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Chuang 8: Pwong dong mikc; dao ham riéng; phép gan diing mat phang tiép tuyén

D&y l1a phan ghi chép trén 18p. V& bai gidng, cdc ban cd thé xem tai:
http://www.mientayvn.com/OCW/MIT/giai_tich_nhieu_bien.html

VW WL CHA Y VLSO

So, silence please. OK, so a few announcements about the exam. So, you will get
your exam back in recitation tomorrow. The solutions you should now have.

Otherwise, they're on the webpage. So, how do scores work? So, basically you've got

a score out of 100. And, if you've got a 65 or more, it means that you passed the
exam. Everything is fine. We don't actually give letter grades for each of them. What
we'll do is we'll add together all of your scores.

At the end of the term, we will give you a letter grade. If you want to know, roughly
speaking, how you are doing so far. Then 85 or more is what I would consider to be
roughly at the level of an A assuming that you perform at the same level on other
tests and on homework and on the final. 72 or more on this test would correspond
roughly to a B. 65 or more would correspond roughly to a C. Now, if you got, you

know, 66, it doesn't mean that you will not get a B. It just means you have to work a
little bit harder to get a slightly better score on the next exams.

If you got less than 65, it doesn't mean that you are failing the class, OK? It just
means that you need to work a bit harder to improve that score, maybe like taking a
makeup and then you'll be fine. It just means that you should try to work on

improving it. In particular, if you got less than 65, then you will have received an e-
mail telling you about makeup exams. Taking a makeup is not a punishment or
something like that. I know it's kind of hard; it's your first test at MIT and you didn't
do so well. You get used to having A's in high school, and you got maybe a C. Maybe
you got less than 65. It's not the end of the world, and it doesn't mean that you are

at risk of anything, yet. But, it means certainly that your understanding of the
material is not perfect. And so, you should review it again and get a chance to do
better.

And so, that's what makeups are about. Basically, it's about giving you a chance to
go over the material again and improve your score. There's no risk in taking a

makeup. You cannot decrease your score by taking a makeup, I should say. You can
only increase your score up to 65, but you cannot decrease your score. So, it's really

a risk-free thing. And, you can take it in any of those times. I would still like to
advise that not everybody go on Thursday because it's going to be crowded there
otherwise.

So, again, if you are disappointed by your score, it's not the end of the world. I
should say, if the exam was a little bit harder than anticipated, and that also hurt in
some cases. So, 65 is the standard passing score on tests in this class, and it was
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left at that very use so basically you get the chance to review things and try to do
better next time. But, it doesn't mean if you got 63 or 62, it doesn't mean that
you're actually failing a class. Don't worry about that. But, maybe you still heed to
review the material a bit more, OK? The other piece of news is that tomorrow I will
not be in town, and so unfortunately I won't have office hours.
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So, to make up for that, basically this afternoon I'll try to be available as long as I
can stay. So, normally I have office hours 2:00-3:00. I'll stay until at least 4:00,
maybe 5:00. So, if you need help, you can come see me later today. OK, so, now

let's move on and talk about new stuff. So, so far, we've seen things about vectors,
equation of planes, motions in space, and so on. Basically we've done geometry in
space. But, calculus, really, is about studying functions. Now, we're going to actually
move on to studying functions of several variables. So, this new unit, what we'll do
over the next three weeks or so will be about functions of several variables and their
derivatives.

Vang, vi vay, bay gi¢ hay ti€p tuc va ndi vé van dé mdi. Vi vay, cho dén bay gid, chidng ta
da hoc vé cac vectd, phuong trinh mat phadng, chuyén ddng trong khéng gian, va v.v... Vé
cd ban dé l1a hinh hoc khong gian. Tuy nhién, gidi tich, thuc su, nghién clru vé cac ham. Bay
gid, ching ta sé& chuyén sang nghién ctu cac ham nhiéu bién. Vi vy, bai hoc mdi nay, cling
nhu cac bai hoc trong ba tuéan ti€p theo ching ta sé hoc vé cac h am nhiéu bién va dao ham
cua chung.

OK, so first of all, we should try to figure out how we are going to think about
functions. So, remember, if you have a function of one variable, that means you
have a quantity that depends on one parameter. Maybe f depends on the variable x.
And, for example, a function that you all know is f of x equals sin(x). And, the way
we would represent that is maybe just by plotting the graph of the function. So, the
graph of a function, we plot y = f(x). And, the graph of a sine function that looks like
this. OK, so now, let's say that we had, actually, a function of two variables.

Vang, vi vay, trudc hét, ching ta hady thu suy nghi vé viéc ching ta sé nghién clu cac
ham nhu thé& nao. Vang, nhé rang, néu ban c6 ham mot bién, c6 nghia la ban cé mét dai
lugng phu thudc vao mét tham s6. C6 thé |a f phu thudc vao bién x. Va, vi du, mdt ham
ma tat cd cac ban déu biét 1a f(x) béng sin (x). V&, ching ta biéu dién né bang cach vé
do thi cha nd. Vang, d6 thi ham s, ching ta vé d6 thi y = f (x). Va, d6 thi cia m6t ham
sin c6 dang nhu thé& nay. Vang, vay bay gid, gia s réng chling ta c6, mot ham hai bién.

So, that means that the value of F depends actually on two different parameters,
say, if the variables are x and y, or they can have any names you want. So, given
values of the two parameters, x and y, the function will give us a nhumber that we'll
call f(x, y). That depends on x and y according to some formula, OK, not very
surprising so far. So, for example, I can give you the function f(x, y) = x~2 y~2.

And, of course, as with functions of one variable, we don't need things to be defined
everywhere.

Vi vay, diéu doé cb nghia la gia tri cia f thuc su phu thudc vao hai tham s6 khac nhau, gia
str, néu cac bién 1a x va y, hodc ching c6 thé cd tén bat ki nao dé tuy theo ban dat. Vi
vay, V@i cac gia tri cho trudc clda hai tham sG, x va y, ham sé cho ching ta mét s6 ma
ching ta sé goi la f (x, y). N6 phu thubc vao x va y theo mot céng thirc nao dé, vang, cho
dén bay giG chua cé gi la. Vi vay, vi du, toi cho ban ham f (x, y) = x ~ 2y ~ 2. Va, tat
nhién, cling gidbng nhu v8i ham mot bién, ham khong nhat thiét phai xac dinh & moi nai.

Sometimes there is the domain of definition. So, this one is defined all the time. But,
if I tell you, say, f of X, y equals square root of y, well, this is only defined if y is
nonnegative. If I tell you f(x, y) equals one over x y, that's only defined if x y is not
zero, and so on. Now, so these are mathematical examples given by explicit

formulas. And, of course, there's physical examples. For example, so examples
coming from real life, so for example, you can look at the temperature at the certain
point on the surface of the earth. So, you use maybe longitude and latitude; that's x
and y. And then you have f(x, y) equals the temperature at that point.

Doi khi c6 mién xac dinh. Vang, ham nay luén xac dinh. Tuy nhién, néu t6i cho ban ham
khac, gia s la, f (x, y) bang cdn bac hai cla y, vang, ham nay chi xac dinh néu y khdng
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am. Néu tbi cho ban f (x, y) bdng v8i mét trén xy, ham dd chi xac dinh khi ca x va y
khac khong, va v.v..... Bay giG, do do, day la nhitng ham toan hoc dugc cho bdi cac cong
thirc tudng minh. Va, tat nhién, cé cac ham vat ly. Vi du, hdy lay vi du tr thuc té cudc
s6ng, do dd, vi du, ban c6 thé xét nhiét dd & diém nao doé trén bé mat trai dat. A, ban cd
thé sir dung kinh d6 va vi dd; ddé la x va y. Va roi ban cé f (x, y) bdng véi nhiét dd tai
diém do.

In fact, because temperature depends also may be on how high up you are. It
depends on elevation. So, it's actually a function of maybe x, y, z. And, it also

depends on time. So, in fact, maybe it's a function of t in x y z coordinates in space.
So, you see that real-world functions can depends on a lot of variables. So, our goal
will be to understand how to deal with that. OK, so now you will see very soon, but
actually it's already tricky enough to picture a function of two variables. So, we are
going to focus on the case of functions of two variables. And then, we'll see that if

we have more than two variables, then it's harder to plot the function. We cannot
draw with the graph looks like anymore.

