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DGi bién trong tich phan kép
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This week's problem set is kind of long. It's longer than the last one, certainly. So, if
you haven't started yet, then now would be a good time to start. OK, so far we've
learned how to do double integrals in terms of xy coordinates, also how to switch to
polar coordinates. But, more generally, there's a lot of different changes of variables
that you might want to do. OK, so today we're going to see how to change variables,
if you want, how to do substitutions in double integrals. OK, so let me start with a
simple example.

X&p bai tap clia tuédn nay kha dai. Chac chan né dai hon Ian trudc. Vi vay, néu ban chua
bat dau, thi bay giS sé& la thdi diém tét dé bat dau. Vang, cho dén by gid ching ta d& hoc
dudgc cach tinh tich phan kép theo cac toa dd xy, cling nhu cach dé chuyén sang cac hé toa
dé cuc. Nhung, ndi chung, con cé6 mot tha thut nira goi |a dbi bién. Vang, vi vy hém nay
ching ta s& hoc cach ddi bién, néu ban muén, hay con goi |a cach thuc hién phép thé
trong tich phan kép. Vang, vi vy hdy dé tdi bat dau véi mdt vi du dan gian.

Let's say that we want to find the area of an ellipse with semi-axes a and b. OK, so
that means an ellipse is just like a squished circle. And so, there's a and there's b.
And, the equation of that ellipse is x over a squared plus y over b squared equals
one. That's the curve, and the inside region is where this is less than one. OK, so it's
just like a circle that where you have rescaled x and y differently. So, let's say we
want to find the area of it. Maybe you know what the area is. But let's do it as a
double integral.

Gia s réng ching ta muén tim dién tich cla elip véi cac ban truc a va b. Vang, nhu vay
diéu do6 c6 nghia la mot elip giéng nhu moét dudng tron bi bop lai. Va nhu vay, cé a va co
b. Va, phuang trinh cua elip 1a x trén a binh céng y trén b binh bdng moét. D6 1a dudng
cong, va vlung bén trong la ngi cadi nay nhé han mot. Vang, vi vay né chi giong nhu mot
dudng tron & dé ban I8y lai ti &€ x va y khac nhau. Vi vy, gia st réng ching ta muén tim
dién tich ctia n6. Co |€ ban da biét dién tich clia nd la gi. Nhung téi sé tinh lai dién tich do
dung tich phan kép.

So, you know, if you find that the area is too easy, you can integrate any function
other than ellipse, if you prefer. But, let's do it just with area. So, we know that we
want to integrate just the area element, let's say, dx dy over the origin inside the
ellipse. That's x over a2 plus y over b2 less than 1. Now, we can try to set this up in
terms of x and y coordinates, you know, set up the bounds by solving for first four x
as a function of y if we do it this order and, well, do the usual stuff. That doesn't look
very pleasant, and it's certainly not the best way to do it. OK, if this were a circle, we
would switch to polar coordinates. Well, we can't quite do that yet. But, you know,

an ellipse is just a squished circle. So, maybe we want to actually first rescale x and

y by a and b.

Vang, nhu ban da biét, cé & ban cam th&y tinh dién tich qua dé&, ban cd thé 18y tich phan
bat ki ham nao ch( khong chi elip, néu ban thich. Nhung, hdy lam diéu dé chi vai dién
tich. Vi vay, ching ta biét rdng ching ta mudn tinh tich phan chi yéu t6 dién tich, gia sur,
dx dy trén gbc toa dd bén trong elip. Dd la x trén a2 y trén b2 nho han 1. Bay gid, ching
ta thir thiét 1&p cdi nay theo céc toa db x va y, ban da biét cach tim cédc cén bdng cach dau
tién gidi tim x theo y néu chdng ta tinh tich phan theo th{ tu nay va, vang, lam cac th(&
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binh thudng. Didu dé cé vé khdng dé chiu, va chdc chdn dé khong phai 1a cach t&t nhat dé
lam diéu dd. Vang, néu day la dudng tron, ching ta s& chuyén sang hé toa dd cuc. Vang,
khong can lam vay. Nhung, ban da biét, mot elip chi la mot dudng tron bi bop méo. Vi
vay, co |é ching ta mudén 13y lai ti 1é x va y theo a va b.

So, to do that, what we'd like to do is set x over a to be u, and y over b be v. So,
we'll have two new variables, u and v, and we'll try to redo our integral in terms of u
and v. So, how do we do the substitution? So, in terms of u and v, the condition, the
region that we are integrating on will become un~2 v~2 is less than 1, which is
arguably nicer than the ellipse. That's why we are doing it. But, we need to know
what to do with dx and dy. Well, here, the answer is pretty easy because we just
change x and y separately. We do two independent substitutions. OK, so if we set u
equals x over a, that means du is one over adx.

Vi vy, dé€ lam diéu db, ching ta s& dat x trén a bang u, va y trén b bang v. Vi vy, ching
ta sé cé hai bién mdi, u va v, va chlng ta sé thu tinh lai tich phan theo u va v. Vang,
chung ta thuc hién phép thé nhu thé nao? Vi vay, theo u va v, diéu kién, vung ma ching
ta sé 1dy tich phan sé trg thanh u ~ 2 v ~ 2 nhé han 1, r6 rang né dep hon elip. Bé la ly do
tai sao chlng ta sé dung né. Nhung, ching ta can phai biét xtr li dx va dy. Vang, & day,
cau tra I3i kha dé bdi vi chiing ta chi thay d&i x va y mét cach riéng biét. Ching ta thuc
hién hai phép thé& doc 1ap. Vang, vi vay néu chlng ta dat u bang x trén a, cé nghia la du
bdng mot trén adx.

And here, dv is one over bdy. So, it's very tempting to write, and here we actually
can write, in this particular case, that dudv is (1/ab)dxdy, OK? So, let me rewrite
that. OK, so I get dudv equals (1/ab)dxdy, or equivalently dxdy is ab times dudv.
OK, so in my double integral, I'm going to write (ab)dudv. OK, so now, my double
integral becomes, well, the double integral of a constant in terms of u and v. So, I
can take the constant out. I will get ab times double integral over un2 v~2<1 of du
dv. And, that is an integral that we know how to do. Well, it's just the area of a unit
circle.

Va & day, dv b&ng mot trén bdy. Vi vay, that 1a hdp dan dé viét, va & day ching ta thuc
su' cb thé viét, trong trudng hop cu thé nay, dudv bang (1/ab) dxdy, ding khdng? Vi vay,
hay dé téi viét lai cai d6. Vang, vi vy tdi dugc dudv bang (1/ab) dxdy, hodc tusng dudng
dxdy béng ab nhén dudv. Vang, vi vy trong tich phan kép cua tdi, tdi sé viét (ab) dudv.
Véng, vay bay gid, tich phan kép cla tdi bang, véng, tich phan kép clia hang s6 theo u va
v. Vi vay, t6i c6 thé mang né ra ngoai. Téi dugc ab nhan tich phdn kép ciau ~2v A 2
<1 cua dudv. Va, ching ta da biét tinh tich phan dé. Vang, né chinh la dién tich cla
dudng tron dan vi.



So, we can just say, this is ab times the area of the unit disk, which we know to be
pi, or if somehow you had some function to integrate, then you could have somehow
switched to polar coordinates, you know, setting u equals r times cos(theta), v
equals r times sin(theta), and then doing it in polar coordinates. OK, so here the
substitution worked pretty easy. The question is, if we do a change of variables
where the relation between x and y and u and v is more complicated, what can we
do? Can we still do this, or do we have to be more careful? And, actually, we have to
be more careful. So, that's what we are going to see next. Any question about this,
first?

Vi vay, ching ta c6 thé néi, day |a ab nhan dién tich cta dia don vi, bang pi, hodc néu
ban d& c6 mot ham nao dé dé 1ay tich phan, thi cé thé ban da chuyén sang cac toa dd
cuc, ban biét, ddt u béng r nhan cos (theta), v bdng r nhan sin (theta), va sau do tinh né
trong toa do cuc. Vang, vi vay & day phép thé dudc thuc hién kha dé&. V&n dé dat ra 13,
néu ching ta ddi bién trong dé ma&i quan hé gilta x , y va u, v phirc tap han, ching ta sé
thuc hién nhu thé nao? Chdng ta con cé thé Iam diéu nay khdng, hay chlng ta phai can
thdn haon? Va, thuc su, chldng ta phai can thdn hon. Vi vy, d6 Ia nhitng gi chiing ta sé&
thay sau day. Co cau hodi nao vé diéu nay khdéng?

