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Gidi thisu

0 truong pho thong, hinh hoc duge day va hoc theo quan diém hinh hoc
Euclid. Céc vat thé hinh hoc duce cau thanh tit cac mdnh phcfng va mdnh
cau. Quan hé so sanh gitta cac vat thé hinh hoc duge thue hién béi cac phép
doi hinh; hai vat thé hinh hoc duge zem la bang nhaw néu ching c6 thé dugce
chong khit lén nhau qua nhimg phép doi hinh.

Dai s6 tuyén tinh va hinh hoc giai tich xét cac vat thé hinh hoc duge cau
thanh tit cdc mdnh phing va cac mdnh bac 2 tong qudt. Cac quan hé so sanh
dugc xét nhu cac phép bién doi tuyén tinh hodc afin. Cac duong bac hai duge
dua vé 9 dang chinh tic, cac mat bac hai trong khong gian 3-chiéu duge dua
vé 17 dang chinh tic. Trong hinh hoc dai s6 biang phuong phap phan loai c6
thé nghien ciu cac duong va mit hodc siéu mat bac 3 hay, tong quat hon,
bac bat ki. Phép bién ddi cho phép la cac phép bién doi da thic hodc song
hitu ti.

Quan diém néi trén duge phét trién trong cling mot ngit canh ctiahinh
hoc vi phan khi ma cac vat thé duge cau tao tit cac mdnh tham s6 hod bing
cac tog do dia phuong,ma néi chung cac ham toa do dia phuong la cac ham
tron bat ki. Cac phép bién doi 1a cac phép vi phoi. Do vay céc vat thé hinh
hoc trong hinh hoc vi phan da dang hon, nhiéu chiéu hon v theo mot nghia
nhat dinh la tron chu hon cac vat thé hinh hoc trong cdc mon hinh hoc trén.

Phuiong phdp nghién citu ctia hinh hoc vi phan tuong déi da dang. Truée
hét hinh hoc vi phan stt dung céc phép tinh vi phan va tich phan trong khong
gian Euclid R” dé xay dung cac phép tinh vi phan va tich phan tuong tng
tren cac vat thé hinh hoc. Dong thoi né ciing van dung céc phuong phap
topo, topo dai so, phuong phap t6 hop, phuong trinh vi phan thudng va
phuong trinh dao ham riéng, ..... dé tim ra cac tinh chat ciia céc déi tugng
hinh hoc.

Gido trinh nay dugc bién soan trong khuon kho chuong trinh cho sinh
vién cac nam cudi dai hoc. Cac tac gid da day chuong trinh nay cho cac 16p
ctia Dai hoc Hué,Dai hoc Thai nguyén, Dai hoc Quy Nhon. Thyc té gidng
day da goi ¥ cho cac céc tac gid chon loc cac ndi dung nay, sao cho vira phai,
khong qua nhiéu va ciing khong qua nghéo nan.
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Gio trinh gom c6 cdc chuong chinh sau: Chuong 1 duge danh cho viéc
nhin lai Iy thuyét duong va mit bac 1 va 2. Muc dich ctia chuong nay 1a tao
ra mot khéi diém hinh hoc cho viéc hoc tiép tuc. Chuong 2 duge danh cho
viéc nghién ctu cac duong cong trong khong gian Euclid n-chiéu. Chuong 3
duge danh cho viéc xay dung lai khai niém veé tenso va dai s6 tenso. Chuong
4 1a chuong trong tam, danh cho 1y thuyét mat cong trong khong gian Euclid
R3. Trong chuong 5 chiing toi trinh bay phép toan vi phan nhiéu chiéu cho
cac anh xa tron, dong thoi nhan manh cac dinh 1f 4nh xa an va dinh 1f anh
xa nguge. Hai dinh 1i nay déng vai tro trung tam trong viéc nghién citu cac
da tap con trong R" dugc xac dinh bdi hé phuong trinh ham. Trong chuong
6 chiing toi trinh bay ly thuyét tong quat cac da tap kha vi. D6 chinh la cac
dé6i tuong trung tam ciia hinh hoc vi phan.

Cubi mdi chuong c6 mot sd bai tap bo sung cho phan li thuyét. Cac bai
tap luyén tap co ban, can dugc giang vién chon tit cic nguon khéac. Gido
trinh dugce bien soan lan dau khong tranh khéi nhitng thiéu s6t. Ching toi
mong nhan dudce nhiéu ¥ kién déng gép cho viéc bién soan, noi dung va hinh
thic ctia giao trinh.

Cac tac gia



Chuong 1

Dudng va mat bac hai

Trong chuong nay ching ta sé hé thong ho4 lai nhitng khai niem va két qua
nghién cttu duong va mit trong Dai s6 tuyén tinh va Hinh hoc gidi tich dudi
mot cach nhin théng nhat 14 tham s6 hoa va toa do hoa. Cach nhin théng
nhat nay sé cho mot hinh dung so bo vé phuong phap nghién citu ctia hinh
hoc vi phan co dién.

1.1 Siéu phang afin

Trong Dai s6 tuyén tinh, cac sieu phang afin déng vai tro co ban, cac m-phang
duge xem nhu giao ctia hé cac siéu phang afin.

Trong hinh hoc afin, siéu mat afin 14 ddi tuong co ban. Cac giao clia cac
sieu mat bac 2 cho ta céc dbi tuong kiéu cac nhat cit cau, nhét cit ellipsoid,
V.V....

1.1.1 Thuat khit Gauss-Jordan giai hé phuong trinh
tuyén tinh
Dé giai hée phuong trinh tuyén tinh ta c6 thé st dung thuat khit Gauss-Jordan

1 thuc hién cac phép bién doéi so cap trén ma tran ctia hé phuong trinh da
cho. Chung toi cho ring hoc vién da biét ki vé nhiing van dé lién quan.

1.1.2 Da tap tuyén tinh va phuong phap toa do

Ta xét bai toan nghién ctu tap nghiém (hat nhan) ctia phuong trinh vécto
©(x) = b, trong d6 ¢ : V — W la mot anh xa tuyén tinh. Khong gian
nghiém 1a mot m-phang afin dang xo + L v6i L 14 mot mat phang qua goc
toa do, 1a khong gian nghiem (hat nhan) ctia anh xa tuyén tinh p(x) = 0.
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Toa do hoa cac khong gian vécto V' va W bang cach chon trong moi khong
gian mot co sd tuyén tinh, ta quy bai toan vé gidi hé phuong trinh tuyén
tinh.

Xét hé phuong trinh tuyén tinh téng quat véi n bién va m phuong

T bl
trinh Ax = b, véi x = 2w cot vé phai b = b2 . Theo Dinh
In bm

1y Kronecker-Kapelli, hé phuong trinh la ¢6 nghiém khi va chi khi rank[A] =
rank[A|b]. Nghi¢m ctia hé 1a mot khong gian afin con. Néu ta chon toa do
hoa bang cach chon mot co sé ctia khong gian nghiém roi bd sung thanh mot
o 86 clia toan bo R™ thi ta c¢6 the noi ring: C6 thé tach bién x = (z,y) véi

r=(x1,...,Tpn_y), Yy = (Yy1,...,Yr) sao cho r = rank[A] vA ma tran con
1pn—r4+1 --- Ain
Qrp—rt+1 -+ Qrp
1a kha nghich. Cac bién z, ..., z,_, la bién tir do. Cac bién vy, ..., vy, 1a cac
bién phu thuoc, 1a cdc ham tuyén tinh theo xq,. .., z,_, theo quy tic Cramer
cho hé
n—r
U1t + . F a1y, = b= ar;
n—r
Qrp—r+1Y1 +...+ ArnYr = br - Zz‘:l Qi T

Nhu vay ta c¢6 thé tim mot co sé trong khong gian nghiém ma trong dé
céc vécto nghiém tuong ting véi x = (x4, ..., 2,_,) clia Xg+ L. N6i mot cach
khac, ta c6 mot dang cau afin gida R™™" va khong gian con afin xo+ L. Néu
xem khong gian con afin nhu la vat thé hinh hoc doc lap thi cic phép bién
doi hinh hoc cho phép chinh la cic phép bién doi afin. Viec chon cach tdach
bién nhu trén cho phép "toa do hod" khong gian (da tap) afin dé.

Mot vi du khéc 1a cac hinh thu dudge nhd compa. Theo quan diém tritu
tuong compa l& cong cu c6 tac dung duy nhat 14 vé cac dudng tron hodc
la cac cung ctia n6. Mot I thuyét tong qudt cic mat bac 2 duge nghieén ctiu
trong phan cudi ciia mot gido trinh dai s6 tuyén tinh. Trong trudng hop nay
cdc phép bién doi cho phép la cic phép bién doi bdo toan cdc dang bac 2, tic
la cdc phép bién doi afin truc giao. Vi du v6i mit cau phép bién doi cho phép
1a cac phép bién doi trong khong gian Euclid (cdc phép quay, cac phép phan
xa, tinh tién). Bai toan quy vé viéc nghién cttu hé mot hay nhiéu phuong
trinh, bat phuong trinh bac 2, vi du dang toan phuong. Lai mot lan nita, cau
hoi tu nhien duge dit ra la: ¢6 thé ching nghién ciu cic mdit téng quat hon
la mat bac 27
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Bai toan co ban la cac viéc lam noi trén c6 thé thyce hien hay khong khi
hé phuong trinh phi tuyén (khong 1a tuyén tinh ho#c cdc phuong trinh c6
bac 16n hon 2). Tra 161 cau héi nay, hinh hoc vi phan dung toan bd cong cu
vi tich phan ctia giai tich. D6 cting chinh 1a noi dung ctia hinh hoc cac da
tap kha vi. Tuy nhién dé c6 duge diéu dé ta phai huy dong toan bo phép
tinh vi tich phan trong R™ ¢ dang tong quat nhat.

1.1.3 Cac phép bién doi (tuyén tinh) trong hinh hoc

Trong mot khong gian, diéu quan trong hon ca la ching ta chap nhan céc
phép bién doi nao. Néu chdp nhan di nhiéu cac phép bién déi dude coi 1a
bién déi tuwong duong thi cé du nhiéu cac vat thé hinh hoc dudge dong nhat
véi nhau.

Néu han ché chi xét cac phép bién déi hinh hoc la tuyén tinh thi ching
ta c6 nhém bién doi 1a nhom tuyén tinh tong qudt G = GL(R™) = GL,(R)
ctia khong gian, gom tat ca cac phép bién doi tuyén tinh kha nghich. Ching
ta thu duge hinh hoc afin [aphin].

Néu ching ta han ché hep hon, chi chap nhan céc phép bién doi la bao
toan khoang céch, hoiic tich vé huéng, chiing ta c6 nhém O(n) cac bién doi
truc giao va hinh hoc chinh 1a hinh hoc Euclid.

1.2 Puong bac hai véi phuong trinh chinh tac

1.2.1 Ellipse

Trong hinh hoc giai tich, ellipse duge dinh nghia nhu quy tich cac diém M
ma tong khoang cach dén hai diém F; va F, cho trude 1a mot dai luong khong
ddi 2a. Cac diém F; va F, do dugce goi la cac tiéu diém.

Goi khoang cach gitta hai diém F; va F} 1a 2d. Chon trung diém ctia doan
F1Fy 1a géc O clia hé toa do Descartes, chon vécto e; sao cho 0772 = de;.
B6 sung them mot vécto ey dé c¢6 mot co sd truc chuan thuan huéng va do
vay ¢6 hé toa do Descartes O, eq,e; . Trong hé toa do nay diém M c6 cac
toa do 1a (z,y) va ta c6 phuong trinh duong ellipse

2 2

Tl 1 vsib= Va2 — @
a

1.2.2 Hyperbola

Trong hinh hoc giai tich, hyperbola duge dinh nghia nhu quy tich céc diém
M ma tri tuyéet déi ctia hieu khoang cach dén hai diem Fy va F, cho trudc
la mot dai lugng khong déi.
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Goi khoang cach gitta hai diém F; va I} 1a 2d. Chon trung diém ctia doan
F1Fy 1a goc O clia hé toa do Descartes, chon vécto e; sao cho O_Fg = de;.
B6 sung them mot vécto e, dé c¢6 mot co sé truc chuan thuan huéng va do
vay c6 hé toa do Descartes O, eq, e, . Trong hé toa do nay diém M c6 céc
toa do 1a (z,y) va ta c6 phuong trinh duong ellipse

1.2.3 Parabola

Trong hinh hoc giai tich, parabola dudc dinh nghia nhu quy tich cac diém M
ma khoang cach dén mot diém F va mot duong thang ¢ trong mit phang cho
trude 1a bing nhau. Qua diém F, ta ha duong vuong goc véi duong thing ¢
tai diém P. Goi trung diém doan PF la goc toa do O. Chon cac vécto truc
chuan e; vi e, sao cho OF = pey. Goi (z,y) 1a cac toa do diém M trong he
toa do O, e, es. Khi d6 ta ¢6 phuong trinh dudng parabola la

z? = 4dpy.

1.3 BDua phuong trinh duéng bac hai trong
mit phing vé dang chinh tic

Dinh 1i 1.3.1 (Dinh li phan loai) Bdng phép bién doi toa do thich hop,
moi duong bic hai tong quadt trong mat phang Euclid afin 2-chieu déu duogc
dua vé mot trong so 9 duong chinh tic sau:

1. Duong ellipse

22 P
) + = 1
2. Duong ellipse do:
22 P
o + i -1
3. Duong hyperbola
2 g2
——-==1
a’> b?

4. Duong parabola
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5. Cdp hai duong thdang song song

X
a

6. Cap hai duong thdang do song song:

xr
a

7. Cap hai duong thing do cat nhau:

22 2
— + L =0.
a

8. Cap hai duong thang cdt nhau:

[[2 2
")

a2 b2
9. Cap hai duong thang trung nhau:

2 =0.

1.4 Phan loai siéu mat bac 2 trong khong
gian 3 chiéu

Dinh 1i 1.4.1 (Dinh 1li phan loai) Bding phép bién doi tog do thich hgp,
mdi mat bac hai tong qudt trong khong gian Euclid ba chiéu déu duge dua vé
mot trong s6 17 mat chinh tdc sau:

1. Mat ellipsoid:
2 2 2

2. Mat ellipsoid do:

3. Mat non do:
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4. Mat elliptic hyperboloid mot tang

72 2 L2
S )

a2 b2 2

5. Mat elliptic hyperboloid hai tang

ZE2 y2 22

a? b 2

6. Mat non bac hai: ) , ,
x z
2 -5 = 0
a b2 2
7. Mat elliptic paraboloid
. 2
—+y—:22,p>0,q>0.
p q
8. Mat tru elliptic
22
E + b_2 1
9. Mat tru elliptic do:
22 2
) + i -1
10. Cdp mdt phang do cdt nhau:
22

11. Mat hyperbolic paraboloid:

ZL’Q 2
—y—:izz,p>0,q>0.
q

p

12. Mat tru hyperbolic:
2 2

18. Cap hai mat phding cdt nhau:
2 g2

!

a? b2
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14. Mgt tru parabolic v = 2pz,p > 0.
15. Cap hai mat phang song song:

2? = k*, hayx = +k, k #0.

16. Cap hai mat phdng do song song:

22 = —k?, hay v = ik, k #0.

17. Cap hai mat phdng tring nhaw:

22 =0.

Chitng minh. Dinh 1i dugc chitng minh bang céch chon phép doéi toa do
thich hop lam bién mat phan tuyén tinh. Dang toan phuong va hé s6 tu do
quyét dinh dang clia mit cong.

Truong hgp 1: Dang toan phuong c6 ba gia tri rieng khac 0: A\j, Ao, A3:
Phuong trinh duge dua vé dang

M 4+ Xay® + X2 =c¢
la. Cac gid tri A\, Ao, A3 cting dau, quy vé Ay > 0, g > 0, A3 > 0

1. Néuc>0tacéthédata2:A—Cl,b2:i =L,

2. Néuc<0,tacéthédéta2:;—f,62:lc 2= =¢.

3. Néuc:OtaCéthédataQZ/\i,bQZ)\i,czzi.
1 2

1b. Céc gid tri rieng khac dau, quy vé Ay > 0,y > 0,3 < 0

4. Néuc>0tacothe dit a®> =&, b2 = &, 2 = =<

A1 A2 -3’

5. Néu ¢ < 0, ta c6 thé dat a®> = =€, b¥? = =¢, 2 = =<,
! )\1’ )\27 —)\3

0. Néuc:Otacéthédatazz%,b2:%,02:+\.
1 2 —A3

Trudng hop 2: C6 ding mot gia tri rieng bang khong, vi du A; # 0, Ay #
O, /\3 =0:

2a. \i va Ay cung dau: Ay > 0,y > 0, 3 = 0. Khi c6 mot gia tri riéng
A3 = 0 thi hé s6 tu do lai ¢6 thé lam triét tiéu. Néu hé s6 bac nhat theo z
khac 0 ta c6 thé dat 1a +2p, p > 0. Ta c6
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7. Néu he s6 bac nhat theo z triet tieu, ta c6 phuong trinh dang
a® + Ayt =c
Ta ¢6 ba truong hgp:

8. Néuc>0tac()thédéfcang—cl,bzzi,czz <,

9. Néuc<0,tacéthédatcﬂ:;—f,bzz_—C ===,

10. Néu ¢ = 0 ta c6 thé dit aQ:/\il,b?:L =1,
2b. A1 va \g khdc dau: AL > 0, Ay < 0, A3 =0

11. Néuc>0tacéthédata2:/\i,b2: -
1 —A2

12. Néu ¢ < 0, ta c6 thé dat o® = 35, b = =£.
1 2

13. Néu ¢ = 0 ta c6 the dat o = -, b = =,
1 2

Truong hgp 3: C6 ding mot gia tri rieng khac 0, vi du Ay # 0, Ay =
A3 = 0. Khi d6 phuong trinh tong quat c6 dang

M\z? + a1 + 2a9y + 2a3z + ag = 0.

