hay ca
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

tr vA mAu cta phan thic can tim giéi han ). Luu ¥ 14 ¢6 thé nhan lién hop mot
hay nhiéu lan dé kht dang vo dinh.

Céac cong thirc thuong duoc st dung khi nhan lién hop 1a :

WA+/B)NWAFVB)=A-B, (A>0, B>0)
(A = ¥B)/A* +YAYB+iB?) =A£B
Gi4o vién can cho hoc sinh thdy duoc hai cong thiic ndy xuét phat tir hai
hang dang thirc sau dé hoc sinh d& nhé :
(a-b)(a+b)=2a*b’
(axb)@ F ab+b*)=a’+b’
Vi du ap dung:

|_ lim —"3)(_2_)(
Vidu8: Lg= el
Bai gidi : Nhan ca tir va mau véi biéu thac lién hop tuong ¢ng, ta
duoc :

i By (BT BT
x—>2 X2-4 _X_’Z (X 4)( 3X - 2+X)

: 3x -2 -x* _lim (x-2)(-x+1) B
Hz (x*- 4)(«/3x 2 +X) *2(x-2)(x+ 2)(»\K§x -2 +X) -
_lim —-Xx+1 2+1 B _i
T2 (x+2)(W3x-2+X) (2+2)(W322+2) 16
Vay L ——%
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

Vidu9: L X2 -1
1dud: 9: \/—
X+5-2

Bai gidi :
R Cirt R, [(\/x+ _D(Wx+2 +1)](x/x+ +2)
RN e H‘l[(\/xT 2)(JXT+2)](@+1)

m XH2-DEIXH5+2) o (X DXH5+2)
=, (X +5-4)(Vx+2+1) m, (X + D(Vx+2 +1)

— lim IX+5+2 «/—1+5+2:
H—1\/X+ +1 J-1+2+1

Vay Lo =2

Vidul0: L= Mn\f/: , (M neN)
Bai gidi -
10—1mﬁ:1=
(Wx - 1)[(\/_)”1+(J_)”2+ +\/_+1][(\/_)m1+(\/_)m2+ +\/_+1]

iQ(f 1)[(f)m1+(f)m2+ +f+1][(f)“l+(f)n2+ +f+1]

(X - D)(VX™L+{YxM2 +, +f3/_+1)

= (x - DX +YX2 4+, +Yx +1)

Ux™ +UX™ +.. +Ux+1_m

=lim —

x>1nfynlpnfyn2y qnfxe1 N
R m
Vay Ly = n
Két ludn:

Phuong phéap dung biéu thire lién hop 1a phuong phap cha yéu duoc st
dung dé tinh cac gidi han c6 chira can thirc cting bac. Co thé xem day 1a « thuat
toan” co ban cho phép tinh dugc kha nhiéu gidi han ciia ham sé chira can thuc,
phuong hudng rd rang, dé hiéu.Viéc xac dinh biéu thirc lién hop 1a khong qua
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

kho khan ddi véi hoc sinh. Tuy nhién gido vién can rén luyén K§ nang xac dinh

va nhan biéu thire lién hop khi tinh gidi han. Theo cach nay, nhiéu bai toan tuy

giai duoc nhung phai qua cac phép bién d6i dai dong véi biéu thic cong kénh.

Néu dung céc giai khac nhu thém bét, d6i bién s& cho 16 giai ngian gon hon.

Bai tap tw luyén

x5 —Jx+3 i x?—4

1) lim2 Y272 2)

im————
x—1 X -1 x>-29 4 3/3)( -2
_ _ _ 3 _ _3 2_
3) Iim\/x b-+a-b 2 Iirrll\/x 2 —3x?—x+1
X—>. X

X—>a XZ _a2 2 _1
5) lim U1+ ax 6) lim \/a+x—Q/5
x—>0 X X—>0 X

4. Loai 3: IIm (( )) ma f(x) chira cac can thirc khong cung bac va f(xg)=g(Xo)= 0
0

Phwong phdp : Stir dung thuat toan thém b6t d6i véi f(x) dé c6 thé nhan
biéu thtrc lién hop. Chang han nhu :

i 100 400~ g6
wg(x) T 0w

(#U(XO) _Q/V(Xo) = O,Q(XO) = O)
Ta bién doi
L i m/u(x)_n/\,(x) i [«m/u(x) - c] + [c- ;‘/v(x)] _
A O 90
= Jim YUC) €y AV -¢

X— Xg g (X) X— Xg g (X)

Tai day cac gidi han L, = lim que) -C, L,=Ilim YVl - ¢ € déu tinh duoc
X— X g(x) X—> X g( )

bang cach nhan lién hop.

