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Gioi thieu mon hoc

GIOI THIEU MON HOC

1. GIOI THIEU CHUNG:

Toan cao cdp Al 1a hoc phan dau tién cua chuong trinh todn danh cho sinh
vién cdc nhém nganh thudc khoi ky thuat. Pé hoc tét moén Toan cao cép theo
phuong thirc Pao tao tir xa, bén canh céac hoc li¢u: sach, giao trinh in, bang dia
hinh,..., sich huéng dan cho ngudi hoc toan cao cap 1a rat can thiét. Tap sach
huéng dan nay duoc bién soan 1a nham muc dich trén. Tap sach dugc bién soan
theo chuong trinh qui dinh nam 2001 cua B§ Gido duc Dao tao va theo dé
cuong chuong trinh dugc Hoc vién Cong ngh¢ BC-VT thong qua nam 2004.

Sach hudéng dan hoc toan cao cAp Al bam sat cac gido trinh cua cac trudng
dai hoc ky thuat, gido trinh danh cho h¢ chinh qui ciia Hoc vién Cong ngh¢ BC-
VT bién soan nim 2001 va kinh nghiém gidng day nhiéu nim cua tac gia.
Chinh vi thé, tai liéu nay co thé dung dé hoc tap va tham khao cho sinh vién cua
tat ca cac truong, cac nganh dai hoc va cao dang.

Céch trinh bay trong sach thich hop cho ngudi tu hoc, dac biét phuc vu déc
luc trong cong tac dao tao tir xa. Trude khi nghién ctru cac ndi dung chi tiét,
ngudi doc nén xem phan hudng din cua mdi chuong dé thay dwoc muc dich,
yéu cau chinh cta chuong d6. Trong mdi chwong, mdi ndi dung, nguoi doc c6
thé tu doc va hiéu duogc cin ké thong qua cach dién dat va ching minh rd rang.
Sau cac chuong, nguoi doc phai tu tra 101 dugc cac cau héi 6n tap. Nho cac vi
du minh hoa dugc dua ra tur don gian dén phtrc tap, nguoi doc co thé coi d6 1a
bai tip mau dé tu giai cac bai tap co6 trong tai li¢u. Nguodi doc cod thé tu kiém tra,
danh gia kién thirc, kha niang thu nhan dya vao phan huéng din va dap sé duoc
cung cip & nhirng trang cudi sach.

Ciing can nhan manh rang, ndi dung chinh cta toan cao cap 1a phép tinh vi
phan va phép tinh tich phdn ma nén tang ctia né 1a phép tinh gi6i han ctia ham
s6. Chinh vi thé chiing toi trinh bay kha ti mi hai chuong dau cua tai liéu dé
ngudi hoc tur doc ciing 6 thé co duogce cac kién thirc vitng vang dé doc tiép cac
chuong sau. Trong qua trinh ty doc va hoc qua mang, tuy theo kha ning tiép
thu, hoc vién c6 thé chi cin nhd cac dinh 1y va bé qua phan chimg minh cia né.
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Nhan déy tac gia cling luu ¥ ring & bac trung hoc phd thong cta nudc ta,
chuong trinh toan ciing d4 bao ham cac kién thtc vé vi, tich phan. Tuy nhién
cac ndi dung d6 chi mang tinh chat giéi thiéu do lugng thoi gian han ché, do
ciu tao chuong trinh. Vi thé néu khong tu doc mot cach nghiém tic cac dinh
nghia, dinh 1y ciing s& van chi nam duoc mot cach hoi hot va nhu vay rat gap
kho khin trong viée giai cac bai tap toan cao cap.

Sach gom 5 chuong twong ing v6i hoc phan gdm 60 dén 75 tiét:
Chuong I: Gidi han cua diy sd.

Chuong II: Him s6 mot bién s6.

Chuong III: Phép tinh vi phan ham s6 mot bién sé.

Chuong IV: Phép tinh tich phan.

Chuong V: Ly thuyét chudi

2. MUC PiCH MON HOQC

Hoc phan nay sé& cung cap cac kién thirc vé phép tinh vi, tich phan ctia ham
s6 mot bién, sd thuc va phép tinh vi phan cua ham nhiéu bién sb. Noi dung cua
hoc phan tuan thu theo quy dinh vé hoc phan Toan cao cap Al cia B6 GD-DT
danh cho cac Trudng thudc khdi nganh cong nghé.

3. PHUONG PHAP NGHIEN CUU MON HQC

Dé hoc tot mon hoc nay, sinh vién can luu ¥y nhitng van dé sau :

1- Thu thap day da cac tai liéu
o Bai giang: Todn cao cdp A1.Vii Gia Té, Nguyén Phi Nga, Hoc vién
Cong nghé BCVT, 2005.
0 Sach huéng dan hoc tip va bai tap: Todn cao cip Al. Vii Gia Té,
Nguyén Phi Nga, Hoc vién Cong nghé BCVT, 2005.
¢ Bai giang dién tir: Todn cao cd'p Al. Hoc vién Cong ngh¢ BCVT,
2005.
Néu cé diéu kién, sinh vién nén tham khao thém: Cac tai licu tham khao
trong muc Tai liéu tham khao & cudi cudn sach nay.
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2- Dat ra muc tiéu, thoi han cho ban than:

v’ Dadt ra muc cdc muc tiéu tam thoi va thoi han cho ban thdn, va co gang
thyc hién chung

Cung véi lich hoc, lich hudng dan ctia Hoc vién ctia mon hoc cling nhu
cic mon hoc khac, sinh vién nén tu dit ra cho minh mot ké hoach hoc tap cho
riéng minh. Lich hoc nay mo ta vé cac tuan hoc (tu hoc) trong mot ky hoc va
danh dau s6 lugng cong viée can lam. Panh du cac ngay khi sinh vién phai thi
sat hach, ndp cac bai luan, bai kiém tra, lién hé véi giang vién.

v’ Xdy dung cdac muc tiéu trong chwong trinh nghién ciru

Biét rd thoi gian nghién ctru khi méi bat dau nghién ctru va thir thuc hién,
c¢d dinh nhimng thoi gian d6 hang tuan. Suy nghi vé thoi lugng thoi gian nghién
ctru & “Tiét kiém thoi gian”. “Néu ban mdt qud nhiéu thi gio nghién ciru”, ban
nén xem lai ké hoach thoi gian cua minh.

3- Nghién ctru va nam nhirng kién thirc de cot 10i:

Sinh vién nén doc qua sach hudng dan hoc tap trudc khi nghién ctru bai
giang mon hoc va cic tai liéu tham khao khac. Nén nhé rang viéc hoc thong qua
doc tai li¢u la mdt viéc don gian nhét so véi viéc truy cdp mang Internet hay st
dung cac hinh thirc hoc tap khac.

Hay str dung théi quen sir dung but danh dau dong (highline maker) dé
danh dau cac d¢& muc va nhitng ndi dung, cong thirc quan trong trong tai lidu.

4- Tham gia day di cac budi huwéng din hoc tip:

Thong qua cac budi hudng dan hoc tap nay, giang vién sé& giup sinh vién
nim duoc nhimg ndi dung tong thé cia mén hoc va giai dap thic mic; dong
thoi sinh vién ciing c6 thé trao doi, thao ludn cua nhitng sinh vién khac cing
16p. Thoi gian bé tri cho cac budi huéng din khong nhiéu, do d6 dimg bod qua
nhiing budi hudng dan da duoc 1én ké hoach.

5- Chu dong lién hé vai ban hoc va giang vién:

Cach don gian nhét 13 tham du cac dién dan hoc tap trén mang Internet.
Hé thong quan 1y hoc tip (LMS) cung cdp mdi truong hoc tip trong sudt
24 gid/ngay va 7 ngay/tuan. Néu khong c6 diéu kién truy nhap Internet, sinh
vién can chu dong st dung hay sir dung dich vu buu chinh va cac phuong thirc
truyén thong khac (dién thoai, fax,...) dé trao doi thong tin hoc tap.
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6- Tu ghi chép lai nhirng y chinh:

Néu chi doc khong thi rat kho cho viéc ghi nhé. Viée ghi chép lai chinh 1a
mot hoat dong tai hién kién thuc, kinh nghiém cho théy no giap ich rat nhiéu
cho viéc hinh thanh thoéi quen tu hoc va tu duy nghién ctru.

7- Tra 161 cac ciu héi 6n tip sau mdi chuwong, bai.

Cudi mdi chwong, sinh vién can ty tra 10i tat ca cac cau héi. Hay cb gang
vach ra nhimg ¥ tra 1i chinh, timg budc phat trién thanh cau tra 161 hoan thién.

Pdi vai cac bai tap, sinh vién nén ty giai trudc khi tham khao huéng dan,
dap an. Pung ngai ngan trong viéc lién hé voi cac ban hoc va giang vién dé
nhan duogc su tro giup.

Nén nho thoi quen doc va ghi chép la chia khoa cho sw thanh cong cua
viéc tu hoc!
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CHUONG I: GIOI HAN CUA DAY SO

1.1 MUC PiCH

Trong nhiéu van dé 1y thuyét ciing nhu thuc té, nguoi ta phai xét nhirng dai
luong ma trong qué trinh bién thién dai luong d6 1y nhimg gia tri rat gan dén
mot hang s6 a nao ddy. Trong qua trinh nay, ta goi dai luong dang xét 1a dan
dén a hay c6 gidi han 1a a. Nhu vay dai luong c¢6 gidi han 1a a co thé dat duoc
gia tri a va ciing c6 thé khong bao gio dat dugc gia tri a, diéu nay trong qua
trinh tim gi61 han khong can quan tam dén.

Vi du:

1. Goi x 1a bién d6 ctia mot con lic tit dan. RS rang trong qua trinh dao
dong, bién do cuia n6 giam dan t&i 0 va thue té sau khoang thoi gian xac dinh
con lac ding lai, ta ndi rang x c6 gidi han 1a 0 trong qua trinh thoi gian troi di.

2. Xét diy sb (u,) co dang u, :Ll. Qua4 trinh n ting 1én maii thi u, ting

n+
dan vé so rat gan 1. No6i rang diy s6 ¢6 gidi han 13 1 khin ting 1én v6 cung.

G161 han 1a mot khai niém kho cua toan hoc. Khai niém gidi han duge cho
béi tur “gﬁn”, dé mo ta dinh tinh. Con dinh nghia chinh xac cua n6 cho bdi cum
tr “ bé hon ¢” hodc “lén hon M” dé mé ta dinh luong s€ duoc gioi thi¢u trong
chuong nay. Khi da hiéu duoc khai niém gi6i han thi s& dé dang hiéu duoc cac
khai niém dao ham, tich phan. Boi vi cac phép toan do déu xuat phat tur phép
tinh gid1 han.

Trong muc tht nhat can hiéu duoc vai tro thuc su cta sb vo ti. Nho tinh
chat déy cua tap s6 thye ma nguoi ta co thé biéu dién tap soO thyc trén truc so -
goi 1a tryc thyc va noi r::ing tat ca cac so thyc lap day truc so6. Noi khac di ¢o su
tuong Gng 1-1 gifta cac sd thuc va cac diém trén truc sd. Ciing nén nhan xét
dugc tap Q khong co tinh dﬁy. Hoc vién can nam chac khai ni€m tri tuy¢t doi
ctia mot s6 thuc va cac phép tinh vé né.

Trong muc thtr hai can hiéu dugc vai trd caa s phirc vé mat 1y thuyét ciing
nhu Uing dung sau nay trong k¥ thuat. Thuc chat mdt s6 phic z 1a mdt tuong
ung 1-1 v&i cdp cod thr tu cac sO thuc (Xx,y). Can phai nam virng khai niém
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modul va acgumen cua sb phtrc va cac dang biéu dién sb phtrc: dang dai s,
dang luong giac, dang ham mil. Tir d6 c6 thé lam thong thao cac phép tinh trén
tap C, dac bi¢t dung cong thirc Moivre trong cac irng dung vao luong giac.

Trong muc thir ba can nim vitng khai ni¢ém hoi ty, c6 gidi han va phan ky
cua day 6. Nam viing cac tinh chat: bi chin, khong bi chan, don di¢u cua day
s6. Nho vao céc tinh chat nay ma thiét 1ap duoc cac diéu kién can, diéu kién du
dé diy s6 c6 gidi han. Khai niém diy con ctia mot ddy so6 cling 12 mot khai niém
kho. Nguoi hoc phai doc k§ dinh nghia va ¢d ging hinh dung dé hiéu rd khai
niém nay. P61 khi sy hoi tu hay phan ky cia mot day s6 c6 thé nhan biét nho
vao tinh chit cua vai day con. Bac biét phai nidm duoc khai niém hai day ké
nhau dé tir d6 c6 khai niém vé cac doan 1ong nhau dugc dung trong chirmg minh
dinh ly Bolzano-Weierstrass.

1.2 TOM TAT NOQI DUNG
1.2.1 S6 thye
a. Cac tinh chit co ban ciia tip s6 thue.
TAt ca cac s6 hitu ti va sb vo ti tao thanh tap hop s6 thuc.
Ki hiéu tap s6 thuc 1a R. Tap sd vo ti 1a R\Q.
v/ Tinh chit 1: Tap R 1 mot trudng giao hoan véi hai phép cong va nhan: (R,
+,.).
l.va,peR,a+beR,abeR
2.Va,b,c € R,(a+b)+c=a+(b+c),(ab)c=a(bc)
3.Va,be R,a+b=b+a,ab=ba
4. R c6 phan tir trung hoa ddi v6i phép cong 1 0 va ddi véi phép nhan 1a 1
VaeR,a+0=0+a=a
gl 1077 =a
5. Phan phéi ddi v6i phép cong
Va,b,c e R,a(b+c)=ab+ac
(b+c)a=ba+ca
6. Ton tai phan tir d6i ctia phép cong
Va e R,3(~a),a+(-a)=0

Tén tai phan tir nghich dao cua phép nhan
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YaeR ,R"=R\{0},3a",aa" =1
v Tinh chat 2: Tap R duoc xép thtr tu toan phan va dong kin d6i véi cac
sO thuc duong.
1. Va,be R,a<bhodc a=b hodc a>b

Va,bce R,a<b=a+c<b+c
Va,be R,ceR,,a<b= ac<bc

2.

3. Va,beR, ,a+beR, abeR,

v Tinh chat 3: Tap R 1a day theo nghia sau day: Moi tip con X khong
r6ng cua R bi chan trén trong R déu c6 mot can trén ding thudoc R va
moi tp con khong rong X cta R bi chin dudi trong R déu c6 mot can
dudi dang thudc R.

b. Tép so thuwe mé rong
Nguoi ta thém vao tap s6 thuc R hai phan tir ki hiéu 1 - va +o. Tap 80
thue mo rong ki hiéu 1d RvaRr = R U {-w0,+x0}, cac phép toan + va ., quan hé tha tu
dugc dinh nghia nhu sau:
1. VreR X + (400) = (+0) + x = +©
X+ (—0) = (=) + x = -0
(400) + (400) = +0
(—00) +(—00) = —o0
3. VxeR,R ={xeR x>0}
X(+00) = (+0)x =+
x(—00) = (~00)x = —o0
VxeR,R ={xeR,x<0}
X(+00) = (+0)x = —©0
x(=00) = (—o0)x = +o0

(+400)(409) = (00)(=e0) = o0

4,
(+0)(=0) = (—=90)(+0) = —0
— 0 < X < 400
5. VxeR — 00 < —00
+ 00 < +00

¢. Cac khoang so thue

Cho a,b e R va a<b.Trong R c6 chin loai khodng sau day:
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[a,b]= {x € R;a < x <b} dugc goi la doan hay khoang dong bi chan

c Cl
[

,+00 :{xeR;an}

Q

a,b)z xeRa<x< }

oo,a]={xeR;xSa}
,b)={x € R;a < x < b} duoc goi la cac khoang mo
+oo)={xeR;a<x}

(
(
(

a
a,

Cac s0 thuc a,b goi 1a cac mut cua khoang.

d. Gia tri tuyét doi cia sé thue
v'Dinh nghia: Gia trj tuyét d6i cua sd thuc x, ki higu | 1a mot sb thuc
khong am xac dinh nhu sau
X khi x>0
=
—-x khi x<0
v Tinh chat
1.VxeR, |x| = Max(x,—x)
2. |x| =0 x=0
3.
vr.yeR,  |of=[y

n

=ITk

i=l1

%
VneN , Vx;,x;,%3,...,X, €R,

n
Hxi
i=1

n
=[x

10



Churong 1: Gidi han ciia ddy so

x+y|£|x|+|y|

Vx,y eR,

.
VneN ,Vx,x,,....,x, €R,

Vx,y € R, Max(x,y)= (x+y+|x—y|)

Min(x,y) = (x +y- |x - y|)

| =

7. Vx,y €R, x|—|y”£|x—y|

e. Khoang cach thong thuong trong R

v Dinh nghia: Khoang cach trong R 1a anh xa
d:RxR—>R
(v, ) [x =]

D6 13 hinh anh truc quan vé khoang cach gitta 2 diém x va y trén duong
thang truc so6 thuc R.
v Tinh chét
1. d(x,y)=0=x=y

2.vx,yeR,  d(x.y)=d(y.x)

3. Vx,y,zeR, d(x,z)<d(x,y)+d(y,2)

4. Vx,y,zeR, d(x,y)—d(x,z) < d(y,z)

1.2.2 S6 phirc
a. Dinh nghia:
Cho (r,y)e R*,mot 86 biéu dién dudi dang z=x+iy,trong d6 i> =—1 goi 1a
mot sO phirc. Tap cac so phuc ki hi¢u la C.
Goix la ph?m thuc cua z, ki hiéu Rez =x
y 1 phan 4o cia z,ki hiéu 1a Imz =y
Goi modun cua z,ki hiédu |2| x4c dinh boi s6 thuc khong am

|Z|:w/x2+y2 =r=>0

11
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12

Goi Acgumen cua z ,ki hi¢u Argz xac dinh boi s6 thuc
Argz=HeR;{0 e R;cos 0 :é va siné :é} , VO1z#0
Nhu vay Acgumen cua z sai khac nhau 27,k e Z va Arg0 khong xac dinh.
Vay s0 phtic z ¢6 cac dang viét:
1. z=x-+iy goi 1a dang chinh tac hay dang dai s6 cua s6 phiic z .
2. z=r(cos@+isin@) goi la dang luong gidc clia sd phiic z.
b. Cac phép toan trén tap C
v Phép so sanh bing nhau
V(x,y,x',y')eR“, x+iy:x'+iy'©{x:x,
y=y
v’ Phép lay lién hop
Cho z=x+iyecC,lién hop cua z.ki hiéu z cho béi z=x-iy
v Phép ly sb phirc doi
Cho z=x+iye C,s6 phuc dbi cua z, ki hiéu —z (doc la trir z ) dugc xac dinh:
-7 = -X-1y
v Phép cong
Cho z = x+iy,z’= x’+iy’,tong cta z va z’ ki hiéu z+z’ xac dinh nhu sau:
7+7’=(x+x’)+i(y+y’)
v Phép nhan
Cho z=x+1y va z’=x’+1y’,tich cua z va z’ ki hi¢u z.z’ xac dinh nhu sau:
2.2’=(xx’-yy’) + i(xy’+x’y)
v Phép trir va phép chia
La cac phép tinh ngugc cua phép cong va phép nhan
z—z'=z+(-2")
Zore =72

Z'

v Phép luy thira,cong thirc Moavro ( Moivre)
Cho z =r(cos@ +isin8), VkeZ
Goi z* 1a luy thtra bac k cua z. Béng qui nap ,dé chirng minh dugc
z* = r*(cosk@ +isin k@)
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v Phép Kkhai cin bic n ciia zeC”.
Cho neN',z=r(cos@+ising). Goi ¢eC” 1a can bac n cua z, ki hiéu #/z ,xac
dinh nhu sau: "=z
1
hay 1a p=r" va

n

p"=r

Néu ¢oi p=|c via ® = Argc thi
gL P ‘g‘ 8¢ {nCD=6’+2k7z

=225 6i k=012...n—1
n

Vay so z ¢6 ding n can bac n, doé la cac so phuc c6 dang:

1
g=r”[cose+2kﬂ+isin6+2kﬂj k=0,12,..,n-1

n n
c. Ap dung s phirc vao lwong giac
v’ Khai trién cosn@,sinnb,tgnl
Cho 6 € R,n e N*.Ap dung cong thirc Moivre va cong thirc nhi thirc Newton
cosn@ +isinn@ = (cosd +isinf)' = ZCf cos" " 0.i" sin* @
k=0
1. cosné biéu dién dudi dang mot da thirc ciia cosd,goi do 1a cong
thirc Chebyshev loai 1.
2. sinné béng tich cua sin@vo1 mot da thire cuia cosé,goi la da thire

Chebyshev loai 2.

sinn@
sinn@ o9 . Citgh—Cltg’0+---
cosn@  cosnf  1-Clg’0+Clig o —---
cos" @

v Tuyén tinh hoa cos” 6,sin” 6,cos” 0.sin?

3. tgnf =

— 1
2cos@=w+w=w0+—
10}

.. — 1
2ismld=w—-—-w=w——
w

Cho #cRpeN, ,0=¢"=

p p
Vay 27cos” 6 = (a) +ij va (2i) sin? 6 = (a) —l]

w a

Str dung cong thirc nhi thirc Newton va xét cac truong hop sau day:

13
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a. Truong hop p=2mme N’

1 1
2m 2m _ 2m 1 2m-2 . m
27" cos™ O = ( e +C,, |0+ per=y +--+C)

=2c0s2m@ +2C} cos2(m—1)@+---+2C" cos20 +CJ'

m—1
0s" @ =2""" (% Cy, + > C5, cos2(m— k)@j

k=0

. | 1
22m (_l)m Sln2m 9 (a)Zm + a)z j Cl ( 2m-2 + wzmzj I ( l)m me
=2c0s2m@ —2C) cos2(m—1)0 +---+(=1)"Cy.,

sin® @ = 27" V(1) [( D" cyo+ Z( )" C; cos2(m— k)HJ
b.TI'lIGng hQ’p p=2m+lmeN

1 1 1

2m+1 2m+l n _ 2m+1 1 2m—l m
27" cos™ O = (a) t—— [+ Con t—— ||+ +Chn| @+—
0] 0] @

=2cos(2m+1)8+2C)},  cos(2m—1)0+---+2C}'  cosO

2m+1 6 2- —2m ZC

k=0

,cos(2m+1-2k)6

2m+

1 1
2m+l1 - m . 2m+l _ 2m+1 1 2m+— [ e
22"(=1)"sin*"*' @ = (a) +t——= |-G @ el

= 2isin(2m +1)0 = 2i.C}, ., sin(2m —1)@ +--- + 2i(-1)" C}. . sin&

in*""'g =27"(- Z( n ch . sin2m+1-2k)0

Pé tuyén tinh hoa cos’ 0.sin" 0 truég hét tuyé'n’ tinh hod tung t},n‘ra 56
cos” @,sin’ @, sau do thuc hién phép nhan ro1 cung tuyén tinh hoa cac s6 hang
thu dugec.

1.2.3 Daiy s thuc

a. Cac khai niém co ban ciia diy s6 thuc

v Pinh nghia

Mot day s6 thuc 1a mot anh xa tir N vao R.ki hiéu:

u:N—->R
hay don gian nhét,ki hiéu (u,)

14
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V61 n=n, e Nxac dinh, u, goi la s6 phan tir thtr n, cua diy,u, thuong 13 mot
biéu thirc phu thudc vao n goi 1a phan tir tong quét ctia ddy,chang han cho céc

day sau day: (1), ((—1)””) (lj ([1 +1Jn]
n

n
v’ Sw hdi tu, sw phan ki ciia diy sb
1. Day (u,) hoi tu vé a e R néu

Ve>0,dn, € N,Vne N,n>n, =

u,—a <e

Ki hiéu limu, = a, r0 rang (u,-a) hoi tu vé 0.

n—

2. Day (u,) ho1 tu néu c6 s0 ae R d€ limu, =a

3. Diy (u,) phan ki néu n6 khong hoi tu,nghia 1
Va e R,d¢>0,YVne N,3n, € N,n, > n,

u, —a| =&
4. Day (u,) nhan +oo lam giéi han néu
VA>0,3n, e N.VNn>n,=>u, > A

Ki hi¢u limu, =+, d61 khi n6i rang (u,) tién té1 +o

5. Dy (u,) nhan -co lam gi6i han néu
VB<0 dn,eN,Vn>n,=u,<B

Ki hi€u limu, = —o

Day c6 gi61 han 1a +oo hodc -oo cling goi 1a phan ky.
v Déy s6 bi chin
1. N6i riang (u,) bi chin trén bdisd 4 R néu VneNu, < A4
2. Noi rang (u,) bi chan dudi boisé Be R néu VneN,u, > B

3. Noi rang (u,) 13 ddy bj chan néu ton tai M € R, sao cho Vne N,

u,| <M.
b. Tinh chit ciia day hoi tu
v Tinh duy nhat ciia giéi han
Dinh li: Dy (u,) hoi tu vé a thi a 12 duy nhét
v' Tinh bi chin
1. Day (u,) hoi tu thi bi chan trong R.
2. Diy (uy) tién dén +oo thi bi chin dudi.

15



Chuong 1: Gii han ciia déy so

3. Diy (u,) tién dén -oo thi bi chan trén.
v Tinh chit dai so ciia diy hi tu

l. limu, =a= lim|un| = |a| .

n—»0 n—»0

2. limu, =0 < lim|u,| = 0.

n—>x0 n—»o0

3. limu, = a,limv, =b= lim(u, +v,) =a+b

n—w n—>o0

4. limu, =a=limAu, = da .

n—»0 n—>0

5. limu, =0, (vy) bi chdn = lim(x,v,)=0.

n—>0

6. limu, = a,limv, =b = lim(u,v,) = ab.

n—»0 n—»0

. . . u, a
7. limu, =a,limv, =b# 0= lim—"*=—.

n—>0 n—0 n—0 v
n

v’ Tinh chat vé thir tw va nguyén 1y kep

1. Gia st limu, =/€ (a,b).Khi d6 In,Va>n, = a<u, <b

n—

2. Gia su limu, =1 va 3n,,Vn>n, cO a<u,<b khidd a<i<b

3. Gia su 3 day (un),(vn),(W,) thod man:

dny,Vn>n, =>u, <v,<w va limu, =limw, =a

n—0 n—o

Khi d6 limv, =a

n—0

4. Gia st Vn>n, ma u, <v, va limu, = +0 .Khi d6 limv, = +w

c. Tinh don diéu cia diy so
v Day don diéu
1. Ddy (u,) ting néu Vne N,u, <u,.,,
Day (u,) ting ngit néu vne N,u, <u,,,.
2. Day (u,) giam néu vne Nou,>u,,,,
Day (u,) giam ngat néu vn e Nou,>u,, .
3. Diy (u, ) don diéu néu noé ting hoic giam.
Dy (u, ) don diéu ngit néu no ting ngit hodc giam ngat
Pinh i 1:
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Churong 1: Gidi han ciia ddy so

1. Moi day tang va bi chén trén thi hoi tu.
2. Moi day gidm va chan dudi thi hoi tu.

Dinh 1i 2:
1. Ddy (u,) ting va khong bi chan trén thi dan dén +oo.
2. Ddy (u,) giam va khong bi chin dudi thi dan dén — .

v Diy ké nhau
Hai day (u,),(v.) goi 1 k& nhau khi va chi khi (u,) ting (v,) giam va
lim(v, —u,) =0
Dinh 1i: Hai day ké nhau thi hdi tu va co chung mdt gid1 han 1, ngoai ra

Vne Nju, <u, ,<I[<v, <V

n+l — n

Hé qua: (Pinh li vé cac doan 16ng nhau)
Cho hai day (a,),(b,) thoa man :VneN,a, <b,la, b, |c[a,.b] Vva
lim(b, —a,) =0

Khi d6 ton tai duy nhat s6 / sao cho ([a,.b,]= I}

neN
d. Day con
Cho (uy),tlr cac sb hang cua no lap mot diy moi (u, )vOin; <np <..<
ng <....
Goi (u,) la mot day con cua (un).Chéng han:
(uzq) Va (Uzn+1) la cac day con cua (u,)
(u .) 14 cac day con cua (u,)
(u. ) khong phai la day con cua (u,) vi s6 hang u xuét hién 2 lan
ung vo1 n=0,n=1
‘ Dinh 1i : Néu (uy) hoi tu vé aeR thi moi day con cua n6 ciling hoi tu
vé a
Hg qua: pé (un) hoi tu dén 1 diéu kién can va du 1a hai diy con (ua,)
va (Upp+1) déu hoi dén 7.
Dinh 1i : (Pinh H\B@nzané - Vayoxtrase),(Bolzano -Weierstrass): Tur
moi day (u,) bi chdn déu c6 thé lay ra mot day con hoi tu

17



Chuong 1: Gii han ciia déy so

1.3 CAU HOI ON TAP

Cau 1. S6 thucla gi? Néu cac tinh chét cta sd thue.

Céu 2. S6 hitu ti ¢6 tinh day khong? Cho vi du minh hoa.

Cau3. Trucsdla gi? Pinh nghia cac loai khoang s6 thuc.

Cau 4. Trituyét ddi cua sb thue 1a gi? Néu céc tinh chét cua né.

Caus. S phtrc 1a gi? Tai sao truc hoanh va tryc tung cé té€n goi la truc
thuc va truc ao.

Céu 6. Néu cac dang s phirc.

Ciau 7. Néu cac phép tinh s phirc.

Ciau 8. Phép khai cin s6 phirc khac véi phép khai can sé thuc & chd nao?

Céau 9. Diy sd thyc 1a gi?

Cau 10. Dinh’ nghia sy hdi tu cia day s6 thuc. T d6 c6 thé dinh nghia vé su
hoi tu cua day so phuc?

