V¥ WP VTN CH LAY VL OOy

Dich tiéng anh chuyén nghanh khoa hoc

ty nhién va ki thuat.

Dich cac bar giang trong chuong trinh

hoc liéu méd cua hoc vién MIT, Yale.

Tim va dich tas héu phyc vy cho sinh
1€n lam semmer, luan van.

Tai sao moi thir deu mién

phi va chuyén nghiép 77?
Trao doi truc tuyén tai:

www.mientayvn.com/chat_box_toan.html




II. PHUONG TRINH VI PHAN CAP 1

1. Phuong trinh tach bi€n (hay bién

a) La phuong trinh vi phan c6 dang : fi(x) + f2(y).y’ = 0 hay fi(x)dx + f;(y)dy = 0 (1)

b) Cach gidi : Lay tich phan phuong trinh (1) thi c6 :
[fiGdz + £(p)y dx = C hay JE @3 * £()dy =C

E3Thi du 1 ; Gidi phuong trinh vi phan : y < = (1 + y?). ex
Phuong trinh dugc dua vé dang :

dy

—=e'dx
1+v

dy  _ o
:>11+F2_IE dx + O

=arcigy = & +
=y =tgle’ + O)

c) Luuy:
Phuong trinh : fi(x) gi(y) dx + fo(x) g2(y). dy = 0 (2)

B Né&u gi(y)f,(x) # 0 thi c6 thé dua phudng trinh trén vé dang phuong trinh
tach bi€én bang cach chia 2 v€ cho gi(y)g:(x) ta dugc :

(SLCI TN gg(?)dy=ﬂ
£y (=) g,(v) (3)

# Néu g,(y) = 0 thi y = b 1a nghiém cUa (2). Néu f,(x) = 0 thi x = a 1a nghiém
cUa (2). Cac nghiém ddc biét nay khong chifa trong nghiém t&ng quét cUa
phuong trinh (3)

E3Thi du 2: Gidi phuong trinh vi phan: (y*- 1) dx - (x*+ 1) ydy =0

Véiy?-1# 0taco:



dz _ ydy

xz +1 3?2—1

J‘;ix - J‘;;dirl =

=

z° +1

arctz x =%]n |§.r2 —1| +

Ngoai nghiém tOng quét ndy ta nhan thdy con c6 2 nghiém: y =1vay =-1

2. Phuon

el ¥
a). La phuong trinh vi phan c6 dang : a f[;] 4
TU(4)c6:y=xu-->y =u+xu.
Thé vao (4) c6: u + xu’ = f(u)
c6 thé dua vé dang phuong trinh tach bién :

du dx

fluy—u = (5)

Luu y: Khi gidi phuong trinh (5) ta nhan dugc nghiém tEng quét khi f(u) —u # 0. Néu
f(u) —u =0taiu = a thi c6 thém nghiém y = ax.

d_:f:E +tg£

&Thi du 3: Gidi phuong trinh vi phan: dx = X
DPat y = xu, ta ¢c6 phuong trinh :

Cosu du=E

g 1 H

]n|sinu|=]n|x|+]nC, hay sinw = Cx

'+ ou=utton =

hay sin 7oy
X

Ngodirado f(u)=u < tgu =0 < u=KIx, nén ta con c6 thém cac nghiém : y = kT x,
vhik=0,%+ 1,% 2,.......



d Xﬂ + 2
7 T Y1
&3Thi du 4: Giai phuong trinh vi phan: =

Chia ca t(f va mau cUa vé€ phai cho x* ta dugc :

2
1+ E
ﬂ=_ X
BRH
X
dz Zudu
s

¥ 1+

baty = xu ta co:

Lay tich phan ta c6 :

]11|X|+%]n(1+3u2)=c = 23(1+3u7) =+ =
2
=l X3[1+3F—2]=C1:‘> 2 43yt =
thé X | ta dugc : %

Vi diéu kién dau : x = 1, y = 1, ta dugc nghiém riéng: x* + 3xy* = 4

dy | am+byte

. SR 4 a,x+thyy+e,
b). Cha y: phuong trinh: (6)
c6 th€ dua vé dang phuong trinh dang cap nhu sau:

b1) Néu 2 dudng thang aix + by + ¢ = 0, va ax + boy + ¢, = 0 cat nhau tai (xi,
y1), thi dat X =x - x;, Y =y - y;, thi phuOng trinh (6) dugc dua vé dang :

d¥

dX | a,X+b,Y

a+1::-E

fﬂ =f$=]§z
¥
e



b2) Néu 2 dudng thang a;x + by + ¢; = 0, va a,x + b,y + ¢, = 0 song song nhau,
2 _by_ I
khidoc: 1 P11 nen phuong trinh (6) dugc dua vé dang :

Yop| 2EEIE | g by
dz klaz+byy)+c, (7)

khi d6 d&tu = 21X b1y | phuong trinh (7) trd thanh phuong trinh tach bién.

dy _z-y+1
EThi du 5: Gidi phuong trinh vi phan ;: % E¥¥+3

{X—jf"'l:':'
Gidi hé phuong trinh : \¥* jeEsl

ta co : x;=1, y;=2

PatX=x-1Y=y-2,thico:

l_Y
£=I{—Y _ 5
Jd3X A+ 1+£
.

batu= % taco

u+:{d_u=1—u — (I+u)cdu dX

dX 1+u  1-2u-u? X

:>~—l]n|1—2u—u2| - wfX|-imC
2 2
= (1-2u+uX¥* =C X*-2XY-7*=2C

hay la: x* + 2xy —y* + 2x + 6y = C

3. Phuong trinh vi phan toan

a). La phuong trinh vi phan c6 dang :



P(x,y)dx + Q(x,y) dy=0  (8)

Néu ve trai 1a vi phan toan phan cla m6t ham sO U(x,y), nghia 1a : dU(x,y) = P(x,y) dx
+ Q(xy) dy

3Q _ap
(theo chuong 3, IV.1., thi diéu kién cén va dd la: 9% 9% )

Khi dé6 ttr (8) , (9) ta c6 : dU(x,y) =0
Vi thé néu y(x) 1a nghi€m cUa (8) thi do dU(x,y(x)) = 0 cho ta :U(x,y(x)) = C (9)
Nguoc lai néu ham y(x) thda (9) thi bang cach 18y dao ham (9) ta c6 (8).