Pung la nhu vay, bdi vi nhiét d6 cling cé thé phu thudc vao dd cao. N6 phu thudc vao
dd cao. Vi vay, nd cdé thé la ham cua x, y, z. Va, nd cling phu thudc vao thsi gian. Vi
vay, qua thuc, c6 thé nd 1a mot ham theo t tai mot diém xyz trong khéng gian. Vi vay,
ban th8y rédng cac ham trong thé& gidi thuc cé thé phu thudc vao nhiéu bién. Vi vay, muc
tiéu cla chldng ta sé 1a tim hiéu cach khao sat nd. Vang, vay bay gid ban sé& thdy ngay,
nhung thuc su v& ham hai bién dd phirc tap 18m r6i. Vi vay, ching ta s& tép trung vao
trudng hgp ham hai bién. Va sau d6, ching ta sé thdy rang néu chdng c6 nhiéu han hai
bién, thi v& dd thi s& khé han. Ching ta khéng thé vé& db thi giéng nhu thé nay nira.

But, the tools are the same, the notion of partial derivatives, grade and vector, and

so on, all the tools that we will develop work exactly the same way no matter how
many variables you have. So, I'll say, for simplicity -- -- we'll focus mostly on two or
sometimes three variables. But, it works the same in any number of variables. OK,

so the first question is how to visualize a function of two variables.

Tuy nhién, cac cong cu déu giéng nhau, khai niém vé dao ham riéng, grad va vector, va
V.V..., tdt ca cac céng cu va phuong phdp ma ching ta s8p xdy dung & day cé thé ap dung
cho ham cd bé&t ki bién. Vi vay, tdi sé ndi, d€ cho don gian - - ching ta sé& chu yéu tap
trung vao hai hodac doi khi ba bién. Nhung, né van ap dung dugc cho ham cé sé bién bat
ki. Vang, vi vay cdu hoi dau tién la chdng ta hinh dung ham hai bién nhu thé nao.

So, the first thing we can do is try to draw the graph of f. So, maybe I should say f --
which is a function of two variables. So, the first answer will be, we can try to look at
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it's graph. And, the idea is the same as with one variable, namely, we look at all the
possible values of the parameters, x and y, and for each of them, we plot a point
whose height is the value of a function at these parameters. So, we'll plot, let's say,

z equals f(x, y).

Vi vy, diéu dau tién ching ta cé thé Iam Ia tha vé dbd thi caa f. Vi vy, c6 18 tdi nén ndi f —
la ham hai bién. Vi vay, cau tra I8i dau tién s& la, ching ta c6 thé thor xét do thi cia né.
Va, y terng cung giong nhu do6i véi ham mot blen cu thé 13, ching ta xét tat ca cac g|a tri
c6 thé cé cla cac tham s8, x va y, va d6i v8i mdi gid tri x va y, chung ta v& mot diém ma
chiéu cao cia noé la gia tri cia ham tai nhitng tham sé nay. Vi vay, ching ta sé vé do thi,
gia sr rang, z bang f (x, y).

And, now that will become, actually, a surface in space. OK, so for each value of x
and y, yeah, we have x, y in the x, y plane, then we'll plot the point in space at
position x, y. And, z equals f of x, y. OK, and if we take all of these points together,
they will give us some surface that sits in space. Yes? Oh, a function of two
variables, shorthand. Well, let's say how to visualize a function of two variables. OK, so,
how do we do that concretely? Say that I give you a formula for f. How do we try
to represent it?
Va, bay giG nd sé trd thanh, thuc su la, mét mat trong khong gian. Vang, vi vay, déi vdi
moi g|a tri cia x va y, vang, ching ta c6 x, y trong mat phang x, y, thi chung ta sé vé do
thi cac diém trong khéng gian tai vi tri x, y. Va, z bdng f (x, y). Vang, va tap hop tét ca
cac diém nay sé cho ching ta bé mat trong khéng gian. Bung khéng? Oh, mo6t ham hai
bién, cach dién dat ngdn gon. Vang, ching ta hdy noéi vé cach hinh dung ham hai bién.
Vang, nhu véy, lam thé& nao dé€ ching ta lam diéu dé mot cach cu thé? Gia s rang téi cho
ban mot céng thic cla f. LAm thé& nao dé ching ta biéu dién né?

So, let's do our first example. Let's say I give you a function f(x, y) = -y. OK, so it
looks a little bit silly because it doesn't depend on x. But, that's not the problem. It's
still a valid function of x and y. It just happens to be constant with respect to x. So,

to draw the graph we look at the surface in space defined by z equals y. What kind of
surface is that? It's a plane, OK? And, if we want to draw it, z equals minus y will

look, well, let's put y axis. Let's put x axis. Let's put z axis. If I look at what happens

in the y, z plane in the plane of a blackboard, it will just look like a line that goes
downward with slope one.

Vang, hdy xét vi du dau tién. Gia s rang t6i cho ban mét ham f (x, y) =-y. Vang, do

db, né cé vé hai ngd ngdn bdi vi néd khéng phu thudc vao x. Nhung, diéu d6 khdng
quan trong. N6 van 1& mot ham hai bién hdp I1&. N6 chi ngdu nhién khéng d&i d6i vai x.

Vi vay, dé vé& db thi chiing ta xét b& mat trong khéng gian dugc xac dinh bdi z bang .

D4 1a loai bé mat nao? PS 1a mét mat phang, dang khdng? Va, néu ching ta muén vé

nd, z bang trir y s& c6 dang, vang, gia s day la truc y. Day la truc x. Pay la truc z.

Né&u téi nhin vao nhitng gi sé xay ra trong mat phang y, z trong mat phang bang den,

né sé c6 dang mdt dudng thang di xuéng vai hé s gbc bang mét.

OK, so it will be this. And, what happens if I change x? Well, if I change x, nothing
happens because x doesn't appear in this equation. So, in fact, if instead of setting x
equal to zero I set x equal to one, I'm in front of the blackboard, or minus one at the
back. Well, it still looks exactly the same. So, I have this plane that actually contains
the x axis and slopes downwards with slope one.

Vang, vi vay, né & lacéi nay. Va, nhitng gi xay ra néu toi thay ddi x? Vang, néu toi thay
ddi x, khong cé gi xay ra vi x khdng xuat hién trong phwong trinh nay. Vi vay, trén thuc té,
néu thay vi cho x bang khdng t6i dat x bang mat, toi & phia trwdc bang den, hodc trir mot &
phia sau. Vang, n6 van trong giéng hét nhau. Vi vay, t6i c6 mat phang ndy thuc sy chira
truc x vaddc xudng vai hé s6 goc bang mot.
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It's kind of hard to draw. Now, you see immediately what the big problem with

graphs will be. But, these pictures are hard to read. But that's our first graph. OK, a
question so far? OK, so let's say that we have a slightly more complicated function.
How do we see it? So, let's draw another example. Let's say I give you f(x, y) = 1 -
xN2-y~2. So, we should try to picture what the surface z=1- x~2-y”~2 looks like. So,
how do we do that? Well, maybe you are very fast and figured out what it looks like.
But, if not, then we need to work piece by piece.

N6 phan nao khé vé. Bay gid, ngay lap tlic ban thay cé van dé 18n va@i cac do thi. Nhitng
hinh nay khé nhin. Nhung dé la d6 thi dau tién cua ching ta. Vang, cho dén bay gid mot
cau hai la? Vang, gia s rang ching ta c6 mot ham hai phic tap hon. Ching ta khao sat no
nhu th& nao? Vang, ching ta hdy xét mot vi du khac. Gia sir rang tbi cho ban f (x,y) = 1 -
X N 2-y N 2. Vivay, chang ta hdy th* v bé mat z = 1 - x ~ 2-y ~ 2. Vang, chdng ta sé
thuc hién viéc d6 nhu thé nao? Vang, cé |é ban rat nhanh va suy ra dugc né cé dang nhu
thé nao. Nhung, néu khong, thi ching ta can lam tu tur.

