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VW WL CHLA Y VLSO

D&y la phan ghi chép trén 18p. V& bai gidng, cdc ban cd thé xem tai:
http://www.mientayvn.com/OCW/MIT/qgiai tich nhieu bien.html

So, if you remember last time, we looked at parametric equations -- -- as a way of
describing the motion of a point that moves in the plane or in space as a function of
time of your favorite parameter that will tell you how far the motion has progressed.
And, I think we did it in detail the example of the cycloid, which is the curve traced

by a point on a wheel that's rolling on a flat surface.

Vi vay, néu ban con nhdg lan trudc, ching ta da xét cac phuong trinh tham s6 - - nhu mét
cach d&€ mo ta chuyén ddng cua mot diém trong mat phdng hodc trong khdéng gian nhu
mot ham theo thdi gian ciia tham s6 yéu thich cia ban ma sé& cho ban biét chuyén déng da
tién trién xa bao nhiéu. Va, t6i nghi rdng ching ta da xét né mét cach chi tiét qua vi du vé
cac dudng cycloid, la dudng cong dudc tao ra bdi mot diém trén mot banh xe dang quay
trén b& mat phang.

So, we have this example where we have this wheel that's rolling on the x-axis, and
we have this point on the wheel. And, as it moves around, it traces a trajectory that
moves more or less like this. OK, so I'm trying a new color. Is this visible from the
back? So, no more blue. OK, so remember, in general, we are trying to find the
position, so, x of t, y of t, maybe z of t if we are in space -- -- of a moving point

along a trajectory.

A, chiing ta c6 vi du vé banh xe dang 13n trén truc x, va ching ta cé diém nay trén banh
xe. Va, khi né di chuyé&n xung quanh, ndé danh ddu mét quy dao chuyén déng hai giéng
nhu thé nay. Vang, tdi s& dung mot mau mdi. Mau nay dé thady trén nén den? A, khdng
xanh thém nira. Vang, vi vay hay nhd, ndi chung, chiing ta dang c6 tim vi tri, a, x (t), y
(t), cé thé la z (t) néu ching ta dang & trong khéng gian - - cia mét diém di chuyén doc
theo quy dao.

And, one way to think about this is in terms of the position vector. So, position

vector is just the vector whose components are coordinates of a point, OK, so if you
prefer, that's the same thing as a vector from the origin to the moving point. So,
maybe our point is here, P. So, this vector here -- This vector here is vector OP. And,
that's also the position vector r of t. So, just to give you, again, that example -- -- if

I take the cycloid for a wheel of radius 1,

Va, mot cach dé suy nghi vé diéu nay la theo vector vi tri. Vi vay, vector vi tri chi la vector
ma cdc thanh phan cta né la toa d6 cia mot diém, vang, vi vy néu ban thich, dé Ia tha
tudng tu nhu mot vector tir géc toa dé dén diém di chuyén. Vi vy, co 1& diém cla ching
ta & day, P. Vi vay, vector nay & day - ¢ day vector nay la vector OP. Va, dé cling la vector
vi tri r (t). Vi vy, chi d& cho ban, mét Ian nira, vi du d6 - - néu tbi chon mét dudng cycloid
clia mét banh xe ban kinh béng 1,

and let's say that we are going at unit speed so that the angle that we used as a
parameter of time is the same thing as time when the position vector, in this case,
we found to be, just to make sure that they have it right, <t - sin(t),1-cos(t)>. OK,
that's a formula that you should have in your notes from last time, except we had
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theta instead of t because we were using the angle. But now I'm saying, we are
moving at unit speed, so time and angle are the same thing.

va gia s ching ta s& chuyén ddng vdi téc d6 don vi dé cho géc ma ching ta s dung
nhu mot tham s6 cua thdi gian bang thdgi gian khi vector vi tri, trong trudng hgp nay,
ching ta tim th&y 13, chi d& dam bao rdng ho cd nd ding, <t-sin(t),1-cos(t)>. Vang, dé
la mot cong thic ma ban nén cé trong v clda ban [an trudc, ngoai trir chdng ta cé theta
thay vi t vi ching ta da s dung géc. Nhung bay gi& téi sé& ndi, ching ta dang di chuyén
vdi tdc dd don vi, do do, thdi gian va géc bang nhau.

So, now, what's interesting about this is we can analyze the motion in more detail.
OK, so, now that we know the position of the point as a function of time, we can try
to study how it varies in particular things like the speed and acceleration. OK, so let's
start with speed. Well, in fact we can do better than speed. Let's not start with
speed. So, speed is a humber. It tells you how fast you are going along your
trajectory.

Vi vay, by gid, nhitng gi thd vi vé diéu nay la ching ta cé thé& phan tich céac
chuyén ddng chi tiét hon. Vang, vi vdy, bay gid ching ta biét réng vi tri cha diém

la ham cla thdi gian, chldng ta cé thé thr nghién cru né thay déi nhu thé nao theo

téc do va gia téc. Vang, vi vay hdy bat dau véi téc do. Vang, qua thuc, ching ta

c6 thé lam tbét haon so vai téc db. Khoan hdy bat dau véi tdéc do. Vang, téc dd Ia

mot con s6. N& cho ban biét ban dang chuyén ddéng nhanh nhu thé nao doc theo

quy dao cua ban.

I mean, if you're driving in a car, then it tells you how fast you are going. But, unless
you have one of these fancy cars with a GPS, it doesn't tell you which direction

you're going. And, that's useful information, too, if you're trying to figure out what
your trajectory is. So, in fact, there's two aspects to it. One is how fast you are
going, and the other is in what direction you're going.

Y toi 13, néu ban dang I&i xe hdi, thi nd cho ban biét ban dang di chuyén nhanh nhu thé&
nao. Nhung, néu xe hgi clia ban khong cé6 GPS, né khong cho ban biét hudng ban dang
di. Va, do ciing la thong tin hitu ich, néu ban dang c6 tim quy dao cua ban. Vi vay, qua
thuc, cé hai khia canh cua van d&. Mot Ia ban chuyén ddng nhanh nhu thé& nao, va cai
con lai 1a hudng ma ban chuyén ddng |a hudng nao.

That means actually we should use a vector maybe to think about this. And so, that's
called the velocity vector. And, the way we can get it, so, it's called usually V, so, V
here stands for velocity more than for vector. And, you just get it by taking the
derivative of a position vector with respect to time. Now, it's our first time writing
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this kind of thing with a vector. So, the basic rule is you can take the derivative of a
vector quantity just by taking the derivatives of each component.

Thuc su, diéu d6 cé nghia la ching ta nén s dung mot vector cé thé mo ta diéu nay. Va
nhu vay, vector d6 dudc goi la vector van téc. Va, cach ching ta c6 thé nhdn dugc nd,
vang, théng thudng né dugc goi la V, do do, V & day la ki hiéu cua van toc chr khong phai
vector. Va, ban nhén dudgc né bdng céch |8y dao ham cla vectd vj tri theo thdi gian. Bay
gi&, d6 1a 1an dau tién ching ta viét cac th( badng vector. Vi vy, nguyén téc cd ban 1a ban
c6 thé 18y dao ham cua mot dai lugng vector chi bdng cach 18y dao ham cua mdi thanh
phan.

OK, so that's just dx/dt, dy/dt, and if you have z component, dz/dt. So, let me -- OK,
so -- OK, so let's see what it is for the cycloid. So, an example of a cycloid, well, so
what do we get when we take the derivatives of this formula there? Well, so, the
derivative of t is 1- cos(t). The derivative of 1 is 0. The derivative of -cos(t) is sin(t).
Very good. OK, that's at least one thing you should remember from single variable
calculus.

