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18.03 Differential Equations, Spring 2006

VAGAPLULE A (W1

Transcript — Lecture 3

IChu’dng III: Gidi phuong trinh vi phan tuyén tinh thudng bac I; nghiém qua dd va xac
ap
Xem bai giang tai: http://www.mientayvn.com/OCW/MIT/ptvp.html

This time, we started solving differential equations. This is the third lecture of the
term, and I have yet to solve a single differential equation in this class. Well, that

will be rectified from now until the end of the term. So, once you learn separation of
variables, which is the most elementary method there is, the single, I think the
single most important equation is the one that's called the first order linear equation,
both because it occurs frequently in models because it's solvable, and-- I think that's
enough.

Ldc nay, ching ta d& bat dau giai cac phudng trinh vi phan. Day la bai giang th& ba cla
moén hoc, va tdéi van chua gidi phudng trinh vi phdn nao. Vang, didu d6 sé dudgc khic
phuc t&r nay cho dén cudi ki. Vang, mot khi ban hoc phuong phap tach bién, dé la phuong
phap cd ban nhat cé, téi nghi phuong trinh vi phan quan trong nhat la phuong trinh
tuyén tinh bac nhat, bdi vi nd xudt hién thudng xuyén trong cac mo hinh, va - Toi nghi
nhu thé la da.

If you drop the course after today you will still have learned those two important
methods: separation of variables, and first order linear equations. So, what does
such an equation look like? Well, I'll write it in there. There are several ways of
writing it, but I think the most basic is this. I'm going to use x as the independent
variable because that's what your book does. But in the applications, it's often t,
time, that is the independent variable. And, I'll try to give you examples which show
that. So, the equation looks like this. I'll find some function of x times y prime plus
some other function of x times y is equal to yet another function of x.

Né&u ban nghi hoc sau hdm nay ban van phai hoc hai ph uong phap quan trong nay: tach
bién, va cac phuadng trinh tuyén tinh bac nhat. Vang, phuong trinh dé cé dang thé nao?
Vang, t6i sé viét né & doé. Co vai cach viét nd, nhung toi nghi cd ban nhat la thé nay. Toi
s& sir dung x |a bién doc 1ap dé cho giéng trong sach. Nhung trong cdc ¢’ng dung, bién dd
I&p thudng la t, thdi gian. Va, tdi s& dua ra cac vi du dé ban thdy diéu d6. Vang, phuong
trinh s& c6 dang nhu thé& nay. Toi s& tim ham nao d6 clia x nhan y phdy cdng ham khac
theo x nhan y bang ham khac cua x.

Obviously, the x doesn't have the same status here that y does, so y is extremely
limited in how it can appear in the equation. But, x can be pretty much arbitrary in
those places. So, that's the equation we are talking about, and I'll put it up. This is
the first version of it, and we'll call them purple. Now, why is that called the linear
equation? The word linear is a very heavily used word in mathematics, science, and
engineering. For the moment, the best simple answer is because it's linear in y and

y', the variables y and y prime.

RG rang, x khéng cé cung tinh trang nhu y, vi vay, y rat han ché trong cach né xuat hién
trong phuong trinh. Tuy nhién, x cé thé& kha tluy tién & nhitng nai nay. Vi vy, dé la phuang
trinh ma ching ta dang dé cép, va t6i sé dat né I1én. Pay la phién ban dau tién cta ng, va
chiing ta sé cho ching mau tim. Bay gid, tai sao né dudgc goi la phuong trinh tuyén tinh?
TU tuyén tinh 1a moét tir dugec dung rat thudng xuyén trong toan hoc, khoa hoc, va ky
thuat. Vao ldc nay, cau tra IGi don gian nhat 1a bdi vi nd tuyén tinh theo y va y ', cac bién
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y va y phéay.

Well, y prime is not a variable. Well, you will learn, in a certain sense, it helps to
think of it as one, not right now perhaps, but think of it as linear. The most closely
analogous thing would be a linear equation, a real linear equation, the kind you
studied in high school, which would look like this. It would have two variables, and, I
guess, constant coefficients, equal c. Now, that's a linear equation. And that's the
sense in which this is linear. It's linear in y prime and y, which are the analogs of the
variables y1 and y2. A little bit of terminology, if c is equal to zero, it's called
homogeneous, the same way this equation is called homogeneous, as you know from
18.02, if the right-hand side is zero.

Vang, y phdy khdng phai la bién. Vang, ban s& dudc hoc, nhin t&r mét khia canh nao dé, né
giup ban nghi vé khai niém tuyén tinh néi chung. Nhung th( tuong tu gan nhat sé la
phuang trinh tuyén tinh, phudng trinh tuyén tinh thuc, loai ma ban da hoc & trudng trung
hoc, né s& c6 dang nhu thé& nay. N6 sé& co hai bién s6, va, tdi doan, cac hé sg la hang s6,
bang c. Bay gid, d6 la mot phuong trinh tuyén tinh. Va d6 1a y niém vé tuyén tinh trong
nay. N6 tuyén tinh theo y phdy va y, né giéng nhu cac bién y1 va y2. Déi chit vé thuét
ngll, néu ¢ bang khéng, né dugc goi 1a thuin nhét, cling giéng nhu phudng trinh nay dudc
goi la thudn nhét, nhu ban biét tir 18.02, néu vé& phai bédng khdng.

So, c(x) I should write here, but I won't. That's called homogeneous. Now, this is a
common form for the equation, but it's not what it's called standard form. The
standard form for the equation, and since this is going to be a prime course of
confusion, which is probably completely correct, but a prime source of confusion is
what I meant. The standard linear form, and I'll underline linear is the first co-
efficient of y prime is taken to be one. So, you can always convert that to a standard
form by simply dividing through by it. And if I do that, the equation will look like y
prime plus, now, it's common to not call it b anymore, the coefficient, because it's
really b over a.

Vang, c (x) téi nén viét & day, nhung t6i sé khéng. D6 goi la thuan nhat. Bay gid, day la
dang téng quat cla phuong trinh, nhung nd khdng phai la dang tiéu chun. Dang tiéu
chuén cua phuong trinh, va bdi vi mén hoc vé su 1an 16n, cé 18 hoan toan ding, y toi la nd
c6 nhiéu thir d& 1am cho chiing ta nham 1an. Dang tuyén tinh tiéu chudn, va tdi sé gach
dudi tuyén tinh bang hé s dau tién cua y phdy dudc chon la mét. Vi vy, ban ludn ludn cé
thé& chuyén né sang dang tiéu chuin bdng cach don gian chia cho nd. Va néu téi lam diéu
dd, phuong trinh s& c6 dang y phdy cdng, bay gi&, thudng khdng goi né 1a b nita vi thuc su
no la b trén a.



And, therefore, it's common to adopt, yet, a new letter for it. And, the standard one
that many people use is p. How about the right-hand side? We needed a letter for
that, too. It's c over a, but we'll call it g. So, when I talk about the standard linear
form for a linear first order equation, it's absolutely that that I'm talking about. Now,
you immediately see that there is a potential for confusion here because what did I
call the standard form for a first-order equation? So, I'm going to say, not this. The
standard first order form, what would that be?

Va, do dd, thudng ngudi ta ki hiéu né badng mot ki tu méi. Va, ki tu tiéu chudn ma moi
ngudi thudng dung la p. Con vé phai thi sao? Ching ta cling can mot ki tu cho né. N6 la ¢
trén a, nhung ching ta sé goi nd la g. Vi vy, khi tdi ndi dén dang tuyén tinh tiéu chuln
cho phuang trinh bac nhat tuyén tinh, thi chinh la cai nay. Bay gid, ngay lap tlc ban thay
r&ng c6 mot nguy co gdy nham 1an & day bdi vi tdi d& goi dang tiéu chuan cua phuong
trinh béc nhat 1a gi? Vang, tdi s& noi, khéng phai cai nay. Dang béc nhét tiéu chuén, né sé
la gi?

Well, it would be y prime equals, and everything else on the left-hand side. So, it
would be y prime. And now, if I turn this into the standard first-order form, it would
be y' = -p(x)*y + q(x). But, of course, nobody would write negative p of x. So, now,
I explicitly want to say that this is a form which I will never use for this equation,
although half the books of the world do.

Vang, né sé Ia y phdy bang, va moi tht khac & vé& trai. Vi vdy, nd sé& la y phdy. Va bay
gid, néu tbi chuyén cai nay thanh dang bac nhét tiéu chuén, nésélay'=-p (x) ¥y + q
(x). Nhung, t&t nhién, khéng ai viét trir p x. Vi vdy, bay gi¥, tdi ndi rd réng tdi sé& khdng
bao gid sir dung dang nay, mac du mot nlra sach gido khoa trén thé gigi lam vay.

In short, this poor little first-order equation belongs to two ethnic groups. It's both a
first order equation, and therefore, its standard form should be written this way, but
it's also a linear equation, and therefore its standard form should be used this way.
Well, it has to decide, and I have decided for it. It is, above all, a linear equation, not
just a first-order equation. And, in this course, this will always be the standard form.
Now, well, what on earth is the difference? If you don't do it that way, the difference
is entirely in sin(p). But, if you get the sine of p wrong in the answers, it is just a
disaster from that point on.