Néu D = /a2 + a? # 0 ta thyc hign phép doi toa do tric giao:

r = X
— as ,,/ a ./
y = D +5Z
_ _as,/ as /
z = DY —|—Dz

Trong hé toa do mdi nay, phuong trinh c6 dang
Mz 4 2a12" + 2D + ag =0

Thuyc hién phép tinh tién toa do

/ _ al
SL’/ = ——)\1+SC
= v
a
S TR

ta c6 cac truong hgp
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14. Néu D = 0 thi phuong trinh tong quat c6 dang
Mz’ + 2a12’ + af =0
Thyc hién phép tinh tién toa do theo truc z ta nhan duge phuong trinh méi

dang:
Mz +af = 0.

c6 ba truong hop:

!
e

15. A; > 0,af < 0, ta dat k? = N
16. Ay > 0,a > 0, ta it k2 = 5.

17. Ay > 0,af, = 0, chia hai vé cho ;.
O

1.5 BDua phuong trinh mat bac hai tong quat
vé dang chinh tac
Gia st (O, eq,...,e,) va (O, €1,...,€,) la hai hé toa do Descartes véi

[élu---7én] = [el,...,en]A,

=1

1a phép chuyén toa do

v6i
x = Ax + b,
tiac la .
r = Z Aéfcj + b
=1
Néi cach khac qua phép bién ddi toa do,
OM =00+0M=b+ ) 8

j=1
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Siéu mat bac 2 1a qui tich cac diém M trong khong gian Euclid afin Ay
thod man phuong trinh 0-diém ctia mot ham bac 2

q(M) = o(OM,OM) + 2f(OM) + ¢ = 0,

trong d6 phan bac 2 ¢ 1a khong dong nhat bang 0. Néu trén siéu mat bac 2
c6 diém tam déi zing O, tic 13 —OM thod méan phuong trinh q(M) = 0 néu
OM thoéd man, thi viét trong gbc toa do tai O phan bac nhit triet tieu

FOM) = 3(00,0M) + F(OM) = 0.

Gia stt M 1a mot diém trén sieu mit dang xét. Duong thang D c6 phuong e
qua M gom cac diém c6 dang OM + te . Cho nén giao ctia né véi sieu miit
bac 2 cho bdi S : ¢(M) = 0 gdm céc diém ma ¢ thod man phuong trinh

At* + 2Bt +C =0,

vii A = p(e,e), B= f(e)+p(OM,e), C = q(M). Phuong e la phuong khong
tiém cdn néu (e, e) # 0.

Néu vécto e khong thuoc hat nhan clia ¢, tic la p(e,e) # 0 thi siéu
phang kinh lién hop vdi phuong e duge cho béi

w(OM,e) + f(e) = 0.

Hai vécto u, v trong khong gian afin Ay 1a lién hgp vdi nhau qua ham (bac
2) ¢ , néu p(u,v) = 0. Vécto tu do e dugc goi 1a phuong chinh ciia ham
bac hai ¢(M) néu né lien hop véi tat ca cic vécto vuong goc véi no, tic la
p(e,u) =0, véi moi u L e.

Két quia co ban ctia hinh hoc giai tich phan loai cac siéu miat bac hai
dugc thé hien & dinh 1y sau:

Dinh 1i 1.5.1 Moi siéu mdt bac hai S : (M) = ¢(OM,OM) +2f(OM) +
c = 0 trong khong gian Euclid afin Ay, bing cdc phép bién doi afin ding cu,
déeu dugc dua vé dang chinh tac trong hé toa do chinh tdic (O,ey,...,e,)
vdi e; la cdc phuong chinh cia q(M):

1. Truong hop cé tam doi zing: q(M) = M (xV)? + ...+ \.(z")? + ¢ vdi
r<n, N #0,M\ > ... >N\, diém goc O & tam doi zing.

2. Truong hop khong cé tam doi zing: q(M) = A\ (x')? + ...+ M\ (2")? —
2o trong d6 0 <r<n—1, N\ #0, \>...>\,p>0
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Nhan xét 1.5.2 Néu trong truong hop Ay > ... > \. > 0 ta thém cdc phép
bién doi siéu viét dua toa do Descartes vé toa do cuc

z' = rcos(6y)...cos(6,_1)

2 = rcos(6y)...sin(6, 1)
2"t = rcos(d)sin(6y)

™ = rsin(f)

vdi v € (0,00), (61,...,0h-1) € [0,27)"7% x (=5, 5), thi siéu mat ellipsoid
c6 dang r*> + ¢ = 0. Tuong tu trong truong hop cé \; vdi dau am, ta zét cdc
ham ligng gide hyperbolic, ciing cé két qud twong tw. Nhu vay viéc md rong

nhom bién doi cho phép mo td cau tric cdc siéu mat bac hai.

1.6 Phan loai ddi hinh cac dudng bac hai trong
mit phiang Euclid

Chiing ta xét nhom cac phép bién doi afin ddng cau ding cy trong mét
phang. D& dang nhan thay rang " Hai dudng bac 2 trong mat phing la tuong
duong doi hinh véi nhau néu va chi néu ching thu duge tit nhau bang phép
bién doi afin ddng cAu dang cu". Ta c6 ménh dé sau.

Ménh dé 1.6.1 Goi T la nhém cdc phép tinh tién trong mat phang, O(2) la
nhom cac bién doi truc giao (quay va phdn xza). Khi dé nhom cac phép bién
doi doi hinh dang cau vdi tich niba tryce tiép O(2) x R2.

1.7 Phan loai ddi hinh cac mat bac hai trong
khong gian Euclid 3 chiéu

Tuong ty nhu trén, ching ta xét nhém cac phép bién doi afin dang cau dang
cu trong khong gian Euclid afin 3-chiéu. Dé dang nhan thay rang " Hai mit
bac 2 trong khong gian Euclid 3-chiéu 1a tuong duong doi hinh v6i nhau néu
va chi néu ching thu duge tit nhau bang phép bién doi afin ding cau déng
cu". Ta c¢6 ménh dé sau.

Meénh dé 1.7.1 Goi T la nhém cac phép tinh tién trong khong gian Fuclid
3-chiéu, O(3) la nhém cdc bién doi truc giao (quay va phdn za). Khi dé nhom
cic phép bién doi doi hinh dang cau vdi tich nita truc tiép O(3) x R3.
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1.8 Phuong phap toa do cong
Chiing ta nhéc lai mot s6 phép bién doi toa do quen biét:
e Toa do cuc trong mit phiang
{3: = rcos, { = \/x2+y27x
y = rsing, (@ = arccos Tty

ﬁ
|

vol 0 <7 <o00,0< p <27,

e Toa d6 cuc hyperbolic trong mit phing

xr = rcoshoy,
y = rsinhe.

e Toa dd cau trong khéng gian 3-chiéu

= Vr2+y?+ 22

xr = rcosfcosp, r .

. = arccos
y = rcosfsinp, ¥ NZZEerek
z = rsinf. 0 = 2

N

Vil 0 <7 <00,0< <2, -3 <0<

e Toa dd tru trong khéng gian 3-chiéu

T = Trcosy,
Yy = rsingp,
z = z.

e Toa dd cau trong khéng gian n-chiéu

r' = rcost...cos0,_1,
rcosfy...sinf,_q,

= arcsin ——=——,
[ x2 +y2 +Z2

17
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1.8.1 Céac dudng bac 2 tham sé hoa

Trong cac hé toa do thich hgp cidc duong bac 2 ¢6 dang rat don gidn. Vi du
trong hé toa do elliptic

_ 2 | 32
= 7rcosp, o=\t
. _ T
= rsmaoy, @Y = arCCOSTﬁ
ay/ 2tz

phuong trinh duong ellipse tré thanh r = 1,0 < ¢ < 27.

SIS
|

Hé qua 1.8.1 Qua phép bién doi toa do elliptic noi trén, duong ellipse dugc
bién thanh doan déng-md.

Cac phép bién ddi toa do tuong tu duge 4p dung cho cac duong cong bac 2
khéc.

1.8.2 Cac mit bac hai tham sé hoa

Trong cac hé toa do thich hgp cidc duong bac 2 ¢6 dang rat don gidn. Vi du
trong hé toa do cau elliptic

xQ y2 22
ro= + 37+
Z = rcosfcosp, a? b N c?’
g r cos 0 sin ¢, YT arccos= 22 327
. 2T 32
2 = rsiné. 9 — : Sz
c

Vol 0 <71 <00,0< <2, -5 <0< g. phuong trinh mat ellipsoid tré
thanh r =1,0 < <21, 5 <0 < 7.

Hé qua 1.8.2 Qua phép bién doi toa do cau elliptic néi trén, mat ellipsoid
duge bién thanh hinh vuong déng-md.

Cac phép bién doi toa do tuong tu dude ap dung cho cac mat cong bac 2
khéc.

Nhan xét 1.8.3 Bdng cdch chdp nhan thém cdc phép bién doi siéu viet (kiéu
cic phép doi toa do phi tuyén néi trén) cic duong va mat bac 2 trd thanh cdc
Rinh hinh hoc hét sic don giin. Nhiing phép bién doi nhu thé chinh la cdc
phép bién doi vi phoi (cic anh wa khd vi, khd nghich va nghich ddo cing la
kha vi tai moi dz’ém). Phan loai cac vit thé hinh hoc vdi do chinh zdc dén vi
phoi chinh la phuong phdp cia hinh hoc vi phan.
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1.9 Bai tap cung cé ly thuyét
1. Dung cac hé toa do thich hgp, hay tham s6 hoa cac dudng bac 2.
2. Dung céac hé toa do thich hop, hay tham s6 hod cidc mat bac 2.
3. Diung cac hé toa do thich hop, hay tham s6 hoa cic duong conic.
4. Xay dung vi phoi dia mé v6i khong gian Euclid chita né.

5. Qua phép ddi toa do thich hgp, hay tham sé hoa duong bac 2 va mat
bac 2 bat ki.



Chuong 2

Ly thuyét dudng cong trong R"

Hinh hoc Riemann va symplectic tong quét sé dugc gisi thiéu so bo trong
chuong nay. Dé lam 16 ban chat ctia hinh hoc chiing t6i chi chii trong vao céc
duong cong va mat cong. Hinh hoc cic da tap nhiéu chiéu 1a chuyén nganh
ve 1y thuyét da tap c6 metric.

2.1 Cung tham s6 hoa va cung chinh quy

Trude hét ching ta nhan xét ring ton tai cac phép vi phoi gitta khoang md
(a,b) bat ki véi toan bo R, vi du c6 thé chon ham

Ta-+b
T+ =

T T
— 2a—b>' (a,b)—>(—§,§)—>R.

tan(

Ham nay c¢6 dao ham lién tuc va kha nghich, ham ngugc chinh 1a ham

b_&arctanx—l—aTM: R%(—g,g)—%a,b)

™

ciing ¢6 dao ham lién tuc.

Dinh nghia 2.1.1 Cung tham so hod trong R™ la dnh ciia mot song dnh
lién tuc ¢ ti mot khodng md (a,b) = R vao R".

Vi du. Cung tham s6 hod xac dinh bdi cac ham toa do Descartes

x(t) = acost,
p:1 y(t) = asint,
z(t) = bt

voi t € R.

20
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Dinh nghia 2.1.2 Hai tham so hod ¢ : (a,b) — R™ va ¢ : (¢,d) — R
duge goi la tuong thich vdi nhau, néu ching sai khdc nhav mot vi phoi, tic
la ton tai mot dnh xa khd vi lien tuc, khd nghich va dnh za ngudc la kha vi
lien tuc a: (a,b) — (¢, d) sao cho Y oa = .

Dinh nghia 2.1.3 Duong cong lién tuc la anh cia mot dnh xa lién tuc tu
mot khodang md (a,b) vao R"™. Duong cong tham so hod la hop ciia mot ho
cdc cung tham s$6 hod. Néi cich khic ta cé thé chia duong cong thanh hop
cac cung tham so hod.

Vi du. Dudng tron S' ¢6 thé chia thanh hgp ciia hai cung tham s6 hoé, méi
cung la S' trit di mot diém khac nhau, vi dy, S = U; U U, véi cac cung
=S\ {N},U, = S'\ {S}, trong d6 N la diém cyc bac va S 1a diém cyc

nam trén vong tron.

Dinh nghia 2.1.4 (Cung tham s6 hoa chinh quy) Diém P cho bdir(t)
trén cung tham sé hod 7 : (a,b) — R™ dugc goi la diém chinh quy , néu dao
ham 7 (t) cia tham so héa la khdc 0. Cung tham so hod dugc goi la cung
chinh quy, néu moi diém ciia né la chinh quy. Duong cong dudc goi la duong
cong chinh quy, néu né la hop ciia cdic cung tham sé hod chinh quy.

Nhan xét ring néu mot diém la chinh quy trong mot tham sé hoa thi,
theo quy tac dao ham ctia ham hop, noé cling 1a chinh quy trong moi tham
s6 hoa tuong thich khac. Béi thé khai niém chinh quy khong phu thuoc viec
chon tham s6 hoa.

Dinh nghia 2.1.5 (tham s6 hoa dudng cong) Moi hé toa do Descartes
trong khong gian Euclid E™ ~ R"™ cho ta mot tham so hod dia phuong cdc
khodng md ciia duong cong bang cdc ham thanh phan:

teR~(-1,1)—7(t) € E" < z(t) € R".
Khi dé x(t) = (z(t),...,2"(t)), vdi 2'(t) la cdac ham tron. Vécto tiép ziic vdi
vdi t

duong cong tai mot diem x = x(t), co dinh la (2'(t),...,2"(t)) trong
toa do Descartes cia R™.

2.2 Do dai dudng cong trong R". Dudng tric
dia

Khai niem duong cong chinh quy tring véi khai niem da tap con mot chieu.
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Duong cong trong da tap M = R"™ dugc goi 1la duong cong dim
trong M = R™, néu n6 la da tap con mot chiéu trong mdi ban do
toa do dia phuong, tic la duge xac dinh bdéi hé phuong trinh véi
hang ctia ma tran Jacobi la n — 1.

Vi du

1. v = {(z,sin(2));0 < = < 1} 1a dudng cong dim trong R?.
Nhung v U {(0,y), —1 <y < 1} thi khong thé 1a da tap con dim
trong mat phang R2. Cac diem (0,y) khong la diém chinh quy,
vi chiing khong ¢6 dao ham lién tuc.

2. Anh ctia duong thang y = 6z, véi he sé géc 0 vo ti khong the
1a duong dim trong xuyén T? = R?/Z>.

Dinh Ii 2.2.1 (Bai toan Cauchy cho dudng cong) Néu truong vécto &(x)
la truomg vécto tron trén cung tham so hod thi bai todn Cauchy

{ p(t) = &(z(t))
z(0) = =z

c6 nghiem duy nhat va nghiem doé goi la duong cong qua diém x.

N

Do dai clia mot vécto tiép xtc (x(t)) = @(t) 1a

&)= /D (39>

Dinh nghia 2.2.2 D¢ dai ciia cung noi hai diém xo = x(ty) va x = x(t) la

stont) = [ ol = [ /SR

Chiing ta khong thé néi t6i duong thang trong da tap M. Nhung chiing
ta c6 thé xét t6i nhitng duong cé tinh chat ctia duong thing.

Dinh nghia 2.2.3 (Dudng tric dia) Duong cong trong R" néi 2 diém x
va x ¢ do dai ngdn nhat duoe goi la duong tric dia noi hai diém dé.

Dinh Ii 2.2.4 (Bai toan bién phan cho dudng trac dia) Duong tric dja
la nghiém ctia bai todn bién phan

Lz, ) :/1\|:t(t)\|dt—>min

to
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va thod man phuong trinh vi phan tuong wng vdi bai toan bién phan do
Z(t) =0.

Tic la duong di ngdn nhat noéi hai diém o va x1 trong R™ la duong thing
di qua hai diém dé.

That vay, theo nguyén i Fermat, dudng cong c6 do dai ngan nhat khi dao

ham bién phan triét tieu, lay dao ham bién phan ctia phiém ham ta c6 phuong
trinh

t
5/ 3(8)][2d¢ = 0.
to

Dao ham bién phan giao hoan vdi tich phan ta co

/ 0i(t), (1))t = 0.

to

Dao ham bién phan vi dao ham theo ¢ giao hoan v6i nhau cho nén ta cé the
déi chd

/t (%M(t),x’(t)) —0.

Lay tich phan ting phan theo t ta c6

/t(:‘zi(t), dz(t))dt = 0,Véx(t).

to

Cho nén ta co
Z(t) =0.

Suy ra x(t) = a + L.t tiic 1a dudng thang. Vi véi t = tg c6 © = xg v v6i
t =11 c6 x = x1, suy ra

x(t) = xo + (21 — x0)t.

O

Néu duong cong 1a chinh quy thi $(¢) # 0. Theo dinh 1f ham ngugc, ton

tai ham nguge t = t(s). Khi d6 ta c6 thé chon chinh s 1a mot tham s6 clia
duong cong.