So, maybe it will help if we understand first what it does in the plane of the
blackboard. So, if we look at it in the y, z plane, that means we set x equal to zero.
And then, z becomes 1 - y~2. What is that? It's a parabola pointing downwards, and
starting at one. So, we should draw maybe this downward parabola. It starts at one
and it cuts the y axis at one. When y is one, that gives us zero. So, we might have

an idea of what it might look like, or maybe not. Let's get more slices.

Vi vay, c6 thé s& cd ich néu trudc hét ching ta biét nd nhu thé nao trong mat phang bang
den. Vi vay, néu ching ta xét né trong mét phang vy, z, diéu d6 cé nghia 1a chdng ta cho x
bang khéng. Va do d6, z trd thanh 1 - y ~ 2. D6 la gi? Do la mbt parabol 16i, va bat dau tai
mot. Vi vay, ching ta nén vé parabol 16i nay. N6 bat dau tai mot va nd cét truc y tai mot.
Khi y bdng mot, nd bang khéng. Vi vay, ching ta c6 thé hinh dung ra né c¢é dang nhu thé
nao, hodc cé thé khdng. Hay xét thém nhitng mat khac.

Let's see what it does in the x, z plane, this other vertical plane that's coming
towards us. So, in the x, z plane, if we set y equal to zero, we get z equals one
minus x~2. It's, again, a parabola going downwards. OK, so I'm going to try to draw
a parabola that goes downward, but now to the front and to the back. So, we are
starting to have a slightly better idea but we still don't know whether the cross
section of this thing might be round, square, something else. So, it wants more
confirmation. We might want to also figure out where the surface intersects the x, y
plane.

H3y xem no6 sé& nhu thé& nao trong mat phang x, z, mat phdng thdng dirng khac nay dang
huéng vé phia ching ta. Vi vdy, trong mat phdng x, z, néu ching ta dat y bang khéng,
ching ta nhan dugc z bdng moét trir x ~ 2. M6t 1an nifa, nd la mot parabol 16i. Vang, vi vay
toi s& ¢ gdng vé& mot parabol 16i, nhung bay gid tir trudc ra sau. Vi vay, ching ta dang bét
dau c6 mot y tudng t6t hon mot chit nhung ching ta van khéng biét mat cat cla cai nay
s& 1a tron, vubng, hay cdi gi khac. Vi vay, can nhiéu chiing c8 hon. Chlng ta ciling cé thé
can biét bé mat giao véi mat phang X,y g dau .
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So, we hit the x, y plane when z equals zero. That means 1-x~2-y”~2 should be 0O,
that becomes x~2 y~2 = 1. That is a circle of radius 1. That's the unit size. So, that
means that here, we actually have the unit circle. And now, you should imagine that
you have this thing that when you slice it by a vertical plane, looks like a downwards
parabola. And, it's actually a surface of revolution. You can rotate it around the z
axis, OK? Now, if you stare long enough at that equation, you'll actually see that,
yes, we know that it had to be like that. But, see, so these are useful ways of trying
to guess what the graph looks like. Of course, the other way is to just ask your
computer to do it.

Vi vdy, ching ta cham mat phang x, y khi z bang khdng. Diéu dé cé nghia la 1-x ~
2-y ~ 2 s& bang 0, tuong duong x A~ 2y A~ 2 = 1. D6 la mbt vong tron ban kinh 1.

N6 cé kich thudc don vi. Vi vay, diéu dé cé nghia la & day, ching ta thuc su cé vong
tron don vi. Va by gid, ban nén tudng tugng rang ban cé cdi nay khi ban cit né
bdng modt mat phang thdng di'ng, c6 dang parabol 6i. Va, né thuc su la mét bé mat
xoay vong. Ban cd thé xoay nd quanh truc z, ding khéng? Bay gid, néu ban nhin ki
phuang trinh do, ban thuc su thdy diéu dd, véng, ching ta biét réng nd phai gidng
nhu thé. Nhung, thdy khdng, vi vdy, day |a cach hitu ich d& doan dang dd thi. Tat
nhién, cach khac la st dung may tinh.

And then, you know, you will get that kind of formula. OK, well, I can leave it on if

you want. No, because I plotted a different function that I will show you later. So, it
goes this way. I mean, if you want, it's really going downward. Yes, I agree that the
sheet is upside down. That's because I plotted something else. OK, so, in fact, so I
plotted in my computer was actually x~2 y~2 that looks like that. See, it's the same
with a parabola going upwards. If you want to see more examples, I have various
examples to show, well, here's the graph, y~2-x~2. See, so that one is kind of
interesting.

Va do db, ban biét, ban s& nhan dugc dd thi dang nay. Vang, vang, toi cé thé dé lai né néu
ban muén. Khong, vi té6i da@ vé mot ham khac ma tbi sé chi cho ban sau. Vi vay, né di theo
hudng nay. Y toi 13, néu ban mudn, nd thuc su di xudng. Vang, toi dong y réng t& gidy bi
I6n ngugc. Do la bdi vi téi vé cai gi khac. Vang, vi vay, trén thuc té, téi da vé trong may
tinh cua téi thuc su x ~ 2 y ~ 2 ¢6 dang nhu thé. Xem nao, nd c6 dang parabol I6m. Néu
ban muén xét thém vi du, t6i cé nhiéu vi du khac nhau d€ chirng td, vang, day la do thi, y
A 2-x N 2. Xem nay, vi vay cai dé phan nao thu vi.

It looks like a saddle. If you look at it in the y, z plane, then it's a parabola going up,
z = y™2. And, that's what we see to the left and to the right. But, if you put it in the
X, z plane, then that's a parabola going downwards, z = - x~2. So, we have a
parabola going downwards in one direction, upwards in the other one. And together,
they form this surface. And of course, you can plot much more complicated
functions. So, this one, well, if you can read very small things, you can see the
formula. It doesn't matter, just to show you that you can put a formula into a
computer: it will show you a picture.

N6 gidng nhu mét yén ngua. Néu ban xét né trong mat phang y, z, thi nd Ia mét
parabol 16m, z = y ~ 2. Va, d6 la nhiing gi ching ta thdy bén trdi va bén phai.
Nhung, néu ban dat n6 trong mat phang x, z, thi d6 1a mot parabol 16i, z = - x ~ 2.

Vi vay, chdng ta cé mot parabol 16i theo mét hudng, I6m theo hudng con lai. Va
chling cing nhau tao thanh bé& mat nay. Va di nhién, ban c6 thé vé dd thi cidc ham
phirc tap hon nhiéu. Vi vay, cdi nay, vang, néu ban cé thé doc nhitng th( rat nho,

ban c6 thé thdy cdng thirc. N6 khdng quan trong, chi 1& d€ cho ban thdy réng ban

c6 thé d3t mot cdng thlrc vao may tinh: né sé& cho ban mdét dd thi.

OK, so that's pretty good. I mean, you can see that it can get a bit cluttered because
maybe those features that are hidden behind, or maybe we have trouble seeing if we
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don't have a computer, that looks very readable. But, this is kind of hard to visualize
sometimes. So, there is another way to plot the functions of two variables. And, let's
call it the contour plot. So, the contour plot is a very elegant solution to the problem
that it's difficult to draw to space pictures on a sheet of paper or on a blackboard.

So, instead, let's try to represent the function of two variables by just the map, you
know, the same way that when you walk around, you have actually geographical
maps that fit on a piece of paper that tell you about what the real world looks like.
So, what contour plot looks something like this?

Vang, vi vay didu dé kha tét. Y téi 14, ban c6 thé thdy réng nd cé thé trd nén 1dn x6n bai
vi c6 thé nhitng tinh chat nay bi &n phia sau, hodc cé thé ching ta nhin hdi khé néu
ching ta khéng cé mot may tinh, cai dé co vé rat dé doc. Tuy nhién, diéu nay déi khi
khé hinh dung. Vi vay, c6 mét cach khac d€ v& db thi ham hai bién. V4, chiing ta hay goi
no la do thi contour. Vi vay, d6 thi contour |a mo6t phudng phap tinh té cho van dé khd
vé cac anh khong gian trén mot to gidy hodc trén bang den. Vi vay, thay vao do, hdy cd
géng biéu dién ham hai bién bang ban dd, nhu ban d3 biét, giéng nhu khi ban di dao,
ban cé ban do dia ly vé trén manh gidy cho ban biét thé gigi thuc nhu thé nao. Vay, do
thi contour cé dang nhu thé nao?