NGi mdt cach ngén han, phudng trinh bac nh&t nhé bé téi nghiép nay thudc vé hai

nhém dan tdc. Ca hai déu la phuong trinh bac nhét, va do d6, dang tiéu chudn cta né

sé dudc viét theo cach nay, nhung né cling 1a mot phuaong trinh tuyén tinh, va do dé
dang tiéu chun cua nd s& dudc dung theo cach nay. Vang, can phai quyét dinh, va toi

da quyét dinh cho né. N6 |3, trén hét, mot phuang trinh tuyén tinh, khéng chi la

phudng trinh bAc nhéat. Va, trong mon nay, day sé& ludn ludn 1a dang tiéu chun. Bay

gid, vang, nhitng gi trén trai dat la su khac biét? Néu ban khéng lam né theo cach dé,

su khac biét la hoan toan trong sin(p). Nhung, néu ban nhan dugc sine p sai & két qua,
no6 chi 1a mét tham hoa tir diém dod.

A trivial little change of sine in the answer produces solutions and functions which
have totally different behavior. And, you are going to be really lost in this course. So,
maybe I should draw a line through it to indicate, please don't pay any attention to
this whatsoever, except that we are not going to do that. Okay, well, what's so
important about this equation? Well, number one, it can always be solved. That's a
very, very big thing in differential equations. But, it's also the equation which arises
in a variety of models. Now, I'm just going to list a few of them. All of them I think
you will need either in part one or part two of problem sets over these first couple of
problem sets, or second and third maybe.

Mot su' thay d6i nhd tdm thudng cla sin trong ciu tra I8i tao ra cac nghiém va cdc ham cé
tinh chat hoan toan khac biét. Va, ban sé thuc su bi r6t mén nay. Vi vay, co |é téi nén vé
mot dudng thing qua nd dé chi rd, dirng chd y dén bt clr cai ndo & day, ngoai trir réng
ching ta sé khong lam diéu dé. Budc roi, vang, phuong trinh nay cé gi dang chd y? Vang,
s6 mot, nod ludn ludn c6 nghiém. D6 la mot van dé rat, rat I6n trong cac phudng trinh vi
phéan. Tuy nhién, no cling la m6t phudng trinh nady sinh trong nhiéu mo hinh. Bay gid, toi



s& liét ké vai cdi trong ching. T4t ca chdng tbi nghi rang ban sé& cén hodc la trong phéan
mét hodc phén hai clia cdc x8p bai tdp 8 mot vai xap bai tdp dau tién nay, hodc cé thé 1a
th(r hai va th( ba.

But, of them, I'm going to put at the very top of the list of what I'll call here, I'll give
it two names: the temperature diffusion model, well, it would be better to call it
temperature concentration by analogy, temperature concentration model. There's
the mixing model, which is hardly less important. In other words, it's almost as
important. You have that in your problem set. And then, there are other, slightly less
important models. There is the model of radioactive decay. There's the model of a
bank interest, bank account, various motion models, you know, Newton's Law type
problems if you can figure out a way of getting rid of the second derivative, some
motion problems.

Tuy nhién, trong s ching, t6i sé dat Ién dau danh sach, téi sé cho nd hai tén: moé hinh
khuéch tan nhiét do, vang, cach goi nay tét han mat do nhiét hay tuong tu, mo hinh mat
do nhiét. Cling c6 md hinh pha tron, nhung hau nhu né it quan trong han. Néi cach khac,
né gan nhu quan trong. Trong xap bai tap cd cai dé. Va sau do, cd cac mo hinh hai it
quan trong khac. Cé mé hinh phan ra phéng xa. Cé m6 hinh ciia moét 1ai suat ngan hang,
tai khoan ngan hang, cdc md hinh chuyén ddng khac nhau, ban d& biét, cac bai toan loai
dinh luadt Newton néu ban c6 thé tim ra cach loai dao ham bac hai, mét s6 bai toan
chuyén déng.

A classic example is the motion of a rocket being fired off, etc., etc., etc. Now, today
I have to pick a model. And, the one I'm going to pick is this temperature
concentration model. So, this is going to be today's model. Tomorrow's model in the
recitation, I'm asking the recitations to, among other things, make sure they do a
mixing problem, A) to show you how to do it, and B) because it's on the problem
sets.

Mot vi du cb dién la chuyén déng clia mét tén Iira dudgc ban ra, vv, vv, vv By gid, ngay
hom nay t6i phai chon mot mé hinh. Va, téi sé chon mé hinh mat do nhiét nay. Vang, day
s& 1& mé hinh cta ngay hdm nay. M6 hinh cua ngay mai & budi tra I8i cAu hoi miéng, toi
yéu cau trong cac budi tra I8i cdu héi miéng, cung vdi nhitng th& khac, phai chdc chan
r&ng ho thuc hién bai tdp hdn hap, A) chi cho ban cach |am, va B) vi né & trong cac xap
bai tap.

That's not a good reason, but it's not a bad one. The others are either in part one or we
will take them up later in the term. This is not going to be the only lecture on the
linear equation. There will be another one next week of equal importance. But, we



can't do everything today. So, let's talk about the temperature concentration model,
except I'm going to change its name. I'm going to change its name to the conduction
diffusion model.

Do khéng phai la mét ly do t6t, nhung cling khéng phai li do téi. Nhitng cai con lai hoac
nam trong phan mét hodc ching ta s& xét chldng sau trong hoc ki. Pay khéng phai la
chuong duy nhét dé cdp dén phuong trinh tuyén tinh. S& cé mo6t chuong khac vao tuan
t8i v8i mic dd quan trong nhu nhau. Tuy nhién, ching ta khdng thé 1am tat ca moi th
hém nay. Vi vdy, chdng ta hdy néi vé mé hinh mat d nhiét, va tdi s& thay ddi tén cua
né. Toi sé thay ddi tén clia nd thanh mé hinh khuéch tan dan.

I'll put conduction over there, and diffusion over here, let's say, since, as you will
see, the similarities, they are practically the same model. All that's changed from one
to the other is the name of the ideas. In one case, you call it temperature, and the
other, you should call it concentration. But, the actual mathematics isn't identical. So,
let's begin with conduction. All right, so, I need a simple physical situation that I'm
modeling. So, imagine a tank of some liquid. Water will do as well as anything.
And, in the inside is a suspended, somehow, is a chamber.
TOi s& dat dan & dang kia, va khuéch tan & day, gia si, vi, nhu ban sé th8y, nhiing su
giéng nhau, vé mat thuc t&€ chdng |a cdc mé hinh giéng nhau. T4t ca chi I3 thay d6i tén cla
cung mot y tudng. Trong moét trudng hgp, ban goi nd la nhiét do, va trudng hgp kia, ban
nén goi né la mat d6. Tuy nhién, vé mat todn hoc ching khdng déng nhét. Vi vay, hdy bat
dau véi su dan. Bugc roi, vi vy, tdi cAn mot hién tugng vat li don gian d& md hinh hoéa.
Véng, hdy tudng tugng moét thung chét 16ng nao d6. Nudc sé co tinh chit chang khac gi
nhirng th& khac. Va, & bén trong la mot buéng dudc treo |g Itng.

A metal cube will do, and let's suppose that its walls are partly insulated, not so
much that no heat can get through. There is no such thing as perfect insulation
anyway, except maybe an absolute perfect vacuum. Now, inside, so here on the
outside is liquid. Okay, on the inside is, what I'm interested in is the temperature of
this thing. I'll call that T. Now, that's different from the temperature of the external
water bath. So, I'll call that T sub e, T for temperature measured in Celsius, let's say,
for the sake of definiteness. But, this is the external temperature. So, I'll indicate it
with an e.

Mot khdi kim loai s& lam, va gia st rdng cac thanh cta nd cach nhiét moét phan, tic la su
cach nhiét khéng qué I6n dén ndi nhiét khdng thé di qua. DU sao di nita, khong cé vat gi
cach nhiét tuyét déi, ngoai trir buéng chan khong cao. Bay gid, bén trong, vang & day phia
ngoai la chat Iang. Budgc roi, bén trong la, nhirng gi téi quan tdm la nhiét d6 cda vat nay.
Toi s& goi do6 1a T. Bay gid, nd cb nhiét dd khac véi bé 6n nhiét bén ngoai. Vi vy, toi sé goi

do 1a T e, T cho nhiét do dugc do béni do C, iié s, vi muc dich dinh nghia. Tuy nhién,

day la nhiét d6 bén ngoai.

Now, what is the model? Well, in other words, how do I set up a differential equation
to model the situation? Well, it's based on a physical law, which I think you know,
you've had simple examples like this, the so-called Newton's Law of cooling, -- --
which says that the rate of change, the temperature of the heat goes from the
outside to the inside by conduction only. Heat, of course, can travel in various ways,
by convection, by conduction, as here, or by radiation, are the three most common.
Of these, I only want one, namely transmission of heat by conduction.