Dinh nghia 2.2.5 Tham s6 hod duong cong theo tham s6 do dai ciia né ti
mot diém co dinh xo = x(ty) dén mot diem x = x(t) bat ki duoc goi la tham
s6 hod tu nhién

x=12(s) = x(t(s)),s € R.
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Ménh dé 2.2.6 Trong hé tham s6 hod tu nhién cta duong cong, vécto tiép
zuc luon co do dai la 1,
n d ) .
—z'(s) = ||2']| = 1.
S i (s) = 1)

=1

Chitng minh. That vay, trong tham s6 hod ti nhién,

cho nén theo dinh li ham ngugc,

L. VR YN S i U) . ()
)= a0 S @2 Emll

Vi vay ta co,
|17 (s)]] = 1.

OJ

2.3 Muc tiéu truc chuan. Muc tiéu Frénet.
D6 cong. D6 xoan.
Gia sit chung ta c6 dudng cong
w(t) = (2'(t),...,2%(t),t € (—1,1),
2(0) =2 = (2',...,2°).

Ménh de 2.3.1 Trong hé tham so hod tu nhién cia duong cong, dao ham
vécto tiep xic 7(s) theo bién tham sé do dai s la mot vécto 7'(s) vuong géc
vdi vécto tiép xic 7(s).

Chitng minh. That vay, ching ta da biét ring
(7(s),7(s)) = I (s)[|* = 1.

Do vay,

&|
V)
—~
\]
~—~
V)
N—
—
V)
S~—
SN—
I
Do
—~
\]\
—
V)
S~—
\]
—~
V)
N—
N—
Il
o
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Dinh nghia 2.3.2 Vécto chuan hod i(s) = Hzﬁ duoc goi la vécto phap

tuyén cia duong cong tai T(s).
Dinh nghia 2.3.3 Dai luong k(s) := ||7'(s)|| goi la do cong tai diem x(s).

Nhan xét 2.3.4 (Y nghia hinh hoc ctia d6 cong) Do cong k(s) cia duong
cong chinh quy tai x(s) la 7 vdi R la ban kinh cia duong tron tiép zic vdi
duong cong, tam ¢ diém cudi ciia vécto T'(s).

That vay, ching ta c¢6 cong thitc khai trién Taylor bac nhét
T(s+ As) — 7(s) = 7' (5)As + ¢,

v6i € = 0o(As) va 5 1a mot diém trung gian gitta s va s + As. Do vay ta c6

1
K(s) = 1= Jim, [7(s + As) = 7(5)

Theo hé thiic trong tam gidc clia hinh hoc so cap,

17/()]| = k(s) = lim -

As—0 As
[trong d6 0 1a gbc gitta vécto 7(s) va vécto 7(s + As).]

0

g 2sinf _ g 2sint 1
= lim | : | = lim | 25— = .
~ As~0'sing’ As As—0'sin? R.ssin' R

Dinh nghia 2. 3 5 (Hé quy chiéu Frénet) Vécto 7(s) la vécto tiép wiic.
Vécto i(s) = moin H duge goi la vécto phap tuyén. Vécto b(s) = 7(s) x ii(s)
duoe goi la vectd trung phdp tuyén. He quy chiéu 7(s),7(s), b(s) duoc goi la
hé quy chiéu Frénet . Mat phang sinh bdi hai vécto don vi 7(s) va ii(s) dugc
goi la mat mat tiép. Mat phdng sinh bdi 7i(s) va g(s) dugc got la mat phap
dién . Mat phang sinh bdi hai vécto 7(s) va g(s) duge goi la mat truc dac .

Theo dinh nghia ta c¢6

cho nén theo quy tdc dao ham, -Lb b(s ) cling phuong (nhung c6 thé khong

cung huéng) véi 7i(s), tic la %b( ) L b(s),7i(s). Dat x(s) 1a he s6 ti le sao
cho

gb(s) = —k(s)7(s).
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Dinh nghia 2.3.6 He¢ s6 x(s) dugc goi la do wodn ciia duong cong tai z(s).

Nhan xét 2.3.7 Trong mat mat tiép ta co thé nhin thay hinh dnh cia duong
cong nhu duong cong phdng chinh quy tiép zic vdi truc T, ndam vé phia 7.
Trong mat truc dac ta cing nhin thay duong cong la duong cong phdang tiép
zic vdi truc T nhung cé thé nam vé hai phia. Trong mdt phdp dién ta nhin
thay hai nhanh duong cong theo hinh gdap nép.

Dinh 1i 2.3.8 (Cong thitc Frénet)

47(s) = Ks)as)
&hi(s) = —k(s)-7(s) + r(s)b(s)
db(s) = —rk(s).7(s)
hay la
d 7(s) 0 k(s) 0 7(s)
= 72(5) == | —k(s) 0 k(s) 72(5)
b(s) 0 —x(s) O b(s)

Chitng minh. Truéc hét theo dinh nghia,

d "
ET(S) = —k(s)ni(s).

Theo dinh nghia

Cho nén ¥ J J
%b(s) = %T(S) x 1(s) + 7(s) x En(s) =
d
= —k(s).7(s) x 7i(s) + 7(s) x gﬁ(s) = 7(s) x —Sﬁ(s)
Vi 1é (7i(s),7(s)) = 1 nén (diis),ﬁ(s)) = 0. Ttc la %(SS) 1a t6 hop tuyén tinh
ctia hai vécto con lai. Nhung (7(s),7i(s)) = 0 suy ra
Lo di(s), o dT
(7). ) - (O iy = k),
Tt (7,b) = 0 suy ra
dn - L db
(Ea b) (na E) =K
Cho nén .
dn -
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Nhan xét 2.3.9 Trong lan can diém x(s), dnh cia duong cong lén mat mat
tiép va mdat truc dac la cdc duong cong tiép wic vdi T(s). Hinh chiéu truc
giao ciia dudng cong lén mat phdp dién la hai nhdnh cung di ti goc toa do
tiép mic vdi phuong 1i(s) c6 ki di hinh nép gap. Do vay co sd Frénet cho mot
nghién ciu dinh tinh duong cong tai lan can moi diem. T dé suy ra ring
hinh dnh cia duong cong trong hé tog do Frénet la tiép xic vdi phuong 7(s)
va la giai ki di vdi phuong 7i(s).

2.4 Dinh li co ban

Nhan xét 2.4.1 Cdc khai niém do dai duong cong, do cong cua cung chinh
quy la nhimg khdi niém bat bién qua ding cau affine truc giao con khdi niém
do zodn ciia cung song chinh quy dinh hudng bat bién qua cdc phép bién doi
affine truc giao, bdo toan dinh hudnyg.

Trén thiyc té do cong va do xoan xac dinh chinh dudng cong. Chung ta
phat biéu két qua co ban ciia li thuyét dudng cong bé qua chiing minh.

Dinh 1i 2.4.2 (Dinh li ¢cd ban) Cho hai ham s6 k(s) > 0 va x(s) khd vi
lop C',1 >0 trén khoing mé J C R.
1. Ton tai cung chinh quy dinh hudng vdi tham s6 hod tu nhien J — R3,
s — 7(s), khd vi lop C'*2, nhan k(s) va k(s) la do cong va do zodn
tuong ing.
2. Néu ton tai hai cung chinh quy r va p vdi tinh chat trén, thi ton tai

mot phép doi hinh (titc la mot dang cau affine truc giao bdo toan dinh
hudng bién ching sang nhau, r = f o p.

Sé rat thuan tien khi ching ta c6 thé dan ra cong thiic tinh do cong va
do xoan trong tham s6 hod bat ki.

Ménh dé 2.4.3 Gid sttt — 7(t) la mot tham s6 hod bat ki ciia mot cung
cong. Khi do

N GORESO]|
@1

(1) x F(0)).7t)
I7(8) < Fo)|P

k(1)

Y

K(t) =




Hinh hoc vi phan 28

Chting minh. That vay,

A(e) = NI + 7@ I17(0)
() x 7(E) = IF0)IPF() x 7(0),
< T
FOIE 7]

Cho nén,

Ching ta lai c6

7(t) x 7(t)

T = 7(t) x k(D)i(t) = k({©)b(?).

Cho nén, _
(7(t) > F(t)).7 = [[7()| k()b

Ching ta chi cAn quan tam dén thanh phan chia b trong 7(t),

S et T
r(t) = IFOIT + IFON7 = 3(t)7 + 5%k

F(t) = . ..+ &k (s)s=... + é%(s(t))m(s(t))g(s(t)).

Cho nén ta co

O
Vi du. Cho duong cong tham s6 hoa la t — 7(t) = aglt) + bes, v6i
e(t) = coste) + sintey. Khi do,

A1) = af(t + ©

7) + b

F(t) = ag(t + 7 = —as(2).
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ﬂﬂ::—mﬂﬂ+g)

7] = Va2 + 2.
|7 x 71| = av/a? + b2.

(7 x 77| = a%b.

Cho nén,
a
k(t) = prrl
b
k(t) = peEEE

2.5 Bai tap cung cé ly thuyét

1. Cho dudng cong tham s6 hod 14 duong xoan oc

z(t) = rcost,
y(t) = rsint,
z(t) = t.

Hay tinh do cong va do xodn tai diém bat ki.
2. Tinh do cong va do xoin ciia dudng ellipse tai mot diém bat ki.
3. Tinh do cong v do xoin clia duong hyperbola tai mot diém bat ki.
4. Tinh do cong va do xoan clia dudng parabola tai mot diém bat ki.
5. Cho dudng cong bac 2 tong quét
q(z,y,2) = anz® + any” + 2a12zy + 2b1x + 2byy + ¢ = 0.

Hay tinh do cong v do xoan tai mot diém bat ki.



Chuong 3

Dai so6 tenso, dai s6 ngoai,
tenscg doi xung

3.1 Tich tensd cac khong gian vécto

Dinh nghia 3.1.1 Gia sit V va W la hai khong gian vécto trén truong ¢.
Ki hieu VOW la khong gian vécto tu do sinh bdi V x W. Phan ti tong quat
trong VOW ¢6 dang t6 hop tuyén tinh hinh thitc

Z Aow(V, W),

veVweWw

trong do6 tong dude hiéu theo nghia dai s6, tiic 1a chi c6 mot s6 hitu han céc
he s6 A\, € € 1a khac 0. Xét khong gian vécto con L, sinh bdi tat ci cac
phan ti c6 dang

(v1 4+ v, w) — (v1,w) — (va, W),

(v, w1 + we) — (v, wr) — (v, ws),

(Aw, w) — (v, \w).
Khi d6 khong gian thuong VOW/ L duge goi la tich tenso ciia hai khong gian
vécto V va W va duge ki hieu 1a V ®¢ W. Cac phan ti trong khong gian
thuong duge ki hiéu 1a
vRw = (v,w)+ L.

Hé quia 3.1.2 Trong tich tenso ta luon cé cic hé thic thé hién tinh song
tuyén
(v + 1) @W =1, @W+ Vs @ W,

v ® (W +we) = v ®@w; + v wy,
(M) @w=1v® (\w).

30
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Heé qua 3.1.3 Néuey,...,e, la mot co sd ciia khong gian vécto V vafy, ... £,
la mot co sd cia khong gian vécto W. Thi cic vécto e; @f;, i =1,n,j=1,m
sinh ra tich tenso V @ W

Ngudgc lai ta c6 thé ding chinh cac phan tit sinh nay dé dinh nghia tich tenso.

Dinh nghia 3.1.4 (Dinh nghia IT) Gia sit khong gian vécto V' ¢6 mot co
s6 la e;, i = 1,n va khong gian vécto W ¢6 mot co s6 1a f;, 7 = 1, m. Ki hieu
hinh thic (e; ® f; = (e;,f;) 1a cap cac vécto co s6. Khi d6 bao tuyén tinh
hinh thitc

V®EWZ: (ei®fj,i:1,_n,j:1,m> = {ZZ)\WGI@)@}

i=1 j=1
dugce goi la tich tenso ctia hai khong gian vécto véi co s6.

Hé qua 3.1.5 (Tinh chat phd dung) Ton tai dnh za song tuyén tinh tu
nhien1:V xW =V @W. Néu B :V xW — F la mot dnh za song tuyén
tinh, thi ton tai duy nhat mot anh za tuyén tinh g - V@ W — F tu tich
tenso V@ W wvao F sao cho B = ppoa1.

Ngudc lai ta c¢6 thé ding tinh chat phd dung lam dinh nghia tich tenso.

Dinh nghia 3.1.6 (Dinh nghia III) Tich tenso ciia hai khong gian vécto
V va W la mot cap gom mot khong gian vécto, ki hieu 1a V @ W va mot anh
xa song tuyén tinh 2 : V x W — V @ W sao cho véi moi cip gom mot khong
gian vécto F' vd mot anh xa song tuyén tinh B : V x W — F, ton tai duy
nhat mot anh xa tuyén tinh g : V ® W — F sao cho B = g ou.

Ménh dé 3.1.7 Ba dinh nghia I-11I la tuong duong nhau.

Chitng minh. D& thiy ngay Dinh nghia I suy ra Dinh nghia II va Dinh
nghia II suy ra Dinh nghia III. Ngugc lai, tit Dinh nghia III suy ra Dinh
nghia II vi do Dinh nghia II ¢6 tinh phé dung. T Dinh nghia II suy ra Dinh
nghia I do 1i luan theo s6 chiéu. 0

3.2 Tich ngoai va tich tenso dbi xiing

Dinh nghia 3.2.1 Giad sit Vi, ..., V, la cac khong gian vécto trén truong co
s6 £ Ta c6 thé tao ra tong truc tiép ciia cac tich tenso cac khong gian vécto

xép thit tu
®

> V,®...80V,.

1, ..., n
o= . . GGn
11, .., 1n
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Khong gian vécto con sinh bdi cac phan ti dang

1
VA .. A, = ] Z sgn(0)Vs1) @ ... @ Ug(n)
Uegn
duge goi la tich ngoai va duge ki hieu la V3 A ... A'V,,. Khong gian vécta con
sinh bdi cac phan tit dang
1
V1 Rg oo Qg Uy 1= m Z VUo(1) & - .. & Vg(n)
Uegn
duge goi 1a tich doi zing va duge ki hicu 1a V) @, ... @4 Vi,.
D@ thay cac tinh chat hién nhién sau ctia tich ngoai va tich doi xiing
Meénh dé 3.2.2 1. Tich ngodi cé tinh chat phdn zing
Vo(1) A oo A Ug(n) = 5g0(0) 01 A ... AUy,

2. Tich doi ming cé tinh chat doi zing

VUo(1) Qs - - Qs Vg(n) = V1 Qs ... Q5 U

3.3 Dai sb tenso

Dinh nghia 3.3.1 Tenso p-thudn bién va g-phdn bién, hay con goi 1a tenso
kiéu (p, q) 1a cac phan tii ctia tich tenso TP(V) =V*® ... V'@V ®...Q0V

-

p-lan q-lan
Ta qui wée T™O(V) = ¢.
Dinh nghia 3.3.2 Cung v6i phép nhan la tich tenso, khong gian vécto

TV)=@P (V)= P Ve . . oVels. oV

p+q=0 p+q¢=0 S 1
p-lan q-lan

tré thanh dai sé két hop, duge goi 1a dai s6 tenso.
Hé qua 3.3.3 Néue,...,e, la mot co s ciaV, fy =e},.... £, =e’ la co
sd doi ngau cia V* tuong dng thi f" @ ... @frQe; ®...®e;, la co sd cia
TP4. Moi tenso trong co sd nay cé dang
_ J1yeJq pi i
t= > i e @free, ®... 0,
1<i1,eelp,J15e-0dqg S0

dim T74(V') = nP.n?.
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Gid st [61,...,8,] = [e1,...e,]C la phép chuyén co s6. Khi do [fy, ..., f,]" =

CTley,...e,)T 1a phép chuyén co sé trong V* Tic la néu é = Cle; thi f7' =
DIfi v6i D = C-!
Meénh dé 3.3.4

150 i ip ~I1 Jq 1 J15erd

EARRS A

t ./q:Di,i...Di?lel...C-qt e
D

., ]
1155%p Jq “s--5p

3.4 Dai so0 ngoai
Chung ta qui uée A%0(V) = ¢.
Dinh nghia 3.4.1 Cung v6i phép nhan la tich ngoai, khong gian vécto

ANV) = @ V) = P VA AVAUA LAY

p+q=0 p+q=0

p-lan g-lan
tré thanh dai s6 két hop, duge goi 1a dai s6 ngodi, hay dai so Grassman.

Heé qua 3.4.2 Néue,...,e, la mot co s cia V, f; =e},... ., =e la co
sd doi ngau cia V* tuong ing thi £ A .. ANfP Nejy Ao Aej, la co sd ciia
APV, Moi tenso trong co sd nay cé dang

t= S I A LA Ny AL Ney,.

-----

1<i1<.<ip,g1<...<Jg<n

dim AP9(V) = CPCY.



Chuong 4

Ly thuyét mit cong trong R’

4.1 Manh tham s6 hoa chinh quy va mat tham
sO0 hoa
Dinh nghia 4.1.1 Mdnh tham s6 hod S la mot danh za tu mot dia md U
trong R? vao R? cho bdi danh za
r:U — R3,
(u,v) € r(u,v) € S CR™
Néu r(ug,vo) la mot diém co dinh thi cdac duong cong r(.,v) : UNR — R”
va r(ug,.) : UNR — R™ la hai duong toa do tham sé hod mdt cong.
Dinh nghia 4.1.2 Hai tham s6 hod ¢ : U —R3 va : V — R3 duoc goi
la tuong thich néu c6 vi phoi o : U — V sao cho ¢ = pa
Dinh nghia 4.1.3 Mat cong tham s6 hod la hop ciia mot ho nao dé cdc
manh tham so6 héa doi mot tuong thich lan nhau.
Dinh nghia 4.1.4 Diém r(ug,vo) dugc goi la diém chinh quy , néu cic
ducomg toa do la chinh quy tai diém nay, tic la hai vécto ', (u,vo) va 7! (ug, v)
la doc lap tuyén tinh trong khong gian tiép wic Ty, S. Diém khong chinh
quy con dugc goi la diém ki di ciia mdnh tham sé hod.

