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Chuwong 1

LY THUYET PHUONG TRINH VI PHAN CAP 1
§1. MO PAU

Khi dung toan hoc dé nghién ctru cac bai toan ty nhién, ki thuat khong phai
bao gid ciing tim ham can xac dinh thong qua cic phuong trinh dai s6 hay phuong
trinh siéu viét ma nhiéu khi ta phai tim ham thong qua cac méi lién hé giira bién s6

doc l1ap, ham phai tim va cac dao ham hay vi phan cta n6.

Tt do6 doi hdi toan hoc phai nghién ctru mot 16p phuong trinh méi dugce goi

la phuong trinh vi phan.

1.1. Pinh nghia: Phuong trinh ma trong dé chita cdc bién sé doc lip, ham phdi

tim va cac dao ham ( hay vi phdn ) cua né dwoc goi la mot phwong trinh vi phan.

Vi du: ﬂ+5xsinx =0
dx
y!"+5yy":()

Ta phan bi¢t phuong trinh vi phan thuong la phuong trinh ma trong d6 ham

phai tim chi phy thudc mét bién s6 doc lap.

Phuong trinh dao ham riéng la phuong trinh ma ham phai tim phu thudc it
nhat hai bién s:
o’u

Vidy: — +— =sinx.sint u =u(x,t)
ox~ ot

1.2. Y nghia co hoc va vat 1y ciia phwong trinh vi phan

Bai todn: Xét chuyén dong roi ti do trong chin khéng cia mot vat c6 khoi

luong m. Hay tim quy luat chuyén dong.

Chon hudng oy nhu hinh vé.
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2

Theo co hoc néu goi quing duong 1a y thi gia toc cia vat 1a w= i]f . Mat
t

khac ta biét rang vat roi ty do trong chan khoéng c6 gia téc khong doi la

2
2=9,8(m/s”). Do cach chon tryc oy ta cé: C;tf =-g.

. 2 d .
Giai phuong trinh ta c6: y = —%+ Ct+C,. Trong do: C, = (?);] =v, (van toc
t=0
ban dau), C, =(y),_, = v, (d6 cao ban dau).
Qua vi dy trén ta thay:

- Nghiém ciia phwong trinh vi phan chita cac hang s tuy ¥ (s6 luong tuy theo
cap cua phuong trinh).
- Mudn xac dinh céc hé“mg s6 thi ta phai biét dugc cac diéu kién ban dau cua
phuong trinh.
1.3. Cép ciia phwong trinh vi phan

Phuong trinh F(x, y,%) =0 c6 chtra dao ham cap 1 1a phuong trinh vi phan cap 1
X

(phuong trinh nhat thiét phai chira dao ham cép 1).

2
Phuong trinh F(x, y,%,d ;V ) ¢6 chira dao ham cap 2 1a phwong trinh vi
X dx

phan cép 2 ( Nhat thiét phai chira dao ham cap 2).

Mot cach tong quat: Cap ctia phuong trinh vi phan 13 cp cao nhat clia dao ham

c6 mat trong phuong trinh.

Chang han F(x, y,%,...,f; ?: )=0 la phuong trinh vi phan cdp n, & day nhat
X x
thidt phai c6 mat 2 |
dx"

Pbi véi phuong trinh vi phan cdp n thong thudng ta tim nghiém dudi dang

y=¢1x,C,C,,..,C ) chua n hing s6 tuy y duoc goi 1a nghiém tong quat cia
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phuong trinh. Néu cho C,,C,,...,C nhing gia tri cu thé ta s& dugc nghiém riéng cua

phuong trinh.
1.4. Y nghia hinh hoc ctia phwong trinh vi phan cép 1

Xét phuong trinh:
d
TSy a4
X

Véi gia thiét ham f(x,y) xac dinh va lién tyc trong mién G —R*>. Néu
y=¢(x) la nghiém cua (1.4) thi duong cong c6 phuong trinh y=¢(x) goi la
duong cong tich phan ctiia phuong trinh vi phan (1.4). Ta xét xem dudng cong tich

phan d6 c6 tinh chat gi ?.

Trén mit phang R? qua mdi diém M (x,y)e G v& mot doan thang lam véi

truc ox mot goc «a sao cho g = f(x,y).

Khi d6 tap hop moi diém ctia G ma tai mdi diém c6 xac dinh doan thang nhu
trén dugc goi 1a mot HUONG TRUONG. Khi d6 trong G dudng cong tich phan co
tinh chét 12 n6 phai tiép xtc véi HUONG TRUONG tai moi diém ciia né.

Nhu vay: Y nghia hinh hoc ctia viéc 1ay tich phan phuong trinh (1.4) 1a hay
v& dudng cong y = #(x) sao cho hudng cua tiép tuyén tai mdi diém cua né tring véi

hudng ctia huéng truong tai diém ay.

Bo mon Khoa hoc co ban Trang 7



Phuwong trinh vi phdan
§2. PINH LY TON TAI VA DUY NHAT NGHIEM POI VOI PHUONG

TRINH VI PHAN CAP I

Xét phuong trinh Z—y = f(x,y) (2.1)
X

Khi d6 bai todn tim nghiém y = y(x) cua (2.1) sao cho khi x =x, thi y =y, dugc
goi la bai toan Cosi, ¢ day (x,,y,) la cac gia tr1 tuy y cho trudc duogc goi la gia tri

ban dau (dicu kién dau).
Mot van dé dat ra la ta hay xét xem vai di€u kién nao thi:

1. Bai toan Cosi cua phuong trinh c6 nghiém.
2. Nghiém cua bai toan 13 duy nhat.

Giai quyét cac van dé néu trén 1a ndi dung cta dinh 1y ton tai va duy nhat nghiém.
2.1. Pinh nghia: Ta néi ham f(x,y) thod mdn trong mién G c R* diéu kién
Lipsit doi véi y néu AN >0 sao cho véi bt ky x,;,; ma (x,;) € G,(x,;) eG thi
)= S| N[y-)] 22).

Chii y: Bét dang thirc (2.2) s& thoa man néu £ (x, y),3 fy' (x,y) gidingi trong G tuc
la ‘ fy (x, y)‘ <N V(x,y)eG. Vitheo Lagrang

f )= )| =

£y +t(=y)||y-y[< Nly-)

Nhung diéu nguoc lai khong dung vi co thé (2.2) thoa méin nhung fy' (x,)

khong t6n tai.
Vidu: f(x,y)= |y| “y| — ‘;H < ‘y —;‘ nhung fy' khong ton tai tai y =0
2.2.Dinh ly: Xét phuong trinh (2.1) véi gid tri ban dau (x,,y,) . Gid st

1. f(x,y) la ham lién tuc hai bién trong mién kin giéi néi G
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a,b>0

Xy,—as<x<x,+a
Yo—b<y<y,+b

(i f lién tuc trong G kin, giéi néi nén IM dé |f(x,y)| <M V(x,y)eG)
2. f(x,y) thod man trong G diéu kién lipsit d6i véi y .

Khi d6 ton tai duy nhat mot nghiém y = ¢(x) cia phwong trinh (2.1) xdc

dinh va lién tuc doi vdi cdc gia tri cua x thugc doan x,—h<x<x,+h trong do

h = min(a,%) sao cho khi x =x, thi ¢(x,)=y,.

§3. CAC LOAI NGHIEM CUA PHUONG TRINH VI PHAN

Xét phuong trinh % = f(x,y) (3.1
X

3.1.Nghiém tong quat

Gia st G < R*13a mién ma tai moi diém ctia né c6 modt va chi mot dudng
cong tich phan cua phuong trinh (3.1)di qua. Khi d6 ham y = ¢(x,c) (3.2) xac
dinh va c6 dao ham lién tuc theo x duoc goi la nghiém tong quéat cuia phuong trinh

(3.1) trong G néu:
a) VM (x,y) e G tir y=d(x,c) c6 thé giai ra dugc ¢ =y (x,y).

b) y = ¢(x,c)1a nghiém cua phuong trinh (3.1)v6i Ve thudc mién dang xét

khi M (x,y) chay khip G.

3.2.Tich phén tong quat

Hé thuc: ¢(x,y,c)=0 hay w(x,y)=c goi la tich phan tong quat cua
(3.1)trong G néu né xac dinh nghiém tong quat y = ¢(x,c) cta phuong trinh trong
mién do.
3.3.Nghiém riéng

Nghiém y = y(x) dugc goi 1a nghiém riéng cua phuong trinh (3.1) néu tai

moi diém cda nd di€u kién duy nhat nghi€ém cua bai toan Codsi dugc thoa man.
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Nghiém nhan dugc tir nghiém tong quat v6i hing s6 ¢ xac dinh ludn ludn 13 nghiém

riéng.

3.4.Nghiém ki di
Nghiém y = y(x) dugc goi 12 nghiém ki di ctia phwong trinh (3.1)néu tai moi

diém cua noé tinh chat duy nhat nghiém ctia bai toan Cosi bi pha v4.

Vi du: Xét phuong trinh y'= 2\/; (y20)

dy
= —==dx (y#0)
2y
=y=x+c (x>-¢)
=y=(x+c) (x>-c)

Ta xét cac loai nghiém cua phuong trinh trén.

a) Ta chimg minh ring y=(x+c¢)* véi x>—c 13 nghiém tong quat cua
phuong trinh d cho trong mién G:—o<x<+w  0< y<+o0o. Vay ta can chimg

minh.

+) Trong G diéu kién ton tai va duy nhit nghiém cua bai toan Cosi dugc

thod man cho M (x,,y,) bat ki thuée G . Ta c6 thé l1ap duoc lan can kin

0 |
|x—x0| <a, |y—yo| <bh €G. Va trong lan can do l:— gi01 no1
oy
= diéu kién Lipsit duoc thoa man.
)T y=(x+c)’ :>c:\/;—x
+) Hé thirc y = (x+c¢)* v6i x > —c thoa min phuong trinh.

Do d6 y =(x+c¢)* véi x>—c 1a nghiém tong quat cua phuong trinh da cho trong

mién G.
b) Dé thay \/; — x =c la tich phan tong quat clia phuong trinh.

¢) Nghién riéng: T y = (x+¢)’ v6i c=0 =y =x" v6i x>0 la nghiém riéng.
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d) Nghiém ki di: Xét y =0 dé& thdy y =0 la nghiém cta phuong trinh nhung tai mdi

diém cua n6 con c6 mot nghiém riéng dan dén dugc xac dinh tr nghi¢ém tong quat

nén y =0 la nghiém ki di.

Chii y: +) Nghiém ki di khong thé ndm trong mién ton tai G cta nghiém tong quat

duoc.

+) Poan x'MN ciling 1a nghi€ém nhén duoc bﬁng cach dan nghiém riéng va
nghi¢m ki di, day khong phai 1a nghiém riéng va khong phai 1a nghiém ki di.
3.5. Phwong phap tim nghiém ki di
a) Phuong trinh: y'= f(x,y)
Nghiém ki dji chi c6 thé xuat hién tai nhitng noi ma diéu kién Lipsit khong
duoc thod man. Do d6 nghiém ki di cé thé xuét hién tai nhitng noi ma %khéng

gidi ndi. Tl d6 ta co thé rat ra quy tac tim nghiém ki di:

o

+) Tim nhitng duong cong ma doc theo néd 5 khong gidi ndi. Giad su goi duong
congdola y=¢ (x).
+) Thir xem duong cong do6 c6 phai 1a nghiém cia phuong trinh vi phan khong.

+) Néu c6 phai thi thir xem tai mdi diém ctia dudng cong tinh chat duy nhat nghiém

c6 bi pha v& hay khong. Néu tinh duy nhét bi pha v thi y = ¢"(x) 1a nghiém ki di.

; > 25 o

Vidu: v'=y3.Taco =o khi y=0.
rviau: y' =y oy 3y Y y

Ta thay: +) y =0 1a nghiém.

+) Nghiém tong quat ctia phuong trinh vi phan trén 1a 27y = (x+¢)® day
1a ho duong Parabol bac 3, ta thiy tai moi diém ctia y=0 tinh chit duy nhat

nghiém bi phd v& do d6 y =0 la nghiém ki di.

b) Phuong trinh F(x,y,y") =0 (3.2).
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Gia sir phuong trinh (3.2) xac dinh mot s6 cac gia tri thyc y'(hay v6 han)

y'=fi(x,y) (i=1L2,..) (3.3)

gid st f,(x,y) lién tyc va c6 dao ham riéng theo y khi do ly luan nhu trén ta c6 thé

tim dugc nghiém ki di cia phuong trinh (3.2).
Tuy nhién trong thuc hanh dé tim nghiém ki di ctia phuong trinh (3.2) ta co

. 2 Of
thé tinh tryuc tiép 9% nhu sau:

' F F '
Ta co: 9 éy vi phan phuong trinh (3.2) theo y ta dugc —+— FY _
o' oy
_oF
¥ __ ¥ (gt or #0). Ta thay rang i =0 @Q khong gidi noi.
o OF ' o' oy
oy'
Tir d6 ta di dén quy tic tim nghiém ki di ctia phwong trinh (3.2) nhu sau:
F(x,y,y)=0
*Tu hé oF _0 khtr y' ta duoc h¢ thuc R(x,y)=0 (3.4)
o'

Hé thirc (3.4) goila y'— biét tuyén (hay p biét tuyén) ctia phuong trinh (3.2).
* Thir xem p biét tuyén co phai 14 nghiém cta phuong trinh (3.2) hay khong.
* Néu phai thi xem tinh chat duy nhét c6 bi pha v& hay khong. Néu c6 thi
p-biét tuyén 1 nghiém ki di.

Vi dy: Tim nghiém ki di ciia phuong trinh F(x,y,y") = y"+»*-1=0.

Ta cod a—F:2y':0 khir y' tir hé
oy'

12+ 2_1:()
{y Y =y==x=l.

2y'=0

Thay y =1 vao phuong trinh ta thay no 1 nghiém.
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Te y'=+Jl—-)»" ta c6 nghiém arcsiny=+x+c= y=sin(+tx+c¢) hay

y=sin(x+c) (vi sin(—x+c)=sin(x+ 7 —c)).
Ta thiy trén y = +1 tinh chat duy nhét nghiém bi pha v& = y = +1 1a nghiém ki di.

¢) Tim nghiém ki di tir nghiém tong quat:

Gia st tich phan téng quat c6 dang ®(x,y,c)=0 ta tim bao hinh cta ho
nghiém tong quat. Mubn vay trudc hét ta im ¢ -biét tuyén tir hé
O(x,y,c)=0

od(x,y,c)
oc

0

Ta chimg minh ring néu c -biét tuyén 1a bao hinh ciia ho nghiém tong quat

thi n6 1a nghiém ki di cua phuong trinh.
That vay

] Bao hinh 1a nghiém: Tai mdi diém ctia bao hinh luén c¢6 mot dudng cong tich
phan tiép xtic suy ra bao hinh 1a nghiém.
] Bao hinh 1 nghiém ki di: Hién nhién.
Quy tac tim nghiém ki di:

+ Tim c¢ -biét tuyén cua ho duong cong ®(x, y,c) =0

O(x,y,¢)=0
oDd(x,y,c) 0 = R(x,y)=0
oc
+ Thir xem c -biét tuyén c6 phai 1 bao hinh khong. Néu phai thi R(x,y)=0 1a
nghiém ki di.
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Chuwong 2
MOT SO PHUONG PHAP
GIAI PHUONG TRINH VI PHAN CAP 1

§1. PHUONG TRINH VI PHAN VOI BIEN SO PHAN LY
1.1.Dang M (¥)dx+N(y)dy =0 (1.1)

(1.1) goi 1a phuong trinh vi phan véi bién s6 phan ly (phuong trinh tach bién)
gia sit M (x), N(») lién tuc trong mién nao d6 ciia R?, khi d6 tich phan tong quat
cua (1.1) c6 dang IM(x)dx+IN(y)dy:C.

T6ng quat hon ta xét phuong trinh

M(x)N(y)dx + P(x)Q(y)dy =0 (1.2)

Trong 46 M,N,P,Q 1a cic ham lién tuc theo d6i s ciia chiing trong mién dang xét.

