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18.02 Multivariable Calculus, Fall 2007
Transcript - Lecture 5: Phudng trinh tham sé ctia dudng thang

Pay la phan ghi chép trén 18p. V@ bai gidang, cac ban cd6 thé xem tai:
http://www.mientayvn.com/OCW/MIT/giai tich nhieu bien.html

OK, let's start. So -- So, yesterday we learned about the questions of planes and

how to think of 3x3 linear systems in terms of intersections of planes and how to

think about them geometrically. And, that in particular led us to see which cases
actually we don't have a unique solution to the system, but maybe we have no
solutions or infinitely many solutions because maybe the line at intersection of two of
the planes happens to be parallel to the other plane.

Vang, hdy bt dau. A, - A, ngdy hdm qua ching ta d& hoc vé van d& mét phang va cach
nghi cac hé phuang trinh tuyén tinh 3x3 theo sy giao nhau clia cac mat phang va lam thé
ndo dé xét ching & phuong dién hinh hoc. V4, cu thé diéu d6 d& dan ching ta dén nhing
trudng hdp ma thuc su ching ta khéng cé moét nghiém duy nhét cho hé, nhung cling cé thé
khéng cé nghiém hoéc c6 v6 s6 nghiém vi cé thé dudng giao nhau cua hai mat phdng song
song vGi mat phang con lai.

So, today, we'll start by looking at the equations of lines. And, so in a way it seems
like something which we've already seen last time because we have seen that we

can think of a line as the intersection of two planes. And, we know what equations of
planes look like. So, we could describe a line by two equations telling us about the

two planes that intersect on the line. But that's not the most convenient way to think
about the line usually, though, because when you have these two questions, have

you solve them? Well, OK, you can, but it takes a bit of effort. So, instead, there is
another representation of a line.

Vi vdy, hdm nay, chidng ta bat dau xét cic phudng trinh dudng thdng. Va, cling giéng nhu
cdch ma ching ta d3 gdp Ian trudc bdi vi ching ta da th8y rang chidng ta cd thé xem
dudng thdng nhu giao tuyén clia hai mat phang. Va, ching ta biét dang clia phuong trinh
mat phang. Vi vy, ching ta cé thé€ md ta dudng thadng bdi hai phuong trinh cla hai mat
phdng giao nhau qua dudng thdng d6. Nhung dé khong phai cach thuén tién nhit dé€ nghi
vé dudng thdng thudng, mic du, bdi vi khi ban cé hai cdu héi ndy, ban cd giadi ching
khdéng? Vang, vang, ban cd thé, nhung phai mat mot chit céng sdc. Vi vay, thay vao do,
c6 mot cach khac dé biéu dién dudng thang.

So, if you have a line in space, well, you can imagine may be that you have a point

on it. And, that point is moving in time. And, the line is the trajectory of a point as
time varies. So, think of a line as the trajectory of a moving point. And, so when we
think of the trajectory of the moving point, that's called a parametric equation. OK,

SO we are going to learn about parametric equations of lines.

Vi vdy, néu ban c6 mét dudng thdng trong khdng gian, a, ban cd thé tudng tuong rédng cé
thé ban c6 mdt diém trén do. Va, diém dé dang di chuyén theo thdi gian. Va, dudng thang
la quy dao clia diém khi thdi gian bién d6i. Vi vdy, hdy nghi vé dudng thdng nhu quy dao
ctia mot diém dang di chuyén. Va, do dd, khi ching ta xét quy dao cla diém chuyén ddng,
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dé dudc goi la phuang trinh tham s8. Vang, vi vdy ching ta sé tim hiéu vé phuodng trinh
tham s& cua dudng thang.

So, let's say for example that we are looking at the line. So, to specify a line in

space, I can do that by giving you two points on the line or by giving you a point and
a vector parallel to the line. For example, so let's say I give you two points on the
line: (-1,2,2), and the other point will be (1,3,-1). So, OK, it's pretty good because
we have two points in that line. Now, how do we find all the other points? Well, the
other points in between these guys and also on either side.

Vang, vi du ching ta xét dudng théng. A, dé xac dinh mot dudng thang trong khdng gian,
téi cd thé lam diéu d6 bdng cach cho ban hai diém trén dudng thidng hodc mot diém va
mét vector song song vdi dudng thdng. Vi du, gid s tdi cho ban hai diém trén dudng
thang: (-1,2,2), va diém con lai s& 1a (1,3, -1). Vi vay, vang, nd kha tét bdi vi ching ta cb
hai diém trén dudng thdng d6. Bay gid, lam thé nao dé€ ching ta tim t&t ca cac diém con
lai? Vang, cac diém con lai & gilta nhitng thdng nay va cling cé thé & hai bén.

Let's imagine that we have a point that's moving on the line, and at time zero, it's
here at Q0. And, in a unit time, I'm not telling you what the unit is. It could be a
second. It could be an hour. It could be a year. At t=1, it's going to be at Q1. And, it
moves at a constant speed. So, maybe at time one half, it's going to be here. Times
two, it would be over there. And, in fact, that point didn't start here. Maybe it's

always been moving on that line. At time minus two, it was down there. So, let's say
Q(t) is a moving point, and at t=0 it's at QO.

Hay tudng tugng réang ching ta cé mot diém dang di chuyén trén dudng thdng, va vao thdi
diém khoéng, né & day tai Q0. Va, trong mdt don vi thdi gian, téi khéng ndi cho ban dadn vi
la gi. N6 cb thé la gidy. N6 cd thé la gid. N6 cb thé l1a ndm. Tait = 1, nd sé & tai Q1. Va, nd
di chuyén vdi t6c d6 khdng ddi. Vi vay, cb thé & thdi di€m mdt phan hai, né s& & day. Nhan
hai, n6 sé& & dd. Va, trén thuc t&, diém dé khdng bat dau & day. C6 1& nd ludn ludn di
chuyén trén dudng thadng dé. Tai thdi diém trir hai, nd di xudng dd. Vi vay, gid st Q(t) 1a
mét diém dang di chuyén, va tait = 0 né & tai QO.

And, let's say that it moves. Well, we couldn't make it move in any way we want.

But, probably the easiest to find, so our role is going to find formulas for a position of

this moving point in terms of t. And, we'll use that to say, well, any point on the line
is of this form where you have to plug in the current value of t depending on when it's
hit by the moving point. So, perhaps it's easiest to do it if we make it move at a
constant speed on the line, and that speed is chosen so that at time one, it's at Q1.
Va, giad s réng nd di chuyén. Vang, ching ta khéng thé& lam né di chuyén theo bat cl
cach ndo ma ching ta mudn. Nhung, c6 18 dé nhat dé tim, do dd, nhiém vu cua ching ta
la tim cdng thirc cho vi tri cia diém di chuyén nay theo t. Va, ching ta s& s dung diéu dé
dé nodi, vang, bt ky diém nao trén dudng thdng thudc dang nay & d6 ban phai thé vao gia
tri hién tai cGa t tuy thudc vao khi ndo né bi cham bgi diém di chuyén. Vi vay, cé 1& dé
nhat d€ 1am né 1a néu ching ta 1am nd di chuyén vdi mét téc dd khdng déi trén dudng
thang, va téc do6 dé dudc chon sao cho tai thdi diém mét, né & Q1.
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So, the question we want to answer is, what is the position at time t, so, the point
Q(t)? Well, to answer that we have an easy observation, which is that the vector
from QO to Q of t is proportional to the vector from QO to Q1. And, what's the
proportionality factor here? Yeah, it's exactly t. At time one, Q0 Q is exactly the
same. Maybe I should draw another picture again. I have Q0. I have Q1, and after
time t, I'm here at Q of t where this vector from QO Q(t) is actually going to be t
times the vector Q0 Q1. So, when t increases, it gets longer and longer.