4.2 Muc tiéu Darboux cua dudng cong trén
mat dim

Nhéc lai khai niem méat dim trong R?. Trong mot ban do toa do dia phuong,
mdi diém ctia da tap duge danh s6 béi bo cac s6. Néu da tap 1a 2-chiéu trong
khong gian R?. Thi n6 con dude goi don gidn 1a mdnh tham sé hod.

34
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Tai diém chinh quy cfia manh tham s6 hoa di qua diém r(u, v) mat phang
tiép x0C Ty (up)S dugdce sinh ta béi hai vécto tiép xtc r/,(u,v) va r)(u,v) cla
cac duong toa do noi trén.

Dinh nghia 4.2.1 Duong thang vuong goc vdi mat tiép wic Ty (u0)S goi la
phdp tuyén cia mdnh tham sé hod tai diém r(u,v). Vécto

ﬁﬂi

(u, v) A7, (u,0)

|17, (u, v) AT (u, 0]

ni(u,v) =

dugc goi la vécto phap tuyén tai r(u,v).

Dinh 1i 4.2.2 (phuong trinh mit tiép xtc) Néu mat tham s6 hod S duogc
cho bdi cac toag do

Flu,v) = (2 (u,v),...,2%(u,v))

va 5: (X', ..., X"™) la cic tog do ciia diém trong mat tiép zic tai r(ug, vo),
thy phuong trinh cia mat tiép zic dude cho bdi

(€ = r(uo, v0), T (110, v0) A 7 (g, 1)) = 0

Trong trudng hop n = 3, cdc toa do tuyén tinh cia khong gian tiép wic la
(X1, ... 23%) = (X,Y, Z) phuong trinh viét thanh dang

X — z(ug,v9) Y —y(ug,v0) Z — z(ug, vo)
,, (U0, vo) Y, (U0, o) z,(uo,v0) | =0
, (1o, vo) Y., (g, vo) 2, (uo, vo)

Hon thé nita, vi hé toa do Descartes trong R? la vuong géc chinh tdc cho nén
phuong trinh clia mdt tiép xic cing dude cho bdi

(X — x(ug, vg))-

u(uo, vo) 2, (o, vo)
U(UOa UO) Z;(Uo, UO)

Dinh nghia 4.2.3 Mat dim trong R3 la mot tap con trong R® sao cho moi
diém c6 mot lan can la mdnh tham s6 hod chinh quy.
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4.3 Dang toan phuong co ban

Trong muc nay va cic muc con lai, ta chi xét truong hop khong gian ba chiéu
R?, n = 3. Trudng hgp n bat ky ciing c6 thé xét tuong ty. Tuy nhién mot s6
khai niém can dugc cai tién mot cach thich hop.

Gia st S 1a mot mat dim trong R? va 71 = 7i(u, v) 1a vécto phap tuyén tai
diém r(u,v) € S. V6i mdi vécto tiép xic & € T,S véi miat tai diém p = r(u,v)
ching ta ¢6 dao ham thuan bién D, tic dong trén cadc ham hay nhat cit
theo cong thiic

Def(p) :== %hof(f(t»

trong d6 z(t) 14 dudng cong trén mit S di qua diém p, nhan & 1a vécto tiép
xtuc, tic la thoa bai toan Cauchy:

{:'E(t) = (1))
z(0) = p

Theo tinh chat ctia phép dao ham, vi 7 1a vécto don vi nén
2(Deri(u,v), Mi(u, v) = De(7i(u,v),(u,v)) = Del = 0.
Nghia la D¢ € T,S.
Dinh nghia 4.3.1 Anh zq
hy : T,S — TS,

cho bdi cong thic
& hy(§) == —D¢ni € T,5,

dugc got la anh xa Weingarten . Khi p thay doi, ta ki hiéu dnh za dé la h.
Cadc tinh chdt co ban cia dnh za Weingarten:

Meénh dé 4.3.2 Vgi moi diem p € S, h, la dnh xa tuyén tinh doi xing tu
T,S wvao chinh no, tic la

(hp(€),m) = (& hp())-

Chitng minh. That vay, véi moi hé tham s6 hoa (u,v) — 7(u,v) € S, ta c6

—

(hp(€),17) = —(Derl, 7)-
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Ching ta nhan xét rang chi can chiing minh ménh dé cho cac truong vécto
co 86 & =7, (u,v), va 17 = 7, (u,v). V6i cac trudng vécto nay dé thay ngay 1a

. 0
(%) = =Dei = — (it o), v)
va tuong tu
i - 0
(%) = —Digfi = —(it o) (u,0)

Cho nén

Tuong tu ta cing co

Vi cac dao ham riéng cap 2 1a doi xing

0. O 9,

%T” ~ dudv Ovou %T“’

(hp(ﬁt)v f;;) = (hp(f;)

=
:Js
~—

O

Dinh nghia 4.3.3 Moi gid tri riéng cta h, dugc goi la do cong chinh tai p
ctia mat S. Moi vécto riéng cia hy, xdc dinh mot phuong goi la phuong chinh
tai p clia S. Dinh thic cia ty dong cau h, goi la do cong Gauss tai S. Mot
nita gid tri vét clua hy, tic la %tmce(hp) dugc goi la do cong trung binh tai p
cua S.

Nhan xét 4.3.4 T cdc tinh chat cia tu dong cau tuyén tinh doi xing suy
ra Tang chi cé thé zdy ra cdc truong hop sau day:
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1. Anh 2q Weingarten cé hai gia tri riéng thuc phan biét. Goi ky # ko la
hai gia try riéng do. Khi do hai phuong chinh tai p duge hoan toan xdc
dinh, vuong goc vdi nhau va la hat truc cia duong ellipse (hp(E),E).
Hai phuong chinh é;, &, lap thanh co sd truc chuan. Do cong Gauss la

K(p) = kl.kz.

Do cong trung binh la

H(p) = 50+ o).

2. Anh za Weingarten co mot gia tri riéng thuc kép, k = ki = ky Khi do
moi phuong la phuong chinh. Moi co sd tric chuan €, e, la co sd truc
chudn gom cdc vécto rieng. Do cong Gauss la K (p) = —k(p)? < 0. Do
cong trung binh la

Dinh nghia 4.3.5 Nhing diém p nhu thé dugc goi la diém ron cia mat S.
a Néuk =k =k, =0 thi diem p duoc got la diém det.
b Néuk =k, = ko # 0 thi diem p duoc goi la diém cau .

Néi chung, diém p cia S duge goi la diém elliptic, hyperbolic, hay parabolic
tuy thuoc do cong Gauss la am, duong hay bang 0.

Nhan xét 4.3.6 Khi doi dinh hudng ctia S biang cach xét —ii thay cho it thi
anh za Weingarten h, dugc thay bdi —h,. Nén do cong trung binh doi dau
con do cong Gauss khong doi dau. Do dé dinh nghia do cong Gauss cé nghia
ca cho cac mat khong dinh huong.

Dinh nghia 4.3.7 Dang song tuyén tinh
I,: 1,5 xT,5S — R,
€ — €
duogc goi la dang co ban I tai p cia mat S va dang song tuyén tinh

I1,: 1,5 xT,S — R,

—

&) — (hy(),7)

dugc goi la dang co ban II tai p cua S.
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Trong tham s hoa dia phuong (u,v) € U — r(u,v) € S ching ta xét cac
ham s6

E(u,v) :=1(r,,7,) L(u,v) := II(F,,7,)

F(u,v) =17, 7,)  M(u,v) = II(7,,7,)

G(u,v) :=I(7F,7) N(u,v):=II(7,,7)

la cac he s6 clia ma tran Gram- Schmidt clia cac dang do6. Néu cac vécto tiép
x1c 5 77 ¢6 phan tich theo co s6 7,7 1a

E=¢m + 8, q=n'T,+n’7,
thi
LED = (Bor ) + (For )& + ') + (Gor e’
I1,(E,7) = (Lor™)gh' + (Mo r™)(€'n* + &) + (N or )¢y
Dinh 1i 4.3.8 (Cong thitc tinh do cong Gauss va do cong trung binh)

LN — M?
K(I?) w( )
EN +GL—-2FM

thi theo dinh nghia,
1
K(p) =ad —be, H(p) = §(a+d).
Do dé ta thay ngay . .
hy(§) X hp (i) = K(p)§ X 17,
hy(€) X 77+ € x hy(i7) = 2H (p)E X 77

Lay tich vo huéng ca hai vé clia ca hai déng thic tren véi € x 77 va chi ¥
rang v6i bon vécto tuy y trong R3,

S| &y

(@x F).( % 8) =

2 Dy
X RL

@R
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ta co = .
hp(é)-@ hy(€)-17 ‘11(53 ]I(g,ﬁ)
ho (7)€ hy(77).17 LI(7)  11(i,17)
K(p) = —— = R
£ & 1(&,8) 1(&,7)
UESU) 1(77, &) I(17, 1)
ho(€)7 hpl(€)7 | | hy(i)-& oy (i)-0)
UES 717 UES &1
2H(p) = —— - e ;
£€ &1 §€ &
RS RS

OJ

4.4 DPao ham Weingarten va ky hiéu Christof-

fel
Ki hieu (u',v?) = (u,v), e, = 0 = %,eQ =0, = %. Ta c6:
{ 8i€j = Zg:l Ffjek + bijn
Gz-n = Zk:l Ci‘gek
Ménh dé 4.4.1
Cf = _bf’
trong do bt = 25:1 bijgo*.
That vay, do n 1a vécto phap tuyén clia mat, cho nén ||n|| = 1,n 1 e;. Ta c6
oe;
bij = (auian)-
Vi 0 0 0
e; n
P b5 ) 5 ;\Ch 0
(auz ) + (e aui) aw(% n)
va 5
n
(€5, %) = Zcfgkj,
k
nén
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On

Theo qui tac nang chi s

?

g= (95" =3".
Cho nén, suy ra cf = —b¥.
Hé qtia 4.4.2
die; Zizl [Yer + bym
om = =37 by
b L M
" M N

la ma tran hé so cua anh xa Weingarten.

Dinh nghia 4.4.3 Céc hé s6 Ffj trong cong thitc dao ham Weingarten duge
goi la ky hieu Christoffel.

Gia st ching ta c6 mot phép doi toa do dia phuong

il =l u?)
@ = ),
vOl ma tran Jacobi T = [%} va ma tran nghich ddo 1a S = T—!. Cac ki hieu

Christoffel va cac hé s6 dang toan phuong loai II ting v6i anh xa Weingarten
sé thay doi o
{Ffwbij} - {FZZ, pq}

Dinh Ii 4.4.4

p 0T

bZ] = &£ Zp,q Zpﬂqbpq

Ching minh. Ta c¢6

Sn = O Lhiem & bpgn
m
va theo cong thiic doi bién,

J— 94
e = E Tjeq
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cho nén

oui & “ou au’
Zzz:szém+zz i) =
= Z T8, + Z Z Z TITP )&y, + Z Z TIT? by, )
= ZZ o Sk Jer +ZZZZ TITPAm S e+
+ Z(TﬁT;’bpq)ﬁ
PR

aej T eq Z aéq

J auz

Dinh Ii 4.4.5

k _ 1k v/
Ly =15V, k.
Ching minh. Theo dinh nghia,
or
® =

Cho nén,

auzau] Z F + bijn.

V1 b;; d6i xiing theo ¢, j va dao ham cap hai
nén Fk’ d6i xting theo 1, 5.

4.5 Dao ham thuan bién

Gia sit A fr 13 mot tenso kiéu (7, s).

.....

42

B a 9L _ciing ddi xtng theo 1, j

O

Dinh nghia 4.5.1 Dao ham thuan bién cud tenso A kiéu (r,s) la mot tenso

kiéu (r +1,s) dugc cho bdi cong thitc

71, L 1] geees i i J1yees Umyyeens js_
V A ..... - ﬁu’ + § : § :FZZLWA” ..... iy
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Vi du. 1. .
X
V. XF = a Zr’f X,

DA, "
Vidi = o2 — > THA,.

w

Dinh 1i 4.5.2 Tenso metric la hiép bién theo nghia
agm g _
Vigij = Z 905 — Z I'%i9iq = 0.
q

Chitng minh. Xuat phat tir cong thic dao ham Weingarten

Oe;
auk Z Fkleq + bkin,

ta co: 8
€;
Uk’ €;) Z i94j
va 5
eJ
. 9% = X i
Mat khac,
oe; 8ej 0 agz]
(auk7 ]) ( (2 auk) 8uk( 1) J) 8uk
Suy ra,

O

Dinh nghia 4.5.3 Gid sit X = {X*} la mot truong vectd, A la mot tenso
kieu (r,s). Khi dé, dao ham thugn B = VxA theo truong vécto X la mot
tenso kiéu (r,s) cho bdi cong thitc
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Dinh 1i 4.5.4 Dao ham thudn bién theo truong vécto cé cdc tinh chat co ban
sau:

1. Tuyén tinh: Vx(A+ B) = VxA+ VxB.
2. Tuyén tinh: Vx,yA=VxA+VyB.
3. Thuan nhat: VixA = fVxA.
4. Quy tdc Leibniz:
Vx(A® B)=VxA® B+ A® VxB.
5. VxC(A) = C(VxA), trong dé C(A) la .....
Dinh nghia 4.5.5 D¢ zodn dugc dinh nghia bdi

T(X,Y):=VxY - VyX — [X,Y].

4.6 DO cong Riemann

Chung ta dé dang tinh

V,V, X" = - PR ISAYS CENS A b o
q

8VX

Xk
V;V; B

+) gl VX — quv X",

Tu do ta co,

k k k aF;?T‘ ar?r k 17q k 1q
Y=V VXE -V ViXE =) (4 - =2 =) (AT, — T T9)) X"
r q

oul o’ iqr jr Jjgir

Dinh nghia 4.6.1 Tenso kicu (3,1)

ork  ark
k. Jr i k k
Rrij = 500 ~ Bui > (T}, —T5,I0)

q

dugc goi la tenso do cong Riemman.

Bang tinh toan tuong tir ching ta ciing cé
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Ménh dé 4.6.2
(ViV,; = V,;V) X, = ZR,W

Jl: 7]5 _ i Jl, 7'Um,~~-7js
(ViV; — V,;V)) ZZR;;;U _

_ R j17"'7]s )
intj 'Ll» sy Wryyeenslp ”
n

Gia st ching ta ¢6 mot phép doi toa do dia phuong

il = ()
i = @)
v6i ma tran Jacobi T = [g%] va ma tran nghich ddo 14 S = T~!. Cac thanh

phan ctlia tenso do cong Riemman thay doi

{er} - {Rmpq}

Dinh 1i 4.6.3 Cidc thanh phan Rt bién doi theo qui tic tenso kiéu (3,1)
krm n
Ry =220 2 ST T Ry

Dinh 1i 4.6.4 Tenso do cong Riemann c6 cdc tinh chat co ban sau:

1. Tinh phdn xing theo cdp bién cuoi: RmZ = Rffw,Vi,j, k,r.

2. Tinh phdn xzing theo cip bién daw: Ryij = —Ryq;,
trong do Ry.ij =Y, quR]:z’j'
3. Tinh doi zing gitta hai cdp bién: Ryrij = Rijgr-
k k k
4. R”] + RZ]T + R]m =0.

5. He thic Bianchi: Vi R}, + ViRl + ViR, = 0.
Ménh dé 4.6.5

R
kr k cr kgcr
Rij = 5(51 5;‘ - 5j5i)a
R

Rffz] = (5zkg7’J o 6zkg”)7

trong do
R:= Rj3 + Ry = 2Ry,

kr Arl
Rij = Zg Rlij'
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Dinh nghia 4.6.6 Tenso R;; 1= %gij duoc goi la tenso Ricci.

Nhan xét 4.6.7 Rff =0 néu k =r hodc i = j. Hon niia
Ry; = Ry = —Riy = —Ryj,

R = R{5+ R3 = 2R}

4.7 Cac dinh li co ban cua li thuyét mit dim

Gia st S 1a mot mét hai chiéu, dinh huéng bédi truong vécto phap tuyén 7.
Gia stt iy, U, 1a mot trudng muc tieu tiép xdc, tric chuan trén mot tap ma
V trong S.

Goi 6! va 62 1a truong muc tieu déi ngau véi trudng muc tiéu wug, us, tic
1 tai moi diém cta V,

‘91(6]) = 62']'7 (17.] = 172)

Néu ta ki hieu 7|y = w3, thi {uy, s, W3} 1a mot trudng muc tieu tryc
chuan ctia R? doc theo V/, tuong thich véi 7. Dung phan hoach don vi cho
mit S suy ra rang moi diém p ctia V' ¢6 mot 1an can mé W trong R? va mot
truong muc tiéu truc chuan {t, Us, Uz} dé khi thu hep len V N W ta dugc
{1, Us,us} thu hep len VN W. o

Goi {61, 0,,05} 1a cac truong muc tieu doi ngau véi {uy, s, s},

0'(i;) = 0;(i,§ = 1,2,3).

