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VW WL CHLA Y VLSO

Chuong 14: Cac bién khéng doc lap
Pay la phan ghi chép trén 18p. V@ bai gidang, cac ban c6 thé xem tai:
http://www.mientayvn.com/OCW/MIT/giai tich nhieu bien.html

OK, so first of all there used to be, is the sound system working? Can you hear me in
the back? Can anyone here in the back? No? Can we make it a bit louder? Oh, yeah,
OK, it should be good now. So there used to be problem set solutions, new problem
sets, practice exams. I'm pretty much out of everything. It will all be on the Web.

The practice exams have been on the webpage for a while.

Vang, do do trudc hét thudng la, hé thGng am thanh dang hoat dong cht? Nhitng ban ngoi
phia sau cé nghe dudc khéng? Cac ban nghe dugc khong? Khéng a? Chidng ta tang am
lugng 1én moét chat nhé? Oh, vang, dudc rbi, bay gid cé vé tét réi do. Vang, thudng cd cac
bai giai cho cac x&p bai tdp, cac x&p bai tdp mdi, cac bai kiém tra thir. Toi dua ra rét nhiéu
th(r. T4t ca dudc dua 1én trang web. Cac bai kiém tra th& mdi vira dudc dua 1én trang web.
So, you can get it there. So -- OK, some information about the exam: so the next

test in this class is on Tuesday, and it will be in the same place as last time. OK, so
some of you go to Walker Memorial third floor. Some of you come here. The basic

rule is you go to the same place as last time, namely, if your last name starts with A-

R or if you're left handed, then you go to Walker. If your last name starts with S-Z
and you're right handed, then you come here. And if you're confused, you go to
wherever you can make it. As usual, no documents, no calculators allowed. And, as
usual, we will be discussing the practice exams in lecture and recitation.

Vi vay, ban cé thé 1&én do tai vé. Vang, - Dudgc rdi, mot sb thong tin vé bai kiém tra: vang
bai kiém tra ké& tiép cia mén nay la vao ngay th( ba, va dia diém thi nhu Ian trudc. Vang,
nghia la, mot s6 ban sé di dén tang th& ba Walker Memorial. Mot s6 ban dén day. Noi
chung la cac ban di vao phong thi giéng nhu lan trudc, cu thé 13, néu tén cla ban bat dau
tlr A dén R, hodc néu ban dang & bén trdi, thi ban thi 8 d3y Walker. Néu tén cua ban bat
dau tr S dén Z va ban dang & bén phai, thi ban dén day. Va néu ban dang bdi réi, ban di
dén bt c phong nao dé xem danh sach. Nhu thudng 1&, khdng dudgc dung tai liéu, khong
dugc dung mdy tinh khi lam bai. V&, nhu thudng 18, chidng ta s& thao ludn vé cac bai kiém
tra thir trong bai gidng va céac budi tra I8i cAu hoi miéng.

So, tomorrow basically will be a review session. We'll go over practice 2A. So, please
bring it back tomorrow. And, practice 2B will be discussed in recitation on Monday.

So, before that, we have one more topic to cover. So, today we'll learn about some
new cool stuff about partial derivatives with constraints. OK, so this will be actually

on the exam also, but it's the last topic that will be of the exam. And, the new

problem set is only due next Thursday. So, in principle, you don't need to start
working on it until after the exam. I would still like you encourage you to actually
have a look at it because basically you can do all of it today. And, it's actually not

that hard. It's actually good practice on the topic that we're going to see today. So, if
you want practice on that, then you should look at the p-set.

Vi vay, vé cd ban ngay mai s€ la phan 6n tap. Chang ta sé lam bai thuc hanh 2A. Vi vay,
hdy mang né theo vao ngay mai. Va, bai thuc hanh 2B sé& dudc thao luan trong budi kiém
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tra miéng vao ngay th( hai. Vi vay, trudc dé, ching ta sé hoc thém mot bai nifa. Vi vay,
hom nay chdng ta sé hoc vé moét s6 n6i dung mat mé mdéi vé dao ham riéng véi nhitng diéu
kién rang budc. bugc rdi, vang, cai nay cling sé cé trong bai thi, nhung dé la bai cudi cung
thudc no6i dung thi. Va, xap bai tdp mdi dén han nbép vao thr Nam tuan téi. Vi vay, vé
nguyén tdc, ban khong can phai 1dm né cho dén sau khi thi. Téi vAn mudn khuyén khich
ban xem né bdi vi vé co ban ban cé thé 1am toan bd nd vao hém nay. Va, né thuc su khdng
khé. N6 thuc su la bai thuc hanh t6t cho bai ma chdng ta hoc hom nay. Vi vay, néu ban
mudn thuc hanh nd, thi ban hdy nhin vao p-set.

OK, so we're going to continue looking at what happens when we have non-
independent variables. So, I'm afraid we don't take deliveries during class time,

sorry. Please take a seat, thanks. [LAUGHTER] [APPLAUSE] OK, so Jason, you please
claim your package at the end of lecture. OK, so last time we saw how to use

Lagrange multipliers to find the minimum or maximum of a function of several
variables when the variables are not independent. And, today we're going to try to
figure out more about relations between the variables, and how to handle functions
that depend on several variables when they're related. So, just to give you an
example, in physics, very often, you have functions that depend on pressure,

volume, and temperature where pressure, volume, and temperature are actually not
independent.

Vang, do do, chung ta sé ti€p tuc xét nhitng gi xay ra khi ching ta cé cac bién khéng déc
lap. Vang, téi e rang ching ta khéng nhudng nhin nhau trong suét budi hoc,xin 16i. Hay
danh mét chd n90| cam on. [Cerl] [vo tay] Vang, do dé Jason, ban hdy xac nhan goi hang
cua ban & cudi bai giang. Bugc rbi, vang lan trudc ching ta da thay cach dung nhan tu
Lagrange dé tim cuc ti€u hodc cuc dai cia ham nhiéu bién khi cac bién khdng ddc 1ap. Va,
hém nay ching ta s& c8 gdng tim hiéu thém v& mdi quan hé gilta cac bién, va cach x ly
cdc ham phu thudc vao nhiéu bién khi ching cé lién quan. Vi vay, chi d& cho ban mot vi
du, trong vét ly, rat thudng xuyén, ban cé cdc ham phu thudc vao ap suét, thé tich va
nhiét dd trong do6 ap suéat, thé tich, va nhiét do thuc su khdng ddc 1ap.

But they are related, say, by PV=nRT. So, of course, then you can substitute and
expressed a function in terms of two of them only, but very often it's convenient to
keep all three. But then we have to figure out, what are the rates of change with
respect to t, with respect to each other, the rate of change of f with respect to these
variables, and so on. So, we have to figure out what we mean by partial derivatives
again.

Ma chung cé lién quan nhau, gia sir, theo hé thic PV = nRT. Vi vay, tat nhién, thé thi ban
c6 thé thay thé& va biéu dién ham theo hai trong s chling, nhung rat thudng xuyén sé
thuan tién néu gilr ca ba. Nhung sau dé chiang ta phai chi ra, téc d6 bién thién theo t la gi,
dGi véi nhau, toc do bién thién ctha f d6i véi cac bién nay, va v.v.... Vi vay, mot lan nifa,
ching ta phai chi ra nhtng gi ching ta mudn ndi qua dao ham riéng.
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So, OK, more generally, let's say just for the sake of notation, I'm going to think of a
function of three variables, x, y, z, where the variables are related by some

equation, but I will put in the form g of x, y, z equals some constant. OK, so that's

the same kind of setup as we had last time, except now we are not just looking for
minima and maxima. We are trying to understand partial derivatives.

Vi vay, vang, néi chung, gia st vi Igi ich cua ki hiéu, t6i sé nghi vé ham ba bién, x, vy, z, &
dd cac bién c6 hé véi nhau qua phuadng trinh nao dd, nhung toi sé dat dudi dang g x, vy, z
bdng mot hang s8 nao dd. Vang, cach thiét 14p haoi gidng vdi Ian trudc, ngoai trir bay gid
chiing ta chi tim cuc tiéu va cuc dai. Ching ta dang c6 gédng dé hi€u cic dao ham riéng.