Nhu vay U(x,y) = C 1a nghiém cUa phuong trinh (8)

b). Cach gidi th(r nhat :

cle)_Gl5
Gid s P, Q trong (8) thda ®%  # ta c6 U thda:

dU(x,y) = P(x,y) dx + Q(x,y) dy
U U
5w Ty
P = [—

L&y tich phan bi€u th(rc &% | thi do y dugc xem la hang s nén ta c6 :

T =[F de + C

(z.y)= [B(z.7) (¥) (10)
trong d6 C(y) 1a ham bat ky theo bi€n y. Lay dao ham bi€u th{c (10) theo bién
y va do %  taduoc

%UP(KJHX) £+ O = Q)

tU phuong trinh vi phan nay tim C(y)



E3Thi du 6: Gidi phuong trinh: (x* + y?) dx + (2xy + cos y) dy = 0

dP_ 3, 3
co =2
Taco: 97 ay[x Y ) ’

RQ_3

ey + =7
» aX[X&* cosy)=2y

o
> % # 4y 8 c6 ham U(x,y) thoa:

, U

4y? T2 =Dxy + cosy
dy

auy
— =% +
dx

Lay tich phan hé thrc th nhat theo x, ta c6:
3

U(x,y) =%+sﬂx + C(y)

di
— =2%y + cosy

L&y dao ham bi€u thlc nay theo y, vanhg ¥ thi c6 : 2yx +
C’(y) =2xy + cosy

C(y)=cosy
C(y)=siny + C
o
Z +yiz +siny =C
Vay c6 nghiém cla phuong trinh 1a: 3
¢). Cach gidi th( hai (dung tich phan duGng loai 2):
Vi dU(x,y) = P(x,y) dx + Q(x,y) dy
4Q _ap
(theo theo chuGng 3, IV.1., thi diéu kién canva dala: 9% &)

[x )

Ulz,y) = IP(X,F]dX + Q(x,y)dy
Nen : (3 g )



X ¥
= Ipistu)dX +IQ(XU=Fde
kT To (11)

E3Thi du 7:

Gidi phuong trinh: (x +y + 1) dx + (x = y* + 3) dy = 0

E=E[K+F+1)=1
Tacé: &

Q_d( .,

T o B z-yr+3)=1

dx EJX(X y :I

9Q _dp

> % ¥ 4y sé c6 ham U(x,y) thda:

—=x+y+l, aa_U =X—3r2+3

o=

SU dung cong thic (10) (véi xo = 0, yo=0), ¢6 :

x ¥
Uiz, v) = Jixﬂ)dx +J(X‘F2 + 3 dy

3

2
X ¥

=" 4%+ - _+73
g T

Vay ta ¢6 nghiém cUa phuong trinh vi phén :
2 3

# ¥ =
4wty i+ 3y =0
2 & 3 g

4. Phuong trinh vi phan tuy@n tinh cap

a). La phuong trinh vi phan cé dang: y’ + p(x) y = f(x) (11)
trong do p(x), f(x) la cac ham lién tuc.
Néu f(x)=0, ta c6: y’ + p(x) y = 0 (12)

Phuong trinh (12) goi 1a phuong trinh tuy€n tinh thuan nhat.



b). Cach gidi:

d
=== pE)dx
¥

=hly| = —Ip(x}dxﬂn C,, O

=y =Ce P T =Q

& V@i phuong trinh (12), ¢6 (13)

B8 VGi phuong trinh (11), c6 thé gidi bang phudng phép bién thién hang s6 tlc
14 tim nghiém cUa né & dang (13) nhung coi C 1a ham s, dang :

3F=CI(X:I E-Ipixiﬂx (14)

LAy dao ham (14), thay vao (11), c6 :

dC
Eﬁ_mm -Clx)p(z)e M +p()Clz)e T ~f(z)
4C -iplse _p oy Iptcine
hay :
_ ol
(Wrds, co: O T [FERIET A Gy

s, ¥ ST [p) e B 1y

Vay : (15)

Cong thic (15) n6i chung khé nhd, nén t6t nht 1a can nhd cac budc tinh toan
cUa phuong phap bi€n thién hang sO dé€ 1ap lai.