Dinh nghia 4.7.1 Cdc dang (wl)(k,1 =1,2,3) cho bdi dicu kién

goi la cdac dang lién két cia S trén V.

Nhan xét 4.7.2 Cdc dang lien két cé tinh chat phdn xing

i_ J
Vay nén veé thuc chat, ching ta c6 ba dang vi phan w?, w? w3 thod man cac

phuong trinh xac dinh chiung la
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Dyiiy = wyity (p) + wiii(p),
Dyt = w3t (p) + witi(p),
wh = —wF(k,1=1,2,3).
Nhan xét rang cdc phuong trinh cau tric ciia R? trong truong tric chuan

{1?_517 /5’2, &3} trén W la
ot = = " wpo",

dwt = — Z wh Awm
m
v6i k,l,m =1,2,3. Dé y ring
d93|\/ - dﬁ|v — 0,
chiing ta suy ra cac phuong trinh co ban ctia ly thuyét mat dim trong R?.

Dinh nghia 4.7.3 1. Phuong trinh d0° = —wi A 0% dugc goi la phuong
trinh cau tric.

2. Phuong trinh
do* = —wi N0, WPAOTFWIANGE=0
duge goi la phuong trinh doi xing .

3. Phuong trinh
dwy = —w3 A ws

duoc goi la phuong trinh Gauss .
4. Phuong trinh
dw; = —wy Aws, dws = —wy Aw;y

dugc goi la phuong trinh Peterson-Kodazi.

—

Heé qua 4.7.4 Do h,(§) = —Deni, ta suy ra

— —

hy(€) = WA (€)1 (p) + w3 (€)Ea(p)-
Hon thé nita, ching ta cé phuong trinh
dwy = K0 N 0%

Phuong trinh nay cing duge goi la phuong trinh Gauss.
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Ching minh. That vay, ching ta cé

—

h(ﬁl) = Wiﬂ(ﬁl)ﬁl + w;’(ﬁl)UQ,
h(ﬁg) = Wiﬂ(ﬁg)ﬁl + wg(ﬁQ)ﬁg.
Cho nén suy ra rang
K = det(hy) = wi(th)wy () — w(ids)ws ().

Phuong trinh Gauss
dwy = —wi A ws

la tuong duong véi
dwy (i, 1) = (w3 A w3 (i, ).
Tu d6 suy ra phuong trinh
dwy = KO' A 6%,

O

Ching ta nghién cttu hai ting dung hinh hoc ctia cac phuong trinh trén.

Céc két qua ng dung hét sitc dep dé, tuy nhién do khuon kho ctia chuong
trinh, ching ta bo qua cac ching minh cta hai dinh 11 sau.

Dinh 1i 4.7.5 Mt lién thong trong R® ma moi diém la diém ron c¢6 do cong
Gauss hang (khong am).

Dinh 1i 4.7.6 (Dinh li Liebmann) Mt hai chiéu compdc dim trong R?

vdi do cong Gauss hang K = const la mat cau ban kinh R = +.



Chuong 5

Dudng cong trén mat cong

5.1 Dudng cong trén mat
Ching xét mot manh ciia mat tham s6 hoa
r(u',u?) : D* 2 R? - S

v6i toa do dia phuong 1a (u',u?) € D?. Mot dudng cong trén mat S duge
cho bdi

x(t) = (@' (u' (1), u*()), 2*(u' (t), w?(1)), 2° (u' (¢), u* (1))

Chiing ta c6 vécto tiép xic x(t) = 2X4'(t), v6i do dai cho béi

(@)= D giyii.
i

Do vay tich phan do dai c6 dang sau.

Ménh dé 5.1.1 D¢ dai cung trén mat tham s6 hod cho bdi cong thic
t t
s / (%) |dr = / S g
Z’J

Te la

ds* = Z gi 0 (1) ().

49
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5.2 D6 cong phap dang va do cong trac dia
cua duong cong trén mat

Nhan xét rang néu ¢t = s 1a tham s6 hoa tir nhién theo cung trén mat cong

thi
1]

Trong truong hop ¢t = s 1a tham s6 hoa ti nhién theo do dai cung, theo cong
thiic Frénet ta co

oe; ..
I z .
T = kDeyry = Zu er + Zu 8u3
Theo cong thic dao ham Weingarten ta c6

de;
azz ZF ek—i—bwn

Cho nén

T':k:ncum:Zu —|—27 A ey, + meuu]
Dinh nghia 5.2.1 Trong tham s6 hoa ty nhién (¢ = s)
norm Z bz]u U]
dugc goi la do cong phdp dang.
—HZu —i—ZF ' )eg|| >0
dudc goi 1a do cong tric dia. Néu kg # 0, ta goi vécto don vi njpper dé

kgNipner = Z it + ZF U uj

1a vécto phdp tuyén trong.

Theo Dinh 1i Pitagora, ta c6 hé qua sau.



Hinh hoc vi phan 51

Hé qua 5.2.2
k2 = k:; + k,orm?.

Ménh dé 5.2.3 Trong tham so6 hod bat ki

> bt  TI(4, )
Zz’,j giguid — I(i,u)

knorm(i) =

Chitng minh. Suy tryc tiép tit cong thic tinh dao ham ctia ham hop. O

Meénh dé 5.2.4 Gid st ky, ke la cic do cong chinh vdi cac phuong chinh
tuong ing la ey, ey. Khi do ta co

knorm(ei) = kl
Chiang minh. That vay,

I(e;)  I(e)

knorm (ez) -
]

Dinh nghia 5.2.5 Vdi méi vécto tiép wic € € 1,5\ {0}, dai lugng k(€)=
%(55)) khong doi khi ta nhan & vdi mot s6 khdc 0, goi la do cong phdp dang

ciia S theo phuong xdc dinh bdi 5 Cong thic Meusnier[Monié] :

—

((50) N (s0), 7i(p(50))) = k(7 (50))).
Vi du: V6i mdi phuong chinh, ta c6 k = k.

Hé qua 5.2.6 1. Moi cung song chinh quy v nam trén mat S, cé cing
tiép tuyén (tic la vécto tiép mic cia ching ti 1 vdi nhau) tai s € S va
6 cung mat mat tiép (gia st né khdc vdi mdt phang tiép wiic T,S) thi
co cung do cong tai p.

2. Néu giao ciia S vdi mdt phdng chita phdp tuyén cia S tai p la mot cung
song chinh quy ~ trong lan can cia diém p thi do cong ciia v tai p bing
tri tuyet doi cia do cong phdp dang cia S theo phuong cia tiép tuyén
cua vy tai p.
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5.3 Phuong chinh va do cong Gauss

Chon co sd truc chuan {é), &} cia T,S gom cac vécto rieng ctia h,. Ta
¢6 dinh nghia sau

Dinh nghia 5.3.1 ~ ~ . .
k’(e_i) = kl, k(€2) = k2

dugc goi la do cong chinh cia S tai p.

Ménh dé 5.3.2 (Cong thicc Euler) Néu € = cos @) +sin @&, thi do cong
phap dang theo phuong & la

k(E) = ki cos® o + kysin® .
Ching minh.

O

Hé qua 5.3.3 1. Cac do cong chinh kl, ks la cdc cuc tri cia do cong
phap dang k(€) khi € thay déi tren T,S \ {0}.

2. Néu cic do cong chinh ky, ks 6 cang déu thy do cong phdp dang k(€)
cing cé cung dau do. Néu cic do cong chinh khdc dau nhau thi luon
ton tai phuong € € T,S \ {0} dé k(€) = 0.

5.4 Mot sb6 tinh chat dic trung ctia dudng
trén mat cong

Dinh nghia 5.4.1 Vécto tiép mic a € TpS dugc goi la phuong tiém can,
néu -
a) = Z bija’aj = 0.
i,J

Duong tiem can la duong ma tai moi diem kpopm = 0.
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Hé qua 5.4.2 Néu tai diem P € S, K(P) < 0 thi ton tai phuong tiem can
tai P, néu K(P) > 0 thi khong c6 phuong tiém can tai P. Néu mdt S c6 do
cong Gauss K(p) < 0 tai moi noi thi tai moi diém deu ton tai phuong tiém
can.

Dinh nghia 5.4.3 Cdc duong do cong(curvature line) la cic duong ma tai
méi diém cic vecto tiép xic la hai phuong chinh. Duong tric dia(geodesic
line) la duong ma tai moi diém cia no, k, = 0.

Heé qua 5.4.4 Doc theo duong tric dia, ta cé

dr
ds

- knormn‘

Phuong trinh duong tric dia la

ii* 4 Z rk U il = 0.
Dinh 1i 5.4.5 u(t) la duong tric dia néi 2 diém A va B, 1ing vdi 2 tham s6

tl va tQ, chi khi
/ \/Z giju’ 7)dT — min.

Ching minh. Theo nguyén 1y Fermat-Hugen

/ Zgw 7)dT — min.

va do do

/ ng T)dT — min

thi dao ham bién phan la triét tieu
/ Z giju’ T)dT =0

Dao ham bién phan va tich phan c6 thé déi chd cho nhau, cho nén

/t : > g ()i (7)) dr = 0

Tt d6 suy ra phuong trinh duong trac dia. [l
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5.5 Dinh li Gauss -Bonnet

Trude hét ching ta nhac lai doi diéu ve tich phan dudng va tich phan mat
trong giai tich.

Tich phan dudng loai I ctia ham f(z,y, z) doc theo dudng cong tham
$6 hoa ~ cho bdi tham s6 hoa r(t) duge dinh nghia la tich phan Riemman

[ srtonar= / Fr(e))d.

Vi du tich phan do dai duong cong la tich phan duong loai 1.
Tich phan dudng loai II fvw = f,yw ctia mot biéu thic vi phan, con
dugc goi la 1-dang vi phan,

w(x) = wy (x)dr" + wy(x)da? + ws(x)da?

— P(x)dz' 4+ Q(x)da? + R(x)da?,

v6i P,Q, R la cac ham s6 tron theo cac bién x = (z', 2% 2?) la tich phan
Riemman

/ 2(P(x) cos a(t) + Q(x) cos 3(t) + R(x) cos~y(t))dt,

t1

trong do6 a(t), B(t), v(t) 1an lugt 1a cac goc gitia dr(t) véi ba truc toa do e,
€9, €3.

Tich phan mit loai I [[, f(x(u',u?))dS clia ham f(z,y, z) doc theo
mit cong tham s6 hoa ¥ cho béi tham s6 hoa r(u!,v?), (u!,u?) € D dugc
dinh nghia la tich phan Riemman

//D fr(u?,u?))ds = //D Flr(w?,u?))dut du?,

Vi du tich phan dién tich mat cong
// 7! X 7| |dut du?
D
la tich phan mat loai I.

Tich phan mit loai IT [ w = § w clla mot biéu thiic vi phan bac 2,
con dude goi la 2-dang vi phan,

w(x) = wi(x)dz? A da® + wy(x)da® A do' + ws(x)dat A da?
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= P(x)da?dz® + Q(x)dx*dx* + R(x)dz'dx?,

1

v6i P,Q, R la cac ham s6 tron theo cac bién x = (z', 2% 2?) la tich phan

Riemman
//D(P(x)nl(ul, u?) + Q(x)n*(u', u?) + R(x)n®(u', u?))du' du?,

trong do6 n(ut, u?) = (nt(ut,u?),n?(u', u?),n®(u', v?)) 1a ba thanh phan cia
vécto phap tuyén ngoai v6i mit dinh huéng thuan X.

Gia st p: U € R? — R3 1a mot tham s6 hod dia phuong ciia mat M. Gia
st AAgByCy 1a mot tam giac trong U. Anh ctia tam giac nay qua anh xa ¢
la mot tam gidc cong, ki hicu la (ABC') véi cac dinh A = p(Ay), B = ¢(By),
C = r(Cph) va cac canh (cong) tuong tng la a = p([By, Co]), b = ¢([Ao, Co)),

= ¢([Ap, Bp]). Chiing ta cting ki hiéu

(v,
ITEINER

do 16n do bang radian clia goc ngoai tai dinh A trong mat tiép xtac Ty M va
tuong tu cho B, C. Chung ta ki hicu K 1a do cong Gauss ciia M vi p la
phan t dien tich chinh tdc (véi huéng da chon) trén mat M, k, 1a do cong
trdc dia ctia cung tuong tng. Ta ki hieu

/ kyds :—/kgds—l—/kgds—l—/kgds.
0(ABC) a b c

Dinh 1i 5.5.1 (Cong thitc Gauss-Bonnet)

A= 5

/ Ku+/ kods =21 — (A+ B+ O).
(ABC) d(ABCQC)

Chiing minh. Ching ta chon mot tru&jng muc tiéu truyc chuan dinh huéng
thuan e;, ey tren V = p(U) va goi w? 1a dang lién thong ctia M trong truong
muc tiéu do. Néu p : I = [0,1] — V 1a mot cung dinh huéng, ||| = 1 va
néu ta viét p'(a) = cos(s)e1(p(s)) + sinp(s)ex(p(s)) thi

B = 13 wh(en)edd | = whe.

Khi d6 do cong phap dang k,orm = 0,

/ Ip(s ,
p'(s) = 8<s ) = Dysyer = wy(p'(s))ds
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va ta co

f[ kgds = f81 g
= 90(81) 60(80) L W%(P’(S))ds
= p(s1) — f W27

trong doé ¢(sg) = el(p(m’(so)) la do 16n cia goc dinh huéng tao béi
e1(p(so)) va p'(sp). Vay nén ta ¢

[ s = e1(@.(C) — er(B).(B) - [,

Tuong ty, ta ciing ¢6 cong thiic cho [, kyds, va [ kyds. Cudi cing ta c6

Joaney Kads = e1@(A) el(A), 7(A))
+e1(B).C(B) — oL(B).d/(B))
te.(0),a(A) — er(A), b(A))

_( a(f)% +Vfb é + fcw%)
= —A—B—C’—I—Zﬂ—f(ABC)K,u

Theo cong thic Stokes, ta co

/w%—i—/w%%—/w%:/ dw%:/ Kpu.
a b c (ABC) (ABC)

Bay gio ta chi can chi ra 1a boi s6 [ = 1. That vay, ching ta c6 cong thiic

/ Ku+/ kyds + (A + B+ C) = 2.
(ABC) d(ABC)

Ki higu (.,.)o 1a ciu tric Riemann trén V = r(U) dang cau dang cu v6i
U C R? Khi d6 vé6i mdi ¢ € [0, 1], cong thiic (.,.); := (1 —1t)(.,.)o + (., .) xac
dinh cau tric Riemann trén V va cong thic clia ta c6 dang

/ K,LL+/ kods +(A+ B+ C) =
(ABC) A(ABC)

ding v6i moi ¢ € [0,1] Hai tich phan & vé trai phu thuoc lien tuc vao t. Suy
ra [ ciing phu thuoc lién tuc vao t. Nhung [ € Z, nén [ khong phu thude vao
t.Khit=0taco K =0,k, =0, va A+ B+ C = 2, theo hinh hoc Euclid
trong R?. Vay suy ra [ = 1. O
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Nhan xét 5.5.2 1. Ching ta ki hiéu cic goc trong cia mot tam gidc la
A=n—-—A B=n—-B,C =xn—C. Cong thic Gauss -Bonnet trd

thanh
/ Ku+/ kgds:A+B+C'—ﬂ.
(ABC) d(ABC)
2. Néu a, b, c la nhing cung tric dia thi cong thiic Gauss-Bonnet trd thanh
/ Kpu=A+B+C—m.
(ABC)

Vay tong cdc goc trong cilia mot tam gidc vdi cdc canh la cdc duong
cong trac dia lén hon © néu do cong Gauss K > 0, va bé hon T néu
K < 0 va bing ™ néu do cong Gauss K = 0.

3. Do cong trac dia ky, doc theo mot cung dinh hudng trén mat hai chiéu
dinh hudng doi dau khi doi dinh hudng ctia cung dé cho nén tich phan
fv kqds thic ra la tich phan duong logi 11, tic la tich phan cia dang vi
phan Kyds doc theo duong cong dinh hudng .
Dinh 1i 5.5.3 (Dac trung Euler) Gid si M la mot mat dinh hudng, com-
pdc va dude chia ra bdi mot ludi cac diem thanh cdc tam gidc cong (dugc goi
la tam gidc phan hod). Ki hiéu By, 32, B35 lan lugt la s6 dinh, so canh va so
mat tam giac cua tam giac phan hoa do,

Eul(M) = Z(—l)z@
Khi do 1
2—/ Ky = Eul(M) = By — 1 + Ba.
™ JMm

Chitng minh. Ki hiéu ¢ la tam giac cong cua tam giac phan héa dé. Theo
cong thic Gauss-Bonnet cho tam giac ta c6

/MK,u _ Z/a kyds + ;(A(a) _ ),

trong d6 A(o) la tong cac géc trong clia tam gidc cong 0. Vi mdi canh ciia
tam gidc phan 1a canh clia ding hai tam giac cong ké nhau trong tam giac
phan héa d6 va cing huéng vé6i canh ay khi coi né 1a thuoc tam gidc nay va
ngude huéng véi canh ay khi coi n6 thuoc tam giac kia. Cho nén

Z/ kyds = 0.
o do
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Tong cac goc trong clia mot tam gidc cong tai mdéi dinh bang 2, nén

Z(A(O) —7) = (21 — [am.

g
Vay nén ta co

/ Kp=m(2060 — Ba).
M

M0oi canh clia tam gidc phan héa thuoce ding hai tam giac cong, ma moi tam
gidc cong c6 ba canh cho nén 23, = 3(3,. Tt d6 suy ra

/M K= (200 — ) = 7(200 — 261 + 264) = 2n(Bul(M)).