Bay gi¥, md hinh 1a gi? Hay ndi cach khac, lam thé nao dé toi thiét I&p phudng trinh vi
phan mo6 hinh héa hién tugng? Vang, né dua trén mot luat vat ly, ma téi nghi ban biét,
ban d& c6 cac vi du dan gian nhu thé nay, thudng dugc goi la dinh luat lam lanh Newton, -
- ndi dung la t6c d6 bién thién, nhiét d0 cda nhiét lugng di t&r bén ngoai vao bén trong chi
b&ng cach dan. Nhiét, tat nhién, c6 thé truyén theo nhiing cich khac nhau, bai su ddi luy,
b&ng cach dan, nhu & ddy, hodc b&ng cach birc xa, 1a ba trudng hdp phd bién nhat. Trong
sG nay, tdi chi mudn mdt, dé Ia truyén nhiét bdng cach dan.

And, that's the way it's probably a little better to call it the conduction model, rather
than the temperature model, which might involve other ways for the heat to be



traveling. So, dt, the independent variable, is not going to be x, as it was over there.
It's going to be t for time. So, maybe I should write that down. t equals time. Capital
T equals temperature in degrees Celsius. So, you can put in the degrees Celsius if
you want. So, it's proportional to the temperature difference between these two.
Now, how shall I write the difference? Write it this way because if you don't you will
be in trouble. Now, why do I write it that way? Well, I write it that way because I
want this constant to be positive, a positive constant.

Va, d6 1a Ii do ma tdi goi né 1a mé hinh dan, chlt khdng phai 1& md hinh nhiét do, c6 thé
lién quan dén nhitng phuaong thlc truyén nhiét khac. Vi vay, dt, bién déc lap, sé khdéng
phai la x, nhu & trén d6. N6 sé la t cho thdi gian. Vi vay, ¢ I€ t6i nén viét diéu do ra. t
bang thdi gian. T 18n béng nhiét dd theo dd Celsius. Vi vay, ban cé thé dat né theo dd C
néu ban muén. Vi vdy, né ty 1€ thuén véi su chénh Iéch nhiét d6 gitra hai thdng nay. Bay
gio, toi sé viét su chénh léch d6 nhu thé nao? Viét theo cach nay bdi vi néu ban khong lam
ban sé gap khé khan. Bay gig, tai sao toi viét n6 nhu thé? Vang, toi viét nd nhu vay vi toi
mudn hang s6 nay la duong, mét hdng sé duong.

In general, any constant, so, parameters which are physical, have some physical
significance, one always wants to arrange the equation so that they are positive
numbers, the way people normally think of these things. This is called the
conductivity. The conductivity of what? Well, I don't know, of the system of the
situation, the conductivity of the wall, or the wall if the metal were just by itself. At
any rate, it's a constant. It's thought of as a constant. And, y positive, well, because
if the external temperature is bigger than the internal temperature, I expect T to
rise, the internal temperature to rise.

NGi chung, bat ky hang s6 nao, vi vay, cac tham s6 la vat ly, cé mbt y nghia vat ly nao
dd, ngudi ta ludn lubn muén sap x&p phuong trinh sao cho ching la céc s6 duong,
cach moi ngudi thudng nghi vé nhitng digdu nay. Pay dudc goi 1a hién tugng dan. Dan
cai gi? Vang, toi khdng biét, clia hé thdng cla hién tudng, su dan clia birc tudng, hodc
clia chinh blrc tudng néu nd lam bang kim loai. Tai téc d6 nao dd, nd la mot hang sé.
N6 dugc xem nhu héng s8. Va, y duong, vang, bdi vi néu nhiét dd bén ngoai I6n han
nhiét d6 bén trong, toi hy vong T tang, nhiét do bén trong tang.

That means dT / dt, its slope, should be positive. So, in other words, if Te is bigger
than T, I expect this number to be positive. And, that tells you that k must be a
positive constant. If I had turned it the other way, expressed the difference in the
reverse order, K would then be negative, have to be negative in order that this turn
out to be positive in that situation I described. And, since nobody wants negative



values of k, you have to write the equation in this form rather than the other way
around. So, there's our differential equation. It will probably have an initial condition.
So, it could be the temperature at the starting time should be some given number,
TO.

Diéu do c6 nghia dT / dt, hé s6 goc cla nd, sé duong. Vang, ndi cach khac, néu Te I6n hon
T, tdi hy vong s6 nay duong. Va, diéu dé cho ban biét rang k phai duong. Néu téi chuyén
né theo cach khac, biéu dién su’ chénh I&ch theo th tu ngudc lai, thi K s& &m, phai 1a 4m
dé cdi nay l1a duong trong trudng hop téi d& md ta. Va, vi khéng ai mudn k &m, ban phai
viét phuang trinh dudi hinh thic nay. Vi vay, dé la phudng trinh vi phén cta chdng ta. N6
cb thé co diéu kién ban dau. Vi vy, cd thé 1a nhiét do tai thdi diém ban dau sé |1a mét gia
tri TO nao do.

But, the condition could be given in other ways. One can ask, what's the

temperature as time goes to infinity, for example? There are different ways of

getting that initial condition. Okay, that's the conduction model. What would the
diffusion model be? The diffusion model, mathematically, would be, word for word,
the same. The only difference is that now, what I imagine is I'll draw the picture the
same way, except now I'm going to put, label the inside not with a T but with a C, C
for concentration. It's in an external water bath, let's say. So, there is an external
concentration. And, what I'm talking about is some chemical, let's say salt will do as
well as anything.

Nhung, diéu kién cé thé dudc cho theo nhitng cach khac. Ngudi ta cé thé héi, chdng han,
nhiét dd khi thdi gian tién dén v clng 1a bao nhiéu? C6 nhiéu cach khac nhau d&€ nhén
dudc diéu kién ban dau. Bugc rdi, dé 1a mé hinh dan. Thé con mé hinh khuéch tan s& nhu
thé nao? Mo hinh khuéch tan, vé mat toan hoc, sé la, tiing chir, gibng nhau. Su khac biét
duy nhét bay gid la, nhitng gi t6i tudng tugng la toi sé vé hinh theo cach tuong tu, ngoai
trir bay gig toi sé dat, nhan bén trong khong phai véi T, ma véi a C, C chi mat d6. Gia su,
né 1a mot bé gilt nhiét bén ngoai. Vi vay, c6 mdt méat dé bén ngoai. Va, nhitng gi téi dang
dé cap la héa chat nao do, gia s la mudi cling nhu bat ki chat nao khac.

So, Cis equal to salt concentration inside, and Ce would be the salt concentration
outside, outside in the water bath. Now, I imagine some mechanism, so this is a salt
solution. That's a salt solution. And, I imagine some mechanism by which the salt

can diffuse, it's a diffusion model now, diffuse from here into the air or possibly out
the other way. And that's usually done by vaguely referring to the outside as a semi-
permeable membrane, semi-permeable, so that the salt will have a little hard time
getting through but permeable, so that it won't be blocked completely.

Vi vay, C bang mat dé6 mudi bén trong, va Ce sé& la mat d6 mudi bén ngoai, bén ngoai trong
bé gilr nhiét. Bay gid, tdi tudng tugng mot co ché& nao dd, do d6 day 1a dung dich mudi. Do
la dung dich mudi. Va, toi tudng tugng mot s6 ca ché khuéch tan ciia mudi, bay giG nd la
mot mé hinh khuéch tan, khuéch tan tir day vao trong khéng khi hoac ra ngi nao dé. Va
diéu do6 thudng dugc thuc hién bdi mdét mang ban thdm, ban thdm, d€ mudi khé di qua ma
tham, do dé nd sé khong bi chan hoan toan.

So, there's a membrane. You write the semi-permeable membrane outside, outside
the inside. Well, I give up. You know, membrane somewhere. Sorry, membrane wall.
How's that? Now, what's the equation? Well, the equation is the same, except it's
called the diffusion equation. I don't think Newton got his name on this. The diffusion
equation says that the rate at which the salt diffuses across the membrane, which is
the same up to a constant as the rate at which the concentration inside changes, is
some constant, usually called k still, okay. Do I contradict? Okay, let's keep calling it
k1. Now it's different, times Ce minus C. And, for the same reason as before, if the
external concentration is bigger than the internal concentration, we expect salt to
flow in.