Vang, vi vay, no chinh la dx / dt, dy / dt, va néu ban cé thanh phan z, dz / dt. Vi vay, hay
dé t6i - A,vang - Vang, vi vdy hdy xét trudng hdp dbi vdi cac dudng cycloid. Vi vay, mot vi
du vé duong cycloid, vang, vi vdy ching ta nhan dudc gi khi ching ta |8y dao ham cua
cdng thic nay ¢ d6? Vang, nhu véy, dao ham cua t1a 1 - cos (t). Dao ham cua 1 bang 0.
Pao ham cua-cos (t) bang sin(t). Rt tét. Vi vdy, it ra d6 1a mot diéu ma ban nén nhd tur
giai tich ham mot bién.

Hopefully you remember even more than that. OK, so that's the velocity vector. It
tells us at any time how fast we are going, and in what direction. So, for example,
observe. Remember last time at the end of class we were trying to figure out what
exactly happens near the bottom point, when we have this motion that seems to

stop and go backwards. And, we answered that one way. But, let's try to understand

it in terms of velocity.

Hy vong réang ban thdm chi cé thé nhé nhiéu hon thé. Vang, vi vy do |a vector van téc.
N6 cho chlng ta biét tai bat ki thdi diém nao ching ta sé& di chuyén nhanh nhu thé nao, va
theo hudng nao. Vi vay, vi du, hdy quan sat. Hdy nhd réng & cudi budi hoc lan trudc ching
ta d& c6 tim xem nhiing gi s& xay ra gan cac diém day, khi ching ta c6 chuyén ddng nay
dudng nhu dung lai va di vé phia sau. Va, chdng ta da tra IGi diéu dé theo moét cach.
Nhung, hdy thir nghi vé n6é theo van téc.

What if I plug t equals 0 in here? Then, 1- cos(t) is 0, sin(t) is 0. The velocity is 0.
So, at the time,at that particular time, our point is actually not moving. Of course,
it's been moving just before, and it starts moving just afterwards. It's just the
instant, at that particular instant, the speed is zero. So, that's especially maybe a
counterintuitive thing, but something is moving. And at that time, it's actually
stopped.

S& nhu thé& nao néu tdi thé t bang 0 vao day? Thi, 1 - cos (t) bang 0, sin (t) bang 0. Véan
tdéc bang 0. Vi vy, cung luc, tai thdi diém cu thé dd, diém cua ching ta thuc su khdng
chuyén dbng. T4t nhién, né dang chuyén dong ngay trudc dd, va né bat dau chuyén
déng ngay sau dd. Chi Ia tdc thdi, vao thdi diém cu thé dd, téc dd bang khéng. Vi vay,
dé co thé 1a thtr khdng truc gidc, nhung mot cai gi d6 dang chuyén dong. Va tai thdi
diém do, né thuc su ding lai.

Now, let's see, so that's the vector. And, it's useful. But, if you want just the usual
speed as a number, then, what will you do? Well, you will just take exactly the
maghnitude of this vector. So, speed, which is the scalar quantity is going to be just

the magnitude of the vector, V. OK, so, in this case, while it would be square root of
(1- cost)”2 sin™2(t), and if you expand that, you will get,

Bay gid, hay xét, vi vay dé la vector. Va, né hitu ich. Nhung, néu ban mudn chi la téc d6
binh thudng nhu moét sg, thi, ban sé lam gi? Vang, ban sé chi can 1ay do I16n clua vector
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nay. Vi vay, téc do, la dai lugng v6 hudng sé chi la do I16n cua vector, V. Vang, vi vay,
trong trudng hgp nay, trong khi nd sé& bang cdn bac hai clia (1 - cost) ~ 2 sin A 2 (t), va
néu ban khai trién nd, ban s& nhan dudc,

let me take a bit more space, it's going to be square root of 1 - 2cos(t) cos”™2(t)
sinA"2(t). It seems to simplify a little bit because we have cos”2 plus sin~2. That's 1.
So, it's going to be the square root of 2 - 2cos(t). So, at this point, if I was going to

ask you, when is the speed the smallest or the largest? You could answer based on
that. See, at t equals 0, well, that turns out to be zero.

Cho tbi thém chit khoang tréng, né s& bang can bac hai cla 1 - 2cos (t) cos ~ 2 (t) sin

A~ 2 (t). Cé vé nhu don gian han mot chdt vi ching ta b cos ~ 2 céng sin ~ 2. Bang 1. Vi
vay, n6 sé la cén bac hai cia 2 - 2cos (t). Vi vy, vao thdi diém nay, néu tdi hoi ban, khi
nao tdc dd nhd nhat hodc I6n nhat? Ban cd thé tra 16i dua tr én diéu d4. Xem nao, tai t
bang 0, vang, cai d6 hoa ra lai bdng khong.

The point is not moving. At t equals pi, that ends up being the square root of 2 plus
2, which is 4. So, that's 2. And, that's when you're truly at the top of the arch, and
that's when the point is moving the fastest. In fact, they are spending twice as fast
as the wheel because the wheel is moving to the right at unit speed, and the wheel is
also rotating. So, it's moving to the right and unit speed relative to the center so that
the two effects add up, and give you a speed of 2.

DPiém khéng chuyén ddng. Tai t bdng pi, dai lugng d6 s& bang cdn bAc hai cua 2 cdng2,
bang 4. Vi vdy, né bang 2. Va, dé la khi ban dang thuc su & dinh vom, va dé 1a khi diém
chuyén déng nhanh nhét. Trong thuc té, ching dang di chuyé&n nhanh han hai 1an banh
xe vi banh xe dang chuyén ddng véi téc dd dan vi, va banh xe cling xoay. Vi vy, nd di
chuyén sang phai va vdi tdc dd don vi d6i véi tdm dé hai hiéu &’ng cdng nhau, va cho ban
mot t8c dd bang 2.

Anyway, that's a formula we can get. OK, now, what about acceleration? So, here I
should warn you that there is a serious discrepancy between the usual intuitive
notion of acceleration, the one that you are aware of when you drive a car and the
one that we will be using. So, you might think acceleration is just the directive of
speed. If my car goes 55 miles an hour on the highway and it's going a constant
speed, it's not accelerating.

DU sao di nita, d6 la mét cong thi'c ma ching ta cé thé& nhan dudgc. Vang, bay gid, con vé
gia t&c thi sao? Vang, & day tdi nén canh bdo ban rang cé moét su khac biét rd rét giira
cac khai niém truc quan théng thudng vé gia toc, dé la cai ma ban nhan thic dugc khi
ban 13i xe va cadi ma ching ta s& dung. Vi vay, ban cé thé nghi rdng gia t6c l1a dao ham
cla téc dd. Néu xe cua tdi di 55 ddm modt gid trén dudng cao téc va vdi téc dd khdng dbi,
sé khong c¢6 gia toc.

But, let's say that I'm taking a really tight turn. Then, I'm going to feel something.
There is some force being exerted. And, in fact, there is a sideways acceleration at
that point even though the speed is not changing. So, the definition will take effect.
Nhung, gia sur réng tdi dang chay & mét ché ngodt. Thi, tdi s& cam thdy mdt cai gi do.
C6 moét luc nao dé dang tac dung. Va, qua thuc, cd mét gia tdc tai di€ém dé mac du téc
dd khong thay déi. Vi vay, dinh nghia sé& ap dung dudc.
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The acceleration is, as a vector, and the acceleration vector is just the derivative of a
velocity vector. So, even if the speed is constant, that means, even if a length of the
velocity vector stays the same, the velocity vector can still rotate.

