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VW WL CHLA Y VLSO

Chuong 12: Gradient; dao ham c6 huéng ; mét phang tiép tuyén
Pay la phan ghi chép trén I6p. Vé bai gidng, cac ban cé thé xem tai:
http://www.mientayvn.com/OCW/MIT/giai_tich_nhieu_bien.html

OK, so -- OK, so remember last time, on Tuesday we learned about the chain rule,
and so for example we saw that if we have a function that depends, sorry, on three
variables, X,y,z, that x,y,z themselves depend on some variable, t, then you can find
a formula for df/dt by writing down wx/dx dt wy dy/dt wz dz/dt. And, the meaning of
that formula is that while the change in w is caused by changes in x, y, and z, X, vy,
and z change at rates dx/dt, dy/dt, dz/dt. And, this causes a function to change
accordingly using, well, the partial derivatives tell you how sensitive w is to changes
in each variable.

Véng, a - Vang, 1an trudc, vao ngay th(r ba ching ta da hoc vé quy téc ddy chuyén, va nhu
vay vi du nhu chiing ta d& thay réng néu ching ta cd mot ham phu thudc, xin 16i, vao ba
bién, x, y, z, roi chinh x, y, z lai phu thudc vao bién t nado do, thi ban cé thé tim dugc mét
céng thirc cho df / dt bang cach viét wx / dx dt wy dy / dt wz dz / dt. Va, y nghia cla cbéng
thirc dé 1a trong khi su thay ddi cia w Ia do nhitng thay ddi trong x, y, va z, x, y,va z lai
thay déi vdi t6c dd dx / dt, dy/dt, dz / dt. Va, diéu nay lam cho ham thay dGi theo, vang,
dao ham riéng cho ban biét w nhay vdi su thay ddi cia mdi bién nhu thé nao.

OK, so, we are going to just rewrite this in a new notation. So, I'm going to rewrite
this in @ more concise form as gradient of w dot product with velocity vector dr/dt.
So, the gradient of w is a vector formed by putting together all of the partial
derivatives. OK, so it's the vector whose components are the partials. And, of course,
it's a vector that depends on x, y, and z, right? These guys depend on X, y, z. So, it's
actually one vector for each point, x, y, z. You can talk about the gradient of w at
some point, X, vy, z.

Véng, vi vay, chdng qua la ching ta viét lai diéu nay theo hé théng ki hiéu méi. Vang, toi
s& viét lai cadi nay dudi dang ngdn gon han la gradient cia w nhan vd huéng véi vector van
tdc dr / dt. Vi vay, gradient cta w 1a mdt vector dudc hinh thanh bang cach dat t&t ca cac
dao ham riéng lai v8i nhau. Vang, vi vay no la mot vector ma cac thanh phéan cta né la cac
dao ham riéng. Va, tat nhién, né la mot vector phu thudc vao x, y, va z, phai khéng?
Nhirng théng nay phu thudc vao x, y, z. Vi vay, né thuc su 1a mot vector cho moi diém, x,
y, z. Ban c6 thé ndi vé gradient clia w tai mot diém, x, y, z nao do.

So, at each point, it gives you a vector. That actually is what we will call later a
vector field. We'll get back to that later. And, dr/dt is just the velocity vector dx/dt,
dy/dt, dz/dt. OK, so the new definition for today is the definition of the gradient
vector. And, our goal will be to understand a bit better, what does this vector mean?
What does it measure? And, what can we do with it? But, you see that in terms of
information content, it's really the same information that's already in the partial
derivatives, or in the differential.

Vi vay, tai mdi diém, né s& cho ban mot vector. Sau nay ching ta sé& goi d6 1a mét trudng
vector. Chung ta sé quay lai diéu dé sau. Va, dr / dt chi la vector van téc dx / dt, dy / dt,
dz / dt. Vang, do dé, dinh nghia md&i cho ngay hom nay la dinh nghia vé vector gradient.
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Va, muc tiéu clia chiing ta sé& 1a hiéu tét han mét chat, vector nay cé nghia la gi? N6 do cai
gi? Va, ching ta cb thé s dung né dé& 1am gi? Nhung, ban thdy rdng theo ndi dung théng
tin, né thuc sy mang thong tin gidng vdi cac dao ham riéng, hoac trong vi phan.

So, yes, and I should say, of course you can also use the gradient and other things
like approximation formulas and so on. And so far, it's just notation. It's a way to
rewrite things. But, so here's the first cool property of the gradient. So, I claim that
the gradient vector is perpendicular to the level surface corresponding to setting the
function, w, equal to a constant. OK, so if I draw a contour plot of my function, so,
actually forget about z because I want to draw a two variable contour plot.

Vi vay, dlng, va toi sé ndi, tat nhién ban cling cé thé s dung gradient va nhiing th(r khac
nhu cac cdng thlrc gan ding va vv. Va cho dén hién tai, né chi la ky hiéu. N6 |a cach dé
viét lai cac thir. Nhung, do dd, day la tinh chat mat mé dau tién cua gradient. Vi vay, toi
cho réng vector gradient vudng goc vdi b& mat ddng mirc tuong r’ng vai su thiét Iap ham,
w, bdng mo6t héng sb. Vang, do dd, néu tdi v& moét dd thi contour ham cua téi, vang, thuc
su quén di z bai vi téi mudn vé mét do thi contour hai bién.

So, say I have a function of two variables, x and y, then maybe it has some contour
plot. And, I'm saying if I take the gradient of a function at this point, (x,y). So, I will
have a vector. Well, if I draw that vector on top of a contour plot, it's going to end
up being perpendicular to the level curve. Same thing if I have a function of three
variables. Then, I can try to draw its contour plot. Of course, I can't really do it
because the contour plot would be living in space with x, y, and z. But, it would be a
bunch of level faces, and the gradient vector would be a vector in space. That vector
is perpendicular to the level faces. So, let's try to see that on a couple of examples.
So, let's do a first example.

Vi vay, gia s rang tdi c6 ham hai bién, x va y, thi c6 thé né cé db thi contour nao dé. Va,
tdi s& noi néu tdi I8y gradient cia ham tai diém nay, (x, y). Vang, toi sé c6 mdt vector.
Vang, néu toi vé vector dé trén dinh ctia do thi contour, né sé két thac vudong goéc v i
dudng déng mirc. Tudng tu néu tdi c6 ham ba bién. Thi, tdi cé thé thir vé dd thi contour
cla nd. T4t nhién, tdi thuc su khéng thé lam diéu dé vi do thi contour sé & trong khdng
gian x, y, va z. Tuy nhién, né sé la mot loat cdc mat déng muc, va vector gradient sé la
mot vector trong khéng gian. Vector dé vuong gdc véi cac mat déng muc. Vi vay, ching
ta hdy thur xét diéu dé qua mot s6 vi du. Vang, ching ta hdy xét mot vi du dau tién.

What's the easiest case? Let's take a linear function of x, y, and z. So, I will take w
equals al times x plus a2 times y plus a3 times z. Well, so, what's the gradient of
this function? Well, the first component will be al. That's partial w partial x. Then,
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a2, that's partial w partial y, and a3, partial w partial z. Now, what is the levels of
this? Well, if I set w equal to some constant, ¢, that means I look at the points where
alx a2y a3z equals c. What kind of service is that? It's a plane.

Trudng hgp daon gian nhat la gi? Chdng ta hay chon mét ham tuyén tinh cta x, y, va z. Vi
véy, tdi s& I8y w béng al nhan x céng a2 nhan y cdng vdi a3 nhén z. Vang, vi vy, gradient
cua ham nay la gi? Vang, thanh phan dau tién sé la al. Bé la dao ham riéng w theo x. Sau
do, a2, dé la dao ham riéng w theo y, va a3, dao ham riéng w theo z. Bay gid, cac muc cla
cdi nay 1a gi? Vang, néu tdi ddt w badng mo6t hdng s6 nao do, ¢, diéu do cd nghia la tdi xét
cac diém ma § dé alx a2y a3z bang c. Hinh dang hinh hoc cta né la gi? N6 la mét mat
phang.