Vi vady, c6 mét mang. Ban viét mang ban tham bén ngoai, bén ngoai bén trong. Vang, toi
cho I&n. Ban d3 biét, mang & dau dd. Xin 18i, vdch mang. N6 nhu thé nao? Bay gid,
phuang trinh la gi? Vang, phudng trinh tudng tu, ngoai trir né dudc goi la phudng trinh
khuéch tan. Toi khong nghi Newton dat tén 6ng dy cho cai nay. Phudng trinh khuéch tan



ndi rang téc d6 mudi khuyéch tan qua mang, bédng téc do bié€n thién mat dé bén trong
nhan vdi mot hang s6, 1a hdng s6 nao do, thudng dudc goi la k, okay. Téi c6 mau thuan
khong? Bugc roi, ching ta hdy goi né la k1. Bay gid nd khac, nhan Ce trur C. Va, vdi ly do
nhu trudc, néu mat do bén ngoai I6n han mat dé bén trong, ching ta hy vong mudi chay
vao

That will make C rise. It will make this positive, and therefore, we want k to be
positive, just k1 to be positive for the same reason it had to be positive before. So,

in each case, the model that I'm talking about is the differential equation. So, maybe
I should, let's put that, make that clear. Or, I would say that this first order
differential equation models this physical situation, and the same thing is true on the
other side over here. This is the diffusion equation, and this is the conduction
equation. Now, if you are in any doubt about the power of differential equations, the
point is, when I talk about this thing, I don't have to say which of these I'm

following.

Diéu do sé lam cho C tang. N6 sé lam cho cai nay dudng, va do dd, ching ta mudn k
duaong, chi k1 dudng vi cung mét |i do né phai dugng nhu trudc. Vi vay, trong tirng trudng
hgp, mo6 hinh ma t6i dang dé cap la phuong trinh vi phan. Vi vay, cé 1€ toi nén, ching ta
hdy dat cdi do, lam cho cai dé rd rang. Hodc, tdi cd thé ndi réng phuong trinh vi phan béc
nhat nay mo hinh hda hién tugng vat li nay, va diéu tuong tu la dang & vé bén kia & day.
Day |a phuong trinh khuéch tan, va day 13 phudng trinh din. Bay gid, néu ban dang nghi
ngd vé sliic manh cua cac phuong trinh vi phan, quan diém & day 13, khi tdi ndi vé diéu
nay, toi khéng can ndi téi sé theo cai nao trong nhirng cai nay.

I'll use neutral variables like Y and X to solve these equations. But, with a single
stroke, I will be handling those situations together. And, that's the power of the
method. Now, you obviously must be wondering, look, these look very, very special.
He said he was going to talk about the first, general first-order equation. But, these
look rather special to me. Well, not too special. How should we write it? Suppose I
write, let's take the temperature equation just to have something definite. Notice
that it's in a form corresponding to Newton's Law. But it is not in the standard linear
form. Let's put it in standard linear form, so at least you could see that it's a linear



equation. So, if I put it in standard form, it's going to look like DTDTD little t plus KT
is equal to K times TE.

Toi s& sir dung cac bién trung I18p nhu' Y va X d€ giai nhitng phuang trinh nay. Nhung, vdi
mot nudc bai duy nhat, toi sé xtr ly tat ca nhirng hién tugng nay. Va, dé la sirc manh cua
phudng phap. Béy gig, hién nhién ban phai thédc méc, nhin nay, nhitng céi nhin rét, rét dac
biét. Ong ta ndi 6ng ta s& ndi vé phuong trinh bdc nhat tdng quat. Nhung, nhitng cai nay
co vé kha dac biét vai toi. Vang, khong phai qua dac biét. Chung ta nén viét né nhu thé
nao? Gia s téi viét, ching ta hdy chon phuang trinh nhiét d6 c6 mot cai gi dé xac dinh.
Chu y réng nd la mét dang tuong Ung véi dinh ludt Newton. Nhung né khong phai la dang
tuyén tinh tiéu chudn. Hay ddt né & dang tuyén tinh tiéu chuén, do dé it nhat ban cé thé
thdy rédng né 1a mét phudng trinh tuyén tinh. Vi vy, néu tdi dat né & dang tiéu chuén, nd
sé& c6 dang DTDTD nho t cdng KT bang K nhan TE.

Now, compare that with the general, the way the general equation is supposed to
look, the yellow box over there, the standard linear form. How are they going to
compare? Well, this is a pretty general function. This is general. This is a general
function of T because I can make the external temperature. I could suppose it
behaves in anyway I like, steadily rising, decaying exponentially, maybe oscillating
back and forth for some reason.

Bay gi¥, so sanh vdi phuang trinh & dang téng quat, dudgc déng khung mau vang & dang
kia, dang tuyén tinh tiéu chudn. Ching sé& so sanh nhu thé nao? Vang, day la mdt ham
kha téng quat. Cai nay téng quat. DAy la ham tdng quat cla T bdi vi tdi c6 thé tao ra
nhiét d6 bén ngoai. T6i c6 thé gia si nd hanh vi theo bt cf cdch nao ma téi muén, phan
rd ham md, cé thé 1a dao ddng qua lai vi ly do nao dé.

The only way in which it's not general is that this K is a constant. So, I will ask you
to be generous. Let's imagine the conductivity is changing over time. So, this is
usually constant, but there's no law which says it has to be. How could a conductivity
change over time? Well, we could suppose that this wall was made of slowly
congealing Jell-0O, for instance. It starts out as liquid, and then it gets solid. And,
Jell-O doesn't transmit heat, I believe, quite as well as liquid does, as a liquid would.
Céch duy nhét trong dé né khdng tng quat |a K nay 1a mot hdng s8. Vi vay, toi s& yéu cau
ban hao phéng. Hay tudng tugng su dan dang thay déi theo thai gian. Vi vay, day thudng
1& hdng s8, nhung khéng cé luat phap nao ndi né phai nhu vay. Su dan thay déi theo thdi
gian nhu thé& nao? Vang, chiing ta cé thé gia sur rang birc tudng nay dugc lam béng thach
Jell-O déng chdm lai, chdng han. Pau tién né nhu chét 16ng, va sau dd nd trd thanh ran.
Va,Thach jell-O khong truyén nhiét, téi tin rang, nod cling kha giéng nhu chéat l1éng, vi mot
chat long sé.

Is Jell-O a solid or liquid? I don't know. Let's forget about that. So, with this
understanding, so let's say not necessarily here, but not necessarily, I can think of
this, therefore, by allowing K to vary with time. And the external temperature to vary
with time. I can think of it as a general, linear equation. So, these models are not
special. They are fairly general. Well, I did promise you I would solve an equation,

and that this lecture, I still have not solved any equations. OK, time to stop
temporizing and solve. So, I'm going to, in order not to play favorites with these two
models, I'll go back to, and to get you used to thinking of the variables all the time,
that is, you know, be eclectic switching from one variable to another according to
which particular lecture you happened to be sitting in.

Thach jell-O 1a chat rdn hay 16ng? Toi khong biét. Hay quén diéu dé. Nhu vay, véi su hiéu
biét ndy, vang chlng ta hdy ndi la khdng can thiét & ddy, nhung khdng can thiét, tbi c6 thé
xem cai nay, do do, badng cach cho phép K thay ddi theo thdi gian. Va nhiét dé bén ngoai
thay déi theo thdi gian. T6i cd thé xem né nhu mdt phuong trinh tuyén tinh téng quat. Vi
vay, cac mo hinh nay khong dac biét. Chang kha chung chung. Vang, to6i da hla vdi ban la
toi s& giai mot phuang trinh, va bai giang nay, téi van chua giadi phucng trinh ndo. OK, hay
tam dirng lai va giai. Vi vay, toi s&, khéng xét sdu han hai mo hinh nay, t6i sé quay lai, va
dé ban lam quen vdi viéc suy nghi vé cac bién moi lic, cd nghia |a, ban da biét, chuyén tir
bién nay sang bién khac tuy thudc vao viéc ban hoc chuong nao.



So, let's take our equation in the form, Y prime plus P of XY, the general form using
the old variables equals Q of X. Solve me. Well, there are different ways of

describing the solution process. No matter how you do it, it amounts to the same
amount of work and there is always a trick involved at each one of them since you
can't suppress a trick by doing the problem some other way. The way I'm going to

do it, I think, is the best. That's why I'm giving it to you. It's the easiest to

remember. It leads to the least work, but I have colleagues who would fight with me
about that point.

Vi vay, ching ta hdy chon phuong trinh clia ching ta c6 dang, Y phdy cong P cua XY, dang
téng quat dung cac bién cli bang Q X. Giai cho tdi. Vang, cé nhitng cach khac nhau mo ta
qua trinh giai. Ban lam nd nhu thé& nao khéng quan trong, né cé cung sé lugng cong viéc
va ludn ludn c6 mot khé khin lién quan dén mdi cdi trong chiing bai vi ban khdng thé ngan
chan khé khan bang cach giai quyét van dé theo cach khac . Cach téi s& lam nd, tdi nghi, la
t6t nhat. D6 13 ly do tai sao téi trinh bay cho ban. N6 dé& nhd nhat. Né dan dén it cong viéc
nhat, nhung cé nhitng ddng nghiép khdng tan thanh quan diém nay vdi toi.

So, since they are not here to fight with me I am free to do whatever I like. One of
the main reasons for doing it the way I'm going to do is because I want you to get
what our word into your consciousness, two words, integrating factor. I'm going to
solve this equation by finding and integrating factor of the form U of X. What's an
integrating factor? Well, I'll show you not by writing an elaborate definition on the
board, but showing you what its function is. It's a certain function, U of X, I don't
know what it is, but here's what I wanted to do. I want to multiply, I'm going to drop
the X's a just so that the thing looks less complicated.