Gia st N(y)P(x)#0 khi do tr 12)= L& e €9 46 do db tich phan
P(x) N(y)

M), 190)

tong quat c6 dang
I P(x) N(y)

dy=C. Ngoai ra ta phai xét truong hop
N(y)P(x)=0.

Nhitng truong hop y =y, lam cho N(y)=0 clng la nghiém cua phuong
trinh (1.2). Néu mudn tim ca nghiém duéi dang x = x(y) thi nhiing gid tri x = X,

lam cho P(x) =0 ciling la nghiém cua phuong trinh.

Vi du: Xét phuong trinh  x(3° —=1dx + y(x* =1)dy =0.

Gid sit (2 ~1)(¥ 1) #£0 =>——dx+—2—dy =0
x =1 vy =1
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& Inx* —1l+In|y* ~1|=In|C| (C #0)

& [ =n07 -p|=[c]

hay (x> -1)(»*-1)=C

Ngoai ra con ¢6 cac nghiém y =+1,x==1.

1.2.Phuwong trinh dwa vé phwong trinh tach bién
. : dy
Xét phuong trinh dang o = f(ax+by+c).
x

dz

dy dx
dx b

—a

bat z=ax+by+c=>— hay % —a=>bf(z) day la phuong trinh tach
X

bién.

Vz'du:%:x—y+5 Dat z=x-y+5
X

z :a’x:>1n|1—z|:—x+C1 do do |1—z|—e e = 1-z=Ce ™"
-z

Vay z=1-Ce " hay y=Ce "+ x+4 langhiém ctuia phuong trinh.

§2. PHUONG TRINH THUAN NHAT

2.1.Pinh nghia: Him s6 f(x,y) goi la ham thuan nhat bac n néu
Sx,ty)=1"f(x,y).

Xét phuong trinh : = f(x,y) (2.1)

v6i f(x,y) lién tuc va 1a ham thuan nhét bac khong.

Pit 1= = f(r3) = (1.2 =4S tacor =4 (22)
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bit z = RAFEN @ =z+ x% thé vao phuong trinh (2.2) ta c6
x dx dx

z +x% =¢(z)hay ¢(z)—z = x%

Pay 1a phuong trinh tach bién a = ax v6i gia thiét ¢(z)—z =0
(z)-z «x
dz
I az = 1n|x|+1n L —In| e |2 =eI¢(z)’Z =e”? hay x=Ce”? thay z p4
¢(z2)-z ¢ i I
o)
vao ta dugc x=Ce * (2.3)

Pay la nghiém tong quat cta (2.1).

Vidu Y=Y
& —y
oo e b
ol e e e e e
hay ln|x|—1n|z|+ln‘l+zz‘:1n|C1|@M(I‘TJF‘ZZ)=|CI| hay 5D thay 2=
vao = y> + x> = Cy =0 hay x2+(y—§f:(§j2.

Chii y: - Khi giai phuwong trinh vi phan thuan nhét ta khong nhat thiét phai dua vé
dang ¢(Z) ma dit ludén y = zx sau d6 bién doi.
X
- Néu ¢(z)—z=0 voi z= z, thi ngoai nghiém tong quat con nghiém z = Z,

hay y =z x cling la nghiém.

Trong vi du trén dudng thing y =0 ciing 12 nghiém cta phuong trinh.
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2.2. Phuwong trinh dwa dwoc vé phwong trinh thuin nhat

Xét phuong trinh dang i =f axrhyra .
dx a,x+b,y+c,

b, \ gk ez |X=E+h . as
5 # (0 dung phép doi bien (h,k = const), khi d6

2 bl y=n+k

*Gid s A=

a

a,é+bn+ah+bk+c, J Néu chon Ak thod mén

huong trinh c6 dan
pavong 5 27 s f(a2§+b277+a2h+b2k+cz

{a1h+blk+cl =0

thi ta dugc phuong trinh thuan nhat d— =f alé +bn
a2h+b2k+02=0 dg

a,& +b,n

* Néu A =

a, b,

do dé dy _f ax+by+c _s A(a,x+b,y)+c
dx a,x+b,y+c, a,x+b,y+c,

Dat z=a,x+b,y va lap phuong trinh theo z ta co % = ¢(z) day la phuong
X

trinh tach bién.

_ 1 1 , , =&f+h
Vide D303 oa=l Yo os0 déivien 1TT T chon hk tho
dx x—-y-—1 1 -1 yv=n+k
h+k-3=0 h=2 \ ,
man & Ta dugc phuong trinh thudn nhat @ :m bat
h—k—-1=0 k=1 dé &-n
n=ué=¢ d—gz 11+u phuong trinh tach bién.

a’”Ctg”—%ln(1+u2):ln|§|+ln|q|<:> Cé /1+u2 _ preis

tré vé bién cii ta duoc C\/(x —2P +(y=1)P =e x2,
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§3. PHUONG TRINH TUYEN TINH

3.1.Dinh nghia
Phwong trinh vi phdn tuyén tinh la phirong trinh vi phéan tuyén tinh déi véi ham va

dao ham cua no.
2 , dy
Dang tong quat: A(x)d— + B(x)y =C(x) (3.1
X

Trong d6 A(x),B(x),C(x) 1a cac ham lién tuc trong khoang nao d6. Néu trong

khoang dang xét A(x)#0 Vx thi phuong trinh dugc dua vé dang.
dy
D P(x)y=0(x) (3.2)
dx

Xét phuong trinh % + P(x)y = 0 phuong trinh nay dugc goi la phuong trinh
X
tuyén tinh thuan nhét img v&i phuong trinh da cho.

3.2.C4ch giai: Phuong phap bién thién hang s6.

a) Budc 1: Xét phuong trinh ;l_y +P(x)y =0 (3.3)
X

: : 3 d
Gid st y # 0 khi d6 phuong trinh (3.3) dua vé dang Y —P(x)dx
y

do do In[y| ==[ P)dx+|C| (G #0)

—J.P(x)dx —J'P(x)dx

:>|y|=|C1|e hay y =Ce 3.4)

Mit khac y=0 ciing 12 nghiém nhung co6 thé gop vao (3.4) tmg voi trudng hop
C=0.

[P

Vay nghiém tong quat ctia phuong trinh (3.3) 1a y=Ce * trong d6 C 14 hang

sd tuy ¥.
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b) Budc 2: Ta thir tim nghiém cta (3.2) dudi dang (3.4) trong dé coi C = C(x) khi

dy _dC friow

Fal — p(x)CeiI "% thay hé thire ndy vao phuong trinh (3.2) ta co
i dx

do

dC - Peyax
—¢e€

_P)Ce I 4 piyce 1 2 o)
dx

J.P(x)dx jp(x)dx

do dé ‘;—C = O(x)e hay C = C(x) = j O(x)e +C,. Trong d6 C, 1a hing s6
X

tuy y.

—IP(x)dx jP(x)dx e _[P(x)dx

Viy y=Ce Jow (3.5)

Chii y: 1. V& phai cta (3.5) ta thdy sd hang dau 1a nghiém tong quat ciia phuong
trinh vi phan tuyén tinh thuan nhat, s6 hang thir hai 13 nghiém riéng cta phuong
trinh vi phan tuyén tinh khong thuan nhat nhan duoc khi C =0. Vay nghiém tong
quét ctia phuong trinh vi phan tuyén tinh khong thuan nhéat dugc 1ap nén boi téng
ciia nghiém tong quat cia phuong tinh vi phan tuyén tinh thudn nhat véi mot

nghiém riéng cta phuong trinh vi phan tuyén tinh khong thuan nhét.

2. Nghiém tong quat cua phuong trinh vi phan tuyén tinh khong thuin nhat

tim duoc bang hai 1an 14y tich phan (ma ta thuong noi 14 bang hai 1an cdu phuong).

3. Nghiém cta phuong trinh (3.2) c¢6 dang tuyén tinh ddi v6i hiang s6 C
y=Co(x)+y(x)

Vidu: Y_2. = x xét trong khoang (—o0,0) U (0,+00)

dx x

Phuong trinh thuan nhat c6 nghiém tong quat y = Cx voi C 14 hang sé tuy y. Xem

3

C=C(x):>d—C=x hay C=1x2+C1.Véy y:x—+Cx.
dx 2 2

3.3.H¢ qua
a) Néu biét dwoc mot nghiém riéng ciia phwong trinh vi phdan tuyén tinh khéng thudn

nhdt thi viéc gidi phirong trinh sé€ quy vé viéc gidi phwong trinh thuan nhat.
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That vay: dat y =Y (x)+z trong d6 Y(x) la mot nghiém ri€ng cia phuong

trinh khong thuan nhat. Con z 1a ham phai tim, 1ap phuong trinh vi phan ddi v6i z

ta co %+P(x)z =0.
dx

Nhu vdy néu biét dugc mot nghiém riéng cua phuong trinh vi phan tuyén tinh
khong thuan nhat thi nghiém tong quat tim dwgc bang mot phép cau phuong.
b) Néu biét dwoc mét nghiém riéng khéng tam thuong (khdc khéng) cia phiong
trinh thudn nhdt thi nghiém tong quat cia phirong trinh dé cé thé tim ma khéng can

cau phwong bang cdach nhdn nghiém riéng da biét véi mot hang so tuy y.
N A . . dy U .
That vay xét phuong trinh sau: o +P(x)y=0. Gid st y=¢(x)=0 la
x
nghiém riéng da biét.

Nghiém tong quat ctia phuong trinh dang xét ¢6 dang y = Ce [Pexax

Nghiém nay chra moi nghiém riéng, gia st ung voi C, ta co

- x)dx ’ C 7 hiA C
IP( ) do dé Y - ky hlgu _:Cl ta dlIQ’C y= C1¢(X)

P = Coe 4 G, C,

¢) Néu biét duoc hai nghiém riéng khac nhau ctia phuong trinh khong thuan nhét thi
c6 thé tim dugc nghiém tong quat ctia nd ma khong can cau phuong.

That vay: Gia st y,(x),»,(x) la hai nghiém khac nhau cua phuong trinh khong
thuan nhat thi ta c6 thé dé dang chimg minh dugc y,(x)— y,(x) 1a nghiém khong

tam thudng cta phuong trinh thun nhat.
Suy ra nghiém tong quat y = C(y,(x) — y,(x))+ »,(x).

3.4.Phwong trinh dwa dwoc vé phwong trinh tuyén tinh

a) Xét phuong trinh f ‘(y)% +P(x)f(y)=0(x)

Bang phép thé z = f(y) dua vé % + P(x)z = Q(x).
X
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dy 1dz )
Vidu: y—+xy"=x" > ——+xz=x" z= .
s s > (z=y")
b) Phuong trinh Becnuli
. dy a
Dang phuong trinh = + P(x)y =0(x)y aeR (3.6)
X

Néu o =0 ta dugc phuong trinh tuyén tinh.
Néu o =1 ta duoc phuong trinh tuyén tinh thun nhat.

Gia thiét o # 0,0 #1

Chia hai vé ctia phuong trinh cho y* (y # 0) ta dugc

e ot =0(x) (3.7)

a Y _E o do

Pbibién z=y"*tacod (1-a
y (I-a)y PR

Pz = 0()

hay %—i—(l—a)P(x)z = (1-a)O(x) day la phuong trinh tuyén tinh khéng thuin
X
nhat.

Chii y: Truong hop >0 thi y =0 ciing 12 nghiém. Ta c6 thé chimg minh rang voi

o >1 thi y =0 la nghiém riéng

0<a <1 thi y=0 la nghiém ki di cia phuong trinh.

Vi du: d——4y \/7:> \/;—x (y;tO).Da,'ltz:\/; doddo y=z" va
X

\/_dx

@ = 22% Thay vao ta co a2 =2 giai phuong trinh ta dugc nghiém
dx dx dx x 2
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2
y=x' Gln|x| + cj ngodira y=0 la nghiém ki di.
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§4. PHUONG TRINH VI PHAN HOAN CHINH - THUA SO TICH PHAN

Xét phuong trinh M (x, y)dx+ N(x,y)dy =0 4.1)
Néu vé trai ctia (4.1) 13 vi phan toan phan ciia mot ham u(x, y) nao do.
tacla  M(x,y)dx+ N(x,y)dy =du(x,y) (4.2)

thi ta ndi (4.1) 1a phuong trinh vi phan hoan chinh, khi d6 tich phéan tong quat caa

phuong trinh 1a u(x,y)=C.

Vidu: xdx+ ydy =0
1 :
Ta ¢6 xdx + ydy = d|:5(x2 + yz)} vi vAy tich phan téng quat 1a x* +1° =C.

4.1.Cach doan nhan phwong trinh la phwong trinh vi phan hoan chinh

Dinh Iy: Diéu kién can va dii dé biéu thirc vi phan
M (x,y)dx+ N(x,y)dy (4.3)
Trong do M,N xdc dinh, lién tuc va khong déng thoi triét tiéu tai bat cir diém nao

A A . A \ e A A ’ N . A a N
trong mot mién don lién G € R* va co trong mién dy cac dao ham lién tuc . va
v
ON

. . oM
6_N’ la mot vi phdn toan phan cua ham u(x,y) la dang thirc —— =— phai thoa
ox oy Ox

man ¥Y(x,y)e G (4.4)

Diéu kién can: Gia st (4.3) 13 vi phan toan phan tirc 13 Ju(x, y) sao cho

du=de+Ndy=6—udx+a—udy Y(x,y)eG
ox oy

2 2
:>M(x,y)=a—”; N(x,y):‘a_ujﬁM: O'u ON _ O'u
Ox dy Oy oxdy Ox Oyox

82u 52u A e\ qen n , N 6M 6N
;—— ton tai va lién tuc nén ching bang nhau > —=—

Ox0y 0Oyox oy Ox

do gia thiét
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M 3
Diéu kién du: Gia sir M = oN V(x,y) € G ta can chiing minh phuong trinh

oy Ox
1a phuong trinh vi phan hoan chinh tirc 12 Ju(x, y) dé

ou ou
M(an’):a 5 N(xay)za (45)

diéu nay tuong duong chtirng minh (4.5) c¢6 nghiém.

Xét phuong trinh g_u = M (x, y) nghiém ciia n6 viét dudi dang
X

u(x,y) = [ M5, y)ds+ §(y) (4.6)

Trong d6 ¢(y) la mot ham tuy y theo y (tich phan nay c6 nghia vi G don lién). Ta

s& chon ham ¢(y) dé dang thirc N = ou cling dugc thod man.

Gia st ¢(y) 1a ham kha vi. Ldy dao ham (4.6) theo y ta c6:

u 9% op oM ,
5=5£M(x,y)dx+5=;[gdx+¢ (»)=N(x,y)
= §0) =N~ [Tl 4.7
xw
Vi
oM _oN oN
2 S PO = N~ j dx
= N(x,7) = N(x, )+ N(x,,7) = N(x,, )
Vay
$() = [ NG, »)dy+ G (4.8)

Yo
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Trong do (x,,y,) € G

=u(x,y)= ]EM(x,y)dx + jN(xO,y)dy +C, (4.9)

R Yo

Tuc 14 ton tai ham u(x, ) thoa mén (4.5).

Chii y: 1, Tt (4.9) ta co tich phan tong quat cua phuong trinh (4.2) 1a:

jM(x,y)dx + .T N(x,,y)dy =C (4.10)

X0 Yo
2, Néu khi tim ham u(x,y) ma khong xuat phat tir phwong trinh (4.5) thi ta

s& dugc tich phan tong quat dang:

jiM(x, Vo )dx + j. N(x,y)dy=C (4.11)

X0 Yo
Vidu: (Tx+3y)dx+Bx—-5y)dy =0
Ta co

M:7x+3y:>a£=3
oy

N=3x-5y=> a—N =3
ox
= Day la phuong trinh vi phan hoan chinh.
Ta xac dinh ham u
Ta co
Qu_ Tx+3y (*)
ox
O_u =3x-5y (**)
y

tlr (%)= u(x, ) = [ (Tx+3p)dx -+ 4()
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:»%“:3x+¢'(y>=3x—5y viy §(n) = -7 +C

Cubi cung u(x,y) = %xz +3xy —%yz +C.

Phuong trinh c6 tich phan tong quat 13: 7x* +6xy—5y* =C..