And, we know how to find a normal vector to this plane just by looking at the
coefficients. So, it's a plane with a normal vector exactly this gradient. And, in fact,
in a way, this is the only case you need to check because of linear approximations. If
you replace a function by its linear approximation, that means you will replace the
level surfaces by their tension planes. And then, you'll actually end up in this
situation. But maybe that's not very convincing. So, let's do another example.

Va, ching ta biét lam thé& nao dé tim mot vector phap tuyén cta mat phang nay chi
can nhin vao cac hé sg. Vi vay, nd la mét mat phang vdi vector phap tuyén chinh | a
vector gradient nay. Va, qua that, d khia canh nao do, day la trudng hgp duy nhat

ma ban can phai kiém tra vi cac phép gan dung tuyén tinh. N&u ban thay thé mot

ham bang gén dlng tuyén tinh cla no, nghia la ban thay thé& cac mat déng murc

béng cdc mat phang kéo cang cla chldng. Va sau dd, ban thuc su sé& két thic trong
trudng hgp nay. Nhung cé 1€ diéu dé khong that su thuyét phuc. Vi vay, ching ta

hay xét mot vi du khac.

So, let's do a second example. Let's say we look at the function x~2 y~2. OK, so

now it's a function of just two variables because that way we'll be able to actually
draw a picture for you. OK, so what are the level sets of this function? Well, they're
going to be circles, right? w equals c is a circle, x~2 y~2 = c. So, I should say,
maybe, sorry, the level curve is a circle. So, the contour plot looks something like
that. Now, what's the gradient vector? Well, the gradient of this function, so, partial

w partial x is 2x. And partial w partial y is 2y.

Vi vdy, ching ta h3y xét mét vi du th( hai. Gia st réng xét ham x ~ 2 y ~ 2. Vang, vy
bay gid nd chi la mot ham hai bién bdi vi cach d6 chiing tdi c6 thé v& mdt hinh cho ban.
Vang, vay cac tap hgp mic cia ham nay la gi? Vang, chidng la cac dudng tron, dung
khéng? w b&ng c 1a mot dudng tron, x A 2y A 2 = c. Vi vay, toi s& noi, cé thé, xin 16i, cac
dudng cong dong muc la dudng tron. Vi vay, do thi contour trong giong nhu thé. Bay gis,
vector gradient la gi? Vang, gradient cia ham nay, vang, dao ham riéng w theo x béng 2x.
Va dao ham riéng w theo y bang 2y.

So, let's say I take a point, x comma y, and I try to draw my gradient vector. So,
here at x, y, so, I have to draw the vector, <2x, 2y>. What does it look like? Well,
it's going in that direction. It's parallel to the position vector for this point. It's
actually twice the position vector. So, I guess it goes more or less like this. What's
interesting, too, is it is perpendicular to this circle.

Vang, gia su rang tdi chon mot diém, x phdy y, va tdi thir v& vector gradient. Vi vy, &
day tai x, y, vang, toi phai vé cac vector, <2x, 2y>. N6 trong nhu thé& nao? Vang, no sé
theo hudng dd. N6 song song vdi vector vj tri cia diém nay. N6 thuc su gép ddi vector vi
tri. Vi vay, t6i doan nd di it nhiéu nhu thé nay. Diéu tha vi la né vudng goéc véi dudng
tron nay.

OK, so it's a general feature. Actually, let me show you more examples, oops, not
the one I want. So, I don't know if you can see it so well. Well, hopefully you can.
So, here I have a contour plot of a function, and I have a blue vector. That's the

gradient vector at the pink point on the plot. So, you can see, I can move the pink
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point, and the gradient vector, of course, changes because the gradient depends on
x and y. But, what doesn't change is that it's always perpendicular to the level
curves. Anywhere I am, my gradient stays perpendicular to the level curve. OK, is
that convincing? Is that visible for people who can't see blue?

Vang, vi vy do |a mot tinh chat téng quat. Trén thuc té&, hdy dé téi cho ban thém cac vi
du, oops, khéng phai cai téi muén. Vi vay, tdi khdng biét ban cé hi€u diéu dé khdng.
Vang, hy vong ban cé thé& hiéu. Vi vay, & day tdi cé mdt dd thi contour cia mét ham, va
tdi cd mot vector mau xanh. D6 la vector gradient tai diém mau hdng trén do thi. Vi vay,
ban cé thé thay, tdi cb thé di chuyén diém mau hdng, va vector gradient, tat nhién, thay
dGi vi gradient phu thudc vao x va y. Nhung, nhitng gi khdng thay déi Ia né ludn ludn
vudng géc vdéi cac dudng ddng mirc. Bt cr noi ndo toi dang xét, gradient cla tdi van
ludn vudng géc véi dudng dong muc. Vang, didu dé cé thuyét phuc khdng? Bidu dé dé
thdy cho nhitng ngugi khong thady mau xanh?

OK, so, OK, so we have a lot of evidence, but let's try to prove the theorem because
it will be interesting. So, first of all, sorry, any questions about the statement, the
example, anything, yes? Ah, very good question. Does the gradient vector, why is
the gradient vector perpendicular in one direction rather than the other? So, we'll
see the answer to that in a few minutes. But let me just tell you immediately, to the
side, which side it's pointing to, it's always pointing towards higher values of a
function. OK, and we'll see in that maybe about half an hour.

Véng, nhu vay, Vang, vi vay ching ta cé rat nhiéu bang ching, nhung ching ta hay
thir chirng minh dinh ly bdi vi né s& tha vi. Vi vay, trudc hét, xin 16i, c6 bat ky cau

hoi nao vé cac van dé nay, vi du, bat c diéu gi, sao? Ah, cau héi rat hay. Liéu cac
vector gradient, tai sao vector gradient vuéng géc theo mot hudng chir khéng phai

cac hudng con lai? Vang, ching ta sé thay cau trad IGi cho nd trong vai phut nira.

Nhung hdy dé téi chi cho ban ngay l14p tlc, phia, phia ma né s& hudng vé, né ludn

lubn hudng vé cac gia tri I6n han cia mot ham. Vang, va chdng ta sé thay diéu do

trong khoang ntra budi hoc.

So, well, let me say actually points towards higher values of w. OK, any other
questions? I don't see any questions. OK, so let's try to prove this theorem, at least
this part of the theorem. We're not going to prove that just yet. That will come in a
while. So, well, maybe we want to understand first what happens if we move inside
the level curve, OK? So, let's imagine that we are taking a moving point that stays

on the level curve or on the level surface. And then, we know, well, what happens is
that the function stays constant.

Vang, a, gia st rang thuc su cac diém hudng vé cac gia tri cao han clia w. Vang, cb cau
hoi nao khong? Toi khéng thdy cé cau héi nao. Vang, vi vay hay thr chirng minh dinh ly
nay, it nhat la phan nay cta dinh ly. Chldng ta chua ching minh diéu dé. Diéu dé sé dén
trong mot chéc. Vi vay, vang, cé Ié trudc hét ching ta mudn biét nhirng gi xay ra néu
chling ta di chuyén bén trong dudng ddng murc, ding khéng? Vi vay, ching ta hay
tudng tugng réang ching ta chon mét diém di chuyén & tai mét dudng ddng mic hodc
mot mat dong mlc. Va sau dod, ching ta biét, vang, nhitng gi xay ra la ham gilr nguyén
khéng dai.