Vi vay, bdi vi ho khdng & day dé phan ddi tdi nén tdi s& tu do |am bat c diéu gi tdi thich.
Mt trong nhiing ly do chinh dé& Iam né theo cach tdi s& Iam la vi téi mudn ban dua tir cla
tdi vao trong y thirc chia ban, hai tlr, 18y tich phan hé s8. Tdi sé gidi phudng trinh nay béng
cach tim va tinh tich phan hé sé dang U X. Ly tich phan hé sG la gi? Vang, tdi sé chi cho
ban thdy khdng phai bang cach viét mot dinh nghia phlc tap trén bang, ma chi cho ban
ham cda né la gi. B4 la mot ham nhu thé, U X, téi khong biét né la gi, nhung day la nhitng
gi t6i mudn lam. T6i mudn nhan, t6i s& bd cac X dé& nhin cac th(r d& phirc tap han.

So, what I want to do is multiply this equation through by U of X. That's why it's
called a factor because you're going to multiply everything through by it. So, it's
going to look like UY prime plus PUY equals QU, and now, so far, it's just a factor.
What makes it an integrating factor is that this, after I do that, I want this to turn
out to be the derivative of something with respect to X. You see the motivation for
that. If this turns out to be the derivative of something, because I've chosen U so
cleverly, then I will be able to solve the equation immediately just by integrating this



with respect to X, and integrating that with respect to X. You just, then, integrate
both sides with respect to X, and the equation is solved. Now, the only question is,
what should I choose for U?

Vi vay, nhitng gi t6i mudn lam la nhan phuong trinh nay véi U X. D6 la ly do tai sao nd
dudc goi 1a hé s6 bdi vi ban s& nhan moi th véi né. NNENNOISCIcoNIang UY phay cong
PUY b&ng QU, va bay gid, cho dén bay gid, né chi la mot hé s6. Hé s6 tich phan nay tir
dau ma cd, sau khi toi lam diéu dd, tdi mudn cai nay chuyén thanh dao ham cla céi gi dé
theo X. Ban s& thdy nguyén nhén cla viéc d6. Néu cai nay chuyén thanh dao ham cla cai
gi d8, bdi vi tdi chon U qué khéo léo, thi tdi s& cd thé giai phuong trinh ngay 1ap tdc chi
bang céch 18y tich phén cai nay theo X. Ban chi, sau dd, |18y tich phén ca hai vé theo x,
va phuong trinh dugc giai. Bay gid, cau hdi duy nhét la, t6i nén chon U la gi?

Well, if you think of the product formula, there might be many things to try here. But
there's only one reasonable thing to try. Try to pick U so that it's the derivative of U
times Y. See how reasonable that is? If I use the product rule on this, the first term

is U times Y prime. The second term would be U prime times Y. Well, I've got the Y
there. So, this will work. It works if, what's the condition that you must satisfy in
order for that to be true? Well, it must be that after it to the differentiation, U prime
turns out to be P times U. So, is it clear? This is something we want to be equal to,
and the thing I will try to do it is by choosing U in such a way that this equality will
take place.

Vang, néu ban xét céng thirc tich, cé thé cé nhiéu th dé thir ¢ day. Nhung chi cé mot diéu
hap ly dé€ thir. Hay thd chon u d&€ nd [a dao ham cua u nhan y. Hay xét diéu dé hdp li nhu
th& ndo? Néu tdi sir dung quy tac tich cho cai nay, s6 hang dau tién 1a u nhan y phdy. S6
hang th( hai s& 1a u ph8y nhén y. Vang, toi d& cd y & dd. Vi vay, diéu nay sé& ding. N6
ding néu, dé diéu d6 dung thi can phai thda man diéu kién gi? Vang, nd phai la cdi d6 sau
khi né thanh vi phan, u phay chuyén thanh p nhan u. Vang, né dé hiéu khong? Day 13 cai
ma ching ta mudén bang, va diéu ma téi thdr lam no la bang cach chon u theo cach nao do
dé dang thirc nay xay ra.

And then I will be able to solve the equation. And so, here's what my U prime must
satisfy. Hey, we can solve that. But please don't forget that P is P of X. It's a function
of X. So, if you separate variables, I'm going to do this. So, what is it, DU over U
equals P of X times DX. If I integrate that, so, separate variables, integrate, and
you're going to get DU over U integrates to the be the log of U, and the other side
integrates to be the integral of P of X DX. Now, you can put an arbitrary constant
there, or you can think of it as already implied by the indefinite integral. Well, that
doesn't tell us, yet, what U is. What should U be? Notice, I don't have to find every
possible U, which works.

Va sau do toi s& co thé gidi dudc phuong trinh. Va vi vay, u phdy cua tdi phai thda man
diéu kién nay. Hey, chlng ta cé thé giai nd. Nhung xin dirng quén rdng p bang px. N¢ la
ham cula x. Vi vay, néu ban tach bién, tdi sé lam diéu nay. Vi vay, no la gi, du trén u
bang p x nhén dx. Néu téi |18y tich phan nd, vang, tach bién, I8y tich phan, va ban sé&
nhén dugc du trén u tich phan cta né bang log cta u, va v€ kia 18y tich phan sé& 13 tich
phén cla px dx. Bay gi&, ban cd thé dat mot hang sb tuy y 6 d6, hodc ban cé thé xem né
nhu da dudc ap dung bdi tich phan khong xac dinh. Vang, chiing ta cén rat ra u tir day. U
sé la gi? Chu vy, t6i khong can tim moi u kha di, n6é dung.

All I'm looking for is one. All T want is a single view which satisfies that equation.
Well, U equals the integral, E to the integral of PDX. That's not too beautiful looking,
but by differential equations, things can get so complicated that in a week or two,
you will think of this as an extremely simple formula. So, there is a formula for our
integrating factor. We found it. We will always be able to write an integrating factor.
Don't worry about the arbitrary constant because you only need one such U. So: no
arbitrary constant since only one U needed. And, that's the solution, the way we
solve the linear equation.

T&t ca nhitng gi t6i dang tim |a mot. T4t ca nhitng gi tdi mudn Ia mét quan diém duy nhéat



théa méan phuong trinh dé.vVang, u bang tich phan, e mi pdx. Diéu d6 c6 vé khong dep,
nhung bdng phudng trinh vi phan, cac th cé thé trd nén qua phic tap dén noi mot tuan
hodc hai, ban sé xem cai nay nhu mot cong thirc cuc ki dan gian. Vi vay, c6 mot cong thirc
cho hé s§ tich phan clia chdng ta. Ching ta sé& tim nd. N6 chi nhu thé& nay. Bling lo lang vé
héng sb tuy y vi ban chi cdn mét u nhu thé. Vi vdy: khéng cé hang s6 tuy y bdi vi chi can
mot u. Va, doé la nghiém, cach ching ta giai phuaong trinh tuyén tinh.

OK, let's take over, and actually do it. I think it would be better to summarize it as a
clear-cut method. So, let's do that. So, what's our method? It's the method for
solving Y prime plus PY equals Q. Well, the first place, make sure it's in standard
linear form. If it isn't, you must put it in that form. Notice, the formula for the
integrating factor, the formula for the integrating factor involves P, the integral of
PDX. So, you'd better get the right P. Otherwise, you are sunk. OK, so put itin
standard linear form. That way, you will have the right P.

OK, chung ta hdy tiép tuc, va thuc su lam nd. T6i nghi tét hon 1a tdm tat né nhu la
phuong phép r5 rang. | /g, phucng phap cua ching
ta la gi? Do Ia phudng phap dé gidi y phdy cdng vdi py bang q. Vang, noi dau tién, hay
chdc chdn réng né |a dang tuyén tinh tiéu chuin. Néu né khéng phai, ban phai dit né
dudi dang d6. Chu y, cong thiic cia hé s6 tich phan, cong thirc ctia hé s6 tich phan lién
quan dén p, tich phan cda pdx. Vi vay, ban nén nhan dudc p ding. Ngudc lai, ban sé bi
sa lay. OK, vi vay, hdy dat né & dang tuyén tinh tiéu chudn. Bang cach dd, ban sé cé p
dung.

Notice that if you wrote it in that form, and all you remembered was E to the integral
PDX, the P would have the wrong sign. If you're going to write, that P should have a
negative sign there. So, do it this way, and no other way. Otherwise, you will get
confused and get wrong signs. And, as I say, that will produce wrong answers, and
not just slightly wrong answers, but disastrously wrong answers from the point of
view of the modeling if you really want answers to physical problems.

Chu y rang néu ban viét né dudi dang dé, va tat ca nhiing gi ban nhg la e mi tich phén
pdx, p sé sai dau. Néu ban viét, p sé cé dau trir § dé. Vi vay, lam né theo cach nay, va
khéng con cach nao khac. N&u khong, ban sé& bi 1an 16n va sai ddu. Va, nhu toi ndi, két
qua sé sai, va khong chi la nhitng két qua hadi sai chdt it, ma két qua sai tir quan diém
mo hinh hoéa néu ban thuc su mudn cau tra I3i cho cac bai toan vét ly.