Cau 11. Thé nao 1a day s6 bi chan?

Céu 12. Thé nao 13 day sé don diéu?

Céu 13. Diy sb hoi tu thi bi chin c6 dung khong? Nguoc lai ddy bi chin co
hoi tu khong? Tai sao?

Cau 14. Cac diy khong hoi tu ¢ tinh chat dai so giéng nhu cac day hoi tu
khong?

Cau 15. Néu diéu kién dé mot diy don diéu hoi tu.

Cau 16., Thé nao 13 hai diy ké nhau? Thé ndo 1a cac doan 16ng nhau? Néu
cac tinh chat cua ching.

Céu 17. Thé nao 12 mot diy con? Néu diy phan ky thi cac diy con ctia nd co
phan ky khong?

Cz‘}u ’18. Phét biéu dinh 1y Bolzano-Weierstrass. Néu ddy khong bi chan thi
co thé 1ay ra mdgt day con cua n6 hdi tyu duge khong?

1.4 BAITAP CHUONG I
SO THUC:
Céau 1. Chung minh rang /3 13 sb vo ti.

Cau 2. Giai cac phuong trinh sau v6i (x,y,z)eR".

18



Churong 1: Gidi han ciia ddy so

a) 3x°+y +z° =2x(y +z). b) 3x*+4y* +182° - 4xy - 12xz=0 .

Céau 3. Tim can trén ding,can duéi ding (néu ton tai) cua tap E sau day

LD o

trén R E=/{
n

Ciu 4. Bang dinh nghia hiy chimg minh su hoi tu cta cac diy cho boi sd
hang tong quat twong trng va tim gio61 han cua ching

a) u =" b) u =L
n+1 4n +1
n? 34 (=3)"
C = ) d Cpu A £
) u, n +1 ) u, 4"

Cau 5. Tim gidi han cta cac ddy cho béi s6 hang tong quat dudi day

a) x,=n—-+n’-1 : b) x, =4n(n+a)—n.
¢c) x,=n+il-n’. d) ¥n+1-n.

Cau 6. Chung minh sy hdi tu va xac dinh gio1 han cta cac day sau cho béi
s0 hang tong quat tuong ing

) S 3k +1)
a) > ! : b) &£ c) X3 +sinn.
= k(k+1) 32k +3)

Cau 7. Cho (a,b,c)eR’ va b’ -4ac <0, (uy), (v,) 12 hai diy s6 thuc thoa
min diéu kién:

lim (aun2 + bu,v, + cvnz) =0

n-—»oo

Chtrng minh limu, =limv, =0..

n—>0 n—>0

Cau 8. Cho day (x,) V6i Xy = Xpy + —— , Xo= 1

a) Chung minh (X,) khong c6 gidi han hitu han.

b) Ching minh limx, = +o.

n—»0

a
n

Cau 9. Cho day (x,) vo1 x, = .

trong d6 a, = 2a,; + 3b,y, by, =a,; +

2bs1,30>0, by>0
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Chuong 1: Gii han ciia déy so

a) Chung to rang a, >0, b,>0 VneN.
b) Biéu dién x,.; qua x,

c) Tinh x,:; - X, va ching t6 réng (xy) don di¢u. Hay tim limx,

Céu 10. Chung to rang cac ddy sau c6 gi6i han hitu han

1 1 1 1
a) xn_1+2—2+...+n_2, b) Xn—5!+°"+;!-
Cau 11. Chtng té cac day sau ¢6 gi61 han 1a +oo

a) x, =1+L+---+ 1

V27
b) x, =10ga%+10ga§+---+logan—-l_1 , a>1.
1 2 n
Cau 12. Tim gidi han cua day sau:
a) Xn=i+1, X():l.

b) x =l1+x_ ,%x0=+/3.

c) Xo(B3+Xu1)+1=0, xo=1.

d x,=a+x_, (n>1), x,=+a,a>0.

€) X, =" 5 =L o x=0, %=L
1 x2, 1
X, ==—+——, Xt=~=.
b x, 27 2 -
54+ x°
g) Xn= 2XH_13X1>5
X

Cau 13. Chting minh rang mot day don diéu c6 gidi han néu n6 c6 mot diy

con ¢06 gidi han.

Céu 14. Ching minh rang néu ba diy con (Xon), (Xan+1) V& (X3,) hoi tu thi day

(Xn) ho1 tu.
Co6 thé thay sb 2 boi s6 tu nhién k >2 dugc khong?.
Cau 15. Néu x_ — a(hiru han hay v han).C6 thé néi gi vé lim !
n—oo X
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Churong 1: Gidi han ciia ddy so

SO PHUC
Caul. Cho E,F,G,Hc R?, xac dinh bdi cac hé thac sau:
E: x’—y’= 2X . F: 2xy+ 2y ~=3.
x’+y x> +y
G: X - 3xy” +3y = 1. H: 3x%y-3x -y =0.

Chung minh E " F =G mH.
Cau2. Cotontai(z,,z,)eC? déthoa man cic dicu kién dudi day khong?
Z1t2z,=1, 212+222=2, 70+ 27, =3.
Cau 3. Tim tat ca cac (x,y,z) e C* sao cho

X,¥,Z Khéc nhau ting d61 mot
xX(x-D)+2yz=yp(y—-1)+2xz=z(z-1)+2x

Cau 4. Giai hé phuong trinh véi an (x,y,z) € C’
Xy=2z, yZ=X, ZX =Y.

Caus5. Choanhxa f: C— C thoaman

VxeR, f(x)=x
f(z+72")=1(z)+1(Z)
f(zz') = f(2).f(2")
f(z)=z VzeC
f(z2)=2z VzeC

V(z,z') e C?, {

Ching minh |

Cau 6. Giai phuong trinh véi an s6 ze C
27+ 6z=3+2i
Cau 7. Xac dinh tap céc sO phic zeC saocho z=r1,7 , roeR
Cau8. Véi (a,b,c)eC’ thoa man aa=bb=cc=1 va atb+c = 0. Chiing
minh a’ = b’ =¢’
Ciau 9. Ching minh V(z,z')eC’
a. [z+z| +[z—2|" =2(7 +|z|") (Héng dang thic hinh binh hanh).

b [zz+1 +z—z] =+ )1 +[2]).
c. |- ~[z=2 =(-[H0-|z]").

2

).

2 . -_
— 1‘2 —1Z'

2 —
+ 1‘2 +17'

2 JR—
—‘z—z‘

d. zz'= l(‘Z +7'
4
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Chuong 1: Gii han ciia déy so

n
Zk
k=1

Cau 10. Cho neN’, (zi,...,z,) €C".Chirng minh

=Y|z,| khi va chi
k=1

khi JueC, Ha,,..a,)eR", z, =a, u,k=1n
Cau 11. Ching minh V(a,b)eC’
a. Ja+b <(+[a)1+[b]"). Khinao xay ra dang thic?
b. 2afbla ] > (a| +|b)|alb| - bla]
d-—a d-b

va
b-c c—a

la

Cau 12. Cho a,b,c,de C khac nhau tirng d61 mot sao cho

d-c

nhitng s6 thuan 40. Ching minh rang cling thuan ao.

Cau 13. Xac dinh tap hop cac diém M c6 toa vi z thoa mén diéu kién:
a. ‘z‘ = 2‘2 - 1‘ .

2

b. eiR.

Z+1
Cau 14. Tinh Sup‘z3 -7+ 2‘

|2)=1
Ciu 15. V4i aeR ,an (x,y)e R*. Tim nghiém ctia hé
cosa+cos(a+x)+cos(a+y)=0
{sin a+sin(a+x)+sin(a+y)=0
Cau 16. Giai cac phuong trinh sau trén trudng sd phic:
a. 7°-27cos0 +1=0, OeR.

b. 2z - (1- 20)Z° + (1-i)z -2i = 0, biét ring phuong trinh c6 mot nghiém
thuan 4o.

Cau 17. Giai cac phuong trinh v6i an s6 (x,y,z)e C’

(x+ )’ - y') =819 N
. =Z

(X =y +y) =399 T
Zz=X

Cau 18. Chirng minh v61 oo € R
1+itga,, 1+ itgna

1 —itga - 1 —itgno.

. X 1
b. Z"+z™=2cosma néu z+—=2cosa.
Z
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Churong 1: Gidi han ciia ddy so

Cau 19. Cho (n,x) eN' xR, tinh S = Y cos’ kx.
k=0
Cau 20. V61 (n,x)e N x (R -2xZ) tinh cac téng:
a. A (x)=Ye" . b. B (x)=YA,(x).
k=-n k=0

1.5 HUONG DAN VA PAP SO BAI TAP CHUONG I
SO THUC
Ciau 2. Rut gon vé dang toan phuong biang phuong phap Gauss
a. (0,0,0).

b. (3z %z,z) _ze R hoiic (61, 3t, 2f) te R.

Cau 3. Khong ton tai InfE, SupE =-1 = MaxE

Caud. a) I b) %, Q) 0: d 0

Caus. a) - by 2. Q) 0: d 0
° 2, 2, 9

~ 3

Cau 6. a) 1; b) 5; c) 1;

Cau 7. Hay biéu dién tam thirc dudi dang chinh tic, sau d6 sir dung nguyén
1y kep.
Cau 8. a) Dung phuong phap phan chung.
b) Ching minh (x,) tdng va khong bi chén trén.
2x +3
X, +2

Cau 9. a) Dung qui nap. b) x,=

_(3=x)"3+x,)

C) Xpt+1 = Xn =
X, +2

Bang qui nap chting minh:
* Néu xo<+/3 thi (x,) ting va x, <~+/3 Vn.Qua gi6i han s& c6 x,—s /3
* Néu xo>~/3 thi (x,) giam va x, >+/3 Vn. Qua gidi han s& c6 x,— /3
* Néu xo= +/3 thi x,=+/3 Vn.
Tém lai limx, = V3 khong phu thudc xo,tirc 1a khong phu thudc ag,by.

n—»oo
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Chuong 1: Gii han ciia déy so

Cau 10.

a) Rﬁréngxn<xn+lvéxn<1+L+---+ : =2—l<2, Vn>1
1.2 (n—=1)n n

b) Tuong tu a)
Caul1l.a) x,>/n
b) X,=log,(n+1)
Cau 12.
a) ROrangx,>1 VneN',tacod biéu dién
—2
32

X

n-2 n—1

-2 Xn—l

Xp = ,Vn
2+X,
Suy ra : (Xp,) tang va bi chan trén bo1 so 2.
(X2n+1) g1dm va bi chan dudi bdi so 2.

Ly luan s& nhan dugc limx_ =2

b) Qui nap s€ nhan duogc day (x,) don di¢u giam va bi chan dudi boi $6 0,
suy ra

n—oo

limx =a20,tac6a2=1+a:>a=%(1+\/57)

¢) Bang qui nap chirmg minh duoc —%(3—\/3) <x, <0, ¥n>1 ngoai ra

X —X

n n—1

N B+x,,)3+x,)

Xn+1 = Xn

Vay (x,) don diéu gidm va bi chin dudi do do

limx =a=—%(3—\/§)

n—o

d)  Bang qui nap chimg minh x, < X, Va X, <Ja +1 Vn

Dit limx, =b, pLtVitda
n—»o 2
X, +X X, +X
e) Xy =— -, X3 =— -,
2 2

1 1
X2 - X1 = E(XO -X1), X3-Xp :E(Xl - X2), ...

Béng qui nap chiing minh xy - X1 = (-1)* Y2~ k>2

2 °
2
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Churong 1: Gidi han ciia ddy so

, 1\ 2
Cong lién tiép x, - x1 = (X -xl)[1_%+2i2+...+( D)

]

2n—2
2 i X, =X,
= S 00-x) - (D)7 35
2x, — X, L X,—X
X, = -2 DL () 22 !
3 =D 3.2"
limx, =—
n—»o 3

f) RO rang x,>0 Vn, bang qui nap chimg minh duogc (x,) don diéu ting

va
2

X, < 1Vn limxn:a:l+a—
n—>o 2 2
g) X, :%( > +x,,)>+/5, vn.Suyrax, > X,. Vay tdn tai a = limx, va
xﬂ_l n—>0
suy ra a=+/5.
SO PHUC

Caul. batz=x+1iy, (x,y) eR’

1
Y - T i3t =—43i

X" +y X" +y z

(X,y) eENnF < X -y +i2xy +

x’=3x> +3y=1
= < (x,y)eGNMH

3x°y-3x-3’ =0
Cau 2. Khong
Ciau 3. Khong ton tai.

xyz(xyz—-1)=0

Cau 4. (0,0,0),(1,1,1)

xy = 7 S EX'S' y = (1,-1,-1),(-1,1,-1)
(_19_191)

Cau 5. Xét (fi)) =fi)=1f(-1)=-1= fi)=¢ci &=L
Xét (x,y)e R>,f(x+y) = f(x) +H(iy) = f(x) + fD)f(y) = x + ¢iy
Kiém tra f(z) = z hoic f(z) = z thoa man.

Cau6. z=>_ 15
g8 2
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Chuong 1: Gii han ciia déy so

Cau7. zeRUIR

Cau 8. a+b+c:0:>l+l+l:w:
a b c abc

0=a’*=-a(b+c)=bc
=a’ =abc
Do tinh di xtng suyraa’ =b’ =¢’

Cau9. Apdung:vzeC thi |7 =zz va céc tinh chat cuia phép ly lién hop.
Cau 10. Qui nap theo n.
Cau 11. a) Xét (1+ o 1+ [ ) ~Ja+ " =1+[d b ~ab~ab=[1~alf

— N a

l-ab=0<a#0 vab= W
a

b) a=0 hodc b =0 ding

4 - _b A 2 4 ~
Xét a20,b=20: DPatu = i,v=—. Bat dang thuc da cho tuong

a| " o
duong véi
| al bl 1
u+ V> —[u+1]
lal +lel " Jal+]p| | 2
Cn 4 1 1
= <01 == —lv—
Ki hiéu 2 o+ €(0]) m 2(u+v), d 2(v u)

Vay qui vé |m+(1-24)d| >
Cht y rang Re(md)= Re(i (v—uv))=0 vi fu =" =1

—a_ 1
b—c ‘b—c‘2

Céau 12. Ta co (d-a)(b—c) thudn 40 = (d —a)(b - c)thuan

ao.
Mt khéc ta c6 sb thuin 40 s = ( ba —ab)(cb — bc)(ac — ca)
= (d—a)(b-c)+(d—b)c—a)+(d—c)a—b)
Suy ra diéu phai chimg minh.
Chu 13. a) Pudng tron tim (0, g) va ban kinh %
b) Bidudidn Z_=ZC=D  ReA(7 -i))=x(*+y* + 2y)

zZ+1 |Z+i|2
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Churong 1: Gidi han ciia ddy so

Truc Oy va duong tron tam (0,-1) ban kinh 1 bo di diém (0.-1)
Cau 14. 13

n 1+cosx+cosy=0
Chu 15. { TR
sinx+siny =0

(x,y) = (i%jt 2m7r,$2?ﬂ-+ 2nrw), mneZ

Cau 16.a) z= ¢
b) Goi z = ix 1a nghiém thuan o =x = 1
7+ (120" + (1 - )z - 2i = (z -i).[Z+(1-)z + 2]

71 =1, 23 = %{—1—\/\@—4 + (1217 +4)i}

(x2 —)/2)()c+)/)2 =1029

Céu 17. a) Dua vé tuong duong véi { , 4 3
(x" =y )x-y) =189

u=x-y
=u®=3*

Pat {

v=x+Yy
(5,2), (-2 0,~5m), (51,2i), (=2i®,~5im), (=5,-2), (2®,50), (=5i,~21), (2io,5io)

. it 141
trong 46 w=¢ * =—

V2

8 5 x=0,x'=1

2ikx

(09090)9 (a)k,a),f,w,f), k= @9 @, =7

b) Suyra x=y'=7'=x

Céu 19. cos’kx = i(cos.%kx + 3coskx)

* xe2nZ thi S=n

. 3(n+1)x . (n+1)x
1 Inx SIHT nx SlnT
* xg2nZ thi S= —{cos +3cos———=——4}
4 . 3x 2 . X
sin— sin —
2
n nx Sinwx
Cau 20. AH(X) = i +22coskx = _1+2005_—2
k=0 2 . X
S —
2
. 1
. , , sin(n +—Xx)
Bién doi tiep An(x) =
sinE
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Chuong 1: Gii han ciia déy so

2

. n+l
|« 1 sin 5
Bn(x) = —— ) sin(k +—)x =
sin - k=0 2 sin
2 2
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Chuong 2: Ham so mot bién so

CHUONG II: HAM SO MOT BIEN SO

2.1 MUC PiCH

Moi vat xung quanh ta déu bién d6i theo thoi gian. Chung ta c6 thé nhan thiy
didu d6 qua su chuyén dong co hoc cua cac vat thé: 6 to, may bay; su thay doi cua
cac dai luong vat 1y: nhiét do, tbe do, gia tdc; su bién dong kinh té trong mot xa
hoi: Gia co phiéu, 13i suét tiét kiém,.... TAt ca cac loai hinh d6 duoc gan mot tén
chung la dai lugng hay ham s6, nd phu thudc vao dbi s6 nao do, chéng han Ia thoi
gian. Xem xét ham sd tirc 13 quan tAm dén gid tri, tinh chat va bién thién cta né.
Viéc d6 dit ra nhu mot nhu cau khach quan cua con ngudi va xa hoi.

Trong muyc thi nhat cta chuong nay, nguoi doc can nam viing ham sé va
ky hiéu ham s6. Luu ¥ rang anh xa f hay “quy luat” néu trong dinh nghia c6 tinh
tong quat, khong nhat thiét phai 1a mot cong thire giai tich trén khoang xac dinh
ctia n6. N6 c6 thé biéu thi bang nhiéu cong thiic trong cac khoang con cuia tap
xac dinh hoac béng s6 hoic béng do thi. Nam viing cac tinh chit ctia ham s 1a
diéu v6 ciing quan trong. Chang han néu ham chin hoic 1é trén khoang (-a,a) thi
chi can xét trén khoang (0,a), ham tuan hoan chu ky T, chi can xét trén khoang

(—%,%) 1a c6 thé biét toan canh ctua ham sd d6. Tinh chét nay cua ham s6 s&

con duoc xem xét ¢ cac chuong tiép theo. Nhitng ham s6 thong dung 1a cac
ham s6 so cip co ban, 13 ham hitu ti ludn ludn dugc sir dung trong cac chuong
sau. Phai luu y dén tap gia tri cia cac ham nguoc cia cac ham luong giac. Khi
xem X€t cac ham so cép co ban la phai phac thao duoc dd thi cua ching, c6 nhu
thé ching ta m&i théy duoe dic tinh cta ham sd, dic biét dic tinh cia ham s &
1an can x=0 va 1an c4n vo cung (nhimg diém khé xa gdc toa do).

Trong muyc thtr hai khai niém gidi han ciia ham s6 12 bao ham khai niém
gidi han cua ddy s6 thé hién qua dinh nghia ctia no, dic biét qua dinh 1y vé mdi
lién hé v&i day s6. Nhoé lai rang gioi han 1a mot khai niém khé nén céc tinh chét
cua ham c6 gioi han, cac diéu kién can, cac diéu kién du phai hiéu chinh xac.
Ngoai ra ciing can phai luu ¥ khai niém giéi han mét phia boi vi cac ham
thuong dugce cho khong phai ludn ludén dudi dang so cap. Tat ca cac khai niém
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trén nguoi hoc phai minh hoa dugc bang do thi. Cudi cung la cac gidi han dang
nhd, chiing dugc coi 1a cac gi61 han di cung véi chung ta sudt qué trinh hoc tap.

Trong muc thr ba 16p cac vo cung bé, vo cung 16n duoc dé cap mot cach
tu nhién, béi vi chiing c6 mdi lién hé tryc tiép v6i ham sé c¢6 gii han. Hon nita
trong cac tinh toan thuong hay gap cac dai luong nay. Can nim duoc céac so
sanh vo cung bé, vo cung 16n bdi vi nod rit ¢o ich trong qua trinh khir cac dang
bat dinh, trong qua trinh danh gia, tinh gﬁn ding va dac biét 1a cach mo ta sau
nay. Biét cac vo ciing bé hodc vo cung 16n twong duong thyue sy dd co ky ning
ky xao giai cic bai tap sau nay.

Cudi cung trong muc thtr tu chung ta dé& cap dén mot 16p ham sb dic biét
quan trong bdi vi n6 ludn ludn xuét hién trong toan cao cip A;, As: Ham s6 lién
tuc. Viéc mo ta hinh hoc ham s lién tuc tai xo, lién tuc mot phia tai x, lién tuc
trén khoang (a,b), trén doan [a,b] ,... 1a viéc lam v6 cung can thiét. N6 phan anh
su hiéu thau ddo vé tinh lién tuc, tinh gian doan cua ham $0. Ciling nho tinh chat
log, (1+x)

,

lién tuc ctia ham s6 ma c6 thé khir duge cac dang bat dinh dic biét :
X

a* -1

, [u(0)]'™ . Khi dé cap dén ham lién tuc trén mot doan kin 1a phai nghi

ngay dén tinh tri mat, tinh dat duoc gia tr1 lon nhat va nhé nhét cua no, tinh lién
tuc déu. Nhiing tinh chat nay lam co s& cho bai toan tim gia tri bé nhat, 16n
nhat, tim nghiém gan dung cua phuong trinh dai s6 hay tinh kha tich cta né.

2.2 TOM TAT NOI DUNG

2.2.1 Cac khai niém co ban vé ham so

a. Cac dinh nghia co ban

v Pinh nghia ham so
Cho X la tap khong rong cua R. Mot anh xa £ tir X vao R goi 1a mot
ham sb mot bién sb JiX—R
x> f(x)

X goi la tap xac dinh cua f, f(x) goi la tap gia tri cua f. D61 khi ky
hiéu y=f(x), xeX Xxgoila ddi s, y goi la ham $0.

v'Ham chin, 1é

Cho X do1 Xlifl’lg vo10tacla vxe X,—xeX
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Ham sb £ (x) chin khi va chikhi f(x)= f(-x) .
Ham s6 £(x) 1é khi va chikhi f(x)=—f(-x).
v Ham s6 tuan hoan

Ham s6 f(x) goi 13 tudn hoan trén X néu ton tai reR; sao cho Vxe X
thi XtreX va f(xXtr)=r(x).

S6 T duong bé nhat trong cac sé r goi 1a chu ki ctia ham s6 tuan hoan
f(x).

v Ham s6 don diéu
Cho f(x) vé1 xeX.
I. Noi r.':ing f(x) tang néu Va,x, € X,x, <x, = f(x) < f(x,).
vaf(x)ting ngatnéu  V,x, € X,x, <x, = f(x,) < f(x,).
2. Noéirang f(x) giam néu Vx,x, € X,x, <x, = £(x,) = f(x,).
va f(x) giam ngat néu Vx,x, € X,x, <x, = f(x)> f(x,) .
3. Noirang f(x) don diéu néu né ting hoic giam.
Néi rang £ (x) don diéu ngit néu no ting ngit hodc giam ngat.
v Ham s6 bi chiin

1. Ham sd f(x) bt chan trén trong X néu ton tai s6 A sao cho :
Vxe X,f(x) <A .

2. Ham s £ (x) bi chan duéi trong X néu ton tai sé B sao cho:

VxeX,f(x)>B
3. Ham s £(x) bi chin trong X néu ton tai cac s6 A,B sao cho:

VxeX,BL f(x)<A.

v Ham s6 hop
Cho f: X >R vag: Y >R VOl f(X)cY go1 anh xa
&f:X—>R
x> g(f(x))

Hay y = g( £ (x)) 1a ham s6 hop cta hai ham £ va g.

30



Chuong 2: Ham s6 mot bién so

Dinh li:
Néu f,¢:X >R bichantrénthi f+g cling bi chan trén va

S;tp(f (x)+g(x)) < Sl;p f(x)+ S;tp g(x)

1.Néu f,¢: X — R bi chin trén va khong am thi f.¢ bichan trén va

Sl;p(f (x).g(x)) < S;tp f (X)-Sl;p g(x)
2.Néu f:X — R bi chin trén va 4 eR. thi 47 bi chin trén déng thot
Sup A.f(x) = ASup f(x)

3.Dé f:x — R bi chian dudi, diéu kién can va du 1a - £ bi chin trén va
khi do Inf f(x) =—-Sup(—f(x))

v Ham s6 nguoc
Chosonganh f:x >Yv, X YcR
Anh xa nguoc f:Y —> X got la ham $6 nguoc cua f
Yy x =)

Thong thudng d6i s6 ki hiéu 1a x, ham s6 ki hiéu 13 y, vy ham nguoc
cua y = f(x)la ham $6 y=f"x). Vi thé trén cung mat phéng toa dg Oxy, do
thi cia hai ham s6 f va £'la d6i xtimg nhau qua duong phén gic clia goc
phan tu thir I va II1
b. Cac ham s6 thong dung
v'Ham luy thira

Choa e R. Ham luy thira v6i s6 mil o ,dugc ki hiéu 1a p,, 13 4nh xa tir

R. vao R, xac dinh nhu sau vx e R, P, (x) = x*

Néu «a >0, coi réng P,(0)=0 Néu a =0, coi ré”mg P(0)=1
v Ham mii co s6 a

Xét ae R \{1}. Him mil co s6 a, ki hiéu 1 exp,x, 12 4nh xa tir R vao
R, xac dinh nhu sau: vxeR, exp,x =a'.

v' Ham logarit co so a
Xeét ae R \{l}. Ham logarit co s6 a, ki hiéu 1a log,, 1a anh xa nguoc

vO1 anh xa exp,_, nhu vay V(x,y) e R, xR, y=log, x & x=a
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Tinh chat ctia ham so 1ogarit

l. log,1=0
log, xy =log, x +log,y
2. Vx,y € RL X
log,—=log, x—log, y
y
Va eR log, x“ = alog, x

3. Va,beR., log,x=log,a.log, x

4. VxeR,, log,x=-log, x

v Cac ham so lwong giac

Céac ham s6 luong giac: sinx, cosx, tgx, cotgx di dugc xét ky trong
chuong trinh phd thong trung hoc. Dudi ddy ching ta chi nhac lai mot so
tinh chat co ban cta chung.

Tinh chat:

- sinx xac dinh trén R, 1a ham so6 1€, tuan hoan vé1 chu ki T =2z va bi
chan: —1<sinx<1,VxeR

- cosx xac dinh trén R, 1a ham s6 chan, tuan hoan véichu ki T=2zva
bi chan: —1<cosx<1,VxeR

- tgx xac dinh trén R\{%+k;z,k ez}, 1a ham sd 1é, tuan hoan véi chu
ky T =7 va nhan gia tri trén khoang (-, +w).

- cotgx xac dinh trén R\{kz,k <z }, 1a ham sd 1¢, tuan hoan v&i chu ky

T = vanhan gia tri trén khoang (—0,+x).
v Cac ham s6 hrong giac ngwoc

- Ham arcsin 13 anh xa nguoc cua sin: [—%ﬂ > [-11]
Ki hi¢u 1a arcsin:[-1,1] > [—%%}

Vaytaco:vxe|-11)Vvye _Er = arcsin x < x =sin
y y D y y
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- Ham arccos la anh xa nguogc cua cos: [0,7] — [~ 1,1] ki hiéu:

arccos: [~ 1,1] = [0, 7]

Vx e [— 1,1], Vye [O, 72], Y =arccosx < x =cosy

- Ham actang 1a 4&nh xa nguoc cua rg: (—%%j — R, ki hiéu:

arctg : R %[—z,zj
22

Vay ta co VxeR,Vye(—%,%j y = arctgx < x =tgy
- Ham accotang 1a anh xa ngugc cua cotg: (0,7) — R ki hi¢u:

arccotg: R — (0, %j

Vay ta co VxeR,Vye(O,%] y = arc cot gx <> x = cot gy
Nguoi ta goi ham s6 luy thira, ham s6 mii, ham s6 16garit, cac ham
s0 lugng giac va cac ham s6 lugng giac nguoc la cac ham s6 so cap co ban.
v Cac ham hypebélic thuin
- Ham sinhypebdlic 1a anh xa sh: R — R xac dinh nhu sau:

1
Vx € R, Shx = E(ex —-e)

- Ham c6sinhypebélic 1a anh xa ci: R — R x4c dinh nhu sau:

VxeR, chx= %(ex +e)

- Ham tanghypebdlic 1a anh xa #:R — R xac dinh nhu sau:

2x
Vx e R, thx:Sh—xze2 !
chx e +1

- Ham cotanghypebdlic 1a anh xa coth: R" — R, xac dinh nhu sau:

2x
VxeR, cothx:Ch—Xzizez,—i_1
shx thx e —1

Tinh chit:

- Shx,thx,cothx 1a cidc ham sd 1é con chx 1a chin va vy e R,chx > 0
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- Vx,a,b,p,q € R, cac ham hypebdlic thoa man cong thirc sau day:

2 2
+ ch’x—sh’x=1= Hyperbonx—2 - y—z =1 biéu dién tham so sé 1a:
a” b

x =acht
y=bsht teR

+ ch(a +b) = cha.chb + sha.shb sh(a + b) = sha.chb + shb.cha
ch(a—b) = cha.chb — sha.shb ; sh(a —b) = sha.chb — shb.cha
th(a+b) = tha +thb : th(a—b) tha —thb
1+ tha.thb 1 = tha.thb

+ ch2a = ch*a + sh’a = 2ch*a—1=1+2sh’a.

sh2a = 2sha.cha .

2tha
1+th’a

th2a =
» 1 » 1
ch a :E(ch2a+1); sh”a :E(ch2a—l).