But, we can also know how quickly the function changes using the chain rule up
there. So, maybe the chain rule will actually be the key to understanding how the
gradient vector and the motion on the level service relate. So, let's take a curve, r
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equals r of t, that stays inside, well, maybe I should say on the level surface, w
equals c. So, let's think about what that means. So, just to get you used to this idea,
I'm going to draw a level surface of a function of three variables. OK, so it's a

surface given by the equation w of X, y, z equals some constant, c.

Tuy nhién, ching ta cling cé thé biét ham thay ddi nhanh nhu thé nao bang cach dung quy
téc day chuyén trén dé. Vi vay, co thé quy tdc day chuyén sé thuc su la chia khda dé hiéu
dugc vector gradient va chuyén ddng trén viing ddng muc cé lién hé v8i nhau nhu thé
nao. Vi vay, ching ta hdy chon mot dudng cong, r bang r t, G tai bén trong, vang, cé | toi
nén noi trén cac mat dong muic, w bang c. Vi vay, hdy suy nghi xem diéu d6 cé y nghia gi.
Vang, dé cho ban quen thudc vdi y tudng nay, tdi s& v&é moét mat ddng mic cia ham ba
bién. Vang, vi vay d6 la mot bé mat dudc cho bdi phuang trinh w X, y, z bdng hdng s6 nao
do, c.

And, so now I'm going to have a point on that, and it's going to move on that
surface. So, I will have some parametric curve that lives on this surface. So, the
question is, what's going to happen at any given time? Well, the first observation is
that the velocity vector, what can I say about the velocity vector of this motion? It's
going to be tangent to the level surface, right? If I move on a surface, then at any
point, my velocity is tangent to the curve. But, if it's tangent to the curve, then it's
also tangent to the surface because the curve is inside the surface. So, OK, it's
getting a bit cluttered. Maybe I should draw a bigger picture.

Va, nhu vay bay gid téi sé& c6 mot diém trén dd, va nd sé& di chuyén trén bé mat dé. Vi
vay, t6i sé co6 mot s6 dudng cong tham s séng trén bé mat nay. Vi vay,cau hdi la, nhiing
gi s& xay ra tai bat ky thdi diém cho trudc? Vang, nhén xét dau tién la la vector vén tdc,
tdi cd thé& nodi gi vé cac vector van tdc clia chuyén ddng nay? Né sé tiép xic vdi bé mat
déng murc, phai khéng? Néu toi di chuyén trén bé mat, thi tai bat ki diém nao, van téc cla
toi la ti€p tuyén cua dudng cong. Nhung, néu nd la ti€p tuyén clia dudng cong, thi né cling
la ti€p tuyén chia bé& mat bdi vi dudng cong ndm trén bé& mat. Vi vay, vang, nd hdi I6n xbn
mot chut. Co 1€ t6i nén vé mot hinh 16n hon.

Let me do that right away here. So, I have my level surface, w equals c. I have a
curve on that, and at some point, I'm going to have a certain velocity. So, the claim

is that the velocity, v, equals dr/dt is tangent -- -- to the level, w equals c because

it's tangent to the curve, and the curve is inside the level, OK? Now, what else can

we say? Well, we have, the chain rule will tell us how the value of w changes. So, by
the chain rule, we have dw/dt.

Hay dé toi lam diéu dé ngay tai day. Vang, t6i c6 mat ddng mulc, w bang c. Tdi cd mét
dudng cong trén dd, va tai mot diém nao dd, téi s& cd mdét van téc nhét dinh. Vi vay,
khang dinh 1a van t8c, v, badng dr / dt la tiép tuyén - - v&i mdc, w bang c vi né tiép xuc vai
dudng cong, va dudng cong & bén trén murc, ding khdng? Bay gid, ching ta con cd thé noi
gi nira? Vang, ching ta cd, quy tc day chuyén sé& cho ching ta biét gid tri cia w thay ddi
nhu thé ndo. Vi vdy, bdng quy tic day chuyén, chidng ta cé dw / dt.

So, the rate of change of the value of w as I move along this curve is given by the

dot product between the gradient and the velocity vector. And, so, well, maybe I can
rewrite it as w dot v, and that should be, well, what should it be? What happens to

the value of w as t changes? Well, it stays constant because we are moving on a
curve. That curve might be complicated, but it stays always on the level, w equals c.
Vang, téc dd thay ddi gia tri cha w khi tdi di chuyén doc theo dudng cong nay chinh I3 tich
vO hudng gilta gradient va vector van t6c. Va, vi vay, a, cd 18 tdi c6 thé viét lai ndé nhu la w
nhan vo hudng vdi v, va diéu dé sé la, vang, nd sé la gi? Gia tri cia w sé nhu thé nao khi t
thay d6i? Vang, né van giir khong d6i vi ching ta dang di chuyén trén mét dudng cong.
Pudng cong dé cé thé phic tap, nhung né van ludn ludn & trén mdc, w bang c.

So, it's zero because w of t equals ¢, which is a constant. OK, is that convincing? OK,
so now if we have a dot product that's zero, that tells us that these two guys are
perpendicular. So -- So if the gradient vector is perpendicular to v, OK, that's a good
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start. We know that the gradient is perpendicular to this vector tangent that's
tangent to the level surface. What about other vectors tangent to the level surface?
Well, in fact, I could use any curve drawn on the level of w equals c.

Vi vy, n6 bang khdng vi w t bdng ¢, & mot hdng s8. Vang, diéu dé cb thuyét phuc
khdng? Véang, vi vy bay giG néu ching ta coé tich vd hudng bang khong, diéu do cé nghia
la hai thdng nay vudng goc. Vi vay, - Vi vay, néu vector gradient vudng goc vdi v, vang,
dd la mot khai dau tét. Chung ta biét rang gradient vuéng goc véi vector nay tiép tuyén
do la ti€p tuyén ctia mat dong mdc. Con cac vectad ti€p tuyén khac cta mat dong mdc thi
sao? Vang, qua thuc, tdi cé thé sir dung bat ky dudng cong nao dudc vé & mirc w bang c.

So, I could move, really, any way I wanted on that surface. In particular, I claim that
I could have chosen my velocity vector to be any vector tangent to the surface. OK,
so let's write this. So this is true for any curve, or, I'll say for any motion on the level
surface, w equals c. So that means v can be any vector tangent to the surface
tangent to the level. See, for example, OK, let me draw one more picture.

Vang, tbi c6 thé di chuyén, thuc su, theo bt cr cdch nao tdi mubn trén bé mat d6. Pac
biét, tdi cd thé chon véc to van tbc cua toi la bat ky vector nao tiép xuc vdi bé mat. Vang,
vi vay hdy viét diéu nay. Vi vay, diéu nay la dung cho bat ky dudng cong nao, hoac, toi sé
néi cho bt ky chuyén ddng nao trén mat déng mlc, w bang c. Vi vy, diéu dé cé nghia la
v cO thé 1a bat ky vector nao tiép xuc vdi mat ti€p xuic v8i mirc. Xem nao, vi du, vang, hay
dé toi v& ra thém mot hinh anh.

OK, so I have my level surface. So, I'm drawing more and more levels, and they
never quite look the same. But I have a point. And, at this point, I have the tangent
plane to the level surface. OK, so this is tangent plane to the level. Then, if I choose
any vector in that tangent plane. Let's say I choose the one that goes in that
direction. Then, I can actually find a curve that goes in that direction, and stays on
the level. So, here, that would be a curve that somehow goes from the right to the
left, and of course it has to end up going up or something like that.

