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10.1 DAN NHAP

Phep bién d6i Laplace, mdt cong cu toan hoc giup giai cac phuong trinh vi phan, dugc
st dung dau tién bdi Oliver Heaviside (1850-1925), mot k¥ su nguoi Anh, dé gidi cac mach
dién.

So v6i phuong phap co dién, phép bién ddi Laplace c6 nhitng thuan loi sau:
* Loi giai day du, gdm dap tng tu nhién va dap ung ¢p, trong mot phép toan.
* Khong phai ban tdm xac dinh cac hang s6 tich phan. Do cac diéu kién dau da duoc dua vao
phuong trinh bién d6i, 1a phuong trinh dai sd, nén trong 10i giai ddy du da chira cac hang sb.

Vé phuong phép, phép bién ddi Laplace twong tu voi mot phép bién do6i rat quen
thudc: phép tinh logarit

(H 10.1) cho ta so sanh so d cta phép tinh logarit va phép bién doi Laplace
|

X I
Lay logprit logarit cua cac
! sO

Céc con sO

A 4

~

Cong cag¢ so

|
Nhan chig tryc tiép :

. I
i Lay logarit nguoc v

| 2 .
Tong logarit

Két qua cac
nhin tinh
Pt vi tich
phan

A

I
I
| Pt sau

Ny Bién doi

Nguyén Trung Lap Y THUYET

MACH




Chuong 10 Phép bién doi

Laplace - 2

Bién doi Laplace

Phép giai c¢b dién ‘ Pk dau  Phép tinh dai sd
Pk dau

Bién doi Laplace nguoc

lanh vyc thoi gian Lanh vuc tan so

(H 10.1)
Dé 1am cac phép tinh nhan, chia, iy thtra . . . ctia cac con so bang phép tinh logarit ta
thue hién cac budc:

1. Lay logarit cac con so
2. Lam céc phép toan cong, trir trén logarit cua cac con sO
3. Lay logarit ngugc dé c6 két qua cudi cung.

Thoat nhin, viéc lam c6 vé nhu phtc tap hon nhung thuc té, voi nhiing bai toan co
nhicéu sO ma, ta s€ tiét kiém duoc rat nhi€u thoi gian vi c6 thé st dung cac bang 1ap san (bang
logarit) khi bién dbi. Hay thir tinh 1,4356%'%7° ma khong dung logarit.

Trong bai toan giai phuwong trinh vi tich phan ding phép bién doi Laplace ta ciing thuc
hién cac budc tuong tu:

1. Tinh céac bién ddi Laplace ciia cac sd hang trong phuong trinh. Céc diéu kién dau dugc dua
vao

2. Thuc hién cac phép toan dai sd.

3. Lay bién ddi Laplace nguoc dé c6 két qua cudi cung.

Gidng nhu phép tinh logarit, & cac budc 1 va 3 nhd sir dung cac bang 1ap sin chung ta
c6 thé giai quyet cac bai toan kha phure tap mot cach dé dang va nhanh chong.

10.2 PHEP BIEN DOI LAPLACE

10.2.1 Phép bién ddi Laplace

Ham f(t) xac dinh véi moi t>0. Bién d6i Laplace cua f(t), dwoc dinh nghia
L[f(t)] = F(s)= J.:f(t).e’Stdt (10.1)
s ¢6 thé 1a s6 thuc hay sd phtrc. Trong mach dién s=o+j®
Toén tir L thay cho cum tir 'bién d6i Laplace cta"
Diéu kién du dé f(t) c6 thé bién ddi duoc 1a
[ If®)edt <o (10.2)
8 14 s6 thuc, duong.

Diéu kién nay hau nhu dwoc théa dbi véi nhitng ham f(t) gip trong mach dién. Vi e™
la ham mti giam khi t ting nén khi nhan vai [f(t)| ta cling duoc két qua tuong tu.
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Thi dy, v6i ham f(t)=t", ding qui tic Hospital, ngudi ta chimg minh duoc
im t"e®=0, §>0

t—wo

Voin=1, ta cbd

th.e‘&dt =i, §>0
0 S

2
Vi gia tri khac cua n, tich phan trén cling xac dinh voi & # 0

C6 nhiing ham dang e® khong thoa diéu kién (10.2) nhung trong thyc té véi nhiing
kich thich c6 dang nhu trén thi thuong dat tri bao hoa sau mdt khoang thoi gian nao do.

at?
Thi du vy {8 0ststo
K , t>t,

v(t) trong diéu kién nay thoa (10.2)