No? OK. OK, so, see the general problem when we try to do this is to figure out what
is the scale factor? What's the relation between dxdy and dudv? We need to find the
scaling factor. So, we need to find dxdy versus dudv. So, let's do another example
that's still pretty easy, but a little bit less easy. OK, so let's say that for some reason,
we want to do the change of variables: u equals 3x-2y, and v equals x y. Why would
we want to do that? Well, that might be to simplify the integrand because we are
integrating a function that happens to be actually involving these guys rather than x
and vy.

Khong a? Vang. Vang, do dé, van dé nay sinh khi chidng ta thuc hién diéu nay la chi ra hé
sO ti 1é |a gi? MGi quan hé gira dxdy va dudv la gi? Chlng ta can phai tim hé s ti 1é. Vi
vay, ching ta can tim dxdy theo dudv. Vi vy, hdy xét mét vi du khac van con kha dé,
nhung hgi khé hon vi du vira réi. Vang, gia s réng vi mot |i do nao dd, ching ta muén déi
bién: u bang 3x-2y, va v bang x y. Tai sao ching ta muén Iam diéu d6? Vang, cb thé 1a dé
don gian hda biéu thirc dudi dau tich phan bdi vi tinh ¢ chlng ta dang |8y tich phén cla
ham lién quan dén nhitng thdng nay ch& khdng phai x va y.

Or, it might be to simplify the bounds because maybe we are integrating over a

region whose equation in xy coordinates is very hard to write down. But, it becomes
much easier in terms of u and v. And then, the bounds would be much easier to set

up with u and v. Anyway, so, whatever the reason might be, typically it would be to
simplify the integrant or the bounds. Well, how do we convert dxdy to dudv? So, we
want to understand, what's the relation between, let's call dA the area element in xy
coordinates. So, dA is dxdy, maybe dydx depending on the order. And, the area
element in uv coordinates, let me call that dA prime just to make it look different.
Hodc, cb thé 1a d€ dan gidn hda cac cén bdi vi ching ta dang 18y tich phan trén viing ma
cac phuong trinh clia nd rat kho viét ra trong toa do xy . Tuy nhién, né sé trd nén dé hon
khi viét theo u va v. Va thé thi, cic cin sé& dé hon nhiéu khi d6i sang bién u va v. DU sao di
nifa, vang, du |a bat ki li do nao, théng thudng sé Ia d&€ don gian héa biéu thic dudi ddu
tich phan hodc cac can. Vang, ching ta chuyén dxdy sang dudv nhu thé nao? Vi vay, ching
ta mudén biét, mbi quan hé la gi gilra, goi dA la yéu to dién tich trong cac toa dé xy. Vi vay,
dA bang dxdy, cé thé dydx tuy thudc vao th tu. Va, yéu té dién tich trong hé toa d6 uv,
hay goi d6 Ia dA phdy dé phan biét.

So, that would just be dudv, or dvdu depending on which order I will want to set it
up in. So, to find this relation, it's probably best to draw a picture to see what
happens. Let's consider a small piece of the xy plane with area delta(A)
corresponding to just a box with sides delta(y) and delta(x). OK, and let's try to
figure out what it will look like in terms of u and v. And then, we'll say, well, when
we integrate, we're really summing the value of the function of a lot of small boxes
times their area.



Vi vdy, né sé& bang dudv, hodc dvdu phu thudc vao th& tu ma téi mudn thiét 14p. Vi vy,
dé€ tim ma&i quan hé nay, cach tét nhat [a v& hinh. Hay xét modt manh nhd cua mat phéng
xy v@i dién tich delta (A) tudng 'ng v8i mot hop vdi cac canh delta (y) va delta (x).
Vang, va chdng ta hay thir tim ra nd sé tréng nhu thé nao theo u va v. Va sau dg, ching
ta s& ndi, vang, khi ching ta |8y tich phan, thuc su ching ta 18y tdng gid tri cia ham cula
nhiéu hop nho nhan dién tich cda chang.

But, the problem is that the area of the box in here is not the same as the area of
the box in uv coordinates. There, maybe it will look like, actually, if you see that
these are linear changes of variables, you know that the rectangle will become a
parallelogram after the change of variables. So, the area of a parallelogram delta(A)
prime, well, we will have to figure out how they are related so that we can decide
what conversion factor, what's the exchange rate between these two currencies for
area?

Tuy nhién, van dé la dién tich ctia hop & day khong giéng nh u dién tich cua hdp trong toa
dd uv. O dd, co thé nd sé gibng nhu, thuc su, ban s& thay r&ng néu day 1a nhitng phép
dGi bién tuyén tinh, thi hinh vudng s& trd thanh hinh binh hanh sau khi d6i bién. Vi vay,
dién tich ctia hinh binh hanh delta(A) ph&y, vang, chiing ta sé& phai chi ra chlng lién hé
vGi nhau nhu thé nao dé€ ching ta cd thé xac dinh hé s& chuyén ddi, ti 1&é chuyén déi gitra
hai cai hién tai cua dién tich la gi?

OK, any questions at this point? No? Still with me mostly? I see a lot of tired faces.
Yes? Why is delta(A) prime a parallelogram? That's a very good question. Well, see,
if I look at the side of a rectangle, say there's a vertical side, it means I'm going to
increase y, keeping x the same. If I look at the formulas for u and v, they are linear
formulas in terms of x and y. So, if I just increase y, see that u is going to decrease
at a rate of two. v is going to increase at a rate of one at constant rates. And, it
doesn't matter whether I was looking at this site or at that site. So, basically straight
lines become straight lines. And if they are parallel, they stay parallel.

Vang, dén day cé cau hdi nao khong? Khong cé a? Chl yéu van 13 toi? To6i thay nhiéu
khudn mat mét moi. Sao? Tai sao delta(A) ph&y la hinh binh hanh? D6 Ia mdt cu hoi rat
hay. Vang, xem nay, néu tdi xét canh clia mot hinh ch{ nhét, gia s rdng c6 mot canh
thdng d'ng, cé nghia la tdi s& téng y, gilr x khéng d6i. Néu tdi xét cac cong thic cho u va
v, chiing la cac céng thlc tuyén tinh theo x va y. Vi vay, néu to6i chi tang y, ro rang u sé
thay d6i vdi t6c db 1a hai. v Ia s& tdng véi téc dd khdng d6i bang mét. Va, tdi xét canh nay
hay canh d6 khéng quan trong. Vi vy, vé cd ban cac dudng thadng trd thanh dudng théng.
Va néu chiing song song, thi chiing van con song song.



So, if you just look at what the transformation, from xy to uv does, it does this kind
of thing. Actually, this transformation here you can express by a matrix. And,
remember, we've seen what matrices do the pictures. We just take straight lines to
straight lines. They keep the notion of being parallel, but of course they mess up
lengths, angles, and all that. OK, so let's see. So, let's try to figure out, what is the
area of this guy?

Vi vy, néu ban chi xét nhitng gi bién déi, tir xy dén uv, né lam diéu ndy. Thuc su, bién
d6i nay ban cé thé biéu dién bing mdt ma trdn. Va, hdy nhé réng, ching ta d& hoc ma
tran roi. Chung ta chi 18y dudng thdng chuyén thanh dudng thadng. Chuing gilt nguyén tinh
chét song song, nhung t4t nhién ching lam thay déi chiéu dai, gdéc, va tat ca cai do.
Vang, do dd, ching ta hay xét. Vi vay, hay thi chi ra, dién tich cia thdng nay la gi?

Well, in fact, what I've been saying about this transformation being linear, and
transforming all of the vertical lines in the same way, all the horizontal lines in the
same way, it tells me, also, I should have a constant scaling factor, right, because

how much I've scaled my rectangle doesn't depend on where my rectangle is. If I
move my rectangle to somewhere else, I have a rectangle of the same size, same
shape, it will become a parallelogram of the same size, same shape somewhere else.
Vang, thuc su, phép bién déi nay Ia tuyén tinh, va chuyén ddi tat ca cac dudng thdng dirng
theo cing mdt cach, tat ca cdc dudng ndm ngang theo ciing mot cach, né cho ta biét,
tugng tu, téi s& cd mot hé sé ti I& khéng d6i, dung, bdi vi toi I8y ti 1& hinh vudng cla tdi bao
nhiéu khdng phu thudc vao vi tri cia hinh chir nhat. Néu téi di chuyén hinh chi nhat clta téi
dén mot nai khac, téi c6 mot hinh chir nhat cung kich thudc, cung hinh dang, né sé tré
thanh mot hinh binh hanh c6 cung kich thudc, cung hinh dang ¢ mot ngi khac.