Nhan xét réing dic trung Euler tong quat trong topo hoc ciing chinh la
X(M) = Eul(M). O

5.6 Bai tap cung cé ly thuyét

1. Tim cung chinh quy trong R3 xac dinh bdi tham s6 hoa t — p(t), biét
phuong trinh tiép tuyén tai méi diém ¢ ctia né trong toa do ciia khong
gian tiép xtc cho bdi hé phuong trinh

{al(t)X+bl((t)Y+cl(t)Z+d1(t) =0
as(t) X 4+ bo((O)Y + ca(t)Z + da(t) = 0

Goi ¥: Dung dinh 1i ton tai vd duy nhat nghiém ctia phuong trinh vi
phan.

2. Tinh do dai cia céc cung trén doan t € [ty, t]:

a. Trong toa do Dé Cac z(t) = t,y(t) = t", 2(t) = co(= const).
b. Trong toa do tru (r, ¢, 2),
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3. Cho cung dinh 6c tron I' xac dinh bdi
t — p(t) = (acos(t),asin(t), bt), (a > 0)
trong R?.

a. Hay viét phuong trinh tiép tuyén, phap tuyén chinh, tring phap
tuyén, mat phang mat tiép, mit phap dién, mat truc dac clia né
tai mdi diém.

b. Chiing minh rang cic tiép tuyén ctia n6 nghiéng mot goc khong
ddi so v6i mit phang ndm ngang Oxy, con cac phap tuyén chinh
luén luon cat truc Oz.

4. Tinh do cong Gauss va do cong trung binh cua:

a. Mit dinh 6¢ dung ding.
b. Mat paraboloid.

c. Mat tiép xtc.
5. Cho mit S trong R? xac dinh bdi phuong trinh
Pyt —1=0

Chiing minh ring S 1a mot da tap compac, dinh huéng. Goi i 1a dang
dién tich chinh tac ctia S va K 1a do cong Gauss ciia S. Hay tinh fs Kpu.



Chuong 6

Dinh 1y anh xa ngudc va Dinh
Iy anh xa an

Hinh hoc vi phan can dén cac phép toan vi phan va tich phan kha tong quat.
Cho nén viéc nghién citu duge bat dau tir viec hé thong hoa phép tinh vi
phan trong R". Trong chuong nay ching ta sé tiép can khai niém da tap
kha vi tir khia canh giai tich, xem ching nhu nhitng tap nghiém ctia mot hé
phuong trinh ham trong khong gian R". Sau d6 tu tudng "b6 hoa" dan dat
dén sy nghién ctu da tap tong quét.

6.1 Dinh nghia dao anh va cac tinh chat co
ban
Ching ta ki hieu R 1a tap tat ca cac s6 thuc, R™ 1a tich Descartes ciia n
phién ban tap céac s6 thuc
R" = {(a',...,2")|2" € R,Vi =1,n}.

N6i mot cach khac, mdi phan ti ctia R™ 1a mot bo n s6 thuc z = (2!, ..., 2"), 2" €
R. Chtng ta ki hiéu theo truyén théng ki hiéu tenso trong hinh hoc va do
vay viét cac chi s6 & trén. Dé cho gon, ta sé ki hieu cac phan tit don gian la
z,v,.... v goi chung la cac vécto. Doi khi dé nhan manh ring ching la céc
vécto, ta sé ki hieu théem dau mii tén phia trén dau #, ¢,.... hodc viét bang
cht dam: x,y, ....

Xét tap mathbf R" véi cac phép toan trén cic vécto nhu sau: Néu z =
(', . 2"), y = (y',...,y") la cac vécto thuoc R™ va A € R™, thi

e Tong cac vécto x va y 1a vécto z + v

r4y:= (@ +y, .2+ y"),

60
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e Tich vécto v6i mot vo hudng A la vécto A\x:

A= Azt A,

Meénh dé 6.1.1 Cung vdi cic phép todan trén, R™ la mot khong gian vécto.

Chitng minh. Hién nhién 1a vécto 0 := (0,...,0) sé 1a vécto trung hoa cho

phép cong. Phan tt dbi ctia vécto x 1a vécto —x = (—a',..., —2"). Dé chiing

minh ménh dé, ching ta chi can kiém tra cac tién dé ctia mot cau tric khong
gian vécto, bao gom:

e Luat két hop theo phép cong:

(r+y)+z=a+(y+2),Yr,y,z€ R".

Sy ton tai phan ti trung hoa 0.

Su ton tai phan tu déi:

d-—zx 4 (—z)=(—z)+2=0.

Luat giao hoan ctia phép cong

r+y=y+axVr,y e R".

Luat phan phéi cia phép cong va phép nhan:

A+ p)z =z + px, VA, n € R,z € R™.

Mz +y) = r+ My, VA e R, z,y € R™.

Luat két hop ctia phép nhan

Az = Aux), VA, u € R,z € R™.

Tinh chuan hoa:

l.x =2,V € R".

Ching t6i danh cho ban doc kiém tra chi tiét cac tinh chat tren.
Xét cac vécto dac biét:
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e =(0,...,1,0,...,0),
(s6 1 duy nhat ding & vi tri thi )
e,=(0,...,0,1).

Nhan xét rang cac vécto eq, ..., e, la doc lap tuyén tinh va chung lap thanh
mot co s ciia R™. Mdi vécto bat ki x = (z!,...,2") dugc phan tich duy
nhét thanh t6 hop tuyén tinh clia cic vécto co s6

Chu ¥ ring trong cong thiic trén, theo truyén théng ctia hinh hoc, viét mot
chi s6 trén vd mot chi s6 dudi bang cling mot chit cai c6 nghia la lay tong
theo chi s6 d6. Nhung doi khi dé cho dé nham lan, ngusi ta cling van viét
luon ca dau tong, néu thiy can thiét nhan manh.

Ching ta dinh nghia tich vo hudng cta hai vécto x = (z!,...,z") va
y = (y',...,y") theo cong thiic

(x.y) =xy:=) a'y.
i=1
Meénh dé 6.1.2 Cung vdi tich vo huwdng tu nhién trén, R™ trd thanh khong

gian Fuclid.

Chitng minh. Chiing ta can kiém tra rang tich vo huéng néi trén c6 cac
tinh chat:

e Tuyén tinh:
A+ py, z) = Mz, 2) + u(y, 2), YA\, p e Rz, y, 2 € R".
e DO6i xting:
(z,y) = (y, @), Vo,y € R".

e Xéac dinh duong:
(x,z) >0,V € R",

(,2) =0<=2=0.

Ching toi danh viéc kiém tra chi tiét cac tinh chat d6 cho doc gia. O
Nhan xét rang co sd ey, . .., e, noéi trén 1a mot co sd truc chuén, tic 1a

(eiaej) = 52‘;‘;

trong do d;; la ki hi¢u Kronecker quen biét.
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Ménh dé 6.1.3 Moi khong gian Fuclid n-chiéu déu ding cau vdi khong gian
R".

Ching minh. Gid sit E™ 1a mot khong gian Euclid n chiéu tuy y, tic 1a
mot khong gian vécto véi mot tich vo hudng tritu tugng
x,y € E" — (x,y) € R.
Chon mot co sé truc chuan &4, ..., &,, voi
(€;,€;) = 0yj.

Phép tuong tng &, — e;, i = 1,n xac dinh mot ding cau dang cu gitta
(E™ (.,.) va (R, (.,.)). X i /D
Nhu vay viéc nghién citu khong gian Euclid n chiéu véi sai khac dang cau
hoan toan tuong duong véi viec nghién citu khong gian cu thé R™.
Trong khong gian R" ta dua vao metric do khoang cach gitta cac diém
nhu sau: Khoang cach gitta hai vécto x va y dude do bang dai luong

d(x.y) =[x -yl == V(x —y,x ).
Ménh dé 6.1.4 R™ la mot khong gian dinh chudn.

Chitng minh. Chiing ta c6 thé kiém tra ring anh xa x +— ||x|| thod man
tat ca cac tinh chat ctia khong gian dinh chuan:

e Xéac dinh duong
|x|| > 0,Vx € R",

||x|| = 0 khi va chi khi x = 0.
e Thuan nhat duong:
[|Ax]| = [A|||x]], VA € R,Vx € R™.
e Biat ding thic tam gic:
Ix+yll < Ix[l+lyll, vx,y € R".
Chtng t6i danh phan kiém tra chi tiét cho ban doc. O

Bay gio chiing ta dinh nghia mot s6 khai niem hinh cau (déng, md), hinh
hop (déng, md) va mat cau nhu sau.
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Dinh nghia 6.1.5 Mat cau S(a,r) tam a € R™ ban kinh r > 0 la tap cac
vécto x € R"™ thoa man

n

|x—a|’=(x—ax—a)= Z(xl — ') =r2

=1

Hinh cau déng B(a,r) tam a € R™ ban kinh r > 0 la tap cic vécto x € R™

thod man
n

|x —a||*=(x—a,x—a) = Z(xl —a')? <r?
i=1

Hinh cau md B(a,r) tam a € R™ ban kinh r > 0 la tap cdc vécto x € R"
thod man

i=1

Hinh hop déng P(a*;bt, ... a™;b") la tap cdic vécto x = (x', ... 2™) ma cdc
thanh phan z* ciia ching thod man cdc bat dang thic

ad <zt <V Vi=1,n.

Hinh hop md P(a';bt, ... a™b") la tdp cdc vécto x = (x',... 2™) ma cdc
thanh phan z* ctia ching thod man cdc bat dang thic

al <2t <b,Vi=1,n.

Hinh hop déng-md P(a;b', ... a"b") la tdp cic vécto x = (x,... 2™) ma
cdc thanh phan ©° ctia ching thod man mot s6 bat dang thic hodc dang thite

al <zt <b Vi=1,n,
trong dé chi c6 mot s6 nhat dinh cdc dau bang zdy ra.

Ménh dé 6.1.6 1. Cdc hinh cau déng (tuong ting, md) lap thanh co sd
cac tap dong (tuong ing, md) cia topo trong R™.

2. Cac hinh hop dong (tuong ing, md) lap thanh co sd cdc tap dong (tuong
ing, md) cia topo trong R™.

3. Topo trong hai khang dinh trén la cting dong phoi vdi topo chuan trong
RTL

Chitng minh. Dé ching minh mot hé X céc tap con lap thanh mot topo,
chiing ta can kiém tra cac tien dé co sé ciia mot topo. Dieu nay ding vi:
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e ),R" € X.

e Trong giao clia hai hinh cau (hay hinh hop) mé c¢6 chita mot cau (tuong
ting, hop) md. Tuong tu v6i cac cau hay cac hop dong. Dé chiing minh
cic topo tuong ing vdi cau hay hop déu tuong duong nhau, ching ta
chi can chi ra la trong méi cau mé c6 chita it nhat mot hop mé va
ngudc lai. Ching t6i danh phan kiém tra chi tiét cho ngusi doc.

O
T do ta c6 hé qua tu nhién 1a

Hé qua 6.1.7 Anh za f = (f',...,f™) : R* — R™ la lién tuc khi va chi
khi cac thanh phan f*= f'(z!,...,2™) la ham lién tuc

Chitng minh. Tat cd dé dang suy ra tit nhan xét rang ||x;, — x|| — 0 khi va
chi khi /Y1, (2t — 27)2 — 0. O

Phép bién doi (dong phoi) bién cac hinh hinh hoc tuong duong vao nhau
duge goi 1a phép bién hinh. Tap cac phép bién hinh cting véi phép hop anh
xa lap thanh mot nhém, goi 14 nhém bién doi . Néu cac phép bién hinh 1a
dang cy thi coi ching la tuong duong nhau (dong nhét véi nhau).

Topo dai cuong nghién citu cac hinh hinh hoc sai khac mot dong phoi
(dang cy). Bai toan nghién citu truyén théng ctia hinh hoc 1a phan loai céc
hinh hinh hoc va nghién cttu cac tinh chat noi tai ctia tiing hinh hinh hoc.

6.2 Dao ham riéng va vi phan

Ching ta da xac dinh déi tuong ctia hinh hoc Euclid 1a R” va cac vat thé
hinh hoc trong né, duge cau tao tit cac manh cau, hay manh phing. Nghien
citu cac doi tugng nay dude hiéu theo nghia thong thudng la tim cac vi tri
tuong do6i trong khong gian va tim cac dic trung bang s6 ciia chiing nhu khoi
lugng, thé tich, .... Bai toan tré nén phic tap hon nhiéu néu cac hinh doé
khong duge ghép tit cac manh cau hay manh phang. Dé gidi quyét nhiéu bai
toan tuong tu trong do6 c6 cd cac bai toan veé vi tri tuong doi, tiép xuc, tiép
diém,... ching ta can t6i cong cu méi hon nhing cong cu thong thuong nhu
da no6i ¢ trén. D6 chinh 13 1f do ching ta can dua phép tinh vi phan va tich
phan vao trong hinh hoc.

Dinh nghia 6.2.1 Cho y = f(z), f : R® — R™. Chiing ta néi rang dnh za
f la khd vi tai diém xo € R™, néu ton tai mot dnh za tuyén tinh

A= Axzp): R" = R™
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sao cho

|y = yo = Mao)(x — mo)| = of|[z — o),
vdi yo = flx0), vdi moi x trong lan can di bé ciia xo. Anh za tuyén tinh
zo), néu né ton tai, dugc goi la dao dnh cia dnh va f tai diém o va dugc
ki hiéu bang mot trong cac ki hieu co ban quen biét f'(xq), f.(xo), Df(x0),
%ﬁo), Dy/Dx|y,.

Néu chiing ta c6 dinh tat cd cac bién trit mot bién ¢, thi chung ta c6 mot
ham mot bién, gia tri vécto
1 ; )
flzg,...,a" ... z0) : R— R",
theo bién z°. Dao anh clia anh xa nay goi 1 dao ham riéng clia 4nh xa theo
bién x* va dugce ki hicu 1a

Of (o) _ D f(x0)
drt Dzt

= Dif(z0) = f;(o).

Gia sit £(z0) 1a mot dudng thang dang xg + t&(zo) di qua diém zy. Khi
dé ta c6 anh xa mot bién

fol= f(l(xg+t&(xp))) : R — R".

Dinh nghia 6.2.2 Dago dnh w goi la dao ham (dao dnh) cia f
theo hudng & tai diém zo va dugc ki hieu la (€f)(xg).

Chung ta c¢6 cong thic lién hé n6 véi cac dao ham riéng

€@ =3 T e,

=1

Nhan xét 6.2.3 Dgo dnh DIJ;(;), néu né ton tai, la duy nhat.

That vay, gid st Aj(z) va Ag(z) la hai dao anh clia cing mot anh xa f tai
cting mot diém x. Khi do,

[IAu(@)h = Aa(2)h]| < [[A(2)h =z + h) + )]+

+Hf @+ h) = f(z) = Aa(x)h]] = 20([[A]]), Vh € R".
Béi thé nen A\ (x) = \o(x), Va.

Dinh 1i 6.2.4 1. Néu f la mot dnh za hing (nhdn mot gid tri vécto co
dinh) thi Df(z) = 0,Vx € R"
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2. Néu f: R™ — R™ la mot dnh za tuyén tinh thy Df(x) = f(x),Vx €
R".

3. Anh za f:R™ = R™ la kha vi tai a € R™ khi va chi khi cac ham thanh
phan f': R™ — R la khd vi tai a va ta cé

Df'(a)

Df(a) = .
Df™(a)

Néi cach khdac Df(a) la mot ma tran ma moi hang thid i cia né co
cdc thanh phan la dao ham riéng thii j cia thanh phan f'. Ma tran
do con duogc goi la ma tran Jacobi cud dnh xq tai diém a va ki hiéu la

Jac,(f)(a) = 2L

Dx

Chitng minh. Nhitng tinh chat 1. va 2. ké trén giéng nhu nhitng tinh chat
quen biét clia ham s6 mot bién. Dé chitng minh tinh chat 3. chi can phan
tich anh xa f theo cdc ham thanh phan

f= Z f ‘e;.
i=1
Chiing toi danh cho ban doc két thic chitng minh chi tiét. O

Dinh 1i 6.2.5 Néu f: R® — R™ la danh za khd vi tagi a € R™ va g : R™ —
R? la danh za khd vi tai f(a), tht ham hop go f : R* — RP la dnh xa khd vi
tat a va ta co

D(go f)(a) = Dg(f(a))Df(a).

Chiing minh. Ching ta c6 cong thiic
9(f(x)) = g(f(a)) — Dg(f(a))Df(a)(z —a) =

=g(f(@)) — g(f(a)) = Dg(f(a))(f(z) — f(a) + o(||x — al])) =
=o(||f(z) = f(a)[]) + Dg(f(a))(o(||z — al))-

C4 hai s6 hang déu 1a o-nhd clia dai lugng ||z = a|| nén tong ciing la mot
dai lugng vo cung bé o(||x — all). O

Ta théy rang cac dao ham rieng 2%, xem nhu céc anh xa tuyén tinh &p
len ham f = f(z!,...,2") theo qui tic f %ff) 1a doc lap tuyén tinh véi
nhau trong khong gian cdc anh xa tuyén tinh tit R" vao R. Chung lap thanh
mot co sd tuyén tinh. Co s§ tuyén tinh déi ngau v6i né dudge dong nhat véi
cac vi phan dzt, ..., dx".
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Dinh nghia 6.2.6 75 hop tuyén tinh

= Of(at 2
df =) - dx

i=1

duge goi la vi phan toan phan cia ham f: R® — R.