E3Thi du 8: Gidi phuong trinh: y’ — y.cotg x = 2x.sinx

A - B a - Jrotgede _ :
Phuong trinh thudn nhat c6 nghiém: ¥ Ce Csinx

Tim nghiém phuong trinh khong thuan nhat & dang: y = C(x). sin x
Thé vao phuong trinh ban dau, ta dugc :
C’(x) sin x + C(x) cos x — C(x) cos x = 2x sin X

Cx)=2x=2Cx)=x*+C



Vay:y=x*sinx + Csinx

E3Thi du 9: Gidi phuong trinh: xy’ — 3y = x*

X . ¥
Pua vé dang chuan : X

Nghiém tGng quat phuong trinh thuan nhat :

3_|'E ;
y=Ceg " ¥ =Ce M|=CX3

Tim nghiém & dang y = C(x) x°. Th€ vao phuong trinh ban dau ta c6 : C’(x)x° +
3C(x) x* - 3C(x) x* =x

c'(x)=i2 = C(x)=1l +
o o

1
3r=[——+C]X3 =x" —x°
Vay : =
Chii y: Néu coi x 1a ham sé theo bi€n y thi phuong trinh tuyé€n tinh dOi v&i ham s x

dxl
— +plyix=i(y)
c6 dang :

dy _ 1
E3Thi du 10: Gidi phuong trinh: 9 X cosy*sin 2y

Phuong trinh nay khong tuyé€n tinh. Tuy nhién néu coi x 1a ham, y 12 bién ta c6 :

—= xcosy+tsin 2y
dy

— — ZrCosy =san 2y
dy

Day lai 1a phuong trinh vi phan tuy€n tinh d6i v4i ham x. Nghiém t6ng quét
cUa phuong trinh thuan nhat c6 dang :

cosydy ;
X=CEI = e

A > ~ ~ = sty
Tim nghiém cUa phuong trinh khéng thudn nhat dang : * Cly)e

phuong trinh ban dau, c6 :

, dua vao



C (7)™ +C(y) o™ cosy —Ciy) ™ cosy=zin 2y
C' () = e ™™ gin 2y

Cly) = [ sin 2y dy =2[e™sin y dsin y

Ciy) =—2e "™ (ein y+ 1+

Vay : x = C esiny — 2siny — 2

5. Phuong trinh Bernoulli
a). La phuong trinh vi phan c6 dang : y’ + p(x) y = f(x) ya , a # 1 (16)
b). Cach gidi: Puavédang: y"y’ + p(x) y™ = f(x)

Patz =y"", tadugc z’ = (1-a ) y*y’, nén phuong trinh (16) c6 dang tuyén tinh :
L:r:' +pixie =f(x)
1-@

hayla:z’ + (1 -a)P(x) z = (1-a )f(x)

;4
. ¥-—-¥= X'xE
E3Thi du 11: Gidi phuong trinh: X

Day 1a phuong trinh Bernoulli véi o =% . Chia 2 vé& cho \E ta dugc :

dy _ 1
E3Thi du 12: Gidi phuong trinh: dz  zcosy+smn 2y

Phuong trinh nay khong tuy€n tinh. Tuy nhién n€u coi x 1a ham, y 1a bién ta c6 :
1
Log
y Iy'-—.fy =x
X
_ ¥

z—\/;r:%z _? ; 22'—iz=x, z'—3y=5
bat 7 | thé vao phuong trinh trén, ta c6: 4 x 2

Nghiém t6ng quat clla phuong trinh thudn nhat tuong Ung bang :
2

o =Ce'|.? =Cemh{| =y ?

Tim nghiém phuong trinh khong thudn nhat dang : z = C(x). x*



Thé vao ta c6 :
1 2 2 a2 K
CHae+ 22 Clx) ——Cilx” =—
X 2
') L C(x)= l]ntx| +
2% 2
2
=z = Cx’ +X?]n|x|=\.'{§

I1I. PHUONG TRINH VI PHAN CAP HAI GIAM CAP PUGC

1. Cac khai niém co ban vé phuong trinh cap

4 1.1. Phuong trinh vi phan cap hai c6 dang :

F(x,y,y’,y”’) = 0 hay y”’=f(x,y,y’)

Bai toan Cauchy clUa phuong trinh vi phan cap hai 1 tim nghiém cUa phuong trinh
trén thda di€u kién dau : y(xo) = yo,
y’(x0) =y’

E3Thi du 1: Gidi phuong trinh :
y’’ =X + cosx, bi€t y(0)=1,y’(0) =3
Ta co:

2
=X + 31 +C
¥ o=—zai X 1

3
o
y=—-cosx+Cx+0,

Cho x =0,y =1=>C,=1. Cho y’(0) = 3, ta ¢c6 C; = 3. Vay nghiém bai toan 14 :
3
F=K——cosx+3x +1

Thi du 1 trén cho thdy phuong trinh vi phan cap thudng phu thuQc vao hai tham sO
C,, C,, va chung dudc xac dinh nhd hai
diéu kién dau.

4 1.2. Pinh 1y tOn tai va duy nhat nghiém bai toan Cauchy

Bai toan: y’’= f(x,y,y’) (1)



y(x0) =yo, y’(x0) =y’ (2)

g ot

Né&u f(x,y,y’) (theo 3 bi€n x, y, y’) va cac dao ham ¥ & lién tuc trong mién 3
chiéu Q, va (xo,yo, y’,) 1a mdt di€m trong Q . Khi d6 bai toan Cauchy c6 duy nhat mot
nghiém y = ¢ (x) x4c dinh lién tuc, hai 1an kha vi trén mOt khodng (a,b) chla xo

Ham s6 phu thudc hai hang s6 y = ¢ (x,C,, C,) g0i 1a nghiém t6ng quat clia phuong
trinh vi phan cap hai (trong mi€n Q ) n€u né thda phuong trinh vi phan cap hai v6i moi
hang s6 C,, C, (thudc mOt tap hop nao dé) va nguoc lai véi moi di€ém (xo,yo, y’o)
trong Q déu tai tai duy nhat Co, Co, sao cho y = ¢ (x, Co;, Co,) 1a nghiém cUa bai
toan Cauchy v@i diéu kién dau.