+ chp + chq = 2chpT+qch%

chp —chg = 2shp—+qshM

shp + shq = 2shp—+qchM

shp — shq = 2chpT+qsh¥

v Cac ham hypebélic nguoc
1. Ham Acsinhypebolic 1a 4nh xa nguoc cua sh: R — R, ki hi¢u:
Argsh :R — R haylél V(x,y) € R*,y = Argshx < x = shy
2. Ham Accésinhypebolic 1a anh xa nguoc clia ch: R — [1,+], ki hiéu:
Argch: [l,+oo) — R ,tacla vxe [l,+oo), VyeR,,y=Argchx < x =chy
3. Ham Actanghypebdlic 1a &nh xa ngugc cua i : R — (-1,1), ki higu:

Argth : (-11) > R, tic 1a Vx e (-11),Vy € R,y = Argthx < x = thy
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4. Ham Accotanghypebolic 1a anh xa nguoc cua coth:R" — R\[-11] ki
hiéu: Argcoth : R\[-11]—» R",tirc 1a

VxeR\[— 1,1],VyeR*,y=Argcothx<:>x=cothy
v’ Da thirc, ham hiru ti.
1. Anh xaP: X >R duoc goi la da thuc khi va chi khi ton tai ne N

va a,,a,..,a)e R sao cho Vxe X, P(x)=>ax'
0 1 n i
i=0

Néu a, #0, gol n 1a bac cua da thuc, ki hi¢u degP(x)=n

2.Anhxa r: X —R duoc goi la ham hiru ti khi va chi khi tdn tai hai
da thirc
P,Q: X —>R saocho vxeX,0(x)#0, f(x) -1
O(x)
P(x)

la ham hiru ti thuc sy khi va chi khi:
O(x)

Goi  f(x)=

degP(x)<degQ(x)
3. Ham hiru ti toi gian 1a cac phan thirc c6 dang:
A « Bx+C
(x-a) 7 (C+px+q)

Trong d6 ke N’, a,p,q,A,B,C1a cac s6 thuc va p? —4q<0
Duéi day ta dua ra cac dinh li dugc ching minh trong 1i thuyét dai s6
Din!l li 1: Moi da thic bic n v&i cac hé sd thuc déu co thé phan tich
ra thura sO trong dang: P(x) =a,(x —a)"..(x —a)" (> + px +q)" .(x> + p,x +q,)""
Trong d6 o (=11 la ciac nghiém thuc bdi & cua da thirc con
P4, B €R

! m
VO1 j=12om VA D k+2> B, =n, p’—4q,<0; j=1m
i=1 j=1

Pinh li 2: Moi ham hitu ti thuc sy déu ¢ thé phan tich thanh tong hiru
han cac ham hiru ti to1 gian.
c. Ham so so cip
Dinh nghia: Ham sb so cép la nhitng ham s6 dugc tao thanh bai mot sd
hiru han cac phép tinh cong, trir, nhan, chia va cac phép lay ham hgp doi voi
cac ham s6 so cap co ban va cac hang so.
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2.2.2 Giéi han ciia ham s

36

a. Khai niém vé gi6i han
v’ Pinh nghia gi6i han
Ta goi 5 -1an céan cua diém acR 1 tap Q,(a)=(a-35,a+9)
Go1 A- 1an can cua +w la tdp Q,(+o) = (A,+0) v&1 A>0 va kha 16n.
Goi B- 1an can ctia -« la tap Q,(-») = (-0,-B) v&1 B>0 va kha 1on.
Cho f xé4c dinh & 14n can diém a (c6 thé khong xac dinh tai a).
1.N6i rang f ¢6 gi6i han 1a / khi x dan dén a (goi tat: c6 gidi han 1a
Itai a) néu Ve >0,3Q (a) © X,Vx e Q (a)\a} = [f () -1 <&
2. No6i réng f c6gioihan la +« taia néu
VA >0,3Q,(a) < X,Vx e Q, (a)\{a} = f(x) > A.
3. Noi ré”mg f codgioihanla -« taia néu - f co 2161 han 1a + tai a.
4. Noirang f c6 gi6i han 13 / tai +o néu
Ve >0,3Q,(+0) € X,Vx e Q, (+0) = | f(x) -l < .
5. No6i rang £ co6 gidi han 1a [ tai -« néu
Ve >0,3Q,(-0) < X,Vx € Qy(-0) = | f(x) - < &.
6. Noi rang f ¢ gidi han1a +oo tai +o0 néu
VA >0,3Q,, (+0) c X,Vx € Q,, (+0) = f(x) > A.

7. No61 rﬁng f cogidihan la -« tai +o néu va chinéu - £ ¢ gid1 han
la +o tail +oo.
8. Noi rﬁng f c6 gi6i han la +o tal - néu
VA4A>0,3Q,, (—0)c X,VxeQ,, (—0)= f(x)> 4.

9. Noi1 réng f ¢6 gioi han 1a - tai -~ khi va chi khi - f c6 gidi han
14 +o0 tai —o Khi f(x)c6 gidi han 1a / tai a hodc tai +o nodi rang f(x) c6
gi61 han hitu han tai a hodc tai +o. Ngugce lai f(x)co gidi han la +«, noi

rang no co6 gidi han vo han.
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v Pinh nghia gi¢i han mjt phia.
1.Noirang £ c¢6 gi6i han trai tai a 1a / néu
Ve>0,3n>03Q,(a) c X),Vx,0<a-x<n= |f(x)—ll| <e&.
2. Noéirang f c6 gidi han phai tai a 1a 1, néu
Ve>0,3n>0,Vx, O0<x—-ac< 77:>|f(x)—lz| g
Ki hi¢u f c6 gidi han la / tai a thuong la:

limf(x)=1 hodc  f(x)——=—>1

xX—a
Tuong tu c6 cac ki higu:

lim f(x) = 400,—00;  lim = [,400,—0
X—a

Ki hi€u f co6 gi6i han tra1 tai a la [, thuong dung
lim £(0) = fla’)=1

Tuong tw  lim f(x) = fla*)=1,

Heé qua: Diéu kién can va di dé limf(x)=1 1 f(a)=f(a") =1
b. Tinh chat ctia ham c6 gi6i han.
v’ Sur lién hé véi day sb

Dinh 1i: Dé f(x) ¢6 gidi han 1a / tai a diéu kién can va du 1a moi
day () trong X hoi tu vé a thi lim f(u ) =1
v Tinh duy nhat ciia giéi han

Dinh 1i: Néu lim £(x)=1/ thi 7 1a duy nhat.
v Tinh bi chin

Dinh li: Néu lim f(x) =/ thi f(x)bi chin trong mot lan can cua a.
v Tinh chét thir tw ciia giéi han va nguyén li kep.

Dinh li 1: Cho lim f(x) =1. Khi do:

1. Néu c<!/ thi trong lan can du bé cua a: ¢ < f(x)

2. Néu /<d thi trong lan can du bé cia a: f(x)<d
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3. Néu c<l<d thitronglan candubécua a:c< f(x)<d

Dinh li 2: Cho lim f(x) =1, khi do

1. Néu c<f) trong lan can cua a thi ¢ <1/
2. Néu f(x)<d trong lan can cua a thi /1<d
3. Néuc<f)<d trong lan can cua a thi c</<d
Pinh 1i 3: Nguyén li kep: Cho ba ham sd f,g.h thoa man:
f(x) < g(x) < h(x) trén X; lim f (x) = limh(x) =/ Khi do lim g(x) =1
Dinh 1i 4: Néu trong lan can cua a co f(x) < g(x) va lim f(x) = +o0 thi:

lim g(x) =+

v Cac phép tinh dai s0 ciia ham sb c6 gidi han
Dinh 1i 1 (Truong hop gid1 han hiru han):
L f@—=m = |f 0=l
2. [0 =50 |f ()] —50
3. f)———> VA g(x)—— 1, = f(x)+g(x)—— 1 +1,
4, f()———1=Af(x)——>A, AeR

5. f(x)——>0 va gx) bl chan ftrong lan can cua
a= f(x).g(x)—=—0
6. f(xX)— VA g(x)———, = f(x).g(x)——=—>1l,

f(x) | I
glx)y l,

7. f(X)Tll Vé g(X)T>lz 0=

DPinh 1i 2 (Truong hop gid1 han vo han):
1. Néu f(x)——>+0 Vva g(x)zm trong lan can cua a thi
S(x)+g(x)———+x
2. Néu f(x)———>+0 va g(x)2m>0 trong lan can cua a thi
S (x).g(x) — 5>+
v Gié¢i han ciia ham hop
Cho f: X>R, g: Y>R va f(X)cY
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Pinh li: Néu  f(x)———b va g(»)—=—1 thi g(f()—=—1
v Gid¢i han ciia ham don diéu
Pinh1li 1: Cho f: (a,b) >R, a,beR hodc a,beR vala ham tang.

1. Néu 7 bi chin trén thi lim f(x) = Sup f (x)

(a.,b)

2. Néu r khong bi chin trén thi lim (x) = +o0

Dinh 1i 2: Néu 7(x) xac din tai a va tang ¢ lan can cua a thi luon ton tai
mot gid1 han trai va mét gidi han phai hiru han tai a va:

lim f(x) < f(a) < lim f(x)

c. Cac gioi han dang nho

. sinx ..
a. lim =lim——=1
x—>0 X x—>0 SIn X
. 1y . 1Y
b. lim|l+—| = lim|1+—| =e
X—>+00 X X—>—00 X
C. lim Inx = +oo, lim Inx = —o0
X—>400 x—0"

d. Su ton tai gi61 han cua cac ham so cép
Pinh li: Ham s6 so cép xac dinh tai x, thi lim f(x) = f(x,)
2.2.3 Dai lwgng vo cung bé (VCB) va dai lugng vo cung lom (VCL)
a. Dai lugng VCB

v Pinh nghia: Anh xa o: X >R, goi la dai luogng VCB tai a néu nhu
a(x)——0,a co thé 13 + hodc -«

v Hé qua: Pé ton tai limf(x)=/ diéu kién can va da 1a ham sb
a(x) = f(x)—1 la VCB tai a.

v Tinh chat dai s6 cia VCB: Dya vao tinh chét dai s6 ctia ham c6 gidi
han, nhan duogc tinh chat dai sb cua cac VCB sau day:

1. Néu a,(x),i=1.2,...,n 1a cac VCB tai a thi téng ial.(x) , tich ﬁai(x)
cling 1la VCB tai a
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40

2. Néu a(x) 14 VCB tai a, f(x) bi chin trong lan can cua a thi a(x).f(x)
la VCB tai a.

v So sanh cac VCB: Cho a(x), A(x) 1a cac VCB tai a.

1. Néu %WO thi noi1 réng a la VCB cép cao hon g tai a, ki hi¢u
a = o(p) tai a, cling no1 rﬁng 4 1la VCB cép thép hon « tai a.

2. Néu %T)c +0 thi ndi rang «, p 1a cac VCB ngang cap tai a. Pic

biét ¢ =1thi ndi rang «,p 1a cac VCB twong duong tai a. Khi d6 ki hiéu
o ~ B tai a. R3 rang néu o, ngang cép tai a thi « ~ ¢4 tai a.

3. Néu 7 = o(¢*) thi néi réng 7 1a VCB co6 cép cao hon k so vo1 VCB
a tala

4. Néu y ~ca*  (c+0) thi néi rang  1a VCB ¢6 cap k so voi VCB «
tal a

H¢ qua 1: Néu y ~ a,p~ B taiathi limZ =1im&

x—a ﬂ x—a A

Hé quéZ:Néu a=o(p) taiathi a+p~p taia.

Hé qua 3: Qui tac ngit bd VCB cap cao: Néu o' 1a VCB cap thap nhat
trong s6 cac VCB  a, (i =m) va £ 1a VCB cap thap nhat trong sb céc
VCB B, (i=1n) taia.Khido:

m

2.

lim = = im <
2
b. Dai lwgng VCL

v'Pinh nghia: Anh xa A: X >R goi la dai luongVCL tai a néu nhu
A(x)———>+ hodc-w (ac6 thé 1a +» hodic - ).

1
A(x)

H¢ qua: Pé (x) 12 VCL tai a thi can va du la a(x) = la VCB tai a.

v Tinh chét ciia VCL
1. Néu A(x),i=12,...n 1a cic VCL cung diu (+w) hay (~o) tai a thi
téng Zn:A,.(x) la VCL mang dau do6 tai a.
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Néu B/(x),i =12,...,n 1a cac VCL tai a thi tich ﬁB[(x) la VCL tai a
i=1

2. Néu 4(x) 1a VCL tai a va f(») gilt nguyén du tai a va 1an can cia
no thi  4(x).f(x) 1a VCL tai a.
v'So sanh cac VCL
Cho A(x),B(x) la cac VCL tai a
A(x)

B(x)

1. Néu

——— oo thi no1 réng A(x) 1la VCL cép cao hon B(x) tai a,

hay B 1a VCL c6 cap thap hon 4 tai a
A(x)

B(x)

2. Néu

———c#0 thinoi rang 4,8 1a VCL ngang cap tai a.

Pac biét ¢ =1 thi ndi réng 4,B la cac VCL tuong duong tai a, ki hi¢u
A~ B taia.

Hé qué 1: Néu 4~ 4,8~ B, tai a thi lim A _ i A
x—a B(x) x—a Bl (x)

Hé qua 2: Néu 4(x) 1aVCL céap cao hon B(x)taiathi 4+8~ 4.

Hé qua 3: Qui tic ngit bo cacVCL cp thap: Néu 4" 1a cac CVL cap
cao nhat trong sb cac VCL A(x),i=12,.,m va B" 1a VCL cép cao nhat trong
s6 cac VCL B,(x),j =12,...,n taia thi ta c6

zAi (x) A*(x)

lim-=—— = lim 5
X—a X—a x
ZlBj(x)
=

2.2.4 Sw lién tuc ciia ham sb
a. Cac khai niém co ban
v' Ham lién tuc tai mot diém
Cho f: X >R vaaeXx.Noi rr?lng f(x) lién tuc tai a néu

lim f(x) = f(a) hay lim f(x)= f(lim x)

xX—a

Tucla ve>0,37>0,Vx: x—d <n=|f(x)- fa) <&
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v'Ham lién tuc mot phia tai a
Cho f: X > R,aex. NO1 rﬁng ham £ lién tuc bén trai tai a néu

lim f(x) = f(a") = f(a)

Ham 7 lién tuc bén phai tai a néu
lim f(x) = f@’)=f(a)
Hé¢ qua: Pé ham 7(x) lién tuc tai a diéu kién can va du 1a:
fla)=f(a")=f(a)
v'Ham lién tuc trén mét khoang
I.Ham f£(x) lién tuc tai moi diém xeXx thi noi réng no lién tuc trén
tap x .

2.Ham f£(x) lién tuc trén khoang mo (a,b) va lién tuc trai tai b,lién tuc
phai tai a néi rang no lién tyc trén [a,b]
v'Ham lién tuc tirng khuc

Ham f: [ab]>R, abeR.

N6i rang ham 7 lién tuc timg khuc trén [a,5] khi va chi khi 3z e N* va
(agsay,na, ) €[a,b]" sa0 cho a=a,<a, <..<a =b va f lién tuc trén tat ca cac
khoang mé (a,,a,,,).i =0,l,..,n—1 va c¢6 gidi han phai hitu han tai q,, c6 gidi
han trai hiru han tai «,,

v Piém gian doan ciia ham sb

1.Néu f(») khong lién tuc tai a, noi rﬁng f(x) ¢6 diém gian doan tai
xXxX=a.

2.Néu a 1a diém gian doan vaf(a’),f(a") 1a cac s6 hitu han thi go1i
x = ala diém gidn doan loai 1 clia ham s6 va goi &,(a) = f(a")— f(a) 12 budec
nhay cua £ (x)tai a.

Heé qua: Néu f(x) tang (giam) ¢ lan can diém a khi d6 7(x) lién tuc tai a
khi va chi khi 4,(a) = 0. Diéu nay suy ra tir dinh li 2 ctia ham s6 don diéu.

3.Néu a la diém gian doan cua f(x) va khong phai la diém gian doan
loai 1 thi no1 réng f(x) ¢6 diém gian doan loai 2 tai x=a.
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b. Cac phép toan dai so ciia ham lién tuc
Pinhli1: Cho f,g: X >R, aecX,1eR
1. Néu s(x) lién tuc tai a thi |/(x)| lién tyc tai a.
2. Néu f(x),g(x) cung lién tuc tai a thi f(x)+g(x) lién tuc tai a.
3. Néu f(x) lién tuc tai a thi if(x) lién tuc tai a.
4. Néu f(x),g(x) lién tuc tai a thi 7(x).¢(x) lién tuc tai a.

()

lién tuc tai a.
g(x)

5. Néu f(x),g(x) lién tuc tai a vag(x) = 0 thi

Pinh 1i 2: Cho f: X > RuaeX, g: Y-SR va f(X)cvY.
Néu f(x)lién tuc tai a va g(») lién tuc tai 5= f(a) thi ham hop g(f(x)) lién

tuc tai a.
Pinh ly 3: Moi ham $6 so cép xac dinh tai x = a thi lién tuc tai a.
c. Tinh chét ciia ham sd lién tuc trén mét doan

Cho f: [ab]—>R laliéntuc, a<b.

v/ Tinh tri mat ciia ham sd lién tuc

Pinh li 1: Néu f(x) lién tuc trén [a,6] va f(a).f(b)<0 thi ton tai
c e (a,b) dé f()=0

Pinh li 2: Néu 7(x) lién tuc trén [a,b] khi 46 f(x) nhan gia tri trung
gian gita f(a) va f(b) nghia la:

vy elf(@),f®))3celabl fle) =7y

v’ Tinh bi chiin ciia ham so lién tuc

Pinh 1i 3: Him sd 7(x) lién tuc trén [a,] thi dat duoc gid tri 10n nhat
va nho nhét trén [a,6] nghia 1a:

Ix, x,, € [a,b], Vx e [a,b] coO f(x,) = f(x)< f(x,)
Hé qua: Néu f: [a,b]> R liéntuc thi f(a.b)=[mM]cR

Trong do m= {nf] f(x), M = Sup f(x)

[a.0]
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d. Tinh lién tuc déu

v/ A. Pinh nghia: Cho f: x — r.Noirang s lién tuc déu trén x néu
Ve>0,3n>0,V(x,x")e X’ |[x—x|<p=|f(x)-f(x") <€

v Hé qua: Néu £(x) lién tuc déu trén x thi lién tuc trén x .

v’ Pinh li Hiyne (Heine)

Néu 7(x)lién tuc trén doan déng [a,b], a,b < R thi lién tuc déu trén [a,5].

2.3 CAU HOI ON TAP

Cau 1. Neéu cac dinh nghia vé ham so6 chan, 1¢, tuan hoan.Cac ham s6 tuan
hoan va dong thoi 1a chan; 1€ c6 ton tai khong? Cho vi du.

Céu 2. Thé nao 13 ham s don diéu trong khoang (a,b)?
Céau 3. Thé ndo 13 ham sd bi chin trong khoang (a,b)?
Céu 4. Thé nao 13 ham sb hop?

Cau 5. Thé ndo 13 ham sd so cap?

Ciu 6. Dinh nghia gidi han ctia ham sb.

Cau 7. Neéu cac tinh chat cia ham c6 gidi han. Ham s6 bi chdn trong lan
can di€ém a thi c6 gidi han tai a khong?

Cau 8. Néu cac phép tinh vé ham sd c6 gi6i han hiru han. Trong truong
hop ham s6 khong c6 gi6i han hitu han, cc phép tinh d6 con dung khong?

sin x

; . 1.,
- o= lim =1L lim(1+-)" =e
Cau 9. Chtng minh céac gioi han x>0 x x> X

Céu 10. Thé nao 1a mét VCB? Mot hang s6 bé bao nhiéu thi duoc coi 1a
VCB? Vi sao?

Cau 11. Néu cic tinh chat dai s6 cua VCB.
Céu 12. Tong v6 han cac VBC c6 phai 1 vo cing bé khong?
Céu 13. So sanh cac VCB: ngang cp, tuong duong, cap cao hon.

Cau 14. Thé nao 1a mot VCL? Mot hé“mg s6 16n bao nhiéu thi c6 thé duogc
xem la VCL? Tai sao?

Céu 15. Néu mdi quan hé giita VCB va VCL.
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Céu 16. Néu mdi quan hé giita VCB va ham c6 gidi han.

Cau 17. bBinh nghia ham lién tuc tai mot diém x0, (a,b), [a,b].

Cau 18. Néu cac t,inh chit ciia ham sb lién tuc trén mot doan kin. Tinh chét
do con ding khong néu doan khong kin?

Céu 19. Néu cac phép toan dai s6 vé ham lién tuc.

2.4 BAITAP CHUONG II
Caul. Chohamsd  f(x)=Arccos(lgx). Tinh f(%), £, £(10).

Céu 2. Tim mién xac dinh va mién gia tri cia cac ham so:

i
x2+1’

C. h(x)=+x’-x, d. k(x)=+2-x .

Cau 3. Xét xem ham sd ¢6 chin hodc 1é khong va phac hoa dd thi cua no.

a. f(x)=4, b. g(x)=+x>—2x+1,

1

Ja-x?’

Cau 4. Xét xem ham sO nao tuan hoan va tim chu ki cua né

a. f(x)=2-x7, b. g(x)=

c. h(x)=- d. k(x)=|x/+[x-2.

a. f(x)=10sin3x, b. g(x)=sin’ x,

c. h(x)=.Jtgx, d.  k(x)=sinx.
Cau 5. Tim ham nguoc clia cac ham sb sau:

a. y=2x+3, b. y=x’-1,x<0,

c.y=31-x", C. yzlg%.

Cau 6. Cho f,g: R— R saocho
V(x.p) € RL{F(0 - F(MHg() - g()}=0
Chirg minh rang c6 it nhat mot trong hai anh xa 1a 4nh xa hang.
Cau7. Timtitcacicanhxa /: R— R sao cho:

a. VxeR, f(x)f(x*-1)=sinx
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b. VxeR, xf(x)+f(1-x)=x"+1

C. Y,y eR,  fx+y")= )+ f()

d. V(xy)e R, fx+y)=f(x=p)=2y(Gx" +)7)
e. Y(x,y,2) € R, fOxy)+ f(x2)=2f(x).f(y.z) > %

Cau 8. Giai phuong trinh

x4 ¥ =544, xeR

Cau9. Cho r: R—> R saocho

{f (f (%)) tang

S(f(f(x)) gidm ngat

Chung minh f(x) giam ngat

Cau 10. Tim cac gidi han

a. tim =32
=2 (¢ ~12x +16)"

. X —2x+1
C. im—————

w1 0 _2x +1

Cau 11. Tim céc gio1 han

. X+AX+AX
a. lim+——————
X—>+0 /x+l

Cau 12. Tim céc gio1 han

a lim\/1+ax—§/1+ﬂx

x—0 X

Cau 13. Tim céc gioi han

. sinx-—sina
a. im—————
xX—a x - a

. l—cosx.cos2x.cos3x
C. lim

x>0 1-cosx

Cau 14. Tim cac gidi han

. -2
a. timYX =2
=4y —5x+4

o rei et

Iim ———

Do \2x+l

Nt axall+ fe—1
b. fimd eyl A

x—0 X

1+ tgx —+/1+5i
b, lim\/ +tgx 3\/ +sinx

x—0 X

d lim\/czosx —3/cosx

< 2
x>0 s’ x

b. limyx*+x*-1-x

X—>+00
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Cau 15. Tim céc gio1 han

X2

o (3xT—x+1 )=
a. lim| ————
oo\ 2x° + x+1

c. lim(1~ 2x)§
e. lim(sin x)tgx

T
x>
2

: e — e
x>0 sin ax — sin fx

. . ¢ olx
1. 11m(1+ xz)co €7
x—0

3x
K. lim1112+e2
x> |34 e™

Cau 16. Tim céac gidi han sau

) f 1
a. limx,|cos—
x—0 X
C. limx{l}
x—0 x

d. }Ciir(}(cos Jx )%

f. lim [sin In(x +1) —sinln x]

X—>+00

h. timn?(4x = "x)

n—»0

x>0

1

j lim 1+ tgx \sinx
=0 14+sinx

b. limsinsin...sinx

n—»0 n ddu sin

d. ligloSgn[sinz(nm)]

Cau 17. Xét su lién tuc cua cac ham so6 sau:

a. f(x)=|x|
x"sinl x#0ne N’
C. f(x)= X s
0 x=0
1 vO1 X hiru ti
€. f(x)= ¥ L
X vO1 X VO ti

b. ) :{S —4)(xx—:2; x#2

sin zzx vOi1 X hiru ti
d. f(x)= {o
véi x vO ti
X2 vé6i x hitu ti
f. f(x)= , o
—X VO1X VO t1

Cau 18. Chirng minh réng néu cic ham f(x) va g(x) lién tuc thi cac ham

¢(x) = min{f (x),g(x)}
y(x) = max{f(x),g(x)}

cling la ham lién tuc
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Céu 19. Xét tinh lién tuc ctia ham hop f(g(x)) va g(f(x)) néu
a. f(x)=Sgnx va g(x)=1+x"
b. f(x)=Sgnx va g(x)= l+x—[x]

CAau 20. Tim tit ca cac ham f(x) thoa min:

a. liéntuc tai x=0 va Vxe R cO f(3x) = f(x)

b. lién tuc tai x=0 va Vxe R co f(x):f(l ad 2)
+ X

C. lién tuc tai x=1 va Vxe R ¢ f(x)=—f(x%)

Ciu 21. Ham f(x) 1ién tuc trén [0.] va chi nhan gi4 trj hitu i va fej -1

Hay tinh f [gj

Ciu 22. Cho f(x) v g(x) 1a hai ham sb lién tuc trén [a,b]va f(x) = g(x) tai
moi x l1a hiru ti. Chirng minh 7 (x) = g(x) trén [a,b]
Céu 23. Ching minh ring mdi phuong trinh dai s6 bac 1é ¢6 it nhat mot
nghiém thuc
Céu 24. *Chtng minh ham s6 f(x) = ! lien tuc trén (0,1) nhung khong lién
X
tuc déu trén (0,1)

Céu 25. *Chimg minh rang ham so
f(x)= sin
X

lién tuc va bi chan trén (0,1) nhung khong lién tuc déu trén (0,1)
Cau 26. *Ching minh ham s6 f(x) = Sinx* lién tuc va bi chan trén R nhung
khong lién tyc déu trén R

Céu 27. *Chimg minh rang néu £(x) lién tuc trén [a,+») va ton tai giéi han

htru han lim f(x)=c thi
a. f(x) bi chan trén [a,).
b. f(x) lién tuc déu trén [a,+00)
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Céu 28. *Chimg minh rang ham s6

) = |sin x|
X

a. lién tuc déu trén mdi khoang (-1,0),(0,1)

b. khong lién tuc déu trén (-1,1)\ {0}

Cau 29. *Ching minh ré”mg néu ham f(x) don diéu bi chan va lién tuc trén
(a,b) thi lién tuc déu trén (a,b)

Ciu 30. *Cho £(x) 1a ham s ting va lién tuc trén [a,5],thoa man diéu kién

fla)za,f(b)<b. LAy xelab] va xic dinh day sb (r) véi

X = f(x,), n21
Chung minh rﬁng tdn tai limx, = x va f(x)=x"
Cau 31. *Cho f,g 1a cac anh xa lién tuc cua [0,1] 1én chinh [0,1]. Chiing minh
rang ton tai x, e [0,1] d& cO (£ (x,) = f(g(x,)
Céu 32. *Ton tai hay khong ham lién tuc /: R — R thda man

v.e R\QO v6ixeQ
h.eQ véix e R\Q

X

f(x)={

Cau 33. *Cho ALeR va f,g: (a,b) >R
Chtrng minh rang:
a. Néu f lién tuc déu thi /] lién tuc déu.

b. Néu 7,¢ lién tuc déu thi 3/ + ¢ lién tuc déu.
c. Néu 7 lién tuc déu va 3¢ >0 sao cho f(x)>c,Vx e (a,b) thi L Jien tuc

déu.
d. Néu f,¢ lién tuc déu va ton tai ham hop g,/ thi g,f lién tuc déu.
2.5 HUONG DAN VA PAP SO BAI TAP CHUONG II

Caul. 1. .20
2

Cau2. 2. a. R b. R, c. (—o0]ulli4eo), d. (-]
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Cau 3. a. Ham chan, b. Ham khong chéan, khong 1¢, c. Him chan, d. Ham

khong chin, khong 1¢é.
A A \ 2r A \
Cau 4. a.Tuanhoan, T = 3 b. Tuan hoan, T =,

c. Tuan hoan, 7=, d. Khong tuan hoan.

Cau 5. a.y=%(x—3), b. y=—Jx+1, c. y=31-x*, d. y=2.10".

Cau 6. Gia so ton tai (a,b)e B> sao cho f(a) = f(b)
g(a)=g(b) = g(x) =g(a)Vx e R.
Cau7. a. ¢,
b. f(x)=x-x+1,

c. f(x)=0, (thayliéntiép x=0, »=0

x=0, y=y
x=-yLy=y)
d fr(x=x+c ¢ = const

(Qui vé Y(X.¥)eR% f(X)- f(¥)=X -Y

e. DS: f(x):%,

Cho x=y=z:1:>f(l):%

=y=0z=1= [0~

x=0,z:0:>f(y)S%

1
y-z-1:>f(x)25.

Cau8. x=+2.

