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18.02 Multivariable Calculus, Fall 2007
Transcript — Lecture 1

Take your seats. OK, so, hi everyone. Welcome to 18.02. So, the first
announcement, if you are actually looking for 18.01, it's not it here. 18.01 is in 54-
100. That's the green building. There was a misprint in the 18.01 syllabus. OK, so if
everyone here is present for 18.02, let me introduce myself. My name is Denis
Auroux. You can call me Denis if, well, anyway, so you'll notice quickly that I have a
strange name, and I speak in a strange way.

H&y chon ché ngdi. A, vang, chao moi ngudi. Hoan nghénh dén véi 18.02. A, thdng bao
dau tién, néu thuc su ban dang tim ki€ém 18.01, khong phai né & day. 18.01 & 54-100.
D6 13 toa nha mau xanh. Cé mot 16i in trong danh sach 18.01. Vang, vi vdy néu moi
ngudi cd6 mat & day dé hoc 18.02, hdy dé tdi tu gidi thiéu. Tén tdi 1a Denis Auroux. Ban
c6 thé& goi tdi 1a Denis néu muén, a, du sao di nira, vi vy ban s& thdy ngay rang téi cé
mot tén la, va t6i ndi theo mét cach la.

And, there's a common reason for both, namely, I'm French. So, hopefully my accent
will not be too much of a problem. Hopefully you'll get used to it quickly. Hopefully I
will write enough on the board that you can figure out what's going on this class.
Well, be patient with me, and ask me to repeat if it's getting hard to follow. So, how
to find me: well, my office is in building two. That's the building where most of you
have recitations. But, it's one floor above. And, my office hours are on Tuesday and
Wednesday afternoons. How to find? Well, you can also reach me by email 24/7. 1 do
not answer 24/7, but almost. And, the Courseware page is at this address. So, in
particular, if you still don't have the first problem set, you can find a problem set
there.

Va, li do chung cho ca hai diéu d6 1a, cu thé la, tdi 1& ngudi Phap. Vi vay, hi vong
rang g|ong cua t6i sé khong qua kho nghe. Hy vong ban sé quen né nhanh. Hy
vong rang toi sé viét day dd trén bang dé ban cé thé hiéu nhitng gi dang dién ra
trén 18p nay. Vang, hady kién nhan véi tdi, va bao tbi I3p lai néu chd nao cac ban
khé theo ddi. A, tim toi nhu thé ndo: vang, van phong cua téi 1a tdoa nha s6 hai. D6
la toan nha ma da s6 cac ban déu biét. Nhung nd & tang trén. Va, gid lam viéc cua
tdi 1a chiéu th ba va th tu. Tim bdng cach nao? Vang, ban cé thé lién hé qua
mail véi toi 24/7. T6i khong tra I8i 24/7, nhung moét phan. Va, trang hoc liéu mé &
dia chi nay. Vi vay, dac biét, néu ban chua cé bai tdp 1, ban cé thé tim bai tép &
do.

And, all the handouts, generally speaking, will be on the Courseware page. So, well,
just to say very briefly, the main goal of this course will be to develop the language
that we need to deal with math problems where things depend on more than one
parameter. So, in real life, a function doesn't depend on only one variable like you've
seen in calculus so far. So, we'll need to develop tools, and see all sorts of things
that relate to functions of two, three, or more variables. And, of course, for that,
we'll first need to do some preliminaries. But, so you'll see over time how things go.
So, you should all have this document that has course information. And, on the back,
it has the syllabus and the schedule, which will tell you, roughly speaking, what we
will be doing every single day of the semester.

Va, t&t ca cac handout, ndi chung, sé& & trén trang hoc liéu ma. Chi can néi that ngén
gon, muc dich chinh cia khda hoc la phat trién ngdn ngif ma ching ta can dé giai cac
bai toan cé nhitng ham phu thudc nhiéu hon mot thong s6. Vi vay, trong cudc sng
thuc, mot ham khong chi phu thudc vao mét bién giéng nhu ban tirng thay trong giai
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tich cho dén nay. Vi vdy, ching ta s& can phat trién nhitng céng cu, va thdy dudc tat
ca moi th(r cé lién hé v8i ham mot, hai, ba, hoac nhiéu bién. Va tat nhién, déi vai diéu
dd, dau tién chung ta can lam mot s8 chuén bi. Nhung nhd vay, ban sé thdy moi th
theo thdi gian sé& dién bién s& nhu thé ndo. Vi vay, tat ca cic ban nén cé tai liéu nay
trong dé cé thong tin vé khda hoc. Va, & phia sau, né cé danh muc va ké hoach lam
viéc, cai do sé cho ban biét, néi dai khai 13, nhitng gi ma ching ta s& 1am trong moi
ngay cua hoc ki.

