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The topic for today is going to be equations of planes, and how they relate to linear
systems and matrices as we have seen during Tuesday's lecture. So, let's start again
with equations of planes. Remember, we've seen briefly that an equation for a plane

is of the form ax by cz = d, where a, b, ¢, and d are just numbers. This expresses

the condition for a point at coordinates x, y, z, to be in the plane. An equation of this
form defines a plane. Let's see how that works, again.

Chu @& clta ngay hém nay la cic phudng trinh mat phang, va ching lién quan dén hé
phuong trinh tuyén tinh va ma tran nhu thé nao nhu ching ta da thay trong bai giang ngay
th( ba. Vi vay, chldng ta hdy bat dau lai vdi cac phuong trinh mat phang. Hay nhd réng,
chlng ta d3 tirng gdp phuong trinh méat phdng cé dang ax by cz = d, trong d6 a, b, ¢, va d
la cic con s8. Phuong trinh nay biéu dién diéu kién d6i véi mot diém cé toa dd x, v, z,
trong mat phang. M6t phudng trinh dang nay dinh nghia mdt mat phdng. M6t lan nira, hay
xem cach né hoat dong.

Let's start with an example. Let's say that we want to find the equation of a plane
through the origin with normal vector -- -- let's say vector N equals the vector <1, 5,
10>. How do we find an equation of this plane? Remember that we can get an
equation by thinking geometrically. So, what's our thinking going to be? Well, we
have the x, y, z axes. And, we have this vector N: <1, 5, 10>. It's supposed to be
perpendicular to our plane. And, our plane passes through the origin here. So, we
want to think of the plane that's perpendicular to this vector. Well, when is a point in
that plane? Let's say we have a point, P -

Hay bat dau vai mét vi du. Gid s rdng ching ta mudn tim phudng trinh mat phdng qua
gbc toa dd véi vector phap tuyén - - gia s réng vector N bang vector <1,5,10>. Lam thé&
nao dé€ chung ta tim phuong trinh mat phdng nay? H3y nhd rdng chidng ta cd thé tim ra
phuaong trinh bang phuong phap hinh hoc. Vang, phuong phéap tu duy cua ching ta s& nhu
thé nao? Vang, ching ta cé céac truc x, y, z. Va, chidng ta cé vector N nay: <1, 5, 10>. N6
dugc giad sir 1a vudng gbc véi mat phang clia ching ta. Va, mat phdng cua chidng ta di qua
gbc toa d6 & day. Vi vay, ching ta mudn xét mat phang vuéng gbc véi vector nay. Vang,
khi nao mot diém thudc mat phang d6? Gia s rdng ching ta c6 mot diém, P -

-- at coordinates x, y, z. Well, the condition for P to be in the plane should be that
we have a right angle here. OK, so P is in the plane whenever OP dot N is 0. And, if we
write that explicitly, the vector OP has components x, y, z; N has components 1,
5, 10. So that will give us x 5y 10z = 0. That's the equation of our plane. Now, let's
think about a slightly different problem. So, let's do another problem.
- tai toa dd x, y, z. Vang, diéu kién dé P & trong mat phang sé& 1a ching ta cd mot gbc
vudng & day. Vang, do db, P & trong mat phang bt c khi ndao OP nhén v6 hudng vai N
bang 0. Va, néu ching ta viét diéu d6 mot cach ré rang, vector OP c6 cac thanh phan x, v,
z; N cé cac thanh phan 1,5, 10. Vi vay, cai dé sé cho chidng ta x 5y 10z = 0. B4 |a phuong
trinh mat phdng. Bay gid, hdy xét mét bai todn hoi khac. Vang, chldng ta hdy lam mot bai
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toan khac.
Let's try to find the equation of the plane through the point PO with coordinates, say,
(2,1,-1), with normal vector, again, the same N = <1, 5, 10>. How do we find an
equation of this thing? Well, we're going to use the same method. In fact, let's think
for a second. I said we have our normal vector, N, and it's going to be perpendicular
to both planes at the same time. So, in fact, our two planes will be parallel to each
other. The difference is, well, before, we had a plane that was perpendicular to N, and
passing through the origin. And now, we have a new plane that's going to pass not
through the origin but through this point, PO. I don't really know where it is, but

let's say, for example, that PO is here.

Hay thur tim phudng trinh mat phdng qua diém PO ¢ toa dd, gia sur, (2,1, -1), v3i vector
phap tuy&n, mot 1an nifa, cling la N = <1, 5, 10>. Lam thé& nao dé€ ching ta tim phuong
trinh cla cai nay? Vang, chdng ta sé s dung cung mét phuong phap. Trong thuc t€,
ching ta hay suy nghi trong moét gidy. T6i da ndi ching ta cé vector phap tuyén, N, va no
s& vudng gbc véi ca hai mat phadng cing moét ldc. Vi vdy, qua thuc, hai mat phdng cua
ching ta sé song song véi nhau. Su khac biét la, vang, trudc khi, ching ta c6 mot mat
phang vuéng gdc vdi N, va di qua g6c toa d6. Va bay gid, chling ta cé mdt mat phdng mdi
khdng di qua gbc toa dd ma di qua diém nay, PO. T6i khong thuc su biét né & dau, nhung
gia s, vi du, PO & day.

Then, I will just have to shift my plane so that, instead of passing through the origin,
it passes through this new point. How am I going to do that? Well, now, for a point P
to be in our new plane, we need the vector no longer OP but POP to be perpendicular
to N. So P is in this new plane if the vector POP is perpendicular to N. And now, let's
think, what's the vector POP? Well, we take the coordinates of P, and we subtract
those of PO.

Thé thi, t6i chi phai dich chuyén mat phang cua t6i sao cho, thay vi di qua gbc toa dd, nd
di qua diém mai nay. Toi sé 1am diéu dé nhu thé nao? Vang, bay gid, di véi mot diém P &
trong mat phdng mdi cua chdng ta, ching ta can khéng phai la vector OP nita ma la POP
vudng géc vai N. Vi vdy, P & trong mat phang mdi néu vector POP vudng goc véi N. Va bay
gig, hdy thu nghi xem, vector POP la gi? Vang, ching ta 1ay toa d6 cua P, va tru vai toa do
cua PO.

So, that should be x-2, y-1, and z 1, dot product with <1, 5, 10> equals 0. Let's
expand this. We get (x-2) 5(y-1) 10(z 1) = 0. Let's put the constants on the other
side. We get: x 5y 10z equals -- here minus two becomes two, minus five becomes
five, ten becomes minus ten. I think we end up with negative three. So, the only
thing that changes between these two equations is the constant term on the right-
hand side, the thing that I called d.