Cau 10. a. (i) ; b. M; C. 2i; 4. =D e
2 2 24 2

Caull. a. 1; b. g

50

r0 rang



Chuong 2: Ham s6 mot bién so

a B a B
Caul2.a. m n; b. m n |
1 _1
Cau 13. a. cosa ; b. 4 ; c. 14; d. 12
1 1
Cau 14. a. 12 ; b. 3
Cauls.a.0; b.1; C.e?; d. e?
e. 1; £f.0; g 1; h.Inx
oo 3
1.e; J. 15 k. 5
Cau 16. a. 0 ; b.0;

c. 1n€u x voti. 0 n€u x hiru ti va thude Z, khong c6 gi6i han véi x con lai.
Cau17. a. liéntuc trén R ;

b. lién tuc trén R vGi A=4, lién tuc trén R\ {2} vdi A=4;

c. lién tuc trén R ; d. lién tuc trén Z;
e. lién tuc tai x=1 ; f. lién tuc tai x=0.
Cau19. a. f(g(x) =1 lién tuc trén R
g(f(x) = {12 _0 lién tuc trén R\{o}
b. f(g(x) =1 lién tuc trén R
g(f(x)=1 lién tuc trén R

Chl’l}’ﬂ x:[x]+r, 0<r«l
Cau 20. a. f(x)= f(%j vneN (Bing qui nap)
n

f(x)=c=const Vx €R
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b. f(c)=c=const VxeR
Chiing minh
f) = f(e,(x))

X

9,(x)=p(p,,) trong do #(0) =
+ X

C. f(x)=0. VxeR

xét x=0 f(0)=-f(0*)= £(0)=0

1

X8t x>0  f(x)=(-1)" f(xsz = f(x)=0

Do f(x) chansuyra f(x)=0 VxeR.
Cau 21. f(ﬂj =
2 2

Cau 32. 4.
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Chuwrong 3: Phép tinh vi phdn ham s6 mét bién sé

CHUONG lll: PHEP TiNH VI PHAN HAM SO MOT BIEN SO

3.1 MUC PiCH

Phép tinh vi phan ctia hAm mot bién s6 gan lién voi phép tinh dao ham cia
ham s6. Khai niém dao ham 1 mot trong nhiing tu tuéng quan trong nhat cta
giai tich. Trong chuong 2, ching ta da dit van dé xem xét ham sd, nhung van
dé cdt 161 ctia ham sd 1a tde do bién thién cua nod chua duge xét dén. Nho vao
khai niém dao ham nguoi ta co6 thé khao sat toan dién mot dai luong bién thién.
Khai niém dao ham gén lién véi cac dai lugng vat 1y: van tdc tai thoi diém t cia
mot vat chuyén dong, nhiét dung cua vét thé ¢ nhiét do t°, cuong d6 dong
dién,v.v...; gén lién véi cac hién tuong hoa hoc: tdc do phan tmg hoé hoc ¢ thoi
diém t; gan lién voi cac bai toan kinh té xa hoi: van dé tang trudng kinh té,
phuong an t6i uu trong giao thong, trong san xuat kinh doanh, v.v....

Trong muc tht nhét ctia chuong nay can phai nam viing dinh nghia ham so
kha vi thé hién qua viéc tinh dao ham cua ham $0. Thuc chit tinh dao ham

chinh la viéc khir dang bat dinh %. Phai ndm chic quy trinh tinh dao ham theo

dinh nghia. Luu y dén khai niém dao ham mot phia, cac diéu kién can, diéu kién
can va da dé ham kha vi. Bén canh d6 c¢an nim duoc y nghia hinh hoc, co hoc
ctia dao ham, cac phép tinh dai s6 ctia ham c6 dao ham, diéu nay cling dd dé cap
& chuong trinh phd thong trung hoc. Can phai nim viing ¥ nghia va cong dung
phép tinh dao ham cta ham hop, ham nguogc, phép tinh dao ham 16garit. Néu
thudc cac phép tinh trén va cac cong thirc dao ham cua cac ham thong dung thi
moi bai toan tinh dao ham déu co thé 1am nhanh va khong nham 13n.

Trong muc tht hai vi phan ctia ham s6 14 biéu hién dinh luong ctia ham sb
kha vi, cu thé 1a phan chinh bac nhat cta s6 gia ham sb. Chinh vi thé nguoi ta
da dinh nghia tinh kha vi nh¢ vao su ton tai dao ham. Piéu nay khac han so véi
ham s nhiéu bién s6 dugc xem xét sau nay. Pic biét cong thirc gan ding cua
s6 gia ham s6 hay duoc ap dung vao cac bai toan thuc tién.

Trong muc thr ba can nam viing cac phép tinh vé dao ham va vi phan cap
cao, dac biét cong thirc dao ham cap cao cia moét tich (cong thirc Leibniz). Phai
thudéc cong thuc tinh cdc dao ham cap cao cua cac ham so cap co ban:

bo1 vi sau nay thuong xuyén dung dén céac két qua do.

e’ ,sin x,cos x,
ax+b

53



Churong 3: Phép tinh vi phan ham s6 mét bién sé

Trong muc thir tu trude hét can hiéu ky vé diéu kién can cua cuc tri khi
ham s6 kha vi. Cac dinh 1y vé gia tri trung binh dugc hiéu theo nghia sau day :
v6i nhitng diéu kién nhat dinh ctia ham sé f(x) thi trong khoang hd (a,b) ton tai
diém¢e nao do, kéo theo gia tri (&), gia tri nay c6 tinh chit dic biét goi chung
1a gid tri trung binh. Pic diém cua cic dinh 1y nay 1a khong chi rd duoc sb
luong diéme, cling nhu gia tri cu thé ctia nd. Khi hoc cac dinh Iy nay nén dua ra
cac phan vi du dé thdy rang chi can thiéu mot trong cac gia thiét cua dinh 1y 1a
két luan khong con dung nita. Mdi dinh 1y déu c¢6 thé minh hoa hinh hoc dé
kiém tra lai kién thtrc vé tinh chét ciia ham sd: ham sé lién tuc, ham sd kha vi.
Phén biét cong thirc s6 gia hitu han va cong thirc s6 gia ciia ham sé biéu dién
nhd vao vi phan cta ham sé.

Trong muc thir ndm nhitng g dung tryc tiép cac dinh 1y vé gia tri trung
binh va dao ham cép cao duoc dua ra. Trude hét can phan biét cac khai niém: da
thirc Taylor, cong thirc Taylor ctia ham s6 tai lan can xo . Phai nhé va biét cach
van dung cong thirc Maclaurin cua cac ham thong dung khi giai cac bai toan tinh
gan ding. Cubi cing cong thirc L’Hospital cho ta diéu kién du dé khtr cac dang
bat dinh % hozc g va duong nhién cac dang bat dinh khac 0°,1%,° sau khi
dung phuong phép 16garit. Chinh vi thé quy tic nay khong phai 1a van ning.

Trong muc thtr sau nhirng tng dung cua ham s6 kha vi, dic biét ham kha vi
bac cao dugc trinh bay. Luu y réng ban than tinh don di€u hay cuc tri cia ham
s6 dugc mo ta khong bat bude ham s6 phai kha vi. Piéu nay hoc sinh thuong
hay nham 14n. Tuy nhién nhan biét cac tinh chat cia ham sé s& don gian rét
nhiéu khi biét rang ham s kha vi.

Trong muc thr bay nguoi hoc phai phan biét duge khai niém cuc dai, cuc
tiéu v6i khai niém gia tri 16n nhat, gia tri bé nhat ciia ham s6. Can nhé 1a ham
s6 khong bi chin dudi (chan trén) thi khong c6 gia tri bé nhat (16n nhat). Ngoai
ra ham bi chin thi chua chic ¢6 dugc gia tri bé nhat va 16n nhat. Chinh vi thé
tinh lién tuc trén mot doan kin [a,b] 12 diéu quan trong. Nim duge cac bude dé
tim gi4 tri 1on nhét, gia tr1 bé nhat, céc gia tr1 d6 thuong dat duoc ¢ bién.
Truong hop tap xac dinh khong phai doan kin phai dé y dén gia tri cia nd & sat
bién méi giai quyét dugc bai toan. Can y thirc duoc rang bai toan tim gia trj bé
nhat, gia tri lon nhat c6 mot vai tro rat 1én trong thuc té.

Trong muc tht tdm khai niém ham 161, 16m dugc dwa ra mot cach chinh
xac nho vao bat dang thirc toan hoc lién quan dén gia tri ham sb. Tuy nhién khi
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ham kha vi, thi diéu kién nhan biét don gian hon nhiéu. Pic biét ham kha vi
dén cap hai thi chi dé y dén tinh d6i ddu ctia dao ham cap hai ma thoi. Nguoi
hoc chtl y dén diéu kién du dé tim diém udn khi ham kha vi dén cap hai.

Trong muc thir chin cho chung ta cich tim tiém can cua duong cong. Nén
nh¢ rang khong thé cé clng tiém cén ngang va tiém can xién & cing mot phia.
Pé nhén biét tiém can ding phai di tim cac cuc diém cua ham s6. Pé hoc tot

A \ 0 & < 14 P 14 A . o0
phan nay phai ndm chac cach khir cac dang bat dinh —,0-w.
o0

Trong muc cudi cung nguoi hoc phai nam viing so dé tong quat dé khao
sat va vé do thi ham s6. Pay 1a dip van dung va ty kiém tra cac kién thirc da hoc
O phan trén.

3.2 TOM TAT NOI DUNG
3.2.1 Dao ham
a. Pao ham tai mét diém
v Pinh nghia dao ham tai mot diém

Cho @€ X.a+heX,[ eR" N¢j rﬁng / kha vi tai a néu ton tai gi61 han
lim @ +h - f(a)

hiru han =0 h
df
., . N ‘ " " f'(a) —(Cl) .1 N N f .

G161 han nay thuong ki hi¢u hay dx ~ goi la dao ham cua / tai

a.
flat+h)-fa) _4f(a)

Ti s0 h Ax  goi la ti sO cua céac sO gia ham sO va so gia

ddi so.

v DPinh nghia dao ham mgt phia

1. Cho4<€X.;a+heX Noirang / kha vi phai tai a néu ton tai gioi
) o flath) - f(a)
han hiru han 50" h

Gi6i han nay ki hiu 1a /> @ goi 1a dao ham phai ctia / tai a.

2. Cho @€X.a+heX Noirang / kha vi trai tai a néu ton tai gioi
) o Sla+h) - f(a)
han hiru han 50" h
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Gi6i han nay ki hiéu 1a /(9 goi 1a dao ham trai cua / tai a.
b. Cac phép tinh dai sé ciia cac ham kha vi tai mét diém
v Pinhli 1: Cho / va ¢ kha vi tai a khi d6
1. /*g€khavitaiava (/ t8)@=r(a)+g'(a)
2. VAeRA khavitaiava W)(@=211"()

3. /& khavitaiava (/@)@ =f(a)gla)+ f(a)g'(a)

! (i}(") _ (@)8(@) - f(a)g'(a)
4, Néu &@#0 thi & kha vi tai a va g(@)

g
v' Pinh li 2: (Pao ham cta ham hgp). Cho € X, f: X >R, g:¥V > R y4i
J(X)=Y Néu / kha vi tai a va g kha vi tai /(@ thi ham hop 8% kha vi
tai a va (€9)'(@ =g'(f(@)f ().
v" Pinh li 3: (Pao ham cta ham nguoc). Gia st /X 2 & don diéu ngat
va lién tuc trén X kha vi tai a€X va /(@ #0 Khi d6 ham nguoc cia
, 1
| [ (@)=——
Ma /S>> R kha vi tai /(@ va i@ f'(a)
c. Pao ham trén m¢t khoiang (inh xa dao ham)
v’ Dinh nghia: Cho / € R" kha vi tai mdi diém * € (@-b) = R
Ki hiéu anh xa /" (@.0) > R

x> f1(x)

la anh xa dao ham hay dao ham cua () trén (a,b) thuong ki hi¢u

df
() hay E(x),Vx € (a,b)

. Cling no6i rang /) kha vi trén (@:0) = X
v/ Céc tinh chat
Pinh li 1: Cho /-8 X = R kha vi trén X, (tac 1a (¢-0) = X) khi do.
1. /T8 khavitrén X va (/ +8)'=/"¢g
2. VAR Kkhavitrén X va W)=4"

3. /€ khavitrén X va (V-@)'=S'g+ /g
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! (i} _ 2R
2
4, 8x)#0 trgn X thi & kha vitrén X va \& 8
Pinh 1i 2: Cho / €R" va €<R" Néu /khd vi trén X va g kha vi trén
F(X) thi & kha vitrén X va (€)= (g'oNf
Pinh 1i 3: Cho fE€R" gon di€u ngat trén X, kha vi trén X va

1
. y f ==
S' ) #0 ran X khidé / kha vitrén /X va /;

3.2.2 Vi phén ciia ham s6
a. Pinh nghia vi phin tai mét diém

Cho / €R"./kha vi tai @ € X Vi phan cua / tai a ki hiéu 9@ xac
dinh boi céng thirc df(@)=f(@)h  ygi heR

Vay (@ 13 mot ham tuyén tinh ctia h
Xét ham s6 /() =% trén R S =LYxeR vay dx=1h

Tur d6 cling thuong ki higu ¥ (@) = /'(a).dx

Pinh li : Néu />€<R" vakha vitai @€ X thi

L AU+ )@ = df(@)+ dg(a)
5 dGf)a) = Adf(a) v A e R
3 d(fg)@) = f(a)dg(a) + g(a)df (a)
d(i}a) =L (@) - f@)dg(@)
4. g g (a) khi &@#0

b. Vi phan trén mot khoing

Cho / €R" khd vi trén (@) =X | vj phan ctia ham s6 trén (-9 dugc
xéac dinh theo cong thuc ¥ () = /' () ygi x < (a.b)
Tuong tu nhu dinh li trén, ta nhan duoc dinh li sau day.

Pinh li: Néu /-8 kha vi trén (@?) thi trén khoang d6 ciing thoa man
cac hé thuce sau.

1. 4/ +)x) = df (x)+dg(x)
2. d(A)(x) = Adf (x)
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3. d(f.g)x) = f(x)dg(x)+ g(x)df (x)

d[i]m: L (edr () - £(0dg()
4. g g (x) khi &) #0

3.2.3 Pao ham va vi phan cép cao
a. Pao ham cip cao
v Dinh nghia
1. Cho /kha vitrén X, néu /' ®kha vi tai @ <X thi néi rang / c6
dao ham cép 2 tai a va ki hiéu dao ham do 1a /'@ Tuong tu dao ham
cép n cia /™ tai a, ki hiéu la / "(a) chinh 14 dao ham cua ham
S @) i a.
2. Noirang /™ kha vi dén cap n (hay n 1an) trén X khi va chi khi
ton tai S () trén X neN trong do 70 13 dao ham cua S
3. Noirang /™ kha vi vo han lan trén X khi va chi khi /) kha vi
nlan trén X, Yne N Sau day thuong ki hidu / V0 = /(%)
v Dinh li

* X > }\ A . r A r /4 A
Cho A€RneN, f.g€R" kha vin lan trén X , khi d6 trén X c6 cac hé
thirc sau day :

1. U+g)”=r g

5 ()" = are
()" = Y ClptgtD L o
k=0 got la cong thure Leibnitz
f

4. 8X)*0 trgn X thi & kha vin lan trén X
b. Vi phén cap cao
v DPinh nghia

1. Néu / kha vi dén cap n tai @< X thi biéu thac / " (a).h" goi la vi
phan cép n tai a ki hiéu la 4/ Vay la d"f(a)= /" (a)h" hay
d"f(a)= " (a)dx"
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2. Néu / kha vi dén cip n trén X thi vi phan cip n cta /trén
X duoe ki hiéu 1a 4"/ ().x € X y3 x4c dinh theo cong thuc sau
Vxe X, d"f(x)=fO )" = O (x)dx"
v Pinh li: Néu /& kha vi dén cip n trén X thi khi d6
1. d'(f+g)=d"f+dg
2 VgL AR d"Of)=2d"f
3.d%fg)=§¥fffd”%
A
4. Néu 8 #0 thi & ¢6 vi phan dén cap n.
c. Lop cua mot ham
v DPinh nghia
1. Cho n€N, Ta noéi / thuoc 16p C" (ki hiéu /<€) trén X néu
f khavinlantrén X va /" lién tuc trén X .
2. Noéirdang / €€ trén X néu/ kha vi vo han lan trén X .
3. Néirang / € C" trén X néu/ lién tuc trén X,
v" Pinh li
Pinh i 1: Néu /-8 €C" trén X thi
1. U+8)eC trgn X
2 A eC tpap XsA€R
3. J&€C trén X

1GC”

4. &  trén X khi 8 #0 vreX

Pinh li 2: Cho JeR vy geR. f(X)=Y Néu / va g thudc 16p
C" thi 8 €€ trén X
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3.2.4 Cac dinh ly vé gia tri trung binh

60

a. Pinh li Phéc ma (Fermat)
v' Piém cue tri ciia ham s
Cho /€R", Goi ham sd dat cuc tri dia phuong tai @ € X khi va chi khi
ton tai (@<= X G8 Vxe2:(0) tho4 man S -S(@)20 hozc /() - f(@)<0
Truong hop tha nhét xay ra noi rz“mg [/ dat cuc tiéu dia phuong tai a,
truong hop sau ndi rang / dat cuc dai dia phuong tai a.

Néu chi co /() =f(@) >0 phozc f(0)-f(a) <0 npj rang ham sb dat cuc
tr1 dia phuong ngat tai a.

v Dinh li Fermat
Pinh li: Néu /() kha vi tai a va dat cuc tri dja phuong tai a thi
f'(@)=0
b. Pinh li Ron (Rolle)
v Dinh li: Cho / € R thoa man.
1. / lién tuc trén [a,b]
2. / kha vi trén (a,b)
f(@)=f(b) khi d6 tdn tai €€ (@D gap cho /'(©) =0
c. Pinh li s6 gia hiru han. (dinh li Lagoring (Lagrange))
v Binh li: Cho / <R thoa man:
1. Lién tyc trén [a,b]
2. Kha vi trén (a,b), khi d6 ton tai € € (@) sao cho
f() = f(a)=(b-a)f'(c)
d. Pinh li s6 gia hitu han suy rong (Pinh li Cési(Cauchy))
v Dinh li: Cho /& € 8" thoa min:
1. /-8 lién tyc trén [a,b]

2. /& kha vi trén (a,b)
3. &@=#0 Vxe(ab)
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f(®)=f(a) _ f'(0)
Khi @6 té\)n tal c € (a,b) sao cho gb)—g(a) g'(c)

3.2.5 Ung dung cac dinh ly vé gia tri trung binh
a Cong thuc Taylo(Taylor), cong thirc Macloranh(McLaurin)
v Dinh nghia
1. Cho ham / kha vi dén cép (n+1) tai @€ X tic 1a / €€ tai lan can

cta a va c6 dao ham cip n+1 tai a. Goi da thie &™) voi deg P (x) <7 thog
man di€u kién

PP (a) = f“(a) k=0,n
1a da thirc Taylor ctia /) tai 1an cdn diém a, hay 1a phan chinh qui
ctia khai trién hiru han bac n tai a ctia /&
2. Néua=0thi 5™ goi1a da thirc McLaurin cta /)
v DPinh li
Néu £ 13 da thuce Taylor cua J(¥) taj 1an can cta a thi no 1a duy

(n)
P = fa)+ L ( ) %(x—a)"

Lo, (x—a)+..+
nhat va c6 dang

v Cong thirc Taylor
Cho ' 13 da thuc Taylor cua J(¥) tai 1an cén cta a
1. Goi "™ =S=F) 13 phan du Taylor bac n tai a cua /)
2. Goi cong thirc

f“”( ) f("”’(a +0(x—a))
; y %) (n+1)!

(x _ a)rH—l
la cong thirc Taylor

fx)=

bac n , hay khai trién hitu han bac n ham /) taj 1an can cta a

FA() o f("+1)(9x) ntl
/(0= kZ: )l

3. Goi cong thuc la cong thirc
McLaurin bac n, hay khai trién hitu han bac n ctia /) tai 1an can cua 0.
v Cong thirc McLaurin ctia cac ham thwong dung

1. Jf(x)=e', VxeR
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Ta théy J€C” trén R va fP0)=1 VkeN

n k
X x n
e = ZF"FO(X )

Suy ra k=0 K2

2. f(x)=sinx, VxeR, feC”

{0, k=2m

0 () — (k) k_”:
Y (x)= sm(x+k j:>f (0) =sin ", k= 2m el

2

2m+1

smx—Z( ) 1)' +0(x>"?)

2m

COSX = Z( 1)” +0(x*"*)

Tuong tu m=0 (2m)!
3. S=0+x)% aeR xeX x phy thuoc «. V4i * ¢ 1an cén cua 0
thi /€€
P =ala-1)..(a-k+1){1+x)**

F90) = a(a-1)..(a -k +1)

(1+ )" 1+za(a D).. (a k+1) 2+ 0(x")
Suy ra :

4, J)=W+x) 51an can 0 thi /€€~

AORIC = /7 (0) = (-1)"

n!
(x + l)n+1

2

In(1 + x) = x—% Iy Y Y
n

5 f(x) =arctgx, Vx € R

néuk =2m

o ® (0
ST 2 {( )" (2m—-2)!, néuk =2m+1

3 5 _pym-1
R arctgx:x—x—+—+...+( ) x4 0(x*™)
Vay 3 5 2m—1

6. J(=tgx, f<C" &1an can cua 0.
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Ta biéu dién

. -+t 3
sin x ! ! X
1gx = = 32 54' =x+—+0(x")
COS X X x
_7+7
21 4

b. Qui tic Lopitan (L’Hospital)

X ~ , A ‘A
Cho €%, /.8 €R" thoa min céac diéu kién sau:

lién tuc tai a va kha vi ¢ lan can Q,(a)\a}

1.

2. g'(x)#0 Vx € 2;(a)\ {a}
limM =1

3. xX—a g'(x)

limd = f(@) _
Khi do > 8(x)—g(a)
3.2.6 Sw bién thién ciia ham s6
a. Tinh don di¢u cia ham kha vi
v Pinh i 1: Cho / 2" thoa man:
1. f lién tuc trén doan [a,b]
2. f kha vi trén khoang (a,b)
3. J'(0)=0.Vxe(a.b) khj d6 f(x) khong doi trén [a,b]
v" Pinh li 2: Cho f lién tyc trén [a,b], kha vi trén (a,b). bé f tang trén
[a,b] thi can va da la /' (9D =0,Vxe(a.b)
v DPinh li 3: Qho f li(?n tuc trén [a,b], kha vi trén (a,b). Pé f tang ngat
trén [a,b], di€u kién can va du la
a /()2 0,Vxe (a,b)
b. Tap *€(@b)./"(M)=0} khong chira bat ky mot khoang cé phan

trong khong rong nao.

b. Piéu kién ham sé dat cwe tri

v Pinh li 1: Cho SR Néu ton tai 1an can (@ <=X 3y /1020 trap
(@a-6.a) vy /'(0)=0 trgn (@+6.a) thi f c¢6 mot cuc dai tai a.
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v Pinh Ii 2: Cho / €¢” tai 1an can (@ va thoa man diéu kién:

ff@)=..= f"(a)=0,f"(a)#0

Khi do:

a. Néu n chéin thi f(x) dat cuc tri tai a: dat cuc tiéu néu
f(")(“)>0, dat cuc dai néu ") <0

b. Néu n 1¢ thi f(x) khong dat cuc tri tai a.

3.2.7 Bai to4n tim gi4 tri 16n nhat, gia tri bé nhat
Bai toan: Cho ham s6 /) xac dinh trén tap X . Tim gia tri bé nhat
(GTBN), gia tri 1én nhat (GTLN) ctia ham s6 trén tap do.
Noi réng ham /) dat GTBN 1a m tai *1 €X khi va chi khi :
m=f(x))< f(x), VxelX
N6i rang ham /() dat GTLN 1a M tai *» €X khi va chi khi:
M=f(xy)=f(x), VxeX
a. Ham lién tuc trén doan kin [a,b]

Theo tinh chat lién tuc ctia ham sb trén mot doan kin bao gio cling tdn
tai m,M. Theo dinh ly Fermat néu ham kha vi tai x, va dat cuc tri tai d6 thi
£2(x0)=0. Vi cuc tri ¢o6 tinh dia phuong nén cac diém tai d6 ham dat GTBN,
GTLN chi c6 thé 1a hodc cac diém tai d6 ham sb khong kha vi hodc cac
diém lam dao ham triét tiéu hodc cac diém a,b. Tir d6 cac quy tic tim m, M
tuong Ung X, X, nhu sau:

v Tim cac gia tri f(a), f(b).

v Tim cac gia tri cia ham s6 tai cac diém ham s khong kha vi.

v Tim gia tri cia ham s tai cac diém lam triét tiéu dao ham f (x).

v So sanh céac gia tri tim duoc & trén dé tim ra gia tri bé nhat, d6 1a

m, tim ra gia tri l6n nhét, d6 1a M.
b. Ham lién tuc trén khoing mé, khoing vo han

Trong truong hop nay, thay vi tinh f(a), f(b), ta tim gidi han cia ham s6
khi x dan t6i a, din dén b, hodc dan dén« . Tuy nhién phai xem xét ham sb c¢6
dat duoc giéi han nay khong. Cac budc tiép theo thuc hiém nhu muc trén.
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3.2.8 Ham 16i
a. Khai niém vé ham 16i, ham 16m va diém udn
v Dinh nghia
1. Anhxa /¥ 2R duoc goi 14 16i néu

Vx,,x, € X,VAe[01], f(Ax, + (1-AD)x,) S A (x,)+ (1 -1) f(x,)

Néi rang f 13 16m khi va chi khi —f 13 16i.

2. Cho /<R Gia sit X =[a.b1V[b.cl my f 18i (16m) trén [a,b], f
16m (16i) trén [b,c] . Khi d6 diém U(b,f(b)) goi 1a diém udn cua do6 thi C¢

cua ham s6. Nhu vay di€ém udn la diém phan biét gitra cac cung 161 va cung
16m cua do6 thi ham so.

vPinh li 1: Dé f 1a 16i trén X diéu kién can va di 1a Va< X |ty s6 gia tai
acuaf tang trén X 19 tuc 1a

f(x) - f(a)

7, (x) = S A
x—a tang tren

X\{a}

v Pinh li 2 : ( Bat dang thuc Jensen)

14 X N, * .
Néu <R 15i N eN x,,Xy,0,X, € X5, 45,4, €[0,1] sao cho

A, =1 f(Zlkxk] <A L)
= thi s€ co \#! k=l

n

b. Piéu kién ham 16i
v' Pinh li 1: Gia st f 1a 16i trén X khi d6 f kha vi phai va trai tai moi
diém trong cua X va Va,b,c e X

S(b)—f(a)
b—a

sao cho a<b<c, ta co

FACEVACERID S
-

v’ Pinh i 2: Cho / €R" kha vi. D& f 15i trén X dilu kién cin va du 1a £
tang trén X
3.2.9 Tiém cin ctia duwong cong
a. Khai niém chung vé tiém cén:
Puong thing (A) duoc goi 13 tiém can cia dudng cong Cy néu nhu khoang

cach ¢ tir mot didm ¥ M€ qén (A) din dén 0 khi ¥ +Y" >+ (Tac la M
chay ra vo cung trén duong cong Cy).
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b. Phan loai va cach tim tiém cin
v Tiém cin ding (Tiém cin song song vai truc tung):

Puong x=a 14 tiém can dung cua dudng cong ¥ =/ khi va chi khi

li_r)nf(x)zoo

Gi6i han trén c6 thé bao ham ca truong hop ¥ ¢ X =>a .,y > -0
y=+© Ung véi ting trudng hop s& nhan dugc tiém can dung ¢ phia
trén hodc phia dudi, bén phai hodc bén trai duong cong Cr. SO a chinh 1a
cuc diém cta ham s.

v Tiém cin ngang (Tiém cin song song vai truc hoanh)
Puong y=b la tiém cén ngang cta dudng cong ¥ =/ khi va chi khi
lim f(x)=b

Tuy theo ¥ > —* hay ¥ — *+ ta cd tiém can ngang bén trai hay bén phai.
v Tiém cin xién (Ti€ém cin khéng song song véi cac truc toa dd)

Puong Y=@*F  a#0]3 tiém c4n xién cua dudng cong
im ) _

X—>0 X

lim[/(x) - ax]=

a

Y =/(*) khi va chi khi
Tuy theo ¥ >~ hay ¥ — +% ta c6 tiém can xi€n bén trai hay bén phai.

RS rang vé phia nao d6 khi di co tiém can ngang y=b thi khong thé
VAC))

lim——==0
coO tiém can xién boi vi khi do = x va nguoc lai.
3.2.10 Bai toan khao sat ham so

So do tong thé dé khao sat ham s6 gom cac budc dudi day

1. Tim mién xac dinh f (néu nhu chua cho) va cac tinh chat dac bi¢t cua
ham s0 nhu: chan, 1€, tuan hoan (néu co)

2. Xét su bién thién cua ham sb: Tim céc khoang don di¢u cua ham $0.
3. Tim cuc tri (néu co)

4. Xét tinh 161, 16m cua ham sd, diém udn (néu c6)

5

Tim tiém can cua do thi ham s6 (néu co)
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6. Lap bang bién thién
7. V&db thi
3.3 CAUHOI ON TAP

Cau 1. Dinh nghia ham sb kha vi tai diém x0, kha vi trong khoang (a,b),
kha vi trong doan [a,b], kha vi trong khoang (%% .

Céu 2. Pao ham ctia ham s6 tai x0 1a gi? Vi phan cia ham s6 tai x0 1a gi?
Cau 3. Ne¢u y nghia hinh hoc ctia dao ham tai diém x0.

Ciu 4. Diém tai d6 ma dao ham hai phia khac nhau thi twong tng d6 thi c6
tiep tuyén khong?

Cau 5. Diém tai d6 c6 dao ham 1a vo cung thi twong Gmg tiép tuyén cta do
thi co tinh chat gi?

Cau 6. Vi sao noi1 rr?mg diéu kién lién tuc ctia ham s chi 1a diéu kién can
chtr khong phai la di€u ki¢n du ctia ham kha vi?

Cau 7. Néu céc tinh chat dai s6 cua ham kha vi. Cac tinh chat d6 con dung
khong doi voi cac ham khong kha vi?