A, vang tdi c6 mat ddng muc. Vi vay, tdi sé v& thém cac muc nifa, va ching khdéng bao
gid trong giéng nhau. Nhung téi c6 mot diém. Va, tai diém nay, téi cé mat phang tiép
tuyén va&i mat ddng mdc. Vang, vi vay day la mat phang ti€p tuyén cua muc. Sau do,
néu tbi chon bat ky vector nao trong mat phang ti€p tuyén dé. Gia s rédng téi chon
vector theo hudng dé. Thé thi, thuc su tdi cé thé tim dugc mdt dudng cong di theo
hudng dé, va nam trén muc. Vi vay, & day, dé sé la mot dudng cong di tir phai sang
trdi, va tat nhién né phai két thuc di 1én hay gi dé nhu thé.

OK, so given any vector tangent -- -- let's call that vector v tangent to the level, we get
that the gradient is perpendicular to v. So, if the gradient is perpendicular to this
vector tangent to this curve, but also to any vector, I can draw that tangent to my
surface. So, what does that mean? Well, that means the gradient is actually
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perpendicular to the tangent plane or to the surface at this point. So, the gradient is
perpendicular.

Vang, vi vay déi vdi bat ki vector ti€p tuyén cho trudc - - hdy goi vector v do ti€p xdc vai
murc, ching ta thdy réng gradient vudng géc véi v. Vi vay, néu gradient vuéng gdc véi
vector nay tiép tuyén ciia dudng cong nay, ma con cho bt ky vector ndo, téi cé thé vé cai
do tiép xuc vdi bé mat caa toi. Vi vay, diéu do cé nghia la gi? Vang, diéu do cé nghia la
gradient 1a thuc su vudng gbc véi mat phdng tiép tuyén hodc véi bé mat tai diém nay. Vi
vay, gradient vuéng géc.

And, well, here, I've illustrated things with a three-dimensional example, but really it
works the same if you have only two variables. Then you have a level curve that has
a tangent line, and the gradient is perpendicular to that line. OK, any questions? No?
OK, so, let's see. That's actually pretty neat because there is a nice application of
this, which is to try to figure out, now we know, actually, how to find the tangent
plane to anything, pretty much.

Va, a, ¢ day, téi da@ minh hoa véi mot vi du ba chiéu, nhung thuc su nd ciing ap dung
dugc néu ban chi cé hai bién. Sau dé ban cé mét dudng déng mirc cé mot dudng tiép
tuyé&n, va gradient vudng gbc vai dudng thdng ddé. Vang, c6 bat ky ciu hdi nao
khong? Khéng cé a? Vang, vi vay, ching ta hdy xét. N6 thuc su kha gon gang vi cé
mot ¢’ng dung dep cua diéu nay, ma cé thé thir suy ra, bay gid ching ta biét, thuc
su, cach tim méat phéng tiép tuyén véi bat cr thir gi, kha nhiéu.

OK, so let's see. So, let's say that, for example, I want to find -- -- the tangent plane
-- -- to the surface with equation, let's say, x~2 y~2-z~2 = 4 at the point (2, 1, 1).
Let me write that. So, how do we do that? Well, one way that we already know, if we
solve this for z, so we can write z equals a function of x and y, then we know tangent
plane approximation for the graph of a function, z equals some function of x and vy.
But, that doesn't look like it's the best way to do it. OK, the best way to it, now that
we have the gradient vector, is actually to directly say, oh, we know the normal
vector to this plane.

Véng, do db, xem nao. Vi vay, giad s rang, vi du, téi mudn tim - - mat phang ti€p tuyén- -
vGi b& madt cé phudng trinh, gia sit, x A 2y A 2-z A 2 = 4 tai diém (2, 1, 1). Hay dé toi
viét diéu dé. Vi vay, ching ta lam diéu dé nhu thé nao? Vang, moét cach ma chdng ta da
biét, néu ching ta giai cai ndy cho z, vi thé chiing ta c6 thé viét z bdng mét ham cla x va
y, thi chlng ta biét phép gan ding mat phang ti€p tuyén cho dé thi cia h am, z bang ham
nao dé cta x va y .Nhung, dé cé vé nhu khéng phai cach tét nhat dé 1am diéu dé. Vang,
cach t6t nhat déi vgi nd, bay giG ching ta cé vector gradient, thuc sy néi truc ti€p, oh,
chuiing ta biét vector phap tuyén cua mat phdng nay.

The normal vector will just be the gradient. Oh, I think I have a cool picture to show.
OK, so that's what it looks like. OK, so here you have the surface x2 y2-z2 equals
four. That's called a hyperboloid because it looks like when you get when you spin a
hyperbola around an axis. And, here's a tangent plane at the given point. So, it
doesn't look very tangent because it crosses the surface. But, it's really, if you think
about it, you will see it's really the plane that's approximating the surface in the best
way that you can at this given point. It is really the tangent plane. So, how do we
find this plane? Well, you can plot it on a computer. That's not exactly how you
would look for it in the first place.

Vector phap tuyén chinh la gradient. Oh, tdi nghi tdi c6 mot hinh anh mat mé dé hién
thi. Vang, vi vay, né trong nhu thé&. Vang, do dé, & day ban c6 mat x2 y2-z2 bang bdn.
D6 la hyperboloid bdi vi né tréng giéng nhu khi ban nhan dugc khi ban quay mét
hyperbol quanh mét truc. Va, day 1a mat phang tiép tuyén tai diém nao dé. Vi vay, cb
vé nhu né khéng ti€p xdc 1dm vi né di qua bé mat. Tuy nhién, né thuc su, néu ban nghi
vé nd, ban sé& thdy no thuc su' |a mat phdng gan ding 1a bé mét theo cach tét nhdt ma
ban cé thé tai diém cho trudc ndy. No thuc su’ 1a mat phang ti€p tuyén. Vi vay, chlng ta
tim mat phdng nay nhu thé nao? Vang, ban cé thé vé db thi né trén may tinh. Piéu dé
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khéng dang nhu cach ban tim né & ngi dau tién.

So, the way to do it is that we compute the gradient. So, a gradient of what? Well, a
gradient of this function. OK, so I should say, this is the level set, w equals four,
where w equals x~2 y~2 - z~2. And so, we know that the gradient of this, well,

what is it? 2x, then 2y, and then negative 2z. So, at this given point, I guess we are
at x equals two. So, that's four. And then, y and z are one. So, two, negative two.

Vi vy, cach thirc d€ lam diéu dd 1a ching ta tinh gradient. Vay, gradient cla cai gi? Vang,
gradient cia ham nay. Vang, vi vay téi s& ndi, day 1a tdp hgp mdic, w béng bén, 6 dé w
bdng x A~ 2y ~ 2 -z~ 2.Va nhu vdy, ching ta biét r&ng gradient cta cdi nay, vang, né |a
gi? 2x, sau dd 2y, va roi trir 2z. Vi vay, tai diém cho trudc nay, tdi dodn ching ta & tai x
bang hai. Vi vdy, nd bdng bdn. Va sau dd, y va z bang moét. Vi vay, hai, trir hai.

OK, and that's going to be the normal vector to the surface or to the tangent plane.
That's one way to define the tangent plane. All right, it has the same normal vector
as the surface. That's one way to define the normal vector to the surface, if you
prefer. Being perpendicular to the surface means that you are perpendicular to its
tangent plane. OK, so the equation is, well, 4x 2y-2z equals something, where
something is, well, we should just plug in that point. We'll get eight plus two minus
two looks like we'll get eight. And, of course, we could simplify dividing everything by
two, but it's not very important here.