So, the first observation is that if x, y, and z are related, then that means, in
principle, we could solve for one of them, and express it as a function of the two
others. So, in particular, can we understand even without solving? Maybe we can not
solve. Can we understand how the variables are related to each other? So, for
example, z, you can think of z as a function of x and y. So, we can ask ourselves,
what are the rates of change of z with respect to x, keeping y constant, or with
respect to y keeping x constant? And, of course, if we can solve, that we know the
formula for this.

Vi vay, nhan xét dau tién la néu x, y, va z cd lién quan, thi diéu doé cé nghia la, vé
nguyén tdc, ching ta cé thé gidi dé tim mot trong s6 ching, va biéu dién né nhu ham
theo hai cai con lai. Vi vay, ddc biét, ching ta c6 thé hiéu ngay ca khi khdng giai khéng?
C6 I8 chung ta khdng thé giai. Chldng ta cé thé biét cac bién cé lién quan véi nhau nhu
thé& nao khdéng? Vi vay, vi du, z, ban c6 thé xem z nhu ham cua x va y. Vi vdy, ching ta
cb thé tu hoi, téc dd bién thién cla z theo x la gi, y gilt khéng d&i, hay déi véi y gilr x
khong déi? Va, tat nhién, néu ching ta cé thé giai, ching ta biét cdng thlc cho cai nay.

And then we can compute these guys. But, what if we can't solve? So, how do we
find these things without solving? Well, so let's do an example. Let's say that my
relation is x~2 yz z~3=8. And, let's say that I'm looking near the point (X, y, z)
equals (2, 3, 1). So, let me check 272 plus three times one plus 173 is indeed eight.
OK, but now, if I change x and y a little bit, how does z change? Well, of course I
could solve for z in here. It's a cubic equation. There is actually a formula. But that
formula is quite complicated. We actually don't want to do that. There's an easier
way.

Va sau d6 ching ta cé thé tinh nhitng thdng nay. Nhung, néu chlng ta khéng thé giai
dugc thi sao? Vi vy, |lam thé& nao dé ching ta tim dudc nhitng cadi ndy ma khéng cén
giai? vang, vi vay hdy xét moét vi du. Gia st rang méiquan hé chtatéilax ~2yzz~ 3 =
8. V4, gia sir rang tdi dang xét gan diém (x, y, z) bdng (2, 3, 1). Vi vdy, hdy dé t6i kiém
tra 2 ~ 2 cOng vGi ba nhan mét cdng 1 ~ 3 ding la bang tdm. Vang, nhung bay gid, néu
tdi thay ddi x va y mdt chdt, z thay d6i nhu thé nao? Vang, tat nhién tdi cé thé giai dé
tim z tai day. D6 la mot phuong trinh béc ba. That sy c6 mot cong thirc. Nhung céng thirc
d6 kha phuc tap. Ching ta thuc sy khong mudn lam didu dé. C6 mét cach dé dang hon.

So, how can we do it? Well, let's look at the differential -- -- of this constraint
quantity. OK, so if we called this g, let's look at dg. So, what's the differential of this?
So, the differential of x”~2 is 2x dx plus, I think there's a zdy. There's a ydz, and
there's also a 3z~2 dz. OK, you can get this either by implicit differentiation and the
product rule, or you could get this just by putting here, here, and here the partial
derivatives of this with respect to x, y, and z.

Vay, chiing ta c6 thé lam diéu d6 nhu thé nao? Vang, hdy xét vi phan - - cla dai lugng
rang budc nay. Vang, vi vay néu chdng ta goi g nay, hdy xét dg. Vay, vi phan cua cai
nay la gi? Vang, vi phan cta x ~ 2 bang 2x dx cdng, t6i nghi réng cé zdy. Cé mét ydz,
va cling c6 mét 3z ~ 2 dz. Vang, ban cb thé nhan dudc diéu nay, hodc bang cach I8y vi
phan ham hdp va quy téc tich, hodc ban cd thé nhan dudgc diéu nay chi bang cach dat &
day, & day, va @ day dao ham riéng cla cai nay doi vdi x, y, va z.
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OK, any questions about how I got this? No? OK. So, now, what do I do with this?
Well, this represents, somehow, variations of g. But, well, I've set this thing equal to
eight. And, eight is a constant. So, it doesn't change. So, in fact, well, we can set
this to zero because, well, they call this g. Then, g equals eight is constant. That
means we set dg equal to zero. OK, so, now let's just plug in some values at this
point.

Véng, c6 thdc méc vé cach tdi nhan dudc diéu nay khdng? Khdéng c6 a? Pudc rdi. Vi
vay, bay gid, toi phai lam gi vdi cai nay?Vang, cdi nay biéu dién, b&ng cach nao do,
su bién thién cua g. Tuy nhién, a, toi d& dat cadi nay béng tam. Va, tdm la mot héng
s6. Vi vay, né khdng thay déi. Vi vdy, qua thuc, a, ching ta cd thé thiét Iap cai nay
bang khéng bdi vi, a, ching ta goi cai nay la g. Thé thi, g bdng tam la mot hang s6.
Piéu dé cb nghia 1a chdng ta ddt dg béng khéng. Vang, vi vy, bdy gid ching ta hay
th& vao mét s6 gia tri tai diém nay.

That tells us, well, so if x equals two, that's 4dx plus z is one. So, dy plus y 3z"2
should be 6dz equals zero. And now, this equation, here, tells us about a relation
between the changes in x, y, and z near that point. It tells us how you change x and

y, well, how z will change. Or, it tells you actually anything you might want to know
about the relations between these variables so, for example, you can move dz to
that side, and then express dz in terms of dx and dy. Or, you can move dy to that

side and express dy in terms of dx and dz, and so on. It tells you at the level of the
derivatives how each of the variables depends on the two others.

Diéu do cho chung ta biét, a, vang néu x bang hai, né bang 4dx céng vdi z bdng mot. Vi
vay, dy cdng y 3z ~ 2 sé& béng 6dz bdng khéng. Va bdy gid, phuang trinh nay, & day, cho
chiing ta biét mdi quan hé giita nhitng thay d6i cua x, y, va z gan diém dé. N6 cho ching
ta biét khi ban thay ddi x va y, a, z sé thay ddi nhu thé& nao. Hodc, né cho ban biét bat c
diéu gi ban muén biét vé quan hé giita cac bién nay vi vy, vi du, ban co thé di chuyén dz
dén phia dd, va sau dé biéu dién dz theo dx va dy. Hodc, ban cé thé di chuyén dy vé phia
d6 va biéu dién dy theo dx va dz, va v.v... N6 cho ban biét méc cla dao ham mdi bién
phu thudc vao hai bién con lai nhu thé nao.

OK, so, just to clarify this: if we want to view z as a function of x and y, then what
we will do is we will just move the dz's to the other side, and it will tell us dz equals
minus one over six times 4dx plus dy. And, so that should tell you that partial z over
partial x is minus four over six. Well, that's minus two thirds, and partial z over
partial y is going to be minus one sixth. OK, another way to think about this: when
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we compute partial z over partial x, that means that actually we keep y constant.
OK, let me actually add some subtitles here.

Vang, vang, chi dé& lam rd diéu nay: néu ching ta muén xem z 1a ham cla x va vy, thi
nhitng gi ching ta s& 1am 1a ching ta sé chi di chuyén cac dz sang vé€ con lai, va nd sé
cho ching ta biét dz béng trir mot trén sdu nhan 4dx céng dy. Va, do d6 diéu dé sé cho
ban biét rang dao ham riéng cla z theo x bang trir bdn trén sdu. Vang, né tudng duong
véi hai phén ba, va dao ham riéng cla z theo y s& bdng trir 1 / 6. Vang, mbt cach khac
dé€ nghi vé diéu nay: khi ching ta tinh todn dao ham riéng z theo x, diéu d6 cé nghia la
chiing ta thuc su gilt y khéng d6i. Vang, hay dé tdi thém mot sd phu dé & day.

So, here that means we keep y constant. And so, if we keep y constant, another way
to think about it is we set dy to zero. We set dy equals zero. So if we do that, we get
dx equals negative four sixths dx. That tells us the rate of change of z with respect

to x. Here, we set x constant. So, that means we set dx equal to zero. And, if we set
dx equal to zero, then we have dz equals negative one sixth of dy. That tells us the
rate of change of z with respect to y. OK, any questions about that?