Vi du ap dung :

_ 3
Vidgll: Ly, =lim JX):’Z?’_ 3)2/:‘2”
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Nhitng dang vé dinh thwong gdp trong bai todn tim gidi han ciia ham sé

Bai gidi :
L i JIx+3 — %fx+7 («/x+ 2) +(2- Ux+7)
S R ey M X2 — 3x+2
—lim x/x+ —2 o 2- Yx+7
CAXE B2 o xE— B2
i (B @ 3/x+7)[4+2%/x+7+(%/x+7)2]
Hl(x 3x+2) (Vx+3+2) Hl (x* - 3x+2)[4+2\3/x+7 +(»\3/x+7)2]
—lim X+3—-4 L lim 8—(x+7) _
x> 1(x2 — 3x+2)(Vx+3+2) Hl(x x+2)[4+2€/x+7 +(€/x+7)2]
x—-1 +lim 1-x
Hl(x 1)(x —2)(v/x+3+2) Hl(x (x— 2)[4+2«/x+ +(3x+7 2}
- I 1 : -1 —
=lim +lim =
> 1(x—=2)(Vx+3+2) X*l(x—z)[4+ 23x+7 +(§/x+7‘)2]
_ 1 . -1 _
(1-2)(V1+3+2) (1—2)[4+2§/1+_7 +(§/1T7)2}
__ 1. 1_1
4 12 6
. 1
Vay Lllz_g
. 1+2x - 31
Vidu12: L, = leggJ * XXQ/ +3X
Bii gidi -
Jiox - Yrax | NI - (k1) |+ (k) - x|
le - Ix—>0 X2 - le—r;r(} )(2 -
—li m\/1+2x (x+1) (x+1)-\/1+3x
x—0 X
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Nhitng dang vé dinh thwong gdp trong bai todn tim gidi han ciia ham sé

_ [M - (x+1)}[m +(x+1)}
=lim +

. x2| J1+2x +(x+1)
i | 0c+1) - T3 | (4 1) + (x-+ DITF3X + (¥3x)? |
+
XI_I;T(]) NG [(X+1)2 + (X +]_)§f1+3x 4 (:\3/14_3)()2}

_lim (1+2x) - (x+1)° lim (x+1)° - (1+3x)

0 2 [«/1+2x +(x+1)] x50 xz[(x+1)2+(x+1)«3f1+3x+(«3/1+3x)2]
: - : X+3

=lim +lim . ==

o0 J142x +(x+1) 0 (x+1)2 + (X +1)31+3x + (31+3%)

-1 0+3
= + =
J1+2.0 +#(0+1)  (0+1)? +(0+1)31+3.0 + (31+3.0)?
2 2
1
A L —
Viay L, 5
Két ludn :

Phuong phéap chung dé tinh cac gidi han cua biéu thic chira cac cin thic
khong cung bac 1a thém, bot mot luong nao do, tach thanh nhiéu gigi han roi
u(xo)
hoic v(xo)) hay mot biéu thic. Viéc thém bét dua trén dic diém timg bai va
phai that tinh té. Thuat toan thém bét con duge ap dung hiéu qua ddi véi cac

nhan lién hop. Can luu y 12 c6 thé thém bét mot hang sé ( thuong chon 1a

dang vo dinh khac.
Bai tap tu luyén
3 _ . _ 3
0 Iim\/1+x J1-x 2) lim \/x+121 3/8x + 43
x—0 X X—>-2 2X°+3Xx-2

n _m _3ly?2
3) Iim\/1+ax U1+ bx 2 Iim\/2x+1 Ix?+1

x—0 X x—0 sin X

_3 _3
5) IimJX+2 3x +20 6) Iimx/1+4x 31+ 6x

o1 4fx+9-2 x50 X’

5. Gi6i han dang vé dinh % ciia ham so lwong giac
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Nhitng dang vé dinh thwong gdp trong bai todn tim gidi han ciia ham sé

Phwong phdp : Thuc hién cac phép bién doi dai sb va luong giac dé st
dung cac két qua gidi han co ban sau day :

sinx . X
+) Im——=1, lim——=1
Xx—0 X x—>05|nX
sinax ,. , Sinax . Sinax
+) lim =lim( a) =a.lim =a
Xx—0 X X—0 aX X—0 aX
. ,Sinax bx ax . sinax ,. bx ,. ax a
)Ilm _I|m — —)=1lim dim — dim—=—
x—0 smbx x>0" agx sinbx bx® x-0 ax x=0sinbx x»>0hx b

tgax ,. ,sinax a . sinax . a
+) lim——=Iim : )=1lim Jdim =a
x=>0 X X—0 aX cosax x—=>0  ax x—0 cosaX

Trong qua trinh bién ddi, hoc sinh can van dung linh hoat cac cong thic luong
giac, thém bdt, nhan lién hop ...