So, in fact, I can just take the simplest rectangle I can think of and see how its area
changes. And, if you don't believe me, then try with any other rectangle. You will see
it works exactly the same way. OK, so I claim that the area scaling factor -- -- here
in this case doesn't depend on the choice of the rectangle. And I should say that
because we are actually doing a linear change of variables -

Vi vay, thuc su, téi chi c6 thé chon hinh chit nhat don gian nhét toi cé thé nghira va
xem dién tich cia né thay d6i nhu thé nao. Va, néu ban khdng tin tdi, hdy th{ vdi bt

ki hinh ch{f nhat nao khac. Ban sé& thdy nd cling ding. Vang, vi vay tdi cho rang hé s6

ti 1é dién tich - - & day trong trudng hgp nay khéng phu thubc vao su lua chon hinh

chir nhat. Va i do la vi ching ta dang thuc hién phép ddi bién tuyén tinh -

So, you know, somehow, the exchange rate between uv and xy is going to be the
same everywhere. So, let's try to see what happens to the simplest rectangle I can
think of, namely, just the unit square. And, you know, if you don't trust me, then
while I'm doing this one, do it with a different rectangle. Do the same calculation,
and see that you will get the same conversion ratio. So, let's say that I take a unit
square -

Vi vy, ban d3 biét, b&ng cach nao dd, ty |1& chuyén ddi gilta uv va xy sé& |a tuong tu & moi
ngi. Vi vay, chung ta hay th& xem diéu gi xay ra v@i hinh ch{r nhat dan gian nhat ma toi
nghi ra, cu thé I3, hinh vuéng don vi. Va, ban biét, néu ban khéng tin tdi, thi trong khi toi
lam diéu nay, ban hay lam véi mét hinh chir nhat khac. Thuc hién tinh toan tuong tu, va
thdy réng ban s& nhan ty 1& chuyén d&i tudng tu. Vi vy, gia s réng téi chon hinh vudng
don vi -

-- s0, something that goes from zero to one both in x and y directions. OK, and let's

try to figure out what it looks like on the other side. So, here the area is one. Let's

try to draw it in terms of u and v coordinates, OK? So, here we have x equals 0, y
equals 0. Well, that tells us u and v are going to be 0. Next, let's look at this corner.
Well, in xy coordinates, this is one zero. If you plug x equals 1, y equals 0, you get u
equals 3; v equals 1. So, that goes somewhere here. And so, this edge of the square
will become this line here, OK?

- Vi vay, céi gi do di tir khong dén mot theo ca hai hudng x va y. Vang, va chung ta hay tho
xac dinh xem né trong nhu thé& nao & phia bén kia. Vi vy, & day dién tich bang mot. Hay



th(r v& no theo cac tao dd u va v, ding khdng? Vi vay, & day ching ta c6 x bang 0, y bang
0. Vang, diéu d6 cé nghia |a u va v sé& bang 0. Tiép theo, hdy nhin vao géc nay. Vang, tai
toa dd xy, cai nay bang mét khong. Néu ban thé x bang 1, y bang 0, ban dugc u bang 3; v
bang 1. Vi vdy, nd di moi nci ¢ day. Va nhu vay, canh cla hinh vudng nay s& trd thanh
dudng nay G day, ding khong?

Next, let's look at that point. So that point here was (0,1). If I plug x equals zero y
equals one I will get (-2,1). So, this edge goes here. Then, if you put x equals one, y
equals one, you will get u equals 1, v equals 2. So, I want (1,2). And, these edges
will go to these edges here. And, you see, it does look like a parallelogram. OK, so
now what the area of this parallelogram? Well, we can get that by taking the
determinant of these two vectors. So, one of them is <3,1>, and the other one is <-
2,1>. That will be 3 2. That's 5. OK, this parallelogram is apparently five times the
size of this square. Here, it looks like it's less because I somehow changed my scale.

I mean, my unit length is smaller here than here.

Tiép theo, hdy xét diém dé. Vi vay diém dé & day la (0,1). Néu tdi thé x badng khdng y
bdng mot téi s& nhdn dudgc (-2,1). Vang, canh nay tai dy. Sau do, néu ban dat x bang
mdt, y bdng mdt, ban s& nhén dudc u béng 1, v bang 2. Vi vy, t6i muén (1,2). Va, nhiing
canh nay sé& chuyén thanh nhitng canh nay & day. Va, ban thy, né tréng giéng nhu hinh
binh hanh. Vang, do dd,bay gig dién tich ctia hinh binh hanh nay la gi? Vang, chung ta cé
th& nhan dudc két qua bang céach 18y dinh thlc cla hai vector nay. Vang, mét trong sé
ching la <3,1>, va cdi con lai la <-2,1>. N6 sé& bang 3 2. Bang 5. Vang, rd rang hinh binh
hanh nay bang ndm lan kich thudt cua hinh chi nhat nay. O day, c6 vé né khong dung ti
I& vi toi da thay ddi ti I& cua toi. Y tdi 14, don vi chiéu dai cua tdi nhd han & day.

But, it should be a lot bigger than that. OK, and if you do the same calculations not
with zero and one, but with x and x plus delta x, and so on, you will still find that the
area has been multiplied by five. So, that tells us, actually for any other rectangle,
area is also multiplied by five. So, that tells us that dA prime, the area element in uv
coordinate is worth five times more than the area element in the xy coordinate.

Tuy nhién, no sé I6n hon nhiéu. Vang, va néu ban thuc hién tinh toan tuong tu khéng phai
v@i khong va mot, ma véi x va x céng vdi delta x, va v.v.., ban van sé thdy réng dién tich
da dudc nhan nam. Vi vay, diéu do cho chung ta biét, thuc su d6i véi bat ky hinh chit nhat
nao, dién tich cling dugc nhan nam. Vi vay, diéu dé cho ching ta biét dA phay, yéu t6 dién
tich trong hé toa do uv I6n hon nam Ian yéu té dién tich trong hé toa dé xy.

So, that means du dv is worth five times dx dy. What's so funny? What? Oh.
[LAUGHTER] OK, rectangle. OK, is that OK now? Did I misspell other words? No? OK,



it's really hard to see when you are up close. It's much easier from a distance. OK,

so yeah, so we've said our transformation multiplies areas by five. And so, dudyv is
five times dxdy. So, if I'm integrating some function, dx dy, then when I switch to uv
coordinates, I will have to replace that by one fifth dudv. OK, and of course I would
also, here my function would probably involve x and y. I will replace them by u's and
v's. And, the bounds, well, the shape of my origin in the xy coordinates I will have to
switch to some shape in the uv coordinates.

Vi vdy, diéu d6 c6 nghia la du dv bdng nam lan dx dy. C6 gi budn cudi a? Sao? Oh.[Cudi]
Vang, hinh ch{r nhat. Vang, bay gid 6n roi ding khdng? Tdi con viét sai tir nao khéng?
Khong a? Vang, vi téi dirng qué gan nén nhin hdi khé. Nhin tir xa d& hon. Vang, vi vay
vang, vi vy ching ta d& noi chuyén ddi clia ching ta s& nhan dién tich [én ndm lan. Va vi
vay, dudv bdng ndm [an dxdy. Vi vy, néu tdi I8y tich phdn ham nao do, dx dy, thi khi toi
chuyén sang toa dd uv, toi s& phai thay né bdng mdt phan ndm dudv. Vang, v a tat nhién toi
s&, ¢ day ham cua tdi c6 thé lién quan dén x va y. Tdi sé& thay thé& ching bdng céc u va cac
v. Va, cac can, vang, hinh dang ban dau cta mién Idy tich phan cla t6i trong hé toa do xy
t6i sé& phai chuyén sang hinh dang nao d6 trong hé toa dd uv.

And, that's also something that might be easy or might be tricky depending on what
origin we are looking at. So, usually we will do changes of variables to actually
simplify the region so it becomes easier to set up the bounds. So, anyway, so this is
kind of an illustration of a general case. And, why is that? Well, here it looks very
easy. We are just using linear formulas, and somehow the relation between dx dy
and du dv is the same everywhere. If you take actually more complicated changes of
variables that's not true because usually you will expect that there are some places
where the rescaling is enlarging things, and some of other places where things are
shrunk, so, certainly the exchange rate between dudv and dxdy will fluctuate from
point to point. It's the same as if you're trying to change dollars to euros.