Céau 8. Néu cong thirc tinh gin dung s gia cia ham s nhd vao vi phan cua
ham s0. P chinh xac trong phép tinh d6 phu thudc vao dai luong nao?

Ciu 9. Dinh nghia dao ham cip cao ctia ham sb tai diém x0

Céu 10. Dinh nghia vi phan cip cao cta ham s tai diém x0

Cau 11. Hiéu thé nao 1a tinh bat bién ctia vi phan cap 1?

Céu 12. Viét cong thirc tinh dao ham cip cao cua tich hai ham sé.

Cau 13. DPinh nghia cyc tri cua ham s6. Tai sao nobi rﬁng cuc tri ¢6 tinh chat
dia phuong?

Cau 14. Phat biéu dinh 1y Fermat. Vi sao no6i rang d6 1a diéu kién can cia
ham kha vi? Y nghia cta dinh 1y Fermat?

Céu 15. Phat biéu va néu ¥y nghia hinh hoc cta dinh Iy Rolle. Néu mot
trong cac diéu kién cua dinh ly Rolle khong thod man thi co ton tai gia tri
trung binh khong?

Céu 16. Phat biéu va néu y nghia hinh hoc cua dinh 1y Largrange. Néu mot
trong cac diéu kién cua dinh 1y Largrange khong thod man thi c6 ton tai gia tri
trung binh khong?
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Céu 17. Phat biéu dinh 1y Cauchy. Chtng té cong thitc Cauchy 1a tong quat
nhat vé gia tri trung binh.

Céu 18. Tai sao néi cong thirc Largrange 1a cong thirc s6 gia hitu han?

Céu 19. Phan du Taylor cia ham sb f(x) c6 phai 1a mot da thic cua x
khong? Tai sao?

Cau 20. Néu y nghia ctua cong thuc Taylor, cong thirc McLaurin.

Cau 21. Néu céc diéu kién du cta cuc tri.

Cau 22. Néu cac diéu kién nhan biét ham s ting, giam trén mot khoang.
Céu 23. Dinh nghia ham 16i, ham 16m. Mo ta hinh hoc.

Cau 24. Néu cach tim diém udn, khoang 16i, khoang 16m ctia dudng cong.

Cau 25. Néu quy tic L’Hospital . Cho vi du ching to rang quy tic d6 khong
mé ta diéu kién can cla su ton tai gid1 han.

Cau 26. Trinh bay cach tim tiém can ctia duong cong.
Céu 27. Trinh bay so do tong quat khao sat va v& do thi ham sb.
3.4 BAI TAP CHUONG III

Ciu 1. Dung dinh nghia hiy tinh cac dao ham cac ham sb

a. f(x)=+2x+1
1
b. f(x)=x+—
X
1+/x
C. f(x)=
X
d. f(x)=+x
Cau 2. Tinh cac dao ham cia cac ham sb
xle™, |x|£1
a. yz‘(x—l)z(x+1)3‘ b. y=1,
— , |x|>1
e
L1 .
x'sin—,x#0,ne N
C. y= x d. y=xx]

0 ,x=0
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Céu 3. Chtng t6 rang néu f (x) kha vi tai x=a thi
lim x.f(a) - af(x)
—a

x—a X

= f(a)—af'(a)
Ciu 4. Ching minh rang ham s6 f(x) =|x—alp(x) trong d6 ¢(x) la ham )
lién tuc va ¢(a) =0 khong kha vi tai x=a.

Cau S. Tinh c4c dao ham £,°(0) va £’(0) cua cadc ham sO sau day:

2 2
a. f(x)=+/sinx? b. f(x):arcsina2 x2
a” +x
Y x#0 1 o
o e &
c. f(x)= o X d. f(x)= x”e ,X#0,ne N
0 ,x=0 0 ,x=0
Cau 6. Tinh dao ham cua cac ham sd:
a. y=lntg% b. y=In(x+vx2+1)
sin21 . 2x2
C. y=e < d. y=arcsin——
I+ x
1y 1 2x
e. y=|l+-— f. y=—arct
g ( i/;j ’ 2 gl—x2
g y_lnxlnx—l iy = 1
xlnx+1 N2ax — 32
1. y=In x y—;
. 1—ax? . (1+ cos4x)’
1 y—coszl_\/; m. y=_[1+¢ (Hlj
' 1++/x Y & x
R x
n. y =arcsin - 0. y=log,log,logsx

Céu 7. Tinh dao ham sau bang phuong phap dao ham 16ga:

a. y=x" b. y=(sinx)*"
_(x+1)34\/x—2 d _(L]x
y= 5’()6—3)2 ' B 1+x
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2
e. y=(+1)" £ yzg\/%

1
g y=x* h. y=x"2%%?

i y=""(xlnx-x-1) k. y=log,,,sinx
e

Cau 8. Tinh vi phan ctia ham s6

a _ 05X —llnt X
Y 2sin’x 2 £2
b. Cho f(x)=x>-2x+1. Tinh Af(1),df (1) (a>0)
c. Vi |4 << a* ching minh va®>+x~a +2i (a>0)
a
d. Véi |y <<a” chimg  minh Va"+x~a+——

na

Ap dung tinh W10° =92'0 - 24
1
e. y=3~ +2%+6*/; tal x=1va dx=0,2

Céu 9. Tinh dao ham cua y,' clia cac ham cho theo tham sd:

a. x:acos3¢, y=bsin3¢
b. x=In(1+7%), y =t —arctgt
. x_1+t3 L
I > -1
d. x=a(t-sin?), y=a(l—cost)
Cau 10. Tinh
: =25 -5°) b. af2 (smx] .. d(sin x)
d(x”) d(x")\ x d(cosx)
Cau 11. Ching minh cac h¢ thirc sau:
a. x)y =1+ vOoi x—lity—i 2
- £ 2wt
[ 2
b. yyl+y? =y vbi x= ! —ln1+ Lt V= d
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1+1In¢ B 3+2Int
t2 9y_ f

c. yy'=2xy" VOl x=
Cau 12. Ching minh céac h¢ thuc sau:

a. Cho f(x)= 1n1L. Ching minh £ (0)=(n-1)!
—X

b. Cho f(x)=x%e «.Chting minh 7 (0)= (_l)n.’z;(zn -1
a

c. Cho f(x)=x". Ching minh f(l)+%+...+L)'(l):2”

n:

Cau 13. Tinh dao ham cap n ctia cac ham so6:

a. y=2"+27" b. y=In(ax+b)
y:ax+b c. y=\/;
cx+d
e. y=x"Ax f. y:1+—x
x

Cau 14. Tinh cac dao ham cap cao sau:

a. y=(x*+Dsinx, tinh y(zo)
b. y=5- , tinh y"!”
X
C. y=e'.sinx , tinh y™
d. y=sinax.sinbx , tinh y"
I+x p (100)
e y= A tinh
= 7
T — tinh y™
4 M +x Y

g*. y=e“sin(bx+c), tinhy™
Céu 15. Chtirng minh ham s y =™ théa mén:
A-x)y"? —2n+ D" —(n? + )y =0,ne N
Cau 16. Ching minh ham $6 y=(1-x)"%e* thoa min

A-x)y"Y —(n+ax)y"™ —ney"™ =0,ne N*
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1

n 1
Céu 17. Chtrng minh ham s y=x""e~ théa min »™ = ED

n+l

Céu 18. Chimg minh da thirc Logiting (Legendre) P, (x) = 2L (o2 -1 m=012....

m m'

thoa man phuong trinh (1-x*)P,"-2xP, '+m(m +1)P, =0
Cau 19. Chung minh da thirc Trébusép- Hécmit ( Chebyshev — Hermite):
H, (x)=(=1)"e" (=" )™, m=0,1,2,..
théa man phuong trinh: H,"-2xH,,'+2mH,, =0

Ciu 20. Ap dung dao ham tinh céc tong sau:

a. A, =1+2x+3x> +..+nx""

b. B, =12+23x+34x% ...t n(n—1)x">

c. C, =12+22x+3%x* +...+n*x""

Céu 21. Ching minh rang phuong trinh x" + px+¢=0,ne N* khong c6 qua

2 nghiém thuc véi n chan, khong cé qua 3 nghiém thyuc véi n 1.

Cau 22. Chimg minh rang Vm phuong trinh x* -3x+m=0 khong thé c6 2

nghi¢m khéc nhau trong [0,1].

Céu 23. Chung t6 rang phuong trinh £ (x)=0 c6 3 nghiém thuc biét rang
f(0)=x(x+D(x+2)(x+3)

Cau 24. Chiing minh rang s6 nghiém cta phuong trinh f(x)=0 khong nhiéu

hon qua 1 don vi ctia 86 nghiém cta phuong trinh £(x)=0

Céu 25. Cho f(x) kha vi trén [a,b] va c6 dao ham dén cdp hai trén (a,b).

Chtng minh rang Vi e (a,b) ¢6 thé tim duoc it nhit s C, e (a,b) sao cho

f(b) - f(a) _(—a)(x-b)
2

R

(x—a) JM(CY)

Céu 26. a. Khong can tim dao ham cta ham s6 f(x) = (x> —1)(x> —4). Hay cho
biét s6 nghiém cuia phuong trinh £(x)=0 va chi ra cac khoang chita nghiém do.

b. Cho f(x)=1+x"(x-1)" v&i m,neN" ching td rr?mg £(x)=0 c6 nghiém

trong khoang (0,1).
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Céu 27. Cho ham f(x) lién tuc trén [a,b], kha vi trong (a,b). Chimg t6 rang

x f(x) 1
néu ap dung dinh li Rolle cho ham $6: F(x)=|b fb) 1 s€ nhan
a f(a) 1
duoc dinh 1i Lagrange
Céu 28. Chirng minh céc bat ding thirc sau day:
a. azb << a_b,(0<béa)
a b

cos” f cos® a

b. a_zﬁ <tga—-1gf< 2P ,(O<ﬁ£a<%)
c. nb"Na-b)<a"—b"<na"'(a-b),(b<a),neN
d. |arctga—arcigh| <|a -1
Cau 29. a. Tim cac héng s6 a,b dé ton tai gid1 han hiru han cua f(x) khi x >0

)= ~13 3 2

b. Tim hang s6 k dé ton tai gidi han hiru han ctia ham f(x) khi x—0

2
I-x (arcsinx + k)

fx)=

Céu 30. Dung qui tic L’Hospital tim cac gi6i han sau:

X

2 It _
a. lim b. il 2y c. lim_n&=a)
x>0 y + e” x—1 v sinﬁx x—a]ln(e” —e”)
2
1g i X a
d. lim—2 . A=A f lim—% —
-1 In(1—x) x—0" 1+ 2Insin x x—0 %
cotg—x
2
Cau 31. Tim cac gidi han sau:
. (1 1 )
a. lim| —- b. limlnx.In(x-1)
-0\ x ¥ -1 x—1
_1
c. lime ¥ x d.ﬁm( p___ 4 j
x—0 >N\ 1=xf? 1—x9
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e. lim — ! f lim| —2*—-—~
Caol 2(1-4x)  3(1-3x) "~ 7\cotgx 2cosx
2

Cau 32. Tim cac gidi han sau:

1

a. lim(l+x)™* b. lim (rgx)*°®* c¢. lim(x +e>)*
x—0 x—)z x—0
2
1 1 L
. (tex & ) x_ ) e %1 X
a hm(&jx . Tim ye . lm(_J
x>0\ x x>0 -0 p* —xInb

Cau 33. Tim cac khoang ting, giam va cuc tri cia cic ham sb sau:
3
a. y=x(1+\/;) b. y=xlnx c. y=(x*-1)2

d. y:e— e. y=xvax—x>,(a>0)
x

Cau 34. Tim cuc tri cac ham so sau:

2 2
a. y=x>(1-xVx) b. y=[x(x+2) ¢ y=x+(x-2)3
- l+1Inx X X
d. y=xe 2 e y= f. y=2cos5+3cos—
x

g. y=nsinx’ h. y=InV1+x* — arctgx

Cau 35. Chitng minh cac dang thirc sau:

a. arctgx = arcsin

X
1+ x?

b. arcsinx=arctg

& <

Cau 36. Chirng minh cac bat dang thirc sau:

a. sinx+#gx > 2x, xe(O,%)
1 >
b. cosx>1—5x , Vx>0
C. tg_a<@’ O<0¢<ﬂ<Z

a p
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d. e">1+x, Vx#0

2
e. x—%sln(l+x)£x, Vx>0

3

f. x—%ﬁsinxﬁx, Vx>0
3
g. tgx>x+x— 0<x<Z
37 2
h. 2vx >3-, Vx> 1
X

i. 2xarctgx>In(l+x%) Vx

k. lnx>2(x_1), Vx> 1
x+1
L In(l+x)>28  yeso
I+ x

Céu 37. Chting minh tinh duy nhat nghiém cua cac phuong trinh sau:

a. 2x+sinx+cosx=0

b. §x3—2x2+1:0, x<0

c. a +b" =c", O<a<clO<b<c

d. x=a 2+2sina;x, Va

e. x> +sin‘ax+cosia= 0, Va

Cau 38. Tim gia tri 16n nhat, bé nhat ctia cac ham so:

2
a. =i Y — 0<x<l
I+x+x
2 )
b. y:a—+b—, O0<x<la>0b>0
x 1-x
C. y=2tgx—tg2x, 0£x<%
1-x
d. y=arctg—=, 0<x<I
1+ x
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Cau 39. Tim cac tiém can cua cac duong cong

_sinx 2y

a. y=x+Inx b. y C. y=xe

X

2

2 2
€. y:xln(e+lJ f. y=xe* +1

X
Vx2+9

Cau 40. Xét tinh 161 10m va tim diém udn cua ham so:
3

d y=x-2+
x

X 2\ X
a. y= b. y=(1+x")e
x*+12
c. y=a—3(x-b)’ d. y=2n% @>0)
X X
Cau 41. Khao sat ham s sau:
i Inx 4 1
a. y=Q+x)e ™ b. y=—= o y== il
y ) y s Y=t
e ) :
d y=——e¢. y=|1+— f.y=e*—x
SInx +COSXx X

3.5 HUONG DAN VA PAP SO BAI TAP CHUONG III

1 1
Caul. a. f'(x)=———, b. f/(x)=1-—,
1@ ==, b fl) =1
1 1 1
c. flx)=——-——,d. fl(x)=——=,x20
f@=-m—, d =
2x 3
2x(1—x2)e™
Cau2. a. y =(x>=Dx+I|(5x—1) b. y/ :{ (A =xDe
0,|x >1
s 1 1
/ X (nxsm——cos—],x;to,nzz /
c.y = X X d. y =2‘x‘
0,x=0
A / / / 2 / 2
Caus. a. f,(0)=1/7 (0)=-1, b. fp(O):—‘;,ft (()):M
c./,(0)=0,1/(0)=1, d. r(0=0
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A 1 ] sin®—
Ciu6. a. y =— b.y' = ! , Cy/:——?e ¥ §in —,
sin x 2 +1 X X
4 1 1Y) 1
d. y/: d , c. y/:——£1+—J , f. y/: ,
1+ x* x/x x x* +1
2(Inx +1) xX—a
/_ I
&V =3 2. h. y' = =
x“In"x-1 J(Q2ax — x?)
2 20sin 4x
iy = < k. y' = o
X —ax (1+ cos4x)
. [1—&}
sin 2
/ 1++/x / x* -1
Ly m. y' = )

\/;(IJF\/;) 2x? cosz(x+1)\/l+tg(x+lj
X X

1 1
/ /

= , 0.y =
Y oV -n) Y T Xlog, x.log, (log. x)In2.1n3.1n 5

n.

Cau7. a. y =x""Q2lnx+1).

0082 X

b.y" =(sin x)c"sx(

! —sinxInsin x |,
sin 7x

;57x% —=302x+361 (x+1)°Yx-2

Y T G2 (x-3) Sx-3)

d. y/=(xj( 1 +In xj.
x+1 x+1 x+1

e. v =(x* +1)Si“[2xsmx + cos x In(x? +1)}
x~+1
¢ y/:x4+6x2+13x(x2+1)
3x(1-x*) \(x* -1)?
/ l—lnx
g y =y—3
X
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h. :y(1n2+3—1—1nx)
X

iy =Lxxx+1 In x(In x — 1).

e
) 1 .
k. y"=———(cot gxIncosx + fgx Insin x).
In“ cos x
Cau8. a. dy=- _d’; . b, Af() =Ax+3(A%)% + (AY), df(l)=Ax.
Sin x
d. V10* ~1,9955... e. dy(l)=0,3466.
Cau9. a. y. =—étg(0, b. y! 21’
a v
/ 1+ /
c. yl= , d. y,.=cotg—
t(2+3t—1t%)
Cau 10. a. 1—4x> —3x5, b. %(cosx — smxj’
2x X
c. —cotgx.
—_ 1\ a"
Cauld.a. ™ =+ "2 ~|m"2, by =(pt @D
(ax + b)"
oy _niad - be)(—=c)"™! d 0= (-D)" ' (2n-3)!
. (Cx + d)n+1 ’ ' 211 1x2n—1 ’
I ™! — 3NN
e.y(”) = —(2712-: 1) \/;, f. y(n) = ( 1) (3”7“ 3) (x - 2n+ 1)
2"x 2
Cau 14.
a. y@9 =(x? —379)sin x — 40x cos x.

(10) X 2 nn n!
by =e"3 (-] Clo —t
n=0 X

e

yW =" > Ck sin(x + kjﬂ)

k=0
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d. y™ = %{(a —b)” cos[(a —b)x+ %} —(a+b)" cos[(a +b)x + %}}

(100) _ 197”(399 - x)
2100 (1 _x)loom‘

£ 00 = (-)"1.1.4..(3n = 5)(3n + 2x)

3 (1+x) 3

&P/

Na? +b?
a

Na? +b?

. sin @ =
g y" =e(a’ +Z)2)E sin(bx + ¢ + ne) .
S

Cau 26.a. x, e(-2;-1), x,e(=Ll), x3e(2).b. f(0)=f1)

Cau 29. a. a:o;b%, b. k=0
n 1 7
Cau30.a. 0, b. oo, ¢. 1, d o, e—, f —.

2 2
Ciu3l.a. +. b 0, ¢ 0, d 279 o L ¢

2 2D 12
L l(ln2 a-In’b)

Cau32.a. 1, b. 1, c. e d. &3 e e f. e?

Cau 33. a. Tang [0,+o0) khéng c6 cuc tri.
b. Tang (O,l}, giam [1,+ooj, Xcp _1
e e e
c. Gidm (—oo;—1] ting [1;+o0).
d. Giam (-0;0),(0;1), ting [l;+0), x., =1.
3

i 3 3
e. Giam |~aa|, tang |0;=a| x.n=—a.
{4 } g{ 4 } @4

Cau 34. a. min(0;0), max(zfﬁ\/z;gi/g}
49 T7T\7

b. min(0;,0), max(-Ll).
c. min (0;3/4), min (2;3/4), max (1;2).
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d min(—l;—%), max(l;%).

e. max(Ll).

f. min {12(1( + %}z;—S cos %} min [6(2k + 1)71;1],

max (12kx;5), max{lZ(k + %)72’;5 cosz?ﬁ}.

g. min(0,0), max(ir 4"; ! ﬁ;lj.

h. mm( —1n2——j

Cau 38. a. m—%, M=1. b. m=(a+b)*. c. M=
Cau39.a. x=0. b. p=0. ¢ yp=0
d y=-2, y=2(x-1). e x:—l,
e
f. x=0, y=x
Cau40. a. x, ={0;6} b.
d.

c. ¢.
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CHUONG IV: PHEP TiNH TiCH PHAN

4.1 MUC PiCH

Phép tinh tich phan 1 phép tinh co ban thir hai cta toan cao cap. Pay la
phép tinh nguoc cua phép tinh vi phan. Chinh vi thé dé tinh tich phan nhanh
chong, chinh x4c can thong thao phép tinh dao ham ctia ham sé.

Trong muc thi nhat ctia chuong nay can nam viing dinh nghia tich phan
xac dinh. Ban chat ctia no 1a phép tinh gidi han cia mot day s6 duoc tao ra theo
mot nguyén tic nhat dinh (1ap tong tich phan) tir ham sb f(x) xac dinh trén doan
[a,b]. Sau khi hiéu dugc 16p cac ham kha tich sé& thay rd khai niém tich phan xac
dinh hoc ¢ pho thong trung hoc chi 1a mét truong hop riéng cia khai niém tich
phan xac dinh dugc trinh bay ¢ muc nay. Cu thé 1 cong thirc Newton-Leibnitz
chi dugc ap dung khi ham dudi déu tich phan lién tuc trén doan [a,b]. Nguoi
hoc phai ndm duoc diéu kién can ctia ham kha tich dé sau nay phan biét voi tich
phan suy rong. Bén canh d6 phai biét van dung cac tinh chét cua tich phan xac
dinh béi vi nho ¢6 tinh chat nay va cac tich phan co ban ma ta c6 thé tinh dugc
cac tich phan phurc tap hon. Can hiéu duoc nguyén ham ciia ham sb 1a gi va
phan biét tich phan xac dinh véi tich phan bat dinh.

Trong muc thtr hai can nam vitng hai phuong phép co ban dé tinh tich phan
xéac dinh: Phuong phap tich phan ting phan va phuong phap dbi bién sb. Can
hiéu rang phan 16n céc tich phan chi duoc tinh bang mot phuong phap duy nhat.
Do d6 trudc hét phai phan loai sau d6 méi di vao tinh toan. Nam chéc cac diéu
kién d6i véi ham s6 khi thuc hién phép d6i bién sb. Luu ¥ rang khi thuc hién
phép d6i bién sb thi can cia tich phan ciling bién doi theo.

Muc thir ba trinh bay phuong phap tinh tich phan bat dinh. Ngoai hai
phuong phap co ban can phai thudc cach doi bién thich hop cho timg truong
hop: ham hitu ti, ham htru ti lugng giac, ham vo ti,....

Muc thir tu gdm cac tmg dung mang tinh chat hinh hoc cta tich phan xéc
dinh: dién tich hinh phang, thé tich vat thé, d6 dai cung. Phai cha y dén tinh
chat bién cta cac hinh rdi méi ap dung céc coéng thic tinh thich hop: trong hé
toa d0 dé cac, toa dd cuc. Sau nay con dugc biét nhiéu ung dung rong rai cua
tich phan xac dinh.
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Trong muc th nim ngudi hoc phai hiéu rd tich phan suy rong, ¥ nghia

hinh hoc ctia n6. Phan bi¢t sy khac nhau gitra tich phan suy rong va tich phan

xac dinh. Nam viing khai niém hoi ty, phan ky cua tich phan suy rong. Khi st

dung ti€u chuan hdi tu ctua 16p ham gitr nguyén dau can phai dung dén phép so
sanh cac vo cung bé, vo cung 16n. Can nam viing khai niém hdi tu tuyét doi,

ban hoi tu cua tich phan suy rong, béi vi cac ndi dung trén s€ gap ¢ trong

chuong tiép theo. Cling can nh¢ rang rat nhiéu van dé ky thuat gan lién voi viée

tinh cac tich phan suy rong.

4.2 TOM TAT NOI DUNG

4.2.1 Khai niém vé tich phén xac dinh

82

a. Pinh nghia tich phan xac dinh
Cho f:[a,p]>R,a<b
1. Ta goi mot ho hiru han cac diém (x,), i =0,n sao cho
a=xy<x<..<x,_,<x,=b

la mot phan hoach (hay mot cach chia) doan [a,6] va goi 4= Max Ax,,

0<i<n-1
trong d6 Ax,=x,,—x,,i=0,n—1 la budc cua phan hoach da chon. Tap phan
hoach la (p,)

2. Ta goi mot cach chon tmg v&i phan hoach 1a mot cach 1y n diém ¢,

sao cho & e[x.,x, ].i=0,n-1

i+1

3. Ta goi s6 thuc a:ni f(E)Ax, 1a téng Rioman (Riemann) cua ham

i=0
f£ing voi mot phan hoach va mot cach chon.RO rang voi f e R s ¢6 day

vO han tong Riemann ¢ Kihi¢u la (o,).

4, Néu 2 >0 ma o, — I hiru han ( khong phu thudc vao cach chia doan

[a,b] va cach chon cic diém ¢ tng voi cach chia d6 ) thi 7 goi 1a tich phan
b A}
xac dinh cta s trén [a,5], Ki hiéu la j f(x)dx, khi d6 ndi rang 1 kha tich trén

n—l1

[a.5] Nhuvay [ /(x)d=limy f(&)4x,
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b . Piéu kién ton tai
v' Piéu kién cin

Dinh li: Néu rkha tich trén [a,b] thi 7bi chin trén [a,b]
v’ Cac tong Pacbu (Darboux)

Cho f:[a,b]— R va phan hoach (x,)x4c dinh (i =0,n)

Dat m = Inf f.M,= Sup f, i=0,n—1.

[XHXH—I Xi>Xip1

n—1 n—1 9 . A n 2
Ta goi s=> max, , S=> MAx, la cac tong Darboux duéi va trén, hay tong

i=0 i=0
tich phan dudi va tong tich phan trén ctia s tmg voi mot phan hoach xac dinh.
Virang m < f(E)<M, , V& elx,x,]nén s<o<S.

Mot phan hoach da dinh thi s,51a h@fmg s0, té)ng Riemann phu thudc vao
& elr.x,] i=0n—1. Ching to cic tong Darboux 1a can dudi dung va can
trén dung cua o

Hé qua 1: Néu thém vao diém chia méi thi s ting va S giam.

Hé qua 2: Moi tong Darboux dudi khong vuot qua mot tong Darboux

trén.
v Piéu kién can va di dé ham kha tich

Pinh li: Bé cho ham £ kha tich trén [a,b] diéu kién can va du la

}E}%(S -5)=0

c. Lop cac ham kha tich.

v’ Pinh 1i 1: Néu 7(x)lién tuc trén [a,b] thi kha tich trén doan d6

v DPinh li 2: Néu f(x)don diéu va bj chin trén [a,b] thi kha tich trén doan
do.

v ' H¢ qua: Néu f(xlién tuc tung khuc trén [a,b] thi kha tich trén doan do.
Dudi day ta dua ra cac dinh, li va s€ khong chirng minh, vé mot 16p ham
kha tich, 16p ham nay chira tat ca cac l6p ham da xét ¢ trén

v Pinh li 3: Néu f(x)bi chin trén [a,b] va chi c¢6 hiru han diém gian doan thi
f(x)  khatich trén [a,b]
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v'Dinh 1i 4: Néu s(x)kha tich trén [a,b] thi |£(x)
tich trén [a,b].

Jk.f(x) (k=const) cling kha

v Pinh li 5: Néu f,¢ kha tich trén [a,b] thi tong, hiéu, tich cua ching ciing
kha tich trén [a,b]

v'Pinh li 6: Néu rkha tich trén [a,b] thi kha tich trén moi doan [a, 8] < [a.5].
Nguoc lai néu [a,b] dugc tach ra thanh mdt s6 doan va trén mdi doan d6
ham kha tich thi 7 kha tich trén [a,b].

d. Céc tinh chit ciia tich phan xac dinh
v Tinh chét
Cho f,gkha tich trén [a,b] va a<b, 1 1a héng $0.

1. j F(x)dx = j F(x)dx+ j F(x)dx VO1 ¢ e (a,b)

2. jﬂf(x)dx = ﬁfff(x)dx

(8}

R — >

(/) + g()dx = [ f(x)dx + [ g(x)dx
4. Néu f(x)zotrén [a,b] thi [f(x)dx>0
5. Néu f(x)> g(x),Vxe[a,b] thi j F(x)dx > j 2(x)dx

6. Néu 7 >0 trén [a,b], £lién tuc tai x, [a,b] va f(x,) >0 thi j F(x)dx >0

~

i f(x)dx

< f|f (0)]ax

8. Néu m< f(x) < M,Vxela,b] thi mb-a)< j F(x)dx < M(b—a)

v Pinh li tong quat vé gia tri trung binh
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DPinh li: Cho f,gkha tich trén [a,b], a<b, g(x)>0hodc g(x) <0 trén [a,b]

va m< f(x)<M .Khi do tdn talu e [m,M] dé cho J.f(x).g(x)dx = ,ujg(x)dx .
Néu thém diéu kién £(x)lién tuc thi ton tai c e [a,5] sao cho
[ £().g(x)dx = f(c)| g(x)elx

v Bit dang thirc Cosi-Svac( Cauchy-Schwarz) déi véi tich phan
Pinh li: Néu f,¢ lién tuc timg khuc trén [a,b] thi khi d6

Uf (x)-g(x)de < j £2(x)dkx. j g (x)dx .

e. Cong thirc Niuton-Lépnit (Newton-Leibnitz).

v'Ham tich phin cia cin trén

Cho f(x)kha tich trén [a,b]. Liy x,cd dinh, x, [4,5]. Cho x [a,b]khi d6
theo dinh 1i 6 thi ham £(x)kha tich trén [x,,x] v6i x tuy ¥ trong [a,b]. Ham s6

40 = [ £de

goi l1a ham tich phan cua can trén hay tich phan ctia ham f(x) theo can
trén

Pinh li 1: ¢(x)la ham lién tuc trén [a,b]

Pinh li 2: Néu f(x) lién tuc trén [a,b] thi ¢(x) kha vi trén [a,b] va cb

#(x) = f(x),vxela,b] .

Hé qua: Néu a(x),p(x) kha vi trén x,7(x) lién tuc trén X va

B(x)
[a(x), B(x)]c X Vxe X thi G(x)= j f()dt kha vitrén x va
a(x)

G'(x) = f(B)B ()~ /(a0 (x)
v/ Nguyén ham ciia ham so va tich phan bat dinh

Cho 7,F:X —»R.Goi F 1a mdt nguyén ham cta £ trén x néu rkha vi
trén X vatacd F(x)= f(x), Vxe X.
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Dinh li: Néu f(x) lién tuc trén x thi s& co nguyén ham trén x va néu
F(x) la mét nguyén ham thi tdp hop cdc nguyén ham cia f la
{F(x)+C , CeR}

v Cong thirc Newton-Leibnitz.