Vi du dap dung

1+sinax - cosax
Vidul3: L= )I(I_r>T(1)1 sinbx - cosbx

Bai gidi :
_lim 1+sinax - cosax lim 1- cosax+sinax
0 1- sinbx - cosbx  x-01- coshX - sinbx

13

23in2%+25in%cos% Zsinax[sinax+cosaxj
=lim——2 22 =lim 2\ 2 2
Xx—0 2 DX 7X 7X X—> bx( . bx bx
2sin El - 2sin 5 OS5 " 26in 02X 5 (sm 5 -coszj
sin% sin%+cos% a
=lim 2 lim S =
sin— > sin 5 -cos7
n a
Vay I—13:_6
1-—cosax

Vidul4: L, =Ilim

x—0 X2

Bai gidi :
www.MATHVN.com 11
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

2

2in? & sin&® sin &
1-cosax . 2 . o | a®| a*|, 2
L, =lim———=lim——~=lim|| —= | .— |=—|lim
x—0 X X—0 X x—0 ax 2 2| x>0 aX
2 2
2
R a
Vay L14:_
2
1+ XSIiNX - COS2X
Vidul5: Lg=lim —
sin‘ x
Bai gidi -
lim 14 Xsinx - c0S2X (1 cost)+xsmx B
Lis = Jim, sin? x = sin? x -
_ lim 2sin’X + xsinx _ lim S|nx(25|nx+x) _lim 2siNX+X
X—> 0 sin? al sin? x oy sinx
) X . X
=lim| 2+— =2+lim—=2+1=3
x— 0 sin X x— 0sjn X
Vay L5 =3
, . 1- coSX.c0s2X...cosnx *
Vidul6: L= lim 5 (neN’)
* X— 0 X
Bai gidi -
1- cOSX.C0S2X...coSnX
Lg=1lim 7 =
x—>0

X
_lim 1-COSX+COSX-COSXCOS2X+...+COSX.COS2X...c0S(N-1)X-COSX.COS2X...COSNX

x— 0 X2

_lim 1-cosx+cosxX(1- cos2x)+...+C0SX.c0s2X...cos(N-1)x(1- cosnx)

X— 0 X2
1-cosx .. cosx(1l-cos2x . COSX.C0S2X...cos(n-1)x(1- cosnx
—I|m > +lim ( 5 )+...+I|m (n-1)x( )
x—>0 ¥ x— 0 X x— 0 NG

Theo két qua bai 14 ta c6 :

. 1-cosx 17
i 60X _ L
x>0 X 2
: X(1-c0os2X 1-cos2x _ 2?
lim S0 ;:os )_ = lim cosx. |Im$=—
< X X 2

www.MATHVN.com
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Nhitng dang vé dinh thuwong gap trong bai todn tim gidi han ciia ham sé
lim COSX.COS2X...cos(n-1)x(1- cosnx)

Xx— 0 X2 )
= lim cosx. lim cos2x... lim cos(n-1)x. lim Hﬂ _n
x— 0 x— 0 x— 0 x— 0 X 2
L, 12 22 n? 12+2%+..+n? _n(n+1)(2n+1)
Do do L16—§+7+...+?_ 5 = 15

Trong bai tap nay ta da stir dung thuat thém bot :
COSX, COSXCOS2X,..., COSXCOS2X...cos(n - 1)X

dé bién doi va tinh gidi han da cho. C6 thé nhan thay thuat thém bot dong vai tro
quan trong trong k¥ nang bién d6i d6i voi bai tap nay.

2_
Vidyl7: L, = lim YiHX" —COSX

X2
Bii gidi -
_lim V1+X% —cosx lim (V1+x2 —1)+(1—cosx) _
Ly = x— 0 X2 x>0 X2 B

V1+x? -1 . 1-COSX (V1+ X2 ~D(1+X? +1) 25'” 5

+lim = |lim +1lim =
X— 0 X2 Xx— 0 X2 x—>0 X ( /1+X +l) x—>0 X2

2sin2 X sin X
_im— X1 im 22=Iim;+lim T2 1
= Ox2(1+X2 +1) BE0TX TS0 g g o0 >2< 2
1 1
2 2
Vay L7 =1
Két ludn :

Pé khir dang vo dinh d6i véi ham so lwong giac, hoc sinh can nam viing
va van dung linh hoat cac phép bién ddi dai s, luong giac ciing nhu ap dung

cac gidi han co ban. O day chi c6 gidi han )!im % =1 duoc st dung tryc tiép,

cac két qua con lai khi 1am bai phai chiing minh lai.
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

Pé van dung giéi han JLmo%zl’ can dua ham sb can tinh gi6i han vé

. e SINF(X) f(x) . tgf(x)

d o lim — , lim =2
MO AT O Rsinf () <o F(x)

Vi Xllmof(x):o bang cach
thém, b6t, doi bién hay nhan, chia dong thoi vi mot luong thich hop nao do.
Trong khi giai bai tap, hoc sinh c6 thé gip kho khan, lung ting dé dua vé cac
dang trén. Gido vién can khac phuc bang cach cho hoc sinh lam cac bai tap nhu

- 2 -
. SInX . sin(x-1
lim , Ilm#,
x>0]1—CcosSX x> 1xc—3x+2

Bai tap tw luyén

Tinh céc gidi han sau :