Ta noi toan tur L bién d6i ham f(t) trong lanh vyc thoi gian sang ham F(s) trong lanh
vuc tan s6 phtrc. Hai ham f(t) va F(s) 1am thanh mot cap bién doi

Thi du 10.1 q ,
Tim bién d6i Laplace cua ham nac don vi

o[ 120
0 t<o

o0

* 4 -st __1 -st
L[u(t)]:J.Oe dt =——e™| =

N fo-ve = Lvaer =Y
Thi du 10.2

Tim bién ddi Laplace cua f(t) = ¢™, a 13 hing s
cat] _ [ C a-at o-stgs . [F A—(ats)t
L[e ]_Ioe e dt_joe dt

1 e—(a+s)t00= 1
s+a 0 s+a

Két qua ctia 2 thi dy trén cho mot bang nhé gém 2 cip bién d6i

(t) F(s)
u(t) 1
-at S
c 1
s+a

Bﬁng cach tinh bién ddi cia mot s6 ham quen thudc, ta s€ xay dung dugc mdt bang
dung dé tra sau nay.

10.2.2 Phép bién ddi Laplace ngwoc

Phép bién ddi Laplace nguoc dugc dinh nghia
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Laplace - 4
fi(t) = L F(s)= —— ["F(s)e’ds (10.3)
2mj Yo
Day la tich phan duong, lay doc theo dudng thing dimg s=o, tir -joo dén +joo
jo 4 Moo
(O S
_jc,()
(H 10.2)

Do tinh doc nhat cia phép bién d6i Laplace, ta khong sir dung dinh nghia (10.3) dé
xac dinh f(t) ma ta thuong dung két qua ciia nhing cip bién dbi dé xac dinh f(t) khi dd co F(s)

10.3 CAC PINH LY CO BAN CUA PHEP BIEN DPOI
LAPLACE

10.3.1 Bién ddi ciia mot t6 hop tuyén tinh

Cho 2 ham fi(t) va fi(t), véi cac hing sb a, b. Fi(s) va Fa(s) 1an luot 1a bién d6i Laplace
cua f(t) va fo(t). Ta co:

L [afi(t) + bfa(t)] = a Fi(s) + b Fx(s) (10.4)
That vay

Liaf, t) + b, ()] = [taf, (1) + bf, (e dt

=a| 0°°f1 (tedt +b| : f,(t)edt

= L [afi0 + bB®] = a Fi(s) + b Fx(s)
Thi du 10.3

Tim bién doi Laplace cua coswt va sinmt

Twr cong thic Euler
e’ +e” . . -e
coswt=—va sinot=——
2 2
Ap dung (10.4) va dung két qua & thi du 10.2

L[Co&ot]—L[ertJreJmt]:—[ LIPS

2 2's—jo s+jo %+

jot jot jot jot

L[coswt] =

s? + o?
Tuong tu:
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Laplace - 5
ju)t_ —jot
L[sinwt]:L[e -e ]=l.[ 1. - 1. 1= 2(0 2
2j 2 s—jo s+jo  Ss°+o
. ()
Lsm t] =
[sine] s* + 0’

10.3.2 Bién doi ciia e™'f(t)

L[e‘a‘f(t)] = | : e *f(t)e dt = [ : f(t)e “*9'dt = F(s+a)
Lie=f(t)] = F(s+a) (10.5)

Khi ham f(t) nhan voi e™, bién doi Laplace twong ting ™ f(t) c6 dugc bang cach thay
F(s) boi F(s+a)
Thi du 10.4
Tim bién d6i Laplace ctiia e*'cosot va e *sinot
Chi can thay s boi s+a trong cac cac két qua bién ddi ctia ham sinot va cosmt & trén.

[e ™ cosnt] = __s5*a
(s+a)’ + o’
: ®
L e?sinot] = — ———
[ ] (s+a)’ + o’
Thi du 10.5
Tim f(t) tng véi F(s)= __6s
’ s 7 s*+2s+5
Viét lai F(s) , sao cho xuat hién dang F(s+a)
6s _ 6(s+1)-6

F(s)= 2, 2 2 ~2
(s+1)"+2° (s+1)+2

Dung két qua cta thi du 10.4 véia=1va =2

(s+1) 3 2
(s+1Y7+2° (s+1)+2°

F(s)=

= f(t) = L [E(s)]=6e"cos2t - 3e'sin2t

10.3.3 Bién doi caa f(t-t)u(t-t)
f(t-t) 1a ham f(t) tré T don vi thoi gian. (Luu y 1a f(t)=0 khi t<0 nén f(t-1)=0 khi t<t)
[f(t —1).u(t —1)] = j: f(t - ).ut - )edt = [ “f(t —7).edt