Vi vay, cau hoi ma chdng ta mudn tra I8i 13, vi tri tai thdi diém t 1a gi, vang, diém Q (t)?
Vang, dé tra diéu d6 ching ta c6 dé thdy, dé 13 vector tir Q0 dén Q(t) ty lé thuan vdi
vector tir Q0 dén Q1. Va, hé s6 ty 1& & day 1a gi? O, né chinh 1a t. Tai thsi diém mot, QO
Q chinh xac giéng nhau. C6 I€ t6i nén vé lai hinh khac. T6i cé Q0. T6i cdé Q1, va sau thdi
diém t, toi & day tai Q (t) ndi ma vector tir Q0 Q (t) thuc su sé& la nhan vector Q0 Q1. Vi
vay, khi t tang, né ngay cang dai hon.

So, does everybody see this now? Is that OK? Any questions about that? Yes? OK, so
I will try to avoid using blue. Thanks for, that's fine. So, OK, I will not use blue
anymore. OK, well, first let me just make everything white just for now. This is the
vector from QO to Q(t). This is the point Q(t). OK, is it kind of visible now? OK,
thanks for pointing it out. I will switch to brighter colors. So, OK, so apart from that,

I claim now we can find the position of its moving point because, well, this vector,
Q0Q1 we can find from the coordinates of Q0 and Q1.

Vi vay, bay gid moi ngudi thdy diéu nay chua? On ch? C6 cau hdi nao vé van dé dé
khdng? Sao? Véng, do dd, tdi s& c8 gdng tranh s’ dung mau xanh lam. Cam d¢n ban,
diéu do tot. Vi vay, vang, toi sé khong si dung mau xanh nira. bugc roi, a, bay gid
trudc hét ching ta hdy lam cho moi thr mau trdng. Pay 1a vector tir Q0 dén Q(t). Pay la
diém Q (t). Vang, ndé phan nao dé th&y phai khong? Vang, cdm on d& chi ra nd. Toi sé
chuyé&n sang mau sang hon. Vi vy, vang, ngoai trir viéc d, bay gid toi xac nhén rang
ching ta cé thé tim vi tri diém chuyén déng cda nd bdi vi, vang, vector nay, Q0Q1
chiing ta cd thé tim tur cac toa dd cua QO va Ql.

So, we just subtract the coordinates of Q0 from those of Q1 will get that vector QO

Q1 is <2, 1, -3> OK, so, if I look at it, well, so let's call x(t), y(t), and z(t) the
coordinates of the point that's moving on the line. Then we get x of t minus, well,
actually plus one equals t times two. I'm writing the components of Q0Q(t). And

here, I'm writing t times Q0Q1. y(t) minus two equals t, and z(t) minus two equals -
3t. So, in other terms, the more familiar way that we used to write these equations,
let me do it that way instead, minus one plus 2t, y(t) = 2 t, z(t) = 2 - 3t.

Vi vay, chung ta chi can trir toa dd cla Q1 cho Q0 s& nhén dudc rédng vector Q0Q1 la <2,
1, -3> vang, vi vay, néu toi xét no, vang, vi vay hay goi x (t), y (t), va z (t) toa db cua
diém di chuyén trén dudng thang. Thi ching ta nhén dudc x(t) trlr, vadng, thuc su cdng
mét bdng t nhan hai. Téi sé viét cac thanh phan cia QOQ (t). Va & day, tdi sé& viét t nhan
Q0Q1. y (t) tri&r hai bang t, va z (t) trr hai bédng -3t. Vi vay, cac s6 hang khac, cach quen
thudc hon ma ching ta da sir dung dé viét nhitng phuong trinh nay, hdy dé téi thuc hién
no theo cach do , trr mot cong 2t, y (t) = 2t, z (t) = 2 - 3t.

And, if you prefer, I can just say Q(t) is QO plus t times vector Q0Q1. OK, so that's
our first parametric equation of a line in this class. And, I hope you see it's not
extremely hard. In fact, parametric equations of lines always look like that. x, y, and

z are functions of t but are of the form a constant plus a constant times t. The
coefficients of t tell us about a vector along the line. Here, we have a vector, Q0Q1,
which is <2,1,-3>. And, the constant terms tell us about where we are at t=0. If I
plug t=0 these guys go away, I get minus 1, 2, 2. That's my starting point.

Va, néu ban thich, téi chi cé thé ndi Q (t) l1a Q0 cdng t nhan vector Q0Q1. Vi vy, dé la
phuong trinh tham s8 cua mdt dudng thang. Va, téi hy vong ban thdy né khdng phai rat
khé. Trong thuc té&, cac phuong trinh tham s8 cia dudng thdng lubn ludn trong cé vé nhu
thé&. x, y, va z la ham cua t nhung c6 dang mdt hang sé cdng vdi mot hdng s6 nhan t. Cac
hé s8 cta t cho ching ta biét vé mét vector doc theo dudng thang. O day, ching ta cob
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mot vectd, Q0Q1, né la <2,1, -3>. Va, cac s6 hang hang s cho chlng ta biét ching ta &
dau tai t = 0. Néu t6i thé t = 0 vao day, tdi nhan dugc trir 1, 2, 2. D6 |a diém bat dau cla
toi.

OK, so, any questions about that? No? OK, so let's see, now, what we can do with
these parametric equations. So, one application is to think about the relative position
of a line and a plane with respect to each other. So, let's say that we take still the
same line up there, and let's consider the plane with the equation x 2y 4z = 7. OK,

so I'm giving you this plane. And, the questions that we are going to ask ourselves
are, well, does the line intersect the plane? And, where does it intersect the plane?
Vang, vi vay, cé bat ky cdu héi nao vé diéu dé khéng? Khéng a? Vang, do dd, hay xem,
bay gid, chling ta c6 thé Iam gi véi cac phuong trinh tham s8. A, mot (ng dung Ia dé suy
nghi vé cac vi tri tuong d6i cia mét dudng thang vdéi mat phang. Vang, gia s réng ching
ta chon cling mot dudng thang hudng 1én do, va ching ta hdy xét mat phang véi phuang
trinh x 2y 4z = 7. Vang, vi vy t6i s& cho ban mat phadng nay. Va, nhitng cdu hoi ma
chlng ta sé& tu hoi 13, vang, dudng thdng cé cdt mat phdng khdéng? Va, néu cb thi nd cét
8 dau?

So, let's start with the first primary question that maybe we should try to
understand. We have these points. We have this plane, and we have these points,

Q0 and Q1. I'm going to draw them in completely random places. Well, are Q0 and

Q1 on the same side of a plane or on different sides, on opposite sides of the planes?
Could it be that maybe one of the points is in the plane? So, I think I'm going to let

you vote on that. So, is that readable? Is it too small? OK, so anyway, the question
says, relative to the plane, x 2y 4z = 7. This point, Q0 and Q1, are they on the same
side, on opposite sides, is one of them on the plane, or we can't decide?

Vi vay, ching ta hdy bat dau véi cdu hdi chinh dau tién ma cd 18 chldng ta nén c6 gang hiéu.
Chung ta c6 nhitng diém nay. Ching ta cé mat phdng nay, va ching ta c6 nhitng diém nay,
QO va Q1. Toi s& v& chiing & nhitng nci hoan toan nglu nhién. Vang, Q0 va Q1 & cling mét
phia cta mat phdng hay & cdc phia khac nhau, trén cédc phia déi dién cha nhitng mat
phdng? C6 thé nao mét trong nhitng diém & trong mat phdng khdng? Vi vay, tdi nghi réng
t6i sé dé cho ban binh chon diéu dé. Vi vay, diéu dé dé hiéu khdng? NS qué nho phai
khéng? Vang, vi vdy du sao di nifa, cau hdi |a, lién quan dén mat phang, x 2y 4z = 7. Diém
nay, Q0 va Q1, chidng & cung mot phia, hay cac phia doi dién, mot trong sé ching c6 G trén
mat phang khdng, hodc ching ta khdng thé quyét dinh?