Va, né cé thé dé hodc khé phu thudc vao mién I8y tich phan ma ching ta dang xét. Vi
vay, thdng thudng ching ta s& ddi bién dé& don gidn héa mién I8y tich phan tic 1a dé
tim cac cén hon. Vi vdy, day la su minh hoa cho trudng hdp téng quat. Va, tai sao vay?
Vang, & day nd cé vé rat dé. Chung ta chi s dung cac céng thirc tuyén tinh, va hé thic
gilta dx dy va du dv giéng nhau & moi ndi. NEu ban thuc su chon phép ddi bién phic
tap hon thi né khdng ding bdi vi thudng ban sé& hi vong rang cé mot sé ngi I8y lai ti 1é
thi cdc th& md réng, va mot s8 noi khac thi cac thi lai co lai, vi vy, chdc chan ty 1é
chuyén d6i gitta dudv va dxdy sé& dao ddng tir di€ém nay dén diém khac. Tudng tu nhu
viéc ban ddi dé la sang euro.

It depends on where you do it. You will get a better rate or a worse one. So, of
course, we'll get a formula where actually this scaling factor depends on x and y or
on u and v. But, if you fix a point, then we have linear approximation. And, linear
approximation tells us, oh, we can do as if our function is just a linear function of x
and y. So then, we can do it the same way we did here. OK, so let's try to think
about that.

N6 phu thudc vao ngi ban lam diéu dé. Ban sé nhan dudgc mot ty 1€ tét han hoac téi té
han. Vi vay, tat nhién, ching ta sé cé dudc mét cong thirc ma thuc su hé s6 ti I1é nay phu
thudc vao x va y hay u va v. Nhung, néu ban c6 dinh mét diém, thi ching ta c6 phép gan
ding tuyén tinh. Va, phép gan ding tuyén tinh cho ching ta biét, oh, ching ta c6 thé
lam nhu thé ham cla ching ta chi 1a tuyén tinh theo x va y. Vi vay, sau dd, ching ta cé
thé 1am né gidng nhu cach ching ta d3 lam & day. Vang, vi vay hdy thi nghi vé diéu dé.

So, in the general case, well, that means we will replace x and y by new coordinates,
u and v. And, u and v will be some functions of x and y. So, well, we'll have an
approximation formula which tells us that the change in u, if I change x or y a little
bit, will be roughly (u sub x times change in x) (u sub y times change in y). And, the
change in v will be roughly (v sub x delta x) (v sub y delta y). Or, the other way to
say it, if you want in matrix form is delta u delta v is, sorry, approximately equal to
matrix |u sub X, u sub y, v sub x, v sub y| times matrix |delta x, delta y|, OK?

Vi vay, trong trudng hop tdng quat, vang, diéu dé c nghia la ching ta sé& thay thé x vay



béng céc toa d6 mdi, u va v. V4, u va v sé la ham nao dé cla x va y. Vi vdy, vang, ching
ta s& cd mot cdng thlrc gan ding cho chiing ta biét su thay ddi theo u, néu téi thay ddi x
hodc y mot chidt, s& gan bang (u x nhan su thay ddi ciia x) (u y nhén su thay ddi cta y).
Va, su thay ddi cia v s& gan bang (v x delta x) (v y delta y). Hodc, cach khac la ndi rang,
né&u ban mudn dudi dang ma tran 1a delta u delta v bang, xin 16i, gan b&ng ma tran |u x,
uy, VvXx, vy | nhan ma tran | delta x, delta y |, ddng khong ?

So, if we look at that, what it tells us, in fact, is that if we take a small rectangle in

Xy coordinates, so that means we have a certain point, x, y, and then we have a
certain width. This is going to be too small. Well, so, I have my width, delta x. I have
my height, delta y. This is going to correspond to a small uv parallelogram. And,
what the shape and the size of the parallelogram are depends on the partial
derivatives of u and v. So, in particular, it depends on at which point we are. But

still, at a given point, it's a bit like that. And, so if we do the same argument as
before, what we will see is that the scaling factor is actually the determinant of this
transformation.

Vi vay, néu chang ta xét no, thuc su, nhitng gi né cho ching ta biét, 1a néu ching ta chon
mét hinh chit nhat nhé trong hé toa dd xy, thi diéu d6 cé nghia la chiing ta cé mot diém
nao do, x, y, va sau doé ching ta cé mét chiéu rong nhat dinh. Cai nay sé qua nho. Vang,
vi vay, chiéu réng cua toi la delta x. Chiéu cao cla t6i la delta y. Diéu nay sé tuong 'ng
v@i mot hinh binh hanh uv nhé. Va, hinh dang va kich thudt cia hinh binh hanh la gi phu
thudc vao cac dao ham riéng clia u va v. Vi vay, dac biét, n6é phu thudc vao ching ta dang
& diém nao. Nhung van con, tai mot diém nhéat dinh, nd hoi gidng nhu thé. Va, vi vay néu
ching ta |i luan tudgng tu nhu trude, nhitng gi chiing ta sé thay la hé s6 ti 1é thuc su la
dinh thlc ctia phép bién d6i nay.

So, that's one thing that maybe we didn't emphasize enough when we did matrices
at the beginning of a semester. But, when you have a linear transformation between
variables, the determinant of that transformation represents how it scales areas. OK,
so one way to think about it is just to try it and see what happens. Take this side.
This side in x, y coordinates corresponds to delta x and zero. And, now, if you take
the image of that, if you see what happens to delta u and delta v, that will be
basically u sub x delta x and v sub x delta x. There's no delta y. For the other side,
OK, so maybe I should do it actually. So, you know, if we move in the x, y



coordinates by delta x and zero, then delta u and delta v will be approximately u sub
x delta x, and v sub x delta x.

Vi vay, doé la moét diéu ma cé I€ chdng toi chua nhan manh khi day vé ma tran & dau hoc
ki. Tuy nhién, khi ban c6 mét bi€n ddi tuyén tinh gitta cac bién, dinh thirc ctia phép bién
dGi d6 bi€u dién no 18y ti I& cac dién tich nhu thé nao. Vang, nhu vy ching ta cé thé nghi
vé nd nhu la thir nd va xem diéu gi xay ra. Chon canh nay. Canh nay trong hé toa dé x, y
tuong ’ng véi delta x va khong. Va, bay gid, néu ban lay hinh clia nd, néu ban xem diéu gi
Xay ra cho delta u va delta v, vé cd ban no sé la u x delta x va v x delta x. Khong cé delta
y. DGi véi canh kia, vang, vi vay cd I€ t6i nén lam nd. Vi vay, ban da biét, néu ching ta di
chuyén trong céc toa dd x, y mdt lugng delta x va khong, thi delta u va delta v s& gan
badng u x delta x, va v x delta x.

And, on the other hand, if you move in the other direction along the other side of
your rectangle, zero and delta y, then the change in u and the change in v will
correspond to, well, how does u change? That's u sub y delta y, and v changes by v
sub y delta y. And so, now, if you take the determinant of these two vectors, OK, so
these are the sides of your parallelogram up here. And, if you take these sides to get
the area of the parallelogram, you'll need to take the determinant. And, the
determinant will be the determinant of this matrix times delta x times delta y.

Va, mat khac, néu ban di chuyén theo hudng khac doc theo canh kia ctia hinh chif nhét,
khong va delta y, thi su thay ddi cia u va su thay ddi cia v s& tuong 'ng vdi, vang, u thay
déi nhu thé& ndo? Pé la u y delta y, va v thay ddi vy delta y. Va nhu vy, bay gi¥, néu ban
chon dinh thlc cua hai vector nay, vang, do dd, day la cac canh cla hinh binh hanh trén
day. Va, néu ban chon nhitng canh nay dé tinh dién tich hinh binh hanh, ban s& can Iy
dinh thic. Va, dinh thic sé la dinh thdc ciia ma tran nay nhan delta x nhan delta y.

So, the area in uv coordinates will be the determinant of a matrix times delta x, delta
y. And so, what I'm trying to say is that when you have a general change of
variables, du dv versus dx dy is given by the determinant of this matrix of partial
derivatives. It doesn't matter in which order you write it. I mean, you can put in
rows or columns. If you transpose a matrix, that doesn't change the determinant.
It's just any sensible matrix that you can write will have the correct determinant.