Poi bién so: x= t-t

L[f(t —t)u(t -] = : f(x).e*dx = e [ f f(x)e **dx
Lif(t —o).u(t — <)) = e=F(s) (10.6)

Hay so sanh (10.5) va (10.6)
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Chuong 10 Phép bién doi

* 0 (10.5), F(s+a) biéu thi su chuyén dich cta F(s) tir s dén s+a trong lanh vyc tan s6 twong

mg vo&i nhan ham f(t) véi e trong 1anh vuc thoi gian.

* O (10.6), f(t-t) biéu thi sy chuyén dich ctia ham f(t) tir t dén t-t trong lanh vuc
tuong tng v4i nhan F(s) véi e trong lanh vyc tan sb.

Thi du 10.6
Tim bién ddi cua f(t)=e 'u(t-2)
Viét lai f(t):

fit)y= P ut-2) =e%e P ut-2)

vi L [e'3tu(t)]=£
+

e-2s
S

Nen L [e Pu(t-2)]=
+3

e—25
)
s+3

L [e 'u(t-2)]= e

10.3.4 Pinh 1y két hop (Convolution theorem)

Pay la dinh 1y dung dé tim bién doi nguoc y(t) cua tich 2 ham F(s)va G(s)

t
y(t)= L G(s).F(s)]= Iog(r)f(t —1)dt (10.7)
Tich phan trong biéu thirc dugc goi 12 két hop hai ham g(t) va f(t), ky hiéu:

g®*f(t) = [ g(0)fit - 1) (10.8)

Thi dy 10.7
Tim két hop 2 ham e va ™
Dung (10.8)

t
et*e? = IO e".e " dr

_ -2t t T
=e IO e'dt
e-t * e-2t: e-t _ e-2t
Thi du 10.8

Xéc dinh L- [;]

(s> +1)°
Dung dinh 1y két hop vé6i F(s)=G(s)= 3 1+ ]
Ta duogc f(t)=g(t)=sint
L1 L rece)
(s*+1)

= g(t)*f(t) =sint*sint
=I;sinr.sin(t —1)dt

Ap dung cong thirc bién d6i lugng giac roi 14y tich phan, ta duoc

thoi gian
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Laplace - 7

1
(s + 1Y

L'l[

1_.
=— t-tcost
] > [sint-tcost]

10.3.5 Bién ddi ciia dao ham

% DPao ham bac 1
L df(t) (-~ d st
—==| —f(t)e *dt
’ dt J. 0 dt ®
Lay tich phan tirng phan
bit u=e¢" = du=-se™
dv=df(t) = v=A1(t)

L ? =& *f(t)| ‘z | : f(t)e 'dt

Vi lim e *f(t) =0, s6 hang thi nhit & vé phai = - f(0,)
t—w
L% =sF(s) - f(0+) (10.9)

£(0.) 1a gié tri cta f(t) khi t — 0,

#* Dao ham bic 2

UL

dt? dt| dt
_ SL{df(t) } _ df(0.)
dt dt
df(0,)
dt

dfz(t)_ 20 (e i
a2 =s“F(s)-sf(0,)

df(0. ) df(t)
dt

Trong d6 at la gia tri cua

(10.10)

khit— 0.

%* Dao ham bic n

Tir két qua trén, ta suy ra trudng hop dao ham bac n

d"f(t) . N .2 df(0,)  df™'(0,)
L e = s"F(s) - s"'f(0,) - s™ G g (10.11)

10.3.6 Bién d6i ciia tich phan

L [ [ ftet } - [T fodt 1 "t
Pat  u=| f(tydt =du =t

. 1 _
dv=e™dt = v=——¢
S
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Laplace - 8

L [ j;f(t)dt} __e” [Tt

o e —st
. O+gj0 f(t)e 'dt

Khi t—oowe™—>0

t 4 4 4 . “ A “ A
va IO f(t)dt =0 nén so hang thir nhat cua vé phai triét tiéu

t=0

L [[fwat |=1res) (10.12)
ot

S

Khi 4p dung vao mach dién, thoi gian thudng xac dinh tir - co dén t, nhu vay j_‘ f(t)dt co thé
chia 1am 2 phan
[ttt = [ syt + [ ft)ot
—0 -0 0
S6 hang thir nhat ctia vé phai 1a hang s6 va ta dat £ ' (0.)= I_O f(t)dt