Vi vay, cai dé sé bang x-2, y-1, va z 1, tich vd hudng v6i <1, 5, 10> bang 0. H3y khai
trién cai nay. Chadng ta dugc (x-2) 5 (y-1) 10 (z 1) = 0. H3y dat cac hang s sang v& bén
kia. Chling ta nhan dudc: x 5y 10z bdng - § day trir hai trd thanh hai, trir ndm trd thanh
nam, mudi trd thanh trir mudi. Toi nghi rdng ching ta két thic vdi trir ba. Vi vy, th duy
nhéat thay d6i trong hai phuong trinh nay la s6 hang hdng s6 & v& phai, cai ma tdi da goi
la d.
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The other common feature is that the coefficients of x, y, and z: one, five, and ten,
correspond exactly to the normal vector. That's something you should remember
about planes. These coefficients here correspond exactly to a normal vector and,
well, this constant term here roughly measures how far you move from... I f you
have a plane through the origin, the right-hand side will be zero. And, if you move to
a parallel plane, then this number will become something else. Actually, how could
we have found that -3 more quickly? Well, we know that the first part of the

equation is like this. And we know something else. We know that the point PO is in
the plane. So, if we plug the coordinates of PO into this, well, x is 2 5 times 1 10
times -1. We get -3. So, in fact, the number we should have here should be minus
three so that PO is a solution.

DP3c tinh phd bién khac la cac hé s6 cla x, y, va z: mot, ndm, va mudi, tudng (ng vdi
vector phap tuyén. Dé la diéu ban cadn nhd vé cic mit phadng. O day, cac hé s6 nay
tuong ’ng chinh xac v8i moét vector phép tuyén va, véng, sd hang hang s6 nay & day do
ban di chuyén ra xa bao nhiéu tir ... Néu ban c6 mét mat phdng qua géc toa dd, vé& phai
s& bang khdng. Va, néu ban di chuyén sang mdét mat phdng song song, thi s6 nay sé trg
thanh cdi gi khac. Trén thuc té, ching ta c thé tim th8y -3 nhanh hon béng cach nao?
Vang, chuing ta biét rdng phan dau cua phuong trinh giéng nhu thé€ nay. Va chdng ta biét
cdi gi khac. Ching ta biét rang diém PO & trong mat phang. Vi vdy, néu chlng ta thé& cac
toa dd cia PO vao cdi nay, vang, x bdng 2 5 nhdn 1 10 nhan -1. Chdng ta dugc -3. Vi
vay, qua thuc, s6 ma ching ta cé § day sé Ia trir ba d€ cho PO la mot nghiém.

Let me point out -- (I'll put a 1 here again) -- these three numbers: 1, 5, 10, are
exactly the normal vector. And one way that we can get this number here is by
computing the value of the left-hand side at the point PO. We plug in the point PO

into the left hand side. OK, any questions about that? By the way, of course, a plane
doesn't have just one equation. It has infinitely many equations because if instead,
say, I multiply everything by two, 2x 10y 20z = -6 is also an equation for this plane.
That's because we have normal vectors of all sizes -- we can choose how big we

make it.

Hay dé toi chi ra - (Toi s& dat 1 & day mot Ian nira) - ba sd nay: 1, 5, 10, ding |a vector
phap tuyén. Va mét cdch ma chldng ta cé thé nhan dudc sd nay & day la bang cach tinh
todn gid tri cia vé& trai tai diém P0. Ching t6i thé diém PO vao vé& trai. Vang, con ciu hoi
nao vé diéu dé khong? A, tat nhién, mot mat phang khdng phai chi c6 mdt phudng trinh.
N6 c6 vb s6 cac phuang trinh, vi néu thay vi, gia si, toi nhan moi th{r véi hai, 2x 10y 20z
= -6 cling la m6t phuong trinh cia mat phdang nay. Dé la bdi vi ching ta cd vectd phap
tuyén kich thudt tuy y - ching ta c6 thé chon né I6n tuy y.

Again, the single most important thing here: in the equation ax by cz = d, the
coefficients, a, b, ¢, give us a normal vector to the plane. So, that's why, in fact,
what matters to us the most is finding the normal vector. In particular, if you
remember, last time I explained something about how we can find a normal vector

to a plane if we know points in the plane. Namely, we can take the cross product of
two vectors contained in the plane.

Mot I1an nira, diéu quan trong nhat & day: trong phudng trinh ax by cz = d, cac hé sg, a,
b, ¢, cho ching ta mét vector phap tuyén véi mat phdng. Vi vy, d6 1a ly do tai sao, trén
thuc té€, diéu quan trong nhat d6i vdi ching ta la tim vector phap tuyén. Dac biét, néu
ban nhd lai, 1an trudc toi da giai thich cac thr vé cach thirc dé€ tim vector phap tuyén cla
méat phdng néu chlng ta biét cadc diém trong mat phdng. Cu thé, ching ta cb thuc hién
tich vector cla hai vects ch(ra trong mat phang.

Let's just do an example to see if we completely understand what's going on. Let's

say that I give you the vector with components <1,2,-1>, and I give you the plane x

y 3z = 5. So, do you think that this vector is parallel to the plane, perpendicular to it,
neither? I'm starting to see a few votes. OK, I see that most of you are answering
number two: this vector is perpendicular to the plane. There are some other answers
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too. Well, let's try to figure it out.

Hay l1am mét vi du d€ xem chlng ta c6 hoan toan hiéu nhitng gi dang xay ra chua. Gia s
rang tdi cho ban vector véi cic thanh phan <1,2,-1>, va tdi cho ban mat phadng x y 3z = 5.
Vi vdy, ban nghi vector nay song song véi mat phang, hay vuéng gbc v38i n6? Tdi sé bat dau
xem cac ban lua chon. Vang, tdi thdy rdng hdu hét cdc ban chon ciu tra 18i sd hai: vector
nay vudng gdc va8i mat phang. C6 mdt sd cau trad 18i khac. Vang, ching ta hdy the lam rd
né.

Let's do the example. Say v is <1, 2, -1> and the plane is x y 3z = 5. Let's just draw
that plane anywhere -- it doesn't really matter. Let's first get a normal vector out of

it. Well, to get a normal vector to the plane, what I will do is take the coefficients of

X, Yy, and z. So, that's <1, 1, 3>. So <1,1,3> is perpendicular to the plane. How do
we get all the other vectors that are perpendicular to the plane? Well, all the
perpendicular vectors are parallel to each other. That means that they are just
obtained by multiplying this guy by some number. <2, 2, 6> for example, would still
be perpendicular to the plane. <1/2, 1/2, 3/2> is also perpendicular to the plane.

Hay lam modt vi du. Gia s’ v la <1, 2, -1> va mat phdng 1a x y 3z = 5. H3y v& mat phang
ddé & bat cir noi nao - nd thuc su khong quan trong. Trudc hét, ching ta hay tim vector
phép tuyén cla nd. Vang, dé tim vector phap tuyén cia mat phdng, nhitng gi toi s& lam 1a
I3y cac hé s6 cua x, y, va z. Vi vay, dé la <1, 1, 3>. Vi vay, <1,1,3> vubng goc vdi mat
phdng. Lam thé& nao d€ ching ta nhan dudc tat ca cac vects con lai vudng géc vEi mat
phdng? Vang, tat ca cac vectd vudng gdc song song véi nhau. Diéu d6 cé nghia la cd thé
thu dudgc chliing bang cach nhan thdng ndy véi mot s6 nao dé. <2, 2, 6> vi du, s& van con
vudng goc vaGi mat phéng. <1/ 2,1/ 2,3/ 2> cling vudng goc vdi mat phang.