J1+sinx —y1-sinx (a+x)sin(a+x)—asina

1) lim 2) lim

x— 0 tgx x—>0 X

N - 2 - _

3) lim 1—-c0sxc0s2Xco3x 4) lim 23_|n2 x+5|r_1x 1

x>0 1—cosx x—>02sin“X —3sinx+1

_ 3 _ 3

5) lim 1—cotg°®x : 6) lim 1—COSX+/C0S2X 3/C0S3X

x— T 2—COtgx —Cotg"x x>0 1—-cos2x

6. Gioi han dang vé dinh % ciia ham s6 mii va logarit.

Phwong phdp : Thuc hién cac phép bién doi va sir dung cac giéi han co

ban sau day :

+) lim =1
x>0 X

+) lim In(+x) _,
x—=>0 X

Céc gi6i han trén déu duoc thira nhan hoic da chimg minh trong Sach gido khoa.
Ngoai ra gido vién can dua ra cho hoc sinh hai gigi han sau :

www.MATHVN.com 14
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

X _ . xlna _ . xlna __
+) lim & 1_ lim| & 1.Ina =lna (Vi lim & 1:1)
x—>0 X x—> 0| X.lna x—>0 Xlna

log (1+Xx
+) ImM lim Ind+x) _ 1 lim Ind+Xx) -Ina
x— 0 x>0 X.Ina Ina’ x—>0
Vi du dap dung :
ax _ abx
Vidul18: L=IlimS —°
‘ x— 0 X
Bai gidi -
CLoe_ghx (e _q)(ePX_1)
L18_>!I—>moT )!I_r>n 0 X -
ax bx
— lim -1 lim €1 _
Xx—=>0 X Xx—0 X
ax bx
=a Jim == "D _p jim €D _
ax x>0 px
=a-b
Véy ngza'b.

Trong bai tap nay dé s dung gidi han co ban ta di thuc hién thém bot 1
va tach thanh hai gidi han. Can nhan manh cho hoc sinh khi x -0 thi ax -0 ,

av lim € =1 (e™-1) _
do vay >!I—I;T1() ax =1 >I<I—r>n0 bx

esin2x _ esinx

Bai gidi :

im esin2x-_esinx lim (esm2x 1) (esmx 1)
X— 0 SINX x—>0 sinx

esin2x -1 esinx -1
—lim

x>0 sinx X—>0 sinx

esin2x -1

] esinx -1
.2C0SX |[— lim =— =
x—> 0 sinx

] esm2x _ esinx 1
=lim|~——— I|m(2003x)—llm =
x>0 SIN2X | x>0 x=>0  sinx

=2-1=1
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

Vay Lig=1
, ] T 2x_x2
Vidu 20 : Lzo—)!'_,mz )
Bai gidi :
o 2Xex? L (26 —4)— (X% -4)
Lo = IS =M, X—2 -
X 2 X—2
—I|m2 —4_lim X _4:|imu lim (X-2)(x+2) _
X>2 X—2 Xx>2X—-2 x>2 X—=2 <, X —2
X_
=4lim 2x— - lim (x+2)=4In2-4

Véy Ly = 4In2 - 4

3 2 a—2x?
Vidu2l: L, =lim V21X —¢
x>0 In(1+x7)

Bai gidi :
L —1lim PN+ x2 —e2¢ (\/1+X “D—(e2 -
27550 In(1+x?) =i In(1+x2)
(x/l+X2 —1)—(e2-1) x3/1+X2 T
=i In(1+x2) HOIn(1+x2) x>0 [n(1+x?)

>0 (3fd+ x?)2 + Y1+ X2 +2)In(1+x?2) —2X2 In(1+x?) |~

X? e—ZXZ -1 .. _2x2
X*‘)(J(HX) X2 +1)In(L+x?) b =2X7 xS0 In(Lx?)

_ lim A1+ %2 =D)(FA+x?)? + 1+ x2 +1) Iim[ezxz—l —2x? J
X—>

X2 -2x2 2
- lim 1 lim lim & 7L lim 22X
x—>03((1+xz 2 +3/1+X2 1 x—>0|n(1+x2) x—>0 —2X?2 x—>0|n(]_+x2)
1
=-.1-1.(-2)==
L1-1(-2)=
A 7
Vay |—21:§
Két ludn :

www.MATHVN.com
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

Pé tinh cac gi6i han dang vo dinh ciia ham sé mil va ldgarit, hoc sinh thuc
hién cac phép bién d6i dé ap dung cac gidi han co ban. Yéu cau hoc sinh phai
thanh thao céc phép toan vé luy thira va 1ogarit.