So, it's an x, y plot. And, that, you have a bunch of curves. And, what the curves
represent are the elevations on the graph. So, for example, this curve might
correspond to all the points where f(x, y) = 1. And, that curve might be all the points
where f=2 and f=3 and so on, OK? So, when you see you this kind of plot, you're
supposed to think that the graph of the function sits somewhere in space above that.
It's like a map telling you how high things are. And, what you would want to do with
the function, really, is be able to tell quickly what's the value at a given point? Well,
let's say I want to look at that point. I know that f is somewhere between 1 and 2.

Vi vay, né la mot do6 thi x, y. Va, & dd, ban cd mot loat cac dudng cong. Va, cac dudng
cong nay biéu dién cac hinh chiéu thdng ding trén dd thi. Vi vay, vi du, dudng cong nay
cb thé tuong Ung véi tat ca cac diém f (x, y) = 1. Va, dudng cong dé co thé la tat ca cac
diém ¢ d6 f = 2 va f = 3 va v.v.., dang khéng? Vi vay, khi ban thdy loai db thi nay, ban sé&
suy ra dudc db thi cia ham nam & dau do trong khong gian trén d6. N6 gidng nhu ban vé
cho ban biét cac thr cao bao nhiéu. Va, nhitng gi ban mudn thuc hién véi ham, thuc sy, la
cé thé cho biét mdt cdch nhanh chéng gia tri tai mot diém cho tr udc? Vang, gia sur toi
mudn xét diém dd. Téi biét réng f & dau dé gitra 1 va 2.

Actually, it's much faster to read than the graph. On the graph I might have to look
carefully, and then measure things, and so on. Here, I can just raise the value of f by
comparing with the nearby lines. OK, so let me try to make that more precise. So, it
shows all the points -- -- where f(x, y) equals some fixed values, some fixed
constants. And, these constants typically are chosen at regular intervals. For
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example, here I chose one, two, three, and they could continue with zero minus one,
and so on. So, one way to think about it, how does this relate to the graph?

Trén thuc t&, né nhanh hon nhiéu dé doc so v&i do thi. Trén dd thi co thé tdi phai xem xét
cdn than, va roi do cac th&, v.v... O day, tdi nhan dudc gid tri cua f don gian bang cach so
sanh vdi cac dudng thdng bén canh. Vang, vi vy hdy dé tdi cd gdng lam diéu dé chinh xac
hon. Vi vy, nd cho thay tat ca cac diém - - & dd f (x, y) bang cac giad c6 dinh, mét hang s6
xac dinh nao d4. Va, cac hang s6 nay thudng dudc chon tai nhitng khoang cach déu nhau.
Vi du, 6 day téi chon mdt, hai, ba, va chiing cé thé tiép tuc vGi khdng trir mot, va v.v... Vi
vay, mot cach d& nghi vé nd, cdi nay lién quan dén dd thi nhu thé nao?

Well, that's the same thing as cutting, I mean, we slice the graph by horizontal
planes. So, horizontal planes have equations of a form z equals some constant, z
equals zero, z equals one, z equals two, and so on. So, maybe the graph of my
function will be some sort of plot out there. And, if I slice it by the plane z equals
one, then I will get the level curve, which is the point where f(x, y) = 1, and so,
that's called a level curve of f.

Vang, diéu do6 giéng nhu cat, y toi la, ching ta cat do thi bdng cac mat phang ngang. Vi
vay, cac mat phdng ngang cé phuang trinh dang z bdng hdng s6 nao dd, z bang khéng,
z bang modt, z bang hai, va v.v.... Vi vy, cb thé dd thi ham cua tdi s& cd dang nao do
ngoai dé. Va, néu tdi cdt né bang mat phadng z bang mét, thi téi s& nhén dugc dudng
déng muec, 1a diém ma tai do f (x, y) = 1, va vi vay, dé dudc goi la dudng ddng muirc
cua f.

OK, and so we repeat the process with maybe z equals two, and we get another level
curve, and so on. And, then we squish all of them up, and that's how we get the
contour plot. OK, so each of these lines, imagine that this is like some mountain or
something that you are hiking on. Each of these lines tells you how you could move

to stay at a constant height if you want to get to the other side of the mountain but
without ever going up or down.

Véng, va vi vay ching ta I3p lai qua trinh v&i z bang hai, va ching ta nhan dugc dudng
dong muc khac, va v.v... Va, sau dé ching ta béc tat ca ching Ién, va d6 la cach ching ta
nhan dugc dd thi contour. Vang, do d6, mdi dudng thdng nay, hinh dung réng cdi nay
giéng nhu nui hay cdi gi d& ma ban dang di bd trén né. Mbi dudng thang nay cho ban biét
cach Iam sao dé€ cé thé di chuyén dé & tai mét chiéu cao khdng d6i néu ban muén dén
phia bén kia ndi ma khéng bao gid di 1én hoac xudng.

You would just walk along that path, and it will get you there without effort. So, in
fact, if you have been talking about hiking on mountains, well, that's exactly what a
topographical map is about. So, I need to zoom a bit. So, a topographic map, this

one from the US geological survey shows you, basically, all the level curves of an
altitude function on a piece of land. So, you know that if you walk right along these
curves, you will stay along the same height. And you know that if you walk towards,
these don't have numbers.

Ban sé& chi di bd doc theo con dudng dd, va né sé giup ban dén d& ma khong can nd luc. Vi
vay, qua thuc, néu ban dang ndi vé viéc di bo trén nui, vang, dé chinh xac la nhitng gi ban
do6 dia hinh dang néi. Vi vay, t6éi can phai phong to mot chut. Vi vay, ban do dia hinh, cai
nay tUr khao sat dia chat My cho thay, vé cd ban, tat ca cac dudng déng mulc cia mot ham
cao dd trén moét manh dat. Vi vdy, ban biét rang néu ban di bd doc theo nhitng d udng cong
nay, ban sé& & tai cing mot chiéu cao. Va ban biét rang néu ban di bé hudng tdi, nhiing cai
nay khdéng co6 cac con s6.

Let me find a place with numbers. Here, there is a 500 in the middle. So, you know
that if you walk on the line that says 500, you stay always at 500 meters in
elevation. If you walk towards the mountain that I think is below it, then you will go
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up, and so on. So, you can see, for example, here there's a peak, and here there is a
valley with the river in it, and the altitudes go down, and then back up again on the
other side.

Hay dé toi tim mdt nai véi nhitng con s6. & day, cé 500 & gitra. Vi vay, ban biét réng néu
ban di b6 trén dudng gia sir la 500, ban luon & tai do cao 500 mét. Néu ban di bé vé phia
ngon ndi ma téi nghi la dudi nd, thi ban sé& di 1én, va v.v.... Vi vdy, ban cé thé thay, vi du, &
day c6 mot dinh, va ¢ day cé mot thung liing v&i con song & do, v a cac cao do di xuéng, va
sau do trd 1én lai & phia bén kia.

OK, so that's an example of a contour plot of a function. Of course, we don't have a
formula for that function, but we have a contour plot, and that's what we need

actually to understand what's going on there. OK, any questions? No? OK, so another
example of contour plots, well, you've probably seen various versions of these
temperature maps. So, that's supposed to be how warm it is right now. So, this one

is color-coded. Instead of having curves, it has all these colors. But, the effect is the
same. If you look at the separations between consecutive colors, these are the level
curves of a function that tells you the temperature at a given point. OK, so these are
examples of contour plots in real life.