But now, see, these guys are not proportional to each other. So, V is not
perpendicular to the plane. So it's not perpendicular to the plane. Being
perpendicular to the plane is the same as being parallel to its normal vector. Now,
what about testing if v is, instead, parallel to the plane? Well, it's parallel to the

plane if it's perpendicular to N. Let's check. So, let's try to see if v is perpendicular to
N. Well, let's do v.N.

Nhung bay giG, hdy xét, nhitng thang nay khong ty 1& thudn vdi nhau. Vi vay, V khéng
vudng goc vdi mat phang. Vi vay, né khdng vubng gbc vdéi mat phang. Vubng géc vGi mat
phédng gidng nhu song song vdi vector phap tuyén clda nd. Bay gid, kiém tra v song song
véi mat phang thi lam sao? Vang, né song song mat phdng néu né vudng gbc véi N. Hay
ki€m tra. Vi vdy, ching ta hdy th&r xem v c6 vudng géc véi N hay khdng. Vang, ching ta
hay thuc hién v.N.
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That's <1, 2, - 1> dot <1, 1, 3>. You get 1 2 - 3=0. So, yes. Ifit's perpendicular to
N, it means -- It's actually going to be parallel to the plane. OK, any questions? Yes?
[QUESTION FROM STUDENT:] When you plug the vector into the plane equation, you
get zero. What does that mean? Let's see. If I plug the vector into the plane
equation: 1 2-3, well, the left hand side becomes zero. So, it's not a solution of the
plane equation. There's two different things here.

Céi d6 bang <1, 2, - 1> nhén vb6 hudng <1, 1, 3>. Ban dudgc 1 2 - 3=0. Vi vdy, ding.
N&u nd vubng gdc vdi N, cd nghia la - Né thuc su song song v3i méat phdng. Véng, cé céu
hoi ndo khdng? Sao?[CAU HOI TU SINH VIEN:] Khi ban thé& vector vao phudng trinh mat
phang, ban dudc két qua béng khdng. Diéu dd cé nghia 1a gi? Xem nao. Néu tbi thé
vector vao phuong trinh mat phang: 1 2 -3, vang, v€ trai sé bang khoéng. Vi vay, né
khéng phai la mét nghiém cla phuong trinh mat phang. Cé hai diéu khac nhau & day.

One is that the point with coordinates (1, 2,- 1) is not in the plane. What that tells us

is that, if I put my vector V at the origin, then its head is not going to be in the
plane. On the other hand, you're right, the left hand side evaluates to zero. What
that means is that, if instead I had taken the plane x y 3z = 0, then it would be
inside. The planeis xy 3z = 5, so x y 3z = 0 would be a plane parallel to it, but
through the origin. So, that would be another way to see that the vector is parallel to
the plane. If we move the plane to a parallel plane through the origin, then the
endpoint of the vector is in the plane.

Mot 1a diém cb toa dd (1, 2, - 1) khdng thudc madt phing. Nhitng gi diéu d6 cho ching ta
biét la, néu t6i dat vector V cua t6i tai goc toa d6, thi dau cua n6 sé khong & trong mat
phdng. Ngudc lai, ban dlng, vé& trai bdng khéng. Diéu dé cé nghia 1a, néu thay vi tdi chon
mat phdng x y 3z = 0, thi nd s& & bén trong. Mat phdng laxy 3z =5, do d6, x y 3z = 0 sé&
la mat phang song song vai véi nd, nhung qua gbc toa dd. Vi vdy, do sé la mét cach khac
dé thdy vector song song vdi mdt phdng. N&u ching ta di chuyén mat phdng dén mot mat
phdng song song qua gdc toa dd, thi diém cudi cla vector & trong mat phang.

OK, that's another way to convince ourselves. Any other questions? OK, let's move
on. So, last time we learned about matrices and linear systems. So, let's try to think,
now, about linear systems in terms of equations of planes and intersections of
planes. Remember that a linear system is a bunch of equations -- say, a 3x3 linear
system is three different equations. Each of them is the equation of a plane. So, in
fact, if we try to solve a system of equations, that means actually we are trying to
find a point that is on several planes at the same time.

Vang, d6 la mét cach khac dé thuyét phuc chinh minh. Cé ciu héi nao khac khéng?
Vang, hay di chuyén sang phan tiép theo. Vi vdy, lan trudc ching ta d& hoc vé cac ma
tran va hé phuang trinh tuyén tinh. Vi vay, bay giG hay thlr suy nghi, vé cac hé phuang
trinh tuyén tinh theo phuong trinh mat phédng va giao tuyén cla cic mat phang. Hay
nhé réng mot hé tuyén tinh bao gém nhiéu phuong trinh - chdng han, mot hé tuyén
tinh 3x3 c¢d ba phudng trinh khac nhau. Mdi céi trong s6 ching |a mét mat phéng. Vi
vay, trén thuc t€, néu chdng ta thu gidi hé phuong trinh, diéu dé cé nghia la thuc sv
chiing ta dang c& tim mét diém & trén nhiéu mat phdng cung mot ldc.

So... Let's say that we have a 3x3 linear system. Just to take an example -- it

doesn't really matter what I give you, but let's say I give youxz =1, xy = 2, X 2y

3z = 3. What does it mean to solve this? It means we want to find x, y, z which

satisfy all of these conditions. Let's just look at the first equation, first. Well, the first
equation says our point should be on the plane which has this equation.

Vi vay, ... Gia s rang chdng ta c6 hé phuong trinh tuyén tinh 3x3. Chi can 18y mot vi du -
cac con sd toi dua ra khdng quan trong, gia st rang tbéi cho ban xz = 1, xy = 2, x 2y3z =
3. Gidi cai nay co6 nghia la gi? N6 cd nghia la ching ta mudén tim x, y, z thda man tat ca cac
diéu kién nay. Hay xét phuadng trinh dau tién, dau tién. Vang, phuong trinh dau tién noi
diém cua ching sé thuéc mat phdng cé phuong trinh nay.
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Then, the second equation says that our point should also be on that plane. So, if
you just look at the first two equations, you have two planes. And the solutions --

these two equations determine for you two planes, and two planes intersect in a line.
Now, what happens with the third equation? That's actually going to be a third plane.
So, if we want to solve the first two equations, we have to be on this line. And if we
want to solve the third one, we also need to be on another plane.

Thé thi, phuang trinh th(r hai ndi rdng diém cua ching ta cling s& & trong mat phdng dé. Vi
véy, néu ban xét hai phudng trinh dau tién, ban c6 hai mat phang. Va cdc nghiém -hai
phuong trinh ndy xac dinh cho ban hai mat phang, va hai mdt phang cat nhau theo mét
dudng. Bay gid, diéu gi xay ra véi phuong trinh thr ba? D6 thuc su sé 1a mat phang th ba.
Vi vdy, néu chldng ta muén gidi hai phuong trinh dau tién, chdng ta phai & trén dudng thing
nay. Va néu ching ta mudn giai cai th{ ba, ching ta cling can & trén mat phang khac.

And, in general, the three planes intersect in a point because this line of

intersection... Three planes intersect in a point, and one way to think about it is that

the line where the first two planes intersect meets the third plane in a point. And,

that point is the solution to the linear system. The line -- this is mathematical

notation for the intersection between the first two planes -- intersects the third plane

in a point, which is going to be the solution.