Dinh 1i 6.2.7 Gid st ¢ : R* — R"™ la mot phép dong phoi, thuc hién viéc
doi bién y = p(x). Khi dé ching ta cé cong thic doi bién sau:

of oy
ax’ Z oyk Oz’

Nghia la vi phan toan phan ctia mot ham so khong phu thude viée chon bién
dia phuong.

Chitng minh. Dinh Ii dugc suy ra triyec tiép tit cong thitc dao ham ctia ham
hop, cling v6i nhan xét rang

Z oz’ ay A
oy oxi %

6.3 Dinh li ham (anh xa) ngudc

Dinh 1i 6.3.1 (Dinh li anh xa ngugc) Gia st f : R" — R" kha vi liéen
tuc trong lan can md cia diém a € R™ va Df(a) la kha nghich. Khi dé ton
tai mot lan can md 'V chia a va mot lan can md W chia f(a) sao cho dnh
za f:V — W la kha nghich, c¢6 dnh xa nguge f= : W — V la khd vi doi
vor mot y € W va

PUD (D)
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Dzt
Chitng minh. D& cho tién, ta s& ki hieu Dz la vécto cot | ... | va DY =
Dax™
la ma tran Jacobi clia 4nh xa tai diém z. Khi dé ching ta c6 thé viét
Df(x)

Dy = Dzx.
Y Dz v

Df (=)
Dx

T do6 suy ra la néu DD( 2) 13 kha nghich, ( ) lien tuc trong lan can cua
diém a, thi ton tai lan can mé W cia diém f ( ) dé ma tran Jacobi luon la

kha nghich trén dé. Diéu nay dé thay tit cong thitc tinh ma tran nghich dao

FH@) =) (I-f(a)f(x)".

n=0

Tic 1a, néu D f(a) kha nghich thi trong lan can dit nhd W ctia diém f(a) thi
cac ma tran Jacobi chudi 1a hoi tu tuyet ddi va D f(x) cling 1a kha nghich.
Trong lan can do6 chung ta c6 phuong trinh

(Dg;@)_l Dy = Da.

Thay biéu thiic z = f~!(y) ta c6 cong thiic can chitng minh. Dé chitng minh
tinh kha vi ctia ham ngudc, ching ta can dung dén dinh li vé diém trung
binh: V6i cac gia tri x di gan v6i diém z¢, gia tri y = f(z) cling di gan
v6i diém yo = f(xo). Do gia thiét lien tuc ciia dao anh tai lan can ctia diém
x + 0, ching ta c6 cong thic gia tri trung binh

Df(z)

Dz ($ - :UO)a

— Y =

Df(=z)

tuc trong lan can diém x, nén né ciing kha nghich trong lan can du bé cia
diém dé. Tic 1a ching ta c6

(5

trong d6 7 14 mot diém trong lan can du bé clia xy. Do anh xa 5. la lien

)_1(y—yo) =T — Zo-

Chuyén qua gi6i han chiing ta duge diéu can thiét. Ching t6i danh cho doc
gia tiép tuc thuc hién nét cac chi tiét chitng minh. O
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6.4 Dinh li hAm (4nh xa) an

Ching ta ki hiéu céc vécto dao ham riéng

(af(xl,...,x”,yl,...,ym) 8f(x1,...,x",y1,...,ym)>

ox! Y ox™
don gian 1a D, f(z,y), tuong tu,
(8f(x1,...,x”,y1, e y™) of (@, ... a™yt, ... ,ym)>

oyl ey oy
don gian 1a D, f(z,y).

Dinh 1i 6.4.1 (Dinh 1li &nh xa an) Gid si rang dnh za F : R" x R™ —
R™ la khd vi lién tuc trong mot tap md chia (a,b) € R" xR™ va F(a,b) = 0.
Gid st ma tran Jacobi ¢6 ma tran con khd nghich D, F(a,b). Khi dé ton tai
mot lan can md A C R™, chud a, va mot tap mé B C R™ chita b sao cho ton
tai duy nhat mot anh za khd vi f © A — B, goi la dnh za an nghiém diung
phuong trinh
F(z, f(z)) =0,Vz € A.
Dao ham cia dnh za an f(z) duogc tinh theo cong thic

DF(z,y)

D.f(x)=— Dy

} R D, F(z,y).

Chitng minh. Gia si da c6 ton tai mot anh xa an nhu vay. Ching ta c6

ngay cong thitc tinh dao ham toan phan

Df(x)
Dx

Tt d6 suy ra ngay cong thiic tinh dao anh ctia &nh xa an. Dé chiing minh sy

ton tai anh xa an f(z), ching ta nhan xét rang anh xa

=0.

D,F(z,y)+ D,F(x,y)

F(z,y) = (v, F(z,y))
s6 14 mot ddng phoi tit R™™ vao chinh n6. Ma tran Jacobi ctia F'

I | 0

Jac(x,y)ﬁ(x,y) =
DmF(x7y) DyF(Iam

la khéa nghich cho nén theo dNinh lf 4nh xa ngudc ton tai anh xa nguge clua F.
Thanh phan thi nhat cua F' la anh xa dong nhat cho nén thanh phan thi
hai cia anh xa nguge F'~! x4c dinh anh xa f can tim.

O
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6.5 BoO cac ham tron

Tt Dinh 1y anh xa an ta suy ra: véi mdi diém (z,y) la nghiém ctia hé
F(z,y) = 0 luon ton tai mot 1an can mé U ctia diém o va mot lan can mé V/
ctia diém y sao cho f: U — V la mot anh xa tron.

Dinh nghia 6.5.1 Ham ¢ : (z,y) — @(z.y) € C trén tap nghiem M cia
hé phuong trinh F(x,y) = 0 thod man diéu kién trong dinh 1y ham an
Jacy(F) = [%—ﬂ 14 kha nghich, dugc goi 1 tron néu hop ciané véi f : U — V.
1a mot ham tron tren U. Ki hieu C*(U) 1a tap tat cd cac ham tron tréen lan
can U ciia diém z trén tap nghiem M.

Ménh dé 6.5.2 Ham ¢ la tron khi va chi khi o o & la tron trong £(U) vdi
moi phép vi phot & : U — U. Noi mot cach khac khai niém ham tron khong
phu thudc vao viéc chon hé toa do dia phuong x = (x1,...,T,).

Dinh li 6.5.3 Cdc tap md U trong dinh li dnh za an lap thanh mot phi md
ctia tap nghiem. Cdc dai s6 C™(U) c6 cdc tinh chat b6 sau day:

1. Ton tai dnh xa han ché r: C=(U) — C>(Uy), néu U, la tap con trong
U.

2. Néuw U = UU, thi c6 day khop

0— C®(U) — [[C*(Us) — [] C*(Ua N Up).
a a,B

Chitng minh. Ménh dé thi nhat 14 hé qua truc tiép ctia dinh Iy ham an.
Meénh dé thit hai cling dude suy ra tit d6 vi khi diém 2 thudc giao ctia hai lan
can dia phuong trong dinh 1i ham an thi chiing phai la x4c dinh duy nhat
trén giao. 0

Dinh nghia 6.5.4 Mat ham trén tap nghiém M cia hé phuong trinh F(z,y) =
0 vdi Jacy(F) = [%—5] la khd nghich, dugc goi la tron néu han ché ctia n6 len
cac tap md trong phtl néi trén la cdc ham tron va thod man tinh chat bo. Ki
hieu C°°(M) 1a b6 cdc dai s6 cac ham tron néi trén. N6 duge goi 1a b6 cdu
tric cua M.

Dinh nghia 6.5.5 Néu M la tap nghiem ctia h¢ phuong trinh F(z,y) = 0
thod man diéu kién c¢6 ma tran Jacobi trén cac diém thuoc tap nghiem, co
hang khong déi r = rank(Jac(F)(z,y) thi cap (M, C>®(M)) dugc goi 1a mot
da tap va C°°(M) dugc goi 1a b6 cau tric .
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Vi du.

1. Vong tron don vi ¢6 thé xem 1a hgp clia hai tap mé U; = S!\ {N}
trong d6 N 1a diém cyc bac, Uy = St \ {S} v6i S 1 diem cuc nam.

(1) 22 O%(Us) = C%(R).

Dé viét mot cach tuong minh cong thic doi bién tit U; sang U, va
nguoc lai (1). Bé cau tric ctia S* 1a cdc ham tron trén toan bo vong
tron don vi.

2. Xuyén hai chieu T = S! x S! ¢6 thé chia thanh hop ctia céc tap md
dong phoi véi R? : Uy = (S'\{N}) x (S'\ {N'}), Usa = (S1\ {N'}) x
(SI\{S}), Uzt = (S"\{S}) x (S \{NV}), Uz = (S'\ {S}) x (S"\{S}).
Méi C*(U;) = C*°(R?). Ching dugc xép lai v6i nhau mot cach tu
nhién, sau nay sé thay 1a "dinh huéng".

3. La Mdobius c6 thé xem 1a hop ciia hai ban do dia phuong Uy = L\ (I x
{0}),Uy = L\ ({0} x I). Ching dugc xép lai mot cach "khong dinh
hudng”. Mac du cac b6 ham tron dia phuong déu la C=(R?).

4. Khong gian xa anh RP"™ 14 khong gian cac duong thang qua gbc toa
do trong R"!. Bing cach toa do hoa, RP" la tap cac diém trong R" !
véi toa do thuan nhat (zo : xp : ... : x,) theo nghia, méi bo toa do
do6 1a mot 16p tuwong duong (xg, x4, ..., @) ~ (xg, 2], ..., z) khi va chi
khi ton tai mot s6 k # 0 dé o} = kx;,i = 1,n. Do vay c¢6 phit md la
khong gian con cac bo toa do thuan nhat véi s6 1 § mot vi tri thi 4.

RP"=UU;, U;={(ro:x1:...:2,),7; =1}

Day 1a hé phuong trinh trong toa do dia phuong. Méi U; ~ R™. Neén
b6 cau tric c6 dang C°(U;) =2 C=(R™).

5. Tuong tu, khong gian xa anh phic CP™ la mot da tap.

6. Chai Klein 1a hai 14 Mobius dong nhat hai bién tuong ttng véi nhau.
Mbi b6 ham tron dia phuong ciing 13 C*°(R?) nhung toan cuc ching
duge sap xép rat khong dinh huéng.

Theo dinh 1f 4nh xa an, ¢6 ton tai mot hé cac ham toa do cong trén moi
tap md trong khong gian nghiém, dong phoi véi R"™"

Dinh nghia 6.5.6 Néu ¢ : R"" — U C M la mot vi phoi zay dung theo
dinh li ham an thi dnh cia hé toa do tuyén tinh trong U la cdc duong cong
ma phuong tiép tuyén luon lap thanh co sé. Khi dé ta noi la ta c6 mot bin
do toa do dia phuong (U,x',... 2" ").
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Nhan xét 6.5.7 Nhan zét rang hé (z',...,2") la mot hé sinh cia dai so
ham tron C°°(U) theo nghia ham, tic la moi ham khdac déu la hop cia cdc
ham nay vdi mot ham nao do trén U.

Nhan xét 6.5.8 H¢ cdc ban do toa do dia phuong lap thanh mot phi md
ctia da tap nghiém. Cau tric vi phan duge zdc dinh bdi tinh chat cia dai s6
cac ham tron C*(U) va cdac ham chuyén toa do. Trén thuc té theo phuong
phdp dai so, b6 cdc nhat cdt toan cuc, tic la cic ham tron toan cuc zdc dinh
cau tric vi phan.

6.6 Bai tap cung co ly thuyet
1. Tim ham s6 c6 moi dao ham riéng lién tuc nhung khong kha vi tai mot
diém.
2. Tim vi du ham s6 lién tuc nhung khong c6 dao ham tai s6 dém dugc
cac diém.
3. Cho ham s6 f : R?> — R, xéc dinh bdi cong thic
22+ y?) sin ———  Véi (z,y 0,0),
rngy = @IS s 36 ) £ 00
0 véi (z,y) = (0,0).

Chiing minh ring f kha vi tai diém (0,0) nhung cic dao ham riéng
D,f, D,f gian doan tai (0,0).

4. Dung ham s6 f : R — R, xac dinh bdi cong thiic

21 22sinl néuax #£0
— 2 T )
f(@) { 0 néu z = 0.

Hay ching minh ring gia thiét lien tuc trong dinh li &nh xa an 1a khong
thé bé di dugc.

5. Gid sit rang 4nh xa f : R® — R" la kha vi vA ¢6 anh xa ngugc !
ciing khé vi Ching t6 rang

(f ) (f@) = (f(a) ™
n6i mot cach khéac, néu dnh xa cho béi y = f(x), thi
Dz [Dy} -

D_y: Dx



Chuong 7

Da tap kha vi

V6i phép toan vi phan, ching ta c¢6 thé nghién ctu nhiéu tinh chat ctia da
tap: truée hét ching ta c6 thé dinh nghia mot cach chinh xac khai niem da
tap, da tap con, da tap thuong, phan thé tiép xtc, phan thé doi tiép xic,
v.v.... Topo cac da tap dude nghién cttu trong nhiing nam gan day. Trong
chuong nay ching ta sé chi giéi thieu mot vai thanh tuu dang ké.

7.1 Dinh nghia. Vi du

Trong phan cudi chuong trude chiing ta da di dén mot sy kién 1a tap nghiem
ctia mot hé phuong trinh ham c6 thé xem nhu 1 mot da tap ma mdi diém
déu c6 mot lan can mé vi phai véi R™. Dieu nay dan dén mot khai niem tong
quat 1 da tap, ddi tugng nghién cttu ctia hinh hoc vi phan.

Dinh nghia 7.1.1 Gid st M la mot khong gian topo Hausdorff kha ly Néu
tréen M c6 ton tai mot phi md bdi cac tap md U,, a0 € I va vdi moi o € 1
ton tai mot vi phoi o : R — U,. Ta néi moi (Uy, ps) la mot ban do toa do
dia phuong. Anh ciia mot hé toa do Descartes la mot hé cac duong cong coé
tiép tuyén triuc giao, dudc goi la hé toa do dia phuong va ki hiéu don gidn la
(xt,...,2"). Gid si cdc ban do dia phuong tuong thich véi nhau theo nghia
sau:

Vi moi diém trén phan giao Uy, N Ug, moi dnh wa ¢5' o @q -

1

e (UaNUs) CR* 22 U,N Uy —2— ¢s(UaNUs) CR"

la kha vi (tron).

4
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Khi dé ta néi rang tap ban do lap thanh mot tap ban do kha vi (tron). Hai
tap ban do tron dudc coi la tuong duong nhau néu hop cia ching lai la mot
tap ban do tron. Mot I6p tuong duong ciia mot tap ban do tron dude goi la
mot cau tric tron. Mot khong gian topo M cung vdi mot cau tric tron dudc
goi la mot da tap kha vi (tron).

Nhan xét 7.1.2 Khdi niém vé cau tric tron cho ta mot dinh nghia rat cau
triic cho khdi niém da tap. Rat tiéc la khdi niém da dua dén nhiing dieu kich
tinh khong ngo tdi.

Dinh 1i 7.1.3 (Luéan an Tién si ctia J. Milnor) ! Trén mdt cau S7 c6
diing 28 cau tric tron khong tuong duong nhau.

Kich tinh hon nita ta c6 thé ké t6i mot dinh 1i phan loai cAu trac tron
tren R*. 2

Dinh 1i 7.1.4 Tren R", n # 4 chi c6 duy nhat mot cau tric tron thong
thuong. Tréen R* c6 continuum cdc cau tric tron khong tuong duong vi phoi
vdi nhau.

Ly do vi dau ¢6 hién tugng la ki d6?7 Toan hoc chua cé cau tra 1oi that xac
dang!

7.2 Anh xa tron giita cac da tap

Dinh nghia 7.2.1 Gid su ta co6 mot anh xa f : M — N gita hai da tap kha
vi (M, {(Uq, ¢a)}acr) va (N,{(Vs,¥35)}ses). Ta néi rang anh za f la khd vi
(tron), néu véi moi a € I va 3 € J, @/)ﬂ_l o f o, la cic dnh za tron.

Nhan xét 7.2.2 Tu dinh nghia trén ta thay, mot anh za la tron khi va chi
khi cic ham doi toa do dia phuong la cac anh za kha vi.

Meénh dé 7.2.3 Mdéi hé toa do dia phuong xdc dinh mot dnh xza khd vi tu
R"™ vao da tap M.