OK, that should be better. So, I see relatively few answers. OK, it looks like also a lot
of you have forgotten the cards and, so I see people raising two fingers, I see people
raising three fingers. And, I see people raising four fingers. I don't see anyone
answering number one. So, the general idea seems to be that either they are on
opposite sides. Maybe one of them is on the plane. Well, let's try to see.

Vang, diéu dé sé tot han. Vang, toi thay tucng doi it cau tra IGi. Vang, cé vé nhu nhiéu ban
da quén cac thé va, vi vay tbi thdy c6 ngudi gic hai ngdén tay, téi thay céd ngudi gid ba ngdn
tay. Va, t6i thdy cé ngudi gicg bén ngon tay. T6i khong thay ai tra I6i s6 mo t. Vi vay, y tudng
chung dudng nhu la hodc ching & cac phia d6i dién. Hodac mét trong s6 chdng & trén mat
phdng. Vang, ching ta hdy th& xem.
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Is one of them on the plane? Well, let's check. OK, so let's look at the point, sorry. I
have one blackboard to use here. So, I take the point QO, which is at (-1,2,2). Well,

if I plug that into the plane equation, so, x 2y 4z will equal minus one plus two times
two plus four times two. That's, well, four plus eight, 12 minus one, 11. That, I think,
is bigger than seven. OK, so QO is not in the plane. Let's try again with Q1. (1, 3, -

1) well, if we plug that into x 2y 4z, we'll have one plus two times three makes

seven. But, we add four times negative one. We add up with three less than seven.
Well, that one is not in the plane, either.

Mot trong s6 ching & trén mat phang phai khéng? Vang, hdy kiém tra. Vang, vi vay hdy
xét diém, xin 16i. Téi c6 mot bang den dé s dung & day. Vi vay, toi chon diém QO, cb toa
dé (-1,2,2). Vang, néu tdi thé cai dé vao phuong trinh mat phang, do do, x 2y 4z sé& bdng
trir mot cdng vdi hai nhén hai céng véi bdn nhan hai. Béng, a, bdn cdng tdm, 12 trir mét,
11. T6i nghi rdng cdi dé 16n han bay. Vang, vi vy, Q0 khdng thudc mat phdng. Hay thur
lai vGi Q1. (1, 3, -1) a, néu ching ta thé nd vao x 2y 4z, ching ta sé cé mo6t cong hai
nhan ba bang bay. Tuy nhién, ching ta céng b&n nhan trir mét. Ching ta dudc két qua
ba nhé hon bay. Vang, diém d6 cling khdéng & trong mat phang.

So, I don't think, actually, that the answer should be number three. So, let's get rid

of answer number three. OK, let's see, in light of this, are you willing to reconsider
your answer? OK, so I think now everyone seems to be interested in answering
number two. And, I would agree with that answer. So, let's think about it. So, let's
think about it. These points are not in the plane, but they are not in the plane in
different ways. One of them somehow overshoots; we get 11. The other one we only
get 3. That's less than seven.

Vi vay, trén thuc té, téi khong nghi cau tra IGi sé la s6 ba. Vi vay, chldng ta hay tur bd cau
tra 10i s& ba. R6i, hdy xem, dudi su soi sdng nay, ban cd sdn sang xem xét lai cau tra IJi
clia ban khéng? Véang, vi vay toi nghi rdng bay gid tat cd moi ngudi c6 vé quan tdm dén
cau tra Igi s6 hai. Va, téi sé dong y vGi cau tra IGi do. Vi vay, hay xét nd. Vi vay, hay suy
nghi vé nd. Nhitng diém nay khdng & trong mat phang, nhung ching khéng & trong mat
phang theo nhirng cach khac nhau. Béng cidch nao do, mot trong s6 ching hoi qud; ching
ta nhan dudc 11. Cai con lai ching ta chi nhan dugc 3. Nhd han bay.

If you think about how a plan splits space into two half spaces on either side, well,

one of them is going to be the point where x 2y 4z is less than seven. And, the other
one will be, so, that's somehow this side. And, that's where Q1 is. And, the other

side is where x 2y 4z is actually bigger than seven. And, to go from one to the other,
well, x 2y 4z needs to go through the value seven. If you're moving along any path
from QO to Q1, this thing will change continuously from 11 to 3. At some time, it has

to go through 7. Does that make sense? So, to go from QO to Q1 we need to cross P

at some place.

Né&u ban nghi vé cach thifc mot mat phang tach khdng gian thanh hai nira khéng gian & hai
bén, vang, mot trong s6 chiing s& 1a diém ma & dd x 2y 4z nhé hon bay. Va, cai con lai sé
la, vang, cai do & phia nay. Va, dé la vi tri cia Q1. Va, phia bén kia la ngi x 2y 4z thuc su
I6n hon bay. Va, dé di tir cai nay dén cai kia, vang, x 2y 4z can di qua gia tri bay. Néu ban
di chuyén doc theo bat ky dudng nao tir Q0 dén Q1, cai nay sé thay ddi lién tuc tir 11 dén
3. Tai thdi diém nao dd, nd di qua 7. Diéu dd cd nghia khdng? Vi vay, dé di tr Q0 dén Q1
ching ta can di qua P tai ngi nao dé.

So, they're on opposite sides. OK, now that doesn't quite finish answering the
question that we had, which was, where does the line intersect the plane? But, why
can't we do the same thing? Now, we know not only the points Q0 and Q1, we know
actually any point on the line because we have a parametric equation up there telling
us, where is the point that's moving on the line at time t? So, what about the moving
point, Q(t)? Well, let's plug its coordinates into the plane equation.

Vi vay, ching & cac phia déi dién. Vang, bay gid chidng ta chua lam r6 hoan toan nhiing
cdu héi trude day, dé 1a, dudng thang giao v8i mat phdng & ddu? Nhung, tai sao ching ta
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khong thé 1am diéu tuong tu? By gid, ching ta biét khdng chi cac diém QO va Q1, thuc
su ching ta biét bat ky diém nao trén dudng thdng vi ching ta c6 phudng trinh tham sé
lén dén dé cho ching ta biét, diém dang di chuyén trén dudng thang tai thdi gian t &
dau? Vi vay, con vé diém dang di chuyén thi sao, Q (t)? Vang, ching ta hdy thé toa dd
ctia né vao phuang trinh mat phang.

So, we'll take x(t) 2y(t) 4z(t). OK, that's equal to, well, (-1 2t) 2( 2 t) 4( 2 - 3t). So,
if you simplify this a bit, you get 2t 2t -12t. That should be -8t. And, the constant
term is minus one plus four plus eight is 11. OK, and we have to compare that with
seven. OK, the question is, is this ever equal to seven? Well, so, Q(t) is in the plane
exactly when -8t 11 equals seven. And, that' the same.

Vi vay, ching ta sé& chon x (t) 2y (t) 4z (t). Vang, nd béng, vang, (-1 2t) 2 (2t) 4 (2 -
3T). Vi vay, néu ban dan gian hdéa cai nay mét chat, ban sé c6é dugc 2t 2t-12t. Két qua
bang -8t. Va, sd hang héng s& sé& |a trir mot céng véi bén cdng véi tdm béng 11. Véng,
chlng ta phai so sdnh két qua dé véi bay. Vang, céu hdi 13, cé bao gid cai nay bang bay?
Vang, vi vay, Q (t) dung la & trong mat phang khi -8t 11 bang bay. Va, cai d6 tuang tu.