Va, ndi chung, ba mat phdng cit nhau tai mét diém vi dudng giao nhau nay ... Ba mat

phdng giao nhau tai mot diém, va mét cach dé& nghi vé né 1a dudng thdng ma & dé hai mat

phdng dau tién giao nhau giao v mat phdng th( ba tai mot diém. Va, diém dé 1a nghiém
clia hé phugng trinh tuyén tinh. Budng thang - day la ky hiéu todn hoc cho giao tuyén
gita hai mat phadng d3u tién - giao v6i mat phdng th ba tai mét diém, dé sé& 1a nghiém.

So, how do we find the solution? One way is to draw pictures and try to figure out
where the solution is, but that's not how we do it in practice if we are given the
equations. Let me use matrix notation. Remember, we saw on Tuesday that the
solution to AX = B is given by X = A inverse B. We got from here to there by
multiplying on the left by A inverse. A inverse AX simplifies to X equals A inverse B.
And, once again, it's A inverse B and not BA inverse.

Vay ching ta tim nghiém nhu thé nao? Mot cach dé phat hoa birc tranh va thi suy ra
nghiém & dau, nhung dé khong phai la cach chidng ta thuc hién trong thuc t€, néu chung ta
dugc cho cac phuang trinh. Hay dé t6i s dung ky hiéu ma trédn. Hay nhd rédng, ngay th( ba
chlng ta d& th8y rang cac nghiém ctia AX = B dudc cho bdi X = A nghich dao B. Ching ta
dugc tur ddy dén dé bang cach nhan vé& trai véi A nghich dao. A nghich dao AX don gian
bédng X bang A nghich dao B. V&, mét lan nifa, nd 1a A nghich ddo B va khéng phai BA
nghich dao.

If you try to set up the multiplication, BA inverse doesn't work. The sizes are not
compatible, you can't multiply the other way around. OK, that's pretty good -- unless
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it doesn't work that way. What could go wrong? Well, let's say that our first two
planes do intersect nicely in a line, but let's think about the third plane. Maybe the
third plane does not intersect that line nicely in a point. Maybe it's actually parallel to
that line. Let's try to think about this question for a second. Let's say that the set of
solutions to a 3x3 linear system is not just one point.

Néu ban thu thiét lap phép nhan, BA nghich ddo khéng ding. Kich c¢& khéng tuong thich,
ban khéng thé nhén theo cach khac. Vang, diéu dé la kha tét — néu khdng nd khéng lam
viéc theo céch dé. Diéu gi cb thé sai? Vang, gia s radng hai mat phdng dau tién cua ching
ta giao nhau theo mot dudng, nhung chidng ta hdy nghi vé mat phang thi ba. C6 18 mat
phdng th& ba khéng giao véi dudng dé tai mét diém. CS I8 nd thuc su song song Vdi
dudng dé. Chang ta h8y cd suy nghi vé& cau hoi nay trong mot gidy. Gia s réng tép hagp
nghiém cla hé phuong trinh tuyén tinh 3x3 khéng chi la mot diém.

So, we don't have a unique solution that we can get this way. What do you think

could happen? OK, I see that answers number three and five seem to be dominating.
There's also a bit of answer number one. In fact, these are pretty good answers. I

see that some of you figured out that you can answer one and three at the same
time, or three and five at the same time. I yet have to see somebody with three
hands answer all three humbers at the same time. OK. Indeed, we'll see very soon
that we could have either no solution, a line, or a plane. The other answers: "two
points" (two solutions), we will see, is actually not a possibility because if you have
two different solutions, then the entire line through these two points is also going to
be made of solutions.

Vi vay, ching ta khdng cé nghiém duy nhét gidng nhu trén day. Ban nghi diéu gi cé thé
xay ra? Vang, toi thay cau tra IGi s6 ba va nam dudng nhu chiém uu thé. Ngoai ra con co
mot it cau tra 18i s6 mot. Qua thuc, day la nhitng cau tra 18i kha t6t. T6i thdy rang mot s6
ban d& th8y dudc ban cé thé tra I8i mot va ba cing mét lic, hodc ddng thdi ba va nam.
Toi chua thdy ai tra 10i ba tay cung mét lic. Vang. Théat vay, ching ta sé thdy ngay rdng
hodc khéng c6 nghiém, moét dudng thang, hodc mdt mat phdng. Nhitng ciu tra I6i con lai:
"hai diém" (hai nghiém), ching ta s& thdy, thuc su khéng thé& bdi vi néu ban cé hai
nghiém khéc nhau, thi toan bé dudng thdng qua hai diém nay ciling dudc tao ra bdi cac
nghiém.

"A tetrahedron" is just there to amuse you, it's actually not a good answer to the
question. It's not very likely that you will get a tetrahedron out of intersecting
planes. "A plane" is indeed possible, and "I don't know" is still OK for a few more
minutes, but we're going to get to the bottom of this, and then we will know. OK,

let's try to figure out what can happen. Let me go back to my picture. I had my first
two planes; they determine a line. And now I have my third plane. Maybe my third
plane is actually parallel to the line but doesn't pass through it. Well, then, there's no
solutions because, to solve the system of equations, I need to be in the first two

planes.

"MOt t& dién" cau dé chi dé€ gilip ban giai tri, né thuc su khdng phai |a mot cau tra I5i tot
cho cdu hoi nay. Khdng chac rang ban s& nhan dugc mét t& dién ngoai cdc mat phang giao
nhau. Thuc su "mot mdt phdng " cé thé&, va "tdi khong biét" van con OK trong vai phut
nira, nhung ching ta sé di dén phia dudi cai nay, va sau dé chldng ta sé biét. Vang, hay
thr suy ra nhitng gi c6 thé xay ra. Hay dé tdi trd lai bic anh cua téi. Tdi cd hai mat phang
dau tién cua t6i; ching xac dinh mét dudng thang. Va bay gid tdi cé6 mat phang th( ba cua
téi. Cé I& mat phang th& ba song song v3i dudng thang nhung khdng di qua nd. Vang, thé
thi, khéng cé nghiém bdi vi, d€ thda man hé phuang trinh, téi cdn & trong hai mat phéng
dau tién.

So, that means I need to be in that vertical line. (That line was supposed to be red,
but I guess it doesn't really show up as red). And it also needs to be in the third
plane. But the line and the plane are parallel to each other. There's just no place
where they intersect. So there's no way to solve all the equations. On the other
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hand, the other thing that could happen is that actually the line is contained in the
plane.

Vi vay, diéu dé cd nghia 1a tdi can & trong dudng thdng diing dé. (Pudng ddé dudgc gia sur
la d&, nhung tdi dodn nd khdng thuc su hién thi mau dd). Va né ciing can & trong mat
phdng th& ba. Nhung dudng va mat phang song song vdi nhau. Khdng cé noi nao ching
giao nhau. Vi vay, khéng cé cidch nao dé giai tat ca cac phuong trinh. Mt khac, th khac
cb thé xay ra la thuc su dudng thang cé thé dugc chira trong mat phang.