4.2.Thira s6 tich phan
Xét phuong trinh M (x,y)dx+ N(x,y)dy =0

Gia str phuong trinh khong phai 1a phuong trinh vi phan hoan chinh nhung

néu ton tai ham x(x,y) sao cho

w(x, y)M (x, y)dx + p(x,y)N(x,y)dy =0 (4.12)

12 phuong trinh vi phan hoan chinh thi ham u(x,y) goi 1a thira s tich phan cua

phuong trinh.
Nhu vay s& nay ra hai van dé:

- €0 ton tai thira s6 tich phan hay khong?
- Néu ton tai thi cach tim ham z(x, y) nhu thé nao?

Ta c6 khang dinh sau:

A. Moi phuong trinh vi phan cip 1 thoa mén diéu kién ton tai duy nhat nghiém
luén ludn t6n tai vo s6 thira sé tich phan.

¢ X¢ét phuong trinh M (x, y)dx+ N(x,y)dy =0 (4.13)

Tir dinh 1y t6n tai va duy nhit nghiém suy ra phuong trinh thira nhan tich

phan téng quat u(x,y)=C.

Lay vi phan hai vé ta dugc

ou
M s Py =0 hay Y —_0x (4.14)
ox oy dx ou

y
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Mit khac tu (4.13)

b Mxy) (4.15)
dx N(x,y)

Do d6 tir (4.14) (4.15)

Qu o
@:M(x’y) Ox _ ay _

du  N(x,y) ha M(x,y) N(x,y) u(x,y)  (4.16)
oy

Ta chimg minh z(x,y) 13 thira sé tich phan cua phuong trinh (4.13) tir

ou ou
(4.16) ta suy ra P u(x, y)M(x,y); 5 = u(x,y)N(x,y)

hay 2(x, y)M (x, y)dx + u(x, )N (x, )dy = Z—”dx + %”dy = du
X

Vay u(x,y) 1a thira sé tich phan.
Ta chirng minh rang phuong trinh ¢ vo sb thira s6 tich phan.
Ta sé& ching minh rang M =DPu)u(x,y) cling 1a thira s6 tich phan. Trong d6
®(u) 1a ham kha vi tuy y.
Thuc vay: tor u Mdx + u Ndy = du
= uOw)Mdx + p®(u) Ndy = O(u)du = dj(l)(u)du. bay la phuong rinh vi phan

hoan chinh hay g (x,y)=®(u)u(x,y) la thra s tich phan. Vi ®(u) 14 tuy ¥ suy ra

phuong trinh c6 v6 s6 thira s6 tich phén.
H&é qua 1: Moi thira so tich phan ciia phirong trinh déu cé dang p, = p®(u).

Gid su u,, u, déu 1a thira s tich phan cua phuong trinh
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wuMdx + pNdy = du = a—de+a—udy =0
ox oy
5 5 (4.17)
M, Mdx + 1, Ndy = dv = —vdx+—vdy =0
ox oy
Do do
ou Ou 8_u 8_u
&_a_y ox oyl
@_@ hay ov ov =0
x Oy ox oy

0 .
Vi 5‘} #0 Nén gitra # va v c6 su phu thudc, do d6 v=¢(u). Tu (4.17) suy ra

M, Mdx + 1, Ndy = dv = ¢'(u)du = ¢'(u)(,ulde + ledy)

= 1, =9 () = Ou)

H¢ qua 2: Néu biét duoc hai thira s6 tich phan khac nhau ctia phuong trinh 1a

4, 1, thi tich phan téng quat ctia phuong trinh 13 #5y) = (. Theo ching minh
luz (.X', y)
trén ta co
=0 (u
m=0n Py w) )= C

My =D, (u)p My, D, (u)
B.Cich tim thira s tich phan:

Noi chung khong c6 phuong phéap tim thira s6 tich phan ma ta chi ¢ thé tim

dugc trong mot s truong hop dic biét:

Goi u(x,y) 1a thira sb tich phan cta phuong trinh khi d6 ta co:

d d d d oM oN

“(uM)=—-(uN) hay NE-mE = | 2T

Ay ox ox Ay oy o
_OM oN_ oy Oy @4.18)

oy Ox ox
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a) Thira sd tich phan chi phu thudc x g= u(x). Khi dé g—’u =0.
v

oM ON oM ON

6111#:8)/ Ox _J‘éy ox
N N

T (4.18) =
ox

dx+C  (4.19)

oM _oN
dy Ox
N

Chuy: pu=u(x)< chi la ham cua x.

b) Thira s6 tich phan chi phu thude y: p=u(y).

oM _oN M _oN
Olnu oy Ox oy Ox
Tuong tu = =— hay In =—|—dy+C (4.20
gt & v, y Inu(y) f v Y (4.20)
oM _oN
y

Chit ¥: = pu(y) < % i 1a ham ctia y .

Vidu: (x2 —y)dx+(x2y2 +x)dy =0

M=x"—
Tl :%—aa—N:—l—ny2—l:—2(xy2+l)
N=xy" +x X

o 2wt
oy ox 2w+l 2 o
Vi N - x(xy2+1)_ x:>,u—,u(x)—e

_2'[% B 1

Nhén hai vé ctia phuong trinh voi Lz ta co:
X
1 _
(1—12jdx+(y2 +—jdy =0 hay dx+y2dy+my—2ﬂbc =0
X X X

d{x+1y3+1}202>x+1y3+zzc.
3 X 3 X
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Chuong 3
PHUONG TRINH VI PHAN CAP 1
CHUA GIAI RA POI VOI PAO HAM

Trong chuong nay ta xét dang phwong trinh F(x,y,y") =0 tong quat.

§1. PHUONG TRiNH F' (%) =0 gy F(y.y)=0
1.1.Phuwong trinh © (x,y)=0, (1.1)

a) Truong hop 1:

Phuong trinh dang xét xac dinh y' nhu 1a ham 4n cia x va c6 thé giai ra

duoc  y'= f(x). Khi d6 nghiém nghiém tim duoc bing mot 1an cau phuong
yzjf(x)dxw.
b) Truong hop 2: Tur (1.1) ta gidi ra duge x theo y' x=¢(y").

Khi d6 dat y'= P xem P la tham s ta dugc x = ¢(P), vi

%:P:dy:de.

X
Do x = ¢(P) = dx = ¢'(P)dP.

Vay  dy=P#(P)dP= y= j P#(P)dP+C.

x=¢(P)

Nghiém thu dugc dudi dang tham $6 ,
y :jP¢ (P)dP+C

Vidu: e +y'=x Dt y'=P=x=P+e"
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2

ta c6 y:jp(1+e”)dp+c:e”(P+1)+P7+C.

x=P+e

Vay nghiém tong quét: , p?
y=e (1+P)+7+C

¢)Trudng hop 3: Tir (1.1) x,y' déu biéu dién bang mot ham don tri theo tham sd

{x = ¢(1)
y'=w()

Khi d6 y :jy'dx+C=jy/(t)¢'(z)dt+c.

x = ¢(t)

Nghiém tim duogc dudi dang .
y=[w¢nar+C

bat y'=#x thay vao phuong trinh tim x theo 7.

3¢ 3¢
Tacod: X*(1+£) =30 vy x=—-; y'=
A+r) YA T

3t 3(1+1')-3t.3¢
1+ (1+£)

32(1-20%)

Khido y=[y'de+C=| 17)

dt+C.

dt+C=3j

3_2ualu+C=—iz+§+C.

Pitu=£+1=y=3
) Y '[u3 2u° u

3t

X =
R o 1+7
Vay ta c6 nghiém

9 6
20+ 1+¢

Y= +C

1.2.Phwong trinh F(y,y")=0 (1.2)

a)Truong hop 1: Giai dugc y' theo y: y'= f(p)
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khidoé dy=f(y)dx= I% =x+C.Ngoairagidtri y=y, ma f(y)=0 clingla
nghiém cua phuong trinh.
b)Truong hop 2: Giai dugc y theo y': y=¢(»")
Gid st ¢ 1a ham kha vi lién tuc.
bat y'=p taco y=4(p).

d P [
Ti L =podi=—dy=—¢(p)dp=x=[—¢(p)dp+C
dx p p p

x| %qé'(p)dp e

y=9¢(p)

Vay nghiém tong quat c6 dang

y=9(1)

c)Truong hop 3: { '
y'=yp()

Gia thiét ¢ 1a ham kha vi lién tuc va y(¢) 20 tatim x theo ¢.

To & - V'=y(t) = dx =L¢'(t)dt —x= jmam C
dx w(?) w (1)
y=9(1)
iy nghiém to it cQ '
Vay nghiém tong quat c6 dang o J- @'(1) di+C
w(?)

§2. PHUONG TRINH F(x,y,y") =0 - PHUONG TRINH LAGRANG-
KLERO
2.1.Phwong trinh £'(*:».y)=0

Gia st cho phuong trinh F(x,y,y")=0 (2.1)

Gia sir phuong trinh c6 thé biéu dién dudi dang tham s6
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x=pu,v); y=y(u,v); y'=4 (u,v) (2.2)
Nho cach biéu dién tham sd nay ta c6 thé dua viéc giai phuong trinh (2.1) vé viéc
giai phuong trinh d3 giai ra d6i voi dao ham.

Ta 6 dr="Lau+Pav: dy="Yau+Yav: y'= 2 (uv). Tt dy=y'de=
ou ov ou ov

al’[/a’ +al'//d =A(u V)|: ¢du+%dv} hay néu coi u 1a bién va v 13 ham thi:
ou ov ou ov

op Oy

& _ " ou ou
“v _ — , 2.3
Ty T A (23)

ov ov

(2.3) chinh 14 phuong trinh d3 giai ra d6i voi dao ham, gia st nghiém tong quat 1a

v =0(u,C). Khi 6 nghiém tong quat cta (2.1) dudi dang tham s 1a
x= (1.0, 0)] ; y=y[u.Qw.C)].
Sau day ta s€ xét hai dang phuong trinh.

2.2.Phwong trinh Lagrang
Phuong trinh tuyén tinh d6i voi x va y cé dang y =g (y)x+y (y) (2.4)

Trong d6 gia thiét ¢(y") # y' (néu = 1a phuong trinh Klero).
Dung phuong phap nhu trén v6i tham bién: u = x;v=p=y'. Khi d6 (2.4) c6 dang

y=9¢(p)x+y(p) (2.5)

Ta can tim x theo p. Tur (2.5) :>— $(p)+|[o' (p)x+1//'(p)]

¢'(p) v '(p)

Néu coi x 1a ham, p 1a bién. = — dx + X = (2.6)
dp ¢(p)-p rP-9(p)

Pay 1a phuong trinh tuyén tinh khong thuan nhét. Gia s nghiém tong quat co
dang: x = A(p)C + B(p) thay vao (2.5) taco y=A4,(p)C+ B,(p).
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Pay 1a nghiém tong quét ciia phuong trinh Lagrang dang tham so.

Chii y: Khi bién d6i phuong trinh ta phai gia thiét ¢(p)— p = 0. D& thdy rang cic
gia tri nghiém p = p, cling 1a nhitng nghiém cua phuong trinh. Tuy ting truong hop
nghiém d6 co thé 1a nghiém riéng hay nghiém ki di.

Vi vay ddi voi phuong trinh Lagrang nghiém ki di néu co chi c6 thé 1a cac

duong thang y = px+yw(p,).

Vidu: y=2xy'+siny'

< dy dp dp
biat y'=p=>—=2p+2x—+cosp—=
at y =p i p Ix de p
Hay d—p(2x+cosp):—p:>@:—2£—cosp
dx dp p p
dx _x —cosp
hay —+2—= (p#0).
dpp
2
Xét @:——xzﬂn‘x‘:—2ln‘p‘+ln‘Cl‘:>x=£2. Coi C =C(p) thay vao phuong
o p p
trinh dau :de_C:_cosp
p-dp p

hay C:—jpcospdp+C1 =—psinp—-cosp+C,.

=(=psi 1
V X sinp—cosp+C,)—
ay phuong trinh cé nghiém ( psmp p 1) >

y=2px+sinp
Ngoai ra phuong trinh c6 nghiém p=0 tacla y=0.

2.3.Phuong trinh Klero: Khi ¢(y") =y’

Phuong trinh cé dang y=y'x+w (»") (2.7)
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o d .
Pit y'=p=y=prty(p)=> 2= p+[x+y'(p)]L=p
dx dx

%)
:>(x+l//'(p))d—i20 (2.8)
Turdotacodnghiém p=C va x+y'(p)=0
T p=C = y=Cx+y (C). Day 1a mot ho dudng thang.
Te x=—y'(p)=y=-py'(p)+y(p).

. |x=—y"
Vay ta c6 nghiém dang tham s6 { vip) (2.9)

y==py'(p)+y(p)
Chii y: Ngudi ta chirmg minh dugc rang néu y "(p) ton tai va lién tuc, y"(p) # 0 thi
(2.9) 1a nghiém ki di cta phuong trinh. N6 chinh 13 bao hinh cta ho duong thing
trén.

Vidu: y =y'x—%y'2.

1 \dp
Pit y'=p=|x-=p|—==0
at y =p ( 2dex

* p:C:>y:Cx—%C2

1 1 , 1, 1, 5 s cn
X=—p=>y=—p ——p =—p =x" langhiém ki di.
2]9 y 2]9 4]? 4P gnic 1

*

Chwong 4
PHUONG TRINH VI PHAN CAP CAO
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§1. PINH LY TON TAI VA DUY NHAT NGHIEM

1.1.Dang tong quat ciia phwong trinh vi phin cp cao
Néu x 1a bién doc 1ap, y 1a ham thi phuong trinh vi phan cip cao c6 dang

tong quatla  F(x,y,y"...,y™)=0 (1.1)
Trong d6 nhét thiét » phai c6 mait.

Gia stir : Him F lién tuc theo tat ca cac bien va tai diém x = x,, " (x,) = y" thoa

man diéu kién

1 F(xoaywy(')»““’y(()n))zo

2 # 0 va lién tuc tai diém M (x,, vy, Vserer V")

ay(n)

khi d6 theo dinh 1y ton tai ham an, tir (1.1) ta c6 thé giai ra trong 1an can diém M

v = f(xp,y ey ™) (1.2)

bé phat biéu dinh ly ton tai va duy nhét nghiém duogc thuan loi, ta chuyén

(1.2) bang mot hé n phuong trinh vi phan tuyén tinh cdp mot nhu sau:

Yy=Mn
)"2 Z;); e

Thay cac gia tri y, vao (1.2) ta dua (1.2) vé mot hé n phuong trinh
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dy _

dx :

dJ’2 _

ax (1.3)

d
yn :f(x’yl’yz"""yn)
dx

H¢ (1.3) la dang dac biét cia hé sau:

d

i=f1(x,y1,----,yn)

dx

dyz _

dx _fz(x’yla"'byn) (14)
d

Do f (5, Pysens )

dx

Trong (1.4) vé phai chi phu thudc vao bién va ham, khong phu thudc vao dao

ham. Hé nhu vay duoc goi 1a hé CHUAN TAC.
Dbi voi (1.4) bai toan cosi dugc dat ra nhu sau:
Hay tim nghiém {y,(x),»,(x),.....,y,(x)}. Sao cho khi x=x,thi

y.(x) =y, (i=1,2,....,n) trong d6 y,, 1a cac gia tri dAu tr d6 suy ra bai toan cosi

dbi voi phuong trinh cap 7.
Hay tim nghiém y(x) sao cho khi X=X
(n-1)

V(X)) = Y9 2'(X) = Vgouror V" (X)) = 0§

Tat nhién ndy ra van dé 1a voi dicéu kién nao thi bai toan cosi ton tai va duy

nhit nghiém?

1.2.Pinh 1y ton tai va duy nhat nghiém
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Xét hé chuan tac (1.4) voi cdac gia tri dau x,,,y,, tuy y.
Gia su rang:
1, Cac ham f,(x,y,,,,...,y,) lién tuc theo cdc bién cua no trong mién kin
X,—as<x<x,+ta

gioi ngi G ‘
Vio=b<y.<y,+b (i=1.n)

Trong do a,be R"
(Khi do tir sy lién tuc cua cac f, trong G dong = |fl| <M (i=1..n))

2 Trong mién G cdc ham f, thoa man diéu kién Lipsit doi voi cdc bién

y, tikc la AN >0 dé

<N(|p -5+ +

).