Pinh li: Néu s(x) lién tuc trén [a,b] cO mOt nguyén ham 1a F(x) trén

[a,b] thi j f(x)dx = F(b)— F(a)

Pai lugng F(»)- F(a) duogc ki hiéu F(x)"; goi 12 bién phan tr a dén b
cua F(x).
4.2.2 Hai phwong phap co ban tinh tich phin xac dinh
a. Phép doi bién
v Pinhly 1: Néu  ¢:[a.f1 >R  thudc 16p C' trén [a, g]
filabl—>R  thudc 16p C° trén [a,b]
va o([a, B]) < [a,b]. Khi do:

o(p)

B
[7@@)@ @ di = | f(x)dx

o(a)
v'Pinh Iy 2: Néu ¢ :[a,f1> R VOi ¢ don diéu va thudc 16p C' trén [a, ]
fla,b] - R £ eC® trén [a,b]

VOl t = p(x) Ma f(x)dx = g(t)dt,g € C° trén [p(a),p(b)]. Khi do:

@ (b)

j F(x)dx = j 2(t)dt

o(a)
b. Phép tich phén tirng phan
v’ Dinh Iy: Néu u,v:[a,b] >R va u,veC' trén [a,b] thi:
b b

j u' (X)v(x)dx = u(x)v(x)|" - j u(x)V' (x)dx

a a

4.2.3 Phuong phap tinh tich phéan bét dinh
Ta da biét rr?mg j f(x)dx = F(x)+C trén X Trong d6 F(x)la mot nguyén ham

clia f(x) trén x va C 1a hing s6 tuy y.
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a. Tinh chit co ban cia tich phan bat dinh.
Cho f,g c6 nguyén ham, 1 eR
1. ([ f(x)dx)' =f(x) . d[ f()dx= f(x)dx
2. [(£ )+ g()dx = [ f(x)x + [ g(x)dx
3. [Af()dx = A[ f(x)dx
4.Néu f(x) c6 modt nguyén ham 13 F(x) thi f(u(x)k'(x) c6 mdt nguyén
ham 13 F(u(x)) néu u e C', tic 13
[fr)dx = F(x)+ C = [ flu@)u'(x)dx = Flu(x))+C
b. Hai phwong phap co ban tinh tich phan bat dinh
v Phwong phap tich phan tirng phin
Cho u,veC' trén x khi do
[u()dv(x) = u(x)v(x) = [W(x)du(x) trén x
v Phwong phap d6i bién sb

Dat x = p(r), vO1 ¢ don di€uva ¢ e C' trén v khi do

[7@)ax = [ flowlp'tyar

t=p7' (x)

bat 1 = w(x) khi d6 f(x)dx = g(r)dt
[ () = j g(t)dt

c. Cach tinh tich phan bat dinh ciia cac ham s6 hiru ti

t=y(x)

v’ Tich phian cac phﬁn thirc ti gian loai thir nhat
I=
I (x— a)

Néu n=1 thi J'

1n|x a|+C
xX—a

Vo1 C = const kh1 xét x <a hoac x>a
Néu ne N \{l} thi I a1 : ! +C

(x—a)" n—1 (x—a)"

v’ Tich phén cac phan thirc toi gian loai thir hai
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_J- Ax+ u

dx , A,u,a,b,c € R va b*—4ac<0,ne N’
(ax*> +bx +c¢)"

Néu 21=0

dx
I=yl—
,uj (ax* +bx +¢)"

2
Bién doi axz+bx+c:—A 1+[2ax+bj ,A=b>—-4ac
V—A

2ax+b

A

- d
Suyra = ,u(—%lj mj(l+:2)n

Thuc hién do61 bién ¢ =

Dan dén tinh J, (1) =

dttz = arctgt + C
Tich phan timg phan sé& co

J, (1) =

t dt
2\n +2n_|. 2\n+1
(1+¢) (1+2)

t
J = +2n(J, —J
n (1+t2)n ( n n+1)

t
(1+1%)"

o, =Q2n-1)J, +

Néu 1 0.

2au
2 2ax + ——

2a* (ax® + bx +c)"

:i 22ax+b dx+i[2a’u—b1f : dx
(ax*+bx+c)" 2a\ A (ax*+bx+c)"

Tich phan thtr nhit tinh dugc nhd phép doi bién  u = ax? + bx + ¢

2ax+b du 1 1
J oo =] = D T+C
(ax™ +bx +c)" u" 1-n (ax"+bx+c)"

Tich phan thir hai tinh theo J, da trinh bay & trén.
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d. Tinh nguyén ham céc phén thirc hiru ti d6i véi mot s6 ham thong dung
v' Ham hiru ti d6i véi sin va cosin
1.  Trudng hop tong quat.

Xét  [R(sinx,cosx)dx trong d6 R 1a “’phan thuc hitu ti hai bién”’

Thuc hién phép doi bién: ¢ = tg%. Khi do

. 2t 1-¢ 2dt
sinx = =, Cosx=—-—, dx = 5
1+¢ 1+¢ 1+1¢
Khi d6 dwa vé dang [ PO 4
o)

Tuy nhién bac cua P(r) va Q) thuong la cao, lam cho qua trinh tinh
toan rat nang nhoc. Sau day ta xét mQt s6 truong hop dac bi¢t, voi cach ddi
bién thich hop sé& tinh toan dé dang hon.

2. Truong hop dic biét thir nhat.
° Néu R(sin x,cos x) = R(—sinx,—cosx) thi doi bién t =tgx hodc ¢=cotgx
o Néu R(sin x,cos x) = —R(sin x,—cos x) thi ddi bién ¢ =sinx
e Néu R(sin x,cos x) = —R(—sin x,cos x) thi doi bién 1= cosx

3. Trudng hop dic biét thir hai,

Khi R(sinx,cosx)=sin" x.cos"x , mneZ

o Néu m 1€ thi doi bién ¢ = cosx
o Néu » 1¢ thi d6i bién 7 = sinx
e Néu m,n chin va khong cung duong thi ddi bién ¢ = rgx

e Néu m,n chin va cung duong thi tuyén tinh hoa sau d6 tinh
nguyén ham.

v Ham hiru ti d6i v6i shx va chx

Vi dao ham cua cac ham sax va chx tuong ty nhu cac ham sinx va cosx,
ma  [R(sinxcosx)dx  c6  phép doi  bien twong Ung la

89



Chuong 4: Phép tinh tich phan

t= tgg ,t=cosx , t=sinx , t =tgx, cho nén JR(shx,chx)dx cO phép doi bién
trong Umg 1a t=th§ t=chx , t=shx , t=thx
v Ham hiru ti d6i v6i e, o e R

Xét 1=[f(e™)dx, trong d6 f(x) 1a ham hitu ti. Thyc hién phép ddi bién
t=e" , dt =ae™dx, Khi do

I:lj&dt
a’ t

by ~ N A" r. e hY +b
v  Ham hiru ti doi véi xva nw/ax
cx+d

Xét 1= J.R( x| & +2 de trong d6 R(x,y) 1a ham hiru ti cta hai bién x,y
cx +

V6i y=1“*° thoa man didu kién ad = be
cx+d
Thuc hién phép doi sang bién y thi

ng_ n—1 _
R(x,y)dx = R(y d=b y] i (ad f")d
a—cy" (a—cy")

= f(»)dy
Trong d6 f(y) l1a ham hitu ti cua y.
4.2.4 Mot s6 ing dung ciia tich phan xac dinh
a. Tinh dién tich hinh phang
v Mién phing giéi han béi cac duong cong trong toa do Pécac(Descartes)
Gia s mién phang D gidi han béi cac dudng:
x=a,x=b,(a<b),y=fi(x),y=f,(x) trong do f, 7, lién tuc ting khic

trén [a,b]. Goi dién tich ciia mién phiang D 13 S. Theo y nghia hinh hoc cia
tich phan xac dinh, nhan dugc cong thuc tinh S nhu sau:

S = [| A= £

Tuong tu, néu D gidi han boi cac dudng:
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y=c,y=d,(c<d),x=g(»), x=g,(y) trong dd g,,g, lién tuc tirng khlc
trén [c,d] thi

S =& () - & )dy

v’ Gi4 sir mién phing D giéi han béi dwong cong cho dwéi dang tham so:

{x:x(t) ty <t <
y=y()

Khi d6 S = ﬂ V()X (z)‘dt

v/ Néu mién phing D giéi han béi dwong cong cé phwong trinh cho dudi
dang toa do cuc.

r=r(p) ., a<p<p
Lién h¢ gifra toa do Descartes va toa do cuc la:
{x = r(@)cos
y =r(p)sing

Khi do S:%jr%¢w¢

b. Tinh d6 dai dwong cong phing

v Phwong trinh cho trong hé toa do Descartes vudng goc

Gia sur duong cong AB cho boi phuong trinh
y=f() . Ala.f(@) . Bb.f©b)
Trong d6 feC' trén [a,b] , (a<b)

r M
Neéu goi / 1a do dai cung 4B thi / dugc tinh theo cong thirc

b

1=Lh+f%mw

v Phwong trinh cho trong dang tham sé

{x=¢0)

t,<t<
y=w()
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92

o, e C' trén [t,.1,]
h
lzj 0 () +y" (t)dt
t

v Phwong trinh cho trong dang toa dd cuc
r=r(p) , as<@ps<pf

B
1= [\r (@) +r (p)dp

a

c. Tinh thé tich vat thé
v Cong thirc tong quat
Gia str vat thé (V) nam giira hai mat phang vudng goc véi truc Ox, cic
mat phang nay c6 phuong trinh 1a x=ava x=b, a<b. Céc thiét dién cua
vat thé (V) vudng goc voi truc Ox nam trén mit phang c6 phuong trinh
x=x, , X, €la,b] c6 dién tich twong tmg S(x,). Khi d6 thé tich ctia vat thé

b
(V), ki hiéu 13 V, tinh theo cOng thurc V= jS(x)dx

v Cong thirc tinh cho vt thé tron xoay

Vat thé (V) tron xoay la vat thé duogc tao thanh do mot hinh thang cong
giGi han boi cac duong: x=a , x=b , (a<b) , y=0Va y=f(x)>0 , xela,b]
quay xung quanh truc Ox (xem hinh 4.8). Cu thé hon, phian khong gian
bi chiém chd do hinh thang cong quay xung quanh truc Ox goi 1a vat thé
tron xoay.

Nhu vay céc thiét dién vudng goc voi truc Ox 1a cac hinh tron. Dién tich
cta thiét dién nam trén mat phéng x=x, sS€ la 7.f*(x,). Tu d6 nhan duogc

b
cong thuec tinh: V= ;zj F(x)dx

d. Tinh dién tich mat tron xoay

Mat tron xoay la mdt mat cong dugc tao thanh do mdt cung cong 4B
quay xung quanh truc Ox tao ra. Cu thé hon: Phan khong gian bi chiém chd
do cung 4B quay xung quanh truc Ox goi la mat tron xoay. Goi S 1a dién tich
clia mat tron xoay, dudi day chung ta s€ dua ra cac cong thuc tinh.

Cung AB cho bo1 phuong trinh y = f(x) >0, a<x<b
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S=2r j FOO1+ £ (x)dx

Cung 4B cho boi phuong trinh tham s6

x = x(1)
, 1, <t<y
y=y()=0

S = 2ﬂjy(t) X2 () + y? (t)dt

Cung 4B cho boi phuong trinh trong hé toa do cuc

r=r(p) , a<p<p
B
S = 27zjr(g0) sin (p\/rz (p)+ P (p)do

4.2.5 Tich phan suy rong
a. Tich phan suy rong véi can vo han
v Pinh nghia

1.Cho f:[a+0)—>R,acR,khatichtrén [a,4],V4>a.

+00

Tich phan suy rong cua f vdican +o dugce ki hi¢u la: J f(x)dx
N6i rang tich phan suy rong [ £()dx hoi tu vé sd IeR néu

lim j f(x)dx =1 kihiéu f Fx)dx =1

Néu 7 khong ton tai hodc 7=, thi néi rang tich phan suy rong

T f(x)dx phan ky.
2.Cho f:(-w,a]> R, aecR,khatichtrén [B,a] , VB<a

Tich phan suy rong cua f vdi can -, ki hi¢u la J' £ (x)dx .
Néi rang tich phan suy rong [ f()dx hoi tu vé 8O J e R néu
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Blirnwj‘f(x)dx =J = ]l‘f(x)dx

Néu J khong tdn tai hodc J =, thi nobi réng tich phan suy rong

T f(x)dx phan ky.

3. Cho f:R— R kha tich trén [4,B], v4,B e R. Tich phan suy rong

+o0
cua 7 voi cac cin vo han, ki hiéu la: j F(x)dx .

—00

Noi ré”mg tich phan suy rong T f(x)dx ho1 tu khi va chi khi cac tich
phan suy rong j f(x)dx va f f(x)dx cung ho1 ty, VaeR. Trong truong hop
nay ki hiéu ff(x)dx = jf(x)dx + ff(x)dx , VaeR

RO rang néu 7 lién tuc trén tap xac dinh ctia no, va c6 nguyén ham
F(x) thi c6 thé dung ki hi¢u Newton-Leibnitz nhu sau:

+00
a

T f(¥)dx = lim F(4)~F(a) = F(x)

a
—00

jff(x)dx =F(a)— BlirgoF(B) = F(x)

[ f(e)ee = lim F(4)- lim F(B) = F(x)"
v/ Piéu Kkién hoi tu ciia tich phén suy rong

Sau day ta xét truong hop tich phan suy rong T f(x)dx VO1 f(x)>0.

Cac truong hop tich phan suy rong khac véi f(x) gilt nguyén dau,
ching ta c6 thé suy dién twong tu dé nhan dugc cac két qua tuong Gng.

I 4= [ f(ds

Vi f(x)=0 trén [a+x), chimg té ¢(4) don diéu tang trén [a,+x). Tir dinh
li vé gi6i han ctia ham don diéu suy ra:
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Pinh i 1: Cho ham sd f(x)>o0va kha tich trén [0,4] , VA>a dé tich
phan suy rong J' F(x)dx hoi tu, diéu kién can va du 1a tdn tai LR sao cho
HA) <L, VA

Pinh li 2: Cho cic ham sd f(x).g(x) kha tich trén [a,4], VA>a va
0< f(x)< g(x), Vx>b>a khido

Néu Tg(x)dx hoi tu thi f f(x)dx hoi tu.

Néu T f(x)dx phan ky thi Tg(x)dx phan ky

Pinh li 3: Cho ciac ham $6  f(x),2(x) khong am va kha tich trén
[a,4] , VA > a.Khi d6:

1. Néu tim £ , 1 eR; thi cac tich phan suy rong J' f(x)dx va

X—>+0© g(x)

Tg(x)dx cung hoi tu hodc cung phan ky.

2.Néu 1im L% Z¢ va Tg(x)dxh@i tu thi Tf(x)dx hoi tu

X—>+0 g(X)
3. Néu 1im % — o0 VA Tg(x)dx phan ky thi f f(x)dx phan ky
X—>+00 g(x 3 ’

Hé qua 1: Giad st v6oi x du lon ham $O f(x)cod dang:
h(x)

k
X

J(x) =

, k>0, h(x)>0.Khi do

Néu k>1va 0<h<c<+o thi [f(dc hoi ty.

Néu k<1 va h(x) > ¢ >0 thi ff(x)dx phan ky

Trong d6 ¢ 1a hang so.
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H¢ qua 2: Néu f(x)>0 va la VCB cip k so v6i VCB L tai +o thi

X

[ f(odv hoi tu khi k>1 va phan ky khi k<1

H¢ qua 1 dugc suy ra truc tiép tir dinh 1i 2 va vi du 1d.

H¢ qua 2 duogc suy ra truc tiép tir dinh 1i 3 va vi du 1d.
Pinh li 4: Pé tich phan suy rong I f(x)dx hoi ty, diéu kién can va du la:

Ve>0,34,>a, VA> 4, , VA> 4, = |p(4) - ¢(4)| < ¢

Hay [fean <&
Duya vao tinh chat cta tich phan xac dinh
j F(x)dx| < j | £ ()|

Ta nhan dugc h¢ qua sau day

Hé qua 3: Néu f |f(0)|dx hoi tu thi f f(x)dx hdi tu.

v' Sw hdi tu tuyét ddi va ban hdi tu ciia tich phén suy rong

1. Noi rang tich phan suy rong f f(x)dx hoi tu tuyét dbi néu tich phan

suy rong ﬁ f(x)|dx hoi tu.

2. Noi réng tich phan suy rong T f(x)dx ban hoi tu néu T f(x)dx ho1 tu
va T| f(x)|dx phan ky.

Pinh li 5: Néu tich phan suy rong T f(x)dx hoi tu tuyét d6i va ham sb
¢(x) bi chan trén [a+c) thi [ £(0g(v)dx hoi tu tuyét déi

b. Tich phéin suy réng véi ham dwéi diu tich phan cé cwe diém
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v Pinh nghia
I. Cho f:(a,b)\{x,} >R . NOi réng x, € (a,b) la cuc diém cua s néu

lim f(x) = 0. Ham s6 ¢ cuc diém tai « hodc pnéu f(a*) = hodc f(b7)=w

X=X,

2. Cho f:[a,b)— R, f(b") =, kha tich trén [a,p—¢], Ve >0 du bé. ich
b \
phan suy rong cta f trén [¢,b], ki hiu [ f(x)dx. Noi rang tich phan suy rong
hoi tu vé 7 e R néu lim ff(x)dx =1, kihiéu I=[f(xdr

Néu khong t6n tai gidi han hiru han (khong ¢ 7 hodc 7 = ) thi noi rang

b
tich phén suy rong [ f(x)dx phan ky.
3. Cho f:(ab]—> R, f(a*)=oo kha tich trén [a+&,b]

b
Noi rang tich phan suy rong [ f(x)dx hdi tu vé J néu

lim j f(x)dx=J (hitu han).

Néu khong t6n tai J ndi rang tich phan suy rong phéan ky.

4. Cho f:[a,b]\{x,} >R, x, €(a,b) 12 cuc diém cua f

. b
Noi rang tich phan suy rong J' f(x)dx ho1 tu khi va chi khi cac tich

Xo b
phan suy rOng I F(x)dx va I f(x)dx cung hoi tu, Khi do6 ki hiéu:

jf(x)dx = ]gf(x)dx + j.f(x)dx

v/ Piéu Kkién hoi tu ciia tich phén suy rong
Chung ta giéi han truong hop 7(x) gilt nguyén dau trén (a,b). Gia su
f(x)=0 trén [a,p) va f(bh7) =

Pat g(e)= | /()

97



Chuong 4: Phép tinh tich phan

RO rang ¢(¢) 1a ham ) giam & lan can bén phai cua diém 0. T dinh 1i

vé gi61 han cua ham don di€u, chung ta nhan dugce dinh 1i sau day:

9 b \ \
Pinh li: D¢ tich phan suy rong j f(x)dx ho1 tu, diéu kién can va du la

#(¢) bi chin ¢ 1an can bén phai diém =0, tic 1a g(e) <L, Ve >0

4.3 CAU HOI ON TAP

Cau 1.
Cau 2.
Cau 3.
Cau 4.
Cau 5.
Cau 6.
Cau 7.
Cau 8.
Cau 9.
Cau 10.
Cau 11.
Cau 12.
Cau 13.
Cau 14.
Cau 15.
Cau 16.
Cau 17.

Neéu dinh nghia tich phan xac dinh va y nghia hinh hoc cua no.

Diéu kién can ctia ham kha tich 1a gi?

Trinh bay 16p cac ham kha tich.

Néu cac tinh chat cua tich phan xac dinh.

Phét biéu dinh li tong quat vé gia tri trung binh cta tich phan xac dinh.
Tich phan theo cén trén 1a gi va tinh chét ctia nd

Thé nao 13 nguyén ham ctia ham s6? Néu tinh chat cia nguyén ham.
Thé nao 1a tich phan bat dinh ctia ham s6? Néu tinh chét caa no.
Néu cong thirc Newton-Leibnitz. Y nghia ciia no.

Trinh bay hai phuong phdp co ban tinh tich phan xac dinh.

Trinh bay hai phuong phap co ban tinh tich phan bét dinh.

Viét cong thire tinh dién tich hinh phang nho vao tich phan xac dinh.
Viét cong thirc tinh d6 dai cung nhd vao tich phan xac dinh.

Viét cong thire tinh thé tich vat thé, giai thich cong thirc do.

Viét cong thie tinh dién tich mat tron xoay.

Tich phan suy rong v6i can vo han la gi? Thé nao 1a su hoi tu cua nd?

Tich phan suy rng véi ham dudi dau tich phan c6 cuc diém la gi?

Khi nao tich phan d6 héi tu?

Cau 18.

Phat biéu cac tiéu chuan hoi tu trong truong hop ham dudi du tich

phan giit nguyén dau.

Cau 19.
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4.4 BAI TAP CHUONG IV

Cau 1. Bién doi vé cac tich phan don gian dé tinh céc tich phan sau:

a. ja“‘(l+ f/;jdx

C. Iaw‘.bﬁxdx

c. j x*dx
Jx -1
J- 3x° +2
. VX +2x -1

_[ 2x — arcsm x

Vi-x?

dx

Kk [ &
J'(x+\/x2 —1)
dx
- J-4x2 -9

0. 3+2x—x%dx
v

dx
A ‘[\/4x2 +4x+3

4
X
b. J-1+x2 dx

dx
d ‘f\/x—aJr\/x—b
£ J-\/l+lnxdx
X

j dx
" Jxcos’(1+1nx)

. [1-x
J. I mdx

1 J~ X+ (arccos3x)

J1-9yx2

n J- dx
CAx? +4x+5

p. j\/3x2 —3x +1dx

dx
1 —_—_—
JJ8+6x—9x2

Ciu 2. Dung phuong phap doi bién dé tinh céc tich phan sau:

a. Jx«/Z — Sxdx

c. J- dx
xV1+x?
o J dx
' A x(1—x)

J~ Xdx

(x> + 232 +5

b. J.xs(l +2x7)"%dx

d. dx
J‘x\/x -1

f J‘ dx
" J xInx.In(Inx)

6"
h. J-gx T dx

Ciau 3. Dung phuong phép tich phan timg phan:

a. J arctg\/;dx

d.janxfdx

b. j (arcsin x)’ dx C. _[ xshxdx
. £ arcsmx
J. sin” x * J- «/1+x
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Inx . XCcosx
g. j cos(In x)dx h. j —ds 1. j e
2
]. I(ln_xj dx k. Ix1n1+xdx 1. Iarctg«/2x—ldx
X I—x
xIn(x ++/1+x)dx x’ dx
m. J' n. j > zdx 0. J.ﬁ
X a +x
V142 (1+x7) (@ +x7)
arcsin -
arctgx . A
p. [ q | ln(,SI?x) dx I, 2 dx
(1+x2)5 sin” x 2—x
Cau 4. Tinh tich phan cac phan thuc hiru ti:
4 2
a. [ d b [ 2L 4
X +a (x+D)°(x"+1)
2_
C. -‘.# d J-x4 ldx
(x"+2x+2) x'+1
xt+1 dx
€. |—F——>F—=dx f. dx
J.()C4+x2+1)2 -[x4+1
dx xt+1
| h. d
& J.x(xloJrl)2 J-x6+1 ’
Cau 5. Tich phan cac ham vé ti:
dx xdx
a. b, [——— , a>0
J.x\/x2+1 '[w4/x3(a—x)
dx dx
C. d.
'[1+\/;+\/x+1 IV(Hl)z(x—l)“
2 —
e, [YXH242 Y NLLEPS
X 1+\/;

Cau 6. Tich phan cac ham lugong giac:

dx

J. cosx.A/sin® x

c. .[ dx

. X 3 X
sin— . [cos” —
2 2

a.

100

b

d

. J._t—\/gdx
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sin® x cos2x
c. I f J‘ﬁdx
smx+2cosx sin” x+cos” x
_[ dx J- dx
(sin® x + 2 cos” x) sin(x + a)sin(x + b)
. dx . Sin x cos sx
1. I.—_ . J‘_—dx
sinx —sina sin x + cos x
sin xdx
L
V2 +sin2x

Cau 7. Tich phan cac ham Hyperbolic:

a. J coth? xdx b. jshx.sh 2x.5h3xdx
C. j\/ chx +1dx d. J. L 22th
ch’x

Cau 8. Tinh céc tich phan sau:

a. [oxafdr b. [f()dx biét f(x)= ﬁx?_xi |
c. [max(l|x d. [{1+x]=J1-xfjax
€. [shax.cosbxdx
Cau 9. Tim cong thirc truy toan cac tich phan sau:
a. [W"xdx=1, tinh I, b. [sin"xdx=, tinh J
C. [cos"xdx =K, tinh K, d f(xf—xaz) =L
Cau 10. Tim ham f(x) néu biét:
khi 0<x<1

a. f'(x3+1):i2 b. f'(lnx)={l
X X

khi 1<x <+
C. f'(sin*x)=cos'x va f(0)=0

Céu 11. Tinh c4c tich phan sau bang dinh nghia:

b b
a. j% , (0<a<b) b. Ix’”dx , 0O<a<b,m#-1)

x|>1

x|S1
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C. |sinxdx d. |a“dx , (a>0)

O 0 [N
SY S

e. jlnx (0 <a<b)
" X

Cau 12. St dung cong thirc Newton-Leibniz tinh cac tich phan sau:

2 2
x
a. dx b. |[1-x|dx
£x+4 £| |
c j dx (a,b # 0) d j dx 0<a<r)
C Ya’cos’x+bisin’x © o x? —2xcosx+1
1 a
P J; x"dx
€. f. ——— , (@a>0,neN)
_J.l l_ x2 .([ [a2 _ x2n
2
Céau 13. Tinh cic tich phan sau bang phép doi bién:
a ]5 xsinxdzx b, lnjzmdx . J-arcsm\/_
o 1+2cos™x 0 oA/ x(1—x)

d [ e [LE 4 A
0

3 1+x* ) [ 2 2
" (34 x7)? T x+va —x

V3 1 N 3
g. j h. jidx 1. Iarcsinwf Y
0 (2x° +1)\/1+x ove +e " 5 1+x
2 x 2 1+1g°x
] J a—xd)C k. J.(lth :
0 w (1+1gx)
4

1
Ldr b odt Codr OF dt
a'i :! >0 b. I1+z ' ! (1407

e e

sin? x cos? x P
C. Iarcsin\/;dt + .[arccos\/;dt = Z

0 0
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Céau 15. Tinh céc tich phan sau bang phuong phap tich phan ting phan:

T
e?

a. Icos(lnx)dx I|lnx|dx
1 1
c jxsinxdx d -3[ xdx
" Jcos’x " Jsin’x
n
Cau 16. Tinh céc tich phan sau:

) B
a. 4, = Icos xsin nxdx (n>1) b. B, = Icos x cos nxdx (n>1)

0 0

2n+1

c. C, = jln" xdx (n>1) d. D jwdx

1 o COSX
e E, = J‘sin"*1 xcos(n + 1)xdx £ 1/, = Ism xcos” xdx

0 0

1
g J,, = Ix'”(l -x)"dx
0
Céu 17. Chirmg minh rang:
a. jcos" xcos(n+2)xdx=0 , neN b. jcos" xsin(n + 2)xdx = T neN
0 0 n+

Ciau 18. Tinh cac tich phan sau bang cach st dung hdon hop cac phuong phap:

2 9 2 15 V3
a. I Xd),:B b. X dx J-xsxllerzdx
0(1+X) 0 8\ 5 0
1+x")°
% % In5 x X
d. J-xsmxdx e J- dx £ Ie e ld
, cos’ x v 2cosx +3 , e +3

dx 16
. o h. VVx —1d
g I — o 1)3 _!arctg \/; X

cos’ x + b’ sin’ x

i j~ sin x cos xdx j‘ln(l+x)
Oa2 0 1+ x°
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Cau 19. So sanh cac tich phan sau:
1 s 1
a. [, = je_x dc va I, = Je”‘dx
0 0

4 2
b. J = je’xz cos’xdx va J,= J‘e’x2 cos’ xdx
0

1
1 5 1
a. —<| E_ T neN . nz) b. 0,78< | dx
2 0 1—x*" 0 1+x*
1 4 3 .
C. <Itg”xdx< (neN ,n>1 d.£<_[smxdx<
2(n+1) 9 2(n—1) 4 ¢ x
3

Cau 21. Tim cac gidi han sau:

_ 1
a. 1im(L+%+...+n lj b. lim\/Z

n—w 2 2

n n n =0

C. limzn:; d. limil+\/ & +\/ ASIS N S —
n>e = J4an® — k2 n=e p n+3 n+6 n+3(n-1)

n

c. 11_13#(1+\/§++\/;) f. limsinZZ;

n—>o no T
k=12 + cos—
n

Céau 22. Tinh dién tich hinh phang gi6i han béi cac duong cong trong hé toa

do Descartes vudng goc.

a. y=2x-x> va x+y=0 b. y=2*, y=2 va

x=0

x3

C. Y =x(a’-x") , a>0 d. y' = va x=2a , a>0
2a—x

€. y=e'lsing va y=0, x20 f x=0va x=)'(y-1)

x2 y2 x2 y2
=1 va =1
g a2 b2 b2 a2
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Céu 23. Tinh dién tich hinh phang gidi han béi cac duong cho bdi phuong
trinh tham s6.
a.x=3>, y=3t-+r
6‘2 6‘2
b. x=—cos’t , y=—sin’t , ¢’ =a’-b’
a b
C. x=a(2cost—cos2t) , y=a(2sint—sin2¢)
Céu 24. Tinh dién tich hinh phang gii han béi cac duong cho trong toa do cuc.

a. r’ =a’cos2p b. ¥ +9’> =1

C. r=acos5p d. I’=l P ) (P—% » A
—CcosQ

Cau 25. Tinh d6 dai duong cong cho bdi phuong trinh.
x=Scos’t

a. y=Incosx , 0<x<a<Z b. y
2 ¢’ 3 2 2 2
y=—sin"t , ¢ =a —b
x = a(cost +tsint
C. (_ ) d.o=+r , 0<r<s
y=a(sint—tcost) , 0<t<2rx
P T
€. r= R < —
I+ cosep |¢| 2

CAu 26. Tinh thé tich vat thé gi61 han bdi cac mat cong.