Vi vay, dién tich trong cac toa do uv sé la dinh th{rc cia ma trén nhan delta x nhan delta
y. Va nhu vay, nhitng gi tdi s& ndi la khi ban thuc hién phép d6i bién trong tr udng hop
téng quat, du dv theo dx dy dudc cho bdi dinh thifc cia ma trdn cla cac dao ham riéng
nay. Ban viét theo th(r tu nao khdng quan trong. Y t6i 1a, ban cé thé dat trong hang
hodc cdt. Néu ban chuyén vi mdt ma trén, viéc dé khong lam thay ddi dinh thlrc. N6 chi
Ia bat ki ma trdn nao ma ban cé thé viét s& cé dinh thirc chinh xac.

OK, so what we need to know is the following thing. So, we define something called the
Jacobian of a change of variables and used the letter J, or maybe a more useful
notation is partial of u, v over partial of x, y. That's a very strange notation. I mean,
that doesn't mean that we are actually taking the partial derivatives of anything. OK,
it's just a notation to remind us that this has to do with the ratio between dudv and
dxdy.
Vang, vi vay nhitng gi ching ta can biét la diéu sau day. Vang, ching ta dinh nghia Jacobi
clia phép déi bién va dung ki tu J, hodc cé thé mét ki hiéu hitu dung h on 1& dao ham riéng
cla u, v theo X, y. DS 1a mot ky hiéu rat la. Y toi 1a, diéu dé khéng cd nghia Ia ching ta
thuc su |8y dao ham riéng cua bat c thd gi. Vang, né chi l1a mét ky hiéu d& nhic nhd
chlng ta rang diéu nay phai dugc thuc hién vdi ti s6 gilta dudv va dxdy.

And, it's obtained using the partial derivatives of u and v with respect to x and y. So,
it's the determinant of the matrix |u sub x, u sub y, v sub x, v sub y|, the matrix
that I had up there. OK, and what we need to know is that du dv is equal to the
absolute value of J dx dy. Or, if you prefer to see it in the easier to remember
version, it's (absolute value of d of (u, v) over partial xy) times dx dy. OK, so this is
just what you need to remember, and it says that the area in uv coordinates is
worth, well, the ratio to the xy coordinates is given by this Jacobian determinant



except for one small thing.

Va, nd thu dugc béng cich st dung dao ham riéng clia u va v theo x va y. Vi vay, né
la dinh th‘c cla ma tran [ ux, uy, vx, vy |, matran ma t6i da co trén dé. Vang, va
nhifng gi chdng ta cén biét |a du dv béng gid tri tuyét ddi cua J dx dy. Hodc, néu ban
muén dé nhé hon, né 13 (gia tri tuyét d6i ctia d (u, v) theo xy) nhan dx dy. Vang, do
do, day la nhirng gi ching ta can nhdg, va ndi dung cua né la dién tich trong hé toa do
uv bang ti s cla cac toa do xy dudc cho bdi dinh thiic Jacobi nay ngoai trir mot viéc
nho.

It's given by, actually, the absolute value of this guy. OK, so what's going on here?
What's going on here is when we are saying the determinant of the transformation
tells us how the area is multiplied, there's a small catch. Remember, the

determinants are equal to areas up to sine. Sometimes, the determinant is negative
because of reversing the orientation of things. But, the area is still the same. Area is
always positive. So, the area elements are actually related by the absolute value of
this guy. OK, so if you find -10 as your answer, then du dv is still ten times dx dy.
Thuc su, né bang gia tri tuyét d6i ctia thang nay. Vang, vi vay diéu gi dang xay ra ¢ day?
Nhitng gi xay ra & day la khi chiing ta ndi dinh thirc cia phép chuyén d6i cho ching ta biét
dién tich dudc nhan nhu thé& ndo, cd mot cai bay nhd. Hay nhd réng, cac dinh thic bang
dién tich 1é€n dén sin. B6i khi, dinh thic am bdi vi sy ngugc hudng cla cac tha. Tuy nhién,
dién tich nay van khdng ddi. Dién tich ludn luén duong. Vi vay, cac yéu t6 dién tich thuc su
lién quan nhau bdi gia tri tuyét ddi cha thdng nay. Vang, vay néu ban tim thdy -10 khi tinh
toan, thi du dv van 1a mudi nhan dx dy.

OK, so I didn't put it all together because then you would have two sets of vertical
bars. See, this is a vertical bar for absolute value. This is vertical bar for

determinant. They're not the same. That's the one thing to remember. OK, any
questions about this? No? OK. So, actually let's do our first example of that. Let's
check what we had for polar coordinates. Last time I told you if we have dx dy we
could switch it to r dr d theta. And, we had some argument for that by looking at the
area of a small circular sector. But, let's check again using this new method. So, in
polar coordinates I'm setting x equals r cosine theta, y equals r sine theta.

Vang, vi vay tdi khéng dat tat ca v8i nhau bdi vi nhu thé thi ban s& c6 hai cét thang dirng.
Th&y khdng, day la cot thdng dling cho gia tri tuyét ddi. Day la cot thdng diing cho dinh
thirc. Chuing khong gidng nhau. D6 la mot diéu can nhdé. Vang, co6 ai héi gi vé diéu nay
khoéng? Khéng cé a? Pugc rdi. VAng, ching ta hdy xét vi du dau tién. Hay kiém tra nhitng gi
chung ta cé vira hoc cho toa d6 cuc. Lan trudc t6i da bao ban néu ching ta cé dxdy ching
ta c6 thé chuyén né thanh r dr d theta. Va, chlng ta d3 xét so luge diéu dé bang cach xét
dién tich cita mot phan dudng tron nhé. Nhung, hdy kiém tra lai bang cach s dung phudng
phap mdi nay. Vi vay, trong toa db cuc tdi cho x bang r ¢ sin theta, y bang r sin theta.

So, the Jacobian for this change of variables, so let's say I'm trying to find the partial
derivatives of x, y with respect to r, theta. Well, what is, OK, let me actually write



them here again for you. And, so what does that become? Partial x over partial r is
just cosine theta. Partial x over partial theta is negative r sine theta. Sorry, I guess
I'm going to run out of space here. So, let me do it underneath. So, we said x sub r

is cosine theta; x sub theta is negative r sine theta.

Vi vy, Jacobi cho phép ddi bién nay, vi vy giad su réng tdi s& tim dao ham riéng cla x, y
theo r, theta. Vang, n6é béng, vang, hdy dé tdi viét ching lai cho ban. Va, do dd, cai dé tré
thanh cai gi? Dao ham riéng cla x theo r chinh la c6 sin theta. Dao ham riéng cua x theo
theta 13 trir r sin theta. Xin 16i, toi dodn toi s& viét ra ngoai viing nay. Vi vay, hdy dé toi
lam diéu d6 bén dudi. Vi vay, ching ta d& ndi x r bdng cd sin theta; x theta bdng trir r sin
theta.

y sub ris sine; y sub theta is r cosine. And now, if we compute this determinant,
we'll get (r cosine squared theta) (r sine squared theta). And, that simplifies to r. So,
dx dy is, well, absolute value of r dr d theta. But, remember that r is always positive.
So, it's rdr d theta. OK, so that's another way to justify how we did double integrals
in polar coordinates. OK, any questions on that? Where? Yeah, OK.

y r bang sin; y theta bang r ¢ sin. Va béy gid, néu ching ta tinh dinh thifc nay, ching ta
s€ nhan dudc (r cosin binh theta) (r sin binh phudng theta). Va, né dugc dan gian héa
thanh r. Vi vy, dx dy bang, vang, gia tri tuyét ddi cta r dr d theta. Nhung, hdy nhd réng r
ludn luén duong. Vi vy, né bang r dr d theta. Vang, vi vay dé |a mét cach khac dé chirng
minh cach chdng ta thyc hién tich phan kép trong hé toa d6 cuc . Vang, cd bat ky cau hoi
nao khéng? O dau? Vang, Vang.

Yeah, so this one seems to be switching. Well, it depends what you do. So, OK,
actually here's an important thing that I didn't quite say. So, I said, you know, we
are going to switch from xy to uv. We can also switch from uv to xy. And, this
conversion ratio, the Jacobian, works both ways. Once you have found the ratio
between du dv and dx dy, then it works one way or it works the other way. I mean,
here, of course, we get the answer in terms of r. So, this would let us switch from xy
to r theta. But, we can also switch from r theta to xy. Just, we'd write dr d theta
equals (1 over r) times dx dy. And then we'd have, of course, to replace r by its
formula in xy coordinates.