Khi dé ton tai duy nhat mét nghiém {y1 (X)yeeer Vv, (x)} cua h¢ (1.4) xdc dinh  trong

‘fi(xﬂ.)_;lﬁ.)_;27"’7.)_/n)_f(x9.):}l9):/27"'9.):/n) J_;n_-):}n

khoing x,—h<x<x,+h véi h=min(a,b/M). Sao cho khi x=x, thi

vi(x)=y,. (@I=1.n).

Chii y: Néu cic ham f, c6 dao ham giéi ngi theo y, trong G thi n6 s& thoa man

diéu kién Lipsit ddi véi cac y, trong G .

1.3. Phwong trinh cép n
Xét phuong trinh y™ = f(x, v, ..., y"™") (1.5)

Tir dinh 1y t6n tai va duy nhat nghiém ctia hé chuan tic ta suy ra dinh 1y ton

tai va duy nhét nghiém cua h¢ chuén tic cua (1.5) nhu sau:
Dinh Iy: Gid sir cho hé diéu kién dau

y(xo) = yO
y'(xo) = y(,), ....... ,y(nil)(xo) — y(()nfl)

vagiasir: 1. Ham f(x,y,)',...,y" ") lién tuc trong mién kin gi6i ngi G
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n—1 n—1

‘x—xo‘éa,y—yO‘Sb, V' =y £0b,....,

Twdo AM sao cho |f|£M trong G.

2. Ham f thod man trong G diéu kién Lipsit d6i véi y,y',....y" " tike
la AN sao cho ‘f(xj,...,)_/("fl))—f(x,):/,...,):/("*”)‘ < N(‘?—):/‘ +...+‘)7(’H) —):/(’H)D
Khi dé ton tai duy nhdat nghiém y(x)xdc dinh lién tuc trong |x—x0|£h VOi

b
y

h=min| a, va thoa man diéu kién ban dau da cho.

!

max (M,

y y(”’”\)

) geeey

“Pinh nghia nghi¢m tong qudt:

Nghiém tong qudt ciia phwong trinh vi phan (1.5) trong mién G thod man
diéu kién ton tai duy nhat nghiém la ham ¢ (x, C,,C,,....,C,)) co dao ham riéng lién

tuc theo x dén cap n va phu thugc vao cac hang so C,,C,,...,C, sao cho

1. Tuhé
y=¢(x,C,C,,....C)
y'=¢'(x,C,....,C))

c6 thé giai ra cac hang s6 C. =y, (x,y,y",..,y" ™).
2. Thoa man phuong trinh dang xét v6i VC, trong mién dang xét.

Tuong tu nhu phuong trinh vi phan cap 1 ta c6 thé dua ra dinh nghia nghiém riéng,

tich phan tong quat va nghiém ki di ctia phuong trinh vi phan cép cao.

§2. CAC PHUONG TRINH GIAI PUQC BANG CAU PHUONG

2.1.Dang F(x,y")=0 (2.1)

Bo mon Khoa hoc co ban Trang 39



Phuwong trinh vi phdan
Ta xét hai truong hop:

a) Phuong trinh (2.1) viét duoc dudidang  y™ = f(x) (2.2)

Trong d6 ham f(x) lién tyc trong doan [a,b]. Khi d6 di y D = £(x)
x

Y = [ f(x)dx+C,

=N Yo = [dx | f(x)dx+ Cx+C, (2.3)

X0 X0

X X X C
y:idx;[dx....x{f(x)dx+(n_ll)! - - +C,

Cong thirc cudi ciing cho ta nghiém tong quét ciia phuong trinh (2.2) trong mién

a<x<b ; —0<y<+0w ;—0< y'<4om,.........

Bing cach ap dung cong thic Diriclé (d6i voi tich phan hai 16p) ta

duge j dx;[ dx... j f(x)dx—( i)

(2.3)duoc viét dudi dang

I F(O)(x—0)""dt, khi @6 nghiém tong quat

y= j FO-0"Vdi+— (- 4k C,  (2.4)

(n —1)' (n=1)!

Chii y: S6 hang dau tién trong (2.4) ciing 1a nghiém riéng cua phuong trinh véi

C.=0 (i=12,..,n).
Vi du: Tim nghi¢ém cuia phuong trinh »" =Inx khi x=1,y=y,,y" =y,,»" = .

Ap dung (2.4) tacé:
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17 2 Yo 2 Yo
=—|(x—t)’ Intdt + =2 (x —1)" + =2 (x — 1) +
y 2!!( ) 5 (x=1) | (x=D+y,

| 11T, 1, 1 1y 2
=—xInx——x"+=—x"——x+—+=(x-D)"+y,(x-D+
6 36" T Tt T e Dy

b.Truong hop tir phuong trinh (2.1) ¢6 thé biéu dién x, y” mot cach don tri theo

t: x=¢() Y =w(t). Trong d6 ¢(¢) c6 dao ham lién tuc, w (¢) lién tuc. Ta s&

biéu dién y theo ¢.
Vi: dy"™" = y"dx =y (t)g'(t)dt

=" = [y O+ C =y, 1,C)
") = =y (1,C )P )l

=3 = [y, (.G (Ot + C, =y, (1.C,.C,)

y=w (t,C,,C,,....C,) .

x=¢()

Vay nghiém tong quat c6 dang {
y=v,(C,C,,...C)

Vidu: & +y"=x

x=¢ +t

Phuong trinh viét dudi dang tham s6 1a: )
y =t

Dodé dy' =y"dx=1t(e' +1)dt

2
=y =(t-1)¢ ﬁ-%+C1

2

dy = y'dx = {(r W +%+ Cl}(e’ T 1)dt
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2

:yzj{(t—l)et+%+q}(e’+1)dt+C2.

t+1

X=e
Ha 2 2
Y y :(%-%)e” +(%—1+C1Jet +%+C¢+C2
F( (n=1) (ﬂ)) =0
2.2.Dang "V Y (2.5)

a) Gia st tir (2.5) cothé giagira y™ = f(y" ™). Pit z=y" ™" ta duge z' = f(z) db

1a phuong trinh tach bién.
Gidirataduge z=w(x,C).
Ta tré vé trudng hop phuong trinh (2.2) trong phan (1,a).

Néu khong giai dugc ra z=w(x,C,) nhung biéu dién dugc dang tham sb

{x=¢@> {x=mﬂ
=

(ne) va ta tré vé truong hop (1,b) phuong trinh da biét cach
z=p @) W=y

giai.
b) Néu phuong trinh (2.5) biéu dién mét cach don trj theo tham s6 ¢ .

{ﬂk”=¢a>
y =y ()

thitw dy" ™" =y"dx = ¢'(t)dt =y (t)dx = dx = M()gt
4

do d6 x =j¢'(’()td’ "

C, =>x=¢C).
v (t)
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yv=y, (tC,,..,C).

Ta nhan duoc nghiém tong quét ctia phuong trinh dang tham sé:

X = ¢1(t’ Cl)
y=v,,tC,,...C)

3

Vi du: Xét phuong trinh  ay” = —(1 +y"”? )5 .

3
bit z=y = az' :—(1+zz)2 hay L:—ldx

(1+zz) “

N | W

b dz
SR SCE—
(1+2°)?

Ta c6: Dat z:tg¢:>.[ =sing.

dz
(1+2°)W1+z2?

A , A LR (. |X=—asing+C
Vay ta c6 nghiém tong quat la:
y=acos¢+C,

Hay (x-C)*+(y-C,)’*=a’
2.3. Dang F",y") =0 (2.6)
a)Néutr (2.6)= »" = (" ?).

Ta dit z=y"? =z"=f(z). Nhan ca hai vé v6i 2z (z'#0) ta duoc

222" = 27'f(z) hay d(2*)=2f(z)dz = 2> = j 2/ (2)dz+C,.

Vay 7' = i\/2 [ f(2)dz+C, hay dz = i\/2 [ £(2)dz+Codx.

dz =>x+C, = I dz .
i\/z [raz+c i\/2 [rz+c,

=dx=
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Hay ®(x,y"?,C,,C,)=0.Dbay la phuong trinh dang (1).

b) Gia sir rang phuong trinh khong giai ra dugc y™ nhung ¢ thé biéu dién mot

W =40

cach don trj theo tham sb ¢ { -
yr=y()

Khido &y ™" =y"Wdx =y (t)dx, dy"™> = y" Vdx = ¢'(t)dt

N y(nfl)dy(nfl) _ y(n)y(nfl)dx =y ()¢ '(t)dt

Hay d B(y“'“ )2} =y (D¢ (Ndr = %(y“"” ) =[vopod +c

= 0 = £ 2[y (O (0d1+ € =y, (,C). Két hgp voi 3 =4 (1) ta

dua vé trudng hop (2,b)

§3. TICH PHAN TRUNG GIAN - PHUONG TRINH HA CAP PUQC
3.1. Tich phan trung gian

Xét phuong trinh F(x,y,y",...,y") =0 (3.1)
Bang cach tich phan ta thuong di dén cac hé thirc trude:
O, 9,y y",CL.,C) =0 (k<n) (3.2)

H¢ thtrc do goi 1a tich phan trung gian cua phuong trinh (3.1), né 1a phuong
trinh cp (n— k). Nhu vay néu tim dugc tich phan trung gian = ta di ha duoc cip

cua phuong trinh.

Néu tich phan trung gian chira y" ™ :® (x,y,)",..,y"™,C) =0 thi n6 dugc
goi 1a TICH PHAN DAU.

3.2. Cac truong hop phwong trinh ha cip dwoc nhé tich phin trung gian

a) Phuong trinh khong chira rd ham phai tim.
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F(x,y*,..,y")=0 (k>1) (3.3)

DPiat y* = z khi d6 phwong trinh tr¢ thanh F(x,z,...,z" ) =0 (3.4)

Gia su ta tim duoc tich phan téng quat: d(x,z,C,...,C, _,)=0 hay
®(x,y*,C,,...,C,_,)=0. Day la phuong trinh cap k di dugc xét va ciing Ia tich

phan trung gian cua (3.3).

¢) Phuong trinh khong chira 13 bién doc 1ap F(y,y',...,y™)=0  (3.5)

Xem y 1a bién doc 1ap va dit »' = p 1a ham phai tim theo y.

n—1
Vay (3.5) tré thanh F y,p,pd—p,...,a)(p,d—p,...,d _11?
dy dy  —dy’

)} =0. bay la phuong trinh

cap (n—1), gia st im dugc tich phan tong quat la: ®(y, p.C.C,,...,C _)=0.Ta

nhan duogc phuong trinh loai F(y, p) =0 da biét cach giai.
Vi du: Xét phuong trinh (1+ %) yy" =(3y" -1)y".

iy y d
bat y'= p vaxem y labiendoc lap. =pd—p
y

phuong trinh ¢6 dang (1 +y° )yp;{—p = (3y2 - 1)]92
34

2_
d_p:3y—21dy (p #0)
)y

hay ) (1+y

:>1n‘p‘ :2ln(1+y2)—1n‘y‘+ln‘q‘
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!

by Yy
hay ——=C,=> ———=C..
y(1+yz)2 1 1

(1+7)
Pay 1a tich phan d4u ctia phuong trinh. Liy tich phan 1an nita ta dugc

1
I+y

=-2Cx+C,.Khi p=0= y=C cling la nghi¢ém.

2

3.3. Phuwong trinh thuin nhat dbi véi ham va dao ham
Xét F(x,y,y’,...,y(”)) =0 trong do F(x,ly,ly’,...,ty(")) = t’”F(x,y,y',...,y("))

m duogc goi 13 bac thuan nhat.
Cach giai: Bat y' = yz xem z la ham phai tim khi do ta co

y'=yz
V'=yz+yz' = y(z2 +Z'>

thay vao ta co:

F(x,y,yz,y(z2 +2'),...,y0(z, Z',...,z("‘l))) = y"’F(x,l,z,z2 + Z',...,a)(z,z',...,z("‘”)) =0
Do d6: F(x,l,z,z2 + Z',...,a)(z,z',...,z(”_l))) =0.
Gia sir ta tim dugc tich phan tong quat ctia phuong trinh cdp n—1 1a

CD(x,z,Cl,Cz,...,Cn_l) =0.

= z=2z(x,C,,...,C, ). Tré vé bien cii ta duoc

2 :Z(x,Cl,...,Cn_l): y= CneI
y

z(x,Cl s Cyy )dx
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Vi du: x*yy" = (y—xy')2 bat y'=yz=y"'=yz'+)z= y(22 +z') Thay vao ta c6

xzyy(zz—i-z'):(y—xyz)z:>Zz+z'=%(l—xz)2:>x22'+2xz—1:0. Tich phan
: "G =
phuong trinh tuyén tinh ta dugc =z :g+l hay L:—zlJr— dodd y=C,xe *
x°x y X x

3.4. Phuong trinh ma vé trai 1a dao ham ding

Gia st tr  F(,p,),...»y™)=0 ta bicu dién  thanh

%d)(x,y,y',...,y(“)) =0.

Khi d6 ta nhan dugc tich phan dau ®(x,y,y’,...,y" )= C,. Nhu vay ta da ha dugc
mot cap cua phuong trinh.

vide -2V _o.
vy 1+y

Giai:

Tu phuong trinh = di[ln V' —%ln(l +y" )} = 0. Ta dugc tich phan dau:
X

In

V' —%1n(1+y’2) = ln|C1|

3

hay —2——C, _OQi[%—qx}_o

(1+y,z)5 dx| \1+y
=Y = Cx = C,. Day la phuong trinh vi phan cap mot co thé tich phan duoc.
1+
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Chuong 5
LY THUYET TONG QUAT
VE PHUONG TRINH VI PHAN TUYEN TiNH

§1. PINH NGHIA VA TINH CHAT TONG QUAT

1.1. Pinh nghia: Phwong trinh vi phén tuyén tinh cdp n la phwong trinh ¢6 dang

a,(X)y" +a,(x)y" " + ...+ a,(x)y = P(x) a,(x)#0. Néu ¢(x)=0 thi

phuong trinh dwoc goi la phirong trinh thuan nhdt.

Thuong ta xét dang:
P+ p )Y+t p,(0)y = f(x) (1.1)
Y+ p ()" + o+ p (x)y=0 (1.2)

r n n-1
Néu dua vao todn tur vi phin: L = T + p,(x) = +..+p,(x). Thi (1.1)
X x

va (1.2)dugc viét duéidang L [y]= f(x), L,[y]=0.

1.2. Tinh chéat

a) Phuong trinh L, [y]= f(x) van con 14 tuyén tinh cép 7 néu ta dung phép thé bién

x=¢(&)

b) Phuong trinh L, [y]= f(x) vin con 1 phuong trinh tuyén tinh cip 7 néu ta ding
phép thé y =V (x)Z +n(x). Trong 6 V,Z,n 1a cic ham kha vi lién tuc n lan theo

x,Z —ham méi phai tim va ¥ (x) # 0 Vx e (a,b).

1.3. Su ton tai va duy nhat nghiém

Ta viét phuong trinh (1.1) dang y = F( X0,V s y(n—l)) '

Gid str: Vx € (a,b) thi cac hé s0 p,(x), f(x) 1a cac ham so lién tuc.
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Do F(x, v, y’,...,y(”_l)) = —ply("_l) - pzy(H) —.—p,y+ f(x)

do do

6y(,,_k) = |_pk (X)| .

Vi viy Vxe[a,B]e(a,b) thi ‘ <N (theo tinh chit lién tuc cua

00
pk(x)).:>‘F(x,f,)_/,...,y(””)—F(x,):/,...,f(”1))‘SNHZI‘)7“)—):/(")‘. Tac 13 didu
i=0

kién Lipsit thoa man trén doan [«, 3] e (a,b)= 3 duy nhat nghiém y(x) cta bai

toan Cosi d6i voi phuong trinh (1.1) trong khoang Xo—h<x<x,+h.

Tuy nhién ta chung minh dugc rr?lng nghiém dugc xac dinh nhu vay sé ton tai trong

khoang (a,b).