If you manipulate this, you will get t equals one half. In fact, that's not very
surprising. If you look at these values, 11 and three, you see that seven is actually
right in between. It's the average of these two numbers. So, it would make sense
that it's halfway in between Q0 and Q1, but we will get seven. OK, and that at that
time, Q at time one half, well, let's plug the values. So, minus one plus 2t will be

zero. Two plus t will be two and a half of five halves, and two minus three halves will
be one half, OK?

Né&u ban thao tac véi cai nay, ban s& nhan dugc t bang mét phan hai. Trong thuc té€, diéu
dé khoéng dang ngac nhién. Néu ban xét nhiing gia tri nay, 11 va ba, ban thdy rang bay
thuc su & gilta. N6 la trung binh cla hai s6 nay. Vi vay, nd sé cé nghia la né & gilra dudng
néi Q0 va Q1, nhung chlng ta s& nhan dudc bay. Vang, va tai thdi diém db, Q & thdi diém
mét phan hai, vang, hdy thé& vao nhiing giad tri nay. Vi vay, trr mét cdng 2t bang khéng.
Hai c6ng t s& bang hai va mdt phan hai cia ndm mdt phan hai, va hai tr&r di ba mot phén
hai s& bang mét phan hai, dang khéng?

So, this is where the line intersects the plane. So, you see that's actually a pretty
easy way of finding where a line on the plane intersects each other. If we can find a
parametric equation of a line and an equation of a plane, but we basically just plug
one into the other, and see at what time the moving point hits the plane so that we
know where this. OK, other questions about this? Yes? Sorry, can you say that?

Vi vy, day la ndi dudng thdng giao véi mat phang. Vi vdy, ban thdy réng thuc sy dé 1a
cach kha dé dé tim nai giao nhau giita dudng thdng va mat phdng. Néu ching ta cé thé
tim phuong trinh tham s cia dudng thang va phuang trinh mat phang, nhung vé cg
ban chlng ta thé cdi nay vao cdi con lai, va xem thdi diém nao diém chuyén ddng cham
mat phdng dé ching ta biét cdi nay & dau. Vang, con ciu hoi nao vé diéu nay khéng?
Sao? Xin 16i, ban nhic lai dugc khong?
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Yes, so what if we don't get a solution? What happens? So, indeed our line could

have been parallel to the plane or maybe even contained in the plane. Well, if the

line is parallel to the plane then maybe what happens is that what we plug in the
positions of the moving point, we actually get something that never equals seven
because maybe we get actually a constant. Say that we had gotten, I don't know, 13
all the time.

Véng, vi vy néu khdng cé nghiém thi sao? Diéu gi xay ra? Vi vdy, thuc su dudng thang
clia ching ta cé thé song song vdi mat phdng hodc thdm chi nam trong mat phang. Vang,
néu dudng thdng song song vdi mat phdng thi co 1& nhitng gi sé xay ra la nhitng gi ching
ta thé vao vi tri ciia diém di chuyén, ching ta khdng thé nhan d ugc két qua bang bay bdi
vi 6 1& ching ta thuc su ¢ dudc modt hang s6. Gia st rang chiing ta da cd, 13 moi luc.

Well, when is 13 equal to seven? The answer is never. OK, so that's what would tell

you that the line is actually parallel to the plane. You would not find a solution to the
equation that you get at the end. Yes? So, if there's no solution at all to the equation
that you get, it means that at no time is the traveling point going to be in the plane.
That means the line really does not have the plane ever. So, it has to be parallel
outside of it. On the other hand, if a line is inside the plane, then that means that no
matter what time you choose, you always get seven. OK, that's what would happen

if a line is in the plane. You always get seven. So, maybe I should write this down.
Véng, khi nao 13 bang bay? Cau tra I6i la khdng bao gid. Vang, vi vay, dé la nhitng gi sé&
cho ban biét rang dudng thang thuc su song song v3i mat phdng. Ban sé& khdng tim dugc
nghiém cua phudng trinh ma ban nhan dudc cuGi cung. Sao a? Vi vay, néu khoéng co
nghiém cua phuong trinh ma ban nhan, cd nghia la khéng cé lGc ndo ma diém chuyén
ddng & trong mat phang. Piéu d6 cé nghia 1a dudng thdng khdéng bao gid & trong mat
phang. Vi vdy, nd phai song song bén ngoai nd. Mat khac, néu dudng thdng & trong mat
phang, thi diéu dé cé nghia la thdi gian ma ban chon khdng quan trong, ban luén ludn
nhén dugc bay. Vang, dd 1a nhitng gi s& xay ra néu dudng thdng thudéc mat phang. Ban
luén luén nhan dugc bay. Vi vay, cé I téi nén viét diéu nay ra.

So, if a line is in the plane then plugging x(t), y(t), z(t) into the equation, we always
get, well, here in this case seven or whatever the value should be for the plane, OK?

If the line is parallel to the plane -- -- in fact, we, well, get, let's see, another
constant. So, in fact, you know, when you plug in these things, normally you get a
quantity that's of a form, something times t plus a constant because that's what you
plug into the equation of a plane. And so, in general, you have an equation of the
form, something times t plus something equals something. And, that usually has a
single solution. And, the special case is if this coefficient of t turns out to be zero in
the end, and that's actually going to happen, exactly when the line is either parallel

or in the plane.

Vi vay, néu dudng thdng ndm trong mat phang thi thé x (t), y (t), z (t) vao phuong trinh,
ching ta luén luén nhan dudc, vang, & day trong trudng hgp nay bay hoac bat c gia tri
nao ddi v8i mat phang, dang khéng? N&u dudng thdng song song vdi mdt phdng - - trén
thuc té€, ching ta, vang, nhan dudc, xem nao, hang s6 khac. Vi vay, trén thuc t&€, ban biét,
khi ban thé vao nhitng thif nay, thong thudng ban nhan dugc moét dai lugng cé dang, mét
cai gi d6 nhan t cdng vdi mot hang s bdi vi d6 la nhitng gi ban thé& vao phuong trinh mat
phdng. Va nhu vy, ndi chung, ban c6 mét phuong trinh dang, cdi gi d6 nhan t cdng céi gi
dd bang cai gi d6. Va, thudng cai dé c6 mdt nghiém duy nhét. Va, trudng hdp dac biét Ia
néu hé sd nay cua t cudi cung bdng khéng, va diéu d6 thuc su sé xay ra, chinh xac khi
dudng thdng hodc song song hodc ndm trong mat phang.

In fact, if you think this through carefully, the coefficient of t that you get here, see,
it's one times two plus two times one plus four times minus three. It's the dot

product between the normal vector of a plane and the vector along the line. So, see,
this coefficient becomes zero exactly when the line is perpendicular to the normal
vector. That means it's parallel to the plane. So, everything makes sense. OK, if
you're confused about what I just said, you can ignore it. OK, more questions? No?



Dich béi http://www.mientayvn.com

OK, so if not, let's move on to linear parametric equations. So, I hope you've seen
here that parametric equations are a great way to think about lines.

Qua thuc, néu ban nghi vé diéu nay mot cach cdn than, cdc hé s6 cla t ma ban nhan
dudc & day, xem nay, do la moét nhan hai cong véi hai nhan mét céng véi bon nhan trir
ba. D6 1a tich v6 hudng giita vector phdp tuyén clia méat phang va vectd doc theo dudng
thang. Vi vdy, xem nay, hé sd nay chinh xac bang khéng khi dudng thdng vudng gdc véi
vector phap tuyén. Diéu dé cé nghia la né song song vdi mat phdng. Vi vay, moi thir ¢
nghia. Vang, néu ban dang phan van vé nhitng gi téi vira ndi, ban cé thé bd qua né.
Vang, con cdu hoi nao nita? Khdng cé? Vang, vi vdy, néu khdng, hdy chuyén sang phuang
trinh tham sé tuyén tinh. Vi vay, t6i hy vong & day ban da thay cac phuadng trinh tham sé
la mot cach tuyét vai dé nghi vé cac dudng thang.