Vang, vi vay cdi nay dudng nhu sé& chuyén. Vang, né phu thudc vao nhitng gi ban
lam. Vi vay, vang, thuc su day la thr quan trong ma téi da chua néi. Vi vay, toi da
ndi, ban d& biét, ching ta s& chuyén tir xy sang uv. Ching ta cling cé thé chuyén
dGi tir uv sang xy. Va, ty 1& chuyén ddi nay, Jacobi, ding trong ca hai cach. Mot khi
ban da tim dugc ty 1é gilta du dv va dy dx, thi né sé ding theo cach nay hoac cach
khac. Y toi 13, & day, tat nhién, ching ta nhan dudc cau trad I3i theo r. Vi vay, diéu
nay s& cho chdng ta chuyén tr xy sang r theta. Tuy nhién, ching ta ciing c6 thé
chuyén tU r theta sang xy. Chi can, ching ta viét dr d theta bang (1 trén r) nhan dx
dy. Va sau d6 ching ta muén cd, tdt nhién, dé thay thé r bidng cdng thic cua nd
trong toa do xy.

Usually, we don't do that. Usually, we actually start with xy and switch to polar. But,
so in general, when you have this formula relating du dv with dx dy, you can use it
both ways, either to switch from du dv to dx dy or the other way around. And, the
thing that I'm not telling you that now I should probably tell you is I could define two
Jacobians because if I solve for xy in terms of uv instead of uv in terms of xy, then I
can compute two different Jacobians.

Thoéng thudng, chdng ta khdng lam nhu thé. Thong thudng, ching ta bat dau véi xy va
chuyén sang toa dd cuc. Tuy nhién, vi vy ndi chung, khi ban cé céng thlc nay lién quan
gitta du dv v@i dx dy, ban cé thé s dung ca hai cach, hodc chuyén tir du dv sang dx dy
hodc cach khac. Va, diéu ma tdi chua ndéi cho ban bay gid toi s& ndi la tdi cé thé dinh nghia
hai Jacobi bdi vi néu téi giai cho xy theo uv thay vi uv theo xy, thi tdi cé thé tinh hai Jacobi
khac nhau.

I can compute partial uv over partial xy, or I can compute partial xy over partial uv if
I have the formulas both ways. Well, the good news is these guys are the inverse of



each other. So, the two formulas that you might get are consistent. OK, so useful
remark -- So, say that you can compute both -- -- these guys. Well, then actually,
the product will just be 1. So, they are the inverse of each other. So, it doesn't
matter which one you compute. You can compute whichever one is the easiest to
compute no matter which one of the two you need.

Toi c6 thé tinh dao ham riéng uv theo xy, hodc tdi c6 thé tinh dao ham riéng xy theo
uv néu tdi cd céng thirc cad hai cdch. Vang, tin t6t 1a nhitng thdng nay Ia nghich dao cua
nhau. Vi vay, hai céng thifc ma ban nhan dugc la phu hgp. Vang, vi vay nhan xét cé ich
- Vi vay, gia sl rdng ban cd thé tinh ca hai - - nhitng thdng nay. Vang, thé thi thuc su,
tich ding bdng mét. Vi vay, chdng la nghich dao cta nhau. Vi vay, ban tinh cai nao
khdng quan trong. Ban cé thé tinh bt c cdi nao dé nhat, ci ndo trong hai cai ciing
dugc.

And, one way to see that is that, in fact, we're looking at the determinant of these
matrices that tell us the relation in variables. So, if one of them tells you how delta u
delta v relate to delta x delta y, the other one does the opposite thing. It means they
are the inverse matrices. And, the determinant of the inverse matrix is the inverse of
the determinant. So, they are really interchangeable. I mean, you can just compute
whichever one is easiest. So here, if you wanted, dr d theta in terms of dx dy, it's
easier to do this and then move the r over there than to first solve for r and theta as
functions of x and y and then do the entire thing again. But, you can do it if you

want. I mean, it works.

Va, mét cach dé thdy diéu dod 13, thuc su, ching ta xét dinh thirc cia nhitng ma trdn nay
cho chung t6i biét m6i quan hé gilra cac bién. Vi vay, néu mét trong sé ching cho ban biét
delta u delta v lién hé vdi delta x delta y nhu thé nao, thi cai kia lam diéu ngudc lai. Diéu
dd cb nghia la chdng la cac ma tran nghich dao. Va, dinh th{c cia ma tran nghich dao la
nghich dao cua dinh thirc. Vi vay, chiing cé thé hodn ddi cho nhau. Y tdi 14, ban chi can
tinh cai ndo dé nhéat. Vi vay, & day, néu ban mudn, dr d theta theo dx dy, |am cai nay dé
hon va sau d6 bo r ¢ dang kia ch thay vi dau tién giai tim r va theta nhu ham clia x va y
va sau dé lai 1am lai toan bd. Tuy nhién, ban cé thé l1am diéu d6 néu ban mudn. Y tdi 1a, nd
cling dung.

Oh yeah, the other useful remark, so, I mentioned it, but let me emphasize again.
So, now, the ratio between du dv and dx dy, it's not a constant anymore, although
there it used to be five. But now, it's become r, or anything. In general, it will be a
function that depends on the variables. So, it's not true that you can just say, oh, I'll
put a constant times du dv. Yes? It would still work the same. You could imagine
drawing a picture where r and theta are the Cartesian coordinates, and your picture
would be completely messed up. It would be a very strange thing to do to try to



draw, you know, I'm going to do it, but don't take notes on that. You could try to

draw picture like that, and then a circle would start looking like, you know, a disk
would look like that. It would be very counterintuitive. But, you could do it. And that
would be equivalent to what we did with a previous change of variables.

Oh vang, nhitng nhan xét hitu ich khac, vi vy, tdi da dé cdp dén nd, nhung hay dé toi
nhan manh mot Ian nira. Vi vay, bay gig, ty |€ gilra du dv va dy dx, n6 khong phai la mot
héng sb nifa, mac du trén d6 nd dudc st dung la ndm. Nhung bay gid, nd trd thanh r, hodc
bat c thar gi. N6i chung, né sé& la m6t ham phu thudc vao cac bién. Vi vay, néu ban chi néi
t6i sé& dat mot hang s6 nhan du dv 1a khéng ding. Sao? N6 van sé tuong tu. Ban cd thé vé
tudng tugng moét hinh trong doé r va theta la cac toa do Bé Cac, va hinh vé cla ban sé roi
tung l1én. N6 s€é la mét hinh rat la néu vé thir, ban da biét, téi sé lam diéu dé, nhung dung
ghi chép. Ban c6 thé thir v& hinh anh nhu thé, va sau d6 mét vong tron sé tréng gidéng,
ban d3& biét, mét dia s& trdng nhu thé&. N6 s& khdng truc gidc. Tuy nhién, ban ¢ thé lam
diéu dd. Va né sé tuong duong v&i nhitng gi chldng ta da 1am vdi phép dbi bién trudc day.

So, in this case, certainly you would never draw a picture like that. But, you could do
it. OK, so now let's do a complete example to see how things fit together, how we do
everything. So, let's say that we want to compute, so I have to warn you, it's going

to be a very silly example. It's an example where it's much easier to compute things
without the change of variables. But, you know, it's good practice in the sense that
we're going to make it so complicated that if we can do this one, then we can do that
one. So, let's say that we want to compute this. And, of course, it's very easy to
compute it directly.

Vi vay, trong trudng hgp nay, chac chadn ban s& khéng bao gi§ v& hinh nhu thé&. Tuy nhién,
ban cé thé lam nd. Vang, vy by gid ching ta hdy lam mot vi du hoan chinh d& xem céc
th khdp nhau nhu thé nao, 1am thé& nao dé€ chiing ta lam moi th(. Vi vy, gia sl réng
chiing ta muén tinh, vang tdi phai canh bdo ban, n6 s& la mot vi du rét ngé ngén. Pay la
mot vi du ma & dé s& dé dang han nhiéu dé tinh todn cac thr ma khéng can déi bién.
Nhung, ban biét, nd la bai thuc hanh t6t theo nghia la chidng ta sé lam cho nd phic tap dén
ndi néu chiing ta cd thé [am dudc bai nay, thi ching ta cé thé lam bai d6. Vi vay, gia su
réng chiing ta mudn tinh cai nay. Va, tat nhién, tinh né truc ti€p rat dé.