Vi vay, 8 day c6 nghia la ching ta gilt cho y khéng d6i. Va nhu vay, néu ching ta gilt y
khong d6i, mot cach khac dé nghi vé né la ching ta dat dy bang khéng. Chlng ta dat dy
béng khéng. Vi vdy, néu ching ta lam diéu d6, ching ta nhén dudgc dx bang trir 4 / 6 dx.
Didu d6 cho chiing ta biét tdc dd bién thién cua z ddi vdi x. O day, ching ta dit x khong
déi. Vi vay, diéu dé cé nghia 1a ching ta dat dx bang khdng. Va, néu chlng téi dat dx
béng khdng, thi ching ta c6 dz bang tr&r mét phén sdu dy. N6 cho ching ta biét téc dd
bi€n thién cla z d6i vdi y. Vang, cé bat ky cau hoi nao vé diéu do khdéng?

No? What, yes? Yes, OK, let me explain that again. So we found an expression for dz

in terms of dx and dy. That means that this thing, the differential, is the total
differential of z viewed as a function of x and y. OK, and so the coefficients of dx and
dy are the partials. Or, another way to think about it, if you want to know partial z
partial x, it means you set y to be constant. Setting y to be constant means that you
will put zero in the place of dy.

Khéng c8? Sao, ding? Bung, vang, dé toi giai thich lai Ian nira. Vang, ching ta tim mét
bi€u thlc clia dz theo dx va dy. Diéu dd c6 nghia la cai nay, vi phan, 1a vi phan toan phan
cla z dugc xem nhu la mot ham cda x va y. Vang, va do dé cac hé s6 cua dx va dy la cac
dao ham riéng. Hodc, mét cach khac dé€ nghi vé nd, néu ban muén biét dao ham riéng z
theo x, c6 nghia Ia ban thiét 1ap y khdng ddi. Cho y khdng d6i cé nghia la ban dat 0 vao vi
tri cha dy.

So, you will be left with dz equals minus four sixths dx. And, that will give you the
rate of change of z with respect to x when you keep y constant, OK? So, there are
various ways to think about this, but hopefully it makes sense. OK, so how do we
think about this in general? Well, if we know that g of x, y, z equals a constant, then
dg, which is gxdx gydy gzdz should be set equal to zero. OK, and now we can solve for
whichever variable we want to express in terms of the others. So, for example, if
we care about z as a function of x and y -
Vi véy, ban s& con lai v8i dz béng trir 4 / 6 dx. V&, né s& cho ban t6c d6 bién thién cua z
dGi véi x khi ban gilt y khdng déi, ding khéng? Vi vay, cb rdt nhiéu cach khac nhau dé
nghi vé diéu nay, nhung hy vong né cé y nghia. Vang, vy lam thé& nao dé€ ching ta nghi
vé diéu nay trong trudng hop téng quat? Vang, néu chdng ta biét rang g x, y, z bdng mét
héng s8, thi dg, b&dng gxdx gydy gzdz s& dudc cho bang khdng. Vang, va béy gid ching ta
c6 thé giadi dé tim bat ki bién ndo ma chlng ta mudn dé biéu dién theo nhitng bién kia. Vi
vay, vi du, néu ching ta quan tam dén z nhu ham clax vay -

-- we'll get that dz is negative gx over gz dx minus gy over gz dy. And, so if we want
partial z over partial x, so, well, so one way is just to say that's going to be the
coefficient of dx in here, or just to write down the other way. We are setting y equals
constant. So, that means we set dy equal to zero. And then, we get dz equals
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negative gx over gz dx. So, that means partial z over partial x is minus gx over gz.

- Ching ta s& nhén dudc dz bdng trir gx trén gz dx trir gy trén gz dy. Va, do dd, néu
ching ta muén dao ham riéng z theo x, do dd, vang, vang chi 1a mot cach dé ndi né sé la
hé s clia dx tai ddy, hodc chi d€ viét ra theo cach khac. Ching ta dang thiét 14p y badng
héng s6. Vi vy, diéu dé c6 nghia la chdng ta cho dy b&ng khdng. Va rdi, ching ta nhan
dugc dz bang trir gx trén gz dx. Vi vy, diéu dd cé nghia 1a dao ham riéng cla z theo x
bang trir gx trén gz.

And, see, that's a very counterintuitive formula because you have this minus sign
that you somehow probably couldn't have seen come if you hadn't actually derived
things this way. I mean, it's pretty surprising to see that minus sign come out of
nowhere the first time you see it. OK, so now we know how to find the rate of
change of constrained variables with respect to each other. You can apply the same
to find, if you want partial x, partial y, or any of them, you can do it. Any questions
so far? No? OK, so, before we proceed further, I should probably expose some
problem with the notations that we have so far.

Va, xem nao, do la mot céng thlc rat phi truc giac bdi vi ban cé dau trir nay ma
bang cadch nao d6 cb 1& ban d3 khdng thé thdy xuét hién néu ban khdng thuc su rit

ra cac th(r theo cach nay. Y toi 13, hdi ngac nhién khi thdy d&u trir xudt hién tor hu
khong |an dau tién ban thdy né. Vang, vay bay gid ching ta biét cach tim toc do
bién thién cua cac bién rang budc ddi véi nhau. Ban cé thé ap dung tuong tu dé tim,

néu ban muén dao ham riéng theo x, dao ham riéng theo y, hodc bat ky cai nao
trong chdng, ban cé thé lam diéu d6. Pén day cé cdu hdi nado khdéng? Khéng co?
DPugc rdi, vi vay, trudc khi ching ta tié€n xa hon, cd 18 téi nén biéu dién mot s6 van

dé vdi cac ky hiéu ma ching ta c6 cho dén bay gid.

So, let me try to get you a bit confused, OK? So, let's take a very simple example.
Let's say I have a function, f of X, y equals x y. OK, so far it doesn't sound very
confusing. And then, I can write partial f over partial x. And, I think you all know
how to compute it. It's going to be just one. OK, so far we are pretty happy. Now
let's do a change of variables. Let's set x=u and y=u v. It's not very complicated
change of variables. But let's do it.

Vi vdy, hdy dé tdi thr lam cho ban bdi r8i mét chut, dugc ch(? Vi vy, ching ta hédy
|&y mot vi du rét don gidn. Gia st rdng téi c6 mét ham f x, y béng x y. Vang, bay gis
n6 khéng cé vé kho hiéu. Va sau dod, toi co thé viét dao ham riéng cla f theo x. Va, toi
nghi réng tat ca cac ban déu biét tinh nd. N6 sé& chi bang mét. Vang, cho dén bay gig
ching ta kha hanh phuc. Bay gid tdi sé d6i bién. Hiy ddt x = u vay = u v. N6 khéng
phai |a phép d&i bién qua phic tap. Nhung hay lam diéu doé.

Then, f in terms of u and v, well, so f, remember f was x y becomes u plus u plus v.

That's twice u plus v. What's partial f over partial u? It's two. So, x and u are the

same thing. Partial f over partial x, and partial f over partial u, well, unless you

believe that one equals two, they are really not the same thing, OK? So, that's an
interesting, slightly strange phenomenon. x equals u, but partial f partial x is not the
same as partial f partial u.

Do d9, f theo u va v, vang, do do, f, hay nhé f bang xy trd thanh u cdng u cbng v. Bang hai
lan u c6ng v. Pao ham riéng cla f theo u bdng cai gi? Bang hai. Vi vay, x va u giéng nhau.
Pao ham riéng f theo x, va dao ham riéng f theo u, vang, néu ban khdng tin mdt bang hai,
ching thuc su khéng gi6ng nhau, phai khéng? Vi vay, dé la moét hién tugng hdi la, thud vi. x
bang u, nhung dao ham riéng cla f theo x khéng giéng nhu dao ham riéng cua f theo u.
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So, how do we get rid of this contradiction? Well, we have to think a bit more about
what these notations mean, OK? So, when we write partial f over partial x, it means
that we are varying x, keeping y constant. When we write partial f over partial u, it
means we are varying u, keeping v constant. So, varying u or varying x is the same
thing. But, keeping v constant, or keeping y constant are not the same thing.

Vi vay, 1am th& nao ching ta loai bd mau thudn nay? Vang, ching ta phai suy nghi
thém mot chut vé y nghia cia nhitng ky hiéu nay, dang khong? Vi vay, khi ching ta viét
dao ham riéng cula f theo x, c6 nghia |la ching ta dang thay déi x, gilt y khdng ddi. Khi
ching ta viét dao ham riéng cua f theo u, c6 nghia la ching ta thay déi u, gitt v khdng
déi. Vi vy, thay d6i u hodc thay ddi x la giéng nhau. Nhung, gilt v khéng d6i, hodc gilr
y khéng ddi khéng giéng nhau.