Nhu vay tU nghiém tOng quat y = ¢ (x,C,, C,) cho cac gia tri cu thé C,=C,’, C,=C,’ ta
c6 nghiém riéng: y = ¢ (x,C,’, C,’)

Luu y: Néu nghiém t6ng quat tim ra & dang &n @ (x,y,C1,C,) = 0 thi nghiém riéng
ciing & dang an @ (x,y,C,’, C.’) =0

2. Phuon iam cap

Phuong trinh c6 dang : y’’ = f(x)

Dé dang tim dugc nghiém cla phuong trinh ndy sau hai 1an 18y tich phan
y'=If(xjdx +C
v =I[If(x)dx] +Cx +C,

E3Thi du 2: Gidi phuong trinh vi phan: y’’= sin x cos x + ex

Taco:

3r'=fsin % cosEdx +Ie“dx = 3

]
smo X
= +e* +C

sin ¥ x

y=J‘ > dx+Iexdx+IC1dx +C,

el

=I—1 Ezs Zdx +e* +Cr+C,
sth 2% o

- +e" + 0 +C,

2
4 8




3. Phuong trinh khuyét
Phuong trinh c6 dang : F(x,y’,y’’) =0

Céach gidi : Pat p =y’ ta c6 phudng vi phan cdp mot F(x,p,p’) =0, gidiratimp = ¢
(x,C1) va khi do :

F=IY'dX I@(Xﬂl)dx + C,

E3Thi du 3: Gidi phuong trinh: xy”’ +y’ = x?

1
5 xp'+p =x’ , p'+—p=x
batp=y’ 2> p’=y”’,tacd: b4

¢
y s p-—*—
day la phuong trinh vi phan tuyén tinh. Giai ra ta dugc : R 4
. x? Sy
y=—+t— —
3 =

3
F=X—+C1]I1|K| + Cj
Qua do, ta co: 9

4. Phuong trinh khuy@t x
Phuong trinh c6 dang : F(y,y’,y’’) =0

Cach gidi : Pat p =y’, va coi y 1a bi€n, va p 1a ham s0 theo bi€én y. Ta ¢6 :
w_dy' _dp _dpdy _ dp

dz dz dydz | dy

F[
Nhu vay ta c6 phuong trinh dang cép 1:
E3Thi du 4: Gidi bai toan Cauchy:

yy’ +y?=0,y1) =2,y (1) =%

1 [N d
y'=p, y"=p—

bat ¥ ta dugc :



fi5)-
3)

Tu day c6 2 truOng hop:
@ p =0, nghialay’ =0. Nghiém nay khong thda diéu kién dau, bd

?d—p +p=0 = ydp+pdy=10

m W d(py) =0->yp=Cs

Vay ydx = C,

Khix=1,y=2,y’=%chonén: 2

yd—y =1 —)-%3?2 = R (G

Ta co: dx

Cho x=1, y =2 ta dugc C,= 1.

—y* =x+1
Tém lai nghiém phai tim la: 2

IV. PHUONG TRINH TUYEN TiNH CAP HAI

4 1.1. Phuong trinh tuy€n tinh cap hai c6 dang :

Yy’ +p(x)y’ +q(x)y = f(x) (1)

vGi cac ham s6 p(x), q(x), f(x) xac dinh va lién tuc trén khodng (a,b). Khi dy v4i moi xo
0 (a,b) va mOi gia tri yo, y’, ta c6 bai todn Cauchy di€u kién dau : y(xo) = yo, y’(x0) =
Yo

c6 nghiém duy nhat trén (a,b)
Phuong trinh y”’+ p(x)y’ + q(x)y =0 (2)

DPugc goi l1a phuong trinh thuan nhat tuong Ung cla phuong trinh (1)



# 1.2. Dinh 1y 1: (V€ nghiém tGng quat cUa Phuong trinh khong thuan nhat)
Nghiém tOng quat clla phuong trinh khong thudn nhat (1) c6 dang : y = yo + yr

trong dé yo 1a nghiém t6ng quét cla phuong trinh thudn nhat tuong Ung (2) va yrla 1
nghi€m riéng nao d6 cla phuong trinh (1)

2. Phuon hiém tOng quat

# 2.1. Binh ly 2:

Néu y;(x), y2(x) 1a nghiém cla phuong trinh thuan nhat (2) thi y = Ciyi(x) + Coya(x)
cling 12 nghiém cUa phuong trinh (2)

Chung minh: That vay, ta ¢4 :
Y+ p(x)y’ + q(x)y =[Ciy:”’+ Coy2’] + p(x) [Ciyr’+ Coy2’ly1l” + q(x) [Ciyit Coyol

= Cily:”’+ p(X)y:” + a(x)y: ] + Coly2”’+ p(x)y2” + q(x)y2] =0 +
0=0

(do y1(x), y2(x) 1a nghiém cUa (2) nén bi€u thifc trong [] cla bi€u thic cudi bang 0 )

Vay y = Ciyi(x) + Coy(x) 1 1 nghiém cla (2)

4 2.2. PBinh nghia:

Cac ham yi(x), y2(x) dugc goi 1a ddc 1ap tuyén tinh trén khodng (a,b) néu khéng ton
tai cac hang sO 1, o , khong d6ng thdi bang 0 sao cho :

a 1Y1(X) + 2Y2(X) =0 trén (a,b)

FI—(X) = const
(Piéu nay tuong duong véi : ¥2(®) trén (a,b) )