Vang, vi vay doé la mot vi du vé do thi contour cia moét ham. Tat nhién, ching ta khéng

c6 cébng thic cho ham doé, nhung ching ta cé mot d6 thi contour, va dé la nhitng gi
ching ta thuc su can hi€éu nhitng gi dang xay ra & d4. Vang, béat ky ciu hoéi nao khéng?
Khéng c6? Vang, do d4, mot vi du khac vé db thi contour, vang, cé thé ban da nhin thy
cac phién ban khac nhau clia cidc ban db nhiét dd. Vi vay, cai do dudc gilr sir la cach dé
noé dugc lam am ngay bay gid. Vi vay, cai nay dugc ma hoda mau. Thay vi cé nhiing
dudng cong, nd cd tdt ca cac mau séc. Tuy nhién, hiéu &ng giéng nhau. N&u ban nhin
vao khoang cach gilra cac mau lién ti€p, day la nhitng dudng dong muc cua moét ham cho
ban biét nhiét dd tai mét diém cho trudc. Vang, vi vy day 1a nhitng vi du vé cac dbd thi
contour trong cudc séng thuc.

OK, no questions? No? OK, so basically, one of the goals that one should try to

achieve at this point is becoming familiar with the contour plot, the graph, and how

to view and deal with functions. [APPLAUSE] OK, so -- Let's do an example. Well,

let's do a couple of examples. So, let's start with f(x,y) = - y. And, I'm going to take
the same two examples as there to start with so that we see the relation between

the graph and the contour plots.

OK, khong c6 cau hdi nao a? Khong cé? Vang, do dé, vé cd ban, mot trong nhitng muc tiéu
ma ching ta nén cd gdng dat dugc vao thdi diém nay Ia lam quen vdi cac dd thi contour,
bi€u @6, va lam thé& nao dé€ hién thi va khao sat cidc ham. Vang, nhu vay - Hay dé tbi lam
mét vi du. Vang, ching ta hdy lam mot vai vi du. Vi vay, ching ta hdy bat dau véi f (x, y)
= - y. V4, tdi s& 18y hai vi du tuong tu nhu & d6 dé bdt dau dé chdng ta hiéu dugc méi
quan hé giita do thi va cac do thi contour.

So, let's try to plot it. So, we are asked for the level curve, f equals 0 for this one?
Well, f is zero when y is zero. So, that's the x axis. OK, so that's the level, zero.
Where's the level one? Well, f is one when negative y is one. That means when y is
negative one. So, you go to minus one, and that will be where my level one is, and
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so on. f is two when y is negative two. F is negative one when y is one, and so on. Is
that convincing? Do you see how we got that? OK, let me do it again. I don't see
anybody nodding, so that's kind of bad news. So, if I want to know, where is the

level curve, say, one, I try to set f equals to one.

Vi vay, ching ta hay thur vé do thi nd. Vi vay, ching ta dugc hoéi vé cac dudng dong mdc, f
bang 0 cho cai nay? Vang, f bang khéng khi y bdng khéng. Vi vay, dé la truc x. Vang, do
dd, dé 1a muc, khéng. Mrc mét & ddu? Vang, f bdng mot khi trir y bdng moét. Diéu do cé
nghia la khi y bang trir mot. Vi vay, ban dén trir mot, va dé sé la mdc mét cla tdi, va

v.v... f bdng hai khi y bang trir hai. f bang trir mét khi y bang mét, va v.v.... Diéu dé céd
thuyét phuc khong? Ban cé thay chidng ta nhan dudc diéu dé nhu thé nao khong? Véang,
hdy dé tdi lam diéu dé mot I1an nita. Téi khéng thdy ai gat dau, vi vy dd 1a thdng diép
x&u. Vi vy, néu tdéi mubn biét, dudng dong mic & dau, gia s, mot, toi c¢d géng thiét 1ap f
bang mot.

Let's do this one. f equals one means that negative y is one means that y is minus

one, and y equals minus one is this horizontal line on this chart. OK, and same with

the others. So, you can see on the map that the value of a function doesn't depend

on X. If you move parallel to the x axis, nothing happens. If you move in the y
direction, it decreases at a constant rate. That's why the contours are evenly spaced.
How spaced out they are tells you, actually, how steep things are. So, that

corresponds exactly to that picture, except that here we draw x coming to the front,

and y to the right. So, you have to rotate the map by 90° to get to that. It's an

unfortunate consequence of the usual way of plotting things in space.

Hay lam cdi nay. f bdng mot cé nghia la trir y bdng mot cd nghia la y bang trir mot, va y

bang trir mét Ia dudng ndm ngang trén biéu d6 nay. Vang, va tuong tu cho nhitng cai

khac. Vi vy, ban c6 thé thdy trén ban dd réng giad tri cia ham khéng phu thudc vao x.

Néu ban di chuyén song song vdi truc x, khdng c6 gi xay ra. Néu ban di chuyén theo

hudng y, n6é giam v3i mot tdc dd khéng ddi. Pé 1a ly do tai sao cac dudng contour cach déu

nhau. Qua su cach déu nhau dé ching cho ban biét cac th&r déc nh u thé nao. Vi vay, diéu

do tuong U'ng chinh xac vdi hinh vé dé, ngoai trir 8 day ching ta vé x hudng dén phia

trudc, va y hudng sang bén phai. Vi vay, ban cdn phai xoay ban d6 90 °© d& dén dé. Pay la

mot hé qua khéng may cua cach vé doé thi thong thudng trong khong gian.

OK, so these horizontal lines here correspond actually to horizontal lines here. OK,
second example. Let's do 1-x"2-y~2. OK, or maybe I will write it as 1 - (x~2 y"2).
It's really the same thing. So, X, vy, let's see, where is this function equal to zero?

Well, we said f is zero in the unit circle. OK, so, the zero level, well, let's say that this
is my unit. That's where it's at zero. What about f equals one? Well, that's when x~2
y~2 = 0. Well, that's only going to be here.

Véng, do dd, nhitng dudng ndm ngang & day thuc su tusng ’ng véi dudng nam ngang &
day. Vang, vi du th hai. Hay xét 1-x ~ 2-y ~ 2. Vang, hodc cb thé tdi s& viét né 1a 1 - (x
A 2y N 2). Thuc su, ching giéng nhau. Vi vay, X, y, xem nao, ham nay bang khéng &
dau? Vang, ching ta ndi f bang khéng trong vong tron dan vi. Vang, vi vy, muc khéng,
vang, gia su rang day la don vi cha téi. D6 la ndi né bang khdng. Con vé f bang mot thi
sao? Vang, do la khi x ~ 2y ~ 2 = 0. Vang, diéu do chi cé dudc G day.

So, that's just a single point. What about f equals minus one? That's when x~2 y»2

=2. That's a circle of radius square root of two, which is about 1.4. So, it's
somewhere here. Then, minus two, similarly, will be x~2 y~2 = 3. Square root of

three is about 1.7. And then, minus three will be of radius two, and so on. So, what I
want to show here is that they are getting closer and closer apart, OK? So, first it's
concentric circles that tells us that we have a shape that's a solid of the graph is

going to be a surface of revolution.

Vi vay, d6 chi 1a mot diém duy nhat. Con vé f bang trir mot thi sao? Dé la khix A 2y ~ 2=
2. D6 la mot vong tron ban kinh bdng cén béc hai clia hai, bang khoang 1,4. Vi vay, né &
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mot noi nao d6 G day. RoOi, trir hai, tudng tu, s€ la x ~ 2 y ~ 2 = 3. Can béac hai cia ba ¢
1,7. Va r0i, trtr ba sé cé ban kinh hai, va v.v.. Vi vay, nhitng gi t6i mudn chi ra & day la
ching dang ngay cang cach nhau gan hdn, ding khong? Vi vay, dau tién nd la cac vong
tron déng tam cho chlng ta biét rang ching ta cé hinh dang dé la dudng lién nét clua do

thi sé la mot mat xoay.

Things don't change if I rotate. And second, the level curves are getting closer and

closer to each other. That means it's getting steeper and steeper because I have to

travel a shorter distance if I want my altitude to change by one. OK, so, this top here
is kind of flat. And then it gets steeper and steeper. And, that's what we observe on
that picture there. OK, so just to show you a few more, where did I put my, so, for x~2
y~2, the contour plot looks like this. Maybe actually I'll make it. OK, so it looks exactly
the same as this one. But, the difference is if you can see the numbers which are not
there, so you can see them, then you would know that instead of decreasing

as we move out, this one is increasing as we go out.