There are also a great way to think about actually any curve, any trajectory that can
be traced by a moving point. So -- -- more generally, we can use parametric

equations -- -- for arbitrary motions -- -- in the plane or in space. So, let's look at an
example. Let's take, so, it's a famous curve called a cycloid. A cycloid is something
that you can actually see sometimes at night when people are biking If you have
something that reflects light on the wheel. So, let me explain what's the definition of

a cycloid.

Ngoai ra con c6 mot cach tuyét vdi d€ suy nghi vé bat ky dudng cong nao, bat ky quy dao
nao cé thé dudc truy tim bang mét diém di chuyén. Vi vdy, - - ndi chung, ching ta cé thé
sir dung cac phuang trinh tham sé - - cho chuyén ddng tly y - - trong mat phdng hoéc
trong khong gian. Vi vay, ching ta hdy xét mét vi du. Hay chon, vang, né la mot dudng
cong néi ti€ng dudc goi la mdt dudng cycloid. Pudng cycloid la cai ma thinh thoadng ban
thdy ban dém khi nguGi ta di xe dap. Néu ban c6 cai gi dé phan xa anh anh sang trén
banh xe. Vi vy, hdy dé t6i giai thich dinh nghia clia dudng cycloid.

So, I should say, I've seen a lecture where, actually, the professor had a volunteer
on a unicycle to demonstrate how that works. But, I didn't arrange for that, so

instead I will explain it to you using more conventional means. So, let's say that we
have a wheel that's rolling on a horizontal ground. And, as it's rolling of course it's
going to turn. So, it's going to move forward to a new position. And, now, let's
mention that we have a point that's been painted red on the circumference of the
wheel.

Vi vay, toi sé noi, téi da ting thady mot bai giang & do, qua thuc, gido su da cé6 mot tinh
nguyén vién ngdi trén moét banh xe dap dé trinh dién xem cai d6 hoat ddng ra sao. Nhung,
toi d& khong sap x&p cho diéu dé, vi vay, thay vao do toi sé& giai thich cho ban bang cach
sr dung phudng tién truyén théng hon. Vi vy, gia s rang ching ta mot banh xe dang lan
trén mat dat ndm ngang. Va, nd sé di chuyén dén vi tri méi. Vi vay, bay gi&, ching ta hay
dé clp dén viéc ching ta cd mot diém dudc sdn mau do6 trén chu vi cua banh xe.
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And, initially, that point is here. So, as the wheel stops rotating, well, of course, it
moves forward, and so it turns on itself. So, that point starts falling back behind the
point of contact because the wheel is rotating at the same time as it's moving

forward. And so, the cycloid is the trajectory of this moving point. OK, so the cycloid

is obtained by considering, so we have a wheael, let's say, of radius a. So, this height
here is (a) rolling on the floor which is the x axis. And, let's -

Va, ban dau, diém d6 & day. Vi vay, khi banh xe dirng quay, vang, tat nhién, né di chuyén
vé phia trudc, va vi vy né quay vé chinh né. Vi vdy, diém dé bat dau quay lai phia sau
nhitng diém tiép xuc vi bdnh xe dang quay cing mét lic khi né di chuyén vé phia trudc. Va
nhu vay, dudng cycloid 1a quy dao cua diém di chuyén nay. Vang, vi vy dudng cycloid thu
dugc badng cach xét, vi vy ching ta cé banh xe, gia s, ban kinh a. Vi vy, 8 day chiéu
cao nay la (a) lan trén san nha la truc x. Va, chdng ta hay -

And, we have a point, P, that's painted on the wheel. Initially, it's at the origin. But,
of course, as time goes by, it moves on the wheel. P is a point on the rim of the
wheel, and it starts at the origin. So, the question is, what happens? In particular,
can we find the position of this point, x(t), y(t), as a function of time? So, that's the
reason why I have this computer. So, I'm not sure it will be very easy to visualize,
but so we have a wheel, well, I hope you can vaguely see that there's a circle that's
moving. The wheel is green here. And, there's a radius that's been painted blue in it.
And, that radius rotates around the wheel as the wheel is moving forward. So, now,
let's try to paint, actually, the trajectory of a point.

Va, ching ta c6 mot diém, P, dugc v& trén banh xe. Ban dau, nd & tai gbc toa d6. Nhung,
tat nhién, khi thdi gian tréi qua, né di chuyén trén banh xe. P 1a mot diém trén vanh cua
banh xe, va n6é b&t dau tai gdc toa db. Vi vy, cédu hoi |3, diéu gi xay ra? Dac biét, ching
ta cd thé tim thay vi tri cta diém nay, x (t), y (t), nhu ham theo thdi gian khong? Vi vay,
do 1a ly do tai sao tdi c6 may tinh nay. Vi vay, toi khdng chic chdn né sé rat dé dang dé
hinh dung, nhung nhu vay ching ta c6 mét banh xe, vang, t6i hy vong ban mad hd hiéu
réang cé mot vong tron dang di chuyén. Banh xe mau xanh 1a cdy & day. Va, c6 mdt ban
kinh dudc son mau xanh trong né. Va, ban kinh dé xoay quanh banh xe khi banh xe
dang chuyén déng vé phia trudc. Vi vay, bay gid, ching ta hdy th( son, trén thuc té&, quy
dao cua mot diém.

[LAUGHTER] OK, so that's what the cycloid looks like. [APPLAUSE] OK, so -- So the
cycloid, well, I guess it doesn't quite look like what I've drawn. It looks like it goes a
bit higher up, which will be the trajectory of this red point. And, see, it hits the
bottom once in a while. It forms these arches because when the wheel has rotated
by a full turn, then you're basically back at the same situation, except a bit further
along the route.

[Cudi] Vang, vi vay cycloid tréng nhu thé dé. [VO tay] Vang, nhu vay - Vi vay, cac dudng
cycloid, vang, t6i doan né khéng hoan toan giéng nhu nhitng gi téi da vé. Dudng nhu né
di 1én hai cao han mot chit, nd sé la quy dao cla diém mau doé nay. Va, xem nao, thinh
thoang né cham phia dudi cung. N6 tao thanh nhitng vom nay bdi vi khi banh xe da quay
du mét vong, thi vé cd ban ban trg lai trudng hgp tuong tu, ngoai trir xa han mét chit
nira doc theo tuyén dudng.

So, if we do it once more, you see the point now is at the top, and now it's at the
bottom. And then we start again. It's at the top, and then again at the bottom. OK.
No. [LAUGHTER] OK, so the question that we want to answer is what is the position
x(t), y(t), of the point P? OK, so actually, I'm writing x(t), y(t). That means that I
have, maybe I'm expressing the position in terms of time. Let's see, is time going to
be a good thing to do?

Vi vdy, néu chlng ta lam diéu d6 mot [an nita, bdy gi& ban s& thdy diém & trén dinh, va
béy gid n6é & phia dudi ddy. Va sau d6 ching ta bat dau lai. N6 & trén dinh, va sau dé lai
xubng day. Vang. Khong [cudi] VANG, vi vdy cadu hoi ma ching ta mudn tra 15i 13 vi tri x
(t), y (t), cua diém P 1a gi? Vang, vi vay, thuc su, tdi dang viét x (t), y (t). Diéu d6 cb
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nghia I3 t6i cd, co 1& tdi s& thé hién vi tri theo thdi gian. Xem nao, thdi gian s& la mot diéu
t6t d€ lam phai khéng?

Well, suddenly, the position changes over time. But doesn't actually matter how fast
the wheel is rolling? No, because I can just play the motion fast-forward. The wheel
will be going faster, but the trajectory is still the same. So, in fact, time is not the
most relevant thing here. What matters to us now is how far the wheel has gone. So,
we could use as a parameter, for example, the distance by which the wheel has
moved. We can do even better because we see that, really, the most complicated
thing that happens here is really the rotation. So, maybe we can actually use the
angle by which the wheel has turned to parameterize the motion. So, there's various
choices. You can choose whichever one you prefer. But, I think here, we will get the
simplest answer if we parameterize things by the angle.