§2. PHUONG TRINH VI PHAN TUYEN TINH THUAN NHAT

Xét phuong trinh thudn nhat L [y]=0 (2.1
2.1. Tinh chit ciia toan tir L
* L[yi+»]=L[n]+ L[]
* L[Cy]=CL,[y]

(chtimg minh cac tinh chat nay don gian)

Tong quat: L,[ > Cy, |= 2. CL,[ 3] (2.2)

T (2.2) = néu ¥, (x) 1a nghiém cua (2.1) thi ZCkyk cling 1a nghi¢m cua (2.1).

k=1
2.2. Khai niém vé sy phu thudc tuyén tinh

Xét hé ham {¢, (x)} xac dinh trong khoang (a,b).
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Dinh nghia: H¢ ham {4, (x)} duoc goi la phu thudc tuyén tinh trong khodng (a,b)

néu ton tai cdc hang s6 a,,q,,...c, khong dong thoi bang khong sao cho

ag(x)+o,p(x)+..+a,p (x)=0 Vxe (a,b) (2.3)

Néu khong ton tai cac o, nhu vay dé dong nhat thirc (2.3) thoa man thi ta

néi {¢, (x)} 1a doc 1ap tuyén tinh.
Vidu: a) Cécham 1,sin’(x),cos’(x) 1a phu thudc tuyén tinh trong (—oo,+o)

b) Cacham 1,x,x” 1a doc 1ap tuyén tinh trong (—o0,+0).

2.3. Pinh thirc Wronxki

a) Dinh nghia: Cho hé¢ ham {g, (x)} (k=1..) c6 dao ham dén cap (n—1). Khi d6

Y0, Y (X)yeenne. ,¥,(x)

(), VoX)eeenn.. v (x
dinh thire nx), y(x) Y, (%)

Duoc goi 1a dinh thirc Wronxki cua cac ham {4, (x)} .

Ky higu W [yl (%), 3,(x),...,», (x)].
b) Pinh Iy 1: Néu cic ham {¢k (x)} phu thudc tuyén tinh thi dinh thirc Wrénxki dong
nhdt bang khéng.
Theo gia thiét ta c6
a,¢(X)+ b, () +..+ 2,8, (x)=0  Vx D a’=0(24).
Vi phan (2.4) theo x (n—1) lan ta dugc

ay +o,y,+.+ay =0

ayi+o,y,+..+a,y =0
1.1 272 (25)

(n-1) (n-1) (n-1) _
ay" T tay, +.t+ay” =0
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Tai Vx e(a,b) hé (2.5) 1a h¢ phuong trinh dai s6 thuan nhét véi cac nghiém o, . Dé

hé c6 nghiém thod man ) o> #0. Thi det=0ticla W[y (x),y,(x),...»,(x)]=0.

i=1

Chii y: Piéu nguoc lai néi chung khong dang, tirc 1a néu W (x) =0 chua da dam bao
cho y,(x),y,(x),....y,(x) phu thudc tuyén tinh (d6i v6i phuong trinh L [y] thi
dang).

¢) Dinh Iy 2: Néu cic ham VisVaser ¥, la cac nghiém cua phwong trinh (2.1) va doc
ldp tuyén tinh trong (a,b) lién tuc cia cdc hé sé p,(x) cua phuong trinh thi

W[yl,yz,...,yn] #0 Vxe (a,b).

Chii ¥ mé dau: Nghiém thoa man bai toan Cosi x = x, thi y(x,)=0,...,»" " (x,) =0

ctia phuong trinh (2.1) phai 1a nghiém y =0 do tinh duy nhat nghiém.
Ta chirng minh dinh 1y bang phan chimg.

Gid sir tai x =x, thi W[yl(xo),yz(xo),...,yn(xo)] =0 x, e(a,b). Ta chon
cac hing sd o, khong dong thoi bang khong sao cho hé phwong trinh sau dugc thoa

oy, (x)+a,y,(x)+..+a,y,(x,) =0

man

Viéc chon c¢6 thé lam dugc vi W (x,)=0.

Xétham y(x)=ay,(x)+a,y,(x)+...+,y,(x) day la nghiém ctua phuong
trinh (2.1) thoa man bai toan Cosi. X=X, thi
yP(x)=0  (k=0.n-1)= y(x)=0 theo tinh chit duy nhit nghiém. Ttc la
ay,(x)+a,y,(x)+..+a,y,(x)=0 Vxe(a,b) = {y (x)} 1a phu thudc tuyén

tinh diéu nay vo 1y.
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Chu y: Do céac dinh 1y 1,2 suy ra W 1ap nén bdi n nghiém ctiia phuong trinh (2.1)

hodc dong nhét bang khong hodc khac khong tai Vx € (a,b).

2.4. H¢ nghiém co ban
Dinh nghia: Mot hé gom n nghiém riéng cia phuong trinh L [y]=0 xdc dinh va

déc ldp tuyén tinh dwoc goi la mét hé nghiém co ban ciia phirong trinh trong

khoang dang xét.

Dinh Iy 3: Moi phwong trinh vi phédn tuyén tinh thuan nhdt déu cé mot hé nghiém co

ban.
Xét phuong trinh L, [y]=0. Ta chon mét dinh thic cap n sao cho
A= det(al.j) # 0 trong d6 a, = const va lap n nghiém riéng y,(x) k=1..n sao cho

khi x =x, €(a,b) thi y,(x,) = a,,, 5, (%) =y, )" (%) = a, -

RO rang W[yl(xo),...,yn(xo)] = det(aij) #0.

Nhu vy {y,(x)} 1a doc 1ap tuyén tinh, hay {y, (x)} lap thanh m¢t hé nghiém co ban

cta phuong trinh L [y]=0.

1 0o 0

., . 0 Lo 0
Chu y: + Néu chon A =

0 O 1

thi hé nghiém co ban duoc lap béng cach trén dugc goi 1a hé nghi€ém co ban chuan

tac.

+ Moi phuong trinh thuan nhat cap hai déu ludn ludn ton tai # nghiém doc

1ap tuyén tinh.

Dinh 1y 4: Néu {y,(x)} k=1.n 1a mdt hé nghiém co bin cua phuong trinh

L,(»)=0 thi nghiém tong quat ctia phuong trinh c6 dang
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y(x)= Zn:CkYk(x) (2.6)

Trong d6 C, = const .
Ta phai ching minh hai diéu:

[ Ham y(x) xé4c dinh tir (2.6) thoa man L,(y)=0 diéu nay hién nhién theo
tinh chat ciia toan tir L .

yix)y =Cy +GCy, +..+Cy,

'(x) =Cy  +Cy, +..+Cy!
Y Tirhe y'(x) 2 22 Vi

Ta c6 thé giai ra cac hﬁng 5O C, k=1..n nhung diéu nay ciing ding vi

W[yl,yz,...,yn] #0 Vxe(ab).
Chii y: Cong thirc (2.6) cho V nghiém riéng ctia phuong trinh L, (y)=0.

That vy ta tim nghiém riéng y(x) sao cho y(x,) = yy,.... " " (x,) = y{"", thc l1a

phdi 3C, dé y=> C,,.

=1
Yo =Cn(x) +Cy,(x) +..+Cy,(x)
X NG e
y(()n 1) lyln 1)(x0) + C2 n 1)(x0) + + Cnyftn_l)(xo)

Vi W #0 do tinh chat doc 1ap tuyén tinh = 3C, dé y = ZCkyk .

k=1

Néu ¥,(x),....,y,(x) 1a hé nghiém co ban chuén tic thi nghiém cua bai toan

(n-1)

Cosila y=y,p(x)+ 33, () +...4 3"y, (x).
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Vi dy: Xét phuong trinh y"—y=0. D& thdy phuong trinh c6 hai nghiém

X —X

et e’ .
y=€e,y,=e" va W[yl,yz]:de‘{ j:—2¢0 = ,,, 1ladoc lap tuyén
e’ —e

tinh. Pay 13 hé nghiém co ban vi n =2 = nghiém tong quat 13 y(x) = Ce' +Ce™

Dinh Iy 5: Néu ta c6 (n+1) nghiém riéng y,,v,,...,v,,¥,., thi cac nghiém dé sé phu
thudc tuyén tinh.
Churng minh.

Gia st y,,7,,...,y, 1a phu thuoc tuyén tinh thi hién nhién dinh 1y dung.

Gia s y,,»,,....», ladoc lap tuyén tinh, khi d6 y,,»,,...,y, 1ap nén mot hé nghiém
co ban. Do d6 theo dinh 1y 3 thi y , =ay,+ .y, +...4Q, Y, = Vs Vysee0s Vo> Vot

phu thudc tuyén tinh (dpcm).

Cha y: T dinh 1y 3 va 5 = V phuong trinh L, [y]=0 déu c6 ding n nghiém doc

1ap tuyén tinh.

§3. PHUONG TRINH VI PHAN TUYEN TINH KHONG THUAN NHAT
3.1. Tinh chat: Xét phuong trinh L, [y]= f(x) (3.1)

Phuong trinh thudn nhat twong tmg 1a L, [y]=0 (3.2)

Dinh Iy: Néu biét dwoc mét nghiém riéng ciia (3.1) thi nghiém téng quat ciia (3.1)

la téng ciia nghiém riéng dé véi nghiém tong qudt ciia (3.2).
Chirng minh.
Gia st y* la nghiém riéng cua (3.1), {y,} 1a hé nghiém co ban cua (3.2) khi

d6 ta can phdi chimg minh y =>"C,y, +»" 1a nghiém tong quat cua (3.1).

*Hiénnhién L, [y]=L,[ > Cy, |+ L,[ ¥ |= f(x) ding véi VC,.
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Cn+Cy,+..+Cy, = y_y*

Cy" ™+, +C U =yl g
gidira dugc C, vi W #0. (dpcm)

3.2. Phwong phap bién thién hiang s6

Gia st y,,¥,,...,», la nghiém riéng doc lap tuyén tinh cta phuong trinh

L, [y]=0 Khi d6 y(x)=Cy,+C,y, +..+C,y, (3.3)
(Trongdo C, (k=1..n) lacéac hang s tuy ¥) 12 nghiém tong quat cua phuong trinh.

Dé tim nghiém cua phuong trinh L [y]= f(x) ta coi C, =C,(x) ta ¢6

! 1A 1 dC
V'(x)=Cy +..+C,y, +—=y,
dx

dC,
dx

=0.

ta chon C,,C,,...,C, sao cho %yl
X

Khi do6 yﬂ(x):Clyl”—l-...-l-cny:l’+ﬂyl’+”_+ﬂy;_ Ta ch()n Ck sao cho
dx dx
dc, ., . dC, , _
dx YT Ix Y,
Cuél Cﬁng y(n)(x): (n)+ +C ynn)+dc y(" 1)+ +dC ;V,En_]).
dx dx

Thay cac dao ham vira tim dwoc vao phwong trinh L [y]=f(x) ta co

- dC, dcC,

CL,| y,(x)|[+—Ly" P+ +—2y"V = f(x
2CL Ly () ]+ A =),
Hay 1 l(n—l) +. .+ n y,(ln—l) — f(x)

Vay ta c6 hé
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ac, +..+ ac, , - 0

dx yl dx yn

dc, , dc, |,

— Yt t+—2y =0

dx dx (3.4)

Do W[y,,....y,]#0 néntr (3.4)= giai ra duy nhat cac %
x

Gia st %:Q(x): C =4 (x)dv+a, viy

y(x):iaiyi+iyij.¢i(x)dx (3.5)

(3.5) 1a nghiém tong quét cia phuong trinh L, [y]= f(x).
Chii y: (3.5) gém hai thanh phan

+ Thanh phan dau > a,y, langhiém tong quat cua L, [y]=0.
+ Thanh phan thi hai Z Y, J. @ (x)dx 1a mot nghiém riéng cua

phuong trinh L, [y]= f(x).

!

Vi du: Tim nghiém cua phuong trinh " — RA
X

12 4 1
Xét phuong trinh y"—L:O :>y—,:— Do d6 y'= A4x va y:%Ax2+B:>
X yox

2
Y =X

chon hé nghiém co ban la {
» =1
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Nghiém tong quat ciia phuong trinh thuin nhat 1a y= Cx’+C, coi

dc, . dC, _, izq :%
C =C(x) va C,=Cy(x) tacohe 4 ¥ de o i
| dcC X
2x =L 4+0=x 2 X
dx dx 2

3
Vay C, :§+051 ; CZ:—%+052.

= Nghiém tong quat ca phuong trinh khong thuan nhat1a y = ax* +a, +x* /3

§ 4. PHUONG TRINH TUYEN TINH CO HE SO HANG SO.

Dang LZ [y] = y(”) + aly('H) +..+a,y=f(x) 4.1
Trong d6 a, (i =1..n) 1a cac hing s6 € R, f(x) 1a ham lién tuc trong (a,b).

4.1. Phwong trinh tuyén tinh thuan nhat hé s6 hang so.

Xét phuong trinh L [y]=0 (4.2)
Phuong trinh (4.2) c6 thé giai dugc bang phép tinh dai so:
Pit y =" vatachon k dé thoa min phuong trinh.
Taco L, [e’“] =" [k” +ak"™ +..+ an] =0.
Ky hiéu F(k)=k"+ak"" +...+a, =0 va goi 1a phuong trinh dic trung cta

(4.2). Khi d6 d@é y = €™ 1a nghiém cua (4.2) thi & phai 13 nghiém ctia phuong trinh
dac trung F(k)=0.

Ta xét cac truong hop sau:

a) Phuong trinh F(k) =0 c6 nghiém don £ ,k,,...,k, khac nhau.

Khi d6 rd rang y, =" (i =1..n) 1a cac nghiém riéng cta phuong trinh (4.2).
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Chu y: Trong truong hop phuong trinh dac trung c6 nghi¢ém phic £k =a £if thi

thay cho nghiém “HAY cua phuong trinh (4.2) ta s€& c6 hai nghiém thyuc Ia

y=e*“cosfx va y=e“ sinfx.Diéu ndy dugc khang dinh tir bd dé.

Bo dé: Néu phuong trinh L, [y]=0 c6 nghiém y =u(x)+iv(x), trong d6 u(x),v(x)
la cdc ham thuwce thi cdc ham u(x),v(x) ciing la nghiém cia phirong trinh (doi véi

phuwong trinh L [y]=0 ciing diing).

Do el ** /" = ¢ (cos fxtisin Bx) nén theo bd dé ta cé dicu khing dinh

trén.

Tap cac ham e, e“*cos Bx,e” sin fx ddc 1ap tuyén tinh trong khoang

(—o0,+00) do d6 chung 1ap nén mot hé nghiém co ban.
Vidu I: Xét phuong trinh y" —3y"+2y'=0.
Phuong trinh ddc trung twong tng k* —3k* +2k =0
=k =0k =Lk;=2dodo y, =1y, =¢";y, =¢"".
Nghiém tong quat y = C, + C,e* + C,e**.
Vidu2: y"-3y"+9y'+13y=0.
Phuong trinh dic trung &° —3k° +9k +13=0
k,=-1k,=24+3i;k, =2-3i
=y, =e "y, =ecos3x;y, = e sin3x
Nghiém tong quat y(x) = Ce* + C,e** cos3x + C,e** sin 3x.
b) Phuong trinh dac trung c6 nghiém thuc &k =&, boi m.

Trong trudong hop nay ta ching minh rang phuong trinh (4.2) ¢ cac nghiém

‘A kix, _ kx ., . _ .m-1_kx
rieng y,=e’ "y, =xe" .y, =x e (4.3)
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Ta chl y rang: Néu u = u(x,k) thi

aj

o 0’u(x, k)
ok’

L;: [u(x,k)] = 1 { vy

} (tw chung minh don gian).

Ta ching minh L [xjek"x] =0 voi j=0.m-1.

Vi phan d6ng nhét thirc L [ek’c ] = F(k)e™ j lantheo k.