Céc th(r khéng thay d6i néu toi xoay. Va th( hai, cdc dudng ddng mic ngay cang gan nhau
hon. Diéu dé c6 nghia la n6 ngay cang d&c hon vi tdi phai di mot khoang cach ngan han
néu téi mudn dd cao cla tdi thay d6i mét. Vang, vi vdy, & day dinh nay phan nao phang.
Va sau dd né ngay cang d6c haon. Va, do la nhitng gi ching ta quan sat trén hinh vé dé &
dd. Vang, nhu vay chi d€ cho ban thdy mot vai chi tiét, & do6 tdéi dat, vi vay, dbi v&i x~2
y”~2, do thi contour cé dang nhu thé nay. Cé Ié thuc su t6i sé tao ra nd. Vang, vi vay no
tréng giéng hét nhu cai nay. Tuy nhién, su khac biét l1a néu ban thay nhitng con s6 khong
& do, vi vy ban cb thé nhin th8y chdng, thi ban biét réng thay vi giam khi ching ta di
chuyén ra ngoai, cdi nay sé& tdng khi chiing ta di ra ngoai.

OK, so that's where we use, actually, the labels on the level curves that tell us
whether things are going up or down. But, the contour plots look exactly the same.
For the next one I had, I think, was y”~2-x"~2. So, the contour plot, well, let me
actually zoom out. So, the contour plot looks like that. So, the level curve
corresponding to zero is actually two diagonal lines. And, if you look on the plot, say
that you started at the saddle point in the middle and you try to stay at the same
level. So, it looks like a mountain pass, right? Well, there's actually four directions
from that point that you can go staying at the same height. And actually, on the

map, they look exactly like this, too, these crossing lines. OK, so, these are things
that go on the side of the two mountains that are to the left and right, and stay at

the same height as the mountain pass.

Vang, vi vay dé la ngi chdng ta st dung, trén thuc té, ki hiéu trén cac dudng déng
muc cho ching ta biét cac th& dang di |1én hay xudng. Tuy nhién, cac do thi contour
trong gi6bng hét nhau. Cai ti€p theo ma chidng ta sé xét, toi nghila, y ~ 2-x ~ 2. Vi
vy, do thi contour, vng, hdy dé tdi thu nhd lai. Vi vdy, dd thi contour tréng nhu thé.
Vi vay, dudng dong mirc tudng Ung vaéi khong thuc su la hai dudng chéo. Va, néu ban
nhin vao d6 thi, gia si rang ban bt dau tai diém yén ngua & gilta va ban th & lai
cung muc. Vi vay, no tréng gidong nhu mot deo, phai khong? Vang, thuc su cd bén
hudng tir diém dé ma ban cb thé & tai cung mdt chiéu cao. Va trén thuc té, trén ban
do, chung ciing trong giébng nhu thé nay, cac dudng chéo nay. Vang, vi vay, day la cac
thir di vé phia clda hai day nui bén trai va bén phai, va & tai cuing moét dé cao nhu deo.
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On the other hand, if you go along the y direction, to the left or to the right, then

you go towards positive values. And, if you go along the x axis, then you get towards
negative values. OK, the equation for, the function was y~2-x~2. So, you can try to
plot them by hand and confirmed that it does look like that. But, I trust my

computer. And, finally, this one, well, so the contour plot looks a bit complicated.

But, you can see two things. In the middle, you can see these two origins with these
concentric circles which are not really circles, but, you know, these closed curves

that are concentric.

Mat khac, néu ban di theo hudng y, vé bén trai hodc bén phai, thi ban hudng vé cac gia tri
dudng. Va, néu ban di doc theo truc x, thi ban huéng tdi cac gia tri am. Vang, phudng
trinh cta ham la y ~ 2-x ~ 2. Vi vay, ban c6 thé thir v& db thi chiing bang tay va xac nhan
réng no trong nhu thé. Nhung, téi tin vao may tinh cua tbi. Va, cubi cung, diéu nay, vang,
vi vay dd thi contour ¢ vé hai phic tap. Tuy nhién, ban cé thé thdy hai digu. O giira, ban
c6 thé thdy hai gbc toa db véi nhitng vong tron ddng tdm nay thuc su khdng tron, nhung,
ban biét, nhitng dudng cong khép kin nay dong tam.

And, they correspond to the two mountains. And then, at some point in the middle,
we have a mountain pass. And there, we see the two crossing lines again, like, on

the plot of y~2-x~2. And so, at this saddle point here, if we go north or south, then
we go down on either side to the Valley. And, if we go east or west, then we go
towards the mountains. We'll go up. OK, does that make sense a little bit? OK, so,
reading plots is not easy, but hopefully we'll get used to it very soon.

Va, ching tuong (ng vai hai ddy ndi. Va roi, tai diém nao dé & gilta, ching ta c6 mot déo.
Va G dd, ching ta lai thdy hai dudng chéo, gidbng nhu, trén do thi y ~ 2-x ~ 2. Va nhu vay,
tai di€m yén ngua nay & day, néu ching ta di vé phia bdc hay phia nam, thi ching ta di
xudng & hai bén dén Thung Iling. Va, néu ching ta di vé phia dong hodc phia tay, thi
chung ta di vé phia ndi. Ching ta sé di |én. Vang, diéu d6 cé mét chut y nghia nao khong?
Vang, vi vay, doc cac dd thi khdng phai dé dang, nhung hy vong chiing ta s& sém quen vdi
no.

OK, so actually let's say, well, OK, so, I want to point out one thing. The contour plot
tells us, actually, what happens when we move, when we change x and y. So, if I
change the value of x and y, that means I'm moving east-west or north-south on the
map. And then, I can ask myself, is the value of the function increase or decrease in
each of these situations? Well, that's the kind of thing that the contour plot can tell

me very quickly.

Vang, do d6, thuc su chidng ta hay ndi, vang, vi vay, téi muén chi ra mot diéu. Thuc su,
cac d6 thi contour cho chiing ta biét nhitng gi xay ra khi ching ta di chuyén, khi ching ta
thay déi x va y. Vi vdy, néu téi thay ddi gid tri cla x va y, diéu dé cé nghia tdi dang di
chuyén theo hudng ddng-tdy hodc nam-bac trén ban dd. Va sau dd, tbéi cd thé tu hdi, gia
tri cua ham tang hay giam trong tirng tinh huéng nay? Vang, dé la nhitng thr ma do thi
contour sé cho ching ta biét rat nhanh.

So -- OK, so say, for example, that I have a piece of contour plot. That looks, you
know, like that. Maybe this is f equals one, and this is f equals two. And here, this is
f equals zero. And, let's say that I start at the point, say, at this point. OK, so here I
have (x0, y0). And, the question I might ask myself is if I change x or y, how does f
change? Well, the contour plot tells me that if x increases, and I keep y constant,
then what happens to f(x, y)? Well, it will increase because if I move to the right,
then I go from one to a value bigger than one.

Vi vay, - vang, gia si, vi du, rang tdi c6 mdt manh d6 thi contour. N6 c6 dang, ban da
biét, nhu thé& nay. Cé I8 day 1a f bdng modt, va day |a f bdng hai. Va & day, day 1a f béng
khong. Va, gia sir réng tdi bat dau tai diém, giai su, tai diém nay. Vang, vi vy G day toi
cb (x0, YO0). Va, cdu hoi ma téi cd thé tu hdi 1a néu tdi thay dGi x hodc y, f sé thay déi
nhu thé& nao? Vang, dd thi contour s& cho ching ta biét réng néu x tdng, va téi gilr cho
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y khdng déi, thi diéu gi xay ra véi f (x, y)? Vang, nd sé tdng bdi vi néu tdi chuyén sang
bén phai, thi toi di tr mot dén gia tri I6n hon mot.