X C
a.—2+y—2=1 , z=—x, z=0, a,b,c>0
a b a
b. X*+y’+22=d’ , X¥+)y'=d , a>0
C.z22=bla-x) , ¥+y'=ax , ab>0

Céu 27. Tinh thé tich cua vat thé tron xoay tao ra khi quay cac mién phing
gi61 han bdi cac duong sau day xung quanh truc tuong ung.

W | N

a. yzb(fj , 0<x<a quanh truc Ox
a

b. y=sinx , y=0 , 0<x<z quanh truc Oy

C. X’ +(y-b)Y=a> , 0<a<b quanh truc Ox
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d. y=x , y=4 quanh duong x=2

Cau 28. Tinh di¢n tich mat tron xoay khi quay cung duong cong quanh truc
tuong tng.

a.3y-x’=0 , 0<x<a quanh truc Ox

b. y=rgx ngs% quanh truc Ox

C. {x = a(t=sinf) quanh truc Oy

yv=a(l-cost) , 0Z¢t<2rx
Cau 29. Tinh céc tich phan suy rong sau

a. J- dx b Tarctgx 3 o de

Sxvl+x? . 0(1+x2)% $ 1+ x°

+0 d +00 A +00 i
d. \/J;x\/% . .([e Idx f. .([x3e dx
 [ved h [“ 4 i (e
g !xe X '([\/; X 1 _([xe X
. "sin2x
]- _({ . dx

Cau 30. Biét [edx= g va [Tlav=2

02 0 X 2
Xeét sy hoi tu hay phan ki cua céc tich phan

a. j ol ~dx  (n=20,m,neN). b. J.xle_'&‘dx (a, A, >0)
o 1+ x ’

xdx d T Inx g J-1—4sm2x

. C.
o Ve -1 1 xvx’ =1 l o+ x

Cau 31. Tinh céac tich phan suy rong

1 .
J‘ arcsin x

b. dx

In(sin x)dx

O 0 | N

3
+ '!‘\/4x x* -3

0 X
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% 1 1 n
Inx (1-x)

d. [xcotgxdx €. dx f. dx
| e =
0 ! 3

g [Sax h. | ln(i—\/;)dx
5 x o Ax

Cau 32. X¢ét sy hoi tu hay phan ki cta cac tich phan sau
1 1 V.4
dx dx dx

a. b. C.
-([e"—cosx ;[eﬁ—l -([sinkx
3 | ;

d. IL €. .[xp lnqldx f. _[ Vx dx
o sin” xcos? x 0 X S b= x*

4.5 HUONG DAN VA PAP SO BAI TAP CHUONG IV

A ¥ 1
Caul. a. “_ 2 .¢ b. —x’ —x+arctgx+C
Ina +x 3
axy fe
c. 4P ¢ d ! {\/(x—a)3—\/(x—b)3}
alna+ fnb 3(b—a)
e. %lnx5+\/x1°—l‘+C f. %1/(1+lnx)3+C
g 2Vx’ +2x-1+C h. tg(l+Inx)+C

1. —2y1-x —%x/(arcsinx)3 +C  J. J1-x* +arcsinx+C
k. %[ﬁ ~J&? —1)3]—x+C (Nhan ca tir va mau voi (x—vx* —1)%)

l. - % {\/1 —9x” + (arccos3x)’ }+ C (Tuong tu bai 1)

iln

2x-3
m.
12

2x+3

+C

1
x++C

n larct 2
. 4 g

+C
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Cau 2.

Cau 3.
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. X
0. 2arcsin

-1 (x=DV3+2x-x C
2

p. %(2x—1)\/3x2 —~3x+1 +$ln V3x2 =3x+1 +§(2x—1) +C

q. %ln(2x+l+\/4x2 -4x-3)+C

+C

1 .
I. —arcsin
3

a. —SJ”?’O"\/(z—SX)2 +C (bat v2-5x=¢

375

1 (1 1 1 &
b. —{— 1+2x3)% — = (1+2x? 1°+—} 1+2x)"° + ¢ (Pat r=1+2x*)"°
16 13( ) 6( ) T ( ) (Da ( )')

1++/1+x2

X

C. —In

)
+C (Biénddi &\
xl+x° \/1 > A

d. - arcsinL +C
B

c. 2arcsin\/; +C

f. Infin(lnx)| +C  (Ddt In(inx) =)

g. arctg\N3x* +5+C (Pat t=+3x"+5)

1

h. In 5 &
2(In3—-1In2)

3F 427

+C

a. —vJx+(1+ x)arctg\/; +C

b. x(arcsinx)® + 2v/1—x” arcsinx —2x + C

C. xchx—shx+C d. x{(ln|x|—1)2+1}+C
€. —xcotgx+Inlsinx/+C f. 2J1+xarcsinx+44/1-x+C
1 1
g. %(coslnx+sinlnx)+C h. —meC
X
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1. —l( xz +cotng+C ] —l(ln2x+21nx+2)+C
2\sin” x X
1-x* 1 V2x—
k. x——% ln£+C l. xarctg\2x—1- 2x 1+C
2 1-x 2
m. vJ1+x*In(x++1+x>)-x+C —%+larctgx+C
2(1+x7) 2
al + : arctg X+ C (a#0) p x—_le”mg"JrC
" 2ad%(d* +x%)  24° ga ’ " o144
q. - {x+cotgxln(esinx)}+C r. 4\/2+x—2\/2—xarcsing+C

A ’ V1+x? 1
Caud. a. ~ —ax+ azarcz‘gE +C b. WYt 4 arctgx ——+C
3 a |x+1| x+1

C. _l{szL arctg(x+l)} +C (Phr?m tich x* +2x+1=(x+1)’ +1)

2 [ x*+2x+2
1 1
L= d 1+—
1 2 _J2x+1 A gRe X — 2 [ J
d. In™ Vel o (Bién dbi ¥ L= X 4= )
22 X+ 2x+1 xt+1 2, b ( 1j
X+ L
2 X+ 2
X X
x4+ 2x
c.

6(x* + x> +1)
Phan tich x* + x> + 1= +1)> =x* = (X +x+D(xX* —x +1)

1 X +2x+1 1

In +
4\/5 xz—\/ix+1 2«/5

1 5 x+x/5 B x—x/z
X+l 2202 +V2x+1) 242(x —=2x + 1)

1 o 1
g —|In + +C
100 x™5%1 x"+1

~ 14 1
Phan tich ——— =—- -
x(x+1)% x x+1 (X741

f. arctg(\/ix +1)+ arctg(x/ix -D+C

Phan tich

1
h. arctgx + Earctgx3 +C
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Phantlchx+1 (x'-x*+D+x> 1 x°
X+l (D =P+ P+l xC+1

1++vx*+1

Caus. a. —lnT+C bat x=1gt
X
2 2
b - at N a nt +t 2+1 a arctgt _1+C
CTIee a2 P24l 22 2

Véi =14 Y va xem két qua bai 4.f.
a—x

C. \/;+%ln(\/;+\/x+1)+§—%\/x2+x+C DatJx +v/x+1 =1

d. _i [x 1+C B2},[3x—1=
2Vx-1 x+1

| 2
e. \/x2+2x+2+ln(x+l+\/x2+2x+2)—\/§ln|x+2+ 20x +2x+2)%+c

‘ X
e 2. VXT+2x+2 1 2x+2 1 2
Bién @i Y* F=X*< 0 =X+ + +
X 2\/x2+2x+2 \/x2+2x+2 x\/x2+2x+2

, & e 24200 w254 2)|
Tlnh Im—ﬁln‘ B ‘+C

bang cach dat x = %

f. (\/;—2)\/1—x —arcsiny/x + C

1—u

Hai budc doibieén: u=+x , t=

1+u

Cau 6. a. n(l+t) s 1)+£arctg \/gt2+C Vi ¢ =sinx
4 (-0 —t+1) 2 1—¢

b. Jrex+C Dat ¢t =1gx

4 1+1/cos—
+2arctg1/cos— W2 ,C bat ¢ = cos
chosf 1/cos—
2
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1. 1+ 3 262 -1 9
d. —ln—+— arct +C Dat r=3rex
40 TR ' &

c. —%(25inx+ COSX) +iln

55

2

tg(f + arcztgzj‘ +C Dét tg% =t

£ \/_+sm2x
’ 2\/_ \/_—sm2x

+C Datgx=¢

t 3 t
. - + arctg ——
& 4P+2) a2 8

1 In |s1n(x+b)|

+C VOI t=tgx

h. +C Biéu dién sin(a—b) =sin{(x+a)— (x+b))
sin(b —a) ‘sm(x + a)‘
. X—a
1 st 2 SR 1eX xX—a x+a
1 In +C Biéu dién cosa = cos —
cosa X+a 2

+C

e
2732

.2 X 1 . 1
Biéu dién sinxcosx = E(smx +cosx)’ -

j l(sinx—cosx)—Lln
2 22

sinx —cosx

k. —%ln(sinx +cosx ++/2+sin2x) +§arcsinT+ C

- 2 X 1 . :
Biéu dién sinx = 5{(smx + cos x) + (sin x — cos x)}

2 +sin2x =1+ (sinx + cos x)> =3 — (sin x — cos x)°

Ciu7. a. x—cothx+C Surdyng coth’x=1+—

sh™x

1 1 1
b. —ch6x ——chdx——ch2x+C
24 16 8

2 X 4{ 2 —
C. 24chx—-1+C Biéu dién chx +1 = ch—xll

chx —

d. th_2+C

chx

2
Cau8. 8. a. %'xhc

111



Chuong 4: Phép tinh tich phan

LIS x>1
b.{ 4

lx|x|—x+C , x|£1

2

1 1

EX+E+C {1 , X|S1
C. Max(1,|x|) =

—lx—%+C |x , x|>1

d. %(x+1)|x+l|+%(l—x)|l—x|+C

achax cos sbx + bshax sin bx
a’+b*

+C

Cau9. a. 71, = xln”x—n[xln"’lx—(n—I)In_z]
= x[In" x=nIn"" x+ n(n-DIn"? x+ ..+ (=1)" ' n(n=1)..2Inx + (~1)"n]+ C

1, = x| —1f +1]+
b. J, = l[(n -1)J, , —cosxsin"" x]+ C
n

2 1
Jg = —cosx+§cos3x—gcossx+ C

sin x n
n+l +
(n+1)cos"" x n+l

n+2

n

. . K™, 1.
K, = smx—sm3x+—sm5x—7sm7x+C

1 2n-3
L, = B> w1 2 Fn-l
2(n=Da"(x"—a”)"" 2(n—Da

Cau 10. a. f(x):%(x—l)3+C Dit v +1=1

b. f(x) :{IHHHC Diit Inx =1

x+C
C. f(x)=§x —Ex +x+C Datsin*x=1¢
—a

b
, _ m+l __m+]
Caull.a. a0 Lay S = N p, 2 mam

m+1
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_ 2 _ 2
c.1 d a—1 e In"b—-In“a
Ina 2
Cau 12. a. 5In4-In6-1 b. 1
c. =~ d -~
2|ab| 2sina
e. = T
3 6n
2
iarctg\/z 2_2 T
Caul3.a V2 b. 2 c. 4
3 1 3 o 1
d. £ €. —arcte—— (Pat r=x-—
24 \/5 g2\/§ ( C x)
1
f. = ) to —
4 g arcg2
2
h ppetylte i i
1++/2 3
i YT=D (Pt x = asin’) k13
4 2
A e? —1
Cau 15. a. > b. 201-¢"
C. 2(2—ﬁ—lntg5—ﬁ] d. L4\/_3)+lln§
3 12 36 2 2

A 1 &2f 1
Caul6. 4,=—>~— (2/1” :—+AMJ
2" Sk n

B” = 2itz-+1
C = e[l+n+(n—l)n+...+3.4...(n—1)n]—n!
D =)'z

E =0
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(n =D néu n 1é
(m+n)(m+n-2)..(m+3)(m+1)
1N
I = (m =DM néu m 1é

" (m+n)(m+n-2)...,n+3)(n+1)
(n=DU(m-D!'z
(m+n)! 2

néu m,n chan

Cong thirc truy toén .

n—1 m-—1
m,n = [m,n—Z = m-2,n
m+n m+n
15! g
=" Pit x=sin’t
T (m+n+1)!
A 2 5 e
Ciul8.a. = b. 2 5+735)
45 192
c. 348 1. 1
105 4 2
€. —=arctg— f. 4-x
NG V5
T 167
.= h. —=-23
& 6 3
1 1 In|< ] Zn2
T a*-b* b = 9
Caul19.a. 1,>1, b. J,>J,

(Str dung dinh li trung binh tong quat)
C. K,>K,

(Chimg minh k, <1 , K, > %

2

Dung bélt déng thirc sinx<x, cosx > 1—% , x€(0,1)

Cau 21. a. 1 b. 1 C.
2 e
d. 2 e. 2 f
3
Cau22.a - b. 2-—L
In2
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d. 372 e. lcothz f. —
2 2

g. 4|ab|arctg b
a

4

Cau 23. a. E b. e C. 6ma’
5 8 ab

2

Cau 24. 2. o b. % c. %

4a’ =b)

Cau 25. a. lntg(£+£j b. Cc. 27
4 2 ab
d. % €. p[\/z+ln(l+\/§)]
Cau 26. 2. Zane B 2%(;;_9 e. 5% Jab
Cau 27. a. 377Zab2 b. 222
C. 27°ad’b d. %ﬂ'
3
Ciu 28. a. %[(l+a4)2—1} b. ;{Is 2 +1n(”*5>2(ﬁ ‘D}
Cc. l6r%a*
1nl+\/1+a4 T, 2z
Cau 29. a. a’ b. 2 c. 33
d ~ e. 2 £l
4 2
g h. vz i %
.
J- 5
Cau 30. a. Hoitukhi n-m>1 b. Hoitu c. Hoitu
d. Hoi tu e. Ho1 tu
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Cau3l.a. b. —%lnz

Cau 32.
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(Pat x =sin’¢)
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2 h.6—2m3
2

e
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CHUONG V: LY THUYET CHUOI

5.1 MUC PiCH

Bai toan tinh gi4 tri gin dung cia mot ham so tai diém x; gan véi diém x,
ma gia trj f(x,) da biét rat hay gip trong thuc té: bai toan lap biéu d, bai toan
ndi suy,.... Viéc tinh toan tr¢ nén don gidn nho cac phép tinh co ban +, -, ., / va
luy thira khi d4 khai trién ham sb thanh chudi Taylor. Viéc biéu dién mot tin
hiéu phtrc tap thanh cic tin hiéu don gian hoac cac song phirc tap thanh cac
song don gian chinh 13 nho vao viéc khai trién mot ham sé thanh chudi Fourier.
Dé c6 duoc co sd giai thich cho céc bai toan dang trén can nam viing cac nodi
dung cua 1y thuyét chudi.

Trong muc thir nhat can nim vitng cac khai niém: hoi tu, phan ki cua chudi
sO. Ludn ludn ghi nhé diéu kién can cta su hdi tu dé nhan biét vé kha ning phan
ki ctia chudi s6. Khi xem xét cac tinh chat ctia chudi sé hoi tu phai nghi ngay
xem cac chudi phan ki c6 tinh chat d6 khong. Diéu nay hoan toan gidng nhu cac
day s6 hoi tu, cac ham lién tuc, cac ham kha vi,....Phai nhan biét sb hang téng
quat ctia chudi sb dé phén loai dugc cic dic tinh cua chudi sé: chudi s6 duong,
chudi sé dan dau hay chudi s6 ¢6 dau bat ki dé tir d6 sir dung cac tiéu chuan thich
hop dé két luan vé sy hoi tu cua nd. Poi véi chudi sb duong khi dung tiéu chuan
so sanh phai luén dung dén chudi Riemann. Bén canh d6 phai nim viing cac tiéu
chuan D’Alembert, tiéu chuan Cauchy, tiéu chuan tich phan Cauchy-McLaurin
dé xem xét su hoi tu, phan ki cua chudi sé duong. Pdi v6i chudi dan dau, c¢6 dinh
li Leibnitz, dinh li cho ta diéu kién da dé nhan biét sy hoi tu cta nd. Pinh 1i nay
dong vai tro rat quan trong trong viéc danh gia sai sb ctia nhiéu bai toan tinh gan
dung. Trong dinh li nay, diéu kién ddy sb (a,) don diéu giam 1a rat quan trong,
nhiéu sinh vién hay bd qua diéu kién nay. Khi xem xét chudi s6 c¢6 s6 hang mang
dau bat ki trudc hét nén xét su hoi tu tuyét dbi ctia né vi khi d6 co thé loi dung
duoce cac tiéu chuan hoi tu cia chudi sb duong.

Trong muc tht hai can ndm viing khai niém mién hoi tu cta chudi ham vi
bai toan tim mién hoi tu cta chudi ham 13 mét trong cac bai toan co ban. Khai
niém hoi tu déu cta chudi ham 14 khai niém rat kho ciing nhu khai niém lién tuc
ctia ham s6. Chinh vi thé phai doc ki va hiéu chinh xac khai niém nay. Nho vao
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su hoi tu déu ctia chudi ham ma c6 thé thyc hién duoc cac phép tinh giéng nhu
cac phép tinh vé tong hitu han. Diéu kién di dé nhan biét chudi ham hoi tu déu
hay str dung 1 tiéu chuan Weierstrass.

Trong muc tht ba can nam viing tinh chat dic biét vé mién hdi tu cua
chudi luy thira théng qua dinh 1i Abel. Chinh vi thé phai thudc qui tic tim ban
kinh hoi tu cua chudi luy thira. Can luu y cach tim ban kinh hoi tu cta chudi lu§
thira cach. Biét cach 4p dung céc tinh chat cua luy thira: phép tinh dao ham,
phép tinh tich phan c6 thé tinh dugc tong ciia mot sé chudi ham. Khai trién
Taylor tai 1an can x, hoac khai trién Maclaurin thuc chét 1a cich biéu dién ham
s6 thanh chudi luy thira. Y nghia that rd rang: mot ham s6 duoc biéu dién qua
mot da thire c6 bac vo han, viée tinh gia tri gan ding ctia n6 thong qua cac phép
tinh +, -, ., /, luy thira. Tuy nhién phai luu ¥ dén diéu kién du dé ham s khai
trién thanh chudi luy thira. Can nhé khai trién cac ham sé thong dung thanh
chudi McLaurin dé tir 46 nhd vao phép ddi bién thich hop c6 thé giai quyét cac
bai toan khai trién thanh chudi Taylor tai 1an cin x, ma khong phai tinh dao
ham. Chu y rang ciling nhd vao khai trién Taylor ma c6 thé tinh dugc tong cua
mét sd chudi sb.

Trong muc thir tw cin nim vimng cong thirc tinh cac hé sd Fourier ctia ham
s6 f(x). Nam viing cac dang chudi Fourier: dang chudi luong giac va dang
phirc. Ndm viing cac dang chudi Fourier khi ham s c6 tinh chat ddc biét: ham
chin, ham 1é, ham tun hoan véi chu ky T. Bén canh do biét cach biéu dién ham
s6 da cho theo cac ham sin hodc cosin. Phai cha v dén dinh 1i Dirichlet - diéu
kién du khai trién ham thanh chudi Fourier va van dung dinh li d6 dé tinh tong
ctia mot chudi s.

5.2 TOM TAT NOI DUNG
5.2.1 Chudi sb
a. Cac khai niém chung
v Pinh nghia chudi s6 va sw hdi tu ciia chudi s6
1. Cho day sb thuc (a,) , a, e R v6i moi n
Goi 4, +a, +...+a, +... ]a mot chudi s thuc

Ki hiéu chudi sb trén 12 > g, (1)

k=1
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Sé thuc a, vo1 k xac dinh goi la $6 hang thit & cta chudi, voi &

khong xac dinh goi 14 s6 hang tong quat cua chudi .Sau day 1a mot vai
chudi sb dang dac biét :

N |~

Z(—l)”’ll =1—%+%—...+(—1)”‘l+... 6 sb hang téng quat la (—1)’Hl
n n

n=1 n

DGV B T S B €5 D E

=

L
32"

NgE

= 1+%+i+%+...+%+... goi 1a chudi cdp s6 nhan c6 cong bdi 1a

=~
I

[Ms

L 1+%+...+l+... g0i 1a chudi diéu hoa .
n

n

n=1

1 1 1 1 - 12 X I A
> —= Lt ottt ot 8O la chuo1 Riemann vé1 tham s6 «.
n

[24
n=l1 n

2. Cho chudi sb (1). Goi tong riéng thir n cua chudi (1) 1a

n
S, = Zai
i=1

Néu lims, =5 (hitu han) thi n6i rang chudi s6 (1) hoi tu va c6 tong

n—o

14 S, khi d6 ki hiéu Y a, = 5. Néu khong xay ra diéu trén néi rang chudi

(1)

i=1

phan ki .

3. Néu chudi (1) héi tu vé S thi goi R =5-5, 1a phan du tht n cua chudi.

Theo trén suy ra: D& chudi (1) hoi tu vé S thi can va du 1a phan du R, hoi

tu vé 0.

v Diéu kién héi tu ciia chubi so

118

Tu diéu kién Cauchy cho day s6 hoi tu suy ra.

Pinh li 1: Dé chudi s6 (1) hoi tu thi can va du 1a

Ve>0, 3n,: Vn>n, ,Vp,npeN

= +...t+a

n+l n+p

<¢&
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Tt dinh nghia vé sy hoi tu cua chudi so suy ra:
Pinh li 2: Dicu kién can cua chuoi s6 hoi tu 1a s6 hang tong quat q,

dan dén 0 khi n — oo lima, =0

v Tinh chat ciia chudi so6 hi tu
1. Tinh chat hoi tu hay phan ki ctia chudi s6 van giit nguyén khi thay do6i
hitu han s6 hang dau tién ctua chuoi .

2. Néu chudi (1) hoi tu v& S thi chudi Y.z hoi tu v& s

i=1

That vay néu goi tong riéng thir n cta (5.1)1a s thi
zn:zal. = ziai = 1S,
i=1 i=1

S Ja, = S

i=1

3. Néucic chudi > a va 35 hoitu trong ing vé A va B thi chudi

i=l i=1

i(ai +b,) hoi tu vé A+B.

i=l

That vay i(ai +b,) = z"“a,. + ibl.
i=1 =il i=1

Qua gidi han s€ O > (a,+b)=4+B

i=1

b. Chudi s6 dwong

Sau day xét chudi s6 > a, V61 g, € R, cac két qua s€ duoc chuyén sang

i=1

cho chudi s6 > a, vOi g, e R

i
v/ Piéu kién hdi tu ciia chudi s6 dwong
Pinh li: Chudi s6 duong hoi tu khi va chi khi diy tong riéng ctia né bi
chantrén. S, <M , VneN
v Céc tiéu chuén vé sw hdi tu :
1. Cac dinh li so sanh.

Cho 2 chudi s6 duong iai (a) va ib,- (b)

119



Chuong 5: Ly thuyét chudi

Pinhli1: Gidst a,<b, , Vn>n, ,n,e N’
Khi d6: Néu chudi (b) hoi tu thi chudi (a) hoi tu .
Néu chudi (a) phan ki thi chudi (b) phan ki .

Pinh li 2: Gia st limZx =%

> b
Khi d6: Néu 0<#k <+w hai chudi (a) va (b) cing hoi tu hodc cung
phan ki
Néu & =0 va chudi (b) hoi tu thi chubi (a) hoi tu.
Néu & = oo va chudi (b) phan ki thi chudi (a) phan ki .
2. Céc tiéu chuén hdi tu .

Tiéu chuin Palimbe (D’Alembert).

Goi (D)= ["_j 1a diy D’ Alembert

Néu ton tai sb ¢ e R sao cho D, <g <1 thi chudi hoi tu
Néu D, >1 thi chudi phan ki

Pinh li: Giast limp, =p khi dé:

Néu D >1 thi chudi phan ki
D <1 thi chudi hoi tu
D =1 thi chua thé két luan dugc.
Tiéu chuan Cdosi (Cauchy).
Goi (C,)=(/a, ) 1a ddy Cauchy
Néu ton tai sd geR’ saocho C, <g<1 thi chudi s6 hoi tu
Néu ¢, >1 thi chudi s6 phan ki .

Pinh li: Gia st limc, =C khi do

Néu ¢ >1 thi chudi phan ki
C <1 thi chudi hoi tu

C =1 thi chua thé két luan dugc.
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Tiéu chuan tich phan Cauchy-McLaurin.
Gia st f(x) duwong va lién tuc trén [I,+) thod man cac diéu kién.
f(x) giam vé 0khix — o
f(m)y=a,, Vn=12,..
Khi @6 chudi ian hoi tu hay phan ki cung vdi su hoi tu hay phan
ki ctia tich phan [ f(x)dx

¢. Chubi dan diu

v Pinh nghia chudi dan diu

Chudi s c6 dang i(—l)k”ak trong d6 a, >0, Vk (2)

k=1

hodc > (-1)q, trong dd a, >0, Vk goi 1a chudi dan dau.

k=1

Chéng han i(—l)”.% , i(_l)n 1a cac chudi dan dau
n n=1

n=0 n’
v/ Piéu kién hoi tu ciia chudi dan diu

Dinh li Leibnitz.

Cho chudi (2) néu diy (a,) thoa min cac diéu kién :
- Day (a,) dondi€u giam: a,>a,,, , VneN
- lima, =0

Thi chudi (2) hoi tu vé tong S va S <aq,

d. Chudi c6 so hang mang dau bat ki

v’ Sw hdi tu tuyét doi va ban héi tu

Cho chudi sd batki Ya , a,eR (a)
i=1

Lap chudi sb duong 3)a) (b)

1. Néu chudi (a) hoi tu va chudi (b) phan ki thi néi rang chudi (a) ban
hoi tu
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2. Néu chudi (a) va (b) ciing hoi ty thi néi rang chudi (a) hoi tu tuyét dbi.
Pinh li: Néu chudi (b) hoi tu thi chudi (a) ciing hoi tu .
v/ Mot s6 tinh chét ciia chudi ban hoi tu va hji tu tuyét doi

1. Néu chudi da cho 13 ban hoi tu thi c6 thé 1dy s6 s° tuy ¥ (hitu han
hoic vo6 han) dé sao cho khi thay doi vi tri cac s6 hang dugc chudi méi hdi tu
vé §°. Noi cach khac, trong truong hop nay tinh chat giao hoan , tinh chat
két hop khong con dang doi véi tong vo han.

2. Néu chudi di cho hoi tu vé S va 1a hoi tu tuyét d6i thi chudi mai
nhan dugc bang cach thay doi vi tri cac s6 hang hoac bang cach nhém mot
sO htru han cac s6 hang lai cling hoi tu vé S va cling la hoi tu tuyét doi. Noi
cach khac trong truong hop nay tinh chat giao hoan va két hop duogc gitr
nguyén d6i v6i chudi vo han

3. Cho haichudisd >4 va >p
i=1 i=1

Lap bang s6 ab —ab ab .. ab ..
ab, ab, apb, .. ab, ..
ab, ab, apb, a,b,

Lap day sO (u,) VO1 u, =ab, , u, =ab, +ab, , ..

(v,) VO1 v, =ab, , v, =ab, +a,b, +ab, , ..

Cac chudi > u, va > v, goila chuoi tich cua hai chudi da cho.

n=1 n=1
Néu hai chudi di cho héi tu tuong tng vé S, , S, va la hoi tu tuyét
ddi thi cac chudi tich cta chuing hoi tu vé S,.S, va la hoi tu tuyét ddi.

5.2.2 Chudi ham
a. Cac khai niém chung vé chudi ham
v Dinh nghia chudi ham
Cho day ham thuc (f,(x)) ., x e (a,b) ,
801 fi(x)+ fo(xX) + ot [, (X) +.o = D fi (%) 3)

12 mot chudi ham x4c dinh trén (a,b).
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v Mién hdi tu ciia chuoi ham

1. Bi€ém x, € (a,b) la di€ém ho1 ty cua chudi ham néu chudi s6 ) 7, (x,)

n=1

hoi tu .

2. Tap x cac diém hdi tu ctia chuoi ham goi 1a mién hdi tu cia chudi ham.

3. Ham s S (x) = z £, (x) VOi x e (a,b) goila téng riéng thar n chudi ham.

k=1

Chudi ham goi la hdi tu vé S(x) v6i xe Xnéu lim S, (x)=8(x),vx e X . Trong
n—»0

truong hop nay ki hiéu i f(x)=8(x),xeX

4. Néu chudi ham i| f,(x)| hoi tu trén tap X thi noi rﬁng chudi ham

n=1

S £.(x) hoi tu tuyét déi trén tap x .

=
b. S héi tu déu ciia chudi ham

v Pinh nghia

1. Day ham (f, (x)) duoc goi 1a hoi tu déu vé ham £(x) trén tap X néu nhur

Ve>0, 3ny(e), Yn>ny=|f,(x)-f(x)|<e, VxeX

2.Chudi ham (3) duoc goi 1a hoi tu déu vé ham S trén x néu day
tong riéng cua no6 hoi tu déu vé S(x)trén X .