&Thi du 1:

+ Cac ham y1(x) = X, y2(x)= x* 1a dOc 1ap tuyén tinh



+ Cac ham y (x)= ex, y2(x)= 3 ex la phu thudc tuyén tinh

e 2.3. Dinh 1y 3:

Xem cdc ham y(x), y»(x) 1a cac nghiém cUa phurong trinh thuan nhat (2). Khi dé chiing
dOc 1ap tuyén tinh v&i nhau khi va chi khi dinh thlc sau khac khong :

v () ¥, (%)
v (=) 7'y (=)

( dinh thlrc trén goi 1a dinh thic Vronski )

J 2.4. Dinh 1y 4: (Cau tric nghiém cla phuong trinh thuan nhat)

Néu cac ham yi(x), y2(x) 1a cdc nghiém ddc 1ap tuy€n tinh clia phuong trinh thuan
nhat (2), thi:

y = C1y1(x) + Caya(x) v0i cac hang s6 bat ky C,, C, s& 1a nghiém t6ng quét clla phuong
trinh do.

©Thi du 2: Chimng t6 rang phuong trinh y’’ — 4y = 0 c6 nghiém t6ng quat y = C,e* +
C2 e-Zx

That vay, ki€m tra truc ti€p dé thdy rang y: = e* va y, = e 1a c4c nghiém cla
T oo woongt

phuong trinh trén. Mat khac, ¥z nén chiing ddc 1&p tuyén tinh. Vay: y =

CleZX + C2 e—2x

1a nghiém t6ng quét cla phuong trinh trén.

4 2.5. Biét mOt nghiém cUa (2), tim nghi€ém th(r hai d6c 1ap tuyén tinh v4i
no

Gid s yi(x), 1a mOt nghiém cUa phudng trinh thuan nhat (2). Khi d6 c6 thé tim
nghiém th( 2 dOc 1ap tuy€n tinh vGi yi(x) G dang : y(x) = u(x) yi(x), trong dé u(x) #

const .

©Thi du 3: Bi€t phudng trinh y”* — 2y’ +y = 0 ¢6 1 nghi€m y, = ex. Tim nghiém th(r
hai dc 1ap tuyén tinh vdi yi(x).

Viéc ki€m tra lai y; = ex 1a 1 nghiém la dé dang. Tim y,(x) = u(x) ex

2> y.=exu+exu ,y’;=exu+2exu +2exu”’



Thay vao phuong trinh da cho, c6 :
ex(u”’ +2u +u)-2ex(utu’)+exu=0
2> 2exu”’ =0,u”=0,u=Cx +C,

Vicanu# const, nén c6 th€1ay C;=1,C,=0,nghialau=x, y, = x ex

Nghiém tOng quat c6 dang : y = Ciex + Cox ex

D€ gidi phuong trinh khéng thuén nhat can phai bi€t nghiém tGng quat clia phuong
trinh thudn nhdt ma ta vUa tim hi€u ¢ muc 2. Ngoai ra con can tim 1 nghiém riéng cla
né va c6 thé tim & dang giGng nhu nghiém tGng quét clla phudng trinh thuan nhat, tlc
la ¢ dang: y = Ciyi(x) + C.y2(x) (3)
trong do y(x), y2(x) dOc 1ap tuy€n tinh, nhung xem C,, C, 1a cdc ham s6 Cy(x), Ca(X).
PE dé tim Cy(x), Cx(x) ta dua thém di€u kién :

C"1(x) y1(x) + Ca(x) yax) = 0 (4)
Vi diéu kién (4), 18y dao ham (3), ta dugc:

y' =Gy’ i(x) + Cay’2(x) (5)

y’ =Gy’ (x) + Gy’ (x) + Ciy’a(x) + C2y7a(x) (6)
Thay (3), (5),(6) vao (1), c6 :

Ciy1”’(x) + Coy2”’(x) + Cry’1(x) + C2y’a(x) + p[Ciy’1(x) + Coy’2(x) ] +
qlCiyi(x) + Coya(x) 1 = (%)

Hay:

Cily:”’(x) + pCiy’i(x) + qCiyi(x) 1 Co[ y2’ (%) + py’2(X) + qy2(x) 1 + C1y’s(x) +
Cy’(x) = f(x)

Doy, y2 la nghiém cUa (1) nén suy ra:
Chy’1(x) + Cay’a(x) = f(x) (7)

NhUVéy C,l B C’zthéa hé .



Cyyy* Coyy =F(x)
Ciyy + Cyyy =0

&3Thi du 4: Gidi phuong trinh x%y’” + xy’ -y = X

n 1 1 1
N L, < ¥ +_F - _23?:1
bua ve dang chinh tac : b b4

Trudc hét xét phuong trinh thuan nhat tuong Ung:

n 1 1 1
vy -X—23f=0

C6 thé tim dugc 1 nghiém cla né 1a y; = x. Nghiém th( hai dOc 1ap tuy€n tinh
vGino c6 dang : y, = xu(x)

2> y.=ut+xu’,y’,=2u" +xu”’

thé vao phuong trinh thuan nhat, dugc :

2u"+m"+ ll:U"'KI.l':I - igxu =0
2 i

— m" +3u'=10

Day la phuong trinh cdp hai gidm cap dugc bang cach dat p = u’ ta dugc :

xp'+ 3p=0, p'+ 2p =0
H

G
-[= C
p=Ce ¥ - —
X
, )
W s BT
Cho nén : z X
1 1
. . . . R ) 1n = _2,3?'2 = J—
Do u # const va chl can 1 nghi€m nén chon C,=1, nén X X
Vay nghiém tOng quat cla phuong trinh thuan nhat c6 dang :
1

y=Gx +Cy—
X



Viéc con lai 1a can tim mot nghiém riéng cla phuong trinh khong thuén nhat
bang phuong phap bién thién hang s0, dang :

y=C == + Cz(xji

Véi Cy, C, thoda :