He thirc (10.12) c6 thé viét lai cho trudng hop tong quat nhat:

L U; f(t)dt]:ls)+m (10.13)

S S

10.3.7 Bién d6i cia tf(t)

Lay dao ham hé thuc (10.1), dong thoi hoan chuyén cac toan tir 1dy dao ham va tich
phan, ta dugc:

dF(s) = d [ ale [ -
e jo—s[f(t)e Bt = [ [ e = it

V& phai cta hé thuc chinh 1a L [-tf(t)]

viy Lo - =

(10.14)

Thi du 10.9
Tim bién ddi ctia ham tu(t) va tcoswmt

f(t)=u(t) = F(s)= %

d 1
L [tu(t)=] = _E — :S_2
f(t) = cosot = F(s)= — S >
s’ +o
d S s? —w?
L [teoset] = _ELZ +? } - (s* + ©%)?

Dua vao cic dinh 1y co ban ta c6 duge mot s6 cip bién doi. Két hop cac dinh 1y nay
v6i dinh nghia cia phép bién doi ta c6 thém mdt so cap bién doi thong dung.
Bang 1 dudi day cho bién do6i cua mdt sO ham
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10.4 AP DUNG VAO GIAI MACH

Chuong 10 Phép bién doi

bé ap dung bién d6i Laplace vao bai toan giai mach, ta co thé thuc hién theo mot

trong hai cach:

- Viét phuong trinh vi tich phan cta mach dién, dung bién déi Laplace ta duogc cac

phuong trinh dai so.

- Bién d6i mach sang lanh vuc tan s6 nho bién doéi Laplace, viét cac phuong trinh dai

s0 cho mach.

10.4.1 Gidi phuwong trinh vi tich phan

Duéi ddy 1a mot sé thi du cho thay cach ap dung bién d6i Laplace vao giai mach.

Thi du 10.10

Mach RC nbi tiép (H 10.3), khoa K dong ¢ t=0. Xac dinh i(t), cho tu tich di¢n ban dau

voi dién tich q

Béang 1
STT f(t) F(s)
1 3(t) 1
2 u(t) 1
s
3 t 1
SZ
4 n-1 1
————, n nguyan Iy
o1y W 8"
5 eat 1
s-a
6 te™ 1
(s-a)’
7 tn—1 at . 1
e®, n nguyan
(n—1) oy (s-ay
8 1-¢* -a
s(s-a)
9 1 (eat _ ebt ) 1
a-b (s—a)(s—b)
10 Sinwt Q)
s+’
11 Cosmt S
s’ + o?
12 Sin(wt+0) Ssind + ®cosH
s® +
13 Cos(wt+0) scod) — wsind
s° + o2
14 ™ Sinwt ®
(s+a)? +w?
15 e™ Cosmt s+a
(s+a)’ +w?
Nguyén Trung Lap LY THUYET
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Laplace - 10
16 Sinhot Q)
s? — ?
17 Coshot S
s — o2
18 df(t) sF(s)-f(0.)
dt
19 d2f(t) SF(s) - s0+) - df(0,)
dt? dt
20 dnf(t) SnF(S) _ Sn-lf(0+) _ Sn-2 df(0+)__ df n-1 (0+)
dat" dt dt"’
21 [ foet Fis), £70.)
-0 s s
22 f(t—1).u(t—1) e F(s)
23 afy(t) + bh(t) a Fy(s) + b Fy(s)
24 e 'f(t) F(s+a)
25 tf(t) _dF(s)
ds

* Khi str dung bang 1, phai nhan f(t) véi u(t), noi cach khac, f(t) thoa dicu kién 1a f(t)=0 khi t<0

Phuong trinh mach dién

KX FDHARAT <[t + Ri= vuy (1)
v CD m . :{U Lay bién d6i Laplace cac s6 hang pt (1)
T L[l It idt ]+ L[Ri] = L[Vu(t)] (2)
(H 10.3) C-= )
118, O Ris)=Y 3)
C s S ]

e 0,
Vi £1(04)= j idt =q,
qo ¢6 diu (+) ¢ ban trén cua tu, cing ddu voi dién tich tich béi ngudn V nén c6 tri

duong ’
Pt (3) duoc viét lai

I(s) , 9o v
—+—+RI(s)=— 4
Cs GCs (®) ] @
V-q,/C 1
= I(s)= 5
) R s+ 1/RC ©)
Dung bang 1 1iy bién ddi Laplace nguoc dé duoc i(t)
t
= i Yo90C Re
R
Dang song cua i(t)
(H 10.4)
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Laplace - 11