And, well, anyway, we are going to start slowly. So, just to point out some useful
things from that sheet of information, so, one thing is for this class, you should have
a textbook which looks like this. And, you should have additional notes which do not
look like this because yours should be gray. If you have notes from the past year or two
years ago, that's fine. They are the same. And, if you don't have a book yet and you
find that the price of a new book is a bit high, you can get used copies in various
places that are a little bit less expensive. So, this course is split into lectures and
recitations like you probably have already seen. So, recitations meet on Mondays
and Wednesdays, and lectures are the other days of the week, Tuesday, Thursday,
and Friday in this room.
Va, vang, du sao di nifa, chiing ta s& bat dau chdm. A, chi dé& vach ra mdt vai th( hiru
dung t&r mang thoéng tin do, vi vay, mot thir dung cho 18p nay, ban nén cé sach gido
khoa giéng nhu thé nay. Va, ban nén ghi chép thém khéng giGng nhu thé nay bdéi vi
cdi clia ban don diéu. Néu ban cé cac ghi chép clia nam trudc hodc hai nam trudc, diéu
dd tét. Ching gidng nhau. Va, néu ban chua cé séch va ban th8y réng gia cua sach
mdi hai cao, ban cé thé dung phién ban & cdc ndi khac c6 gia ré hon mét chat. Khéa
hoc nay dudc chia thanh cac bai giang va cac cau tra I6i miéng nhu ban tirng gap. Cac
budi tra 18i miéng dién ra vao th( hai va th tu, va cac bai gidng dién ra vao cac ngay
con lai trong tuan, th ba, thr 5 va th({ 6 trong phong nay.

So, here, while I'll be mostly lecturing, you'll have the chance to ask questions, but it's

probably easier to get one on one feedback in recitations. I'm sorry for that. It's

unavoidable when there's 300 people in the room. Well, welcome to this class. Work

in this class: there will be a bunch of problem sets basically once a week that will be
due on Thursdays. So, you should already have the first one.

Vi vay, & day trong khi toi gidng, cac ban cling s& cé c ¢ hdi dé hoi, nhung co |1& s& dé hon
dé€ nhan dudc su phan hdi nhanh trong cac budi tra I8i cdu hoi miéng. Téi xin 16i vi diéu
dé. Diéu d6 khéng thé tranh khéi vi c6 300 ngudi trong phong hoc. Vang, chao ming 18p
nay. Cong viéc trong I8p nay: sé cé mot tap hgp cac bai tap thudng la moét [dn moét tuan
vao th& nam. Vang, ban da co loat bai tap dau tién roi.



And, you will notice quickly the problem sets are pretty long in this class. There's a
lot of homework, so it's a good idea not to save it for the very last night. Problem
sets consist of two parts, part A and part B. Part A is problems from the book and
from the notes, which is why it's important that you get these as soon as you can if
you don't have them already. And, so problems in the notes have solutions already.
So, you should think about them yourself, but have a look at the solutions if you
need some hints, and then work on it yourself. The goal is to learn how to solve this
problem yourselves. But, don't spend an hour on each problem. If you get stuck,
look at the solutions, and then go back to work.

Va, ban sé thdy ngay nhitng tap bai tap kha dai trong khda hoc nay. Cé nhiéu bai tap
vé nha, vi vay ban bat budc phai lam dan dan ch diing chd dén ngay gan thi mdi lam.
Cac bai tap bao gom hai phan, phan A va phan B. Phan A la cac bai tap tur sach va tu
cac bai ghi chép, d6 1a Ii do tai sao ban phai I&y ngay nhitng th{ nay ngay khi cé thé
néu ban chua cé chdng. Va, vi vay cac bai tap trong va cd IGi giai r6i. Vi vay ban sé tu
suy nghi vé ching, nhung hdy nhin nghiém néu ban can mot sé ggi y, va sau dé tu

lam nd. Muc tiéu la hoc cach tu giai cac bai tap nay. Nhung khéng s dung mét gid cho
mdi bai. N&u ban bi, hdy nhin ISi giai, va sau dé quay lai lam.

Part B on the other hand is something that's more original, and you have to work on
it yourself because there's no solutions. You are allowed to collaborate with each
other as long as you think independently and you find independently your solutions.
OK, so it's fine with me if you study in small groups of three or four or an entire
dorm, or whatever. But don't copy solutions from each other. Don't copy solutions
from any other sources that you might find. For example, some of these problems
exist on the web. A look at the solutions. If you do that, that's considered cheating
and it can have serious consequences if you get caught.

Nhung mat khac phan B lai la th(r gi d6 d6c ddo han, va ban phai tu lam nd vi khéng
6 16i gidi. Ban dudc phép cong tac véi nhitng ng udi khac mién sao ban phai suy nghi
doc lap va ban tim ra dudgc IGi giai theo cach riéng cla ban. Vang, sé t6t cho tdi néu
cac ban hoc nhédm 3 dén 4 ngudi, hodc cd phong, hoac sao cling dudc. Nhung khong
copy IGi gidi ca nhau. Khong copy I3i gidi ma ban tim thdy tir bat ki mot ngudn nao
khac. Chédng han, mdt s& cac bai tp c6 sdn trén mang. Nhin I3i giai. Néu ban 1am diéu
dd, diéu d6 dugc xem nhu mot su Itra ddo va cd thé cd nhitng hdu qua nghiém trong
néu ban bi phat hién.