C,+ c;[—l] =1
X

. o1
i
3
i ! A
C, == C, =——
b2 : 2
2 4
i i
= & 576 » G Soc—D6
1 4 1 ] 8 ]
Vi chi can chon 1 nghiém riéng, nén c6 thé chon cu th€ ¢; =0, c, = 0. vay
2 4
c, =2 g, =-1
4 8  chonén:
T4 2x 8

va nhu vay nghiém tOng quat cUa phuong trinh ban dau la :

kS
Y =X_+ CIX +[:2 l
2t z

Luu y: Néu v€ phai cla phuong trinh vi phan c6 dang tOng cla 2 ham s0 f(x) = f,(x)
+ f,(x), thi khi d6 c6 thé gidi phurong trinh vdi riéng vé& phai la tlng ham f,(x), f2(x) d€
tim nghi€m riéng 1a yr,, yr,. Cu0i cliing dé ki€m lai 1a: nghiém riéng cla phuong trinh
ban dau 1a yr = yr, yr, (theo nguyén 1y chdng chat nghiém).
V. PHUONG TRiNH VI PHAN TUYEN TiNH HE SO HANG
1. Khai niém chung
yO + ay™ + ay™ + L + any = f(x) (1)

trong dé ay, ay,........, an 1a cic hang sO

Trong phan sau ta trinh bay k¥ phuong trinh cap hai.



2. Phuong trinh cap hai thuan nhat

Xét phuong trinh : y”’ + py’ + qy = {(x) (2)
trong d6 p, q 1a hang s6
Ta tim nghi€m cUa n6 & dang : y = ekx (3)
Thé (3) vao (2) ta c6: (k* + pk +q) ekx = 0
> K +pk+q)=0 (4)
Phuong trinh (4) goi la phuong trinh dac trung cUa phuong trinh (2), va ciing tU (4)
cho thdy y = ekx 1a nghiém cUa (2) khi va chi khi k 1a nghiém cUa (4). Do dé dua vao

viéc gidi phuong trinh bac 2 nay, ta ¢6 cac kha ning sau:

a). Phuong trinh dac trung (4) c6 2 nghiém phan biét ky,k, (A > 0): Khi d6 2 nghiém vy,
i =gMFel o ponat

= ek™, y, = ek® 1a 2 nghiém riéng cla (2), va 72 nén 2 nghi€m riéng
nay dbc 1ap tuyén tinh. Vay khi d6 nghiém tGng quét cla (2) sé 1a: y = C,ek™ + C,ek®

b). Phuong trinh dac trung (4)c6 1 nghié,m kép k (A = 0). Khi d6 nghiémy, = ekx1a 1
nghi€m riéng cUa (2), va nghiém riéng th( hai ddc lap tuyén tinh v&i n6 c6 dang y =
u(x).y: - u(x).ekx

y2” = k.ekx . u(x) + u’(x).ekx

y2" = k%.ekx.u(x) + 2ku’(x).ekx + ekx.u(x)’’
Thé vao phuong trinh (2) ta c6 :

(k%u + 2ku’+ u”’) ekx + p(ku + u’) ekx + q ekxu = 0

2>u’+ 2k +p)w’ + (K +pk+qu=0
Do k 1a nghiém kép cUa (4) nén :

k=-p/2 > 2k +p = 0 va (K + pk + q) =0
tUdé:u”’=0>u=Cx+GC,

Do chi can chon 1 nghiém nén 1dy C, = 1, C, =0, va nhu thé c6 : y, = x ekx



Va nghi€m tOng quat cla (2) 1a: y = ( C,+ Cox) ekx

c). Phuong trinh dac trung (4) c6 2 nghi€ém phUc lién hiép ki, =a = B, B # 0(A <0).
Khi d6 2 nghiém cUa (2) c¢6 dang :

y, =& PR = e By +igin Sx)

v, o= & WP e (cos Bx-isin Bx)
Khi d6 :
= = -
3?1—?1 2 _ o cosfz v, 2 _F2=e°‘“ sin Gz
2 A
S =cotgf = const
ciing 1a 2 nghiém cUa (2) va ¥z nén ching dOc 1ap tuyén tinh.

TU d6 ta c6 nghiém tEng quat clla (2) 1a : y = ( Cicos B x + C, sin B x) ea ¥
EThi du 1: Gidi phuong trinh : y’ + 3y’ -4y =0
Phuong trinh dac trung tuong Ung c6 dang :
K2 +3k-4=0 ki =1, ko= -4
Vay nghiém tGng quét cla phuong trinh thudn nhat1a : y = Ciex + Cpe™
E3Thi du 2: Gidi phuong trinh : y’ + 4y’ + 4y = 0
Phuong trinh dac trung tuong Ung c6 dang :
K2+ 4k +4= 0 D ki, =2
Vay nghiém tGng quét clla phudng trinh 1a : y = (C, + C;x)e*
E3Thi du 3: Gidi phuong trinh : y’” + 6y’ + 13y = 0

Phuong trinh ddc trung tuong Ung c6 dang :



K2+ 6k +13=0 > ki, =3+ 21
Vay nghiém tGng quét clla phuong trinh thuan nhat la:

y = ( C; cos 2x + C;sin 2x)e™

3. Phuon dac biét

Xét phuong trinh vi phan cap hai hé s6 hang khong thuan nhat :

y” +py’ +qy =1f(x) (5)
Qua viéc trinh bay tim nghiém t6ng quét cUia phuong trinh cap hai thudn nhét tudng
Ung, va dua vao dinh 1y 2, muc I1.1 ?? thi d€ c6 nghiém t6ng quat cla (5) ta can tim
dugc 1 nghiém riéng cla (5).
Ngoai phuong phép bié€n thién hang s6 da trinh bay, dudi day trinh bay phudng phap
hé s6 bat dinh d€ tim mOt nghiém riéng cho (5) khi v€ phai c6 dang dac biét thuong
gap.