Thi du

10.11

Mach RL néi tiép (H 10.5), khoa K dong ¢ t=0. Xac dinh i(t), cho mach khong tich trir nang
luong ban dau

Phuong trinh mach dién

X 14
>§D'_VVV_ R|+L%—Vu(t) (1)
v C+) m §L Lay bién doi Laplace cac sd hang pt (1)
. Vv
RI(s)+ L[sl(s)-i(0, )] =— (2)
(H 10.5) S XA
Mach khong tich trit nang lugng ban dau nén i(0+)=0
V 1 Vv 1
= I(S):r = —
s(s+ ) s (sL+R)
L
3)
Dang cua I(s) khong c6 trong bang 1.
Viét lai I(s) sao cho gom tong ctia cac ham don gian
- — = o @
s(s+-) S sy
L L

A, B 1a 2 hang s0 can xac dinh
Qui dong mau so ve 2, can bang 2 ve, ta dugc:

A(s+|f)+Bs AT+(A+B)S

s(s+B) s(s+|5)
AE:X A=Y
L L R

Vv

A+B=0 = B=-A=——

R

Thay A va B Vélo (4)

I - —g)
s+—
L

Vv —
= i9=_(1-et), 20

10.4.2 Mach dién bién doi

Trong chuong 6, voi khai niém vecto pha, ta da bién ddi mach dién tir 1anh vuc thoi
gian sang lanh vyc tan sd va viét cac phuong trinh dai s6 cho mach.

Tuong tu , voi phép bién dbi Laplace, ta cling bién d6i mach dién tir 1anh vuc thoi
gian sang lanh vuc tan s6 phtre (s), ké ca cac loai ngudn kich thich khac nhau va ta c6 10 giai
day du thoa cac diéu kién dau.

* Dién tré
Vr=Ri(t) = Vr(s)=RI(s) = Zg(s)=R va Ygr(s)=1/R (10.15)
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Laplace - 12
N i(t) N Ts)
oty wv=Ri R V(s E(S)
(H 10.6)
%* Cufn day
o di (1) N
| qu(t)—L - Hayiu®= - j v (bt
Bién do6i Laplace tuong ting
Vi(s)=L[sIL(s)-1.(0+)]
\% Li, (O
S = ) L0 (10.16a)
sL sL
hay  SLIi(s) = Vi(s)+Lir(0+) (10.16b)
Biu thire (10.16a) cho mach bién d61 (H 10.7b)
Bicu thirc (10.16b) cho mach bién do6i (H 10.7¢)
o(t) L3 YiE) o] HOY) %)
= T — T ? 5 Cl) - T sL
(a) (b) ©
(H 10.7)
% Tu dién
. dv,(t :
o= 2e® o Vc(t)Z% ["ic(tat
Bién ddi cua v(t)
1 1 0+
C s S
Vi Vo (04) = @ la dién thé do tu tich dién ban diu
Vels)=— 1 (s) + Y0 (10.17a)
sC S
Hay I (s)=sCV.(s)-Cv.(0+) (10.17b)
Pt V(s) = Ve(s)- O
S
o a. \%
Bién doi tong trd cua tu la: Zc(s)=ﬁ _ 1
l.(s) sC
Biéu thirc (10.17a) cho mach bién doi cia tu (H 10.8b)
Bicu thirc (10.17b) cho mach bién doi cua tu (H 10.8c¢)
Nguyén Trung Lap LY THUYET
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Laplace - 13
+l E e +l 1) lc +l I(_S]’
?({) S— \i(? o \i(? Q—CH C T (0] D

(@) (b) (©)

Thi du 10.12
Xéc dinh i(t) khi t>0 ctia mach (H 10.9a). Cho i(0)=4A va v(0)=8V

ti | e wlra

. (a) (H10.9) (b)
Mach bién doi cho béi (H 10.11b)
I(s)= (2/s +3)+4-8I/s
3+s+2/s
_ 2s+(4s-8)(s-3)
(s® + 3s+ 2)(s+ 3)
_ 48’ +6s-24
(s+1)(s+2)(s+3)
Trién khai I(s)
I(s)=— 13 N 20 3
s+1 s+2 s+3
Suy ra, khi t>0
i(H)=-13¢"+20e- 3¢ A