I don't know exactly how much, but I know that somewhere between one and two,

it's more than one. If x decreases, then f decreases. And, similarly, I can tell that if y
increases, then f, well, it looks like if I increase y, then f will also increase. And, if y
decreases, then f decreases. And, that's the kind of qualitative analysis that we can

do easily from the contour plot. But, maybe we'd like to actually be more precise in
that, and tell how fast f changes if I change x or y. OK, so to find the rate of change,
that's exactly where we use derivatives. So -

To6i khéng biét chinh xac bao nhiéu, nhung tdi biét rang & dau d6 gilta mot va hai, nd I6n
hon mét. Néu x giam, thi f giam. Va, tuong tu nhu vay, toi c6 thé ndi réng néu y tang, thi
f, vang, c6 vé nhu néu toi tang vy, thi f cling sé tang. Va, néu y giam, thi f gidm. Va, do la
loai phan tich dinh tinh ma ching ta c6 thé 1am dé& dang tir do thi contour. Nhung, cé I&
ching ta thuc su mudn dugc chinh xac han & dd, va biét f thay d6i nhanh nhu thé nao néu
tdi thay ddi x hodc y. Vang, vay dé tim t6c dd thay déi, ching ta phai dung dao ham. Vi
vay -

So, we are going to have to deal with partial derivatives. So, I will explain to you
soon why partial. So, let me just remind you first, if you have a function of one
variable, then so let's say f of x, then you have a derivative, f prime of x is also

called df/dx. And, it's defined as a limit when delta x goes to zero of the change in f.
Sorry, it's not going to fit. I have to go to the next line. It's going to be the limit as
delta x goes to zero of the rate of change. So, the change in f between x and x plus
delta x divided by delta x.

Vi vay, chung ta sé khao sat dao ham riéng. Vi vay, t6i sé giai thich cho ban ngay tai sao
riéng. Vi vay, toi s& nhdc nhd ban trudc hét, néu ban c6 ham moét bién, thi gia s réng f(x),
thi ban cé dao ham, f ph8y x ciing dugc goi la df / dx. Va, nd dudc dinh nghia nhu gidi han
khi delta x ti€n tdi khong clia su thay déi trong f. Xin 16i, né khdng vira. Toi s& sang dong
k& tiép. N6 sé& 1a gidi han khi delta x tién t&i khdng cla téc do thay ddi. Vi vay, su thay doi
cua f trong khodng x va x cong delta x chia cho delta x.

Sometimes you write delta f for the change in f divided by delta x. And then, you

take the limit of this rate of increase as delta x goes to zero. Now, of course, if you
have a formula for f, then you know, at least you should know, I suspect most of you
know how to actually take the derivative of a function from its formula. So -- Now,

how do we do that? Sorry, and I should also tell you what this means on the graph.
So, if I plot the graph of a function, and to have my point, x, and here I have f of x,
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how do I see the derivative? Well, I look at the tangent line to the graph, and the
slope of the tangent line is f prime of x, OK?

D6i khi ban viét delta f chi su thay ddi cGa f chia cho delta x. Va sau dd, ban 18y gidi
han cua téc dé tang nay khi delta x ti€n dén khéng. Bay gig, tat nhién, néu ban c6 cong
thirc cho f, thi nhu ban biét, it nhat ban sé biét, t6i nghi da s6 cac ban biét cach 1dy dao
ham cua ham tir bi€u thdc cha nd. Vi vay - Bay gid, chldng ta thuc hién diéu d6 nhu thé
nao? Xin 16i, va toi cling sé& cho ban biét diéu nay cé nghia 13 gi trén d6 thi. Vi vy, néu
t6i v& do thi cila mot ham, va cd diém cla tdi, x, va & day tdi cd f (x),

lam thé& nao dé tdi thdy dao ham? Vang, tdi xét dudng ti€p tuyén cua dd thi, va hé sé
gbc cua tiép tuyén la f phdy x, dung khéng?

And, not every function has a derivative. You have functions that are not regular
enough to actually have a derivative. So, in this class, we are not going to actually
worry too much about differentiability. But, it's good, at least, to be aware that you
can't always take the derivative. So, yes, and what else do I want to remind you of?
Well, they also have an approximation formula -- -- which says that, you know, if we
have the value of f at some point, x0, and that we want to find the value at a nearby
point, x close to x0, then our best guess is that it's f of x0 plus the derivative f prime

at x0 times delta x, or if you want, x minus x0, OK?

Va, khéng phai moi ham déu c6 dao ham. Cé nhitng ham khdéng du déu dan dé€ cé dao
ham. Vi vay, trong mén nay, ching ta s& khdng thuc su lo 1dng qua nhiéu vé tinh kha vi.
Tuy nhién, rat tét, it nh&t, d&€ nhan thlc rdng khdng phai ludn luén lGc nao ciling cb thé 1ay
dao ham. Vi vay, vang, va tdi con mudn nhac ban diéu gi nira? Vang, ching ciing c6 mot
céng thirc gén ding - - ban d& biét, né phat biéu réng, néu chlng ta cé gia tri cla f tai
diém nao dod, x0, va ching ta muén tim gia tri & diém 1an can, x gdn bang x0, thi suy doan
tot nhat cua ching ta |a né bang f cla x0 cdng v3i dao ham cla f phéy tai x0 nhan delta x,
hodc néu ban muédn, x trir x0, ding khong?

Is this kind of familiar to you? Yeah, I mean, maybe with different notations. Maybe
you called that delta x or something. Maybe you called that x0 plus h or something.
But, it's the usual approximation formula using the derivative. If you put more

terms, then you get the dreaded Taylor approximation that I know you guys don't
like. So, the question is how do we do the same for a function of two variables, f(x,
y)? So, the difficulty there is we can change x, or we can change y, or we can

change both. And, presumably, the manner in which f changes will be different
depending on whether we change x or y. So, that's why we have several different
notions of derivative.

DPiéu nay cé quen thudc v8i ban khéng? Véang, y t6i Ia, cd thé vdi ky hiéu khac. C6 18
ban goi la delta x hodc cai gi dé. Cé Ié ban goi cai dé la x0 cong h hodc cai gi dé.
Nhung, dé la cong thidc gan ddng binh thudng dung dao ham. Néu ban dat nhiéu s6
hang han, thi ban sé c6 dudc xap xi Taylor dang sg ma tbi biét cac ban khong thich. Vi
vay, van dé dat ra la lam thé nao chung ta lam tudng tu cho ham hai bién, f (x, y)? Vi
vay, khé khan & d6 1a ching ta cé thé thay ddi x, hodc ching ta cé thé thay déi y, hodc
ching ta c6 thé thay d&i ca hai. Va, c6 |1&, theo ki€u ma trong dé su thay ddi cua f sé&
khac nhau tuy thudc vao viéc ching ta thay ddi x hodc y. Vi vay, dé Ia ly do tai sao
ching ta c6 mot s6 ki hiéu dao ham khac nhau.

So, OK, we have a notation. OK, so this is a curly d, and it is not a straight d, and it

is not a delta. It's a d that kind of curves backwards like that. And, this symbol is
partial. OK, so it's a special notation for partial derivatives. And, essentially what it
means is we are going to do a derivative where we care about only one variable at a
time. That's why it's partial. It's missing the other variables. So, a function of several
variables doesn't have the usual derivative. It has only partial derivatives for each
variable.
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Vi vay, vang, ching ta c6 mot ky hiéu. Vang, do dd, day la mot d xoan, chir khéng phai d
thang, va nd khéng phai la delta. D6 1a d cong ngwoc lai giéng nhu thé ndy. V3, biéu twong
nay lariéng phan. Vang, vi vay no laky hiéu dac biét cho dao ham riéng. Va, vé co ban n6
c6 nghia la chiing ta sé 1dy dao ham & do6 chung ta chi quan tm mot bién mét lan. D6 la ly
do tai sao no6 lariéng. N6 thiéu cac bién khac. Vi vay, ham nhiéu bién khong c6 dao ham
binh thudng. N6 chi c6 dao ham riéng cho mai bién.

So, the partial derivative, the partial f partial x at (x0, y0) is defined to be the limit
when I take a small change in x, delta x, of the change in f -- -- divided by delta x.
OK, so here I'm actually not changing y at all. I'm just changing x and looking at the
rate of change with respect to x. And, I have the same with respect to y. Partial f
partial y is the limit, so I should say, at a point x0 y0 is the limit as delta y turns to
zero. So, this time I keep x the same, but I change y.