But let's say that for some evil reason we want to do that by changing variables to u
equals x and v equals xy. OK, that's a very strange idea, but let's do it anyway. I
mean, normally, you would only do this kind of substitution if either it simplifies a lot
the function you are integrating, or it simplifies a lot the region on which you are
integrating. And here, neither happens. But anyway, so the first thing we have to do
here is figure out what we are going to be integrating. OK, so to do that, we should
figure out what dx dy will become in terms of u and v. So, that's what we've just
seen using the Jacobian. OK, so the first thing to do is find the area element. And,
for that, we use the Jacobian. So, well, let's see, the one that we can do easily is
partials of u and v with respect to x and vy.

Nhung gia st rdng vi mét |i do nao d6 ching ta muén d6i bién u bang x va v bang xy.
Vang, dé 1a mét y tudng rat la, nhung du sao di nifa hdy 1am didu dd. Y téi 13, thong
thudng, ban sé chi lam loai phép thé nay néu hoac la né don gidn héa ham |3y tich

phan cta ban di nhiéu, hoac la n6é dan gian vung |ay tich phan. Va & day, ca hai khéng
xay ra. Nhung du sao di nira, do d6 diéu dau tién chung ta phai lam & day la tim ra
nhitng gi ching ta s& 18y tich phan. Vang, vdy dé lam diéu do, chung ta sé& tim ra dx dy
sé tré thanh cai gi theo u va v. Vi vay, do la nhitng gi ching ta da gap dung Jacobi.
Vang, do dd, diéu dau tién can Iam la tim yéu t6 dién tich. Va, dé€ 1am diéu dd, chldng

ta sir dung Jacobi. Vi vay, vang, xem ndo, cai ma chlng ta cé thé Iam dé dang 1a dao
ham riéng cla u va v ddi véi x va y.

I mean, the other one is not very hard because here you can solve easily. But, the
one that's given to you is partial of u and v with respect to x and vy, so partial u
partial x is one. Partial u partial y is zero. Partial v partial x is y. And partial v partial
y is x. So that's just x. So, that means that du dv is x dx dy. Well, it would be
absolute value of x, but x is positive in our origin. So, at least we don't have to worry



about that.

Y t6i 13, céi kia khdng qué kho bdi vi & day ban c6 thé giai dé& dang. Tuy nhién, cai dudc cho
ban la dao ham riéng clia u va v theo x va y, vang dao ham riéng cua u theo x bang mét.
Pao ham riéng clia u theo y bdng khéng. Dao ham riéng cla v theo x bang y. Va dao ham
riéng cla v theo y bang x. Vi vay, nd chi la x. Vi vay, diéu dé cé nghia la du dv bdng x dx
dy. Vang, no sé la gia tri tuyét dGi cua x, nhung x dudng trong mién chdng ta dang xét. Vi
vay, it nhat |a ching ta khdng can phai lo 1&dng vé diéu do.

OK, so now that we have that, we can try to look at the integrand in terms of u and
v. OK, so we were integrating x squared y dx dy. So, let's switch it. Well, let's first
switch the dx dy that becomes one over x du dv. So, that's actually xy du dv. And,
what is xy in terms of u and v? Well, here at least we had a little bit of luck. xy is
just v. So, that's v du dv. So, in fact, what we'll be computing is a double integral
over some mysterious region of v du dv.

Vang, vay bay gi& chiing ta cd cai dod, ching ta cé thé thir xét biéu thirc dudi diu tich
phan theo u va v. Vang, vi vay ching ta sé |dy tich phan x binh y dx dy. Vi vay, chdng
ta hdy chuyén d6i nd. Vang, trudc hét ching ta hdy chuyén dx dy trd thanh mot trén x
du dv. Vi vay, do thuc su la xy dv du. Va, xy theo u va v la gi? Vang, & day it nhat
chlng ta d3 cd moét chat may mén. xy |a chi 1a v. Vi vy, dé 1a v du dv. Vi véy, trén
thuc té, nhitng gi chiing ta sé tinh 1a tich phan kép trén ving bi &n nao dé cda v du dv.

Now, last but not least, we'll have to find what are the bounds for u and v in the new
integral so that we know how to evaluate this. In fact, well, we could do it du dv or

dv du. We don't know yet. Oh, amazing. It went all the way down this time. OK, so it
could be dv du if that's easier. So, let's try to find the bounds. In this case, that's the
hardest part. OK, so let me draw a picture in xy coordinates and try to understand
things using that. OK, so x and y go from zero to one. The region that we want to
integrate over was just this square.

Bay gid, diéu cubi cung nhung khéng kém quan trong, ching ta sé phai tim cdn chtau va v
Ia gi trong tich phdn mé&i dé chlng ta biét cach tinh cai nay. Trong thuc té&, vang, ching ta
c6 thé tinh nd du dv hay dv du. Ching ta chua biét. Oh, tuyét v&i. N6 da di xuéng hét
dudng lUc nay. Vang, vi vdy nd cd thé 1a dv du néu cdi dé dé han. Vi vay, ching ta hay ther
tim cac can. Trong trudng hdp nay, doé la phan khé nhét. Vang, vi vy hdy dé tdi vé mot
hinh trong toa d xy va thir hi€u cac th(r theo cdi d6. Vang, do dd, x va y di tir khdng dén
mot. Vung ma ching ta mudn lay tich phan la hinh vuéng nay.

Let's try to figure out how u and v vary there. So, let's say that we're going to do it
du dv. OK, so What we want to understand is how u and v vary in here. What's going
to happen? So, the way we can think about it is we try to figure out how we are
slicing our origin. OK, so here, we are integrating first over u. That means we start
by keeping u constant, no, by keeping v constant as u changes. OK, so u changes as



v is constant. What does it mean that I'm keeping v constant. Well, what is v? v is
XY.

Hay th tim u va v thay ddi nhu thé nao & dd. Vi vay, gia st rdng chiing ta s& lam nd du
dv. Vang, do dd, nhitng gi ching ta muén biét 1a u va v thay d&i nhu thé nao tai day.
Diéu gi dang xay? Vi vy, cach ma ching ta cé thé& nghi vé né la ching ta thr nghi xem
chling ta cét cai ban dau cua ching ta nhu thé nao. Vang, vi vay G day, trudc hét ching
ta sé& tinh tich phan theo u. Diéu d6 cé nghia la ching ta bat ddu bang cach gilt u khong
d6i, khéng, bang cach gilt v khdng déi khi u thay déi. Vang, do dd, u thay d6i khi

v khéng ddi. Téi gilt v khdng d6i ¢ nghia la sao? Vang, v bang gi? v bang xy.

So, that means I keep xy equals constant. What does the curve xy equals constant
look like? Well, it's just a hyperbola. y equals constant over x. So, if I look at the
various values of v that I can take, for each value of v, if I fix a value of v, I will be
moving on one of these red curves. OK, and u, well, u is the same thing as x. So,

that means u will increase. Here, maybe it will be 0.1 and it will increase all the way
to one here. OK, so we are just traveling on each of these slices. Now, so the

question we must answer here is for a given value of v, what are the bounds for u?
So, I'm traveling on my curve, v equals constant, and trying to figure out, when do I
enter my origin? When do I leave it?

Vi vay, diéu dd c6 nghia 1a téi gilt xy khdng ddi. Derng cong xy béng héng sd cb dang nhu
thé nao? Vang, no chi la mét hyperbol y béng hang sO trén x. Vi vay, néu toi xét cac gia
tri khdc nhau cta v ma tdi cé thé chon, ddi v8i moi gia tri cia v, néu toi glLr gia tri cia v
khéng déi, toi sé& di chuyén trén mét trong nhitng dudng cong mau dé nay.Vang, va u,
vang, u gidng nhu x. Vi vay,diéu dé cé nghia 1a u s& téng. O day, c6 thé né sé 1a 0.1 va nd
sé tdng theo moi hudng dé&n mot & day. Vang, vi vay ching ta chi di chuyén trén moi mat
cat nay. Bay gid, do dd, cau hoi ma chidng ta phai tra I8i § day la d6i v8i mot gia tri nhat
dinh cla v, cac can cua u la gi? Vi vy, tdi s& di chuyén trén dudng cong cula i, v bang
héng s8, va c6 gang tim ra, khi ndo tdi vao mién I8y tich phan cua téi? Khi nao tdi rdi khoi
no?

Well, I enter it when I go through this side. So, the question is, what's the value of u
here? Well, we don't know that very easily until we look at these formulas. So, u
equals x, OK, but we don't know what x is at that point. v equals x and v equals xy.
What do we go here? Well, we don't know x, but we know y certainly. OK, so let's
forget about trying to find u. And, let's say, for now, we know y equals one. Well, if
we set y equals one, that tells us that u and v are both equal to x. So, in terms of u
and v, the equation of this uv coordinate is u equals v.