Thi du 10.13
Xac dinh v(t) cia mach (H 10.10a). Cho i(0)=1A va v(0)=4V

i
e

)
Ry

482 3H§lé'(tj| 2l41: ::;_T:t:l 45 35% (Dlg L

(a) (b)
(H 10.10)

Viét phuong trinh nit cho mach bién d6i (H 10.10b)

V. V. 1 sV 4

—+—+—+—-—=0
4 3s s 24 24

Nguyén Trung Lap LY THUYET
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_ 4s-24 16 20
= V()= =— +

(s+2)(s+4) s+2 s+4
va  v(t)=-16e2+20e* V

10.5 CAC PHUONG PHAP TRIEN KHAI HAM P(s)/Q(s)

Trong phan giai mach dién bang phép bién doi Laplace, két qua dat duoc 14 mot ham
theo s co dang P(s)/Q(s) , trong d6 P(s) va Q(s) la cac da thuc.

Néu P(s)/Q(s) c6 dang trong bang 1 thi ta c6 ngay ket qua bién d6i Laplace nguoc.
Trong nhiéu trudng hop ta phai trién khai P(s)/Q(s) thanh téng cac ham don gian hon va c6
trong bang.

Goi m va n la bac cua P(s) va Q(s)
Co 2 truong hop

* m<n, c6 thé trién khai ngay P(s)/Q(s)
* m>n, ta phai thyc hi¢n phép chia dé€ dugc

P _ =A,+As+....+A s +m (10.18)
Q(s) | Q)
Pi(s) va Q;(s) c6 bac bang nhau va ta c6 the trién khai P(s)/Q;(s)
10.5.1. Trién khai tirng phan
* Truong hop 1
Q(s)=0 c6 nghi¢m thyc phan biéts; , s, . . . sp.
PE)_ Ky K LK (10.19)
Q(s) s-s;, s-s, S-S,
K; (i=1,2.... ., n) 1a cac hang sb xac dinh bai:
K, =(s-s, )E (10.20)
Q)
Thi du 10.14
Trién khai ham I(s)—L, xac dinh i(t)=L 1(s)]
s® +3s+2
Phuong trinh s 2135+2=0 ¢6 2 nghiém s;=-2 va s,=-1
165 s-1 K, N K,
s°+3s+2 s+2 s+1
P
K, =(s+ 2)ﬁ =3
Q(s)s
P
K, =(s+ 1)ﬁ =-2
Q(s)—y
3 2
I(s)= ———=
©) s+2 s+1
Nguyén Trung Lap LY THUYET
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= i(t)=3e*2e"

%* Truwong hop 2
Q(s)=0 c6 nghiém da trung bac r

Po)__Plo) _ Ko Ko\ 4+ K (10.21)
Q(s) (s-s) s-s, (s-s) " .

bé xac dinh Ky, Ko, . . . K, ta xét thi du sau:

Thi du 10.15
P(s) s+2
Q(s) (s+1)
P(s)_ Ky, K,
Q(s) s+1 (s+1)
Nhan 2 vé phuong trinh (1) véi (s+1)
s+2=(s+1)K;+K; (2)
) Cho s=-1, ta duogc I§2=1 ,
Ne:u ta cling lam I}hu vay dé xac dinh K thi s€ xuat hién cac lugng v6 dinh
bé¢ xac dinh K, lay dao ham theo s phuong trinh (2)
1+0=K1+0 = K1=1
Tom lai
P(s) 1 N 1
Q(s) s+1 (s+1)
Vait)=e¢'+te'
V61 Q(s)=0 c6 nghiém kép, mot hang sé duoc xac dinh nh¢ dao ham béc 1.

Suy rong ra, néu Q(s)=0 c6 nghiém da trung bac r, ta cdn cac dao ham tir bac 1 dén
bac r-1

Trién khai

(1)

* Truong hop 3
Q(s)=0 c6 nghi¢m phtrc 1ién hop s=a * jo

P(s) = P(s) (10.22)
Q(s) (s-o-jw)(s-a+jo) '
P)___ K| K" (10.23)
Q(s) (s-a-jo) (s-a+jm)
Céc hang s K xac dinh boi
K:(s—a+jm)@ =Ae™”,
Q(s) S=0—j®
va  K* :(s—oc—jco)E =Ae™ (10.24)
Q(s) S=0+j®
Thi du 10.16
Triénkhai 1= o=
Q(s) s“+4s+5
Q(s)=0 c6 2 nghi¢m -2 *
Nguyén Trung Lap LY THUYET
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I(s)- P(S)= K . K |
Q(s) (s+2+j) (s-2-))
K = (s+ 2+ ) ) o Lo
Q(s)s_5_ | 2 2
K* = (s+ 20 1 T
Q(s)&_zJrj 2 2
I(s)- j1/2 - 11/2.
S+2+] s+2-]j
. T oy (=24))t _ot e —e
i(H)=j=[e -e =e
= O=11 ] [ > ]