Gia toc la, mot vector, va vector gia toc chi la dao ham cua vector van téc. Vi vay, cho du
toc d6 khéng doi, cé nghia la, ngay ca khi d6 dai cia vector van toc gilt nguyén, cac
vector van téc van cé thé xoay.

And, as it rotates, it uses acceleration. OK, and so this is the notion of acceleration
that's relevant to physics when you find F=ma; that's the (a) that you have in mind
here. It's a vector. Of course, if you are moving in a straight line, then the two
notions are the same. I mean, acceleration is also going to be along the line, and it's
going to has to do with the derivative of speed. But, in general, that's not quite the
same.

Va, khi né quay, sé cd gia toc. Vang, va vi vay day la khai niém gia toc cé lién quan dén
vat ly khi ban tim thdy F = ma, d6 la (a) ma ban c6 trong tam tri d day. Bé la mot
vector. T4t nhién, néu ban dang di chuyén trén moét dudng thang, thi hai khai niém nhu
nhau. Y t6i 13, gia toc cling sé& doc theo dudng thang, va do I6n cla nd sé 1a dao ham cua
t6c d6. Nhung, ndi chung, diéu dé khéng phai lic nao ciing dung.

So, for example, let's look at the cycloid. If we take the example of the cycloid, well,
what's the derivative of one minus cos(t)? It's sin(t). And, what's the derivative of
sin(t)? cos(t), OK. So, the acceleration vector is <sin(t), cos(t)>. So, in particular,

let's look at what happens at time t equals zero when the point is not moving. Well,
the acceleration vector there will be zero from one.

Vi vay, vi du, hdy xét cdc dudng cycloid. Néu ching ta 18y vi du vé cac dudng cycloid,
vang, dao ham clia mot trir cos(t) la gi? Bé la sin(t). Va, dao ham cua sin (t) la gi? cos
(t), Vang. Vi vay, vectd gia toc la <sin(t), cos(t)>. Vi vay, dac biét, ching ta hay xét
nhitng gi xay ra tai thdi diém t bang khdng khi diém khdng di chuyén. Vang, véc td gia
toc & do sé la khong tur mot.

So, what that means is that if I look at my trajectory at this point, that the
acceleration vector is pointing in that direction. It's the unit vector in the vertical
direction. So, my point is not moving at that particular time. But, it's accelerating up.
So, that means that actually as it comes down, first it's slowing down. Then it stops
here, and then it reverses going back up. OK, so that's another way to understand

what we were saying last time that the trajectory at that point has a vertical
tendency because that's the direction in which the motion is going to occur just
before and just after time zero.

Vi vdy, diéu dé co nghia la néu tdi xét quy dao cla tdi tai di€ém nay, vector gia téc

dang chi v& hudng dd. N6 la vects don vi theo hudng thdng ding. Vi vdy, diém cula

téi khdng chuyén ddng tai thdi diém cu thé dd. Tuy nhién, né dang tang téc. Vi vy,

diéu do cd nghia la thuc su khi né di xudng, dau tién nd sé cham lai. Sau d6 n6 ding

lai & day, va sau dé nd sé trd lai quay ngudc |én. Vang, vi vy dd la mot cach khac dé

hiéu nhitng gi chlng ta da ndi lan trudc rang quy dao tai diém dé cé xu hudng thing

dfng vi d6 1a hudng ma chuyén dong s& xudt hién ngay trudc hodc ngay sau thdi

diém khéng.

OK, any questions about that? No. OK, so I should insist maybe on one thing, which

is that, so, we can differentiate vectors just component by component, OK, and we
can differentiate vector expressions according to certain rules that we'll see in a
moment. One thing that we cannot do, it's not true that the length of dr dt, which is
the speed, is equal to the length of dt. OK, this is completely false.

Vang, c6 ai hoi gi vé diéu dé khéng? Khéng. Vang, vi vay tdi can nhan manh moét diéu, dé
la, vang, ching ta c6 thé |dy dao ham cac vector theo cac thanh phan cla nd, véng, va
chiing ta c6 18y dao ham cac biéu thirc vector theo nhitng quy tdc nao dé ma ching ta sé
thdy trong chéc lat. Mét diéu ma ching ta khéng thé& l1am, d6 dai cua dr dt, 1a téc do, bang
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v@i chiéu dai cua dt la khong dung. Vang, diéu nay hoan toan sai.

And, they are really not the same. So, if you have to differentiate the length of a
vector, but basically you are in trouble. If you really, really want to do it, well, the
length of the vector is the square root of the sums of the squares of the components,
and from that you can use the formula for the derivative of the square root, and the
chain rule, and various other things. And, you can get there.

Va, ching thuc sy khdng gidng nhau. Vi vay, néu ban phai 1dy dao ham chiéu dai cita mot
vector, nhung vé cd ban ban dang gdp réc réi. Néu ban thuc su, thuc su mudn lam diéu dé,
vang, dd dai cla vector bang cidn bac hai ciia tdng cua binh phuong cla cac thanh phén, va
tir d6 ban ¢ thé sir dung céng thirc cho dao h am cua can bac hai, va quy tédc ham cta ham,
va nhitng th& khac nira. Va, ban cé thé dén dugc do.

But, it will not be a very nice expression. There is no simple formula for this kind of
thing. Fortunately, we almost never have to compute this kind of thing because,
after all, it's not a very relevant quantity. What's more relevant might be this one.
This is actually the speed. This one, I don't know what it means. OK. So, let's
continue our exploration. So, the next concept that I want to define is that of arc
length.

Tuy nhién, nd sé& khéng phai la biéu thic dep. Khéng cé céng thirc don gian cho loai nay.
May man thay, ching ta hau nhu khéng bao gid phai tinh toan loai nay bdi vi, rét cubc,
né khéng phai la mot dai lugng thich hgp. Cai gi cé thé thich hgp hon cdi nay. Pay thuc
su la toc do. Cai nay, téi khong biét y nghia cia né. Vang. Vi vay, hay ti€p tuc kham pha
cua chung ta. Vi vay, khai niém ti€p theo ma t6i mudn dinh nghia la chiéu dai cung.

So, arc length is just the distance that you have traveled along the curve, OK? So, if

you are in a car, you know, it has mileage counter that tells you how far you've

gone, how much fuel you've used if it's a fancy car. And, what it does is it actually
integrates the speed of the time to give you the arc length along the trajectory of the
car. So, the usual notation that we will have is (s) for arc length.

Vang, chiéu dai cung chi la khoang cach ma ban da di doc theo dudng cong, dang khéng? Vi
vay, néu ban & trong xe hgi, ban biét, n6 c6 mét déng hd cho ban biét ban da di bao xa,
ban d3a s dung bao nhiéu nhién liéu néu nd |a mét chiéc xe la mét. Va, nhirng gi nd thuc su
lam 1& né 18y tich phan téc dd theo thdi gian d&€ cho ban chiéu dai cung doc theo quy dao
cua xe. Vi vay, ky hiéu théng thudng ma chdng ta sé dung cho chiéu dai cung la (s).

I'm not quite sure how you get an (s) out of this, but it's the usual notation. OK, so, (s)
is for distance traveled along the trajectory. And, so that makes sense, of course,
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we need to fix a reference point. Maybe on the cycloid, we'd say it's a distance
starting on the origin. In general, maybe you would say you start at time, t equals
zero. But, it's a convention. If you knew in advance, you could have, actually, your
car's mileage counter to count backwards from the point where the car will die and
start walking. I mean, that would be sneaky-freaky, but you could have

a negative arc length that gets closer and closer to zero, and gets to zero at the end

of a trajectory, or anything you want. I mean, arc length could be positive or

negative. Typically it's negative what you are before the reference point, and positive
afterwards.