So, here's a standard linear form. Then, find the integrating factor. So, calculate E to
the integral, PDX, the integrating factor, and that multiply both, I'm putting this as
both, underlined that as many times as you have room in your notes. Multiply both
sides by this integrating factor by E to the integral PDX. And then, integrate. OK,



let's take a simple example. Suppose we started with the equation XY prime minus Y
equals, I had X2, X3, something like that, X3, I think, yeah, X2.

Vi vay, day la dang tuyén tinh tiéu chudn. Sau dd, tim hé sé tich phan. Vang, tinh e mii
tich phan, pdx, hé s6 tich phan, va nhan ca hai, t6i sé dat cai nay nhu ca hai, dugc gach
dudi nhiéu lan vi ban cé nhiéu khoang tréng trong va. Nhan ca hai vé véi hé sé tich phan

e m tich phan pdx. Va sau d9, |ay tich phan. OK, hdy xét mot vi du dan gian. Gia su
chiling ta bat dau véi phuadng trinh xy phdy trir y bang, tdi cé X2, X3, cai gi d6 nhu thé, X3,
toi nghi, yeah, X2.

OK, what's the first thing to do? Put it in standard form. So, step zero will be to write
it as Y prime minus one over X times Y equals X2. Let's do the work first, and then

I'll talk about [UNINTELLIGIBLE], well, we now calculate the integrating factor. So, I
would do it in steps. You can integrate negative one over X, right? That integrates to
minus log X. So, the integrating factor is E to the integral of this, DX. So, it's E to the
negative log X.

OK, can lam gi dau tién? Pua nd vé dang tiéu chuén. Vi vay, budc khdng sé la viét nd
dudi dang y phdy trir mét trén x nhan y bang x2. Hay lam cbng viéc dau tién, va sau dé
t6i s€ ndi vé [unintelligible], vang, bay gid chlng ta tinh hé s6 tich phan. Vang, toi sé lam
né trong nhiéu budc. Ban ¢ thé I8y tich phan trir mot trén X, phai khéng? Béng trir log x.
Vi vay, hé s6 tich phan la e mii tich phan cua cai nay, dx. Vi vay, nd la e md trir log x.

Now, in real life, that's not the way to leave that. What is E to the negative log X?
Well, think of it as E to the log X to the minus one. Or, in other words, it is E to the
log X is X. So, it's one over X. So, the integrating factor is one over X. OK, multiply
both sides by the integrating factor. Both sides of what? Both sides of this: the
equation written in standard form, and both sides. So, it's going to be one over XY
prime minus one over X2 Y is equal to X2 times one over X, which is simply X. Now,
if you have done the work correctly, you should be able, now, to integrate the left-
hand side directly.

Bay gid, tinh todn van chua hoan chinh. e mi trir In x 1a gi? Vang, xem nd nhu e mi In x
ma trir mét. Hay, ndi cach khéc, e mi In x bdng x. Vi vdy, day |a mot trén x. Vi vy, hé
s0 tich phan la mot trén x. OK, nhan ca hai vé vdi hé s6 tich phan. Hai v& cla cai gi? Ca
hai vé& cla cdi nay: phuong trinh dudc viét § dang tiéu chuén, va ca hai vé. Vi vy, nd sé&
la mot trén XY phdy trir mot trén X2 Y bdng X2 nhadn mot trén X, bang X. Bay gid, néu
ban d& thuc hién cdng viéc chinh xac, ban sé& cd thé, bay gid, |18y tich phan vé trai truc
ti€p.

So, I'm going to write it this way. I always recommend that you put it as extra step,
well, put it as an extra step the reason for using that integrating factor, in other
words, that the left-hand side is supposed to be, now, one over X times Y prime. I
always put it that because there's always a chance you made a mistake or forgot
something. Look at it, mentally differentiated using the product rule just to check
that, in fact, it turns out to be the same as the left-hand side. So, what do we get?
One over X times Y prime plus Y times the derivative of one over X, which indeed is
negative one over X2. And now, finally, that's 3A, continue, do the integration. So,
you're going to get, let's see if we can do it all on one board, one over X times Y is
equal to X plus a constant, X, sorry, X2 over two plus a constant.

Vi vay, t6i sé viét n6 theo cach nay. Toi luén ludn khuyén ban xem né nhu la budc phu,
vang, dat né nhu la mét budc phu li do cho viéc dung hé sé tich phan doé, néi cach khac,
vé& trai dugc gia sur 1a, bay gid, mot trén x nhan y phay. Toi luén luén dat né & dé bai vi
luén ludn cé mdt nguy co pham sai lam hodc quén th gi d8. Nhin vao nd, tinh nham vi
phan dung quy téc tich d& kiém tra réng, thuc su, né chuyén thanh tudng tu vé trai.
Vay, chling ta nhan dugc gi? Mot trén x nhan y phdy céng y nhan dao ham clia moét
trén x, nd thuc su 1a trir mét trén x2. Va bay gid, cubi cung, né béng 3a, ti€p tuc, tinh
tich phan. Vi vy, ban s& nhan dudc, xem ching ta cd thé lam tat ca trén moét t&m bang
khéng, mot trén x nha y bdng X cong véi mot hang s6, X, xin 16i, X2 trén hai céng hang
s0.



And, the final step will be, therefore, now I want to isolate Y by itself. So, Y will be
equal to multiply through by X. X3 over two plus C times X. And, that's the solution.
OK, let's do one a little slightly more complicated. Let's try this one. Now, my

equation is going to be one, I'll still keep two, Y and X, as the variables. I'll use T and
F for a minute or two. One plus cosine X, so, I'm not going to give you this one in
standard form either. It's a trick question. Y prime minus sine X times Y is equal to
anything reasonable, I guess. I think X, 2X, make it more exciting. OK, now, I think I
should warn you where the mistakes are just so that you can make all of them.

Va, budc cudi cung sé 1a, do dd, béy gi& tdi mudn cb 1ap y béng chinh né. Vi vy, Y sé& bang
nhan qua bdi X. X3 trén hai cong vdi C nhan X. Va, dé la nghiém. OK, ching ta hdy xét mot
vi du phlc tap hon moét chat. Hay thr cai nay. Bay gid, phuang trinh clia toi sé la mét, toi
van sé gilf hai, Y va X, nhu cac bién. T6i s& sir dung T va F khoang mét phut hodc hai. Mot
cdng vai cd sin X, vang, t6i s& khdng cho ban cai nay & dang tiéu chuén. D4 la mot cau héi
khé. Y ph&y trir sin x nhan Y bang bt c cdi gi hgp ly, tdi doan. Téi nghi X, 2X, lam cho né
thd vi han. OK, bay gid, toi nghi réng toi nén canh bao ban 18i & dau dé ban c6 thé 1am tét
ca chang.

So, this is mistake number one. You don't put it in standard form. Mistake number
two: generally people can do step one fine. Mistake number two is, this is my most
common mistake, so I'm very sensitive to it. But that doesn't mean if you make it,
you'll get any sympathy from me. I don't give sympathy to myself. You are so
intense, so happy at having found the integrating factor, you forget to multiply Q by
the integrating factor also. You just handle the left-hand side of the equation, if you
forget about the right-hand side. So, the emphasis on the both here is the right-
hand, please include the Q. Please include the right-hand side.

vang, day la 16i s6 mot. Ban khong dat n6 & dang tiéu chudn. L6i thir hai: noi chung moi
ngudi cd thé lam budc mot tét. Li thir hai 1a, day 1a 16i phd bién nhat cua tdi, vi vay tdi rat
nhay cdm vdi n6. Nhung diéu dé khong cé ngh|a la néu ban pham phai no, t6i sé thong
cam cho ban. Toi khéng thong cdm cho chinh minh. Ban qua xdc dong, qué hanh phuc khi
da tim ra dugc hé sé tich phan, ban quén nhan Q vdi hé s6 tich phan. Ban chi x{r ly vé trai
clia phuang trinh, ban quén vé phai. Vi vay, hdy chd y dén q. Xin hdy chd y vé phai.