Pé sir dung cac gidi han co ban, bang cach thém, bét, nhan lién hop, ...
hoc sinh phai bién d6i ham s can tim gi¢i han vé mot trong cac dang :
f(x) ) _ In(1+f(x log, (1+f(x
fim €L i @<Ly INEHEI) 108, (14509)
X— Xg f(X) X—> Xg f()() X—> X f()() X—> X f(x)

Vol XIi)n;(of(x) =0

Bai tap tw luyén

Tinh cac gidi han sau :

Ox 5%
1) 2) I%0 T
X X

3) I|m —COSX 4y lim (1-e*)(@1—cosx)

x— 0 X x— 0 2)(3 + 3)(4

SiN2X __ ASinX

5) lim| = 1 /1+X 6) Iim%

=0 X" V1-x x>0 5x + tg2x
1. GIOI HAN DANG VO PINH 2
o0

Gidi han dang vo dinh % co dang la :

L= lim ) trong d6: lim f(x)= lim g(x)=c0
x— X, (X) X— Xg X=X
(x— ) (X— 0) (X— )

Pé khir dang vo dinh nay, phuong phap thong thudng 1a chia ca tir va mau

cho lu§ thira bac cao nhét cua tr va mau cta phéan thic 69 Cu thé nhu sau :

9()

1) Néu f(x), g(x) 1a cac da thirc c6 bac twong (mg 1a m, n thi ta chia ca
f(x), g(x) cho x* vé6i k = max{m, n}

a,X"+a_ X"+, +a x+a
L= lim m-1 ~ 1= 70 vi ay,b, 20, mne N
x> px"+b, X"+ 4D XD,

Khi d6 xay ra mot trong ba trueong hop sau :

www.MATHVN.com 17
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Nhitng dang vé dinh thwong gdp trong bai todn tim gidi han ciia ham sé

+) m = n (bac caa tir va mau bang nhau), chia ca tir va mau cho x" ta

ap+omid + % 4% . g
duoc: L= lim X X" XD _ |jm 4m —8m
X—> o0 b b X—>oobn bn

+) m > n (bac cua tir I6n hon bac cia mau, k = m), chia ca tir va mau cho

x" ta duoc :
am+omis + & 4%
L= lim =i =00
X>® | b b b x—>wo Db
n 4 “n- +.. . +1 14 -0 —
Xm—n Xm n+l X Xm X

+) m < n (bac cua tir nhd hon bac ciia mau, k = n), twong ty nhu trén ta cé

a a a
nTm+ nﬁ-l—i_ o 0
L= lim X X . X" _0
— ®
b+ L4 +0
X X

Hoc sinh can vén dung két qua :
1

Iimf(x)=00= Ilm——O limf(x)=0= |Im—=oo
X=X, ( ) X=X, X=X, (X)

Sau khi xét ba trudng hop nay, hoc sinh can tu rit ra nhan xét két qua gigi
han can tim dya vao bac cua tir va mau. Luu ¥ 14 c6 thé chia tir va mau cho X"
Voi
h min{m, n}.

2) Néu f(x), g(x) 1a cac biéu thirc c¢6 chia can thuc thi ta quy wdc lay gia

.. m , \ 1A ; < , v AN Aty . A
tri « ( trong d6 k 1a bac cua can thirc, m la sO mii cao nhat ctia cac so hang

trong céan thirc) 1a bac cua can thirc d6. Bac cua tir ( mau) dugc xac dinh 1a bac
cao nhét cac biéu thirc trén tir ( dudi mau). Sau d6 ta ap dung phuong phéap khir
nhu véi truong hop  f(x), g(x) 1a cac da thirc. Qua d6 hoc sinh c6 thé dé dang
phan doan két qua gigi han dang % can tim.

Vi du ap dung :

3 a2
Vidy22: LZZ_JLan)(TSXGH

www.MATHVN.com 18
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Nhitng dang vé dinh thwong gdp trong bai todn tim gidi han ciia ham sé

Bui gidi : Chia ca tir va mau cho x° ta duoc :

2—3+ L
22 x> By3_f = X—>o 6 5
T
Vay L,, =% : Ta c6 thé trinh bay theo cach sau :

Vidu23: L,,= lim

X2 (2x=1(3x* +x+2)
2x+1 4x>?

Bai gidi -
L =i 3x%  (2x—-1)(3BX* +x+2) i 12x* — (2x+1)(3X? + x+2)
23 = ! - > = 2 =
X—> | 2X+1 4x X—> o0 4x~(2x+1)
5 1 2
im s ex2 Ty ete 4
x> 8X%4+4x2 C Xow@ 8+ﬂ 8 2
X
A 1
Vay Ly, =73
, _ i (X=D(X=2)(x—3)(x—4)(x-5)
Vidu24: L, =Ilim Bx_1)°
Bai gidi -
L, = lim (x—l)(x—2)(x—3)gx—4)(x—5) _
X=> o0 (5x-1
e ) ) ).
T X X X x)_1
5]
X
A 1
Vay L,, =55
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Nhiing dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

Vidu25: L= lim -3

X—)oo\/XTH

Bai gidi :
Chia ca tir va mau cho x ta duoc :
3
1+2
X+ .
L,s = lim 3 _ lim ——X
X— © ¢X2+1 X—> 00 X2+1
X

Vi phai dua x vao trong can bac hai nén ta xét hai truong hop :
*)X—>+0 =X>0 = X = N
o T T
Khi do: xlimwm:xlimwm :xlirllorlz:l
X NYa X

*) X —>—0 =>X<0 = X =—X?

1+3 143 143
Khi d6, ta c6: lim ——X_ = lim ——X_— Jim — X ___1
SN N o R

X Mz x?