If I keep y constant, then when I change x, so when I change u, then v will also have
to change so that their sum stays the same. Or, if you prefer the other way around,
when I do this one I keep v constant. If I keep v constant and I change u, then y will
change. It won't be constant. So, that means, well, life looked quite nice and easy

with these notations. But, what's dangerous about them is they are not making
explicit what it is exactly that we are keeping constant.

Néu tdi gilr y khéng ddi, thi khi tdi thay d6i x, vang khi toi thay déi u, thi v cling sé

phai thay d6i sao cho téng clia chiing van con giéng nhau. Hodc, néu ban thich theo

cach khac, khi téi 1am diéu nay téi gilt v khdng d&i. Néu tdi gilt v khéng déi va toi

thay d6i u, thi y s& thay ddi. N6 s& khong la hang s6. Vi vy, diéu dé cé nghia 13,

vang, cudc s6ng nhin kha dep va dé vdi nhitng ky hiéu nay. Nhung, ching nguy hiém

& ché 1a ching khdng 1am rd cai ma ching ta gi it khdng ddi chinh xac la gi.

OK, so just to write things, so here we change u and x that are the same thing. But
we keep y constant, while here we change u, which is still the same thing as x. But,
what we keep constant is v, or in terms of x and y, that's y minus x constant. And,
that's why they are not the same. So, whenever there's any risk of confusion, OK, so
not in the cases that we had before because what we've done until now, we didn't
really have a problem. But, in a situation like this, to clarify things, we'll actually say
explicitly what it is that we want to keep constant.

Vang, do d6, chi dé viét cac th(, vi vdy & day chlng ta thay d&i u va x la tudng tu. Nhung
ching ta giir y khong ddi, trong khi & day chidng ta thay ddi u, né van con giéng nhu x.
Nhung, nhitng gi ching ta gilt khéng déi 1a v, hodc theo x va y, dé la y trir x khéng déi.
Va, dé la ly do tai sao ching khdéng giéng nhau. Vi vay, bat cl khi nao cé bat ky nguy cc
gdy nham 1an, vang, vi vy, khdng phai trong cac trudng hdp ma ching ta d& cé trudc day
vi nhitng gi ching ta da thuc hién cho dén bay gid, ching ta da khong thuc su c6 van dé.
Nhung, trong trudng hop gidng nhu thé nay, dé€ lam rd cac th(, ching ta thuc su s& phai
ndi rd rang nhitng gi ma chdng ta mudn gilr khéng déi.

OK, so what's going to be our new notation? Well, so it's not particularly pleasant
because it uses, now, a subscript not to indicate what you are differentiating, but
rather what you were holding constant. So, that's quite a conflict of notation with
what we had before. I think I can safely blame it on physicists or chemists. OK, so

this one means we keep y constant, and partial f over partial u with v held constant,
similarly.

Vang, vi vay ky hiéu mdi cta ching ta 1a gi? Vang, vi vdy né khdng dic biét dé& chiu vi né
dung, hién tai, mot chi sé dudi khéng phai dé chi ra ban dang I8y vi phan cai gi, ma |a ban
dang gilr cdi gi khéng ddi. Vi vay, dd la su xung dot ky hiéu véi nhitng gi ching ta da co
trudc day. Toi nghi réng t6i cé thé dd 16i cho cdc nha vat ly hodc héa hoc mot cich an
toan. Vang, vi vy, cdi nay c6 nghia la ching ta gilt y khdng ddi, va dao ham riéng cla f
theo u v@i v dudc gilf khdng ddi, tudng tu nhu vay.

OK, so now what happens is we no longer have any contradiction. We have partial f
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over partial x with y constant is different from partial f over partial x with v constant,
which is the same as partial f over partial u with v constant. OK, so this guy is one.
And these guys are two. So, now we can safely use the fact that x equals u if we are
keeping track of what is actually held constant, OK? So now, that's going to be
particularly important when we have variables that are related because, let's say

now that I have a function that depends on x, y, and z. But, x, y, and z are related.
Then, it means that I look at, say, x and y as my independent variables, and z as a
function of x and vy.

Pugc rdi, vay bay gid nhitng gi xay ra 1a ching ta khdng con cé bat ky mau thuin nao
nifa. Ching ta c6 dao ham riéng cua f theo x vGi y khdng d6i khac vdi dao ham riéng cla
f theo x v&i v khéng ddi, nd giébng nhu dao ham riéng cla f theo u véi v khdéng déi. Vang,
do d6, thang nay bang moét. Va nhiing thang nay bang hai. Vi vay, bay gid ching ta cé
thé an toan s dung su kién Ia x bang u néu chlng ta theo ddi nhitng gi dang thuc su
dugc gilt khéng d6i, dang khdng? Vi vay, bay gid, diéu dé sé dac biét quan trong khi
ching ta cé céc bién ¢ lién quan bdi vi, bdy gid ching ta gid s rang téi c6 ham phu
thudc vao x, y, va z. Nhung, X, y, va z co lién quan vdi nhau. Thé thi, n6 cé nghia la toi
xem, gid si, X va y nhu cac bién dbc lap cua tbi, va z la ham clia x vay.

Then, it means that when I do partials, say, with respect to x, I will hold y constant.
But, I will let z vary as a function of x and y. Or, I could do it the other way around. I
could vary x, keep z constant, and let y be a function of x and z. And so, I will need

to use this kind of notation to indicate which one I mean. OK, any questions? No? All
right, so let's try to do an example where we have a function that depends on

variables that are related. OK, so I don't want to do one with PV=nRT because
probably, I mean, if you've seen it, then you've seen too much of it.

Do do6, n6 c6 nghia la khi téi lIay dao ham riéng, gia su, theo x, t6éi sé gilr y khong

dGi. Nhung, tdi s& cho z bién dGi nhu ham cua x va y. Hodc, t6i cé thé 1am né theo

cach khac. Toi cb thé thay ddi x, gilt z khéng d6i, va dat y |a ham cua x va z. Va nhu

vay, toi s& can s dung loai ky hiéu nay dé chi ra tdi muén ndi cai ndo. Vang, cé bét

ky cau héi nao khéng? Khéng coé a? bugc r6i, vi vay hady thir xét mét vi du & do

ching ta c6 ham phu thudc vao cac bién co lién quan nhau. Vang, vi vay toi khong

muodn lam cai v8i PV = nRT bdi vi co I&, y t6i la, néu ban da tirng gap nod, thi ban da

hi€u né qua nhiéu.

And, if you haven't seen it, then maybe it's not the best example. So, let's do a
geometric example. So, let's look at the area of the triangle. So, let's say I have a
triangle, and my variables will be the sides a and b. And the angle here, theta. OK,

so what's the area of this triangle? Well, its base times height over two. So, it's one
half of the base is a, and the height is b sine theta. OK, so that's a function of a, b,
and theta. Now, let's say, actually, there is a relation between a, b, and theta that I
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didn't tell you about, namely, actually, I want to assume that it's a right triangle,
OK?

Va, néu ban chua tirng gap no, thi cé I€ né khéng la vi du tot nhat. Vi vay, chidng ta
hay xét mot vi du hinh hoc. Vi vady, chiang ta hay xét dién tich ctia tam giac. Vi vay, gia
slr réng t6i c6 moét tam gidc, va cac bién cua tdi s€ 1a cac canh a va b. Va goc & day,
theta. Vang, vay dién tich cua tam gidc nay la gi? Vang, nd bdng canh ddy nhén chiéu
cao trén hai. Vi vay, né la moét phan hai canh ddy bang a, va chiéu cao 1a b sin theta.
Véng, vi vay dé 1a mdt ham cla a, b, va theta. Bay gi¥, gid s rang, thuc su, c6 mdi
quan hé giita a, b, va theta ma téi dd khdng cho ban biét, cu thé I3, trén thuc té&, toi
muén gia su rang nd la mot goc vudng, phai khéng?

So, let's now assume it's a right triangle with, let's say, the hypotenuse is b. So, we
have the right angle here, actually. So, a is here. b is here. Theta is here. So, saying
it's a right triangle is the same thing as saying that b equals sine theta, OK? So

that's our constraint. That's the relation between a, b, and theta. And, this is a
function of a, b, and theta. And, let's say that we want to understand how the area
depends on theta. OK, what's the rate of change of the area of this triangle with
respect to theta? So, I claim there's various answers. I can think of at least three
possible answers.