4 3.1 V& phai f(x) = ea * Pn(x)

trong d6 Pn(x) 1a da thlc cdp n, o 1a mOt sO thuc.

Khi d6 ta tim nghiém riéng cUa (5) & dang: yr = u(x) Qn(x) (6)

v0i Qn(x) 1a da thic cdp n ¢6 (n+1) hé s6 dugc xac dinh béng céch thay (6) vao (5) va
dOng nhat 2 vé ta c6 (n+1) phuong trinh dai s tuyén tinh dé€ tim (n+1) hé s6. Ham

u(x) c6 dang cu thé 1a :

a). Néu a 1a nghiém don cla phuong trinh ddc trung (4), u(x) = xed * va khi
dé: yr = xed * Qn(x)

b). Néu a 1a nghiém kép clla phuong trinh dac trung (4), u(x) = x’ed * va khi
do: yr = x’ea * Qn(x)

). Néu a khong 1a nghiém cla phuong trinh dac trung (4), u(x) = ea * va khi
dé: yr = ea * Qn(x)

E3Thi du 4: Gidi phuong trinh : y*’ -4y’ + 3y = 3 e*
Phuong trinh ddc trung tudng Ung c6 dang :

k? - 4k +3 = 0 c6 nghiém k; =1, k,=3



nén nghiém tGng quét cla phuong trinh thudn nhat tuong Ung 1a: y = C,ex + C.e™

Mat khéac sO o = 2 khong 1a nghi€m cUa phuong trinh ddc trung, nén nghiém riéng tim
& dang yr = Ae* (do Pn(x) =3 da thltc bac 0 ), thay vao phuong trinh da cho c6:

4Ae* - BAe™ + 3Ae* =3e* > A=-3
Vay nghiém tGng quat clla phuong trinh 1a :
y = Ciex + Ce*™*—3e™
E3Thi du 5: Gidi phuong trinh : y’’ +y = xex + 3 e™
Phuong trinh dac trung tuong Ung c6 dang :
K+1=02> k=% i
nén nghi€ém tGng quét cla phuong trinh thudn nhat tudng Ung la: yo = Cycos x C, sin x

Do v€ phai 1a tGng cla 2 ham f, = xex , f, = 2e*nén ta 1an lugt tim nghiém riéng cla
phuong trinh 1an 1uot Ung v&i vé phdila f, vaf, :

+ V@i f; = xex thi o = 1 khdng la nghiém cUa phuong trinh dac trung , Pn(x) = x
nén nghiém riéng c6 dang : yr; = (Ax+B)ex

+ V@i f, = 2e™ thi o = -1 ciing khong 1a nghiém cUa phuong trinh ddc trung ,
Pn(x) = 2 nén nghi€m riéng c6 dang : yr, = Ce™

Theo nguyén ly x€p chOng, nghiém riéng cla phuong trinh da cho dugc tim & dang :
yr = (Ax+B)ex + Ce™

- yr’ = (Ax+B)ex - Ce™+ Aex
-2 yr’’ = (Ax+B)ex + Ce™ + 2Aex
Thé vao phuong trinh da cho, ¢6 :
2Axex + (2A+2B)ex + 2Ce™ = xex + 2e™

Tuw do, taco : 2A =1,2A +2B =0, 2C =2

A=1,B=— C=1

L
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Vay nghiém tGng quét clla phuong trinh 1a :

F=%[X—1)Ex +e™ +Ccosx+C,sin x

4 3.2. V& phai f(x) = ea * [ Pn(x) cos B x +Qm(x) sin  x ]
Trong d6 Pn(x), Qm(x) 1 da thlc bac n, m tuong Ung, o , B 1a cac sO thuc.
Khi d6 ta tim nghiém riéng cUa (5) & dang:
yr=u(x) [ Rs(x) cos B x + Hs(x) sinB x] (7)
(B=0sé tLrOng Ung truOng hop da néu & trén), vdi s = max {m,n}, Rs(x), Hs(x) la da
thUrc bac s vdi 2(s+1) dugc xac dinh bang cach thay (7) vao (5) va dong nhat 2 vé ta c6

cac phuong trinh dai s6 tuyén tinh d€ tim cac hé s6. Ham u(x) c6 dang cu thé 1a :

a). Néu a + B 1a nghiém cla phuong trinh ddc trung tuong Ung, u(x) = ed * va
khi d6 yr = ea * [ Rs(x) cos B x + Hs(x) sin 3 x ]

b). Néu a + B khong la nghiém cla phuong trinh ddc trung tuong Ung, u(x) =
xed * va khi dé :

yr =ed * [ Rs(x) cos B x + Hs(x) sin 3 x ]