. + \ A
=1 lim X+3 =—1 nén khong ton tai lim

X+3 X+3

Vi lim

X—>+00 ,XZ +1 X—>—00 fxz +1 X—> © X2+1

2 32
Vidu26: L, = lim VX2 +1=3x+4
X—)oo{l/16x4+3_§jx4+7

Bai gidi : Chia ca tir va mau cho x ta duoc :

JOx2+1 Ix2+4

2132
o d16xt +3-Uxt+7 > {16x +3  Ux*+7
X X

JoxZ+1 14
X

¥=+—
— lim X

Hwé/l6x4+3_5/1+7
X X X°

Tuong tu Bai 25, ta xét hai truong hop :
www.MATHVN.com

20



WWW.MATHVN.COM

Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

*)X—>+oo:>X>O:>x:\/x_,x:\/X_4

9x +1 fl 4 / 31+
3
Khido: L. = lim X X" _ lim x* 2
26 x—>+oo<./16X:+ r X—>+oo416+7 51+1 6+O 2
X5

*) X -0 =X <0 = X =—X2, X =—4x*

Xw‘ N

Khi d6 ta co :
x}9x+ J1,4 VOxX2 +1 1. 4 \/9+1 §/1+4
Y iy T3 3 - YT s
Ly = Jim — X X" _ |im . X X x* Nx_ x

— lim
«/16x +3 1,7 H‘“’\/16X V16x*+3 1 7 X+°°_416+34_§/1+75
Ty ik e X E x* \x 7 x

\/9+ \/x x3 _ —9-0 _

0  _4h6_
X_) \/16+ \/1 +l5 16
X X

|
N w

N w

Y1t - na o —
Vi Ly=Lnéntaco: L, =

Két ludn :

So véi dang vo dinh 9,

A . w (14 X 99 T A r
0 dang vo dinh — “dé tim” hon. Hoc sinh can xac
o0

dinh dung dang va chi cin quan tim dén bac cua tir va mau dé tir d6 phan doan
/{ 2 - /‘\ b} 4 4 /( T s .. w 9 hY /{ V4 7
ket qua gigi han can tim. Cha y doi vai gigi han dang — ctia ham s6 c6 chtra
0
cin thuc ta khong nhan lién hop. Day 1a diém khac biét can phan biét dé tranh
nham Ian.

Vi gigi han khi x —oo0, can luu ¥ hai kha ning X —+w0 va X —>—0
trong phép 13y giéi han co chira cin bac chan. Néu hoc sinh khong dé ¥ dén van
dé nay thi rat d& mac phai sai lam. Hon nita truong hop nay con lién quan t6i bai
toén tim tiém can cia ham so chira can thic.

Bai tap tw luyén

- (2x-3) (4x+7)° - (2X-3°(3x+2)"
) ’!m(3x2+1)(10x2+9) 2 X )®
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

(X+D)(X? +1)...(x" +1) X% +2x 43X

3) i li

o [ +1] 7 RSN
I +1-3Yx2+2 In(1+ X +¥x)

QR T oo S R v o

I11. GIO1 HAN DANG VO PINH «—o
Dang tong quat cta giéi han nay 13 :

lim [£(x)-g(x)] trong d6 lim f(x) = lim f(x) =0

(x—) (x—>) (Xx—)

Phuong phap chil yéu dé khir dang vo dinh nay 1 bién doi chang vé dang
vo dinh g g bang cach doi bién, nhan lién hop, thém bat, ...

Vi du ap dung :

Vidu27: L,, = lim (x/x2+x—x)

X—>+00
Bi gidi :

Nhaén va chia biéu thuc lién hop twong tng 13 : VX% +X+x, ta dugc :

L27:x|Ler(m X)— lim (VX% + X = X) (VX2 +X+x) _

«/x + X+X
X2 AX=X
=i, I x+x X_H—OO\/X +X+X
Vi X —>+00 nén chia ca tir va mau cho x ta ¢ :

lim im_t _1

X—>+00 \/ﬁ_'_x X—>+00 1+ 1 1

A 1
Vay Ly, =3

Trong vi du ndy, bang cach nhan lién hop, ta da chuyén gigi han can tim
tir dang «o—oo sang dang %
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Nhiing dang vé dinh thuwong gap trong bai todn tim gidi han ciia ham sé

Vidyu28: L= Xlirpw[«/w& ~JxX }
Bai gidi -

=

= lim M lim ﬁ
X—>+00 fx_l_\/;_'_\/_ X—>+00 ,X‘l‘\/_ \/_

= lim x o lim L L ( chia ca tir va mau cho VX))

— "  —lim—-—==
X—>+0 fx_h/;_'_ﬁ X—>+0 1+\/1_+1 2
\} X

A 1
Vay Ly = 5

Vidu29: Ly =lim [\/xz —x+3+x}
Bai gidi : Trong vi du ndy can luu y khi X —>00 can xét hai truong
hop X —>+400 va X ——o0

+) Khi X —+00 thi :