Nghia la: ve>0 , 3n(e) ., Va>n, =[S,(x)-S(x)|<e , VxeX

Vay néu chudi hoi tu déu vé s(x) thi phan du R (x) = S(x)-S,(x) s& hoi
tu déu veé 0, tic 1a:

Ve>0 , In(e) , Vn>n,=

R(x)|<e , VxeX
Trong truong hop chudi hdi tu déu vé ham S(x) trén (a,b) thuong ki hi¢u
Y0 = S) . xe(ab)
n=1
v/ Céc tiéu chuén vé si hdi tu déu ciia chudi ham
1. Tiéu chuan Cauchy.

Pinh li: Gia st (S,(x)) 1a diy tong riéng ctia chudi ham. Pé chudi
ham hoi tu déu trén tap x diéu kién can va du 1a:
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Ve>0 , In(e)eN , Vun>n, , VpeN

=1S,,,(0)-8,(x)|<e , Vrex

2. Tiéu chuan Weierstrass.
Dinh 1i: Gia st cac s6 hang cua chudi ham thod man bat dang thirc

|fn(x)|San , Vxe X

va chudi s6 Y a, hoi tu . Khi d6 chudi ham 3 7,(x) hoi tu tuyét doi va

n=1 n=1

déu trén tap X
v/ Céc tinh chit ciia chudi ham héi tu déu

Pinh li 1: Cho chudi ham (3), cac ham sd 7(x) , (i=12..) lién tuc
trén tap X va hoi tu déu vé s(x) trén x thi S(x) lién tuc trén x

Pinh li 2: Cho chudi ham (3) hoi tu déu vé S(x) trén [a,b] va cac ham

f(x) ., (i=12,.) lién tuc trén [a,b] thi

j.S(x)dx = ij.fi(x)dx

i=l 4
Pinh li 3: Néu chudi ham (2) hoi tu v& ham s(x) trén tdp X va céc
ham f,(x) thod man:

+ f'(x) lién tuc trén X, Vvi=12,...

+ i £'(x) hoi tu déu vé R(x) trén x

i=1

Khi do S’(x):R(x)=i]§'(x) , xeX

5.2.3 Chudi liiy thira
a. Cac khai niém chung vé chudi luy thira

v Dinh nghia chubdi luy thira

Mot chudi ham c6 dang dax' , aeR , Vi 4)
i=0

hodc Y a(x-a) ., a la hdng sd
i=0
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Goi 1a mot chudi luy thira. Trong chudi luy thira trén o 13 cac hang sb
(i=12,.) got la cac h¢ s6 cua chudi luy thtra.
v/ Tinh chit hdi tu ciia chudi luy thira
Dinh li Aben (Abel)
Néu chdi luy thira (4) hoi tu tai x=x, =0 thi hoi tu tuyét d6i tai
moi diém x thod man |x] <|x,|
Néu chudi luy thira (4) phan ki tai x =, thi phan ki tai moi diém
x thoa man |x| > |x1|
v/ Ban kinh hoi tu ciia chubi lu§y thira

Pinh li 1: P6i véi chudi luy thira (4) ludn ton tai s6 R>0 dé chudi
hoéi tu tuyét ddi trong khoang (-R,R), phan ki trong cac khoang
(=00,—R),(R,+©). SO R thoa man diéu kién trén goi la ban kinh hoi ty cua
chudi (5.16).

Pinh li 2: (Qui tic tim ban kinh hoi ty).

Néu lim|“2=1 = p hoac lim4fla,| = o ,
n—o an ,0 a Nn—>o0 ”| p
1 o
— néu 0< p <400
P
thi R=30 néu p=ow
o néu p=0

R =0 nghia la chudi luy thira chi hoi tu tai x=0

R =« nghia la chdi luy thtra hoi tu tai moi x
v Tinh chat cta chudi luy thira

Gia str chudi luy thira (4) c6 ban kinh hoitu R >0 va [a,5] 1a doan tuy
¥ chtra trong khoang (-R,R).

Tinh chat 1. Chudi luy thira hoi tu déu trén [a,5].

Tinh chit 2. Chudi luy thira hoi tu déu vé ham  s(x), lién tuc trén
(_RaR)
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Tinh chét 3. Batki x,x, trong khoang (-r,Rr) ludn co

JZa x"dx = Zan.[

x; = 0 X

Dac biét Vx € (-R,R) thi IZa x"dx = Zix"”

o n=0 n=0 N + 1
Tinh chit4. vxe (-R,R) ludn co (Zanx"J = na,x""
n=0 n=1

b. Khai trién mot ham so thanh chudi luy thira
v/ Khai niém vé chudi Taylor ciia ham s6 7(x) ¢ lan can x,

Gia st ham sd f(x) e C* tai 14n cin diém x,. Chudi luy thira c6 dang
f(n)(xo)

n!

7 0)+f(0)

(x—x))+...+ (x—x,)" +...

duoc goi 1a chudi Taylor ctia f(x) & 1an can diém X,
Gia sir ham s6 f(x) e C* tai 1an can diém 0. Chudi luy thira biéu dién
f( ) Jrf("’(()).x“r

n!

trong dang  £(0)+
dugc goi la chuSi McLaurin ctia ham sb f(x). D6 chinh 1a chudi
Taylor cia f(x) ¢ lan can cua x =0
Pinh li: Néu 7(x)biéu dién duéi dang chudi luy thira ¢ 1an cén cua
X,
f(x)=a,+a,(x—x,)+..+a,(x—x,)" +...
Thi chudi @6 1a chudi Taylor ciia f(x) & 1an can cia x,.
v’ Piéu kién di dé ham so6 khai trién thanh chudi Taylor
Pinh li 1: Cho f(x)eC” & lan can x =x,, & ham f(x) khai trién duoc
thanh chudi Taylor & 1an cin cua x, thi can va du 1a phan du Taylor r (x)
dan dén khong khi n — o
Pinh li 2: Néu f(x)eC” ¢ 1an cin cua x=x, va trong 1an cin do co
[P <M , vken thi f(x)khai trién duoc thanh chudi Taylor & 1an can x, .
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5.2.4 Chudi Phurié (Fourier)

a. Cac khai niém chung
v Chubi lwgng giac
Chudi ham c6 dang Do 4 D a,cosnx+b, sinnx ®))
n=1

trong d6  q,,a,.b,,n=12,. la cac hang s6 , duoc goi la mot chudi

n?

luong giac.

v/ Piéu Kkién hoi tu ciia chudi lwong giac

Dinh 1i 1: Néu cic chudi s6 >, , b, hoi tu tuyét ddi thi chudi

n=1 n=1
luong giac (5) hoi tu tuyét ddi va déu trén tap R .
Pinh 1i 2: Néu cac diy sd (a) . (b) don diéu giam va hoi tu vé 0 khi
n— oo thi chudi lugng gidc (5) hoi tu trén tip X =R\ 2mz , me Z}
v Chubi Fourier

Cho ham s6 7 (x) kha tich trén [- z,7], chudi lugng gidc co dang

%+Zakcoskx+bksinkx (6)
k=1
. 1% 17 17 .
trong do 4, =— j f(x)dx , a, =— j f(x)coskxdx , b, =— j £(x)sin kxdx
T, T, T,

k=12,.

duoc goi la chuoi Fourier cua ham s6 £(x), cac hang so tinh theo cong
thirc trén goi 1a cac hé s6 Fourier cua ham s6 f(x).

v/ Chuéi Fourier trong dang phirc

Chuoi Fourier c6 dang

o0
ikx —ikx
C+ D e +c e
k=1

hay D e VOl ¢, =ljf(x)e-"k*dx , k=0+1,+2,+3 ...
72-771’

goi 1a chudi Fourier ciia ham f(x) trong dang phirc.
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v Ham s6 Khai trién thanh chudi Fourier

Néu trong [~ z,7] chudi Fourier (6) hoi tu vé chinh ham sé f(x) thi noi
rang ham sb £(x) khai trién dugc thanh chudi Fourier trén [~ z,7].

Pinh li: Néu f(x) biéu dién thanh chudi lugng giac (5) trén [-7,7] va

cac chuo61 s0 > a, , > b hoi tu tuyét doi thi chudi do chinh 1a chudi Fourier

i=1 i=1

cua f(x).

b. Piéu kién di dé ham so6 khai trién thanh chudi Fourier

v Pinh li Pirichlé (Dirichlet): Néu f(x) tuan hoan véi chu ky 2z, don
diéu timg khuc va bi chan trén [~ z,7] thi chudi Fourier cia ham sd  f(x)
hoi tu vé té)ng S(x) trén tap R. Téng S(x) ¢6 tinh chat:

S(x) =%[f(x—0)+f(x+0)] , VxeR

5.3 CAU HOI ON TAP
Cau 1. Dinh nghia chudi s, sy hoi tu, phan ki cta chudi sd.
Cau 2. Phat biéu ching minh diéu kién can ctia chudi s6 hoi tu.

Cau 3. Phat biéu cac tinh chat cua chuoi s6 hdi tu. Cac tinh chat do con
ding khong néu céc chudi s6 phan ki?

Cau 4. Dinh nghia chuoi s6 duong. Phat biéu di€u kién can va du dé chudi
s0 duong hoi tu.

Cau 5. Phat biéu cic dinh i so sanh dé nhin dang sy hoi tu cta chudi
s0 duong.

CAu 6. Phat biéu tiéu chuan D’Alembert vé sy hdi tu cta chudi sd duong.
CaAu 7. Phat biéu tiéu chuan Cauchy vé sy hoi tu caa chudi sd duong.

Cau 8. Phat biéu tiéu chuén tich phan Cauchy-McLaurin vé su hoi tu clia
chudi s6 duong.

Céau 9. Dinh nghia chudi sé dan ddu. Phat biéu diéu kién du cho chudi dan
déu héi tu.

Cau 10. bBinh nghia sy hoi tu tuyét ddi, su ban hoi tu cua chudi sb.

Cau 11. Dinh nghia chudi ham. Mién hdi tu ctia chudi ham 1a gi?
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Cau 12.
Cau 13.
Cau 14.
Cau 15.
Cau 16.
Cau 17.
Cau 18.
Cau 19.

Dinh nghia su hoi tu déu ctia chudi ham.

Phat biéu tiéu chuan Weierstrass vé sy hdi tu déu cua chudi ham.
Phat biéu cac tinh chit cta chudi ham hdi tu déu.

Pinh nghia chudi luy thira. Phat biéu dinh 1i Abel.

Ban kinh hoi tu chudi luy thira 1a gi?

Néu qui tac tim ban kinh hoi tu cta chudi luy thira.

Néu céc tinh chat cta chudi luy thira.

Pinh nghia chudi Taylor ¢ 1an can cua x0 ctia ham sb f(x). Pinh

nghia chu6i McLaurin cua ham so f(x).

Cau 20.
Cau 21.

Thé nao la ham s6 khai trién dugc thanh chu6i Taylor ¢ 1an can cua x0.

Neéu diéu kién can va da dé ham so f(x) khai trién duogc thanh chudi

Taylor ¢ 1an can cua xO0.

Cau 22.

Phat biéu diéu kién du dé ham f(x) khai trién dugc thanh chudi

Taylor & 1an can xO0.

Cau 23.
Cau 24.
Cau 25.
Cau 26.
Cau 27.
Cau 28.

Viét khai trién McLaurin cac ham sb thuong dung.

Dinh nghia chudi Fourier ctia ham s6 f(x).

Phét bicu diéu kién du dé ham s6 khai trién duoc thanh chudi Fourier.
Viét chudi Fourier trong dang phirc.

Viét khai trién thanh chudi Fourier ctia ham sb bat ki.

Viét khai trién theo cac ham s6 sin cua ham so f(x). Pi€u kién dé c6

khai trién d6?

Cau 29.

Viét khai trién theo cac ham s6 cosin cua ham so f(x). Di€u kién dé

co khai trién do?

Cau 30.

C6 mét hay nhiéu chuoi Fourier cua mdt ham so cho trudc trén

khoang (a,b)
54 BAI TAP CHUONG V

Cau 1.

Cho chuoi s0 > a, biét rang chuoi s0 > a,, hoi tu va chuoi so

k=1 p=1

S 4,,., phan ky. Chimg minh chudi sé da cho phan ky.
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Cau 2. Chung minh rang cic chudi s ¢ s6 hang tong quat sau day hoi tu
va hay tim tong ctia chung

1 1
‘- b. a=—
2n-1)(2n+1) n +n
C. a, = 227’l+1 . d . a, = (_1)n+1 2n+1
n-(n+1) n(n+1)

Cau 3. Xét sy hoi tu cua cac chudi so co sO hang tong quat sau day:

2

n° —n 2"+n
a. an:\/n2+n—n b. a, = arctg—; G, afs o ———
n - +1 3"+n’+3
1 Ann+2 2+cosn
d. a, =In(l+ig—) €. a, :# f. & =, 0
n n-+3lnn n”
11 2
—(+—+—) n . 27
g a,=n "7 h. a, =( )”2 1. a,=—;
n+1) n’
. 1 2 cos’x e dx
]J. a=——"—-+ k. a,=|—————dx l. a, = | ——
n+(=1)"vn '([nz+coszx J.w/x4+x+l
n+—
2
2n 0
dx 4
m. a,= .[5— 0. Ie dx
" x2 —sin’ x <

Caud. Cho chudi s duong Sa hoi tu. Chimg minh ring chudi sb
k=1

Y af,a>1 cling hdi tu

0
k=1

Cau 5. Cho hai chudi s6 duong > a,,> b, va ton tai sO ty nhién n, sao cho

n=l n=l

o a b . . N A X At \ X
vn>n, thod man < 2“ . Chirng minh rang néu chuo6i » 5, hoi tu thi chuoi
a

n n n=l1

thtr nhét hoi tu .

Cau 6. Xét sy hoi tu cua cac chudi c6 s6 hang tong quat sau day:

2 32" '
a. aq, = L b. a, =—- C. an:ln(_n)
2" +n 2} n!
o1 24..02 !
d. a = n!Hsm—k e. a,= 24..(2n) f. a = 261 , a~0
k= 2 n" n +1
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Inn

n

n+D) 4 -
" (lnn)"

2n-1

g a,=( )"ln" h. a, = (arctgl)"
n

Cau 7. Xét su hoi tu cua cac chudi c6 s6 hang tong quat sau day:

a. a, = (—1)”(Ig%—sin%) b. a =q —ﬁ)—”
C. a,=sin(zVn*+1) d. a = w
n+n+2
€. a,= Sl f. a, = sin7z(1+n)
n—Inn n
g a = —1+(—1)"\/Z h. a, = 1) 7
l+n (Inn)"
Cau 8. Ching minh réng chudi hélmi 231 (2x +21)” hoi tu déu trén doan [-,1].
n=I1 X+
Cau 9. Ching minh réng chudi ham i(—l)” al er" hoi tu déu trén doan [a,b]
n=l1 n

nhung khong hoi tu tuyét ddi trén doan do.

Céu 10. Ching minh rang chudi ham ine‘“ hoi tu déu trén [a,+«) véi a>0

nhung khong héi tu déu trén [0,+).
Cau 11. Cho chudi ham ¥

=1+x"

a. Tim mién hdi tu ctia chudi ham.
b. Xét su lién tuc cuia tong S(x).
c. Xét sy kha vi caa tong S(x).

Cau 12. Tim mién hoi tu déu cua cac chudi ham

a. i\/;xe"""z b. Zw:n_'”(—l)”

n=1 n=1

Cau 13. Chirng minh rr:ing ham sb f(x) =i 1

xac dinh, lién tuc, kha vi
mnn+x

trén [0, o]
Céu 14. Tim mién hoi tu cta chudi luy thira c6 s6 hang tong quat sau:

a. u,(x)=x"lnn b. u,(x) = (nx)"
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-4y n+1
C. l”lx d. _ C. :( j -2
u,(x) =(=1) u,(x) 7n u,(x) T (x—2)
f, u()—(sx) g u(x)= (1)"”‘ h. u (x) =
Cau 15. Tim mién hoi ty va tinh tong cac chudi luy thira c6 sd hang tong
quat sau:
a. u,(x)=Cn+Dx",n>1 b. u,(x)=2"+3"",n=o0
2 n
C. un(x):LM_lx—,nZo, d. u,(x)=chnax",a>o,n>o
n+3 n
n+l _n-1
. un(x)=(_1)—x,n20
n

Cau 16. Khai trién thanh chudi Taylor ctia cac ham sé sau:
a. f(x) = 1 tai 1an can diém x=3.
X
b. f(x) =¢*' tai lan can diém x=-1.
c. f(x) = sinx tai lan can diém x=2.

Cau 17. Khai trién thanh chuoi Maclauin cac ham so sau:

a. f(x)=chx, b. f(x)= x%",
c. f(x)= sin’x, d. f(X) = e*cosx
e. f(x)= In(x’-5x+6), ffx)= >~
x —3x+2
1. 1+x ) .
f(x) = S Y f(x) = [cost’dt
2 khix =0 0

Cau 18. Cho hai chubi lu¥ thira Za X" Zb x" ¢6 ban kinh hoi tu tung ung 1a

n=1

R,R

1572

a. Chtrng minh rang néu ton tai n,

thi R > R,.

b. Chimg minh ring néu |a,| ~ |b,| khi n — o thi R =R,.

Cau 19. Tim ban kinh hoi tu ctia cac chudi luy thira c6 s hang tong quat sau:

a. u,(x)= ¢ 2” x" b. u,(x) = arccos(l—%)x" R
sh™n
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C.u,(x) = cos(z\n’ +n+1)x" dou,(x)=En+1- %)x" ,
C.u (x)= [arctg(l + %) - Z}x”
n 4

Cau 20. Tinh cac sb sau v6i do chinh xac 13 10™
a. Je, b. {11, c. In(1,04) , d. cosig’
Céu 21. Khai trién thanh chudi Fourier ham s6 f(x) 1é, tuan hoan véi chu ky
2z va f{(xX)=z-x Vv 0<x<r.
Céu 22. Khai trién thanh chudi Fourier ham sb f(x) chin, tuan hoan véi chu

ky 27 va f(x) = 1_7;_" véi 0<x<r. Tl d6 hay tinh tong imil)z .

Cau 23. Khai trién thanh chuoi Fourier ham so:

2
f(x)=1—% VOi -r<x<n

=D’

n

Tir d6 tinh tong i% "
n=1 N n=1
Cau 24. Khai trién thanh chudi Fourier ham sd:

f(X): sing vOol -7<x<r.

Cau 25. Khai trién ham so

> T
x néu 0<x < 5
f(x) =
Ya . T
— neu —<x<r#w
2 2
thanh chuo1 theo cac ham
a. sinnx, neN
b. cosnx, nenN

= 1
n=1 (2]’1 + 1)2

T d6 tinh tong

Cau 26. Khai trién thanh chudi Fourier ham s6

f(x) =e* vO1 -1<x<1.
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5.5 HUONG DAN VA PAP SO BAI TAP CHUONG V

Cau 2.

Cau 3.

Cau 6.

Cau 11.

Cau 12.
Cau 14.

Cau 15.

Cau 16.
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a.

5o

P o .hh 9}

l; b.1; ¢ 1; d 1

2

Phanky; b. Phanky; c. Hoitu; d. Hoityu; e. Phanky;
Hoitu khi a>1, Phanky khi «<1; g. Phanky; h. Hoitu;
Héitu; j. Phanky; k. Hoitu; L. Hoitu; m. Hoity;
Phan ky.

Hoitu; b. Hoitu; c. Hoitu; d. Hoitu; e. Hoitu;

Hoitu khia<1, Phanky khia>1; g Hoitu; h. Hoity;
Hoitu .

Hoi tu tuyét déi; b. Hoitu tuyét ddi; c. Hoitu tuyét doi.
Héitu; e. Hoitu; f. Hoitu; g. Phan ky ; h. HO1 tu tuyét doi.
X >1; b. Liéntuc véi |x>1; c. Kha viveoi |4 >1

R, ; b. [a,+tx), a>0.

+

-1<x<1; b. {0} c -1<x<1 d.3<x<5;
C2-2<x <2442 f. -o<x<w; g ow<x<o

-1<x<1 V0l a<l,-1<x<1 VOl a>1

3.6
S= X Gif<1; b, S=—l sl yeijx/<t

(1-x7) 1-2x 1-3x 3

1 khix =0

3

S =
xe" —%[e’c(x2 —2x+2)—2] khix #0
1—xcha

o lpxehd g <o
1+ x° —2xcha

1 khi x=0
S =11In(l+ x)

khi x#0 va -1<x<1
X

1e(x3) LGt
3%”(3]’ L Y

) (x_2)2n+1
sin2 Z( 1) ( o = tcos ;( D" yeT



Churong 5: Ly thuyét chudi

2n

Caul7.a. f(x)= z(x 2] ,XeR ; Xe R
22n 1._2n ) _ © ____1__ .
c. f(x)= Z an eR ; d. f(x) ;(1 2n+1)x, <1

4n+1

@

£ (x) = In6 - Z;(%+3Lnjx",|x|<2;f. Fx) =31

=0 (2n)!'(4n+1)

, W<1; h f(x)= z(*r) 0" ", Xe R

g.

Cau 19. a. R=1; b. R=1; ¢c. R=1; d. R=1; e. R=2.
Cau 20. a. 1,6488; b. 1,0192; c. 0,392; d. 0,9511.

Cau 21. f(x) = 2§S“;{"" . X#2n7,NeZ.

k=1

. _ 8 &cos(2n+1)x . 3 1 i
22.f(x)= 5> ——5— "8
Cn22 000" 52 Gy X% Xy s

[\

Cau23. f(x)=2- A3y 3 T $EN. T
n=1 n

[98)

Cau 24. £ (x) = 3 ()™ ZSiznmf X0
n=1 n —

A _ I&sin2Zmx 2 (=" Vd .
Cau 25. a. f(x) 2; ¥ ﬂ;{(szrl)z + 2(2m+1)}sm(2m+1)x

_ 3z 1. 2c0os(Zm+1)x +cos2(2m+1)x
b T(x) 7 WZ‘) (2m+1)?

& 1 7’

;(2n+1)2 .8

k
Cau 26. ¢* = Sh1+2Shlz 1) 1(coslc7zx—k7zsin kmx).
%+

135



Tai lieu tham khao

TAI LIEU THAM KHAO

[E—

. G. M. FICHTENGON, Giéo trinh phép tinh vi tich phan, Tap 1,2,3. Nauka,
Moskva,1969. (tiéng Nga)

2. G. M. FICHTENGON, Co s¢ giai tich toan hoc, Tap 1,2,3. NXB DPai hoc va
Trung hoc chuyén nghi¢p, Ha noi1, 1977.

3. K. MAURIN, Analiza, Czes'c’'l. PWN, Warszawa, 1976.

4. R. A. ADAMS, Calculus-a complete, Addison,Wesley, New York, Don Mills,
1991.

5. NGUYEN PINH TRI (chu bién), Toan hoc cao cap, Tap 1,2,3. NXB Pai hoc
va Giao duc chuyén nghi€p, Ha nd1, 1990.

6. JEAN-MARIE MONIER, Giao trinh toan, Tap 1,2,3,4. NXB Gido duc,
Ha No6i, 1999 (dich tu tiéng Phéap, DUNOD, Paris,1999)

136



Muc luc

MUC LUC

Gidi thi€u MON hQC ..........oooiii e e e 3
1. GG thi€U ChUNG ..ot et e e e e e 3

2. MUC GICH i e st a e naae s 4

3. Phuong phap nghi€n ctiru mONn hQC......ccvvvvviiiiiiiee e 4
Chuong I: Gioi Dan clia dAY SO .........c.ooovovieeeeeeeeeeeeeeeee et 7
| LY £ T 116 o H o R URRRRRRRRRRRRRRRR 7
1.2. TOM LA N1OT AUIE ..ottt er e 8
Chuong IT: HAmM $6 MOt DICN SO ........co.ovoeovieeieeeeeieee et 28
2.1 MIUC GICR e 28
2.2 TOM AL NOT AUINE ..ot 29
2.3, CAU NOT ON AP.c. eeenrieiieeiie ettt sttt s e nae e e e e eteesseeenaeenseenns 44
2.4. Bai tAp Chuong IL...cccviieiiicieeeeeee ettt e 45
2.5. Huéng dan va dap s6 bai tAp churong I ........c..o.oveuveeeeeeeeeeeeeeeeeeeeeee e 49
Chuong ITI: Phép tinh vi phan ham s6 mot bién $0..........o.coooeveveeeereeeceenn, 53
3.1 MIUC GICR e 53
3.2, TOM At NOT AUINE ..ottt 55
3.3, CAU NOT ON AP . c.veeeieiieee ettt ettt st st 67
3.4. Bai tAp chuong@ IIL ........c.oooiiiiiii e 68
3.5. Huéng dan va dap s6 bai tAp chuong I...........cooveeueeeieeeeeeeeeeeee e, 76
Chwong IV: Phép tinh tich phan ..., 81
o LY L el 5 (ol W USSR PTR 81
4.2, TOM AL NOT AUINE ..ot eee e s s een e eeneseeeeseees 82
4.3, CAU NOT ON LAP....etiritiiit ettt st ettt st 97
4.4, Bai tap chUuon@ IV oot 98
4.5. Hudng dan va dap s6 bai tAp chirong IV ..o 106
Chuong V: Ly thuyet Chubi............o.oooveeeeeeeeeeeeeeeeeeeeeeeeeeeee e, 116
ST MUC GICR .. a e e e 116
5.2 TOM At NOT AUINE ... 117
5.3, CAU NOT ON LAP.c.veeeiieiieeiet ettt sttt st 128
5.4.BAtAP ChUONZ V..ot e 129
5.5. Huéng dan va dap s6 bai tAp ChuONE V .....oeveeeeeeeeeeeeeeeeeeeeeeeee e, 134
Tai li€u tham KRAO................ccooooiiii e 136



	GIỚI THIỆU MÔN HỌC
	GIỚI THIỆU MÔN HỌC
	1. GIỚI THIỆU CHUNG:
	2. MỤC ĐÍCH MÔN HỌC
	3. PHƯƠNG PHÁP NGHIÊN CỨU MÔN HỌC


	CHƯƠNG I: GIỚI HẠN CỦA DÃY SỐ  
	CHƯƠNG I: GIỚI HẠN CỦA DÃY SỐ  
	1.1 MỤC ĐÍCH
	1.2 TÓM TẮT NỘI DUNG
	1.2.1  Số thực
	1.2.2  Số phức
	1.2.3  Dãy số thực

	1.3 CÂU HỎI ÔN TẬP
	1.4 BÀI TẬP CHƯƠNG I
	1.5 HƯỚNG DẪN VÀ ĐÁP SỐ BÀI TẬP CHƯƠNG I


	CHƯƠNG II: HÀM SỐ MỘT BIẾN SỐ
	CHƯƠNG II: HÀM SỐ MỘT BIẾN SỐ
	2.1 MỤC ĐÍCH
	2.2 TÓM TẮT NỘI DUNG
	2.2.1  Các khái niệm cơ bản về hàm số
	2.2.2  Giới hạn của hàm số
	2.2.3  Đại lượng vô cùng bé (VCB) và đại lượng vô cùng lớn (VCL)
	2.2.4  Sự liên tục của hàm số

	2.3 CÂU HỎI ÔN TẬP
	2.4 BÀI TẬP CHƯƠNG II
	2.5 HƯỚNG DẪN VÀ ĐÁP SỐ BÀI TẬP CHƯƠNG II


	CHƯƠNG III: PHÉP TÍNH VI PHÂN HÀM SỐ MỘT BIẾN SỐ
	CHƯƠNG III: PHÉP TÍNH VI PHÂN HÀM SỐ MỘT BIẾN SỐ
	3.1 MỤC ĐÍCH
	3.2 TÓM TẮT NỘI DUNG
	3.2.1  Đạo hàm
	3.2.2  Vi phân của hàm số
	3.2.3  Đạo hàm và vi phân cấp cao
	3.2.4  Các định lý về giá trị trung bình
	3.2.5  Ứng dụng các định lý về giá trị trung bình
	3.2.6  Sự biến thiên của hàm số
	3.2.7  Bài toán tìm giá trị lớn nhất, giá trị bé nhất
	3.2.8  Hàm lồi
	3.2.9  Tiệm cận của đường cong
	3.2.10  Bài toán khảo sát hàm số

	3.3 CÂU HỎI ÔN TẬP
	3.4 BÀI TẬP CHƯƠNG III
	3.5 HƯỚNG DẪN VÀ ĐÁP SỐ BÀI TẬP CHƯƠNG III


	CHƯƠNG IV: PHÉP TÍNH TÍCH PHÂN
	CHƯƠNG IV: PHÉP TÍNH TÍCH PHÂN
	4.1 MỤC ĐÍCH
	4.2 TÓM TẮT NỘI DUNG
	4.2.1  Khái niệm về tích phân xác định
	4.2.2  Hai phương pháp cơ bản tính tích phân xác định
	4.2.3  Phương pháp tính tích phân bất định
	4.2.4  Một số ứng dụng của tích phân xác định
	4.2.5  Tích phân suy rộng

	4.3 CÂU HỎI ÔN TẬP
	4.4 BÀI TẬP CHƯƠNG IV
	4.5 HƯỚNG DẪN VÀ ĐÁP SỐ BÀI TẬP CHƯƠNG IV


	CHƯƠNG V: LÝ THUYẾT CHUỖI
	CHƯƠNG V: LÝ THUYẾT CHUỖI
	5.1 MỤC ĐÍCH
	5.2 TÓM TẮT NỘI DUNG
	5.2.1  Chuỗi số
	5.2.2  Chuỗi hàm
	5.2.3  Chuỗi lũy thừa
	5.2.4  Chuỗi Phuriê (Fourier)

	5.3 CÂU HỎI ÔN TẬP
	5.4   BÀI TẬP CHƯƠNG V 
	5.5 HƯỚNG DẪN VÀ ĐÁP SỐ BÀI TẬP CHƯƠNG V


	TÀI LIỆU THAM KHẢO
	TÀI LIỆU THAM KHẢO
	MỤC LỤC