And then, any point on that line will automatically solve the third equation. So if you try

solving a system that looks like this by hand, if you do substitutions, eliminations,
and so on, what you will notice is that, after you have dealt with two of the
equations, the third one would actually turn out to be the same as what you got out
of the first two. It doesn't give you any additional information. It's as if you had only
two equations. The previous case would be when actually the third equation
contradicts something that you can get out of the first two. For example, maybe out
of the first two, you got that x plus z equals one, and the third equation is x plus z
equals two. Well, it can't be one and two at the same time. Another way to say it is
that this picture is one where you can get out of the equations that a number equals
a different number.
Va do do, bat ky diém nao trén dudng thdng dé tu ddng cling thda man phuong trinh th
ba. Vi vdy, néu ban th(r giai hé giéng nhu thé& nay bang tay, néu ban thuc hién thé, triét
tiéu, va vang vang, nhitng gi ban sé nhan thay la, sau khi ban da x& ly hai phudng trinh,
cai thr ba héa ra la giéng nhu nhitng gi ban da nhan dudc tr hai cai dau. Né khong cho
ban thém thdng tin gi nira. Nhu thé ban chi cé hai phudng trinh. Trudng hop trudc sé ding
khi phugng trinh th( ba thuc su mau thuan véi cdi ma ban rat ra tir hai cai dau tién. Vi du,
tlr hai cai dau tién, ban nhan dudc x cdng z bdng mdt, va phuang trinh th& ba la x céng
vGi z bdng hai. Vang, khéng thé& Ia mét va hai cing mét lic. Mot cach khac dé noi vé né la
hinh anh nay 1a cdi ma khi ban rdt ra cdc phuong trinh trong d6 mét s6 bang s8 khac.

That's impossible. And, that picture is one where out of the equations you get zero
equals zero, which is certainly true, but isn't a very useful equation. So, you can't
actually finish solving. OK, let me write that down. ... unless the third plane is
parallel to the line where P1 and P2 intersect. Then there's two subcases. If the line
of intersections of P1 and P2 is actually contained in P3 (the third plane), then we
have infinitely many solutions.

Diéu d6 khéng thé. Va4, hinh anh dé l1a cai rdt ra tir cdc phuong trinh khéng bang khdng,
né chac chdn ddng, nhung khéng phai la mét phuang trinh hitu ich. Vi vay, ban khdng
thé khdng thuc su két thic viéc giai phuong trinh. Vang, hdy dé tdi viét diéu dé ra. ...
néu mat phang th& ba khéng song song véi dudng thdng ma & dé P1 va P2 giao nhau.
Thi c6 hai trudng hgp nho. Néu dudng giao nhau cua P1 va P2 thuc sy dugc chira trong
P3 (mat phang th ba), thi chdng ta cé vd s8 nghiém.
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Namely, any point on the line will automatically solve the third equation. The other
subcase is if the line of the intersection of P1 and P2 is parallel to P3 and not
contained in it. Then we get no solutions. Just to show you the pictures once again:
when we have the first two planes, they give us a line. And now, depending on what
happens to that line in relation to the third plane, various situations can happen. If
the line hits the third plane in a point, then that's going to be our solution. If that

line, instead, is parallel to the third plane, well, if it's parallel and outside of it, then we

have no solution. If it's parallel and contained in it, then we have infinitely many
solutions.
Cu thé, bat ky diém nao trén dudng thdng sé tu ddng théa phuong trinh th{ ba. Trudng
hdp nhd khéc la 1a néu dudng thdng giao nhau cla P1 va P2 song song vdi P3 va khéng
dugc chlra trong nd. Thi chiing ta khdng c6 nghiém. Chi cdn dé€ cho ban thdy hinh anh mét
lan nira:khi ching ta cé hai m&t phdng dau tién, ching cho ching ta mét dudng thang. Va
bay gid, tuy thudc vao nhitng gi xay ra vdi dudng thang dé ddi véi mat phing th( ba,
nhitng trudng hop khac nhau cé thé xay ra. Néu dudng thdng cdt mat phdng th( ba tai
mot diém, thi d6 sé& la nghiém cua chidng ta. Néu dudng thdng dé song song v&i mat phiang
thir ba, vang, néu no song song va & bén ngoai no, thi ching ta khong cé nghiém. Néu nd
song song va dudc chira trong né, thi chdng ta cé v6 s6 nghiém.

So, going back to our list of possibilities, let's see what can happen. No solution:
we've seen that it happens when the line where the first two planes intersect is
parallel to the third one. Two points: well, that didn't come up. As I said, the

problem is that, if the line of intersections of the first two planes has two points that
are in the third plane, then that means the entire line must actually be in the third
plane. So, if you have two solutions, then you have more than two. In fact, you have
infinitely many, and we've seen that can happen. A tetrahedron: still doesn't look

very promising.

Vi vay, hay tré lai danh sach cac kha nang cua ching ta, hdy xem nhitng gi c6 thé xay ra.
Khéng cé nghiém: ching ta d& thdy rang n6 sé& xay ra khi dudng thang ngi hai mat phang
giao nhau song song véi mat phdng th& ba. Hai diém: vang, diéu d6 khdng thé xay ra.
Nhu tdi d& noi,van dé |a, néu dudng thdng giao nhau cla hai mat phdng dau tién cd hai
diém ndm trong mat phang th( ba, thi diéu dé cé nghia Ia toan bd dudng thdng phai thuc
su’ nam trong mat phang th(r ba. Vi vy, néu ban cé hai nghiém, thi ban c6 han hai. Qua
thuc, ban cé vo han, va ching ta th8y réng diéu dé cé thé xay ra. Mot ti dién: van khong
c6 vé hira hen.

What about a plane? Well, that's a case that I didn't explain because I've been
assuming that P1 and P2 are different planes and they intersect in a line. But, in fact,
they could be parallel, in which case we already have no solution to the first two
equations; or they could be the same plane. And now, if the third plane is also the

same plane -- if all three planes are the same plane, then you have a plane of
solutions.

Con vé mat phang thi sao? Vang, dd la trudng hgp ma tdi khéng giai thich vi toi da

gid sir rang P1 va P2 1a cdc mat phang khac nhau va ching giao nhau theo moét

dudng. Tuy nhién, trén thuc té€, ching cé thé song song, trong trudng hogp nay

ching ta khdng cé nghiém d6i va8i hai phuong trinh dau tién; hodc ching cé thé

déng phdng. Va bay gid, néu mat phang th( ba cling dong phang, thi ban cé moét

mat phang nghiém.

If T give you three times the same equation, that is a linear system. It's not a very
interesting one, but it's a linear system. And "I don't know" is no longer a solution
either. OK, any questions? [STUDENT QUESTION:] What's the geometric significance

of the plane x y z equals 1, as opposed to 2, or 3? That's a very good question. The
question is, what is the geometric significance of an equation like x y z equals to 1,

2, 3, or something else? Well, if the equation is x y z equals zero, it means that our
plane is passing through the origin. And then, if we change the constant, it means

we move to a parallel plane. So, the first guess that you might have is that this
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number on the right-hand side is the distance between the origin and the plane. It
tells us how far from the origin we are.