X2 =X+3 > 40 => X2 =X +3+X —>+0
Do @5 lim [x/xz—x+3+x}=

X—>+0

+) Khi X ——o0 thi gi6i han c6 dang oco—co. Ta khir bang cach nhén lién
hop binh thuong

[mﬂ(}_ lim (VX2 =X +3+X) (VX2 =X +3-X) _

lim
«/x —X+3—-X

X—> —0

_1_+_§

X% —X+3-X? —X+3
lim lim lim

N o R N H-wm

Khi X —>—o0 thi x <0, do d6 x=—J/x2
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

—1+§ —1+)3; 11

lim - -_=

x—>oof —X—i— x—>oo 1_14_1_1 — 2
X X

Vay X[Tw[\/xz —X+3 +X}:+oo, Xﬁrpm[x/xz —x+3+x}:%

Qua vi du nay mét lan nira nhan manh cho hoc sinh cht y véi gigi han khi
X —>00 Cin xét X —> 400 va X —>—o0 ddi v6i ham sd chira can thie bac chan.

Vidu30: Ly, =X|Lrlww[ﬂx3 13x2 X2 —2x}

Bai gidi : Vi ham s6 can tim gi6i han chira cac can thic khong
cuing bac nén ta thém bét dé cé thé nhan lién hop.

L, :Xli)rpw{i*/XS +3x2 —\X? —ZX} = X&m@[(m—x)—(m—x)} -
. Iim[m—x}— |im[JM—x}=Gl—G2

X—>+00 X—>+0

i . x® +3x* —Xx°
+) G, = lim| x*+3x? —x |= lim =
b X X+ (5] 3 2 2 3/, 3 2 2
(x/x +3X ) +x«/x +3X° +X

. 3 | 3 >
= lim . = lim . =3~1
X400 [ 4f 75 2 3fy3 2 2 X
(»\/x + 3X ) + X3 +3x% + X HH?’] +3/1+3+1
X X X
X? —2X —X°
+) G, = Ilm[«/x —2X — XJ— lim =

X0 e X2 — 2 X

- fim = lim = =1
X®—2X +X 1-% 11
X

Vay Lyp=G;1 -G, =2

X—1

Vidu3l: L31—I|m{ m___n } (mn eN)
1-x" 1-X"
Bai gidi -
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

[ m n } . ( m 1 j ( n 1 j
L, =Ilim — — |=lim —— — —— =
-1 (1-X 1-x 1-x" 1-x

1 1-x" 1-X

T L j—lim( n___1 j:el—ez
mo1-x) x1\1-x" 1-X

x-1\ 1—X
_ 2 m-1
4 G, _“m( m 1 j:“mm @HX+X+ 4+ X"
x>1{(1-x" 1-x) x>t 1-x"
_ m(1—x)+(1—x2)+...+(1—x”“1) B
x—1 1—x™
(1—x)[1+(1+x)+...+(1+x+...+xm‘2)]
— m ==
X1 L—X)A+X+...+X™)
_lim 1+ (@+X)+.. +(1+x+ A+X™?) 142+..+4m-1 _m-1
x-1 1+X+..+ X" m 2
n-1

Tuong tu ta tinh duoc G, = —

R m-1 n-1 m-n
Vay L31:Gl_G2: 2 - 5 = 5

Trong bai tap nay ta sir dung thuat toan thém, bat dé tach gidi han can tim

thanh hai gi6i han va tinh cac gidi han niy bang cach bién doi vé dang 0 Viéc
thém bét biéu thirc phai tinh téva phu thudc vao dic diém ting bai.

Két ludn :

Péi vai dang vo dinh co—co, ta phai tuy vao dic diém timg bai ma van
dung linh hoat cac k¥ ning thém bét, nhan lién hop, phan tich thanh nhan tir dé
bién doi va khir dang v6 dinh. Ta thuong chuyén ching vé cac dang vo dinh dé

0 o

tinhhonla —, —
0 o0

Bai tap tw luyén

1) lim {\/X+xlx+«/; —&} 2) lm[g/(x+1)2 —%/(X—l)zJ

X—>+00

3) tim| e o | 4 tim[ s A

www.MATHVN.com
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

5) lim [In(5x +8) — In(3x + 5)] 6) Iirrl[éj(x +2)(X + 2)...(X+5) - x]

IV. GIO1 HAN DANG VO PINH 0.0
Dang tong quét ciia gidi han nay 1a :

lim [f(x).g(x)] trong do lim f(x)=0, lim g(x)=o0

(X—=Xg) (X—=X%,) (X—>Xg)

Pé khir dang vo dinh nay, ta thuong tim cach chuyén ching vé dang gigi

han khac dé tinh hon nhu % : % bang cach nhan lién hop, thém bot, do6i bién ...

Vi du ap dung :

Vidu32: L, = lim [x(x/x2 +5 —x)}

X—>+00

Bai gidgi : Ta khtr dang vo dinh nay bang cach nhan lién hop dé

A A gip OO
dua vé dang vo dinh —
o0

L, = lim [X(M—X)me(m%ﬁ”) _

X—>+0

26
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

_lim X(x*+5- x) i

X—>+00 m+x X—>+oo fx +5+X X—>+00 ,X +5+X

X—>+4+0 =>X>0 = X = X?