Vi vdy, bdy gid ching ta h8y gia s rdng né la mdt tam gidc vudng vdi, gia su, canh
huyén la b. Vi vay, chdng ta thuc su c6 géc vuéng & day. Vang, a ¢ day. b ¢ day. Theta &
day. Vi vay, giad s nd 1a tam gidc vudng gidéng nhu gid s réng b bdng sin theta, dlng
khong? Vi vay, dé la diéu kién rang bubc clia chdng ta. P6 la mGi quan hé giita a, b, va
theta. Va, day 1a mo6t ham cla a, b, va theta. Va, giad s rdng ching ta mudn biét dién
tich phu thudc vao theta nhu thé nao. Vang, téc do bién thién cla dién tich cla tam giac
nay d&i vdi theta 1a gi? Vi vay, tdi cho rang cé nhitng cdu tra I8i khac nhau. Téi c6 thé
nghi ra it nhat ba cau tra I8i cd thé.

So, what can we possibly mean by the rate of change of A with respect to theta? So,
these are all things that we might want to call partial A partial theta. But of course,
we'll have to actually use different notations to distinguish them. So, the first way

that we actually already know about is if we just forget about the fact that the
variables are related, OK? So, if we just think of little a, b, and theta as independent
variables, and we just change theta, keeping a and b constant -

Vi vay, ching ta mudén néi gi qua téc do bién thién cua A dGi vai theta? Vi vay, day chinh la
dao ham riéng cua A theo theta. Nhung tat nhién, chidng ta sé phai thuc su sir dung cac ky
hiéu khac d€ phan biét ching. Vi vay, cach dau tién ma ching ta thuc su d& biét 1a chidng
ta c6 quén viéc cac bién co lién quan véi nhau khéng? Vi vay, néu ching ta xem a nhd, b,
va theta nhu céc bién doc 1ap, va ching ta chi can thay ddi theta, gilt a va b khéng ddi -

So, that's exactly what we meant by partial A, partial theta, right? I'm not putting

any constraints. So, just to use some new notation, that would be the rate of change
of A with respect to theta, keeping a and b fixed at the same time. Of course, if we

are keeping a and b fixed, and we are changing theta, it means we completely ignore
this property of being a right triangle. So, in fact, it corresponds to changing the area
by changing the angle, keeping these lengths fixed. And, of course, we lose the right
angle.

Vi vay, dé chinh xac la nhitng gi chdng ta mudn néi qua dao ham riéng theo A, dao ham
riéng theo theta, ddng khéng? To6i sé khong dat bat ky rang budc nao. Vi vay, chi can sir
dung mot s6 ky hiéu mdi, dé sé la téc do bién thién cua A dGi véi theta, gilt a va b khong
d6i cung mot lac. T4t nhién, néu ching ta gilr a va b ¢ dinh, va ching ta thay déi theta,
c6 nghia la ching ta hoan toan bo qua tinh chat cia tam giac vuong nay. Vi vay, qua thuc,
né tudng ng vdéi su thay d6i dién tich bang cach thay ddi gbc, gilt nhitng dd dai nay cé
dinh. Va, tat nhién, ching ta mat géc vuong.

When we rotate this side here, but the angle doesn't stay at a right angle. And that
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one, we know how to compute, right, because it's the one we've been computing all
along. So, that means we keep a and b fixed. And then, so let's see, what's the
derivatives of A with respect to theta? It's one half ab cosine theta. OK, now that one
we know. Any questions? No? OK, the two other guys will be more interesting. So
far, I'm not really doing anything with my constraint. Let's say that actually I do
want to keep the right angle.

Khi ching ta quay canh nay & day, nhung goéc khong con vuéng. Va cai dé, ching ta
biét cach tinh, dang, bdi vi nd la cai ma ching ta da tinh hét roi. Vi vay, diéu do co
nghia la chdng ta gilr cho a va b ¢ dinh. Va sau d9, vang thtr xem, dao ham cua A daGi
vGi theta la gi? N6 bang mot phan hai ab cosin theta. Vang, bay gid cai d6 ching ta biét.
C6 cau hai nao khdong? Khdng a? Vang, hai thang con lai sé li thi hon. Cho dén bay gid,
tdi thuc su da khéng lam bét cr diéu gi vdi diéu kién rang budc cla tdi. Gia s rang thuc
sy t6i mudn gilf goc vudng.

Then, when I change theta, there's two options. One is I keep a constant, and then
of course b will have to change because if this width stays the same, then when I
change theta, the height increases, and then this side length increases. The other
option is to change the angle, keeping b constant. So, actually, this side stays the
same length. But then, a has to become a bit shorter. And, of course, the area will
change in different ways depending on what I do. So, that's why I said we have
three different answers. So, the next one is keep, I forgot which one I said first. Let's
say keep a constant. And, that means that b will change. b is going to be some
function of a and theta.

Sau do, khi t6i thay dGi theta, cd hai tuy chon. Mét la téi gilr a khdng déi, va sau dé
t4t nhién b s& phai thay ddi bdi vi néu dd rdng nay gilf nguyén, thi khi téi thay ddi
theta, chiéu cao téng, va sau dé chiéu dai canh nay tang. Tuy chon con lai |a thay ddi
gébc, gilt b khéng ddi. Vi vy, thuc su, canh nay gilf nguyén chiéu dai. Nhung sau dé,
a phai ngdn hon mét chit. Va, tat nhién, dién tich sé& thay ddi theo cach khac phu
thudc vao nhitng gi to6i lam. Vi vay, doé la ly do tai sao toi ndi ching ta c6 ba cau tra
IGi khac nhau. Vi vay, cai tiép theo la gilr, t6i quén toi da ndi cai nao trudc. Gia su gilr
a khéng déi. Va, diéu dé co nghia 1a b s& thay d6i. b sé& 1a ham nao dd cua a va
theta.

Well, in fact here, we know what the function is because we can solve the constraint,
namely, b is a over cosine theta. But we don't actually need to know that so that the
triangle, so that the right angle, so that we keep a right angle. And, so the name we
will have for this is partial a over partial theta with a held constant, OK? And, the

fact that I'm not putting b in my subscript there means that actually b will be a
dependent variable. It changes in whatever way it has to change so that when theta
changes, a stays the same while b changes so that we keep a right triangle.
Vang, thuc su & day, ching ta biét ham bang bao nhiéu bdi vi ching ta cé thé giai diéu
kién rang budc, cu thé 14, b bang a trén cosinie theta. Nhung chiing ta thuc su khéng can
biét diéu d6 dé cho tam giadc, dé cho gdéc vudng, dé& ching ta gilt mot goc vudng. Va, vi vay
day chinh I3 1a dao ham riéng cla a theo theta véi a dudc gilt khéng ddi, dung khdng? Va,
qua thuc téi khong dat b trong chi s6 dudi clia téi 8 d6 nghia la b sé thuc sy |a bién phu
thudc. N6 thay ddi theo bat clr cdch ndo ma né cé thé thay ddi dé khi theta thay d6i, a van
gilt nguyén trong khi b thay d6i dé& chlng ta gilr mot tam gidc vuéng.
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And, the third guy is the one where we actually keep b constant, and now a, we

think a as a function of b and theta, and it changes so that we keep the right angle.
So actually as a function of b and theta, it's given over there. A equals b cosine

theta. And so, this guy is called partial a over partial theta with b held constant. OK,
so we've just defined them. We don't know yet how to compute these things. That's
what we're going to do now. That is the definition, and what these things mean.

Va, thang th ba & cdi ma & dé ching ta thuc su gitr b khéng d6i, va bay gid a, ching ta
xem a nhu ham cla b va theta, va nd thay d6i sao cho ching ta gilt géc vudng. Vi vay,
thuc su vdi vai trd 1a ham cua b va theta, nd dugc cho & dang kia. a bang b cdsin theta. Va
nhu vy, thdng nay dudc goi 1a dao ham riéng cua a theo theta v8i b dugc gilt khéng ddi.
Vang, vi vay chlng ta chi can xac dinh chdng. Ching ta chua biét cach tinh nhitng thang
nay. DBé la nhitng gi ching ta sé lam bay gid. Bé la dinh nghia, va y nghia ctia nhitng th&
nay.