(%[LZ [ ]]=[e"F0]" = IZ;;CJI.F(”(k)x-”e’“

mat khac theo chta y ta co

el e |- alve]

Do do

L [x-’e’“] = ZJ: CIFV (k)x""e"
)

. J .
dit k=k = L |x'e" | =Y ClFO(k)x"e" .
1=0

Nhung vi £, 1a nghiém boi m cta phuong trinh
F(k)=0= F(k)=0,F'(k)=0,...,F" " (k)=0,F"™ (k) #0.
Do d6 L,| x'e" |=0 Vj=12,.,m~1 (dpem).
Ta cht ¥ hé nghiém (4.3) 1a doc 1ap tuyén tinh trong (—o0,+00).
¢) Phuong trinh ddc trung c6 nghiém phure lién hop «; £if; boi m.
Ta chiing minh rang trong trudng hop nay phuong trinh ¢6 2m nghiém thuc

m—1_o;x

yy=e" cosfx,y, =e"xcos fx,...,y, =x""e" cos f x
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ax . ox . -1 ax .
V=€ sinfx,y, =e xsinfx,..,y,, =x""e’ sinfx.
That vay theo b) thi (4.2) c6 cac nghiém
— if; — - i Eif; \ A A \ A 7 A
V= e(a’ ok vy, =x" le(a/ 'ﬂ/)x. Dua vao bd dé va cong thirc ole ta nhan dugc

2m nghiém trén, cc nghiém nay doc 1ap tuyén tinh trong (—oo,+0).
Vidu: y© —y® +8y"-8y"+16y' =16y =0.

F(k)y=k>—k*+8k> -8k +16k—-16=0
conghiém k, =Lk, =k, =2i,k, =k, =-2i
(nghiém 2i bd1 2 ; nghiém —2i boi 2).
Do do6 cac ham

y, =e',y, =cos2x, y, =sin2x, y, = xcos2x, ys; = xsin2x lap thanh hé nghiém co

ban = nghiém tong quat 13 :
y(x) = Cie* +C, cos2x + C, sin 2x + x(C, cos 2x + Cy sin 2x)

4.2. Phwong trinh tuyén tinh khong thuin nhat hé s6 hang so.
Trong phén ndy ta xét dang phuong trinh L, [y]= f(x). Truéc hét ta ching
minh mot bo dé quan trong goi 1a NGUYEN LY CHONG CHAT NGHIEM.

Bo dé: xét phurong trinh L [y] =v,(x)+v,(x). Trong doé v,(x),v,(x) la cac ham lién

tuc, gid st y,(x) la nghiém cia L,[y]=v,(x)
v,(x) la nghiém ciia L, [y] =v,(x).
Khi do y,(x)+ y,(x) la nghiém cia L,[y]=v,(x)+v,(x).

(L [n+y]=L[n]+L[n]=v+v.)
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Y nghia cta bd dé 13 néu vé phai f(x) cta phuong trinh khong thuan nhat 13

mot ham phtec tap thi ta c6 thé phan tich ham d6 thanh tong ctia nhidu ham don gian
va lan luot giai cac phuong trinh c6 vé phai 1a cic ham don gian d6. Sau day ta xét

phuong trinh L = f(x) (4.4)
Ta xét ba truong hop.

a) f(x)= AOxS + Ale*1 +..+ A

b) f(x)=e"” (4x" + Ax* " +...+ 4)

c) f(x)=e"(Py(x)cosgx+Qs(x)singx).
Trong do P, (x),0,(x) ladathucbac S, A4 ,placac hang sb.
a) Xét phuong trinh f(x) = 4, x" + 4x°™" +...+ 4,

] Gia str hé sb a, # 0 ta chung minh rang phuong trinh c6 nghiém riéng 1a mot
da thic bac S. Ta tim nghiém riéng dang y (x)=Bx* + Bx* "' +...+ B,.
Thay vao phuong trinh (4.4) va so sanh céc luy thira x* ta s& xac dinh duoc
cac hang sb B, (k=1..S) theo 4, .

1 Gidst a,=a, ,=..=a =0 con a, , #0 (di€u nay c6 nghia k=0 la

n—a+l1
nghiém bdi o cua F(k)=0).

Ta ching minh ring phwong trinh (4.4) c6 nghiém riéng dang
¥ (x) =x" (BOxS+leS’1+...+BS) . That vay dat y(“) =z phuong trinh

n—a—U

(4.4) ¢6 dang "% +alz( +...+a, z= f(x) = phuong trinh co

nghiém riéng z" =B’ +...+ B, do d6 tich phin « lan ta thu dugc

*

y =x" (BOxS +....+BS).

Vidu: y"+y'=x-2 (a,#0,a,,#0).
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Ta tim nghiém »"(x) = x(Ax+ B), thay vao phwong trinh vi phén ta nhan

2

dugc A=—; B=-3.Nghiém tong quat y(x)=C, +C,e”* +%_3x.

1
2
b) Truong hop f(x) =e” (4x* + Ax" " +...+ 4).

Pit y =e”z (z 1a ham can tim). Thay vao phuong trinh ta duoc
e [z(”) +hz" o+ bnz] = e [ons + A+ AS]

hay z" +bz" " +..+ bz = Ax° +....+ 4. (4.5)
Trong d6 b, = const (i=1..n), talai tr¢ vé truong hop a).

Chu ¥ rang néu xét phuong trinh dic trung cua (4.5)

kK" +bk"™ +..+b =0 4.6
1

va k" +ak" +..+a,=0 (4.7)

Thi ta thay néu (4.6) c6 nghiém & =a thi (4.7) conghiém k=a+ p.

(a+p)x

Vi:néu z =e™ 12 nghiém cua (4.5) thi y=e la nghiém cua (4.4).

Vi vay ta c6 nhan xét:

1. Néu b #0 thi phuong trinh khong c6 nghiém k =0 hay phwong trinh
(4.7) khong c6 nghiém k = p. Do d6 ta di dén quy tic:
Néu p khéng phdi la nghiém ciia phwong trinh ddc trung F(k)=0 thi

phuwong trinh (4.4) c6 nghiém riéng y (x) = e™ [Boxs +...+ BSJ .

2. Néu phuong trinh (4.6) c6 nghiém k =0 bdi « thi phuong trinh (4.7) c6
nghiém & = p bdi a. Do dé ta c6 quy tic:
Néu pla nghiém béi a ciia phwong trinh dic trung F(k)=0 thi phwong

trinh (4.4) co nghiém riéng y (x)=e”x" [Boxs +.t BS]

Bo mon Khoa hoc co ban Trang 62



Phuwong trinh vi phdan
Vidul: y"+y=e"(x+1) nghiémriéng y" =&’ (4x+B).

Vidu2: y'—y=e¢" (x2 —1) nghiém riéng " = xe* (Ax2 + Bx+ C) :
Vidu3: y"+3y"+3y'+y=e"(x=5) p=-1langhiém bdi 3
= y* =xle™ (Ax+ B).
¢) Truong hop f(x) = e™ (P;(x)cosgx + Og(x)singx).
Ta dua truong hop nay vé trudng hop b).

2 a 1, . B _ A B
Bién do6i: cosgx :E(e”p‘ +e ’q"); sin gx :f(e’qx —e ’q")

2i

= f(x)= e(miq)x (Ps(x) + Oy (x)j n e(pfiq)x (PS(X) 3 O (x)j

2 2i 2 2i

Vi(x)= el (Ps(x) + Os (x)j V,(x) = P i) (Ps(x) O (x)j
2 2i 2 2i

(chay V,(x),V,(x) lalién hop), &p dung nguyén ly chdng chat nghiém ta co:

(*) p+ig khong la nghiém cta F(k)=0= ta tim nghiém riéng tng v4i vé phai la
V(x)  yi(x)=e” R (x). Vi p+ig khong la nghiém cia F(k)=0= p—iq
cling khong 1a nghiém cta F(k)=0 do do6 ta tim nghiém ung voi V,(x) la

ya(x) =" T (x). Vi y/, v 1a lién hop suy ra R (x),T(x) ciing lién hop, tic 1a

Ry(x) = By(x)+iQy(x)
Ty(x) = P(x)—iQ5(x)

Do d6 ta co ngiém riéng cua phuwong trinh  (44) co6 dang

Vo= vty = (B w0y )+ & (B i)
=e (213S cos gx —2Q; sin qx)

=e™ (Igs(x) cosgx + ES (x)sin qx) .
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Ta c6 quy tic: Néu p+iq khéng phdi la nghiém cia F(k)=0 thi phwong trinh

(4.4)c6 nghiém riéng dang ' (x)=e™ (f:?g(x)cosqx+és(x)sinqx). Trong do

P., O, la da thire bic S ciia x.

(*) Néu p +ig 1a nghiém bdi a cta phuong trinh F(k)=0 thi twong tu nhu trén ta

c6 quy tic: Néu p+iq la nghiém béi a cia phwong trinh F(k)=0 thi (4.4) ¢

nghiém riéng dang y"(x) = e”x“ (1235 (x)cosgx + ES (x)sin qx) )
Vidul: y"+2y'+2y=e"(xcosx+3sinx).
Phuong trinh k* +2k +2 =0 c6 nghiém —1+i; p+ig=—1+i.
Vay nghi¢m riéng c6 dang
Y (x)=xe™” [(Alx + B, )cosx+(A,x+ B, )sinx] .
Vidu2: y"-y=excosx =y (x)=e"[ (4x+B, )cosx+(Ax+B,)sinx|.

Chii y: Néu mot trong cac da thirc P;,0, co bac thip hon S (dic biét =0) thi noi

chung cé hai da thirc P,,Q, van co bac S.
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Chuong 6
HE PHUONG TRINH VI PHAN

§ 1. KHAI NIEM, PINH LY TON TAI VA DUY NHAT NGHIEM

1.1. Dinh nghia
Cho h¢ phuong trinh vi phan dang

dy, dy, dyn):()

E(x:ylayza"-ayna dx,dx ERARE] dx

dy, dy, dynj:()

F |1 XY5Y00),, , yees
n( s VyseesV i dx o

Hé duoc goi 14 hé phuong trinh vi phan cap mot. Trong truong hop néu tir hé

(1.1) ta giai ra cac dao ham

d

i:fl‘(x’yl’ ’yn)

dx

................................ (1.2)
d

ﬁ=f,,(x,yl,---,yn)

dx

Trong d6 cac ham & vé phai chi phy thu¢c x,y,,....,»,, khong phu thudc cac

dao ham thi h¢ nhu vay duoc goi 1a hé chuén tic.
Gidi han trong chuong trinh chiing ta chi xét hé chuan tac.

1.2. Pinh 1y ton tai va duy nhit nghiém (Xem phan phuong trinh vi phén cp

cao).
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1.3. Céc loai nghiém ciia hé chuin tic
a) Nghiém téng quat: Ta xem x,y,,....,y, nhu la toa do cia mot diém trong khong
gian £, (n+1) chiéu (x, Viseeen ¥, ), khi @6 mdi nghiém ctia (1.2) s& tmg v6i mot

duong cong trong khong gian £, ., va nghiém tong quat ctia hé (1.2) 1a hé ham

yl :yl(xaclacza---acn)

y2 :yz(x,cl,cz,...,cn) (13)

v, =y,x,C,C,,...C)

1ap thanh mét ho duong cong phu thugc n tham $6.

Néu hé (1.2) thoa min trong mién D nio d6 e E . diéu kién ton tai duy
nhat nghiém thi tai mdi diém cua D chi c6 mot va chi mot dudng cong tich phan di

qua.
b) Nghiém riéng.
Nguoi ta goi nghiém riéng ctia hé (1.2) 13 nghiém ma c6 duoc bang cach cho

C,,C,,...,C, trong nghiém tong quat cac gié trj x4c dinh C, = C!,C, =C?,....C, = C’

¢) Nghiém ki dj: Nghiém y, = y,(x) i=1..n dugc goi la nghiém ki di néu tai moi

diém cua né tinh chat duy nhat nghiém bi pha vé.

§2. PUA HE PHUONG TRINH VI PHAN VE PTVP CAP CAO.

2.1. Mt s6 vi du
Vidu I: Giai h¢ phuong trinh:
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2 2
Tur phuong trinh 2 = d ;C:Q:x: d f—x:O
dt- dt dt
x=Ce +Cye”’
=
y=Ce' -Cye”
Vi du 2: Giai h¢ phuong trinh
dx
—=3x-2
dr Y
dy
a7

2
d’x —3@_2ﬂ:3@—x—@

Tu phuong trinh dau = =
dt d dt dt dt

d*x dx

hay A —25+x:0:>x:Clet+C2tet

y= 1(335 —%j = %(3Clet +3C,te' —Cie' —C,e' — Cyte' )

= et(C1 _%"‘szj-

Tir hai vi dy trén = dé giai mot hé phuong trinh vi phén ta c6 thé tién hanh nhu

Sau:

[ Vi phan mét phuong trinh ctia hé dd cho dé 1ap mot phuong trinh vi phan
cép cao.
[ Giai phuong trinh vi phan cip cao d6 ta tim dugc nghiém.

Vé phuong dién 1y thuyét ta phai chimg minh hai diéu:
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L o4 A ‘ n \ Coupa dX, £ 1A 1A N
a) Voi diéu kién nao thi tir hé 7’ = f,(¢,x,,x,,...,x,) ta co thé 1ap dugc mot phuong
t

trinh vi phan cap n d61 v61 mét ham nao day, chidng han x

n n—1
I _ [, ®, 2 - (2.1).
dt" dt dt"

b) Tiép d6 ta phai chung minh V nghiém cua (2.1) déu tmg voi mot nghiém

{x,%,,...,x,} cuahé (1.2).

Vé phuong dién 1y thuyét nguoi ta di ching minh ring néu cic ham
f; (i=1..n) lién tyc va c6 dao ham riéng lién tyc dén cép n—1 theo tat ca cc bién

thi ca a) va b) déu thoa man.

§3. PHUONG PHAP LAP TO HOP GIAI TICH

Vi du mo dau.

Xét hé
d _
a °
@ _
dt
. d(x+
Cong hai vé cta phuong trinh = % =x+y
d(x+
hay M:aft:>lr1‘x+y‘=t-|—ln‘Cl‘:>x—i—yzCle‘.
xX+y
\ . \ d(x_y) _ _ —t
Tuong tu trir hai phuong trinh cho nhau > ——F=-dt = x-y=C,e
X=y
x+y=Ce x=Ce +Cye”’
= =
x—y=Ce" y=Ce' -C,e"

Bo mon Khoa hoc co ban Trang 68



Phuwong trinh vi phdan

Téng quét: Tir hé %:ﬁ(z,xl,xz,...,xn) 3.1)

C6 trudong hop co thé giai duoc bang cach 1ap cac to hop giai tich tuc 1a 1ap
nén nhiing phuong trinh vi phan méi 1a hé qua cua phuong trinh ban dau tir d6 thu

duoc cac hé thirc dan
D (2,x,,%,,...,x,)=C (3.2)

Hé thirc (3.2) goi la tich phan dau cua (3.1). Néu tim dugc k t6 hop giai tich thi ta

s& c6 k tich phan dau.

................................... (3.3)

Néu tat ca cac tich phan dau nay doc 1ap tuyén tinh tirc 12 c6 it nhat mot dinh thire

D(®,,...,D,)

=0 (3.4)
D(x,-px,'za---axik)

Trong d6 x,,x,,,...,x, 1a k£ ham nao day trong (X,,X5,...,x,) thi tir hé (3.3)
ta ¢6 thé biéu dién & ham chua biét theo cac ham con lai roi thay vao h¢ ban dau ta

s€ ha duoc & cép hé do. Tac 1a dua duoc vé n—k phuong trinh.

Néu k =n va céc tich phan dau doc 1ap thi cac ham chua biét déu xac dinh duoc tir

hé (3.3).