Véng, va d6 s& la vector phap tuyén cla bé mat hodc mat phang tiép tuyén. D6 la mot
cach dé xac dinh mat phang tiép tuyén. Budc roi, né cé cung vector phap tuyén nhu bé
mat. D6 1a mdt cach d€ xac dinh vector phap tuyén ciua bé& mat, néu ban thich. Vudng gbc
véi bé mat cé nghia la vudng gdc véi mat phang ti€p tuyén cda nd. Vang, vi vy phuong
trinh 13, vang, 4x 2y-2z bang cai gi dé, & do cai gi do la, vang, ching ta chi can thé vao
diém do. Chung ta sé dudgc tdm cdng véi hai trir di hai bédng tdm. Va, tat nhién, ching ta
cb thé& don gian héa moi thr bang cach chia hai, nhung né khéng quan trong & day.

OK, so now if you have a surface given by an evil equation, and a point on the
surface, well, you know how to find the tangent plane to the surface at that point.
OK, any questions? No. OK, let me give just another reason why, another way that
we could have seen this. So, I claim, in fact, we could have done this without the
gradient, or using the gradient in a somehow disguised way. So, here's another way.
So, the other way to do it would be to start with a differential, OK? dw, while it's
pretty much the same content, but let me write it as a differential, dw is 2xdx 2ydy-
2zdz.

Vang, vay bay gi& néu ban cé mdt bé mat dudc bdi mét phuang trinh doc ac, va mot diém
trén bé mat, vang, ban biét cich tim mat phang tiép tuyén véi bé mat tai diém dd. Vang,
c6 bat ky cau hdi ndo khéng? Khéng. Vang, hdy dé toi dua ra mot ly do tai sao, cach khéac
ma chiing ta cé thé& thdy diéu nay. Vi vay, tbi cho rang, qua thuc, ching ta cé thé lam diéu
nay ma khong can gradient, hodc dung gradient theo cach cai trang nao dé. Vi vay, day la
cach khac. Vi vay, cach khac d€ lam diéu nay la bat dau véi vi phan, ding khéng? dw,
trong khi né giéng nhau vé ndi dung kha nhiéu, nhung hay dé toi viét né nhu vi phan, dw
bang 2xdx 2ydy-2zdz.
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So, at a given point, at (2, 1, 1), this is 4dx 2dy-2dz. Now, if we want to change this
into an approximation formula, we can. We know that the change in w is
approximately equal to 4 delta x 2 delta y - 2 delta z. OK, so when do we stay on the
level surface? Well, we stay on the level surface when w doesn't change, so, when
this becomes zero, OK? Now, what does this approximation sign mean? Well, it
means for small changes in x, y, z, this guy will be close to that guy.

Vi vy, tai mot diém cho trudc, tai (2, 1, 1), cdi nay bdng 4dx 2dy-2dz. Bay gid, néu
ching ta muén thay ddi cai nay thanh mét céng thirc gan ding, ching ta cd thé. Ching
ta biét rang su thay d6i cla w gan bang 4 delta x 2 delta y - 2 delta z. Vang, do dd, khi
nao chung ta & trén cac mat dong mdc? Vang, ching ta & trén cac mat dong muc khi w
khéng thay d&i, do dd, khi cai nay bdng khéng, ding khéng? Bay gid, ddu x&p xi nay cé
nghia la gi? Vang, né c6 nghia la ddi v8i nhitng thay d6i nhé trong X, y, z, thdng nay sé&
gan vdi thang do.

It also means something else. Remember, these approximation formulas, they are
linear approximations. They mean that we replace the function, actually, by some
closest linear formula that will be nearby. And so, in particular, if we set this equal to
zero instead of approximately zero, it means we'll actually be moving on the tangent
plane to the level set. If you want strict equalities in approximations means that we
replace the function by its tangent approximation.

NG cling cé nghia la cai gi khac. H8y nhd réng, cac céng thiic gan ddng nay, ching la gan
didng tuyén tinh. Ching c6 nghia la khi ching ta thay th& ham, thuc su, bdng mot céng
thdc gén ding phlu hgp nhdt 6 gan d6. Va nhu vay, ddc biét, néu ching ta dat cai nay béng
khong thay vi gan bang khdng, diéu d6 c6 nghia la ching ta thuc su s& di chuyén trén mat
phdng tiép tuyén cla tdp hgp ddng mdc. NEu ban mudn chinh xac hda cac dai lugng trong
phép gan dung thi cé nghia la ching ta thay ham bdng gén dlng ti€p tuyén clia nd.

So -- [APPLAUSE] OK, so the level corresponds to delta w equals zero, and its
tangent plane corresponds to four delta x plus two delta y minus two delta z equals
zero. That's what I'm trying to say, basically. And, what's delta x? Well, that means
it's the change in x. So, what's the change in x here? That means, well, we started
with x equals two, and we moved to some other value, x. So, that's actually x- 2,
right? That's how much x has changed compared to 2.

Vi vay - [vd tay] Vang, vi vy mic tuong ng véi delta w b&ng khong, va mat phang tiép
tuyén clia né tuong ng vaéi bn delta x cdng hai delta y trir hai delta z bédng khéng. Vé co
ban, dé 1a nhitng gi t6i dang c6 gang dé ndi. Va, delta x bang cai gi? Vang, diéu dd co
nghia la no thay ddi theo x. VAy, su thay déi theo x & day la gi? Diéu dé c6 nghia 13, 3,
ching ta bat dau vdi x béng hai, va ching ta chuyén dén mét s6 gia tri khac, x. Vi vy, dé
thuc su la x-2, phai khéng? D6 1a x da thay ddi bao nhiéu so véi 2.

And, two times (y - 1) minus two times z - 1 = 0. That's the equation of a tangent
plane. It's the same equation as the one over there. These are just two different
methods to get it. OK, so this one explains to you what's going on in terms of
approximation formulas. This one goes right away, by using the gradient factor. So,
in a way, with this one, you don't have to think nearly as much. But, you can use
either one. OK, questions?

Va4, hai nhan (y - 1) trir hai nhédn z - 1 = 0. P4 la phuong trinh cia mat phang tiép
tuyén. D6 la phuang trinh tuong tu nhu phuong trinh & dang kia. Day chi la hai phuang
phap khac nhau d& nhan dugc nd. Vang, vi vay, diéu nay giai thich cho ban nhitng gi
xay ra theo cac cdng thic gén dang. Diéu nay sé rd rang ngay |ap tlc, bdng cach sur
dung yéu t6 gradient. Vang, & khia canh nao dd, véi diéu nay, ban khong phai suy nghi
nhiéu. Tuy nhién, ban cé thé sir dung ca hai cdi. Vang, c6 cau hoi nao khdong?

No? OK, so let's move on to new topic, which is another application of a gradient
vector, and that is directional derivatives. OK, so let's say that we have a function of
two variables, x and y. Well, we know how to compute partial w over partial x or



Dich béi http://www.mientayvn.com

partial w over partial y, which measure how w changes if I move in the direction of
the x axis or in the direction of the y axis. So, what about moving in other

directions? Well, of course, we've seen other approximation formulas and so on. But,
we can still ask, is there a derivative in every direction? And that's basically, yes,
that's the directional derivative. OK, so these are derivatives in the direction of I hat
or j hat, the vectors that go along the x or the y axis.

Khéng a? Vang, vi vay ching ta hdy chuyén sang chu dé tiép theo, d6 Ia mdt ¢’ng dung
khéc cua vector gradient, va d6 1a dao ham cé hudng. Vang, a gia s rang ching ta ¢
ham hai bién, x va y. Vang, ching ta biét cach tinh dao ham riéng w theo x hodac dao ham
riéng w theo y, nd cho biét w thay d6i bao nhiéu néu tdi di chuyén theo hudng truc x hodc
theo hudng truc y. Vay, di chuyén theo nhitng hudng khac thi sao? Vang, tat nhién, ching
ta da thdy cong thirc gan ding khac va v.v.... Tuy nhién, ching ta van cé thé hdi, cé dao
ham theo moi huéng khéng? Va vé cg ban, vang, dé la dao ham cé hudng. Vang, do do,
day la cac dao ham theo hudng i mi hoac j mii, cac vects doc theo truc x hoac y.