Is that clear to everyone? Yes, OK. Yes? OK, so the second answer, again, so one
way to ask ourselves, how does the area depend on theta, is to say, well, actually
look at the area of the right triangle as a function of a and theta only by solving for

b. And then, we'll change theta, keep a constant, and ask, how does the area
change? So, when we do that, when we change theta and keep a the same, then b
has to change so that it stays a right triangle, right, so that this relation still holds.
That requires us to change b. So, when we write partial a over partial theta with a
constant, it means that, actually, b will be the dependent variable.

Céc ban da ro chua? bung, vang. Sao? Vang, do dé cau tra IGi th& hai, moét l[an nira, do
dé, mot cach dé tu héi, dién tich phu thudc vao theta nhu thé nao, la ndi, vang, thuc su
xem dién tich clia tam gidc vubng la mdt ham cla a va theta chi béng céch giai tim b. Va
sau do, ching ta sé thay d6i theta, gitt a khdng déi, va hoi, dién tich thay d6i nhu thé
nao? Vi vay, khi ching ta 1am diéu dd, khi ching ta thay déi theta va gilf nguyén a, thi b
phai thay d6i d& cho né gilr lai tam gidc vuéng, ding, dé cho mdi quan hé nay dudc gil
lai. Diéu d6 doi hoi ching ta phai thay d6i b. Vi vay, khi ching ta viét dao ham riéng cua
a theo theta véi a khdng déi, c6 nghia 13, thuc su, b sé& 1a bién phu thudc.

It depends on a and theta. And so, the area depends on theta, not only because

theta is in the formula, but also because b changes, and b is in the formula. Yes? No,
no, we don't keep theta constant. We vary theta, right? The goal is to see how things
change when I change theta by a little bit. OK, so if I change theta a little bit in this
one, if I change theta a little bit and I keep a the same, then b has to change also in
some way. There's a right triangle. And then, because theta and b change, that

causes the area to change. OK, so maybe I should re-explain that again. So, theta
changes.

N6 phu thudc vao a va theta. Va nhu vay, dién tich phu thudc vao theta, khong chi vi
theta & trong cong thirc, ma con vi b thay d8i, va b & trong céng thirc. Sao? Khéng,
khéng, ching ta khéng gilt theta khéng d6i. Ching ta thay déi theta, ding khéng? Muc
dich la xem céc th( thay d8i nhu thé& nao khi téi thay ddi theta mét it. Vang, vay néu toi
thay ddi theta mot chit trong cdi nay, néu tdi thay ddi theta mot chit va téi gilr nguyén

a, thi b cling phai thay ddi theo cach nao dé. D6 1a moét tam gidc vudng. Va thé thi, bdi

vi theta va b thay d8i, diéu dé lam cho dién tich thay d6i. Vang, nhu vay cé 1& t6i nén
giai thich lai diéu d6 moét lan nita. Vang, theta thay déi.

A is constant. But, we have the constraint, a equals be plus sine theta. That means

that b changes. And then, the question is, how does A change? Well, it will change in
part because theta changes, and in part because b changes. But, we want to know

how it depends on theta in this situation. Yes? Ah, that's a very good question. So,
what about, I don't keep a and b constant? Well, then there's too many choices. So I
have to decide actually how I'm going to change things. See, if I just say I have this
relation, that means I have two independent variables left, whichever two of the

three I want. But, I still have to specify two of them to say exactly which triangle I
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mean. So, I cannot ask myself just how will it change if I change theta and do
random things with a and b?

a la héng s6. Tuy nhién, chidng ta cé diéu kién rang bubc, a bdng be cdng sine
theta. Diéu d6 c6 nghia la b thay ddi. Va thé& thi, cdu hdi 1a, A thay déi nhu thé nao?
Vang, nd sé& thay d6i mot phan vi theta thay d6i, va mét phan vi b thay ddi. Tuy
nhién, ching ta mudn biét né phu thudc vao theta nhu thé nao trong trudng hgp
nay. Sao? Ah, dé Ia mét cau héi rat hay. Vang, thé con, tdi gilt a va b khéng ddi thi
sao? Vang, thi c6 qua nhiéu chon lua. Vi vay, téi phai quyét dinh thuc su téi sé thay
dGi cac th& nhu thé& nao. Xem ndo, néu téi chi cd6 mdi quan hé nay, c6 nghia la toi
con lai hai bién ddc 1ap, tuy theo hai trong s6 ba ma téi muén. Nhung, t6i van con
phai xac dinh hai trong s& d6 dé néi chinh xac tdi muén ndi tam gidc ndo. Vi vy, toi
khong thé tu hoi ndé s& thay d8i nhu thé nao néu tdi thay ddi theta va lam nhing
diéu ngau nhién vdéi a va b?

It depends what I do with a and b. Of course, I could choose to change them
simultaneously, but then I have to specify how exactly I'm going to do that. Ah, yes,

if you wanted to, indeed, we could also change things in such a way that the third

side remains constant. And that would be, yet, a different way to attack the problem.

I mean, we don't have good notation for this, here, because we didn't give it a name.
But, yeah, I mean, we could. We could call this guy ¢, and then we'd have a different
formula, and so on. So, I mean, I'm not looking at it for simplicity. But, you could

have many more.

N6 phu thudc vao nhitng gi téi lam véi a va b. Tat nhién, ti c6 thé chon dé thay doi chiing
cung mot Idc, nhung sau do t6i phai xac dinh toi sé lam diéu do chinh xac nhu thé nao. A,
vang, néu ban mudn, that vay, ching ta cling cé thé thay d6i moi thir theo cach nao d6 dé
canh th( ba giir khdng d6i. Va dé sé la, mét cach khac dé khao sat bai toan. Y téi la, ching
ta khong cé ky hiéu t6t cho cdi nay, § day, bdi vi ching to6i da khong cho né mot tén.
Nhung, vang, y tdi la, ching ta c6 thé. Chlng ta cé thé goi thdng nay la ¢, va sau do
chiing ta mudn ¢ mdt cdng thic khac, va v.v.... Vi vy, y téi la, tdi khdng xét né dé cho
don gian. Tuy nhién, ban c6 thé cé nhiéu han nira.

I mean, in general, you will want, once you have a set of nice, natural variables, you
will want to look mostly at situations where one of the variables changes. Some of
them are held fixed, and then some dependent variable does whatever it must so

that the constraint keeps holding. OK, so let's try to compute one of them. Let's say

I decide that we will compute this one. OK, let's see how we can compute partial a,
partial theta with a held fixed.

Y tdi 1a, ndi chung, ban s& mudn, mot khi ban cé mét tap hdp, bién tu nhién dep, ban sé&
mudn xem xét chul yéu céc trudng hop trong dé mot trong cac bién thay d6i. Mot s6 trong
ching dugc gilt c6 dinh, va sau dé mot s6 bién phu thudc lam bat c& th& gi né phai lam
dé cho diéu kién rang budc dugc gilt nguyén. Vang, vi vy hay th tinh mot trong s6
ching. Gia s réng ching ta sé& tinh cdi nay. Vang, hdy xem ching ta cé thé tinh dao
ham riéng cua a theo theta véi a dudc gilr khdng d6i nhu thé nao.
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[APPLAUSE] OK, so let's try to compute partial A, partial theta with a held constant.
So, let's see three different ways of doing that. So, let me start with method zero.

OK, it's not a real method. That's why I'm not getting a positive number. So, that

one is just, we solve for b, and we remove b from the formulas. OK, so here it works
well because we know how to solve for b. But I'm not considering this to be a real
method because in general we don't know how to do that. I mean, in the beginning I
had this relation that was an equation of degree three. You don't really want to solve
your equation for the dependent variable usually. Here, we can. So, solve for b and
substitute.

[V tay] Vang, vi vay hdy th( tinh dao ham riéng cla A theo theta véi a dudc giir khong
dGi. Vi vy, ching ta hdy xét ba cach khac nhau dé lam diéu dd. Vi vay, hdy dé téi bat dau
vGi phuong phap s6 khdéng. Vang, no khong phai la mét phuong phap thuc té. Do la ly do
tai sao t6i khong cho né tUr tu dudng. Vi vay, cai do chi la, chling ta giai tim b, va ching ta
loai bd b tir cac cong thirc. Vang, do dé & day nd hoat dong tot bdi vi ching ta biét cach tim
b. Nhung t6i khong xem day la mot phuagng phap thuc té€ bdi vi néi chung ching ta khéng
biét cach dé lam digu dé. Y toi 1a, Iic bét dau téi d& cé hé thirc nay 1a mot phuong trinh bac
ba. Ban khong thuc su mudn gidi phuang trinh ctia ban cho bién phu thudc théng thudng. O
day, ching ta cé thé. Vi vy, giai tim b va thé.