Néu tbéi cung cdp cho ban ba lan cung mét phudng trinh, dé la mét hé tuyén tinh. N6
khong phai la moét th thu vi, nhung nd la mot hé tuyén tinh. Va "Toi khong biét" khéng
con 1& mdt nghiém. Vang, cac ban cd hoi gi khong? [SINH VIEN HOI:] y nghia hinh hoc
clia mat phdng x y z bang 1 13 gi, khi so vGi 2, hay 3? D6 1a mdt cdu hoi hay. Cau hai 13,
y nghia hinh hoc clia mét phuong trinh xyz bdng 1,2, 3, hay cai gi khac? Véng, néu
phuong trinh xyz bang khdéng, cé nghia la mat phang cua ching ta di qua gbc toa dé. Va
sau do, néu chlng ta thay d6i héng sd, cé nghia la ching ta di chuyén dén mot mat
phdng song song. Vi vdy, du dodn dau tién ma ban cé thé cé Ia s6 nay & phia bén tay
phai 1a khoang céch gilra géc toa d6 va mat phdng. N6 cho ching ta biét ching ta cach
gGc toa do bao xa.

That is not quite true. In fact, that would be true if the coefficients here formed a

unit vector. Then this would just be the distance to the origin. Otherwise, you have

to actually scale by the length of this normal vector. And, I think there's a problem in
the Notes that will show you exactly how this works. You should think of it roughly as
how much we have moved the plane away from the origin.

biéu dé khéng hoan toan dung. Trén thuc t€, diéu dé sé dung néu cac hé sé & day hinh
thanh nén mot vector dan vi. Thi day sé la khoang cach dén go6c toa d6. Néu khong, ban
thuc su phai biéu dién theo ti I& qua chidu dai cua vector phap tuyén nay. Va, toi nghi cé
mot bai tadp trong Notes sé cho ban thay chinh xac cach thic cdi nay hoat dong. Ban nén
nghi v& né gan nhu 1a chldng ta da di chuyén ra xa bao nhiéu tir géc toa do.

That's the meaning of the last term, D, in the right-hand side of the equation. So,
let's try to think about what exactly these cases are -- how do we detect in which
situation we are? It's all very nice in the picture, but it's difficult to draw planes. In
fact, when I draw these pictures, I'm always very careful not to actually pretend to
draw an actual plane given by an equation. When I do, then it's blatantly false -- it's
difficult to draw a plane correctly. So, instead, let's try to think about it in terms of
matrices. In particular, what's wrong with this? Why can't we always say the solution

is X = Ainverse B?

Do la y nghia clia s6 hang cu6i, D, 8 vé phai cua phuong trinh. Vi vay, chidng ta hay thu
nghi xem nhitng trudng hogp nay chinh xac 1a gi - 1am thé& nao dé€ chdng ta biét ching ta
dang & trudng hdp nao? Tat ca diéu d6 rat dep trong hinh, nhung khd dé vé cdc mat
phédng. Trong thuc t&, khi tdi v& nhitng hinh nay, t6i luén ludn can than khéng thuc su gia
v& v& mat phdng thuc su dudc cho bdi mot phuong trinh. Khi téi 1am, thi né hién nhién sai
- khé dé vé& chinh xdc moét mat phang. Vi vy, thay vao dd, hdy th nghi vé né theo cac
ma tran. Ddc biét, cé gi khéng &n vdi cdi nay? Tai sao ching ta khong thé& ludn luén ndi
nghiém la X = A nghich dao B?
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Well, the point is that, actually, you cannot always invert a matrix. Recall we've seen
this formula: A inverse is one over determinant of A times the adjoint matrix. And
we've learned how to compute this thing: remember, we had to take minors, then

flip some signs, and then transpose. That step we can always do. We can always do
these calculations. But then, at the end, we have to divide by the determinant.

That's fine if the determinant is not zero. But, if the determinant is zero, then

certainly we cannot do that. What I didn't mention last time is that the matrix is
invertible -- that means it has an inverse -- exactly when its determinant is not zero.
Vang, van dé 1a, thuc su, ban khéng thé ludn ludn nghich dado mot ma tran. Nhé réng ching
ta d& nhin th8y cdng thc nay: A nghich ddo bang mét trén dinh thirc ciia A nhdn ma trén
lién hgp. Va chiang ta da hoc cach tinh cai nay: hdy nhdg, ching ta phai Idy cac minor, sau
dé dao dau nao dd, va sau dé chuyén vi. Chlng ta ludén luén cé thé lam budc d4. Ching ta
lubn ludn cd thé thuc hién nhitng tinh todn nay. Nhung sau dd, cudi clng, ching ta phai
chia cho dinh thirc. Diéu do6 t6t néu dinh thlc khac khdéng. Nhung, néu dinh thdc bang
khéng, thi tdt nhién chldng ta khéng thé& 1am diéu dé. Nhitng gi téi d& khdéng dé cap lan
trudc la ma tran kha nghich - cé nghia la né cd mot ma tran nghich ddo - chinh xac khi
dinh thic ctia n6 khac khong.

That's something we should remember. So, if the determinant is not zero, then we

can use our method to find the inverse. And then we can solve using this method. If

not, then not. Yes? [STUDENT QUESTION:] Sorry, can you reexplain that? You can

invert A if the determinant of A is not equal to zero? That's correct. We can invert

the matrix A if the determinant is not zero. If you look again at the method that we
saw last time: first we had to compute the adjoint matrix. And, these are operations we
can always do. If we are given a 3x3 matrix, we can always compute the adjoint. And
then, the last step to find the inverse was to divide by the determinant. And that

we can only do if the determinant is not zero. So, if we have a matrix whose

determinant is not zero, then we know how to find the inverse.

Do la vai diéu ching ta nén nhd. Vi vay, néu dinh thirc khac khoéng, thi ching ta

c6 thé sir dung phuong phép clia ching ta dé tim nghich dao. Va sau dé ching ta

c6 thé gidi dung phudng phap nay. Néu khong, thi khdng. Sao? [SINH VIEN HOI:]

Xin 16i, ban cd thé giai thich diéu dé khéng? Ban cé thé nghich ddo A néu dinh

thirc ctia A khac khdng khéng? Diéu dé chinh xac. Chlng ta cé thé nghich dado ma

tran A néu dinh thic khac khéng. Néu ban nhin lai phudng phap ma ching ta da

thdy lan trudc: dau tién chidng ta phai tinh ma tran lién hgp. Va, day la nhiing

phép todn ma chdng ta ludn ludn cd thé Iam. Néu ching ta dudc cho mét ma trén

3x3, ching ta ludn ludn cé thé tinh lién hgp. Va sau d6, budc cudi cung dé tim

nghich dao la chia cho dinh thirc. Va ching ta chi cé thé lam néu dinh thirc khac

khong. Vi vay, néu chidng ta cé mét ma trdan ma dinh thirc clia n6é khac khong, thi

ching ta biét cach tim ma tran nghich dao.

If the determinant is zero, then of course this method doesn't work. I'm actually
saying even more: there isn't an inverse at all. It's not just that our method fails. I
cannot take the inverse of a matrix with determinant zero. Geometrically, the

situation where the determinant is not zero is exactly this nice usual situation where
the three planes intersect in a point, while the situation where the determinant is

zero is this situation here where the line determined by the first two planes is parallel
to the third plane.