T6i khéng hoan toan chac chan lam thé& nao ban nhén dugc mét (s) tir day, nhung do la ky
hiéu thong thudng. Vang, do do, (s) la khoang cach di dugc doc theo quy dao nay. Va, vi
vay diéu dé cd nghia, tat nhién, ching ta cdn phai gdn diém quy chiu. Cé 18 trén dudng
cycloid, ching ta mu6n ndi dé l1a khoang cach bt dau & gbc toa do. Néi chung, cé thé ban
s& noéi rang ban bat dau tai thdi diém, t bdng khdng. Nhung, dé la mét quy udc. Néu ban
biét trudc, ban cé thé cd, trén thuc t&, déng hod trén xe hadi clia ban dé d€m ngudgc tir diém
ma chiéc xe s& chét va b&t dau di bd. Y tdi 1a, cai dé s& 1a sneaky-freaky, nhung ban cé thé
co6 chiéu dai cung &m ngay cang tién dan dén khong, va dén khéng & cudi quy dao, hoac bat
cf th& gi ban mudn. Y tdi 1a, chiéu dai cung cé thé dudng hodc &m. Thong thudng né &m
khi ban & trudc diém quy chiéu, va dudng & phia sau.

So, now, how does it relate to the things we've seen there? Well, so in particular,
how do you relate arc length and time? Well, so, there's a simple relation, which is
that the rate of change of arc length versus time, well, that's going to be the speed

at which you are moving, OK, because the speed as a scalar quantity tells you how
much distance you're covering per unit time. OK, and in fact, to be completely
honest, I should put an absolute value here because there is examples of curves
maybe where your motion is going back and forth along the same curve. And then,
you don't want to keep counting arc length all the time. Actually, maybe you want to
say that the arc length increases and then decreases along the curve. I mean, you
get to choose how you count it. But, in this case, if you are moving back and forth, it
would make more sense to have the arc length first increase, then decrease, increase
again, and so on. So -- So if you want to know really what the arc length is, then
basically the only way to do it is to integrate speed versus time. So, if you wanted to
know how long an arch of cycloid is, you have this nice- looking curve; how long is it?
Well, you'd have to basically integrate this quantity from t equals zero to 2 pi. And,
to say the truth, I don't really know how to integrate that.

Vi vdy, bay gid, l1am sao dé thiét I&p mdi lién hé clia cac th ma ching ta d3 thdy & do?
Vang, do dd, ddc biét I3, 1am thé& nao dé& ban thiét 14p m&i quan hé gilta chiéu dai cung va
thdi gian? Vang, vi vay, cd mot hé thirc don gian, dé la tdc dd thay ddi chiéu dai cung theo
thdi gian, vang, d6 sé la t6c d6 ma ban dang di chuyén, Vang, vi tdc d6 la mot dai lugng vo
hudng cho ban biét khoang cach ban di dudc la bao nhiéu trén mét don vi thoi gian. Vang,
va trong thuc té&, dé€ dudc hoan toan trung thuc, tdi nén dat mot dau gid tri tuyét déi & day
vi 6 cac vi du vé cac dudng cong cb 18 & d6 chuyén ddng cua ban s& qua lai doc theo cling
dudng cong. Va sau dd, ban khong mudn ti€p tuc tinh chiéu dai cung moi lac. Trén thuc té€,
c6 thé ban mudn ndi réng, chidu dai cung ting va sau dé giam doc theo dudng cong. Y tdi
la, ban c6 thé chon cadch ban d&m ndé. Nhung, trong trudng hop nay, néu ban dang di
chuyén qua lai, s& cd y nghia hon khi c6 chiéu dai cung dau tién tang 1én, sau dé giam,
tang trd lai, va vang vang. Vi vay, - Vi vay néu ban mudn biét chiéu dai cung thuc su la gi,
thi v& co ban cach duy nhét d€ Iam nd la tinh tich phan t6c dd theo thdi gian. Vi vy, néu
ban muén biét mdt cung cia dudng cycloid dai bao nhiéu, ban cdé dudng cong dep nay; nd
dai bao nhiéu? Vang, vé& cg ban ban phai 18y tich phén dai lugng nay tu t bang khdéng dén 2
pi. Va, néi that, toi khéng biét cach lay tich phan dé.

So, we don't actually have a formula for the length at this point. However, we'll see
one later using a cool trick, and multi-variable calculus. So, for now, we'll just leave
the formula like that, and we don't know how long it is. Well, you can put that into
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your calculator and get the numerical value. But, that's the best I can offer. Now,
another useful notion is the unit vector to the trajectory.

Vi vay, ching ta thuc su khéng cé cong thic cho chiéu dai vao ldc nay. Tuy nhién, chdng
ta sé thay diéu dd sau nay sr dung mét tha thuét, va giai tich ham nhiéu bién. Vi vay, bay
gid, ching ta sé& dé€ lai cdng thic nhu vy, va chidng ta khdng biét né dai bao nhiéu. Vang,
ban cé thé dua nd vao may tinh clia ban va nhan dudc gid tri bang s8. Nhung, dé 1a cai tét
nhat ma tdi cé thé cung c8p. Bay gi¥, mot khai niém hitu ich khac la vector don vi cla quy
dao.

So, the usual notation is T hat. It has a hat because it's a unit vector, and T because
it's tangent. Now, how do we get this unit vector? So, maybe I should have pointed

out before that if you're moving along some trajectory, say you're going in that
direction, then when you're at this point, the velocity vector is going to be tangential

to the trajectory. It tells you the direction of motion in particular.

A, ky hiéu thong thudng 1& T m{. N6 cé mii vi nd 1& mét vectd don vi, va T vi ndé ndm trén

dudng tiép tuyén. Bay gid, lam thé& nao dé€ chldng ta nhan dugc vector dan vi nay? Vi vay,

c6 18 tdi nén chi ra trudc réng néu ban di chuyén doc theo quy dao nao dd, gia sur réng ban

dang di theo hudng dé, thi khi ban dang & tai di€ém nay, vector van téc sé tiép tuyén vdi

quy dao. N6 sé& cho ban biét hudng chuyén ddng cu thé.

So, if you want a unit vector that goes in the same direction, all you have to do is
rescale it, so, at its length becomes one. So, it's v divided by a magnitude of v. So, it
seems like now we have a lot of different things that should be related in some way.

So, let's see what we can say. Well, we can say that dr by dt, so, that's the velocity
vector, that's the same thing as if I use the chain rule dr/ds times ds/dt.

Vi vay, néu ban mudn cé mot vectd don vi theo cung mét hudng, tat ca nhitng gi ban phai
lam 13 thay ddi ti 1& nd, vang, dé chiéu dai cha né trd thanh moét. Vi vay, né béng v chia
cho do I6n cua v. Vi vay, bay giG cé vé nhu ching ta cé rat nhiéu thir khac nhau lién quan
vGi nhau theo mét cach nao dd. Vi vay, hdy xem ching ta cé thé& ndi gi. Vang, ching ta c6
thé ndi rang dr dt, a, d6 la vector van tdc, d6 1a cung mot thr nhu thé tdi sir dung quy tic
day chuyén dr/ds nhan ds / dt.

OK, so, let's think about this things. So, this guy here we've just seen. That's the
same as the speed, OK? So, this one here should be v divided by its length. So, that
means this actually should be the unit vector. OK, so, let me rewrite that. It's T
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ds/dt. So, maybe if I actually stated directly that way, see, I'm just saying the
velocity vector has a length and a direction. The length is the speed.