So, how do we do that? Well, the constraint is a=b cosine theta. That means b is a
over cosine theta. Some of you know that as a secan theta. That's the same. And
now, if we express the area in terms of a and theta only, A is one half of ab cosine,
sorry, ab sine theta is now one half of a2 sine theta over cosine theta. Or, if you
prefer, one half of a2 tangent theta. Well, now that it's only a function of a and
theta, I know what it means to take the partial derivative with respect to theta,
keeping a constant. I know how to do it.

Vay, ching ta lam diéu dé nhu thé nao? Vang, diéu kién rang budc la a=b cos theta. Diéu
dd cé nghia la b badng a trén cb sin theta. M6t s8 ban biét biét nd nhu |a mot secan theta.
Cai dé tuong tu. Va bay gid, néu ching ta biéu dién dién tich chi theo a va theta, A béng
mot phan hai ab cosine, xin 16i, ab sin theta bay gid b&ng mot phan hai cia a”2 sin theta
trén cosin theta. Hodc, néu ban thich, mo6t phan hai cia a”~ 2 tang theta. Vang, bay gic
no chi la mot ham cua a va theta, t6i biét y nghia cia viéc 1dy dao ham riéng doéi vdi
theta, gilt a khong ddi. Téi biét cach lam diéu dé.

So, partial A over partial theta, a held constant, well, if a is a constant, then I get

this one half a2 coming out times, what's the derivative of tangent? Secan squared,
very good. If you're European and you've never heard of secan, that's one over

cosine. And, if you know the derivative as one plus tangent squared, that's the same
thing. And, it's also correct. OK, so, that's one way of doing it. But, as I've already
said, it doesn't get us very far if we don't know how to solve for b. We really used

the fact that we could solve for b and get rid of it. So, there's two systematic

methods, and let's say the basic rule is that you should give both of them a chance.
Vang, dao ham riéng cla A theo theta, a dudc gilt khdng d6i, vang, néu a la mdt hang sb,
thi téi nhan dugc cai nay mot phan hai a” 2 hién ra nhan, dao ham cua tang la gi? Secan
binh phuong, rat tét. Néu ban la ngudi chau Au va ban chua bao giG nghe néi vé secan, no
chinh la mét trén cosin. Va, néu ban biét dao ham bdng mot céng tang binh, n6 gidng
tudng tu. Va, nd cling chinh xac. Vang, vi vay, dé |a mot cach dé Iam né. Nhung, nhu toi
da ndi, né khdéng dua ching ta di xa dudc néu chlng ta khdng biét giai phuong trinh dé
tim b. Thuc su chlng ta d& s dung viéc chldng ta c6 thé giai tim b va loai bd né. Vi vay, cb
hai phuagng phap cé hé thdng, va nguyén tdc cd ban la ban nén cho ca hai mot co hoi.

You should see which one you prefer, and you should be able to use one or the other
on the exam. OK, most likely you'll actually have a choice between one or the other.

It will be up to you to decide which one you want to use. But, you cannot use solving
in substitution. That's not fair. OK, so the first one is to use differentials. By the way,
in the notes they are called also method one and method two. I'm not promising that
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I have the same one, am I? I mean, I might have one and two switched. It doesn't
really matter. So, how do we do things using differentials? Well, first, we know that
we want to keep a fixed, and that means that we'll set da equal to zero, OK?

Ban nén xét cdi nao ban thich, va ban s& cd thé sir dung mét cdi hodc cdi con lai khi
thi. Vang, ban phai cé su chon lua gilra cadi nay hoac cai kia. Tuy ban quyét dinh ban
mudn s dung cdi nao. Tuy nhién, ban khéng thé sir dung phép giai thé. Diéu dd khéng
ding. Vang, vi vay cai dau tién 1a dung vi phan. A, trong cac note ching dudc goi la
phuong phap mot va phuong phap hai. T6i khéng chéc rang tbi cé cai tuang tu, phai
khéng nhi? Y toi 1a, tdi co thé c6 mdt va hai bi chuyén rdi. N6 khdng thuc su quan
trong. Vi vay, chung ta thuc hién cac th dung vi phédn nhu thé nao? Vang, dau tién,
chlng ta biét rang ching t6i muén gir a ¢ dinh, va diéu d6 cé nghia la ching ta sé& dat
da bang khodng, ding khéng?

The second thing that we want to do is we want to look at the constraint. The
constraint is a equals b cosine theta. And, we want to differentiate that. Well,
differentiate the left-hand side. You get da. And, differentiate the right-hand side as

a function of b and theta. You should get, well, how many db's? Well, that's the rate

of change with respect to b. That's cosine theta db minus b sine theta d theta.

biéu th{r hai ma chdng ta muoén lam la chdng ta mudn xét diéu kién rang bubc. Diéu kién
rang bubc la a bang cosin theta. Va, chdng ta mudn tinh vi phan né. Vang, 18y vi phan vé
tréi. Ban nhan dugc da. Va, 1ay vi phan vé phai nhu ham cua b va theta. Ban sé& nhan
dugc, vang, cé bao nhiéu db? Vang, dé la téc d6é bién thién ddi vGi b. Do la cosin theta db
trir b sin theta d theta.

That's a product rule applied to b times cosine theta. So -- Well, now, if we have a
constraint that's relating da, db, and d theta, OK, so that's actually what we did,
right, that's the same sort of thing as what we did at the beginning when we related
dx, dy, and dz. That's really the same thing, except now are variables are a, b, and
theta. Now, we know that also we are keeping a fixed. So actually, we set this equal
to zero. So, we have zero equals da equals cosine theta db minus b sine theta d
theta. That means that actually we know how to solve for db.

Pé 1d mot quy téc tich duge dp dung cho b nhén ¢d sin theta. Vi vy, - Vang, bay gid,
néu ching ta c6 diéu kién rang budc thé hién mdi quan hé giita da, db, va d theta,
vang, dé thuc su la nhitng gi ching ta da lam, dung roi, d6 la diéu tuong tu nhu
nhirng gi ching ta da lam ban dau khi chidng ta thiét lap mdi quan hé gilra dx, dy, va
dz. N6 thuc sy tucng tu, ngoai trir bdy gid cac bién la a, b, va theta. Bay gid, ching
ta biét rdng ching ta cling dang gilt a cd dinh. Vi vay, trén thuc t€, ching ta dat cai
nay bdng khéng. Vi vay, ching ta c6 khdéng bdng da bang cosin theta db trir b sin
theta d theta. Diéu dé cé nghia la thuc su chidng ta bi€t cach giai phuong trinh tim db.

OK, so cosine theta db equals b sine theta d theta or db is b tangent theta d theta.
OK, so in fact, what we found, if you want, is the rate of change of b with respect to
theta. Why do we care? Well, we care because let's look, now, at dA, the function



Dich bai http://www.mientayvn.com

that we want to look at. OK, so the function is A equals one half ab sine theta. Well,
then, dA, so we had to use the product rule carefully, or we use the partials.

Véng, vi vay c0 sin theta db bdng b sin theta d theta hodc db bang b tang theta d theta.
Vang, vi vay trén thuc té€, nhitng gi ching ta tim, néu ban mudn, la téc doé bién thién cta b
doi v@i theta. Tai sao chuing ta quan tdm? Vang, chdng ta quan tam vi chdng ta hdy xem
xét, bdy gid, tai dA, ham ma chdng ta mudén xét. Vang, do d6 ham 1a A bdng mot phan hai
ab sin theta. Vang, do d6, dA, vang chling ta da phai sir dung cac quy tdc tich can théan,
hoac ching ta st dung cac dao ham riéng.

So, the coefficient of d little a will be partial with respect to little a. That's one half b
sine theta da plus coefficient of db will be one half a sine theta db plus coefficient of

d theta will be one half ab cosine theta d theta. But now, what do I do with that?

Well, first I said a is constant. So, da is zero. Second, well, actually we don't like b at
all, right? We want to view a as a function of theta. So, well, maybe we actually want
to use this formula for db that we found in here. OK, and then we'll be left only with

d thetas, which is what we want.