Néu dinh thi'c béng khdng, thi tadt nhién phuong phap nay khdng ap dung dugc. Toi thuc
su néi nhiéu han: dé khong phai la ma tran nghich dao gi ca. Khong phai la phuong phap
cla chung ta sai. Tdi khéng thé tim nghich ddo cla ma trén véi dinh thic badng khéng. Vé
mat hinh hoc, trudng hdp ma dinh thic khac khong chinh xac la trudng hgp dep nay trong
dé ba mat phdng giao nhau tai mot diém, trong khi trudng hop dinh thl'c béang khéng |a
trudng hdp nay & day trong dé dudng thdng dudgc xac dinh bdi hai mat phdng dau tién
song song vGi mat phang th( ba.

Let me emphasize this again, and let's see again what happens. Let's start with an
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easier case. It's called the case of a homogeneous system. It's called homogeneous
because it's the situation where the equations are invariant under scaling. So, a
homogeneous system is one where the right hand side is zero -- there's no B. If you
want, the constant terms here are all zero: 0, 0, 0. OK, so this one is not

homogenous. So, let's see what happens there. Let's take an example. Instead of
this system, we could take x z = 0, x y = 0, and x 2y 3z also equals zero.

H3y dé téi nhdn manh diéu nay mot 1an nifa, va ching hdy xem lai nhitng gi xay ra.
Hay b&t ddu vdéi mot trudng hdp dé dang hon. N& dudc goi 1a trudng hop hé déng nhét.
N6 dudc goi la dong nhat bdi vi né la trudng hgp ma cac phudng trinh bat bién dudi
phép I8y ti 1&. Vi vy, mdt hé déng nhat |a mot hé trong dé vé& phai bang khdng - dé
khdng phai Ia B. Néu ban mudn, cac s6 hang héng sd & day s& déu bang khéng: 0, 0, 0.
Vang, do do, cai nay khong dong nhat. Vi vay, ching ta hdy xem nhiing gi sé xay ra &
dé. Hay 18y mot vi du. Thay vi hé nay, ching ta ¢ thé€ 18y x z = 0, xy = 0, va x 2y 3z
cling bang khoéng.

Can we solve these equations? I think actually you already know a very simple
solution to these equations. Yeah, you can just take x, y, and z all to be zero. So,
there's always an obvious solution -- -- namely, (0, 0, 0). And, in mathematical
jargon, this is called the trivial solution. There's always this trivial solution. What's
the geometric interpretation? Well, having zeros here means that all three planes
pass through the origin. So, certainly the origin is always a solution.

Chlng ta ¢ thé giai nhitng nhitng phuang trinh ndy hay khéng? T6i nghi réng thuc sy
ban da biét mot nghiém rat don gian cia nhitng phuaong trinh nay roi. Vang, ban chi can
chon tét ca x, y, va z déu bang khdng. Vi vay, luén c6 nghiém hién nhién - - cu thé 13,
(0, 0, 0). Va, trong thuat ngir toan hoc, day dudc goi la nghiém tam thudng. Lubén luén
c6 nghiém tam thudng nay. Y nghia hinh hoc cta né 1a gi? Vang, cé sd khong & day co
nghia 1a cad ba mat phang déu di qua gbc toa dd. Vi vay, chdc chdn gbc toa dd ludn ludn
la mot nghiém.

The origin is always a solution because the three planes -- -- pass through the origin.
Now there's two subcases. One case is if the determinant of the matrix A is nonzero.
That means that we can invert A. So, if we can invert A, then we can solve the

system by multiplying by A inverse. If we multiply by A inverse, we'll get X equals A
inverse times zero, which is zero. That's the only solution because, if AX is zero, then
let's multiply by A inverse: we get that A inverse AX, which is X, equals A inverse

zero, which is zero. We get that X equals zero. We've solved it, there's no other
solution.

G8c toa db lubn ludn 1& mot nghiém bédi vi ba mat phdng - - di qua gbc toa dd. Bay gi& cb
hai trudng hgp nho. M6t trudng hgp la néu dinh thic cia ma trédn A khac khong. biéu do
c6 nghia Ia ching ta cé thé nghich dao A. Vi vdy, néu ching ta c6 thé nghich dao A, thi
chiing ta cé thé gidi hé bdng cich nhan vdi A nghich dado. Néu chidng ta nhan véi A nghich
dao, chidng ta s& nhén dudc X bdng A nghich ddo nhan khéng, bdng khéng. D6 la nghiém
duy nhat bdi vi, néu AX bang khéng, thi ching ta hdy nhan vdi A nghich dao: ching ta
nhén dudc rang A nghich dao AX, bang X, bdng A nghich dao khéng, béng khdng. Ching
ta nhén dugc X bang khdng. Ching ta d& giai nd, khdng c6 nghiém khac.
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To go back to these pictures that we all enjoy, it's this case. Now the other case, if

the determinant of A equals zero, then this method doesn't quite work. What does it
mean that the determinant of A is zero? Remember, the entries in A are the
coefficients in the equations. But now, the coefficients in the equations are exactly

the normal vectors to the planes. So, that's the same thing as saying that the
determinant of the three normal vectors to our three planes is 0.

DE trd lai nhitng hinh anh ma t&t ca ching ta d3 thay, dé la trudng hgp nay. Bay

gi¢ trudng hgp con lai, néu dinh thdc cla A bang khdng, thi phucdng phap nay

khong ép dung dudc. Dinh thic clia A bdng khdng cé nghia la gi? H8y nhd réng, cac

phan tlr trong A la cac hé sd clia phuaong trinh. Nhung bay giG, cac hé sé trong cac
phuong trinh chinh 1a cdc vector phap tuyén vdi cdc mat phdng. Vi vy, diéu do

tuang duong véi dinh thirc cua ba vector phap tuyén clia ba mat phang cla ching

ta bang 0.

That means that N1, N2, and N3 are actually in a same plane -- they're coplanar.
These three vectors are coplanar. So, let's see what happens. I claim it will
correspond to this situation here. Let's draw the normal vectors to these three

planes. (Well, it's not very easy to see, but I've tried to draw the normal vectors to

my planes.) They are all in the direction that's perpendicular to the line of

intersection. They are all in the same plane. So, if I try to form a parallelepiped with
these three normal vectors, well, I will get something that's completely flat, and has
no volume, has volume zero.

Diéu db cb nghia la N1, N2, va N3 thuc su cung & trong mat phang - ching ddng phang.
Ba vectd nay ddng phang. Vi vdy, ching ta hdy xem diéu gi s& xay ra. T6i khang dinh rang
nd sé tuong (g vdi trudng hdp nay & day. Hay vé cac vectd phap tuyén cua ba mdt phang
nay. (Vang, khdng phai dé thdy, nhung tdi c¢8 vé& cac vects phap tuyén vdi cdc mat phang
clia t6i) T&t cd ching déu hudng vudng gbc vai dudng thing giao tuyén. Tat cd ching déu
3 trong cung mat phang. Vi vay, néu tbi ¢d tao mdt hinh hdp xién vdi ba vector phép tuyén
nay, vang, téi s& nhan dugc mot cai gi d6 hoan toan phang, va khéng cé thé tich, cd thé
tich bang khéng.

So the parallelepiped -- -- has volume 0. And the fact that the normal vectors are
coplanar tells us that, in fact -- (well, let me start a new blackboard). Let's say that
our normal vectors, N1, N2, N3, are all in the same plane. And let's think about the
direction that's perpendicular to N1, N2, and N3 at the same time. I claim that it will
be the line of intersection. So, let me try to draw that picture again. We have three
planes -- (now you see why I prepared a picture in advance. It's easier to draw it
beforehand). And I said their normal vectors are all in the same plane.