Vang, dot nhién, vi tri thay ddi theo thdi gian. Nhung banh xe 13n nhanh nhu thé& nao thuc
su khéng quan trong? Khéng, vi tdi chi cé thé thuc hién chuyén ddng nhanh vé phia trudc.
Cac banh xe s& di nhanh hon, nhung quy dao van tuong tu. Vi vay, qua thuc, thdi gian
khong phai la th& thda dang nhat ¢ day. Diéu quan trong d6i véi ching ta bay gid la banh
xe d3 di xa bao nhiéu. Vi vay, ching ta c6 thé si dung nhu mdt tham s6, vi du, khoang
cach ma theo d6 banh xe da di chuyén. Ching ta thdm chi cé thé lam tét hon bdi vi ching
ta thdy rang, thuc su, diéu phic tap nhdt xay ra 6 day thuc su la quay. Vi vy, co I& ching
ta thuc su cb thé si dung géc ma banh xe da quay dé tham sd hda chuyén ddng. Vi vay,
cé nhiéu su lva chon khac nhau. Ban ¢ thé chon bt cf cdi nao ban thich. Nhung, tdi nghi
réng & day, ching ta s& nhén dugc cu trad I8i don gian nhat néu ching ta tham sé hda céc
th& qua goc.

So, in fact, instead of t I will be using what's called theta as a function of the angle,
theta, by which the wheel has rotated. So, how are we going to do that? Well,

because we are going to try to use our new knowledge, let's try to do it using vectors
in a smart way. So, let me draw a picture of the wheel after things have rotated by a
certain amount. So, maybe my point, P, now, is here. And, so the wheel has rotated
by this angle here. And, I want to find the position of my point, P, OK? So, the
position of this point, P, is going to be the same as knowing the vector OP from the
origin to this moving point. So, I haven't really simplify the problem yet because we
don't really know about vector OP.

Vi vay, trén thuc té, thay vi t toi sé sir dung nhitng gi dugc goi la theta la ham cua géc,
theta, qua dé banh xe da quay. Vi vay, chling ta sé lam diéu dé nhu thé nao? Vang, bdi vi
chiing ta s& c6 géng s dung kién th{'c mdi cla ching ta, ching ta hdy c6 gédng dé lam
diéu d6 bang cach st dung cac vector mdt cach théng minh. Vi vay, hdy dé tdi vé hinh cla
banh xe sau khi moi th&r d& quay moét Iugng nhét dinh. Vi vay, vi tri cua diém nay, P, bay
gid, 1a & day. Va, vay, banh xe da quay goc nay & day. Va, téi mudén tim vi tri cia diém
cua tdi, P, phai khdng? Vi vay, vi tri cia diém nay, P, s& giéng nhu biét vector OP tir géc
toa dd dén diém dang di chuyén nay. Vi vy, tdi thuc sy chua don gian hda van dé dudc
néu ra bdi vi ching ta khéng thuc su biét vé vector OP.
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But, maybe we know about simpler vectors where some will be OP. So, let's see,
let's give names to a few of our points. For example, let's say that this will be point
A. A is the point where the wheel is touching the road. And, B will be the center of
the wheel. Then, it looks like maybe I have actually a chance of understanding
vectors like maybe OA doesn't look quite so scary, or AB doesn't look too bad.
Nhung, cé |é ching ta biét vé cac vectd don gian han ma mot sé sé la OP. Vi vay, xem
nao, hdy dat tén mot vai diém cla ching ta. Vi du, gia s réng day sé la diém A. A 13
diém ma tai d6 banh xe cham vao dudng. Va, B sé& 1a tdm cua banh xe. Thi cé vé nhu toi
da thuc su c6 co hdi hiéu vé cac vectd chdng han nhu OA khéng dang sg, hay AB khdng
qua té.

BP doesn't look too bad. And, if I sum them together, I will obtain OP. So, let's do
that. So, now we've greatly simplified the problem. We had to find one vector that

we didn't know. Now we have to find three vectors which we don't know. But, you

will see each of them as fairly easy to think about. So, let's see. Should we start with
vector OA, maybe? So, OA has two components. One of them should be very easy.
Well, the y component is just going to be zero, OK? It's directed along the x axis.

What about the x component?

BP khong trong qua xau. Va, néu téi cong ching véi nhau, téi sé thu dugc OP. Vi vay, hay
dé toéi lam diéu dd. Vi vay, bay gid ching ta da don gian hda van dé. Ching ta phai tim
mot vector ma chuing ta khdng biét. Bay gic chung ta phai tim ba vectd ma chung ta
khong biét. Tuy nhién, ban sé thay mdi cai trong s6 ching kha dé dang dé xem xét. Vi
vay, ching ta hdy xét. Chling ta nén bat dau vai vector OA, co thé ch(? Vang, OA cd hai
thanh phan. Mét trong s6 ching sé& rdt dé. Vang, thanh phan y sé& bang khdng, phai
khong? N6 dugc hudng doc theo truc x. Con vé thanh phan x thi sao?

So, OA is the distance by which the wheel has traveled to get to its current position.
Yeah. I hear a lot of people saying R theta. Let me actually say a(theta) because I've
called a the radius of the wheel. So, this distance is a(theta). Why is it a(theta)?

Well, that's because the wheel, well, there's an assumption which is that the wheel is
rolling on something normal like a road, and not on, maybe, ice, or something like
that. S

Vi vdy, OA Ia khoang cadch ma banh xe d& di chuyén dén vi tri hién tai cia né. Vang. Toi
nghe nhiéu ngudi ndi rdng R theta. Hay dé t6i thuc su ndi a (theta) vi téi da goi a la ban
kinh cia banh xe. Vi vay, khoadng cach nay la a (theta). Tai sao né la a (theta)?Vang, do la
badi vi banh xe, vang, c6 mot gia dinh dé la banh xe 1an trén cai gi dé binh thudng nhu con
dudng, ch khéng phai, cé thé, nudc da, hodc thir gi dé giéng nhu vay. S

So, it's rolling without slipping. So, that means that this distance on the road is
actually equal to the distance here on the circumference of the wheel. This point, P,
was there, and the amount by which the things have moved can be measured either
here or here. These are the same distances. OK, so, that makes it a(theta), and

maybe I should justify by saying amount by which the wheel has rolled, has moved,

is equal to the, so, the distance from O to A is equal to the arc length on the
circumference of the circle from A to P. And, you know that if you have a sector
corresponding to an angle, theta, then its length is a times theta, provided that, of
course, you express the angel in radians. That's the reason why we always used
radians in math. Now, let's think about vector AB and vector BP. OK, so AB is pretty
easy, right, because it's pointing straight up, and its length is a. So, it's just zero, a.
Now, the most serious one we've kept for the end. What about vector BP? So, vector
BP, we know two things about it. We know actually its length, so, the magnitude of

BP -

Vi vay, né lan ma khéng trugt. Vi vay, diéu dé cé nghia la khoang cach nay trén dudng

thuc su bang v8i khoang cach & day trén chu vi cla banh xe. Diém nay, P, & d, va lugng

ma cac th& da di chuyén c6 thé dudc do hodc & day hodc tai ddy. Nhitng cai nay clng

khoang céch. Vang, vi vay, diéu do6 tao ra né a (theta), va c6 18 tdi nén bién minh bang
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cach ndi réng lugng ma banh xe da I18n, da di chuyén, bang, vang, khoang cach tir O dén A
béng chiéu dai cung trén chu vi clia vong tron tir A dén P. Va, ban biét r&ng néu ban c6
mot hinh quat tuong Ung vgi mét gdc, theta, thi chiéu dai cia né la theta Ian, véi diéu
kién, tat nhién, ban biéu dien géc theo radian. D6 la ly do tai sao ching ta Iuén lu6n su
dung radian trong toan hoc. Bay giG, hdy suy nghi vé vector AB va vector BP. Vang, vi
véy, AB kha dé, phai khdng, bdi vi né chi thdng 1&n, va chiéu dai ciia né |1a a. Vi vy, nd chi
la khong, a. Bay giG, mot thr nghiém trong nhat ma ching ta da gir dén cudi cung. Con
vé vector BP thi sao? Vang, vector BP, chliing ta biét hai diéu vé né. Thuc su, ching ta biét
chiéu dai cua né, vang, do Ién cua BP -