Vi vdy, hé s6 d a nho s& bdng dao ham riéng d6i vdi a nhd. Bang mot phan hai b sin theta
da céng hé s& db s& bang mdt phan hai a sin theta db cdng hé sd d theta s& bang mdt
phan hai ab c6 sin theta d theta. Nhung bay gid, toi phai lam gi véi diéu d6?Vang, dau tién
toi da noi a la héng sb8. Vi vay, da bang khong. Th( hai, vang, thuc su chdng ta khéng
thich b gi ca, dang khéng? Chidng ta muén xem a nhu mot ham cua theta. Vi vay, vang, cé
I€ chdng ta thuc sy mudn sif dung cong thic nay cho db ma ching ta da tim dugc & day.
Vang, va sau dé chdng ta sé chi con lai cac d theta, la nhitng gi ching ta mudn.

So, if we plug this one into that one, we get da equals one half a sine theta times b
tangent theta d theta plus one half ab cosine theta d theta. And, if we collect these
things together, we get one half of ab times sine theta times tangent theta plus
cosine theta d theta. And, if you know your trig, but you'll see that this is sine
squared over cosine plus cosine squared over cosine. That's the same as secan

theta. So, now you have expressed da as something times d theta. Well, that
coefficient is the rate of change of A with respect to theta with the understanding
that we are keeping a fixed, and letting b vary as a dependent variable.

Vi vy, néu ching ta thé cdi vao cdi dd, chiing ta dudc da béng véi mot phén hai a sine
theta nhan b tang theta d theta cOng moét phan hai ab c6 sin theta d theta. Va, néu
ching ta gom nhitng cai nay lai véi nhau, ching ta nhan dugc mot phan hai ab nhan
sine theta nhan tang theta cOng cosin theta d theta. Va, néu ban biét lugng giac, ban
s& thdy rang day la sin binh phuong trén c¢b sin cdng véi cb sin binh phuong trén cb sin.
N6 gidng nhu secan theta. Vi vay, bay gid ban d& biéu dién da nhu cai gi dé theo d
theta. Vang, hé s8 dd 1a t8c dd bién thién cia A ddi véi theta dugc hiéu la ching ta gilt

a khéng déi, va cho b thay ddi nhu mot bién phu thudc.

Not enough space: sorry. OK, in case it's clearer for you, let's think about it
backwards. So, we wanted to find how A changes. To find how A changes, we write
da. But now, this tells us how A depends on little a, little b, and theta. Well, we know
actually we want to keep little a constant. So, we set this to be zero. Theta, well, we
are very happy because we want to express things in terms of theta.

Khéng du chd viét: xin 16i. Vang, trong trudng hdp né ré rang han cho ban, hdy suy nghi
vé nd ngudc lai. VAng, ching ta mudn tim xem A thay d&i nhu thé nao. D& tim A thay déi
nhu thé nao, chidng ta viét da. Nhung bay gid, diéu nay cho ching ta biét A phu thudc
vao a nhéd, b nho, va theta nhu thé nao. Vang, ching ta biét thuc su ching ta mudn gilf a
nho khéng ddi. Vi vdy, ching ta cho cadi nay bang khdng. Theta, vang, chldng ta rat hanh
phtc bdi vi chiing ta mudn biéu dién cac th( theo theta.

Db we want to get rid of. How do we get rid of db? Well, we do that by figuring out
how b depends on theta when a is fixed. And, we do that by differentiating the
constraint equation, and setting da equal to zero. OK, so -- I guess to summarize the
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method, we wrote dA in terms of da, db, d theta. Then, we say that a is constant
means we set da equals zero. And, the third thing is that because, well, we
differentiate the constraint.

Db ching ta mudn bo. Ching ta bo db bdng cdch nao? Vang, ching ta lam diéu dé bang
cach tim ra b phu thudc vao theta nhu thé& nao khi a khéng déi. Va, ching ta lam diéu dé
bang cach I8y vi phan phuadng trinh rang budc, va cho da bdng khéng. Vang, vi vay - tbi
doan dé tom tdt phuong phap, ching ta d3 viét dA theo da, db, d theta. Thé thi, ching ta
ndi rdng a la hang sd c6 nghia la ching ta dat da bang khéng. Va, diéu thd ba la bdi vi,
vang, chdng ta lay vi phan diéu kién rang buodc.

And, we can solve for db in terms of d theta. And then, we plug into dA, and we get
the answer. OK, oops. So, here's another method to do the same thing differently is
to use the chain rule. So, we can use the chain rule with dependent variables, OK?
So, what does the chain rule tell us? The chain rule tells us, so we will want to
differentiate -- -- the formula for a with respect to theta holding a constant. So, I
claim, well, what does the chain rule tell us? It tells us that, well, when we change
things, a changes because of the changes in the variables. So, part of it is that A
depends on theta and theta changes. How fast does theta change?

Va, ching ta c6 thé giai dé tim db theo d theta. Va sau d6, ching ta thé vao dA, va
ching ta nhan dudc ciu tra I8i. Vang, oops. Vi vy, day la mot phudng phap khac dé
thuc hién tuong tu d6 1a dung quy tdc day chuyén. Vang, ching ta cé thé st dung quy
tdc déy chuyén véi cac bién phu thudc, ding khdng? Vang, ndi dung cla quy tac day
chuy@n la gi? N6 néi rang, vang chidng ta mudn I8y vi phan -- --cdng thlc cla a dbi vdi
theta gilr a khéng d6i. Vang, vi vy tdi cho rang, a, ndi dung cta quy tdc day chuyén la
gi? N6 ndi rdng, vang, khi ching ta thay déi cai gi dd, a thay ddi do su thay ddi cla cac
bién. Vi vy, mot phan cla nd |a A phu thudc vao theta va theta thay ddi. Theta thay ddi
nhanh nhu thé nao?

Well, you could call that the rate of change of theta with respect to theta with a
constant. But of course, how fast does theta depend to itself? The answer is one. So,
that's pretty easy. Plus, then we have the partial derivative, formal partial derivative,

of A with respect to little a times the rate of change of a in our situation. Well, how
does little a change if a is constant? Well, it doesn't change. And then, there is Ab,

the formal partial derivative times, sorry, the rate of change of b. OK, and how do

we find this one? Well, here we have to use the constraint.

Vang, ban cé thé goi dé 1a t6c dd bién thién cua theta dbi vdi theta v4i mdt héng sb.
Nhung tat nhién, theta phu thuéc vao chinh né nhanh nhu thé& nao? Cau tra IGi la mét. Vi
vay, diéu do kha dé. Cong, thé thi ching ta c6 dao ham riéng, dao ham riéng hinh thirc,
cla A dGi véi a nhd nhan téc do bién thién cla a trong trudng hop cua ching ta. Vang, a
nho thay d6i nhu thé nao néu a la hdng s6? Vang, nd khdng thay déi. Va sau do, c6 Ab,
dao ham riéng hinh th{rc nhan, xin 16i, tdc d6 bién thién cua b. Vang, va ching ta tim cai
nay nhu thé nao? Vang, d day chung ta phai s&r dung diéu kién rang bubc.

OK, and we can find this one from the constraint as we've seen at the beginning
either by differentiating the constraint, or by using the chain rule on the constraint.
So, of course the calculations are exactly the same. See, this is the same formula as
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the one over there, just dividing everything by partial theta and with subscripts little
a. But, if it's easier to think about it this way, then that's also valid.

Vang, va ching ta cé thé tim cdi nay tir diéu kién rang budc nhu ching ta d& thdy ban dau
bang cach 18y vi phan diéu kién rang budc, hodc bdng cach dung quy tac day chuyén trén
diéu kién rang budc. Vi vay, tat nhién cac tinh toan giong hét nhau. Xem nao, day la céng
thic giéng nhu & dang kia, chi can chia moi thir cho theta riéng phéan va véi chi s6 dudi a
nho. Nhung, néu nghi vé né theo cach nay sé dé han, thi diéu doé cling hgp |€.

OK, so tomorrow we are going to review for the test, so I'm going to tell you a bit
more about this also as we go over one practice problem on that.

Vang, ngay mai ching ta sé& 6n tap chudn bi thi, do dd, tdi s& cho ban biét thém mot
chut vé n6i dung 6n tap dong thdi ching ta sé lam mot s6 bai tap thuc hanh.