Vi du 2: Xét hé:

dx
@l
%—Z—x
dz
@
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d(x+y+z)

g =0= x+y+z=C,. Nhan phuong trinh

Cong 3 phuong trinh lai =

dau véi x, phuong trinh 2 voi y, phuong trinh 3 véi z, sau d6 cong 3 phuong trinh

lai :xﬁ+yd—y+2%:0:>x2+y2+zzz(fz.

dt dt dt
Chii y: Dé tim céc t6 hop giai tich nguoi ta thudng viét (3.1) duéi dang sau day goi
1a dang dbi xtmg:

dx, B dx, dx, dt
@ (t,X5.00x,) & (t,x,...,X,)

o .(t,x,...x,) P (t,X5....X,)

Trong do %: /i

0

§ 4. HE PHUONG TRINH VI PHAN TUYEN TINH THUAN NHAT

4.1. Dinh nghia
Ta goi hé thuan nhat tuyén tinh 13 hé c6 dang:

dx
7; =a, (1)x, +a,()x, +...+a, (H)x,
............................................................ (4.1)
dx,
dt = anl(t)xl + anZ(t)xz + + ann(t)xn
Ky hiéu
&
X dt
Xy dx
dx | —=
X=|.. |, —=| dt |; A@W)=\a,(
” 0 =(a,®)
xn dxn
dt
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Khi d6 (4.1) c6 dang Cil_)t( =A(H)X 4.1

Twong tu ta co hé ‘;—f = A()X + F(t)

(4.2)
S ®
, A0 . A S 5
Trong d6 F(¢)= (4.2) goi la h¢ phuong trinh vi phan tuyén tinh khong
1, @)

thuan nhét.

Sau day ta gia sir cac a, (), f;(¢) 1a cac ham lién tuc trong (a,b) khi d6 trong
V[a,B]e(a,b) hé (4.2) thoa man diéu kién dinh 1y ton tai va duy nhat nghiém.
Sau nay ta s& thay déi v6i (4.2) nghiém xéc dinh boi hé diéu kién dau véi ¢, € (a,b)
s& ton tai duy nhat trén toan khoang (a,b).

4.2. Toan tir vi phan tuyén tinh
< dX . . .
bat L[X]= " A(H)X, khi d6 (41) co dang L(X)=0
(4.2)codang L(X)=F(¢).
a) Tinh chit cua toan tir L .
L[CX, +C,X,|=CL[X |+C,L[X,].
b) Mot s6 dinh 1y vé nghiém ctia hé phuong trinh vi phéan tuyén tinh thuan nhat.

* Pinh Iy 1: Néu X, (i=1..n) la cdc nghiém cua hé¢ L(X)=0 thi ZCka

(voi C, = const ) ciing la nghiém cua hé phuong trinh.

* Dinh ly 2: Néu L(X)=0 voi ma trdan A(t) thuc co nghiém phuc X =U +iV

thi U,V ciing la nghiém cua hé phuong trinh do.
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4.3. Khai niém vé sy phu thudc tuyén tinh

Gia st cac vector X, X,,..., X, xac dinh trén (a,b) .

x,;(7)

x = 2O o

i

X, (1)

Khi d6 ta néi ring {X,} 1a phu thudc tuyén tinh trén (a,b) néu ton tai cac hiang sb

a,,0a,,....a, khong ddng thoi bang khong sao cho
aX +o,X,+.+a,X,=0 Vie(ab) (4.3)

Néu (4.3) chi nghiém ding véi Ve, =0 thi {X,} goi la doc 1ap tuyén tinh trén
(a,b).
Chu ¥ rang (4.3) tuong dwong véi hé

ox, +o,x, +..+ax, =0

Day la hé phuong trinh dai s6 thuan nhét ddi v6i .. Pé a, khong dong thoi bang

khong

W[X,X,,..,X,] goiladinh thirc Wronski cua {X,}.
* Dinh Iy I: Néu n vector { X,} phu thudc tuyén tinh trén (a,b) thi

W([X,.X,,..X,]|=0 trén khoing do.

Nhung diéu nguoc lai khéng ding.
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q t r :
Ching han X, =(J X, :£ 2} ta c6 the chimg minh theo dinh nghia
t
X,, X, doc lap tuyén tinh nhung W[X,,X,]=0.

Tuy nhién ta ¢ thé chimg minh rdng néu {X,} 1a cdc nghiém cua phuong trinh

L(X) =0 thi diéu nguoc lai 13 dung.

* Dinh Iy 2: Néu W[X,.X,,...X,| cia cic nghiém {X,} cia hé L(X)=0 triét tiéu
dii chi tai mét diém t=t, e (a,b) lién tuc cia cdc hé s6 cua hé

phuwong trinh thi {X l.} sé phu thugc tuyén tinh trong khodang
(a,b) va W[X,X,,..,X,|=0 Vie(a,b).

Chirng minh:
Chi y m& dau: Néu X(¢) la nghiém ctia L(X)=0 sao cho X(z,)=0 v&i
t,€(a,b) thi X(t)=0 do tinh chat duy nhat nghiém (vi phuong trinh ton tai

nghiém X, =0 V7).

t=t,

Theo gia thiét W[X,,X,,...X,]  =det(x,(,))=0.
Xét phuwong trinh C X,(¢,))+C,X,(t,)+...+C, X, (t,) =0

Clxll(tO) + szlz(to) +..t Cn‘xln(to) = O
Phuong trinh twong duong vOi hé q......cccvveeiiiiiieeee e
Cx, (t,)+Cx, ,(t,)+..+Cx, (t,)=0

Do det(xl.j (to)) =0=> 3 cac nghiém C, khong dong thdi bang khong .

Xét biéu thic X (1)=).C.X,(r) déy ciing 1a nghiém ciia phuong trinh
L(X)=0 (tinh chat cta todn tr L) va vi X(f,)=0 = theo tinh chat duy nhét
nghiém = X (¢)=0 Vie(a,b) hay D> CX,()=0 = {X,} phu thujc tuyén tinh

=>W[X,X,,..X,]=0 Vte(a,b) (dpcm).
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Chu y: T dinh ly 1 va dinh Iy 2 = W cua n nghiém cua hé phuong trinh
L(X) =0 hodc dong nhét bang khong hodc khac khong Vvt e(a,b).

4.4. Hé nghiém co ban
Dinh nghia: Hé n nghiém riéng déc ldp tuyén tinh X, (@), X,(t),...X () cua hé

phuong trinh L(X) =0 duoc goi la hé nghiém co ban cua phuong trinh.
Poi véi hé phwong trinh L(X)=0 Iuén luén 3 hé nghiém co bdan. Vi ta chi can
chon n nghiém riéng {X,} sao cho W #0 tai mot diem t, e (a,b) khi d6 = {X,}

sé la mot hé nghiém co ban.

0
Hg nghiém co ban {X,} ma sao cho x,(z,) =&, trong d6 &, = {1 (0,
J
ky hiéu Kroneke ) goi 12 hé nghiém CHUAN TAC.
* Dinh Iy 3: Néu {X,} la hé nghiém co ban ciia hé L(X)=0 thi nghiém tong qudt

cua hé phuong trinh la X = ZCI.XZ. .

i=1

a) Biéu thic X =Y CX, la nghiém
i=1
b) Tir hé thirc trén ta c6 thé gidi ra cdc C diéu nay dwoc suy tir
wlXx,.X,,..X,]#0
Chu y: Cong thtrc Z C. X, cho ta moi nghi¢m cua phuong trinh . Gia sir tim nghiém
X

X
X (t) saocho X (t,)=X,=|

an
Khi @6 xét hé

Cix, (1)) + Cox, (8)) +...+ Cx,, (1)) = X,

Cx, (t,)+Cx,(t)+...+Cx, (t,)=x,

n- nn
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Do det(xl.j(to)) # 0 = tim dugc C, theo X, .

§5. HE PHUONG TRINH VI PHAN TUYEN TINH KHONG THUAN
NHAT

Xét hé dang % = a,(0)x,+ f (5.1)
J=1

Hay viét dudi dang ma tran CZ—X =AW)X + F(¢).
t

5.1. Mot so dinh 1y vé nghiém ciia hé phwong trinh (5.1).

* Pinh Iy 1: Neu X la nghiém ciia hé phwong trinh tuyén tinh khéng thudan nhdt
(5.1) con X, la nghiém ciia hé L(X) =0 twong vmg thi tong X + X, la nghiém ciia
(5.1).

Chung minh: (Dya vao tinh chat cta toan tir L).

* Pinh ly 2: Nghiém tong qudat X cia hé phwong trinh tuyén tinh khéng thudn nhat

trén khodng (a,b) (la khodng lién tuc ciia cdc hé s6 a,(t) va f(t)) bang tong ciia

nghiém tong quat ZCZ.X . cua hé phwong trinh tuyén tinh thuan nhdt twong g va
i=1

nghiém riéng X cia hé khéng thuan nhdt.

X:iqx+i

i=1
Churng minh:
Ta phai chting minh hai diéu:

a) Thod man (5.1) VC, tuyy diéu nay suy ra tir tinh chat cta L .
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L[X] =L{Zn“c,.)(i +)‘(} = Zn:Cl.L[Xi]+L[)_(] =F(t)

i=1

b) Tir biéu thite X =Y C.X,+ X tacd thé gidi ra cac hing s6 C,.

i=1
That vay ta co ZCI.X =X — X khai trién ra day 1a mot hé phuong trinh dai sb

i=1

tuyén tinh d6i v6i C, va Krame ciiahé 1a W[X,, X,,... X,]#0.

Ta chi y rang cong thic X = ZCl.Xi +X cho ta moi nghiém cia phuong trinh
i=1

(5.1) . Dé giai bai toan Cési tim nghiém X (¢) sao cho tai #=¢, thi X(¢,)= X,

trong d6 X, 1a vector tuy y cho trudc, ta phai chon C, sao cho

Zn:le.(tO) =X(t,)-X(t,)=X,-X(,).

i=1

Pay 14 hé phuong trinh dai s6 tuyén tinh d6i véi C va

1

Krame=W[X,,X,,..,X,]#0. Do d6 tim dugc duy nhét C, thod mén bai toan Cosi.

* Pinh Iy 3: (Nguyén 1y chong chit nghiém).

Tong Y X, ciia cdc nghiém X, ciia cac hé phwong trinh L[ X|=F, la

i=1

Ji@®)

m . t
nghiém ciia hé L[X|=> F trong dé F, = S (®)

Jui(0)

(Theo tinh chit cua toan tir L).

* Dinh Iy 4: Néu hé L[ X|=U +iV véi cic hé s6 thuc a,(t),u,(t), v,(t) c6 nghiém

X =U+iV trong dé
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u, (1) u, (7) v (1) V(1)
_ u, (t) T u,(1) . v, (2) _ v, (1)
u, (1) i, () v (1) v (1)

Thi U va V sé la nghiém tuong tng ciia hé L[X]=U va L[X]=V
(Theo tinh chit cta toan tir L va so sanh cac phan thuc , 20).

5.2. Phwong phap bién thién hiang s6
Phuong phap gom hai budc

* Budc 1: Tim hé nghiém co ban X, X,,..., X, cua hé thuan nhat tuong ung—=

nghiém tong quat X = Zn:CiX ; (5.2)

i=1

* Buéc 2: Xem C, =C,(¢) va chon C,/(¢) sao cho biéu thirc ZCl.(t)Xi thod man

i=1

L[X]|=F(1).
Viphan (5.2) theo ¢ ta du’orc —= ch ®) X+ ZC (z)— =
= ZHZ%X[ + A(z)i C(X, = Zn“%)@ _axX A(t)ZC X, =F(t)
(5.3)

(5.3) 1a phuong trinh vector tuong duong voi hé

S dC.(1) B

Z =40

................................. (5.4)
“dC(t)

;—dt X, = £, ()
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Krame = W[X,X,,..X,]#0 = giai ra duy nhat %:qﬁi(t)

=C = J‘¢l.(t)dt +C,. Thay gid tri cua cac C, vao (5.2) ta dugc

x=Y([¢@di+C)X, hay X =YX, +Y([4ar)x,.

Tir cong thirc trén ta thdy X 1a tong ctia nghiém téng quat va mot nghiém riéng.

Vi du: Giai hé

t F= 1
a_ L —
dt cost cost
Budec 1:
dx _y
7 2 x=C cost+C,sint
dt = ;C—i-x:O = : ) 2
ﬂ:—x dt y=-C,sint+C, cost
dt
Budc 2:

Xem C, = C,(¢) thay vao hé ta duoc (thay truc tiép)

mcostersint =0

CoSt =——
cost

_dG@ . dC(0)
dt dt

= C,(t)= ln|cost|+51 :C,(1)=t+C,

{x =C, cost+C, sint+costln|cost|+tsint
—

y=-C,sint+C, cost—sintln|cost|+tcost
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§6. HE PHUONG TRINH VI PHAN TUYEN TINH THUAN NHAT

CO HE SO HANG SO

Do 1a h¢ phuong trinh vi phan c6 dang

dx,
—=a, X, +a,x, +..+a,x,

............................................... (6.1)

n

=4a, X + a, X, +...+ a,.x,

Trong d6 a; la cac hang so6.

Ta c6 the giai h¢ (6.1) ma khong can dua n6 vé phuong trinh vi phan cép

cao. Ta s& tim nghiém ctia hé (6.1) dudi dang sau
x, = pe,x, = pe’,.,x, =pe" (6.2)
Trong d6 p,,p,,....,p,,A 1a nhitng hang sb ma ta s& xac dinh.

Thé céc biéu thie (6.2) vao (6.1), ta dugc hé phuong trinh dai sb tuyén tinh sau

day d6i véi p,, pyse.p,

(a,—A)p, +a,p, +..+a,p,=0
a21p1+(a22_/1)]72+-'-+a2npn =0 (6.3)

anlpl +ar12p2 +"'+(ann _/I)pn :0

P6 1a mot hé phuong trinh dai s6 tuyén tinh thuan nhét, nd phai c6 nghiém

khac khong, do d6 dinh thirc ciia ma trn cac hé sé ciia nd phai bang khong.

a,—A  a, ... a,,
Ay, Ay —A ... a
21 22 2
" =0 (6.4)
a, Ay oo a, —A
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Phuong trinh (6.4) dugc goi la phuong trinh déc trung cta hé (6.1), no la

mot phuong trinh dai s6 bac n dbi véi A . Nghiém cua né dugc goi 1a gia tri riéng

cua hé.
Ta xét cac truong hop sau:
a)Phuong trinh déc trung (6.4) co n nghiém thyc don 1,4 ,,...,4, khac nhau.

Ung v6i moi gia tri riéng A, ta xac dinh dugc mot vector riéng twong tng

D

E: Dy

pni

n

Khi dy hé phuong trinh vi phan (6.1) co6 n nghiém X, X,,..X

At

X P€
At

X,. e’

_ 20 | _ pz, .
X, = = (i=1..n)

At

xni pnie

Hé 4y dugc goi 1a hé nghiém co ban. Khi d6 nghiém tong quat ctia hé (6.1) 1a

n
X=>CX, hay cé théviét

i=1
x,=Cx,, +Cx, +..+C x,,
x,=Cx, +Cx,, +...+C x,,

x,=Cx, +Cx,+..+Cx,

b) Phuong trinh dac trung (6.4) co cac nghiém thuc A ,1,,..,4 lan luot boi

IL,l (4L +..+1 =n).

Ta tim nghiém ctia h¢ (6.1) dudi dang
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X, = pll(t)e“ +p12(t)e12’ +...+pls(t)el*'t
X, = pzl(t)eilt + pzz(t)eizt +...+ pzs(l)elst

X, = pnl(t)eﬂ” +pn2(t)ew +...+pns(t)ei*"

Trong d6 p;(?) la cac da thirc bac [, -1 (j=12,...,s;i=12,...,n) cac h¢ sO cla
da thtre nay phu thudc n hing sé tuy y C,,C,....,C,. Dua vao hé phuong trinh (6.1)

c6 thé tim duogc cac hé sb d6 bang phuong phap hé s bat dinh.

¢) Phuong trinh déc trung (6.4) c6 cac nghiém phuc lién hop.

Mubn duoc nghiém téng quét cta hé phuong trinh (6.1) dudi dang thuc thi

tuong tu nhu phuong trinh vi phan tuyén tinh thuin nhat cp cao c6 hé s6 khong ddi
ta dung cong thic Euler va liy cac nghiém riéng 1a phan thuyc va phan o cua

nghi¢m riéng phirc tuong tng.
d) Cac vi du:

Vi du I: Giai hé

X' =x+2y
Y =4x+3y
1-1 2 5 . :
Phuong trinh dédc trung la 34 =0 hay 1°-41-5=0 c6 hai nghiém

ung véi A =5 hé phuong trinh dé xac dinh vecto riéng 1a

1-5)p,+2p, =0
{( )P+ 2p, o 4p,—2p, =0.