-- a. And, we know it makes an angle, theta, with the vertical. So, that should let us
find its components. Let's draw a closer picture. Now, in the picture I'm going to
center things at B. So, I have my point P. Here I have theta. This length is A. Well,
what are the components of BP? Well, the X component is going to be? Almost. I
hear people saying things about a, but I agree with a. I hear some cosines. I hear
some sines. I think it's actually the sine. Yes. It's a(sin(theta)), except it's going to
the left. So, actually it will have a negative a(sin(theta)).

- a. V3, ching ta biét né tao mét gdc, theta, vdi phuong thdng ding. Vi vay, diéu dé sé
gilp ching ta tim dugc cac thanh phan cda chdng. Hady vé moét hinh gan han. Bay gig,
trong hinh tdi s& 18y t&m nhifng cai nay tai B. Vi vay, tdi c6 diém P cla toi. O day toi cd
theta. Chiéu dai nay bang A. Vang, thanh phan clda BP la gi? Vang, thanh phan X sé la
gi? Hau nhu. T6i nghe moi ngudi ndéi nhitng diéu vé a, nhung t6i dong y vdi a. T6i nghe
mot s6 ndi cosin. T6i nghe mot s8 ndi sin. T6i nghi rang thuc su nd 1a sin. Vang. Do 1a a
(sin(theta)), ngoai trir né sé & bén trai. Vi vay, thuc su sé cé trir a(sin(theta)).

And, the vertical component, well, it will be a(cos(theta)), but also negative because we

are going downwards. So, it's negative a(cos(theta)). So, now we can answer the
initial question because vector OP, well, we just add up OA, AB, and BP. So, the X
component will be a(theta) - a(sin(theta)). And, a-a(cos(theta)). OK. So, any
questions about that? OK, so, what's the answer? Because this thing here is the x
coordinate as a function of theta, and that one is the y coordinate as a function of
theta. So, now, just to show you that we can do a lot of things when we have a
parametric equation, here is a small mystery.
Va, thanh phan thdng ding, vang, nd sé |a a (cos (theta)), nhung cling &m bdi vi ching
ta dang di xudng phia dudi. Vi vay, no la trir a (cos (theta)). Vi vay, bay giG ching ta co
thé tra I8i cAu hdi ban dau bdi vi vector OP, vang, ching ta chi cdn cdng OA, AB, va BP.
Vi vay, thanh phan X sé la a(theta) - a (sin(theta)). Va, a-a (cos (theta)). Vang. Vang,
c6 bat ky cau hai nao vé diéu dé khéng? Vang, vi vay, cau tra i la gi? Bdi vi cai nay &
day la toa d0 x nhu mét ham cla theta, va cai dé 1a y nhu ham cula theta. Vi vay, bay
gid, chi cdn dé& cho ban th8y rdng ching ta cé thé lam rat nhiéu th& khi ching ta cd
phuang trinh tham s8, day 1a mét bi &n nho.
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So, what happens exactly near the bottom point? What does the curve look like? The
computer tells us, well, it looks like it has some sort of pointy thing, but isn't that
something of a display? Is it actually what happens? So, what do you think happens
near the bottom point? Remember, we had that picture. Let me show you once

more, where you have these corner-like things at the bottom. Well, actually, is it
indeed a corner with some angle between the two directions? Does it make an angle?
Or, is it actually a smooth curve without any corner, but we don't see it because it's
too small to be visible on the computer screen? Does it actually make a loop?

Vi vdy, chinh xac nhitng gi xay ra gan diém ddy? Dudng cong nhu thé nao? May tinh cho
chung ta biét, vang, cé vé nhu nd cé mot sé loai vat nhon, nhung dé khong phai la mot cai
gi dé cta man hinh phai khong? N6 thuc su la nhitng gi xay ra? Vi vay, ban nghi diéu gi sé
xay ra gan diém day? Hay nhd réng, ching ta cé hinh d4. Hay dé ti chi cho ban mot lan
nira, noi ma ban cé nhitng th{r gibng nhu géc nay & phia dugi. Vang, thuc su, né mot géc
vGi gbéc nao dé gilra hai hudng phai khong? N6 tao ra mét goc phai khéng? Hoac, nd thuc
su la mot dudng cong tran khong cé bat ky géc nao, nhung ching ta khong nhin thay né
bdi vi né qua nhé dé dugc nhin thdy trén man hinh may tinh? Liéu nd cd thuc su tao ra
mot vong khong?

Does it actually come down and then back up without going to the left or to the right
and without making an angle? So, yeah, I see the majority votes for answers

number two or four. And, well, at this point, we can't quite tell. So, let's try to figure

it out from these formulas. The way to answer that for sure is to actually look at the
formulas. OK, so question that we are trying to answer now is what happens near

the bottom point?

Liéu n6 cé thuc su di xuéng va sau do6 tré lai ma khoéng di sang trai hoac sang phai va
khong tao ra mot gdc? Vi vay, vang, toi thdy da sé phi€u bau cho cau tra I8i s6 hai hoac
bén. Va, vang, vao thdi diém nay, ching ta khdng thé& hoan toan néi. Vi vay, chldng ta hay
thdr suy ra né tur cac céng thirc nay. Cach dé tra 18i cho diéu d6 chdc chan 1a thuc su nhin
vao cOng thlc. Vang, vi vay cau hoi ma chung toi dang c6 tra I8i bay gid la nhitng gi sé
xay ra gan diém day?

OK, so how do we answer that? Well, we should probably try to find simpler formulas
for these things. Well, to simplify, let's divide everything by a. Let's rescale
everything by a. If you want, let's say that we take the unit of length to be the
radius of our wheel. So, instead of measuring things in feet or meters, we'll just
measure them in radius. So, take the length unit to be equal to the radius. So, that
means we'll have a=1. Then, our formulas are slightly simpler. We get x(theta) is
theta - sin(theta), and y equals 1 - cos (theta). OK, so, if we want to understand
what these things look like, maybe we should try to take some approximation.
Vang, vay 1am thé& nao dé chlng ta tra I8i diéu d6? Vang, cb 18 ching ta nén cb géng
tim cac cdng thidc don gian han cho nhitng th& nay. Vang, dé don gian hda, ching ta
h&y chia moi th{ cho a. Néu ban mudn, gia s réng chlng ta 18y don vi chiéu dai la
ban kinh cta banh xe cla ching ta. Vi vay, thay vi do cac th( theo feet hay mét,
chlng ta sé& do ching theo ban kinh. Vi vay, hdy |8y don vi chiéu dai bang ban kinh.
Vi vay, diéu dé c6 nghia la ching ta sé c6 a = 1. Thi, cong thiic cia chung ta kha dan
gian. Chung ta dugc x (theta) bang theta - sin (theta), va y bang 1 - cos (theta).
Vang, vi vdy, néu chldng ta muén hi€éu nhitng cdi nay sé& gidng nhu thé& nao, cd 18
chlng ta nén c6 gang thuc hién phép gan ddng nao dé.