Véng, vi vay, chdng ta hdy xét diéu nay. Vi vay, thang nay & day ching ta vua thay.
N6 giong nhu téc d6, dung khong? Vi vay, & day cai nay sé la v chia cho chiéu dai
cua no. Vi vay, diéu do co nghia la thuc té day sé la vector don vi. Vang, vi vay, hay
dé tdi viét lai diéu d6. DS 1a T ds / dt. Vi vay, cd 18 néu tdi thuc su d& phat biéu truc
ti€p nhu vay, xem nao, t6i chi cdn ndi vector van téc co chiéu dai va hudng. Chiéu
dai la téc do.

The direction is tangent to the trajectory. So, the speed is ds/dt, and the vector is T
hat. And, that's how we get this. So, let's try just to see why dr/ds should be T. Well,
let's think of dr/ds. dr/ds means position vector r means you have the origin, which

is somewhere out there, and the vector r is here. So, dr/ds means we move by a
small amount, delta s along the trajectory a certain distance delta s.

Hudng la ti€p tuyén vdi quy dao nay. Vi vay, téc do la ds / dt, va vector la T mi. Va,

dd la cach ma chung ta nhan dudc cai nay. Vi vay, hdy thlr xét xem tai sao dr / ds sé
bang T. Vang, hdy nghi vé dr / ds. dr / ds nghia la vector vi tri r c6 nghia la ban cé g6c

toa do, nd & dau dé ngoai do, va vector r & day. Vi vay, dr / ds cé nghia la ching ta di
chuyén mét lugng nho, delta s doc theo quy dao mot khoang cach delta s nao doé.

And, we look at how the position vector changes. Well, we'll have a small change.

Let me call that vector delta r corresponding to the size, corresponding to the length
delta s. And now, delta r should be essentially roughly equal to, well, its direction will
be tangent to the trajectory. If I take a small enough interval, then the direction will
be almost tensioned to the trajectory times the length of it will be delta s, the distance
that I have traveled. OK, sorry, maybe I should explain that on a separate board. OK,
so, let's say that we have that amount of time, delta t. So, let's zoom into that curve.
So, we have r at time t. We have r at time t plus delta t. This vector here I will call
delta r. The length of this vector is delta s. And, the direction is essentially that of a
vector. OK, so, delta s over delta t, that's the distance traveled divided by the time.

Va, chldng ta xét vector vi tri thay d6i nhu thé& nao. Vang, ching t6i s& c6 mot su thay déi
nho. Hay dé tdi goi vector delta r dé tuong (ng véi kich thudc, tuong ’ng véi chiéu dai
delta s. Va bdy gid, vé co ban delta r s& gan bang, vang, hudng cla né sé ti€p tuyén vdéi
quy dao nay. Néu toi phai mat mét khoang thdi gian dd nhé, thi hudng gan nhu dudc cang
vao quy dao nhan chiéu dai cla nd sé& la delta s,khoang cach ma tdi da di chuyén. Vang, xin
16i, c6 1& t6i nén giai thich diéu doé trén tdm bang khac. Vang, vi vay, gid sir réng ching ta
c6 khoang thai gian , delta t. Vi vay, chidng ta hdy phéng to dudng cong dé. Vi vay, chidng
ta co r tai thSi diém t. Ching ta cd thdi r tai thdi diém t cdng delta t. T6i s& goi Vector nay &
day la delta r. Chiéu dai cla vector nay la delta s. Va, vé ca ban hudng la cai dé cua vector.
Vang, vi vay, delta s trén delta t, dé la khoang cach di dudc chia cho thdi gian.

That's going to be close to the speed. And, delta r is approximately T times delta s.
So, now if I divide both sides by delta t, I get this. And, if I take the limit as delta t
turns to zero, then I get the same formula with the derivatives and with an equality.
It's an approximation. The approximation becomes better and better if I go to
smaller intervals. OK, are there any questions about this?

N6 s& gan bdng t8c dd. Va, delta r gan bang T nhén delta s. Vi vay, bay giG néu tbi
chia ca hai vé cho delta t, toi nhan dudc cai nay. Va, néu toéi lay gidi han khi delta t
ti€én vé khong, thi toi nhan dugc cing mot cong thic véi cac dao ham va véi moét su
tudng duong. Pay la mét phép gan dung. Phép gan dlung sé ngay cang trg nén tot
hon néu t6i di dén nhitng khoang thai gian nhé hdn. Vang, cé bat ki cau hoéi nao vé
diéu nay khoéng?

Yes? Yes, that's correct. OK, so let's be more careful, actually. So, you're asking
about whether the delta r is actually strictly tangent to the curve. Is that -- That's
correct. Actually, delta r is not strictly tangent to anything. So, maybe I should draw
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another picture. If I'm going from here to here, then delta r is going to be this arc
inside the curve while the vector will be going in this direction, OK?
Pung? Vang, dung vay. Vang, vi vdy ching ta hdy can than hon. Vang, ban dang hoi vé
viéc liéu cac delta r c6 dung la ti€p tuyén véi dudng cong hay khéng. C6 phai nhu vay -
Diéu dé chinh xac. Qua thuc, delta r la khong ti€p xuc véi bat cur cai gi. Vi vay, co I€ toi
nén vé hinh khac. Néu téi di tir day dén day, thi delta r sé la cung nay bén trong dudng
cong trong khi vector sé di theo hudng nay, ding khong?

So, they are not strictly parallel to each other. That's why it's only approximately
equal. Similarly, this distance, the length of delta r is not exactly the length along
the curve. It's actually a bit shorter. But, if we imagine a smaller and smaller portion
of the curve, then this effect of the curve being a curve and not a straight line
becomes more and more negligible. If you zoom into the curve sufficiently, then it
looks more and more like a straight line.

Vi vay, ching khéng hoan toan song song vdi nhau. D6 la ly do tai sao n6 chi gan bang
nhau. Tudng tu , khoang cach nay, d6 dai cua delta r khdng chinh xac bang chiéu dai
doc theo dudng cong. N6 thuc su hoi ngdn hon mét chit. Nhung, néu chdng ta hinh
dung mot phan nhoé hon va nhd han clia dudng cong, thi hiéu ng nay clia dudng cong la
mot dudng cong va khdng phai 1a mét dudng thdng ngay cang trd nén khdng dang ké.
Né&u ban thu dudng cong lai da nho, thi nd cé vé nhu ngay cang gidng dudng thang.

And then, what I said becomes true in the limit. OK? Any other questions? No? OK.
So, what happens next? OK, so let me show you a nice example of why we might
want to use vectors to study parametric curves because, after all, a lot of what's

here you can just do in coordinates. And, we don't really need vectors. Well, and

truly, vectors being a language, you never strictly need it, but it's useful to have a

notion of vectors.

Va roi, nhirng gi toi da ndi trd thanh su that trong gigi han. Bing khong? Cac ban cd hoi

gi khéng? Khdng a? Vang. Vi vay, diéu gi xay ra tiép theo? Vang, vi vy hay dé tdi chi
cho ban mdt vi du hay vé Iy do tai sao ching ta dung céc vector dé nghién cltu cac
dudng cong tham s6 bdi vi, rét cudc, rat nhiéu thr 8 day ban chi c6 thé thuc hién trong

cac toa do6. Va, ching ta khong thuc su can vects. Vang, va that su, vectd tré thanh mot
ngdn ng{f, ban khdng bao gid can nd, nhung rat hitu ich d& cé khai niém vecto.