Hay i(t)=e'sint A

10.5.2 Cong thirc Heaviside

Téng quat hoa cac bai toan trif:n khai ham I(s)=P(s)/Q(s), Heaviside dua ra cong thirc
cho ta xac dinh ngay ham i(t), bién doi nguoc cua I(s)

10.5.2.1 Q(s)=0 c6 n nghiém phan biét

=L sy = Ly g((s))]_z( PC(;()G)ST (10.25)
Hoac
n P(s
i(t) = Z%esﬂt (10.26)
=1 &S,

Trong d6 s; 1a nghiém thtr j cua Q(s)=0

Thi du 10.17 ‘
Giai lai thi du 10.14 bang cong thirc Heaviside

I(s )_—1, xac dinh i(t)=L ()]

s +3s+2
Phuong trinh s*+3s+2=0 c¢6 2 nghiém s;=-2 va s,=-1
Q(s)= s"+3s+2 = Q’(s) = 2s+3
Ap dung cong thuc (10.26)
s 2 P-1) —
=3 P& st _ PED ot PED) -t
Q) Q- 2)° Q'(-1)
=  i(t)=3eM2e'A

10.5.2.2 Q(s)=0 c6 nghiém da trung bac r

=L ey = L2 ez t! d7R(S) (10.27)

mi(r-n)(n-1) ds"™" |[s=s5

Nguyén Trung Lap LY THUYET
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si 1a nghiém da trung béc r

R(s) = PES;(S— (10.28)

Thi du 10.18 ‘
Giai lai thi du 10.15 bang cong thirc Heaviside
I(s)~ P(s) s+2
Q(S) (s+ 1)
Q(s)=0 c6 nghiém kép, r=2, s;=-1
Ap dung cong thuc (10.27)

Véi  R(s )—Lzz(su) —5+2

(s+1)
it)=¢e [lﬂM lﬂ(s+2)] ; s=-1

Va i) =e'+te' A

Thi du 10.19 )
Cho mach dién (H 10.11), tu C tich di¢n dén V=1V va khoa K déng ¢ t=0. Xéc dinh
dong i(t)

Ri +Lﬂ+jtidt -
ooodt S
K P{ . R2o Lay bién doi Laplace 1
LISS)-(0)THRI) = [1(5)+q(0)]=0

+ () %L Dong dién qua cudn day lién tuc nén
Va——l!'?ﬁ IH  j0,)=i(0.)=0 ‘
- q(0+): dién tich ban dau cua tu:
@0,) v, 1
Cs S S

(Dé y diu cua dién tich dau trén tu nguoc chiéu
dién tich nap boi dong i(t) khi chay qua mach)
Thay gia trj dau vao, sap xép lai

1 1
I(s) = 2 = 2
$°+2s+2 (s+1) +1

=N i(t)=L 1(s)]=e"sint.u(t)

Thi du 10.20 ‘
Cho mach (H 10.12), khoa K dong ¢ t=0 va mach khong tich trit ndng luong ban dau.
Xac dinh iy(t)

1H 1H .
K ._\}E\,%m T Viét pt vong cho mach
=0 —_— I_(t]T .
At 2 a4 | 201, 101, = 100u(t) (1)
100% 1052 1042
di . .
d—t2+20|2—10|1=0 (2)
Nguyen lrung Lap LY THUYET

MACH



Chuong 10 Phép bién doi

Laplace - 18
Lay bién d6i Laplace, dé ¥ mach khong tich trir nang lwong ban dau:

100

(s1t20)11(s)-101x(s)= P 3)
-10 Ii(s)+ (s+20)L,(s)=0 (4)
Giai hé (3) va (4)
s+ 20 1—()0
S
L -10 0| 1000
205420 —10|  s(s* + 40s+ 300)
~10 s+2
Trién khai I(s)

3,33 5 1,67
= + +
S s+10 s+ 30

15(s)

= iy(t)=3,33-5¢""+1,67¢>"