OK, so what about approximations? Well, probably you know that if I take the sine of
a very small angle, it's close to the actual angle itself if theta is very small. And, you
know that the cosine of an angle that's very small is close to one. Well, that's pretty
good. If we use that, we will get theta minus theta, one minus one, it looks like it's

not precise enough. We just get zero and zero. That's not telling us much about what
happens. OK, so we need actually better approximations than that. So -

Vang, vi vay, phép x8p xi la gi? Vang, co |1& ban biét rédng néu tbi 1y sin cha mot goc rat
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nhéd, nd gan bang chinh géc d6 néu theta rat nho. Va, ban biét rdng cd sin ciia mot gbc rat
nhé gan bdng mét. Vang, diéu d6 kha tét. NEu ching ta dung diéu d6, ching ta sé dudc
theta trir theta, mot trr mét, c6 vé nhu né khéng du chinh xac. Chidng ta chi nhan dugc
khong va khéng. Diéu dé khong cho ching ta biét nhiéu vé nhiing gi xay ra. Vang, vi vay
ching ta can moét phép gan dung thuc su tét han cai dé. Vi vay -

So, hopefully you have seen in one variable calculus something called Taylor
expansion. That's [GROANS]. I see that -- OK, so if you have not seen Taylor
expansion, or somehow it was so traumatic that you've blocked it out of your
memory, let me just remind you that Taylor expansion is a way to get a better
approximation than just looking at the function, its derivative. So -- And, here's an
example of where it actually comes in handy in real life. So, Taylor approximation
says that if t is small, then the value of the function, f(t), is approximately equal to,
well, our first guess, of course, would be f(0). That's our first approximation.

Vi vay, hy vong réng ban da gép trong giai tich mot bién cai dugc goi Ia khai trién Taylor.
D6 la. Téi thdy réng -Vang, vay néu ban chua hoc khai trién Taylor, hodc né qua dau budn
dén ndi ban dd chdn né khoi bd nhd cua ban, hidy dé téi nhdc nhd ban rang khai trién
Taylor 1a mot cach dé cé dugc moét phép gan ding tdt hon chi bdng cach xét ham, dao
ham cla né. Vi vay, - Va, day 1a mdt vi du vé su co ich cla nd trong thuc t&. A, phép gan
ddng Taylor ndi rang néu t la nho, thi gia tri cua ham, f (t), gan bang, vang, du doan dau
tién cla chung ta, tat nhién, sé la f (0). D6 la phép gan ding bac nhat cua ching ta.

If we want to be a bit more precise, we know that when we change by t, well, t times
the derivative comes in, that's for linear approximation to how the function changes.
Now, if we want to be even more precise, there's another term, which is t~2 over
two times the second derivative. And, if we want to be even more precise, you will
have t~3 over six times the third derivative at zero. OK, and you can continue, and
so on. But, we won't need more. So, if you use this here, it tells you that the sine of
a smaller angle, theta, well, yeah, it looks like theta. But, if we want to be more
precise, then we should add minus theta cubed over six. And, cosine of theta, well,
it's not quite one. It's close to one minus theta squared over two.

Né&u ching ta muén chinh xac hon mét chdt, ching ta biét réng khi ching ta thay déi t,
vang, t nhan dao ham thanh, dé Ia phép x8p xi tuyén tinh d& ham thay déi nhu thé& nao.
Bay gid, néu ching ta mudn chinh xac haon nita, cd s6 hang khac, dé la t ~ 2 trén hai
nhan dao ham bac hai. Va, néu chidng t6i mudn chinh xac hon nira, ban sé c6 t ~ 3 trén
sdu nhan vdi dao ham béc ba tai khdng. Vang, va ban cd thé ti€p tuc, va v.v. Tuy nhién,
ching ta sé khéng can nhiéu thém n{ra. Vi vay, néu ban s dung cai nay & day, né cho
ban biét réng sine cia mot gdc nhé hon, theta, vang, vang, c6 vé nhu theta. Nhung, néu
chiing ta mud6n dudc chinh xac han, thi chdng ta nén thém trir theta mi ba trén sau. Va,
cd sin theta, vang, nd khdng hoan toan Ia mét. N6 gdn bdng mdot trir theta binh trén hai.
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OK, so these are slightly better approximations of sine and cosine for small angles.

So, now, if we try to figure out, again, what happens to our x of theta, well, it would
be, sorry, theta minus theta cubed over six. That's theta cubed over six. And y, on

the other hand, is going to be one minus that. That's about theta squared over two.
So, now, which one of them is bigger when theta is small? Yeah, y is much larger.

OK, if you take the cube of a very small number, it becomes very, very, very small.
So, in fact, we can look at that. So, x, an absolute value, is much smaller than vy.
Vang, do do, day la phép xap xi hai tét han cla sin va cd sin cho cac géc nhé.Vi vay, bay
gid, néu chung ta thir suy nghi, mot lan nita, diéu gi xay ra vdi x theta cua chdng ta, vang,
né sé& bang, xin 13i, theta trir theta mii ba trén sau. DS 1a theta mii ba trén sdu. Va y, mat
khac, sé la mot trir cai dé. D6 la vé theta binh trén hai. Vi vay, bay giG, cai nao trong sé
chung I6n han khi theta nho? Vang, y 16n han nhiéu. Vang, néu ban 18y mi ba cia moét s6
rdt nho, nd tré nén rét, rat, rdt nhd. Vi vay, trén thuc té, ching ta c6 thé nhin vao dé. Vi
vay, X, gia tri tuyét déi, nhd han nhiéu so vdi y.

And, in fact, what we can do is we can look at the ratio between y and x. That tells
us the slope with which we approach the origin. So, y over x is, well, let's take the
ratio of this, too. That gives us three divided by theta. That tends to infinity when
theta approaches zero. So, that means that the slope of our curve, the origin is
actually infinite. And so, the curve picture is really something like this. So, the
instantaneous motion, if you had to describe what happens very, very close to the
origin is that your point is actually not moving to the left or to the right along with
the wheel.

Va, trén thuc té€, nhitng gi ching ta c6 thé lam 1a ching ta xét ty sé gilta y va x. Piéu do
cho ching ta biét hé s6 géc ma tai dé chung ta tiém can vdi goc toa d6. Vi vay, y trén x
béng, vang, hdy I8y ty Ié cha cdi nay, nita. K& qua la ba chia cho theta. Cai dé cb
khuynh hudéng ti€n dén v6 cung khi theta ti€én dén khong. Vi vay, diéu do c6 nghia la hé
sG goc cua dudng cong cua ching ta, gbc toa do & vo cung. Va nhu vay, hinh vé cua
dudng cong thuc su giéng nhu thé nay. Vi vdy, chuyén ddng tlic thdi, néu ban phai md
td nhitng gi xay ra rét, rdt gan vdi gbc toa do la diém dd cua ban thuc su khdng di
chuyén sang trai hodc sang phai cung véi banh xe.

It's moving down and up. I mean, at the same time it is actually moving a little bit
forward at the same time. But, the dominant motion, near the origin is really where

it goes down and back up, so answer number four, you have vertical tangent. OK, I
think I'm at the end of time. So, have a nice weekend. And, I'll see you on Tuesday.
So, on Tuesday I will have practice exams for next week's test.

NS di chuyén 1&n, xudng. Y t6i 1a, ddng thdi nd thuc su di chuyén mét it vé phia trudc
cung mot lac. Tuy nhién, chuyén déng chiém uu thé&, gan gbc toa d thuc su la nai né di
xuéng va trd lai, do do6, cau tra 1Gi s6 b6n, ban co tiép tuyén thang dirng. Vang, téi nghi
réng da hét gid. Vi vay, chldc ngay cudi tuén vui vé. Va, hen gép lai cac ban vao thd ba.
Vi vy, vao th( ba tdi s& cd bai kiém tra thuc hanh chuén bi cho bai kiém tra tuan tdi.