Any other mistakes? Well, nothing that I can think of. Well, maybe only, anyway, we
are not going to make any mistakes the rest of this lecture. So, what do we do? We
write this in standard form. So, it's going to look like Y prime minus sine X, sine X
divided by one plus cosine X times Y equals, my heart sinks because I know I'm
supposed to integrate something like this. And, boy, that's going to give me



problems. Well, not yet. With the integrating factor? The integrating factor is, well, we
want to calculate the integral of negative sine X over one plus cosine. That's the
integral of PDX. And, after that, we have to exponentiate it. Well, can you do this?
Yeah, but if you stare at it a little while, you can see that the top is the derivative of
the bottom.
Con 16i ndo khac khéng? Vang, cé 18 khdng con gi nifa. Vang, cé I8 chi, du sao di nira,
ching ta sé khong pham bat cif sai [am nao trong phan con lai cta bai giang nay. Vang,
ching ta 1am gi? Ching ta viét né & dang tiéu chuan. Vi vay, n6 sé cé dang Y phdy trir
sine X, sine X chia cho mot cdng cos X nhan Y bdng, t6i ngdn ngam vi téi biét t6i dugc gia
str rang |8y tich phan céi gi d6 cé dang thé nay. Va, céc ban, diéu d6 lam téi khd khan
. Vang, chua. Vd&i hé sd tich phan? Hé so6 tich phan 1a, vang, ching ta mudn tinh tich phan
cua trur sin X trén mot cong cb sin. Do la tich phan cda p dx. Va, sau dd, ching ta phai lay
Iy thira nd. Vang, ban cd thé tinh cai nay khdng? Yeah, nhung néu ban nhin ki né mét
chit, ban cé thé thay trén la dao ham cla dudi.

That is great. That means it integrates to be the log of one plus cosine X. Is that
right, one over one plus cosine X times the derivative of this, which is negative
cosine X. Therefore, the integrating factor is E to that. In other words, it is one plus
cosine X. Therefore, so this was step zero. Step one, we found the integrating factor.
And now, step two, we multiply through the integrating factor. And what do we get?
We multiply through the standard for equation by the integrating factor, if you do
that, what you get is, well, Y prime gets the coefficient one plus cosine X, Y prime
minus sign X equals 2X.

That tuyét. Diéu do cé nghia la tich phan cua né la log cia mot cong cosin X. biéu do
ddng khéng, moét trén mot cong ¢d sin x nhan dao ham cla cai nay, né bang trir cb
sin X. Vi vy, hé s8 tich phan 1a e mi cdi db. N6i cach khac, nd bdng mdt cong véi cd
sin x. Vi vay, day sé la budc khong. Budc mot, ching ta tim hé s6 tich phan. Va bay
gi®, budc hai, ching ta nhan vdi hé s6 tich phan. Va ching ta nhan dudc gi? Ching ta
dua phudng trinh vé dang tiéu chudn bang cach nhan vdi hé sb tich phan, néu ban
lam diéu do, nhitng gi ban nhan dugc 1a, vang, Y phdy nhan hé s 1a mdt cdng cosin
X, Y phdy dau trir X bang 2X.

Oh, dear. Well, I hope somebody would giggle at this point. What's giggle-able about
it? Well, that all this was totally wasted work. It's called spinning your wheels. No,

it's not spinning your wheels. It's doing what you're supposed to do, and finding out
that you wasted the entire time doing what you were supposed to do. Well, in other
words, that net effect of this is to end up with the same equation we started with.

But, what is the point? The point of having done all this was because now the left-
hand side is exactly the derivative of something, and the left-hand side should be the
derivative of what?

Oh, em yéu. Vang, t6i hy vong ai d6 sé& cudi khtc khich vao Idc nay. Cé gi budn cugi? Vang,
day la cong viéc hoan toan lang phi. Giéng nhu quay banh xe. Khong, n6 khong phai la su
quay cua banh xe. Chung ta dang lam dung quy trinh, va ban nhéan ra ban dang lang phi
thdi gian d&€ 1am nhirng thao tac tiéu chudn nay. Vang, ndi cach khac, hiéu ’ng téng cong
clia cdi nay la két thiuc véi phuong trinh tuong tu nhu lic bat dau. Tuy nhién, van dé & day
la gi? Van dé hoan thanh tat ca cai nay la bdi vi bay gid vé trai dung la dao ham cua cai gi
do, va vé trai sé la dao ham cula cai gi?

Well, it should be the derivative of one plus cosine X times Y, all prime. Now, you can
check that that's in fact the case. It's one plus cosine X, Y prime, plus minus sine X,
the derivative of this side times Y. So, if you had thought, in looking at the equation,
to say to yourself, this is a derivative of that, maybe I'll just check right away to see

if it's the derivative of one plus cosine X sine.

Vang, nd sé& la dao ham clia mdt cdng cosin X nhan Y, tat ca phdy. Bay gid, ban cd thé
ki€ém tra xem diéu d6 cé thuc su ding khdng. N6 1a mot cdng cd sin X, Y phéy, cdng trir
sine X, dao ham cla v& nay nhan Y. Vi vay, néu ban suy nghi, xem xét phuong trinh, dé tu
noi véi chinh minh, day la dao ham cua céi dd, cé |1& toi s& chi can kiém tra ngay dé xem
né cé phai la dao ham cua mot cdng co sin X sin.



You would have saved that work. Well, you don't have to be brilliant or clever, or
anything like that. You can follow your nose, and it's just, I want to give you a
positive experience in solving linear equations, not too negative. Anyway, so we got
to this point. So, now this is 2X, and now we are ready to solve the equation, which
is the solution now will be one plus cosine X times Y is equal to X2 plus a constant,
and so Y is equal to X2 divided by X2 plus a constant divided by one plus cosine X.
Ban sé phai luu lai cong viéc d6. Vang, ban khéng can phai thong minh hoac khéo léo,
hay bét c gi khac. Ban c6 thé lam truc tiép, va nd chi I3, t6i mudn cung cip cho ban mét
kinh nghiém tich cuc vé viéc giai phuong trinh tuyén tinh, khéng qua tiéu cuc. DU sao di
nifa, vi vdy ching ta d&n diém nay. Vi vay, bay gid day la 2x, va bay gid ching ta sdn
sang giai phuang trinh, bay gid nghiém sé& la mét cdng c6 sin X nhan Y bdng X2 céng mot
héng s8, va do dd Y bdng X2 chia X2 cdng mot héng sd chia cho mdt céng ¢d sin X.

Suppose I have given you an initial condition, which I didn't. But, suppose the initial
condition said that Y of zero were one, for instance. Then, the solution would be, so,
this is an if, I'm throwing in at the end just to make it a little bit more of a problem,
how would I put, then I could evaluate the constant by using the initial condition.
What would it be? This would be, on the left-hand side, one, on the right-hand side
would be C over two.

Gia s toi cho ban mot diéu kién ban dau. Gia st diéu kién ban dau l1a Y khdng bédng mot,
chdng han. Thé thi, nghiém sé& 1a, vang, day la mét néu, tdi sé thém vao cai nay dé lam
cho né khé han mot chit, téi s& dat nhu thé nao, sau dd tdi cd thé tinh hang s bang cach
dung diéu kién ban dau. N6 sé la gi? Day s€ la, 6 v€ trdi, mot, & v€ phai sé la C trén hai.

So, I would get one equals C over two. Is that correct? Cosine of zero is one, so
that's two down below. Therefore, C is equal to two, and that would then complete
the solution. We would be X2 plus two over one plus cosine X. Now, you can do this
in general, of course, and get a general formula. And, we will have occasion to use
that next week. But for now, why don't we concentrate on the most interesting case,
namely that of the most linear equation, with constant coefficient, that is, so let's
look at the linear equation with constant coefficient, because that's the one that
most closely models the conduction and diffusion equations.

Vi vay, két qua la mdt bang C trén hai. Chinh xac khéng? C6 sin clia khdng bang mot,
do dd, né la hai xuéng bén dudi. Vi vay, C bang hai, va thé thi d6 sé& 1a nghiém téng
quat. Chung ta sé la X2 cong hai trén mot cong cb sin X. Bay giG, noéi chung ban cé

thé€ Iam diéu nay, tat nhién, va nhan dudc cdng thic téng quat. Va, ching ta s& cd

dip str dung né vao tuan tdi. Nhung bay gid, tai sao ching ta khong tap trung vao
trudng hop tha vi nhat, cu thé 1a phuong trinh tuyén tinh nhat, véi hé s6 hang, dé 1a,

vi vy hdy xét phuang trinh tuyén tinh vdi hé s6 hang, bdi vi né la md hinh gan gii
nhat cla cac phuong trinh dan va cac phudng trinh khuéch tan.



So, what I'm interested in, is since this is the, of them all, probably it's the most
important case is the one where P is a constant because of its application to that.
And, many of the other, the bank account, for example, all of those will use a
constant coefficient. So, how is the thing going to look? Well, I will use the cooling.
Let's use the temperature model, for example. The temperature model, the equation
will be DTDT plus KT is equal to. Now, notice on the right-hand side, this is a
common error. You don't put TE. You have to put KTE because that's what the
equation says. If you think units, you won't have any trouble. Units have to be
compatible on both sides of a differential equation.