So, I want to tell you a bit about Kepler's second law of celestial mechanics. So, that
goes back to 1609. So, that's not exactly recent news, OK? But, still I think it's a

very interesting example of why you might want to use vector methods to analyze
motions. So, what happened back then was Kepler was trying to observe the motion
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of planets in the sky, and trying to come up with general explanations of how they
move.

Vang, t6i mudn ndi v8i ban mdt chit vé dinh ludt thr hai Kepler vé& cd hoc thién thé. Vi
vay, hay quay lai nam 1609. Vang, do la khong phai la tin tlc gan day, dung khong? Tuy
nhién, nhung téi van nghi réng dé 18 mot vi du rat tha vi vé Iy do tai sao ban can sur
dung phuadng phap vector dé phan tich chuyén déng. Vi vdy, nhitng gi xay ra la Kepler
dang c6 géng quan sat chuyén ddng cua cac hanh tinh trén bau trdi, va cd gadng dua ra
giai thich chung vé viéc ching di chuyén nh u thé nao.

Before him, people were saying, well, they cannot move in a circle. But maybe it's
more complicated than that. We need to add smaller circular motions on top of each
other, and so on. They have more and more complicated theories. And then Kepler
came with these laws that said basically that planets move in an ellipse around the
sun, and that they move in a very specific way along that ellipse.

Trudc 6ng 8y, ngudi ta da ndi, vang, ching khéng thé di chuyén theo mdt vong tron.
Nhung cé |& nd phic tap hon diéu d6. Ching ta can phai thém céc chuyén ddng vong tron
nhé hagn trén dinh clda nhau, va v.v. Ho cd ly thuyét nhiéu han va phlc tap han. Va sau dé
Kepler dua ra dinh ludt ndi réng vé cc ban cac hanh tinh chuyén déng theo nhitng quy dao
elip xung quanh mat tr&i, va ching chuyén theo nhitng cich rat dac biét doc theo elip dé.

So, there's actually three laws, but let me just tell you about the second one that has
a very nice vector interpretation. So, what Kepler's second law says is that the
motion of planets is, first of all, they move in a plane. And second, the area swept

out by the line from the sun to the planet is swept at constant time. Sorry, is swept

at constant rate. From the sun to the planet, it is swept out by the line at a constant
rate.

Vi vay, thuc su c6 ba dinh ludt, nhung hdy dé téi noéi vé dinh luat th& hai c6 mot dién giai
vector hay. Vi vdy, dinh ludt th(r hai cha Kepler ndi réng chuyén déng cta cac hanh tinh 13,
trudc hét, ching di chuyén trong mat phang. Va th(& hai, dudng ndi tir mat trdi dén hanh
tinh quét dugc nhitng dién tich bang nhau trong nhitng khoang thd&i gian bang nhau. Xin
16i, quét véi tdc dd khong ddi. TUr mat trdi d&n hanh tinh, né dugc quét bdi dudng thang vdi
mot tdc d6 khoéng ddi.

OK, so that's an interesting law because it tells you, once you know what the orbit of
the planet looks like, it tells you how fast it's going to move on that orbit. OK, so let
me explain again. So, this law says maybe the sun, let's put the sun here at the
origin, and let's have a planet. Well, the planet orbits around the sun -- -- in some
trajectory. So, this is supposed to be light blue. Can you see that it's different from
white? No? OK, me neither.

OK, vi vay dé la dinh luat li thd vi né cho ban biét, mot khi ban biét quy dao cua hanh
tinh, né cho ban biét né sé& di chuyén trén quy dao d4 nhanh nhu thé& ndo. Vang, tdi sé
gidi thich mot 1an nira. Vi vay, dinh ludt nay ndéi cd thé mat trdi, ching ta hdy dat mat
trGi & day tai gbéc toa do, va mét hanh tinh. Vang, quy dao hanh tinh xung quanh mat
trgi - - theo moét quy dao nao dé. Vi vay, day dudc gid s la mau xanh sang. Ban cé
thdy nd khac véi mau trdng khéng? Khdng? Vang, téi cling khong.

[LAUGHTER] OK, it doesn't really matter. So, the planet moves on its orbit. And, if
you wait for a certain time, then a bit later it would be here, and then here, and so
on. Then, you can look at the amount of area inside this triangular wedge. And, the
claim is that the amount of area in here is proportional to the time elapsed. So, in
particular, if a planet is closer to the sun, then it has to go faster.

[Cudi] VAang, nd khéng thuc su quan trong. Vi vdy, cdc hanh tinh chuyén déng trén quy
dao cua né. Va, néu ban ché moét thdi gian nhat dinh, thi mét chat sau do né sé g day, va
roi ¢ day, va vang vang. Thi, ban cd thé thay dién tich chra bén trong ném hinh tam giac
nay. Va, phat biéu Ia lugng dién tich & day ti 1é v4i thdi gian tréi qua. Vi vay, ddc biét, néu
mot hanh tinh gan v&i mat trdi han, thi né sé& chuyén ddng nhanh hon.
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And, if it's farther away from the sun, then it has to go slower so that the area
remains proportional to time. So, it's a very sophisticated prediction. And, I think the
way he came to it was really just by using a lot of observations, and trying to
measure what was true that wasn't true. But, let's try to see how we can understand
that in terms of all we know today about mechanics. So, in fact, what happens is
that Newton, so Newton was quite a bit later.

Va, néu nd ra xa mét trdi, thi né sé& chuyén ddng chadm hon dé dién tich van con ti &
thuén vdi thdi gian. Vi vdy, dé 18 mot du dodn rét tinh vi. Va, téi nghi réng cach 6ng &y
suy ra dudc diéu do la quan sat that nhiéu, va c6 gang do nhitng gi la ding va khong
ding. Nhung, ching ta hdy th&r xem ching ta cé thé hi€u nhu thé nao theo tat ca
nhitng gi ching ta biét hédm nay vé cd hoc. Vi vay, qua thuc, nhitng gi xay ra la
Newton, vi vdy, Newton ra dgi sau nay.

That was the late 17th century instead of the beginning of the 17th century. So, he
was able to explain this using his laws for gravitational attraction. And, you'll see
that if we reformulate Kepler's Law in terms of vectors, and if we work a bit with
these vectors, we are going to end up with something that's actually completely
obvious to us now. At the time, it was very far from obvious, but to us now to
completely obvious.

D6 1a vao cudi thé ky 17 thay vi dau thé ky 17. Vi vay, dng ta da cd thé giai thich diéu
nay b&ng cach s dung cac dinh luat van vat hdp dan clia 6ng dy. V4, ban sé thay
réng néu chdng ta xét lai dinh luat Kepler theo vectd, va néu ching ta lam viéc mot
chit véi cac vects nay, ching ta s& két thic v8i nhitng th hoan toan hién nhién vdi
ching ta bay gid. Luc nay, né con chua rd rang, nhung bay gid déi véi ching ta nd
hoan toan rd rang.

So, let's try to see, what does Kepler's law say in terms of vectors? OK, so, let's

think of what kinds of vectors we might want to have in here. Well, it might be good
to think of, maybe, the position vector, and maybe its variation. So, if we wait a
certain amount of time, we'll have a vector, delta r, which is the change in position
vector a various interval of time. OK, so let's start with the first step.

Vi vay, hay thir xem, dinh ludt Kepler néi gi theo cac vecta? Vang, vi vay, ching ta hady
suy nghi vé nhitng loai vector nao ma chiing ta c6 thé muén cé & day. Vang, cb thé la tét
dé nghi v&, coé thé, vector vi tri, va cd thé su bién d6i ctia nd. Vi vdy, néu ching ta chd
dgi mét thdi gian nhat dinh, ching ta s& cd mdt vector, delta r, d6 1a su thay ddi cla
vector vj tri theo nhitng khoang thg&i gian khac nhau. Vang, vi vay hay bat dau vdi budc
dau tién.