Vi v8y hinh hdp xién - - cé thé tich bédng 0. Va viéc cac vector phap tuyén déng phdng cho
ching ta biét rdng, trén thuc t& - (vang, hdy dé toi bit dau moét bang den mdi). Gia sur
réang vector phap tuyén cla ching ta, N1, N2, N3, t&t ca & trong cung mdt mat phdng. Va
hdy nghi vé hudng vudng gdc véi N1, N2, N3 cing mét lic. Téi cho réng né sé& la dudng
thadng giao tuyén. Vi vy, hdy dé tdi thr vé& lai hinh anh d4. Chdng ta cé ba mat phang -
(bay git ban hiéu tai sao toi chuan bi hinh vé trudc. N6 dé dé vé bang tay trudc). Va toi
da noi tat ca cac vecto phap tuyén cua ching déu nam trong clung méat phang.

What else do I know? I know that all these planes pass through the origin. So the
origin is somewhere in the intersection of the three planes. Now, I said that the

normal vectors to my three planes are all actually coplanar. So N1, N2, N3 determine

a plane. Now, if I look at the line through the origin that's perpendicular to N1, N2,

and N3, so, perpendicular to this red plane here, it's supposed to be in all the planes.
Toi biét gi nira? Toi biét réng tat ca nhitng mat phang nay di qua gdc toa dd. Vi vy, gbc toa
dd & dau do trong giao diém cla ba mat phang. Bay gid, tdi cho rang, vectd phap tuyén vdi
ba mat phang cua t6i thuc su tat ca déu ddng phang. Vi vay, N1, N2, N3 xac dinh mét mat
phang. Bay gig, néu téi nhin vao dudng thang di qua gbc toa dd vudng goc vdi N1, N2, va
N3, vi vdy, vudng goc vdi mat phdng mau dé nay & day, dudc gid sl st 1a déu & trong mat
phang.
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(You can see that better on the side screens). And why is that? Well, that's because
my line is perpendicular to the normal vectors, so it's parallel to the planes. It's
parallel to all the planes. Now, why is it in the planes instead of parallel to them?

Well, that's because my line goes through the origin, and the origin is on the planes.
So, certainly my line has to be contained in the planes, not parallel to them.

(Ban cb thé thdy diéu d6 tét hon trén nhitng man hinh bén). Va tai sao vay? Vang, dé la
bai vi dudng thdng cua tdi vuéng gdéc vdi cac vectd, do dé nd song song véi cdc mat phang.
N6 song song vd3i tdt ca cdc mat phang. Bay gid, tai sao né & trong cdc mat phdng chd
khéng phai song song vdi ching? Vang, dé la bdi vi dudng thang cla téi di qua gbc toa do,
va gbc toa dd & trén cdc mat phdng. Vi vay, tat nhién dudng thang cua tdi dugc chira trong
cdc mat phang, khéng song song vdi chdng.

So the line through the origin and perpendicular to the plane of N1, N2, N3 -- -- is
parallel to all three planes. And, because the planes go through the origin, it's
contained in them. So what happens here is I have, in fact, infinitely many solutions.
How do I find these solutions? Well, if I want to find something that's perpendicular

to N1, N2, and N3 -- if I just want to be perpendicular to N1 and N2, I can take their
cross product. So, for example, N1 cross N2 is perpendicular to N1 and to N2, and

also to N3, because N3 is in the same plane as N1 and N2, so, if you're perpendicular
to N1 and N2, you are also perpendicular to N3.

Vi vdy, dudng thang qua gdc toa do va vudng gdéc v6i mat phdng ctia N1, N2, N3 - - song
song vdi ca ba mat phang. Va, bdi vi cdc mat phang di qua g6c toa dd, né dudc chira trong
ching. Vi vay, nhitng gi xay ra & day la qua thuc, toi cd vd s6 nghiém. Lam thé nao dé tim
nhirng nghiém nay? Vang, néu téi mudén tim cai gi dé vudéng goc va@i N1, N2, va N3 - néu
téi chi mudn vudng gdc vGi N1 va N2, t6i cé thé thuc hién tich vector cia téi. Vi vy, ching
han, N1 nhéan vector vGi N2 vubéng géc vdi N1 va N2, va tuong tu véi N3, bdi vi N3 dong
phang véi N1 va N2, vi vay, néu ban vuéng géc véi N1 va N2, ban ciling vudng gdc véi N3.

It's automatic. So, it's a nontrivial solution. This vector goes along the line of
intersections. OK, that's the case of homogeneous systems. And then, let's finish
with the other case, the general case. If we look at a system, AX = B, with B now
anything, there's two cases. If the determinant of A is not zero, then there is a
unique solution -- -- namely, X equals A inverse B. If the determinant of A is zero,
then it means we have the situation with planes that are all parallel to a same line,
and then we have either no solution or infinitely many solutions.

NG tu déng. Vi vay, dd 1a nghiém khéng tdm thudng. Vector nay di doc theo dudng thing
giao tuyén. Vang, do la trudng hgp hé phuong trinh dong nhét. Va sau do, ching ta hay
hoan thanh véi trugng hgp khac, trudng hgp ndéi chung. Néu ching ta xét mét hé phuong
trinh, AX = B, vdi B la bat c& th(r gi, cé hai truédng hgp. Néu dinh thic cua A khac khong,
thi c6 mot nghiém duy nhét - - cu thé 14, X bang A nghich dao B. Néu dinh thlc cia A
bang khong, thi né c6 nghia la ching ta c6 trudng hgp vdi cac mat phdng song song vGi
cung mét dudng thdng va sau d6 ching ta hodc khéng cé nghiém hodc c6 vb s6 nghiém.
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It cannot be a single solution. Now, whether you have no solutions or infinitely many
solutions, we haven't actually developed the tools to answer that. But, if you try
solving the system by hand, by elimination, you will see that you end up maybe with
something that says zero equals zero, and you have infinitely many solutions.

Actually, if you can find one solution, then you know that there's infinitely many. On

the other hand, if you end up with something that's a contradiction, like one equals

two, then you know there's no solutions. That's the end for today. Tomorrow, we will
learn about parametric equations for lines and curves.
N6 khdng thé 1a mot nghiém duy nhit. Bay gid, cho du ban khéng cé nghiém hodc cb vo
s6 nghiém, chlng ta chua xay dung céng cu dé tra I8i cho diéu d6. Nhung, néu ban cd giai
hé phuong trinh bang tay, bdng phép khir, ban s& thdy rang ban két thic co 18 véi céi gi
dé khdng bdng khdng, va ban cé vbé sd nghiém.Trén thuc t&, néu ban cé thé tim mét
nghiém, thi ban biét rdng cé nhiéu vé s6. Mdt khéac, néu ban két thic véi cai gi d6 mau
thuan, ki€u nhu mét bang hai, thi ban biét khéng cé nghiém. D6 1a phan cudi cia hém
nay. Ngay mai, ching ta s& tim hiéu vé phuong trinh tham s6 cla cac dudng thing va cac
dudng cong.