Vang, t6i vao né khi t0| di qua bén nay. Vi vay, cau héi la, gid trictau & day la gi? Vang,
chung ta khong biét r&ng diéu do6 rat dé cho dén khi chung ta nhin vao cac cong thirc nay.
Vi vy, u bang x, vang, nhung ching ta khdng biét x 1a gi tai diém dd. v bédng x va v bang
xy. Chung ta di dén dau? Vang, ching ta khdng biét x, nhung chéc chadn ching ta biét y.
Véng, vi vay hay quén di viéc tim u. V34, gid st réng, bay gid, chiing ta biét y bdng mot.
Véng, néu chlng ta dat y bdng mot, diéu d6 cho ching ta biét rdng ca u va v déu bang x.
Vi vay, theo u va v, phuaong trinh cla toa d6 uv nay la u bang v.

OK, I mean, the other way to do it is, say that you know you want y equals one. You
want to know what is y in terms of u and v. Well, it's easy. y is v over u. So, let me
actually add an extra step in case that's, so, we know that y is v over u equals one.
So, that means u=v is my equation. OK, so when I'm here, when I'm entering my
region, the value of u at this point is just v, u equals v.
Vang, y tdi la, cach khac d& 1am diéu dé 1a, gia si rang ban biét ban mudn y bdng mdt. Ban
mudn biét y 1a gi theo u va v. Vang, that dé dang. y bang v trén u. Vi vay, hay dé toi thém
moét bude phu trong trudng hgp d6 la, vang, ching ta biét rang y bang v trén u bang mot.Vi
vay, diéu dé cé nghia la u = v la phudng trinh cta téi. Vang, do dé, khi toi dang & day, khi
téi vao vlng cla t6i, gia tri cla u tai diém nay chi la v, u bang v.

That's the hard part. Now, we need to figure out, so, we started u equals v. u
increases, increases, increases. Where does it exit? It exits one when we are here.



What's the value of u here? One. That one is easier, right? This side here, so, this

side here is x equals one. That means u equals one. So, we start at u equals one.

Dé la phan cliing. Bay gid, ching ta can phai tim ra, vang, ching ta bat ddu vdi u bang v.
u tang, tang, tang. No ton tai & dau? No6 thoat khéi mot khi chdng ta & day. Gia tri cia u

& day 1a gi? Mot. Cai dé dé, dung khdng? Canh nay & day, vang, canh nay & day 1a x

bang mot. Diéu d6 cd nghia 1a u bédng moét. Vi vy, chiing ta bat dau tai u bang moét.

Now, we've done the inner integral. What about the outer? So, we have to figure out,
what is the first and what is the last value of v that we'll want to consider? Well, if

you look at all these hyperbola's, xy equals constant. What's the smallest value of xy
that we'll ever want to look at in here?

Bay gid, chudng ta da tinh tich phan bén trong.Thé con tich phan bén ngoai? Vang, ching ta
phai chi ra, gia tri dau tién va cudi cung cta v ma chidng ta mudn xét? Vang, néu ban xét
t4t ca cac hyperbol nay, xy béng héng s8. Gia tri nhd nht clia xy ma chiing ta s& muén xét
G day la gi?

Zero, OK. Let me actually, where's my yellow chalk? Is it, no, ah. So, this one here,
that's actually v=0. So, we'll start at v equals zero. And, what's the last hyperbola

we want to look at? Well, it's the one that's right there in the corner. It's this one
here. And, that's v equals one. So, v goes from zero to one. OK, and now, we can
compute this. I mean, it's not particularly easier than that one, but it's not harder
either. How else could we have gotten these bounds, because that was quite evil. So,
I would like to recommend that you try this way in case it works well. Just try to
picture, what are the slices in terms of u and v, and how you travel on them, where
you enter, where you leave, staying in the xy picture. If that somehow doesn't work
well, another way is to draw the picture in the uv coordinates.

Khéng, dung. Hay dé toi thuc su, phdn vang dau rdi nhi? Kia, khéng, ah. Vi vay, cdi nay &
day, no6 thuc su la v = 0. Vi vdy, ching ta s& bat dau vdi v bédng khdng. Va, hyperbol cudi
clng ma chung ta mudn xét la gi? Vang, noé la cai ngay & dé trong géc. N6 la céi nay &
day. Va, dé la v bdng mét. Vi vay, v di tir khdng dén mét. Vang, va by gid, ching ta ¢
thé tinh cdi nay. Y tdi 13, né khong déc biét dé hon cai dd, nhung né cling khong khé han.
Chung ta c6 thé nhan dugc nhitng cdn nay bang cach nao nita, bdi vi né kha té. Vi vay,toi
mudén khuyén ban nén thir lam theo cach nay trong trudng hgp né phu hgp. Chi can thir vé
hinh, cdc mat cdt theo u va v 1a gi, va ban di trén chiing nhu thé& nao, naoi ban vao, & day
ban ra, van trén hinh xy. N&u diéu dé khong phu hgp, cach khéc 1a v& hinh trong toa do
uv.

So, switch to a uv picture. So, what do I mean by that? Well, we had here a picture
in xy coordinates where we had our sides. And, we are going to try to draw what it
looks like in terms of u and v. So, here we said this is x equals one. That becomes u
equals one. So, we'll draw u equals one. This side we said is y equals one becomes u
equals v. That's what we've done over there. OK, so u equals v. Now, we have the
two other sides to deal with.

Vi vay, chuyén sang hinh uv. Vang, tdi muén ndi gi qua viéc d6? Vang, & day ching ta d3
c6 mot hinh trong toa do xy & dé ching ta cé cac canh cua ching ta. Va, chdng ta sé thu
vé& xem né c6 dang nhu thé& nao theo u va v. Vi vay, & day chlng ta da ndi day la x bang
mot. Cai do tré thanh u bang mét. Vi vdy, ching ta sé v& u badng mdt. Canh nay ching ta
d& ndi la y bang mét trd thanh u bang v. D6 la nhitng gi chlng tdi d& thuc hién trén do.
Véng, do dd, u bang v. By gid, chiing ta cé hai canh khac can xét.



Well, let's look at this one first. So, that was x equals zero. What happens when x
equals zero? Well, both u and v are zero. So, this side actually gets squished in the
change of variables. It's a bit strange, but it's a bit the same thing as when you
switch to polar coordinates at the origin, r is zero but theta can be anything. It's not
always one point is one point. So anyway, this is the origin, and then the last side, y
equals zero, and x varies just becomes v equals zero.

Vang, dau tién hdy xét cai nay. Vi vay, do la x bang khéng. Diéu gi xay ra khi x bang
khoéng? Vang, ca u va v bdng khdng. Vi vay, thuc su canh nay bi bién dang khi d&i bién.
N6 hai la, nhung né hai gidng nhu khi ban chuyén sang toa dd cuc lic dau, r bang khéng
nhung theta bdng bao nhiéu ciing dugc. N6 khéng phai ludn lubn moét diém sang mot
diém. Vi vay, du sao di nita, day la ban dau, va sau dé canh cudi, y bang khéng, va x
thay déi trd thanh v bang khéng.

So, somehow, in the change of variables, this square becomes this triangle. And

now, if we want to integrate du dv, it means we are going to slice by v equals
constant. So, we are going to integrate over slices like this, and you see for each
value of v, we go from u equals v to u equals one. And, v goes from zero to one. OK,
so you get the same bounds just by drawing a different picture. So, it's up to you to
decide whether you prefer to think on this picture or draw that one instead. It
depends on which problems you're doing.

Vi vy, bang cach nao d6, trong khi d8i bién, hinh vuéng nay trg thanh hinh tam giac nay.
Va bay gid, néu ching ta mudn I8y tich phan du dv, c6 nghia la ching ta sé& cat bgi v bang
héng sb. Vi vay, ching ta sé& I3y tich phan trén cac mat cat nhu thé& nay, va ban théy déi
vGi mdi gid tri clia v, ching ta di tir u bang v téi u bdng mot. Va, v di tir khdng dé&n mot.
Véng, vi vay ban s& c6 dudc cac cdn tudng tu chi bang cach v& moét hinh khac. Vi vy, nd
dua ban dén quyét dinh ban thich xét trén hinh nay hay vé cai dé. N6 tuy thubc vao tung
bai todn cu thé.