What's the most complicated thing in here? It's this area swept out by the line. How
do we express that area in terms of vectors? Well, I've almost given the answer by
drawing this picture, right? If I take a sufficiently small amount of time, this shaded
part looks like a triangle. So, we have to find the area of the triangle. Well, we know
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how to do that now. So, the area is approximately equal to one half of the area of a
parallelogram that I could form from these vectors.

Diédu phrc tap nhdt & day 1a gi? D6 1a dién tich dugc quét bsi dudng thdng. Ching ta biéu
dién dién tich d6 theo cac vector nhu thé nao? Vang, téi d& gan dua ra cau tra I8i bang
cach vé hinh nay, phai khong? Néu t6i chon moét khoang thgi gian du nho, phan dugc to
nay cé dang mét tam giac. Vi vay, toi phai tim dién tich cia hinh tam gidc. Vang, hién tai
ching ta d& biét cach Iam diéu dd. Vang, dién tich gan bdng mot phan hai dién tich cla
hinh binh hanh hinh thanh tU nhirng vector nay.

And, the area of a parallelogram is given by the magnitude of a cross product. OK,

so, I should say, this is the area swept in time delta t. You should think of delta t as
relatively small. I mean, the scale of a planet that might still be a few days, but

small compared to the other old trajectory. So, let's remember that the amount by
which we moved, delta r, is approximately equal to v times delta t,

Va, dién tich hinh binh hanh la d6 I8n cla tich vector. Vang,vi vay, téi nén néi, day la
dién tich dudc quét trong thdi gian delta t. Ban nén xem delta t tuong d&i nho. Y toi 13,
quy md clia mdt hanh tinh cé thé Ia mét vai ngay, nhung nhé so véi quy dao cili khac. Vi
vay, ching ta hdy nhd rdng Iugng ma ching ta da di chuyén, delta r, gan bang v nhéan
delta t,

OK, and just using the definition of a velocity vector. So, let's use that. Sorry, so it's
approximately equal to r cross v magnitude times delta t. I can take out the delta t,
which is scalar. So, now, what does it mean to say that area is swept at a constant
rate? It means this thing is proportional to delta t. So, that means, so, the law says,

in fact, that the length of this cross product r cross v equals a constant. .
Vang, va chi can st dung dinh nghia vector van t6c. Vi vay, hdy st dung diéu do. Xin 10i, vi
vay né gan bang dd 16n r nhan vector v3i v nhan delta t. T6i ¢ thé dua delta t ra, nd la dai
lugng v6 hudng. Vi vay, bay gid, dién tich dudc quét vdi téc dd khdng ddi co nghia l1a gi?
N6 cb nghia la cai nay ty |é véi delta t. Vi vay, diéu doé cé nghia la, vi vay, dinh luat noi,
trén thuc t&, dd dai cua tich vector r nhan v nay bang mét hang sd.

OK, r cross v has constant length. Any questions about that? No? Yes? Yes, let me
try to explain that again. So, what I'm claiming is that the length of the cross
products r cross v measures the rate at which area is swept by the position vector. I
should say, with a vector of one half of this length is the rate at which area is swept.
How do we see that? Well, let's take a small time interval, delta t.

Vang, v nhan vector véi r cd chiéu dai khéng ddi. C6 cau hoi nao vé diéu dé khdng?
Khéng cé a? Vang? Vang, hdy dé€ giai thich diéu d6 moét lan nira. Vi vay, nhitng gi toi
khdng dinh 1a chiéu dai tich vector r nhan vector vdi v do téc dd quét dién tich cua
vector vi tri. Toi nén ndi, v8i mot vector bdng nlra chiéu dai nay la t6c d6 ma dién tich
dugc quét. Lam thé& ndo dé€ chlng ta thdy diéu d6? Vang, ching ta hdy 18y mdt khodng
thg@i gian nho, delta t.

In time, delta t, our planet moves by v delta t, OK? So, if it moves by v delta t, it
means that this triangle up there has two sides. One is the position vector, r. The
other one is v delta t. So, its area is given by one half of the magnitude of a cross
product. That's the formula we've seen for the area of a triangle in space. So, the
area is one half of the cross product, r, and v delta t, magnitude of the cross
product.

Theo thdi gian, delta t, hanh tinh cla ching ta chuyén ddng v delta t, ding khéng? Vi
vay, néu nod di chuyén v delta t, cé nghia la tam gidc nay 1én dén d6 cé hai canh. M6t Ia
vector vj tri, r. Canh kia la v delta t. Vi vay, dién tich cia n6 bang mot ndra do I16n cua
tich vector. Bé la cong thirc tinh dién tich cha tam gidc trong khong gian ma ta da hoc.
Vi vay, dién tich bang mét nira tich vector, r, va v delta t, d6 I16n cua tich vector.

So, to say that the rate at which area is swept is constant means that these two are



Dich béi http://www.mientayvn.com

proportional. Area divided by delta t is constant at our time. And so, this is constant.
OK, now, what about the other half of the law? Well, it says that the motion is in a
plane, and so we have a plane in which the motion takes place. And, it contains,

also, the sun. And, it contains the trajectory. So, let's think about that plane.

Vi vay, ndi téc do quét dién tich khdong ddi cé nghia |a hai cai nay ti I& thudn. Dién tich chia
cho delta t la hdng s6 theo thd&i gian. Va nhu vay, day la hang s6. Vang, bay giG, con vé
nura kia cta dinh luat thi sao? Vang, né nédi rang chuyén déng & trong mat phang, va do dé
chiing ta c6 mdt mat phdng & dé chuyén déng xay ra. Va, né cling chlfa, mét trdi. Va, né
chilra quy dao. Vi vay, hdy nghi vé mat phang do.

Well, I claim that the position vector is in the plane. OK, that's what we are saying.
But, there is another vector that I know it is in the plane. You could say the position
vector at another time, or at any time, but in fact, what's also true is that the
velocity vector is in the plane. OK, if I'm moving in the plane, then position and
velocity are in there. So, the plane of motion contains r and v.

Vang, tbéi cho réng cac vector vi tri & trong mat phdng. Vang, dé Ia nhirng gi ching
ta dang néi. Nhung, con c6 mét vector khac ma téi biét ndé dang & trong mat phang.
Ban c6 thé ndi vector vi tri tai mdt thdi diém khac, hodc tai bat ky thdi diém nao,
nhung trén thuc té&, nhitng gi dling la vector van téc & trong mét phang. Vang, néu
téi dang di chuyén trong mat phang, thi vi tri va van téc la & dd. Vi vdy, mat phang
chuyén dbéng chira r va v.

So, what's the direction of the cross product r cross v? Well, it's the direction that's
perpendicular to this plane. So, it's normal to the plane of motion. And, that means,
now, that actually we've put the two statements in there into a single form because
we are saying r cross v has constant length and constant direction. In fact, in
general, maybe I should say something about this. So, if you just look at the position
vector, and the velocity vector for any motion at any given time, then together, they
determine some plane.