Vi vay, nhitng gi téi dang quan tdm, la vi day la, trong s6 ching, cé 1é do la trudng
hop quan trong nhét 13 cdi ma & dé p 1a mdt hdng s6 vi 'ng dung clia né vao do.
Va, rat nhiéu trudng hgp khac, tai khodn ngan hang, vi du, tdt cad nhirng cai nay
dung hé s6 héng. Vang, phudng trinh s& cé dang thé nao? Véang, tdi sé& xét su lam
lanh. H3y s dung cdc md hinh nhiét d6, chdng han. Md hinh nhiét d6, phucng
trinh s& 1& DTDT cdng KT béng. Bay gid¥, chi y vé phai, day 1a mot 16i thong
thudng. Ban khong dat TE. Ban phai dat KTE bdi vi dé la nhitng gi phucng trinh
ndi. Néu ban d€ y dén cac don vi, ban sé& thdy ngay. Cac don vi phai tudng thich &

ca hai vé cila mot phuadng trinh vi phéan.

And therefore, whatever the units were for capital KT, I'd have to have the same
units on the right-hand side, which indicates I cannot have KT on the left of the
differential equation, and just T on the right, and expect the units to be compatible.
That's not possible. So, that's a good way of remembering that if you're modeling
temperature or concentration, you have to have the K on both sides. OK, let's do,
now, a lot of this we are going to do in our head now because this is really too easy.
Va do dd, bat ké don vi cua KT 1a gi, v& phai phai c6 cing mdt don vi, nghia la khdng thé
nao vé& phai chi cé T, vi nhu thé& cac don vi khdng tucng thich. Diéu dé khdng thé. Vi vay,
dé 1a mét cach t6t d&€ ghi nhé réng néu ban md hinh héa nhiét dd hodc mét dd, ban can
phai cé k & ca hai vé&. OK, chiing ta hdy lam, by gid, ching ta s& phai tinh nhdm nhiéu
th( bai vi cdi nay qua dé.

What's the integrating factor? Well, the integrating factor is going to be the integral
of K, the coefficient now is just K. P is a constant, K, and if I integrate KDT, I get KT,
and I exponentiate that. So, the integrating factor is E to the KT. I multiply through
both sides, multiply by E to the KT, and what's the resulting equation? Well, it's
going to be , I'll write it in the compact form. It's going to be E to the KT times T, all
prime. The differentiation is now, of course, with respect to the time. And, that's
equal to KTE, whatever that is, times E to the KT.

Hé sd tich phan la gi? Vang, hé s6 tich phan sé |a tich phan cla k, hé s6 bay gid chi la

k. p Ia mot héng s6, k, va néu tdi 18y tich phén kdt, két qua |a kT, va tdi I8y e mii nd.

Vi vay, hé s6 tich phén sé la e mi kt. T6i nhan & ca hai v€, nhan vdi e mi kt, va

phuadng trinh cudi cung la gi? Vang, nd s& 13, tdi sé viét né dudi hinh thic ngén gon.

N6 s& la e mi kt nhan T, tat ca phdy. Bay gid, tat nhién, vi phan Ia theo thdi gian. Va,
nd bang KTE, cai gi d6, nhan E mii KT.

This is a function of T, of course, the function of little time, sorry, little T time. OK,
and now, finally, we are going to integrate. What's the answer? Well, it is E to the,
S0, are we going to get E to the KT times T is, sorry, K little t, K times time times the
temperature is equal to the integral of KTE. I'll put the fact that it's a function of T
inside just to remind you, E to the KT, and now I'll put the arbitrary constant. Let's
put in the arbitrary constant explicitly. So, what will T be? OK, T will look like this,
finally. It will be E to the negative KT. That's on the outside.

DPay 1a mot ham cuda t, tat nhién, ham cua t nho, xin 16i, t nhd. OK, va bay gid, cudi
clng, ching ta sé lay tich phan. Két qua la gi? Vang, né la E m{, vang, ching ta sé
nhan dugc E mi KT nhan T b&ng, xin 16i, K t nho, K nhan thdi gian nhan nhiét do bang
tich phan cta KTE. Ban nén nhd nd la ham cua T, E m{ KT, va bay gid tdi s& dat hang
sd tuy y. Ching ta hdy dat mot hdng s tuy y. Vang, T sé 1a gi? OK, cudi cung, T sé& cd
dang thé nay. N6 sé la E mi trir KT. N6 & bén ngoai.



Then, you will integrate. Of course, the difficulty of doing this integral depends
entirely upon how this external temperature varies. But anyways, it's going to be K
times that function, which I haven't specified, E to the KT plus C times E to the
negative KT. Now, some people, many, in fact, that almost always, in the
engineering literature, almost never write indefinite integrals because an indefinite
integral is indefinite.

Sau do, ban sé lay tich phan. Tat nhién, mic d6 khd cua tich phan nay hoan toan phu
thudc vao nhiét dd bén ngoai nay thay ddi nhu thé nao. Nhung du sao di nita, n6 sé& 1a K
nhan ham dé, ma t6i khong chi ra, E mii KT cong C nhan E md trir KT. Bay gid, mot s6
ngudi, nhiéu, thuc su, hau nhu ludn ludn, trong tai liéu ky thuat, hau nhu khong bao gid
viét tich phan bat dinh vi mot tich phan bat dinh la khéng xac dinh.

In other words, this covers not just one function, but a whole multitude of functions
which differ from each other by an arbitrary constant. So, in a formula like this,
there's a certain vagueness, and it's further compounded by the fact that I don't
know whether the arbitrary constant is here. I seem to have put it explicitly on the
outside the way you're used to doing from calculus. Many people, therefore, prefer,
and I think you should learn this, to do what is done in the very first section of the
notes called definite integral solutions. If there's an initial condition saying that the
internal temperature at time zero is some given value, what they like to do is make
this thing definite by integrating here from zero to T, and making this a dummy
variable.

No6i cach khac, cai nay khoéng chi dé cap dén mot ham, ma nhiéu ham, cac ham nay khac
nhau mot hang s6 tuy y. Vi vay, trong mot cdng thiic nhu thé nay, cé mét sw ma hd nao
dd, va no thém phc tap bdi tdi khéng biét hdng s6 tuy y & day la gi. Dudng nhu tdi da
dat n6 mot cach ré rang & bén ngoai nhu cach ma ban thudng lam trong giai tich. Do do,
nhiéu ngudi, thich, va tdi nghi ban nén tim hiéu diéu nay, dé€ lam nhirng gi dugc thuc hién
trong phan dau tién cta note dudgc goi la cac nghiém tich phan xac dinh. Néu cé mot diéu
kién ban dau ndi rang nhiét dd tai thdi diém t0 nao dé bang gid tri nao dd, muc dich cua
ching la lam cho cdi nay xac dinh bdng cach |3y tich phan & day tir khéng dén T, va tao
cho cai nay mét bién gia.

You see, what that does is it gives you a particular function, whereas, I'm sorry I
didn't put in the DT one minus two. What it does is that when time is zero, all this



automatically disappears, and the arbitrary constant will then be, it's T. So, in other
words, C times this, which is one, is that equal to T. In other words, if I make this
zero, that I can write C as equal to this arbitrary starting value. Now, when you do
this, the essential thing, and we're going to come back to this next week, but right
away, because K is positive, I want to emphasize that so much at the beginning of
the period, I want to conclude by showing you what its significance is.

Ban thay d&y, né cho ban mot ham cu thé, trong khi dé, toi xin 16i téi khong dit DT mot
trir hai. Nhitng gi né lam la khi thgi gian bang khéng, tat ca cai nay tu dong bién mét, va
thé& thi hdng s6 tuy y sé& la, nd la T. Vi vay, ndi cach khac, C nhan cai nay, la mot, tuong
duong cdi d6 bang T. Noi cach khac, néu toi lam cho cdi nay bdng khéng, t6i cé thé viét C
béng gia tri bt dau tuy y nay. Bay gid, khi ban l[am diéu nay, diéu chu yéu, va ching ta
s& quay lai vao tuan téi, nhung ngay lap tlc, bdi vi k duagng, t6i muén nhdn manh rang rat
nhiéu Ian vao dau mén hoc, téi mudn két ludn bang cach cho ban thdy y nghia clia né.

This part disappears because K is positive. The conductivity is positive. This part
disappears as T goes to zero. This goes to zero as T goes to infinity. So, this is a
solution that remains. This, therefore, is called the steady state solution, the thing
which the temperature behaves like, as T goes to infinity. This is called the
[trangent?] because it disappears as T goes to infinity. It depends on the initial
condition, but it disappears, which shows you, then, in the long run for this type of
problem the initial condition makes no difference. The function behaves always the
same way as T goes to infinity.

Phan nay bién méat bdi vi k dudng. Su dan 1a duong. Phan nay sé bién méat khi t tién tdi
khong. Cai nay tién tdi khong khi T ti€én dén vo cung. Vi vay, day la nghiém con lai. Do
do, day dudgc goi la nghiém trang thai xac lap, mo ta dac tinh cta nhiét d6, khi t tién dén
vO cung. Day dudc goi la [Trangent?] bdi vi nd bién mat khi t ti€n dén vo cung. N6 phu
thudc vao diéu kién ban dau, nhung nd bién mat, diéu dé cho ban thay, thé thi, déi vai
loai bai tap nay khi thai gian dai diéu kién ban dau khong tao ra su khac biét. Tinh chat
cua ham luén giéng nhu khi t ti€n dén vo clung.