So, what if we move in another direction, let's say, the direction of some unit vector,
let's call it u . OK, so if I give you a unit vector, you can ask yourself, if I move in the
direction, how quickly will my function change? So -- So, let's look at the straight
trajectory. What this should mean is I start at some value, X, y, and there I have my
vector u. And, I'm going to move in a straight line in the direction of u. And, I have
the graph of my function -

Vi vdy, giad st néu ching ta di chuyén theo hudng khéc, gia s, hudng cua vector dan vi
nao doé, ching ta hay goi nd la u. Vang, vi vay néu toi cho ban mét vecto dan vi, ban cé
thé€ tu hoi, néu toi di chuyén theo hudng, ham cla tdi s& thay d8i nhanh nhu thé nao?
Véng, - Vang, ching ta hdy xét quy dao thdng. Diéu nay cé nghia Ia tdi bat dau tai gid tri
X, Y nao do, va & do téi c6 vector u cla tdi. Va, tdi sé& di chuyén trén mot dudng thing
theo hudng u. Va, téi cé do thi ham cua toi -

-- and I'm asking myself how quickly does the value change when I move on the
graph in that direction? OK, so let's look at a straight line trajectory So, we have a
position vector, r, that will depend on some parameter which I will call s. You'll see
why very soon, in such a way that the derivative is this given unit vector u hat. So,
why do I use s for my parameter rather than t. Well, it's a convention. I'm moving at
unit speed along this line. So that means that actually, I'm parameterizing things by
the distance that I've traveled along a curve, sorry, along this line. So, here it's
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called s in the sense of arc length. Actually, it's not really an arc because it's a
straight line, so it's the distance along the line.

- Va tdi tu hoi gid tri thay d6i nhanh nhu thé nao khi toi di chuyén trén dd thi theo
hudng d6? Vang, vi vay hay xét quy dao dudng thang Vi vay, ching ta c6 mot
vector vi tri, r, s& phu thudc vao tham s nao dé ma tdi sé& goi Ia s. Ban sé& hiéu
ngay li do tai sao, theo cach ma dao ham la vector don vi u mi dugc cho trudc nay.
Vay,tai sao t6i sir dung s cho tham s6 cua t6i chr khong phai la t. Vang, do la mét
quy udc. Toi di chuyén vdi téc dé don vi doc theo dudng nay. Vi vay, diéu doé cb
nghia |a trén thuc té, téi dang tham s8 hda moi thr bdng cac khoang cdch ma téi d3
di chuyén doc theo dudng cong, xin 16i, doc theo dudng thang nay. Vi vay, & day nd

dudc goi la s theo nghia cta chiéu dai cung. Thuc su, né khéng chinh xac la mot
cung vi né la dudng thdng, vi vy nd la khodng cach doc theo dudng thiang.

OK, so because we are parameterizing by distance, we are just using s as a
convention just to distinguish it from other situations. And, so, now, the question will
be, what is dw/ds? What's the rate of change of w when I move like that? Well, of
course we know the answer because that's a special case of the chain rule. So, that's
how we will actually compute it. But, in terms of what it means, it really means we
are asking ourselves, we start at a point and we change the variables in a certain
direction, which is not necessarily the x or the y direction, but really any direction.
And then, what's the derivative in that direction?

Véng, nhu vdy béi vi chdng ta dang tham s8 héa bang khoang cach, ching ta chi st
dung s nhu quy udc d€ phan biét nd véi cac trudng hdp khac. Va, vi vay, bay gid, ciu
héi s& la, dw / ds bang cai gi? Téc dd thay ddi ciia w khi téi di chuyén nhu thé 13 gi?
Vang, tat nhién chung ta biét cau tra IGi bdi vi dé la mot trudng hgp dac biét cua quy
tdc day chuyén. Vi vy, d6 1a cich chlng ta tinh nd. Tuy nhién, theo y nghia cta né,
né thuc su c6 nghia la chlng ta dang tu hoi, ching ta b3t dau tai mot diém va ching
ta thay ddi bién theo hudng nao do, khdng nhét thiét phai 18 x hodc y, ma béat ki
hudng nao. Va thé thi, dao ham theo hudéng doé la gi?

OK, does that make sense as a concept? Kind of? I see some faces that are not
completely convinced. So, maybe you should show more pictures. Well, let me first
write down a bit more and show you something. So I just want to give you the actual
definition. Sorry, first of all in case you wonder what this is all about, so let's say the
components of our unit vector are two numbers, a and b. Then, it means we'll move
along the line x of s equals some initial value, the point where we are actually at the
directional derivative plus s times a, or I meant to say plus a times s.

Vang, diéu dé c6 y nghia nhu mét khai niém khéng? Cé phéan nao khong? Téi thdy mot s6
khudn mat khdng chua hoan toan bi thuyét phuc. Vi vy, cé thé ban nén hién thi nhiéu buc
anh hon nita. Vang, dau tién hay dé toi viét ra thém mot chit va chi cho ban vai thi. Vi
vay, téi chi muén cho ban dinh nghia thuc su. Xin 16i, trudc hét trong trudng hgp ban khong
biét tat ca diéu nay néi vé cdi gi, vi vy gia st rang cac thanh phan cua vector don vi cla
ching ta la hai s8, a va b. Thi, né cé nghia la ching ta sé& di chuyén doc theo dudng x s
bang gid tri ban dau nao dd, diém ma & dé chiing ta thuc su & tai dao ham cé hudng céng s
nhan a, hoac y t6i mudn néi la coOng a nhan s.

And, y of s equals y0 bs. And then, we plug that into w. And then we take the
derivative. So, we have a notation for that which is going to be dw/ds with a
subscript in the direction of u to indicate in which direction we are actually going to
move. And, that's called the directional derivative -- -- in the direction of u. OK, so,
let's see what it means geometrically. So, remember, we've seen things about partial
derivatives, and we see that the partial derivatives are the slopes of slices of the
graph by vertical planes that are parallel to the x or the y directions. OK, so, if I have
a point, at any point, I can slice the graph of my function by two planes, one that's
going along the x, one along the y direction. And then, I can look at the slices of the
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graph. Let me see if I can use that thing.

Va, y s bang y0 bs. Va do dd, ching ta thé& cai dé vao w. Va sau do6 ching ta |8y dao ham.
Vi vay, ching ta c6 mét ky hiéu cho né 1a dw / ds vdi chi s6 dudi hudng u dé chi ra ching
ta thuc su di chuyén theo hudng nao. Va, dé dudc goi la dao ham hudng - - theo hudng u.
Vang, vi vay, chidng ta hay xét y nghia hinh hoc ciia né. Vi vay, hdy nhdg, ching ta da biét
dao ham riéng, va ching ta biét cdc dao ham riéng 1a hé s6 goc clia cdc nhat cat ctia db thi
b&i cdc mat phang thdng dling song song vai cac h udng x hodc y. Vang, vi vy, néu tdi cd
mét diém, tai bat ky diém nao, toi co thé cdt do thi cia ham s6 bang hai mat phdng, mot
theo hudng x, va mot doc theo hudng y. Va do dd, tdi co thé xét cac nhat cdt ctia do thi.
D& xem t6i cd thé dung diéu dé khéng.