Vi vdy, hudng cua tich vector r véi v 1a gi? Vang, dé 1a hudng vudng géc véi mat phang
nay. Vi vdy, né vudng gbc v8i mat phang chuyén ddng. Va, c6 nghia 1a, bay gid, thuc su
ching ta da dat hai cau 6 dé thanh mot hinh thirc duy nhat vi chdng ta dang ndi r nhan
vector véi v ¢ chiéu dai va hudng khdng d6i. Qua thuc, néi chung, cé 18 tdi nén ndi doi
diéu vé viéc nay. Vang, néu ban nhin vao vector vi tri, va vector van téc cho bat ky
chuyén dbng nao tai bat ky thdi diém cho trudc, thi ching cung nhau xac dinh mét mat
phang nao doé.

And, that's the plane that contains the origin, the point, and the velocity vector. If
you want, it's the plane in which the motion seems to be going at the given time.
Now, of course, if your motion is not in a plane, then that plane will change. It's,
however, instant, if a plane in which the motion is taking place at a given time. And,



Dich béi http://www.mientayvn.com

to say that the motion actually stays in that plane forever means that this guy will
not change direction.

Va, dé 1a mat phdng chra g6c toa dd, diém, va vector van t6c. Néu ban muén, dé 1a mat
phéng, trong d6 chuyén déng cé vé dang & thdi diém nao d6. Bay gid, tat nhién, néu
chuyén dbng cua ban khéng & trong mat phang, thi mat phdng dé sé& thay déi. Tuy
nhién, né 13, tic thdi, néu mat phang trong dé chuyén déng xay ra tai thdi diém nhét
dinh. Va, néi chuyén déng thuc su' 8 mat phdng d6 mai mai c6 nghia la thdng nay sé&
khong thay d&i hudng.

OK, so -- [LAUGHTER] [APPLAUSE] OK, so, Kepler's second law is actually equivalent
to saying that r cross v equals a constant vector, OK? That's what the law says. So,
in terms of derivatives, it means d by dt of r cross v is the zero vector. OK, now, so
there's an interesting thing to note, which is that we can use the usual product rule
for derivatives with vector expressions, with dot products or cross products.

Vang, vi vay - [cudi] [vo tay] VAng, nhu vay, dinh Iut th( hai Kepler tugng duong véi
viéc phat biéu rang r nhan vector v8i v bdng mot vectd khdéng ddi, ding khdng? D6 la
noi dung dinh luat. Vi vay, theo dao ham, n6 cé nghia la d trén dt cla r nhan vector vdi
v bdng vector khdng. Vang, bay gid, do d, c6 mot diéu thud vi can luu y, d6 1a ching ta
c6 thé sir dung cac quy tac tich thdng thudng cho dao ham véi cac biéu thirc vector, vai
tich vd6 hudng hoac tich vector.

There's only one catch, which is that when we differentiate a cross product, we have
to be careful that the guy on the left stays on the left. The guy on the right stays on
the right. OK, so, if you know that uv prime equals u prime v plus uv prime, then

you are safe. If you know it as u prime v cross v prime u, then you are not safe. OK,
so it's the only thing to watch for. So, product rule is OK for taking the derivative of

a dot product.

Chi c6 mot sai 1éch nhd, dé Ia khi ching ta 18y dao ham tich vector, ching ta phai cén
than thang & bén trai van ndm bén trai. Thdng & bén phai van ndm bén phai. Vang, vi vay,
néu ban biét rang uv phdy bdng u phdy v céng véi uv phdy, thi ban dudc an toan. Néu
ban biét nd nhu la u phdy v nhan vector véi v phdy u, thi ban khdng an toan. Vang, do do,
dé la diéu duy nhat can quan tam. Vi vay, quy téc tich la OK d6i vdi viéc |18y dao ham cla
tich vo hudng.

There, you don't actually even need to be very careful about all the things or the
derivative of a cross product. There you just need to be a little bit more careful. OK,
so, now that we know that, we can write this as dr/dt cross v plus r cross dv/dt, OK?
Well, let's reformulate things slightly. So, dr dt already has a name. In fact, that's v.
OK, that's what we call the velocity vector. So, this is v cross v plus r cross, what is
dv/dt?
O dd, thuc su ban thdm chi khong can phai quan tdm vé tat cd cac th& hodc dao ham
cua tich vector. O d6 ban chi cadn can than mot chdt. Vang,vi vy, bay gid ching ta biét
réang, ching ta cé thé viét cai nay nhu la dr / dt nhan vector v&i v cdng r nhan vector vai
dv/ dt, ding khong? Vang, chdng ta hay xét lai cac th&r mot cach nhe nhang. Vi vay, dr
dt da co6 tén. Qua thuc, do la v. Vang, ching ta goi né la vector van téc. Vi vay, cai nay
bang v nhan vector véi v cdng r nhan vector vdi, dv/dt la gi ?
That's the acceleration, a, equals zero. OK, so now what's the next step? Well, we know
what v cross v is because, remember, a vector cross itself is always zero, OK? So, this
is the same r cross a equals zero, and that's the same as saying that the
cross product of two vectors is zero exactly when the parallelogram of the form has
no area. And, the way in which that happens is if they are actually parallel to each
other.
Dé la gia téc, a, bang khdng. Vang, vay bay gid budc tiép theo la gi? Vang, ching ta biét
v nhan vector vdi v la gi bdi vi, hay nhg, mot vector nhan vector vai chinh né luén ludn
bang khong, ding khdng? Vi vay, cdi nay giébng nhu r nhan vector véi a bang khdng, va
diéu d6 ciling giéng nhu ndi réng tich vector cia hai vectd bédng khdng khi hinh binh
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hanh dudc hinh thanh khéng cé dién tich. Va, dé€ diéu d6 xay ra thi ching phai song
song V@i nhau.

So, that means the acceleration is parallel to the position. OK, so, in fact, what
Kepler's second law says is that the acceleration is parallel to the position vector.
And, since we know that acceleration is caused by a force that's equivalent to the
fact that the gravitational force -- -- is parallel to the position vector, that means,
well, if you have the sun here at the origin, and if you have your planets, well, the
gravitational force caused by the sun should go along this line.

Vi vay, diéu dé cé nghia la gia t6c song song vdi vi tri. Vang, vi vay, trén thuc t€, ndi
dung cua dinh luat Kepler th{r hai la gia t6c song song vd@i vector vi tri. Va, bdi vi ching
ta biét r&ng gia tdc gay ra do luc diéu dé tudng duong vdi luc hdp dan - - song song vdi
vector vi tri, c6 nghia la, vang, néu ban cé mat trGi & day tai goc toa do, va néu ban cd
cac hanh tinh cla ban, vang, luc hdp dan gay ra do mat trdi sé di doc theo dudng nay.

In fact, the law doesn't even say whether it's going towards the sun or away from
the sun. Well, what we know now is that, of course, the attraction is towards the

sun. But, Kepler's law would also be true, actually, if things were going away. So, in
particular, say, electric force also has this property of being towards the central
charge. So, actually, if you look at motion of charged particles in an electric field
caused by a point charged particle, it also satisfies Kepler's law, satisfies the same
law.

Trong thuc té, dinh luat khong néi né sé hudng vé mat trGi hay ra xa mat trgi. Vang, bay
gid nhitng gi chdng ta biét la, tat nhién, sy hat hudng vé mat trdi. Tuy nhién, dinh luat
Kepler cling dung, thuc su, néu moi th di ra xa. Vi vay, dac biét, gia su, luc dién cling co
tinh ch&t hudng vé dién tich trung tdm. Vi vay, trén thuc t&, néu ban xét chuyén ddng cla
cac hat tich mang dién trong mét dién trudng gay ra bdi mot dién tich diém, né cling thda
man dinh luat Kepler, thGa man cung mot dinh luat.

OK, that's the end for today, thanks.
Vang, da hét gigd, cam adn.