Dodd: Im —m—e——=lim ——

X—>+00 ’X +5+X X—>+00 +£

X2
Vay L32 Y
, : X
Vidu 33: L33:I|rr11(1—x)tg7

Bai gidi - Dat t=1-Xx taco:

X—=>1=t—>0

el 2]

t

=lim| t.cotg— LY T _flim—2__-%

t—0 2 t—0 thLt T >0 thLt o
2 2

Vay L33 =

Bai tap tu luyén

1) Iim[x(«/ﬁ+2x)} 2) 1m[x2(«/3x4+5—\/3x4—2)}

X—>—00

X—©|

3) lim _x(\/4x2 +5—3/8x3 _1)} 4) Iing{thx.tg G - xﬂ

1 1
5) lim| (a’ —xz)tgn—x} 6) Iim{x{eX +e X —Zﬂ
X—a 2a X—>00

V. GIOI HAN DANG VO PINH 1~
Dang tong quét ciia giéi han nay 1a :
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Nhiing dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

lim [f ()", trong d6 limf(x)=1, limg(x) =

X=Xy

Hai gidi han co ban thuong duoc stir dung khi tinh gidi han dang vo dinh 17 1a :

X—>0

) ||m(1+)1(jx _e (1)

1

+) )I(i_r)T(]O(1+X)Y =e (2)

Trong qua trinh van dung, hoc sinh bién ddi vé dang

1 f(x)
lim{1+— | =e néu limf(x)=
on( f(X)J cu imf(x) =

1
lim(1+g(x))e0 =e néu  limg(x)=0

X=X

Dé bién d6i gidi han can tim, hoc sinh van dung ménh dé sau (dwa vao
tinh lién tuc ctia ham sb mi).
“ Néu hai ham s6 f(x), g(x) thoa man cac diéu kién :

1) limf(x)=a>0

X=X

2) limg(x)=b

thi lim[f ()" =a"

X=X,

Hai gigi han co ban va ménh dé trén 14 co so dé tinh cac gidi han dang vo
dinh 17

Vi du ap dung
1
Vidu34: L, = Iirrg)(1+ sin2x )x
Bai gidi :

sin2x

1 1 sin2x 1 X
L, = I|m(1+ sin2x )x = lim (1+ sin2x )sin2x” x = Iim[(1+ sin2x Jsin2x

x— 0 x— 0 Xx—> 0
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

Taco: IIm(1+ SInZX)sm2x =e ( dé hoc sinh d& hiéu nén dit t = sin2x)

x— 0

. Sin2x . SIn2Xx
lim =2lim
x—0 X x—0 2)(

=0

sin2x

1 X
Do d6 : L, = lim [(1+ sm2x)sm2x} =g’

X— 0

, _ _(x+1\"?
Vidu5: L, =Ilim| —
X—>+0\ X + 2

Bai gidi : Dé st dung gidi han co ban ta bién doi :
x+1 1 1

=1+
X+2 —(X+2)

4-3x

X +1 4-3x 1 _(X+2)'7—(x+2)
L, = lim —) =lim|1+
x—>+o\ X 4 2 X—>+00 —(X 4 2)

1 (x+2)
lim| 1+ =e
X—>+00 —(X + 2)

Vi 4 nén L, =¢°

. 4-3x . 3x-4 . X
lim = lim 5
X—>+00 —(X+2) X—>t0 X 4 2 X~>+ool+7

X

o{5)
Bai36: L, =lim|tg] Z—y
T t—0 4
v o - I8 T ,
Bai gidl : Dat y:x—z, x—>Z:>y—>O Tacéo:
()
—lim| tg ——y C i 1219V )
36 t—0 t->0| 14 tgy
2tgy 1-tg’y

1-tg’y _ gy | o14tgy 2tgy

T i R G L 2
-0 1+tgy 00 1+tgy
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Nhitng dang vé dinh thuwong gdp trong bai todn tim gidi han ciia ham sé

71+tgy
— 2
Vi Iim[1+ 29y | Y o
y—0 1+tgy
_ 2
lim| —-29Y 129V )i (14 tgy) =1
y=0 1+tgy 2tgy y—0
nén L, =™
Két lugn :

Vi dang vo dinh 17, viéc nhan dang khong kho khan ddi véi hoc sinh.

Tuy nhién, dé lam duoc bai tap, hoc sinh phai van dung tét cac ki nang dé dua

cac gidi han can tim vé mot trong hai gigi han co ban (1) va (2). Hai k¥ ning
cha yéu duoc sur dung 12 doi bién va thém bét.

Bai tap tw luyén

1

1) |im(1+X2)00tgx 2) |Im( 1+t.gX jsmx
0 x=>0\ 1+sInX
i X2 +3 ' H . cot gnx
3) im(xz _gj 3) |XIL711(1+S|nnx)
5) lim(cos2x)* 6) lim| sin=+cos=
X0 X—>00 X X
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