4p,+(3-5)p,=0
C6 thé 13y p, =1, p, =2.Vay vecto riéng

ung voi A =5 1a (1,2). Tuong tu ta tim dugc vector riéng ung vo1 A,=-1 la

(1,—1). Do d6 nghi¢m co ban cia h¢ 1a
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Vay nghiém tong quat ctia hé phuong trinh d3 cho 1a

x=Ce" +Cye’

y=2Ce" -Cye"
Vi du 2: Giai hé
X' =x-5y
Yy =2x-y
. 5 C1=-2 -5 5 ) »
phuong trinh dac trung Ila 5 a7 0 hay 2°+9=0 c6 nghiém

A=3i A=

—3i. Véc to riéng tmg vé1 A =3i 1a (5,1-3i). Do d6 ta c6 nghiém la
x, =5e"" =5c0s3t +i5sin 3t
¥, = (1-3i)e™ =(cos3t +3sin3t) +i(sin 3¢ —3cos 3r)
V&y nghiém tong quat ctia hé da cho 1a
x =5C, cos3t+5C, sin3¢
y =C,(cos3t+3sin3t)+ C, (sin 3¢ —3cos 3r)

Vidu 3: Giai hé

X'=x-y
Y =x+3y
1-4 -1

phuong trinh ddc trung la 3_ 1 ‘ =0 hay 1°-41+4=0 c6 nghiém kép

A ,=4,=2.Do d6 ta tim nghiém cua hé c6 dang

xX= (at +b)ezt

y=(ct+d)e”
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thé vao hé phuong trinh ta dugc

2at+2b+a=(a—c)t+b—d
2ct+2d+c=(a+3c)t+(b+3d)

dong nhat hé so cua cac s6 hang cung bac ta dugc

2a=a-c
2b+a=b—-d
2c=a+3c
2d +c=b+3d

Cho a=C,,b=C,, C,,C, tuy y taduoc c =-C,,d =—(C, +C,).
Vay nghiém tong quat 1a

x=(Ct+C,)e”
y==(Ct+C, +C,)e*
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Phan 1: Phwong trinh vi phén cap 1

Phuwong trinh vi phdan co bién sé phdn ly

I. y'cos2y—siny=0

, cosy—siny-—1
cosx—sinx+1

3. Yy =x"+2xp-1+y°

6. y'=(x+y-1)

7. y=x’—y+2x Ditz=x’-y = y' =2x-2

8. (1+y2)[ezxdx—eydy ]—(1+y)dy =0
9. (xy2 —y? +x—1)a’x+(xzy—Z)cy+x2 +2y—2x+2)dy:0

<:>(y2 + 1Xx—1)dx+ (y + 1)(x2 - 2x+ 2)a’y =0

-1 1
2x dx + y2+
x°—=2x+2 vy +1

dy=0

, (x+y)"
10. y'+1=
P T ) )

Dat z=x+y.
11. a(xy’ +2y)=xyy' (bién d6i vé x(a—y)y' = —2ay)
' 2 2 =
12. y'=y* —— (Dat z=xy)
X

13. Giai phuong trinh vi phan (y'2 -~ l)x2 y?+ y'(x4 - y4)= 0 (coi la phuong trinh cip

2 d6i véi y’)
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Phurong trinh vi phén thuan nhit

14, xdy — ydx = \|x" + y*dx

Yy

15. xp' = y—xe*

16. xy' = ycos[lnlj =)' = Zcos(lnlj z=2
x X x x

= z'x+z=zcos(lnz)

dz dx d(lnz)  dx
- = & —— 7 =
z(cos(Inz)—1) x cos(lnz)-1 x

17. ax® +2bxy + cy® +y'(bx2 +2cxy+fy2): 0
18. x*y"* =3xpy' +2y* =0

19. 2x+ y +1)dx — (4x+2y —3)dy =0

!

20. (xy'+y)2 =3y,

21. y'=z+sinz, voi y(1)=

T
X X 2

22. xyy' +x° =2y° =0
23. 3+ y)H)y+ (3’ =xH)xy' =0

24. xy'=y(l+Iny-Inx), y(l)=e

25. y* +x’y =xyy’'

26. (x—ycos yjdx+xcosldy:0
X

X

Phuwong trinh vi phan tuvén tinh

27. xy' — y = x*arctgx
28. (1+x%)y —2xy = 1+ x°)

X2

29. y' +2xy =xe”

30. x(l+x2)y'—(x2 —1)y+2x:0
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31. y'sinx—y=1-cosx

32. (sin2 y+xcotgy)y' =1 x- ham, y— bién

33. y' +tgy = al bat z=siny
cos y

34, (2ey —x)y' =1 x— ham, y— bién
35. (1-2xy)y" = y(y—1) x— ham, y— bién
36.y' +xy=x"

2,3
37.47 TXTTR

y(1)=1

38.y'+ =0 (coi x I ham ciia y)

2Xx -y
39. ye! =y'(y* +2xe’ ), v6i y(0) = -1 (coi x 1a ham cua y)

40. (x2 - y)dx +xdy =0

41.Giai phuong trinh vi phén 2xy' +y = IL

42 2x(1+x)y" = (3x +4)y + 2x/1+x =0
43, xy' —y=x"sinx
44.Tim nghiém riéng ctia phuong trinh 'cos> x+ y=tgy théa man diéu kién

y(0)=0. Tim nghiém riéng ctia phuong trinh vi phan y'v1-x’ + y =arcsin x

thoa man diéu kién y(0) =0.

Phuong trinh Becnuli

45. xy'+y =y’ Inx
46.3y°y" —ay’ =x+1

47. (xy + x2y3)y' =1 x— ham, y— bién
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48. y'x’siny =x'y -2y x— ham, y— bién

49. (x2 +y° + l)dx + xydy =0

50. (x2 —~ l)y'siny +2xcosy=2x-2x" Dat z=cosy
51.x(ey—y'):2 bit z=¢’

52. 9 —1=e"%

53. (x? + 3> +2x—2y)dx + 2(y—Ddy =0 Dt z=y—1

54. x>y’ = y(x +y) (bién d6i vé dang y'—ly=izy2)
X X

2y\/;

cos’y

55.Tim nghiém cta phuong trinh vi phan ydx + 2xdy = dy thoa mén diéu
kién y(0)=r.

56. (x + 1)(y’ + y2)= —y

57. xydy = (y* + x Jix

58. (y + \/E)dx = xdy

59. Giai phuong trinh vi phan xy’ - 2x2./y =4y

60. 2x%y" =y (2xy" - y) (coi x = x(y))

61. xyy'— y* =x* (o 1a tham sb)

Phuwong trinh vi phdn toan phfin

62. (lsini—%cosZJr1}dx+[lcosl—%sin£+%jdy =0.
Y y X X X Xy Yy oy

63. {x+edex+ey(l—£jdy =0.
y

64. 2x(1+w/x2 —y)a’ —{x* —ydy=0.
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65. (x2 +y° Xxdy — ydx)=(a+x)x*dx.

66. (xcos y — ysin y)dy + (xsin y + ycos y)dx = 0.
67. (x* Inx — 2xp° Jdx + 3x>ydy = 0.

68. y’dx + (2xy +3)dy = 0

69. ¢*(2+2x — y? Jix — 2¢*ydy =0

70. Tim nghiém riéng cua phuong trinh

{x +e’ ]dx +e’ [1 - ijdy =0 théa man diéu kién y(0) = 2.
y

71. <y2 +1)%dx + (y2 +3xy4/1+y° }iyzO

72. (y cos’ x —sin x)dy =ycos x(y sin X + l)dx

73. (2x + 3X2y)dx = (3y2 - x3)dy

2
74.( X +2jdx—W=o
siny 2sin”y

75.Giai phuong trinh vi phan (y +¢* sin y)dx + (x +e* cos y)dy =0

76.Gii phuong trinh vi phan (x + sin y)dx + (x cos x + sin y)dy = 0
x3

77.Giai phuong trinh vi phin 3x*(1+In y)dx = (2 Y- —de
y

78.Tim hang sb a dé (1 +y7sin 2x)dx +aycos® xdy 1a vi phan toan phan cta ham
u(x,y) nao d6 va giai phuong trinh vi phan (1 +y”sin 2x)dx +aycos’ xdy =0
vo1 a tim duoc.

Phuwong trinh F(x, y’)=0, F(y, y’) =0, F(x,y,y’)=0,

79. xy’ =1+y'.

80. y=¢""y".
1

81. y*x=¢e".
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82.y= y'(l + y'cos y’).

Phuong trinh Lagrange- Klero

83. y=2xy"+siny’.
3.
84. y==xy'+e”.
2
85. y=2y'x+y2y"” (Nhan hai vé véi y, Pat z = y?).
y 1 . 4
86.x==+——  (x— ham, y—bién).
Y

87.xy'—y=Iny’.

88.2y"*(y—xy')=1.
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Phan 2: Phwong trinh vi phin cap cao
89.y"* +x* =1 Dat y" =cosep ; x=sing.
90. Tim nghiém ctia phuong trinh: y"> =4(y'—1) thoa man cac diéu kién ban
dau:
a) y=0, y'=2 khi x=0.
b) y=0,y'=1 khi x=0.
91. (l—i-xz)y”+y'2 +1=0 Dbit y'=p tim p=p(x).

92. y'(l + y'z): ay".

93. y'"(1+y'2)—3y'y"2 =0 = y” = 3yy'2 :>d1ny"=§dln(l+y'2)
v Lty 2

3

=" =1+ +C = ...

!

Yy

94. yy”—y'2=—T -
X
Chl’l}'/:j dx :ln(x+\/l+x2).

1+ x?

dang thuan nhét, dat y' =yz.

95. y"=yp".

96. yyW:yi)}N‘

97. y"—ly'+izy=1 :d(y’—x)—d(ljzo
x x

X

212

98. ¥y +2y*y"* + " :—2yy
X

chia hai vé cho jyy'.

S a’[lny’+y2 +lny]=a?1nx2 .....
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100. y"(l+y)=y”?+y' (Paty =p(y))

101 yy"+y” =1 (Paty’ =p(y))

102. Tim nghiém ctia phuong trinh vi phan y” =e? thoa man y(0)=y'(0)=0

103.  2xy'y"=y"? -1

104, (x+1)y"+x(y') =y’

105.  y"cosy+(y')’siny=y’

106.  Jyy'=y'

107. xy"=y'+x* (Dity’ =p)

108. y"” +yy"=yy'

109. xy"=y'+x

110.  xy"=2yy'-y' (Patz=xy’)
y"=2yy

111. Giai phuong trinh vi phan
pRECHS TP {y«)):z;y'(o):o

!

Phuwong trinh vi phén tuyén tinh

112.  x’y"-2y=x">cosx, biét mot nghiém riéng ctia phwong trinh vi phan thuan
nhit twong tmg 13 y, = x>

t e n ‘A . )
COLEX pidt mdt nghiém riéng cua phuong

113. Giai phuong trinh y"+ 2y’ +y =
X

sin X

trinh vi phan thuan nhét trong Gmg y, =

114. Giai phuong trinh vi phan: x*(x +1)y" = 2y biét mot nghiém y, =1+ 1
X

115. Giai phuong trinh vi phan (x2 + l)y" — 2y =0 néu biét mot nghiém ctia nd c6
dang da thuec.
116. Giai phuong trinh vi phan (2x +1)y" + (2x = 1)y’ =2y =x> + x biét n6 c6 hai

A n x* +4x -1 x* +1
nghiém riéng vy, == V.=
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117. Xac dinh hang s6 o sao cho Y = e la nghiém riéng ctia phuong trinh vi
phéan
y" +4xy' + (4x2 + Z)y =0. Tim nghiém tong quat ctia phuong trinh.
118. tim nghiém téng quat ciia phuong trinh vi phan
(3x2 + l)xy" +2)"— 6xy=4—12x* biét rang nd c6 hai nghiém riéng

Y, =2x, ¥, :(x+1)2

Phurong trinh vi phéin tuyén tinh hé sé hang sé

119. y"-13y'-12y=0.

120.  y"-2y"+9y'—18y=0.

121. yW4y=o0.

122, yW42p"+33"4+2y'+3=0.

123, W43y 43,004 0 =9,

124,  y"+y=4e".

125.  y"-3y"+2y=3e™ +2x°.

126. y"—y=2sinx—4cosx.

127. y"-2y"+4y=e"cosx.

128.  y"+n’y=sin’ nx.

129.  y"+ y=sinxsin2x.

130.  y"—2y=4x%e" cOnghiémriéng y" =e* .

131.  Vé&inhiing gié tri nao ctia p va ¢ thi tat ca cac nghiém cua phuong trinh.
y'=py'+q gi6indi Vx>0 (p>0,q>0).

132.  p,q =" thi tit ca cac nghiém cua phuong trinh "+ py'+ ¢ =0 la nhiitng ham

tuAn hoanctia x  (p>0,¢>0).
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Phuwong trinh vi phdan
133, x’y"—xy'+2y=xlnx t=Inx.

134, (2x+17y"—4Q2x+1)y' +8y=-8x—4  t=In(2x+1).
| .
135, y"+—y +—2y=2sm(lnx) t=Inx.
x x
136.  (1+x)y"+(1+x)y'+y=4cosln(l+x)  ¢=In(l1+x).

137. »"+9y=In

2sinz
2

138.  Dung phép bién d6i ham y = Xiz dé giai phuong trinh vi phan:
x’y" +4xy’ + (X2 + 2)y =e"

139.  y"+y'=e*(sinx—cosx) (Pity =€ z)

140.  Giai phuong trinh y”" — (Ze" + l)y' +e>y=e’ bang doi bién t=¢*

141. y"+y'=x+e*

142. y”—2y'+2yzx(eX +1)

143.  y"cosx +y'sinx — ycos’ x =0 dat t = sinx

144.  2y"+5y'=29xsinx

1

sin X

145. y"+y=

146.  y"—4y=(2-4x)™

X

147. y"—2y'+y:e—+c0sx
X

148.  Giai phuong trinh vi phdn xy” + 2y’ — xy =e* bang phép d6i ham z = xy.
149.  y"+y'tgx —ycos’ x =0 dung t = sinx
150. y"-2y"+5y=xsin3x

151.  giai phuong trinh vi phan xp" +2(1— x)y' + (x —2)y =e* bang phép d6i ham

Z=Xy

Bo mon Khoa hoc co ban Trang 94



Phuwong trinh vi phdan
152.  y" -2y -3y=xe* +x’

153.  x’y"+2xy'+ Xlz =0 bang phép bién doi x = 1/t

X

154. y”—2y'+y:1+e
X

155.  Giai phuong trinh x%y” + xy' + y = x bang bién doi x = ¢
156. y"+y'=xe™*

157.  y"—4y +5y=e** +cosx

158.  Giai phuong trinh x*y" — 4xy’ + 6y = 0 bang bién d6i x =e¢'

159. y"+4y' +4y=1+e > Inx

160.  Tim nghiém tong quat ciia phwong trinh vi phan: y” — 4y’ +8y = e +sin 2x
161. Tim nghiém tong quat ciia phwong trinh vi phan:

y' =3y +2y=2x" -5+¢* cos%

—X

(&

162. y"+2y'+y=sinx+
X

1

163.  Giai phuong trinh vi phan y" +y =—
sin x

X

164. y"+y=xe" +2e
165. y"+y'—2y=cosx—3sinx
166. y"—-2y'=2cos’ x

167. »"+ y=sinx+cos2x

Phan 3: Hé phwong trinh vi phan

dx dx
—=y-5cost —=3x-y

168. gt 169. gt
—y=2x+y —y=4y—x
dt dt
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dx
—=2x—-y+z
dr g
170. Q=x+2y—z
dt
dz
—=Xx—-y+2z
y y
X
——=5x-3y=0
171, 4
—+3x+y=0
—=2x+y
172, qdt
ﬂ:4y—)c
dt

Phuwong trinh vi phdan

dx
2o 3x —

dt Y
dy
—=4y—-x
a7

dx
—=x-2y—2z
dt Y
dy
—=y—-X+z
at Y

dz
—=X-Z
dt
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