10.6 PINH LY GIA TRI PAU VA GIA TRI CUOI

10.6.1 Pinh ly gia tri dau

e T
Tur phép bién doi cuia dao ham: a9t = sF(s)-f(0+)
Lay gidi han khi s— oo

lim [L%]ﬂim [sF(s)-f(0+)]

S—®

df(t) - df(t)
voim (L8 mim [ esgt—
ma fim (L= metim
Vay lim  [sF(s)-f(0+)]=0
£(0.) 1a hang s6 nén

f(0+)= lim  sF(s) (10.29)

~ (10.29) chinh Ia ni dung cua dinh Iy gié trj dau

Lay truong hop thi du 10.10, ta co:

I(S)ZV_QO/C 1
R s+1/RC
V-q,/C

i(O)=lim sis)= ——2

10.6.2 Pinh ly gia tri cudi

Nguyén Trung Lap LY THUYET
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T )
Tt phép bién do61 dao ham: d—t = sF(s)-f(0+)
Lay gi6i han khi s— 0
| dit) pedf) .
lim i [LT] = IlrsrLo IO Te dt= I|rll0 [sF(s)-f(0+)]

S—

ma  lim jwi(tt)e-stdt:nm :j:df(t):f(oo)-f(o+)
Vay  f(o0)-f(0+)=lim  [sF(s)-f(0+)]
s—0
Hay f(o0)=lim  sF(s) (10.30)

s—0

(10.30) chinh 14 noi dung cta dinh 1y gia tri cudi, cho phép xac dinh gia tri ham f(t) &
trang thai thuong truc.

Tuy nhién, (10.30) chi x4c dinh duoc khi nghiém cua miu sb cua sF(s) c6 phan thuc
am, néu khong f(co)=lim  f(t) khong hién hitu.

t—ow

Thi dy, vdi f(t)=sint thi sinoo khong ¢ gia tri xac dinh (twong tu cho €*). Vi vay (10.30)
khong 4p dung dugc cho truong hop kich kich 1a ham sin.
Léy lai thi du 10.13, xac dinh dong dién trong mach ¢ trang thai thuong truc

V1
=R G iR
o V.. s _Vv
ieoy=lim sl RS R TR
oV
I(oo)—R
BAI TAP
* M x

10.1 Mach (H P10.1). Khoa K déng ¢ t=0 va mach khong tich trit ning luong ban dau. Xac
dinh i(t) khi t>0
10.2 Mach (H P10.2). Xéc dinh v(t) khi t> 0. Cho v(0)=10V

K 7{ 20 1H 100
PPN i i B
t=0
1it)
EDVC") m —1g C"’) e-1cost C) 1.3
_ — 24 i
AN D e
(HP10.1) (HP10.2)
10.3 Mach (H P10.3). Xac dinh vo(t)
Nguyén Trung Lap LY THUYET
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4V, t<0
Cho vi(t)= o

4e, t>0
10.4 Mach (H P10.4). Xac dinh Vo(t). Cho Vo(0)=4V va i(0)=3A

1H 1/2H
20 A 652 iy
f—

i

+
+> Tiit) 4 C"‘)lrﬁcoaat 1. L
C_ G} 00 T Jreco e

L5 207
(H P10.3) (HP10.4)
10.5 Mach (H P10.5). Xdc dinh is(t).
10.6 Mach (H P10.6). Dung dinh 1y két hop x4c dinh V(t).
E 1H
I H L
Sui-t)
-2t W +
C—r) e vum 10 CT) ut) 8 %H % lp——g
25 -
10 lfn

(H P10.5) (H P10.6)

10.7 Mach (H P10.7) dat trang thai thudng truc ¢ t=0. v6i khoa K & vi tri 1. Chuyén K sang vi

tri 2, thoi diém t=0. Xac dinh i khi t>0

LM
1 1
L8 20 20
405
(H P10.7)

10.8 Mach (H P10.8) dat trang thai thuong truc ¢ t=0. Xac dinh v khi t>0

+ 1 1_1 |t
204 =F L
Q 30 3 =—%F Lp=—0 20

(H P10.8)
10.9 Mach (H P10.9) dat trang thai thuong truc ¢ t=0. Xac dinh i khi t>0

Nguyén Trung Lap
MACH
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Y
t=0
100 300
il
C+> - %F:: . %
(HP10.9)
10.10 Mach (H P10.10). Xac dinh i(t) khi t>0. Cho v(0) =4 V vai(0)=2 A
(0
RN
+
— Tt}
(H P10.10)
Nguyén Trung Lap LY THUYET
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