So, we can look at the slices of the graph that are drawn here. In fact, we look at the
tangent lines to the slices, and we look at the slope and that gives us the partial
derivatives in case you are on that side and want to see also the pointer that was
here. So, now, similarly, the directional derivative means, actually, we'll be slicing

our graph by the vertical plane. It's not really colorful, something more colorful. We'll
be slicing things by a plane that is now in the direction of this vector, u, and we'll be
looking at the slope of the slice of the graph. So, what that looks like here, so that's
the same applet the way that you've used on your problem set in case you are
wondering.

Vi vay, ching ta cé thé nhin vao cac nhat cat cla d6 thi dudc vé& & day. Qua thuc, chidng ta
xét cac dudng ti€p tuyén clia cac nhat cét, va ching ta xét hé sd gbéc va diéu dé cung cép
cho chiing ta cac dao ham riéng trong trudng hgp ban bén dé va mudn thay con trd & day.
Vi vay, bay gig, tuong tu nhu vay, dao ham cé huéng cé nghia la, thuc su, chidng ta sé cat
dd thi ctia ching ta bédng mat phang thdng di'ng. N6 khéng thuc su @&y m au sac, cdi gi do
cb mau sdc hon. Chlng ta sé cat cac th& bdi mét mat phang bay gid theo h udng cla vector
nay, u, va ching ta sé xét hé s§ goc clia nhat cdt cia do thi. Vi vay, diéu dd trong gidng
nhu thé nao G day, vi vay dé la applet tudng tu cach ma ban da dung & xap bai tap trong
trudng hgp ban thdc méc.

So, now, I'm picking a point on the contour plot. And, at that point, I slice the graph.
So, here I'm starting by slicing in the direction of the x axis. So, in fact, what I'm
measuring here by the slope of the slice is the partial in the x direction. It's really
partial f partial x, which is also the directional derivative in the direction of i. And
now, if I rotate the slice, then I have all of these planes. So, you see at the bottom
left, I have the direction in which I'm going. There's this, like, rotating line that tells
you in which direction I'm going to be moving. And for each direction, I have a
plane. And, when I slice by that plane, I will get, so I have this direction here going
maybe to the southwest. So, that gives me a slice of my graph by a vertical plane,
and the slice has a certain slope.

Vi vy, by gid, toi chon mot diém trén dd thi contour. Va, tai diém do, téi cat dd thi. Vi
véy, 6 day tdi bat ddu bdng cach cdt theo h udng cua truc x. Vi vay, trén thuc té&, nhiing
gi toi s& do G day qua hé s6 gbc clia nhat cat l1a dao ham cé hudng theo hudng x. N6
thuc su la dao ham riéng cua f theo x, nd cling la dao ham cé hudéng theo hudng i. Va
bay gid, néu tdi xoay nhat cdt, thi tdi cd tdt ca cdc mat phdng nay. Vi vay, ban nhin
thay & phia dudi bén trai, téi c6 hudng ma toi sé di. Va ddi véi mdi hudng, tdi cd mot
mat phdng. Va, khi téi cdt bdng mat phdng dd, t6i s& nhan dudc, vi vay tdi c6 hudng
nay & day 1a tdy nam. Vi véy, cdi dé s& cho tdi nhat cat clia dd thi bang mdt mat phéng
thang ding, va nhat cat c6 hé s géc nao dé.
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And, the slope is going to be the directional derivative in that direction. OK, I think
that's as graphic as I can get. OK, any questions about that? No? OK, so let's see
how we compute that guy. So, let me just write again just in case you want to, in
case you didn't hear me it's the slope of the slice of the graph by a vertical plane -- -
- that contains the given direction, that's parallel to the direction, u. So, how do we
compute it? Well, we can use the chain rule. The chain rule implies that dw/ds is
actually the gradient of w dot product with the velocity vector dr/ds.
Va, hé s6 gbc sé la dao ham c6 hudng theo hudng d6. Vang, tdi nghi rdng dé 1a dd thi
giéng nhu téi cé thé nhan dugc. Vang, c6 bat ky ciu hdi nao vé diéu dé khong? Khéng
c6 a? Vang, vi vay ching ta hdy xem cach chuing ta tinh thang do6 thé& nao. Vi vay, hay
dé toi viét lai chi trong trudng hdp ban mudn, trong trudng hgp ban khdéng nghe tdi néi
hé s6 goc clia nhat cat cia db thi bdi mdt mat phang thdng drng - -- nd chra hudng
nhéat dinh, song song vé&i hudng, u. Vi vay, ching ta tinh toan né nhu thé nao? Vang,
chling ta cé thé sir dung quy tac day chuyén. Quy tdc day chuyén phat biéu réng dw /
ds thuc su la gradient cia w nhan vo hudng véi vector van téc dr/ ds.

But, remember we say that we are going to be moving at unit speed in the direction
of u. So, in fact, that's just gradient w dot product with the unit vector u. OK, so the
formula that we remember is really dw/ds in the direction of u is gradient w dot
product of u. And, maybe I should also say in words, this is the component of the
gradient in the direction of u. And, maybe that makes more sense. So, for example,
the directional derivative in the direction of I hat is the component along the x axes.
That's the same as, indeed, the partial derivatives in the x direction. Things make
sense.

Nhung, hdy nhd rang chlng ta sé& di chuyén vdi téc dd dan vi theo hudng cla u. Vi vy,
thuc su, dé chi la gradient w nhan v6 hudng véi vector dan vi u. Vang, do dé, cong thirc
ma ching ta nh@ thuc su la dw / ds theo hudng u la gradient w nhan v6 hudng véi u. Va,
cb 18 t6i cling nén phat biéu bang 15i, day 1a thanh phan cua gradient theo hudng u. Va, cb
I€ diéu db co nhiéu y nghia hon. Vi vay, vi du, dao ham cé hudng theo hudng clia i mi la
thanh phan doc theo truc x. N6 giéng nhu, that vay, dao ham riéng theo hudng x. Moi thir
c6 nghia.

dw/ds in the direction of I hat is, sorry, gradient w dot I hat, which is wx,maybe I
should write, partial w of partial x. OK, now, so that's basically what we need to

know to compute these guys. So now, let's go back to the gradient and see what this
tells us about the gradient. [APPLAUSE] I see you guys are having fun. OK, OK, let's
do a little bit of geometry here. That should calm you down. So, we said dw/ds in the
direction of u is gradient w dot u. That's the same as the length of gradient w times
the length of u.

dw / ds theo hudng clia i mii I3, xin 16i, gradient w nh&n v6 hudng i mii, bang wx, cé 18 toi
nén viét, dao ham riéng w theo x. Vang, bay gid, do dd, vé cd ban dé la nhitng gi chiing
ta can phai biét dé tinh nhirng thang nay. Vi vy, bay gid, ching ta hdy quay lai gradient
va xem diéu nay cho chlng ta biét gi vé gradient. [V0 tay] Toi thdy cac ban vui vé. Vang,
vang, ching ta hdy xét mot chut vé khia canh hinh hoc 6 day. biéu dé sé lam cac ban trat
tu lai. Vi vay, chdng ta da néi dw / ds theo huéng u la gradient w nhan vé hudng véi u.
N6 giéng nhu d6 dai chia gradient w nhan chiéu dai clua u.

Well, that happens to be one because we are taking the unit vector times the cosine
of the angle between the gradient and the given unit vector, u, so, have this angle,
theta. OK, that's another way of saying we are taking the component of a gradient in
the direction of u. But now, what does that tell us? Well, let's try to figure out in
which directions w changes the fastest, in which direction it increases the most or
decreases the most, or doesn't actually change. So, when is this going to be the
largest?

Vang, né ngau nhién béng mot vi ching ta dang I8y cac vector don vi nhan cos ctia goc
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gira gradient va vector don vi cho trudc, u, do do, co6 géc nay, theta. Vang, dé la mét
cach khac dé€ ndi rang ching ta dang |8y thanh phan cia mét gradient theo hudng u.