1J. Milnor 14 mot nha dai s6 rat 16n. Tuy nhién ong ta da bat dau sy nghiép bing
luan an tuyét voi vé topo hoc. Két qlia ndy thudng dude nhic t6i nhu mot ki quan chiém
nghiém toan hoc

2Mot trong nhitng ngudi c6 déng goép dang ké va sang gia nhat 1a Donaldson, lam dudc
trong thoi gian lam nghién ctu sinh & Oxford. Anh ta da dugce gidi thudng Fields nhd két
qué nay
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Ching minh. Xem anh xa toa do nhu mdt anh xa gita da tap R va M,

khi d6 méi hé toa do dia phuong déu c6 ham chuyén la anh xa tron cho nén

chiung lién hé v6i nhau mot cach tron. Ol
Dinh nghia vécto tiép xtic véi da tap tai x € M 1a cac vécto % = (Ya )€,

trong do

0

e, — 1

Gid sit ¢ : X — Y la mot dnh xa tron gitta hai da tap, x € X,y = ¢(x) €
Y. Néu z(t) 1a mot dudng cong trong X di qua diém z, (0) = 2 thi o(z(t))
13 duong cong trong Y, di qua y. Do d6 c6 vécto tiép xtc

Tpl€) = S loola(h)).
Tuong ting nay xac dinh mét dao anh
Dy =T,(¢): T, X — T,Y.
Dao anh 1a mot 4nh xa tuyén tinh, do vay anh xa déi ngau
T (p): T,)Y = T; X
cling 14 mot anh xa tuyén tinh.
Dinh 1i 7.2.4 (Vi phoi dia phuong) Cédc ménh dé sau day la tuong duong:

1. Anh za v : X =Y la mot vi phov dia phuong.
2. Dao dnh T,(p) : T, — T,Y la mot ding cdu.

3. Anh zq déi ngdu T*(p) : 1, — T;X la mot ding cau.

Ching minh. Sit dung Dinh 1i anh xa ngugc. ]



Hinh hoc vi phan 7
7.3 Phan thé tiép xic, doi tiép xtuc

7.3.1 Khoéng gian tiép xtc. Phan thé tiép xuc

Trong lan can toa do ciia mdi diém x € X trén da tap X, moi khong gian
tiép xic T,X la ding cau tuyén tinh v6i nhau. Béi thé nén ta c6 thé xay
dung mot dong phai tu nhién

(0, Jac(p)) : W x R* = Uper T,U
nhu 1a cac tap mé trong R*".
Ménh dé 7.3.1 Khong gian
TX = | JT.X
zeX

co cau tric cua mot da tap tron.

Chitng minh. Gia st {(Ua, ¥a) }aer 12 tap ban d6 dia phuong, xac dinh cau
tric da tap. Khi ta thay doi toa do dia phuong tit ban do (Uy, ¢, ) sang ban
dd (Us, ¢p), trén mién giao U, N Ug ta c6 phép bién ddi toa do tron gitta
cac toa do theo cong thitc dao anh ctia 4nh xa hop: (z,£(x)) — (y,n(y)), véi
Y= 90,51 0 a(x) va

n(y(x)) = Jacy (5" 0 pa)(x)é().
[

Nhan xét 7.3.2 Phép chiéu tu nhién tu TX lén X cho tuong 1ng moi vécto
tiép zic vdi diem goc clia né cho ta mot dnh za tron gita cic da tapp : TX —
X

Dinh nghia 7.3.3 B¢ ba (TX,p, X) dugc goi la phan thd tiép zic vdi da
tap X. Méi dnh za tron s : X — TX cho tuong dng vdi moi diem x € X
mot vécto tiep zic &(x) € T,X, tic la pos = Idx dugc goi la mot truong
vécto tron trén da tap X.

Vi dy. Gia st diém x c6 toa do dia phuong 1a (2!, ... 2™) Ta ki hi¢u a?:i
la &nh cud vécto e; = (0,..., 1 ,...,0).
~—

ith

Chiing ta c6 quy téc doi bién theo dao ham cud ham hop:

0 _ow o
oxt Ozt oyd’
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Nhan xét 7.3.4 Tai moi diém cud da tap, cdc truong vécto % la dnh ding
cdu cud co sd truc chuan e;,i = 1,n. Bdi vay ching doc lap tuyén tinh, va
mot vécto tiép xic bat ki duge phan tich thanh to hop tuyén tinh theo ching.
Dang tong quat cia mot truong vécto viét trong toa do dia phuong la

£r) =Y €

Chiing ta ki hiéu khong gian véto cac truong vécto tron trén da tap X la
Vect(X).

7.3.2 Khoéng gian dbi tiép xtc. Phan thé doéi tiép xic

Dinh nghia 7.3.5 Gid st X la mot da tap tron, v € X la mot diém tuy v,
T,.X la khong gian tiép zic vdi da tap tai diém x. Ching ta ki hiéu T*X =
Homg (T, X,R) la khong gian doi ngau vdi khong gian vécto T,X va goi la
khong gian doi tiép wiic .

Nhan xét 7.3.6 Khdi niém khong gian tiép mic khong phu thudc vao viéc
chon hé tog do dia phuong, tic la mot khai niém hinh hoc. Do vay khong
gian doi tiép mic ciing la mot khdi niém hinh hoc.

Nhan xét 7.3.7 Trong mot lan can toa do dia phuong ciia moi diém x trén
da tap, cdc khong gian doi tiép zic la dang cau vdi nhau va dang ciu tuyén
tinh vdi khong gian Euclide n-chiéu R™.

Bdi thé nén ching ta c6 dong phoi
(p, Jacy (1)) : W x R —"— (U, T2U
nhu 1a cac tap mé vi phoi trong R?".
Meénh dé 7.3.8 Khong gian
"X =] T;X
zeX

c6 cau tric da tap tron.

Chitng minh. Gia st {(Uy, ¥ ) }acs 12 tap ban do dia phuong, x4ac dinh cau
triic da tap. Khi ta thay doi he toa do dia phuong tit ban do (Uy, ©.) sang
ban do (Ug, ps), thi trén phan giao clia chiing, ta c6 phép bién ddi tron gitta
cac toa do theo cong thic vi phan ciia ham hop. O
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Nhan xét 7.3.9 Phép chiéu tu nhién t& T*X lén X cho tuong ing moi
vécto doi tiép wic vdi diém goc cia ndé cho ta mot dnh za tron gida cic da
tapp:T"X — X

Dinh nghia 7.3.10 B¢ ba (T*X,p, X) dudc goi la phan thé doi tiép xic vdi
da tap X. Méi anh za tron w : X — T*X cho tuong ing vdi moi diem x € X
mot vécto doi tiep xic £(x) € T, X, tic lapos = Idy dugc goi la mot 1-dang
vt phan tron trén da tap X.

Vi du. Gia st diém z c6 toa do dia phuong la (zt,. .., 2") Ta ki hi¢u dz’
1 co s trong T X, d6i ngdu ctia co s6 % trong T, X.
Ching ta c6 quy tac doi bién theo vi phan cua ham hop:
oy’

Y &Elx

7.4 Da tap con. Da tap thuong.

7.4.1 Diéu kién dim va diéu kién ngap

Dinh 1i 7.4.1 (Diéu kién dim) Gid st ¢ : X — Y la mot dnh za tron
gitta hai da tap, khi dé cac dieu kién sau la tuong duong nhau:

1. T.(p) : T,X — T,Y la mot don cdu.

2. Ton tai mot lan can md U chia x trong X, mot lan can md V cia
y trong Y, va mot lan can md W cua 0 trong R™™™ wva mot vi phot

Y.V —=UxW sao cho
(a) p(U)CV,
(b) So do sau day la giao hodn

P

U o
UxW —— U xW
3. Ton tai ban do dia phuong U vdi toa do xt,... "™ trong lan can diém
x va tog do dia phuong y',...,y™ trong lan cin diém y = @(x) sao cho

Yy op=2a"Vi=1m,

y'op=0Vi=m+ 1, n.
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4. Ton tai lan can md U cia diém x va lan can md 'V cia diém y, va mot
anh za tron o : V. — U sao cho p(U) =V, 009 = Idy..

Chitng minh. Ching ta chiing minh dinh 1{ theo so do6 sau:
(1) = (2) = 3) = ) = ().

Céac ménh dé (2) = (3) = (4) = (1) la hién nhién. Bay gio ta ching
minh (1) = (2). Ta dinh nghia ¢’ : X x W — Y NV < R" theo cong
thic ¢'(z,w = ¢(x) + w, trong d6 V 14 mot lan can mé dia nho trong Y,
W =R" ™ Ty = Tup x Id 1a don cau theo (1), nén ¢ 1a vi phoi dia
phuong. Vay ¢ = ¢'~! chinh 13 4nh xa can tim. O

Dinh nghia 7.4.2 Anh za thod man mat trong cic diéu kién tuong duong
trén duge goi la anh xa chinh qua.

Dinh nghia 7.4.3 Da tap X C Y dudc goi la da tap con trong Y, néu phép
nhing tu nhién X — Y la anh xa chinh quy gita hai da tap.

Nhan xét 7.4.4 Da tap con X trong Y luon la dong dia phuong trong Y .

Dinh 1i 7.4.5 (Diéu kién ngap) Gid st ¢ : X — Y la mot dnh za tron
gitia hai da tap, khi dé cac dieu kién sau la tuong duong:

1. T.(p) : T,.X — T,Y la mot toan cau.

2. Ton tai mot lan can md U cia x trong X, mot lan cin md V cia
y trong Y, va mot lan can md W cia 0 trong R™™" va mot vi phot
YV —=UXW sao cho

(a) (V) DU,
(b) So do sau day la giao hodn

v — U

d I

UxW —— UxW
3. Ton tai ban do dia phuong U vdi toa do x*,...,x™ trong lan can diém
x va tog do dia phuong yt, ..., y™ trong lan cin diém y = p(x) sao cho

y'op=2a"Vi=1n.
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4. Ton tai lan can md U cia diém x va lan can md 'V cia diém y, va mot
anh za tron o : V. — U sao cho p(U) =V, poo = Idy..

Dinh nghia 7.4.6 Anh za thod mdin mot trong cic diéu kién tuong duong
trén duoc goi la dnh za doi chinh qui hay phép ngap.

Dinh nghia 7.4.7 Da tap Y O X dugc goi la da tap thuong cia da tap X,
néu phép chiéu tu nhién X — Y la dnh xa doi chinh quy gitia hai da tap.

7.4.2 Cau tric vi phan cam sinh

Dinh li 7.4.8 Gid su X la mot khong gian topo, Y la mot da tap tron,
f:X —Y la mot dnh za lién tuc. Khi dé hai ménh dé sau la tuong duong:

1. Trén X c6 thé may dung mot cdu tric vi phan (duy nhat) dé f la mot
anh za chinh quy

2. Véi moi x € X wa vdi moi tap md U C R™ théa man z € p(U) C X,
luon ton tai tap md V trong R™ va bdn do v : V — Y trong Y sao cho

(a) fo(U) S (V),
(b) ¥ fe(U)) =R"NU

Chitng minh. (1) = (2) la hién nhién theo dinh nghia a4nh xa chinh quy.
(2) = (1): Chon mot phit mé {p,(Uy,)} clia X sao cho véi moi «, ton
tai mot ban do ¢, : R* — V,, C Y sao cho

() f(Ua) C Va, f:Us — f(U,) la dong phoi,
(b) v f(Uy) = R™ N V.
0

Nhan xét 7.4.9 Cdu tric vi phan cim sinh trén X dé f trd thanh dnh za
chinh quy, néu né ton tai, la duy nhat.

7.4.3 Dinh li Godeman

Gia st X la mot da tap tron, R C X x X la mot quan hé tuong duong. Ki
hiéu X/ R la tap cac 16p tuong duong theo quan hé R va ki hieup : X — X/R
1& phép chiéu ty nhién. Trang bi cho X/R topé thuong nhu sau:
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U C X/R 1a mé khi va chf khi p~}(U) 1a md trong X

Nhan xét 7.4.10 Néu tren X c6 ciu tric da tap dé phép chiéu p : X —
X/R la doi chinh quy thi cau tric dé la duy nhat.

Dinh nghia 7.4.11 Caéu tric da tap tron tren X/R dé phép chiéup: X —
X/R la doi chinh quy dugc goi la cau tric da tap thuong cia X theo quan
hé R.

St ton tai cau tric da tap thuong nhu vay dua trén dinh 1i sau day.

Dinh 1i 7.4.12 (Dinh 1i Godeman vé da tap thuong) X/R la da tap tron
khi va chi khi R C X x X la mot da tap con va phép chiéu lén thanh phan
thit hai pry : R — X la doi chinh quy.

Chiing ta bo qua chiing minh dinh 11 nay.

7.4.4 Vidu

1. Do thi ctia ham y = sin(%), 0 <z < 1 la da tap con trong R? nhung hop
ctia n6 v6i doan gisi han I = {(0,y); —1 < y < 1} khong la da tap con.

2. Trong mat phang E? ~ R? xét duong thang qua goc toa do, nghieng
v6i truc hoanh mot goe vo ti « € R\ Q. Anh ctia né trong xuyén T? = R/Z
la mot dudng cong trit mat trén xuyén va khong thé thod man dieu kien
chinh qui.

3. Mit cau

§" = {(a',... ") € R Y (a) = 1)
1=0

c6 thé xem la khong gian thuong ctia nhém céc ma tran tric giao SO(n+1, R)
theo nhém con gom cac ma tran truc giao bao toan mot diém trén mét cau,
dang cau véi SO(n,R). Nhém SO(n,R) cho ta mot quan hé tuong duong
déng ting véi topo mat cau. Cho nén méit cau trd thanh mot da tap, nhu da
biét.

7.5 'Topo cac da tap

Mot trong nhitng bai toan thi vi 1a bai toan phan loai da tap.
Cac két qua dep dé sau day dugc chiing minh:
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Dinh 1i 7.5.1 Méi da tap 1-chieu lién thong compdc déu vi phoi vdi [0,1] C
R!, hodc vong tron S'. Cdc da tap khong compic thu dugc ti ching bang
cach vit bé mot sé diém.

Dinh i 7.5.2 Méi da tap 2-chiéu compdc khong bién lién thong déu vi phoi
vdi mot trong cdc mdt thu duge bang cach gan k mat tru, zoan moéi mat mot
50 vong va gan | ld Mébius , vao mdat cau S* dugc khoét di 2k + 1 16 thing.
Céc da tap khong compdc thu duge tic dé bang cdach b6 di mot so diém.

Mot van dé ctia toan hoc duong thai: C6 hay khong mot cach lam tuong
tu cho céc da tap 3-chicu. Bang cach lam tuong ti nhu trén véi hinh cau va
hinh try, nguoi ta ciing thu duge di nhiéu da tap 3 chiéy Nhung rat tiéc 1a
1y thuyét topo cac da tap 3-chiéu chi ra 1a Iy thuyét con xa méi t6i mot phan
loai tuong tu nhu trén.

7.6 Bai tap cung c6 ly thuyét

1. Hay viét tén ctia minh bang cac chit cai IN HOA KHONG CHAN khong
dau. C6 nhitng chit cai nao 1a da tap, da tap déng, da tap c6 bién.

2. Mat non C' = 357 (2)* = 329, (y7)* = 0 trong RP*? khong la da tap
con. Vi sao?

3. Chiing minh rang hinh hop déng khong 13 da tap con trong R™.

4. Chitng minh rang tich Tchikhonov ciia cic da tap tron, néi chung khong
la da tap tron.

5. Khong gian {(x!,... ,2");2" € R, 2" # 27 ;Vi # j} 1a mot da tap tim
s6 chiéu ctia n6. Tim khong gian tiép xic v6i n6 tai mot diém.

6. Tim khong gian tiép xic v6i mit cau tai mot diem va khong gian tiép
xtc v6i 14 Mobius tai mot diém.

7. Chitng minh ring mit tru
(i) = 1
i=1

trong R™ 1a mot da tap. Hay tim phan thé tiép xtc.
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7.7 Sd lugc vé hinh hoc Riemann tong quat

Hinh hoc Riemann dugc xem nhu 1y thuyét da tap ma tai moi khong gian
tiép xtc c6 mot metric Euclide, tidc 1a mot dang song tuyén tinh déi xing
xac dinh duong trén cac khong gian tiép xtc.

Véi cau tric nhu vay, ngusi ta nghién citu cac bai toan tuong tu nhu 1
thuyét duong va 1y thuyét mat ¢ trén. Bai toan tim cac mat tich phan c6 cac
khong gian tiép xic cho trude la viéc nghién citu cac hé vi phan tong quét.
Bai toan cac mat cuc tiéu theo phiém ham thé tich 14 mot trong nhitng bai
toan tha vi trong truong hop nhiéu chiéu.

Bai toan phan loai cac da tap Riemann la bai toan rat khé. Vi du don
gian 1& n6 chita nhiéu bai toan héc bua nhu bai toan Poincare : Da tap don
lien dong luan véi mat cau c6 phai 1a dong phoi véi mat cau hay khong.

Da tap Riemann thuong duge dimg lam khong gian rang buoc ciia chuyen
dong. Mo hinh chuyén dong ciia cac chat diém xem nhu mé hinh duong cong
trén da tap Riemann. Mo hinh gan day nhéat cta cac chuyén dong co dbi
xing trong la 1y thuyét sgi day (string theory), c6 mo hinh 1a cac mat hai
chiéu trén da tap Riemann n chiéu.

7.8 S lugc vé hinh hoc symplectic téng quat

Néu trén cac khong gian tiép xtc ta cho cac tich vo huéng phan xiing khong
suy bién, ta c6 doi tugng méi 1a da tap symplectic. Hinh hoc cac da tap
symplectic duge nghién cttu kha nhiéu vi i do tng dung ctia né cho hinh
thie luan Hamilton cho cac hé co hoc.

Hinh hoc symplectic dugc dung lam khong gian pha cho cac hé co hoc
chuyén dong. Trén thuc té mdi chuyén dong duge dic trung bang hai dai
lugng: vi tri va xung lugng (khéi lugng nhan véi téc do). Gitta cac bién vi tri

dx’

¢' = x' va bién xung lugng p; = m<z- c6 cac h¢ thic khong xac dinh theo

mooc Poisson '

{pi, ¢’} = mdg;.
D6 chinh 1a cac hé thitc x4c dinh cau tric symplectic trén phan thé doéi tiép
XUuc.
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