&3Thi du 6: Gidi phuong trinh : y’ +y = sin x
Phuong trinh dac trung tuong Ung c6 dang :

k> +1 =0 c6 nghiém k;, = + i
nén nghi€m t6ng quat cUa phuong trinh thudn nhat tuong Ung 1a: yo= C,cos x C; sin x
Odaya=0,B=1,néna+ if=+ila nghiém cUa phuong trinh dac trung. Mat khac,
do n =m=0, cho nén s = 0. Vay nghiém tOng quat dugc tim & dang: yr =
x(Acosx+Bsinx)

- yr’ = x( -Asinx + Bcosx) + (Acosx+Bsinx)

= yr’’ = 2( -Asinx + Bcosx) + x( -Acosx - Bsinx)

= yr’ + yr = -2Asinx + 2Bcosx = sinx

2> -2A=1,2B=0-> A=-1/2,B=0



. . ¥.o=- % cosx
Vay nghi€ém riéng la :

X :
§ y=——cosx +Ccosx+C,sm x
Va nghiém tOng quat la :

BAI TAP CHUONG 4

&I. Chung t6 rang ham s6 y = f(x) 1a nghiém cla phuong trinh vi phan tuong
Ung

)xy”’ -y’ =0 y=x?%; y=1;y=cx*+

]
y—y=1
2) X

E byyo+k o) y=SeX
a)y:2 H 2 H 2

I
3) X’y’ + Xy = ex, it
Ayy’=2y) -2y
ay=1;
b)  byy=tgx
EII. Gidi cac phuong trinh vi phan sau:
1. x(y*-1)dx - (x*+ 1)ydx =0
2. (x*- xy)dx - (y*+ x*)dy = 0
3. (x*+ 2xy)dx + xydy = 0
4. y’cosx - ysinx = sin2x
5.y =xy’ +y’lny

1
=

3
6.y -xy=-7F



7.xy’ =2(x -\E)

8.y’ + sin(x+y) = sin(x-y)
9.y’=2",y(-3) = (-5)
10.y’ = exV+ex”,y(0)=0

E+gjn£

1.y’ = ¥ X
12. y’cos’x +y = tgx

il
Byt x=x?yt

14.y’cosx + y =1 —sinx
15. (2xy +3)dy — y?dx = 0 ( coi x 1a ham s0 )

16. (y* + 2x)y’ = v ( coi x 1a ham s&
y y =Yy

__¥ _ ¥
17. y x-1 =xz-1

18. ydx + (x + x*y*)dy = 0 ( coi x 1a ham s6 )
@III. Gidi cac phuong trinh vi phan cap 2 sau:

Dy”+y =0

2y’ +yy =0

3y’ =)

42y’ =(y-y”

5)yr=1+y”

6)y”’ =y’ey

N+y)y” +y*=0

8) 3y)2 — 4yyn +y’2



9)yy”’ —y*=y’lny

EIV. Gidi cac bai toan Cauchy sau:

Dxy”+y =0,y(1)=-3,y’(1)=2
2) 2y’ +y?=-1y(-1)=2,y’(1)=0
3)y’(x*+ 1) =2xy’, y(0) = 1.y’(0) = 3

4)yy”’ —y?*=0,y(0)=1,y(0)=2

1 t 1 1
| F—zey}f—Eﬂr2=D
5 y)’+

Ly ——)=e
6)( Ej_l’ vl 2&:}

" d*r__ TMm
7) Cho phuong trinh dt? r ,1(0) =R, r’(0) =vo

Xac dinh vo dé khi t --> oo thi r --> oo

(bai to4n tim van tOc vii tru cap hai)

EV. Phuong trinh tuy€n tinh cap hai

1)Cac ham sau c6 dOc 1ap tuy€n tinh hay khong:
a)(x+1va(x*-1)
b)xva(2x + 1)
) Inx va Inx*

2) Gidi phuong trinh khi biét mot nghiém 1a y,
a)y”’ +y=0,biéty, = cosx
b) X%y’ — 2y =0, biét y; = x*

Ay’ -y —2y=0,biéty, =e*

d) 4x%y’’ +y=0,x >0, bi€t y, = e



e) x%y’’ - 5xy’ + 9y = 0, biét y, = x°

) (1-x»)y’’ — 2xy’ + 2y = 0, bi€t y, = x
3) Tim nghiém t6ng quat phuong trinh :

Xy”-(2x+ 1)y’ +(x+1)y=0

4) Gidi phuong trinh: xy”’ +y’ = x*

2 cotox
L . =¥ty =
5) Giai phuong trinh: y’’ + £ E
g, = s X
~ A A 2 ~ A ~ Ve N 1 -
Biét mOt nghi€m cua phuong trinh thuan nhat tuong Ung la : z

@VI. Phuong trinh vi phan tuyén tinh hé s hang
Gidi cc phuong trinh sau:
Dy”-2y’=3y=0
2)y” +25y =0
v T -
3)y" — 2y’ +10y = 0, Y(Ej =0,y (E) =
Ay’ +y =0,y0)=1, y’(%) -
5y’ -10y’ +25y=0,y(0)=0,y’(0)=1
6)y’’ -2y’ -3y = ¥
7))y’ +y’ -2y = cosx — 3sinx
8)y”’ — 6y’ + 8y = 3x* +2x +1

L
— ¥ (0 =0
9)y” +4y =sin2x + 1, y(0) = 4

10) y’’ —y = X.cos’x

11) y’’ — 2y’ + 2y = exsinx




12) y” +y = tgx

m
=0
13) y’’ + 4y = cos2x, y(0) =y 4

1
14)y> + 5y’ + 6y = 1+&™