Vi vay, dao ham riéng, dao ham riéng cula f theo x tai (x0, y0) dudc dinh nghia la gigi han
khi tdi 18y mot thay d6i nho trong x, delta x, cla su thay ddi trong f - - chia cho delta x.
Vang, vi vay & day tdi thuc su khéng thay déi y gi ca. Toi chi thay dGi x va xét téc db thay
déi d6i vai x. Va, téi ¢ su gidng nhau déi vdi y. Dao ham riéng cla f theo y 1a gidi han, vi
vay tdi nén ndi, tai modt diém x0 y0 13 gidi han khi delta y tién t&i khéng. Vi vay, lan nay
téi gilt x nhu vy, nhung tdi thay ddi vy.

OK, so that's the definition of a partial derivative. And, we say that a function is
differentiable if these things exist. OK, so most of the functions we'll see are
differentiable. And, we'll actually learn how to compute their partial derivatives
without having to do this because we'll just have the usual methods for computing
derivatives. So, in fact, I claim you already know how to take partial derivatives. So,
let's see what it means geometrically.

Véng, do do, dé la dinh nghia dao ham riéng. Va, ching ta ndi rang mét ham kha vi néu
nhirng cai nay ton tai. Vang, do dd, hau hét cadc ham ma ching ta sé gap la kha vi. Va,
ching ta sé& thuc su tim hiéu cach tinh dao ham riéng cta chiing ma khéng cén phai lam
diéu nay bdi vi ching ta sé& chi c6 cac phuong phap théng thudng dé tinh dao ham. Vi vay,
trén thuc té, tdi khdng dinh réng ban da biét cich |18y dao ham riéng. Vi vy, qua thuc,
chung ta hdy xem y nghia hinh hoc cta né la gi.

So, geometrically, my function can be represented by this graph, and I fix some
point, (x0, y0). And then, I'm going to ask myself what happens if I change the

value of, well, x, keeping y constant. So, if I keep y constant and change X, it means
that I'm moving forwards or backwards parallel to the x axis. So, that determines for
me the vertical plane parallel to the x, z plane when I fix y equals constant.

Vi vdy, v& mat hinh hoc, ham cla tdi cé thé dugc biéu dién bdi dd thi nay, va téi cé dinh
diém nao dd, (x0, y0). Va sau dé, tdi s& tu hoi diéu gi s& xay ra néu tdi thay déi gid tri cua,
vang, x, gilt y khéng déi. Vang, néu téi gilt y khéng ddi va thay déi x, co nghia Ia tbi s& di
chuyén tdi hay IUi song song v@i truc x. Vi vay, diéu dé xac dinh cho tdi mat phdng thang
ding song song vé&i v8i mat phang x, z khi tdi ¢8 dinh y b&dng hdng sb.

And now, if I slice the graph by that, I will get some curve that goes, it's a slice of

the graph of f. And now, what I want to find is how f depends on x if I keep y
constant. That means it's the rate of change if I move along this curve. So, in fact, if
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I look at the slope of this thing. So, if I draw the tangent line to this slice, then the
slope will be partial f of partial x. I think I have a better picture of that somewhere.
Yes, here it is. OK, that's the same picture, just with different colors. So, I take the
graph. I slice it by a vertical plane. I get the curve, and now I take the slope of that
curve, and that gives me the partial derivative.

Va bay gid, néu tbi cat dd thi bédng cach do, tdi s& nhan dugec dudng cong nao dé di qua,
dd la mot lat cua d6 thi cha f. Va bay gig, nhitng gi t6i mudn tim la f phu thubc vao x
nhu thé nao néu toi gilr y khéng ddi. Diéu dé cé nghia la d6 la t6c dd thay d6i néu toéi di
chuyén doc theo dudng cong nay. Vi vay, trén thuc t&, néu tdi xét hé sd gbc cua thang
nay. Vi vay, néu téi v& dudng ti€p tuyén vdi nhat cat nay, thi d6 déc sé la dao ham
riéng cua f déi véi x. Toi nghi rang tdi c6 mot hinh vé& clia cdi dé tét hon & dau dé. Véang,
day roi. Vang, dé la blc anh tuang tu, chi véi cac mau khac nhau. Vi vay, toi 1ay do thi.
Ti cdt nd bang moét mat phdng thdng ding. T6i nhan d ugc dudng cong, va bdy gid toi
ldy hé s6 goc cua dudng cong do, va diéu dé mang lai cho toi dao ham riéng.

And, to finish, let me just tell you how, and I should say, partial f partial y is the

same thing but slicing now by your plane that goes in the y, z directions. OK, so I fix

X equals constant. That means that I slice by a plane that's parallel to the
blackboard. I get a curve, and I looked at the slope of that curve. OK, so it's just a
matter of formatting one variable, setting it constant, and looking at the other one.

So, how to compute these things, well, we actually, to find, well, there's a piece of
notation I haven't told you yet. So, another notation you will see, I think this is what
one uses a lot in physics. And, this is what one uses a lot in applied math, which is

the same thing as physics but with different notations.

Va, dé két thic, hdy dé tdi chi cho ban biét l1am thé nao, va tdi nén ndi, dao ham riéng
theo y giéng tudng tu nhung bay gid cat bang mat phang theo hudng y, z. Vang, vi vay toi
c6 dinh x bang hang sd. Diéu dé c6 nghia la tbéi cdt bdi mét mat phdng song song vdi bang
den. T6i nhan dugc mét dudng cong, va toi xét hé sé géc cua dudng cong dé. Vang, do do,
chi 1a v&n dé dinh dang mot bién, thiét 1ap né khdng déi, v a xét thang con lai. Vi vay, lam
thé& nao dé tinh nhitng th nay, vang, ching téi thuc su, tim, vang, c6 mot ky hiéu ma toi
chua cho ban biét. Vi vay, mot ky hiéu khac ma ban sé& thdy, téi nghi rang day la nhitng gi
ngudi ta st dung rat nhiéu trong vat ly. Va, day la nhitng gi ngudi ta dung rat nhiéu trong
toan hoc ng dung, do la thr tudng tu nhu vat li nhung vdéi cac ky hiéu khac.

OK, so it just too different notations: partial f partial x, or f subscript x. And, they are
the same thing. Well, we just treat y as a constant, and x as a variable. And, vice
versa if we want to find partial with aspect to y. So, let me just finish with one quick
example. Let's say that they give you f of X, y equals x~3y y~2, then partial f partial
x. Well, let's take the derivative. So, here it's x~3 times a constant. Derivative of
XN 3 is 3xN2 times the constant plus what's the derivative of y~2? Zero, because it's
a constant. If you do, instead, partial f partial y, then this is actually a constant
times vy.

Vang, vi vay né chi la cac ky hiéu qua khac nhau: dao ham riéng cua f ddi véi x, hoac

f chi s6 dudi x. Va, ching la th(r tuong tu. Vang, ching ta chi khdo sat y nhu mot
héng s8, va x nhu mot bién. Va, ngudc lai néu chling ta mudn tim dao ham riéng déi
vGi y. Vi vdy, hdy dé tdi két thic v8i mot vi du nhd. Giad st rang ho cho ban ham f (x,

y) bdng x ~ 3y y ~ 2, thi dao ham riéng cla f ddi vGi x. Vang, ching ta hdy I8y dao
ham. Vi vay, 8 day nd la x ~ 3 nhén hadng s6 nao d6. Pao ham clia x ~ 3 1a 3x ~ 2
nhan hang s6 cong dao ham cda y ~ 2 la gi? Khong, bdi vi nd la mdt hdng s6. Thay
vao dd, néu ban tinh, dao ham riéng theo vy, thi day thuc su la mét hang s6 nhan y.

The derivative of y is one. So, that's just x~3. And, the derivative of y"2 is 2y. OK,
so it's fairly easy. You just have to keep remembering which one is a variable, and
which one isn't. OK, so more about this next time, and we will also learn about
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maxima and minima in several variables.

Pao ham clia y bdng mot. Vi vay, dé chila x ~ 3. Va, dao ham cta y ~ 2 la 2y. Vang, do
do6, né kha dé. Ban chi can ¢ dé& nhd cai nao 1a bién va cai nao khong phai. Vang, do do,
thém vé diéu nay lan tdi, va ching ta cling sé tim hiéu vé cuc dai va cuc tiéu theo nhiéu
bién.
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