Nhung bay gid, diéu dé cho ching ta biét gi? Vang, chdng ta hay thi tim xem w thay
d6i nhanh nhat theo hudng nao, theo hudng nao né tdng nhiéu nhat hodc giam nhiéu

nhat, hodc khéng thay déi. Vay, cdi nay sé Idn nhéat khi nao?

If I fix a point, if I set a point, then the gradient vector at that point is given to me.
But, the question is, in which direction does it change the most quickly? Well, what I
can change is the direction, and this will be the largest when the cosine is one. So,
this is largest when the cosine of the angle is one. That means the angle is zero.
That means u is actually in the direction of the gradient. OK, so that's a new way to
think about the direction of a gradient. The gradient is the direction in which the
function increases the most quickly at that point.

Né&u tdi cd dinh mot diém, néu tdi thiét 1ap mot diém, thi vector gradient tai diém dod 1a
xac dinh. Nhung, van dé dat ra 13, theo hudng nao né thay déi nhanh nhat? Vang, nhiing
gi t6i c6 thé thay ddi 1a hudng, va cdi nay sé& I16n nhéat khi cb sin badng mét. Vi vy, cai nay
I3n nh&t khi cb sin ctia géc béng mot. Diéu d6 cd nghia la géc bang khdng. Diéu do6 cd
nghia la thuc sy u theo hudng cla gradient. Vang, vi vy do |a mot cadch mdi dé suy nghi
vé hudng cla gradient. Gradient 1a hudng ma ham tdng nhanh nhét tai diém do.

So, the direction of gradient w is the direction of fastest increase of w at the given
point. And, what is the magnitude of w? Well, it's actually the directional derivative
in that direction. OK, so if I go in that direction, which gives me the fastest increase,
then the corresponding slope will be the length of the gradient. And, with the
direction of the fastest decrease? It's going in the opposite direction, right? I mean,
if you are on a mountain, and you know that you are facing the mountain, that's the
direction of fastest increase. The direction of fastest decrease is behind you straight
down.

Vi vy, hudng cua gradient w Ia hudng tdng nhanh nhét cia w tai diém cho trude. Va, dé
Idn cua w la gi? Vang, né thuc su la dao ham cé hudng theo dé hudng. Vang, vay néu
toi di theo hudng do, noé cho téi su gia tang nhanh nhat, thi hé sé géc tudng Ung sé la do
dai ctia gradient. Va, theo hudng nao thi giam nhanh nhat? Theo hudng ngudc lai, phai
khéng? Y toi 1a, néu ban dang & tai mdt ngon nui, va ban biét réng ban dang phai ddi
mat véi nui, dé la hudng tang nhanh nhét. Hudng gidam nhanh nhat la phia sau ban
thang xuéng.

OK, so, the minimal value of dw/ds is achieved when cosine of theta is minus one.
That means theta equals 180°. That means u is in the direction of minus the
gradient. It points opposite to the gradient. And, finally, when do we have dw/ds
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equals zero? So, in which direction does the function not change? Well, we have two
answers to that. One is to just use the formula. So, that's one cosine theta equals
zero. That means theta equals 90°. That means that u is perpendicular to the
gradient.
Vang, do dd, gia tri tdi thi€u cla dw / ds dat dugc khi cd sin cua theta bang trir mét. Diéu
dd cb nghia la theta bang 180 °. Diéu d6 cd nghia la u theo hudng trir gradient. N6 hudng
ddi dién véi gradient. Va, cu8i cung, khi nao ching ta cé dw / ds bang s6 khéng? Vang,
theo hudng nao ham khéng thay déi? Vang, ching ta cé hai cdu tra I8i cho diéu dé. Mot la
chi can sir dung cac céng thirc. Vang, dé la cb sin theta bang khéng. Diéu ddé c6 nghia la
theta bdng 90 °. Diéu d6 cé nghia la u vudng gbc v3i gradient.

The other way to think about it, the direction in which the value doesn't change is a
direction that's tangent to the level surface. If we are not changing a, it means we
are moving along the level. And, that's the same thing -- -- as being tangent to the
level. So, let me just show that on the picture here. So, if actually show you the
gradient, you can't really see it here. I need to move it a bit. So, the gradient here is
pointing straight up at the point that I have chosen. Now, if I choose a slice that's
perpendicular, and a direction that's perpendicular to the gradient, so that's actually
tangent to the level curve, then you see that my slice is flat. I don't actually have
any slop. . )

Mot cach khac dé nghi vé nd, hudng ma gia tri khong thay doi la hudng ti€p tuyén véi cac
mat ddéng mic. Néu ching ta khdng thay d6i a, cé nghia la chlng ta dang di chuyén doc
theo murc. Va, diéu dé cling gidbng nhu - - nhu dang tiép xdc véi mic. Vi vy, hdy dé toi
chi ra diéu d6 trén hinh vé& & day. Vi vdy, néu thuc su chi cho ban gradient, ban khéng thé
thuc su thdy né & day. Toi can phai di chuyén ndé mot chit. Vi vy, gradient 6 day hudng
thang 1én diém ma tdi da chon. Bay gid, néu tdi chon mdt mat cdt vudng gdc, va mét
hudng vubng géc véi gradient, vang né thuc su ti€p xuc véi cac dudng dong muc, thi ban
th8y rang nhat cét cla tbi phang. That su khdng cé dd déc.

The directional derivative in a direction that's perpendicular to the gradient is

basically zero. Now, if I rotate, then the slope sort of increases, increases, increases,
and it becomes the largest when I'm going in the direction of a gradient. So, here, I
have, actually, a pretty big slope. And now, if I keep rotating, then the slope will
decrease again. Then it becomes zero when I perpendicular, and then it becomes
negative. It's the most negative when I pointing away from the gradient and then
becomes zero again when I'm back perpendicular.

Pao ham cbé hudng theo hudng vudng goc véi gradient vé ca ban bang khdng. Bay giG, néu
toi xoay, thi hé s6 géc phan nao tang, tang Ién, tang Ién, va nd trd nén I6n nhat khi toi
dang di theo hudng clia moét gradient. Vi vay, & day, téi da, thuc su, c6 mot hé s6 goc kha
I6n. Va bay gid, néu toi ti€p tuc quay, thi hé sd gbc lai giam. Sau d6 né bdng khéng khi tdi
vuong goc, va sau doé né sé trd thanh am. N6 am nhat khi té6i hudng ra xa gradient va sau
dé bang khong khi tbi trd lai vudng goc.

OK, so for example, if I give you a contour plot, and I ask you to draw the direction
of the gradient vector, well, at this point, for example, you would look at the picture.
The gradient vector would be going perpendicular to the level. And, it would be going
towards higher values of a function. I don't know if you can see the labels, but the
thing in the middle is a minimum. So, it will actually be pointing in this kind of
direction. OK, so that's it for today. Tomorrow we'll learn about Lagrange multipliers.
Vang, do do, vi du, néu tdi cho ban mot do thi contour, va téi yéu cau ban vé hudng cua
vector gradient, vang, ldc nay, vi du, ban sé nhin vao hinh vé. Vector gradient sé di vuéng
goc vGi murc. Va, nd sé hudng vé gia tri cao han ctia ham. Toi khéng biét ban cé nhin thay
ki hiéu khéng, nhung cai & giirta 1a cuc tiéu. Vi vay, nd thuc su sé& chi theo loai hudng nay.
Vang, vi vdy, ngay hdm nay thé& Ia du. Ngay mai ching ta sé& tim hiéu vé cac nhéan tu
Lagrange.