OK, so consider yourselves warned. Also, if you work with someone, then you should
indicate on your problems set. Write on your problem set who you consulted, and
which sources you used. OK, so I can be just, my roommate, the guy next to me in
recitation, my TA, whatever. And, there will also be exams, so, more about that

when the first exam comes up. And, for each exam, well, I expect most of you will

do very well. But, if that is not the case, you will have a second chance. There are
makeup exams in case you did not pass on the first attempt. Also, if he had to be
absent, if, for example, you have a sport tournament, then let me know and let your
recitation instructor know in advance.

Vang, vi vay hady than trong. Tudng tu, néu ban lam viéc vdi ai dd, thi ban nén chi ré
trong tap bai tdp clia ban. Viét trén x3p bai tdp cua ban ngudi ma ban héi y kién, va
nhirng ngudn nao ma ban da dung. Vang, ngudi dé cé thé 1a ban chung I18p, hodc ngudi
ngdi k& bén ban trong budi tra I18i cdu hoi miéng, trg giang clia ban, hodc bat c( ai. Va,
cling c6 nhitng bai kiém tra, vi vdy,thém vé diéu doé khi bai kiém tra dau tién dén gan.
Va, d6i v8i mdi bai kiém tra, tdi hi vong da s6 cac ban s& lam t6t. Nhung néu khdng nhu
vy, ban sé& cé cd hoi th hai. Cé nhitng bai kiém tra bé sung néu ban khéng thanh céng
trong né Iuc dau tién. Tuong tu, n€u ban vang, chdng han, néu ban cé mét vong thi d&u
thé thao, thi ban phai bdo cho tdi va ngudi tra 18i cdu hoi miéng cua ban biét trudc.

Then you will be excused, and you can take the makeup exam for full credit. If

you're sick, let us know, obviously not an advance, well, hopefully. And then, you

can also take the makeup for full credit. For all sorts of day-to-day questions, you
can go to your recitation instructor or you can talk to me about questions that come up.



So, a small warning again about homework, homework is kind of intensive in this
class, and take it seriously because at the end of the term, it's going to account for
quite a bit in your total term grade. OK, so that should take care of explaining the
first couple of handouts about syllabus and problem set.

Sau do6 ban s& dudc mién, va ban s& dugc lam cac bai kiém tra bé sung dé cho day
du. Néu ban bénh, hdy cho ching t6i biét, tadt nhién la khong phai biét trudc, hi vong
vay. Va sau dd, ban ciling c6 thé lam bai kiém tra b6 sung cho day du. D&i vdi tat ca
cac loai cdu hoi hang ngay, ban cé thé dén gap ngudi tra 18i cdu hoi miéng cliia ban
hodc ban cé thé hoi tdi. Vi vy, lai mét canh bdo nho vé bai tdp vé nha, bai tp vé
nha la moét loai bai tap cing c6 kién thirc trén I18p, va hdy lam nd nghiém tdc bdi vi
vao cudi ki, né sé dudc tinh dén mot it trong x€p loai hoc ki toan phan cua ban. Vang,
vi vay nén quan tam dén viéc giai thich cap handout dau tién vé chuong trinh hoc va
xap bai tép.

What about these strange things? So, math is about numbers. But that's not the only
thing here. So, this is a way for me to get a feeling about how you were doing in the
class. Namely, once in a while I will ask you questions, and there will be multiple
choices listed on the screens. Then, I'm expecting you to somehow vote with one of
these numbers. You can see it's very high-tech. And then, if I ask a question, you
can answer with the appropriate number. So, we'll see in a few minutes how that
works.

Con vé nhitng th( ki la nay thi sao? Vang, toan hoc néi vé cac con s6. Nhung do
khéng phai 1a thr duy nhat & day. Vi vay, déi véi toi day la cach dé nhén dudgc cam
gidc vé cach hoc clia ban trén I18p. Cu thé, nhiéu khi tdi s& hoi ban nhitng ciu hoi, va
sé& c6 nhiéu lua chon dudgc liét ké trén man hinh. Sau do, t6i chd ban bang cach nay
hay cach khac bé phiéu v8i mét trong nhitng s6 nay. Ban cé thé thdy né rat cdng
nghé cao. Va sau dd, néu tdi hdi mot cau hdi, ban cd thé tra I8i vdi sb thich hgp. Vi
vay trong vai phuat nita ching ta sé thdy né lam viéc nhu thé nao.

So -- OK, so another announcement I have to make while you are busy folding is

that the lectures in the scores are being videotaped for Open Courseware. So, there's
a camera that's filming me. It might actually get some of the back of your heads
accidentally. If you have serious objections about the back of your head showing up

in the corner of the picture, then you should go sit in the corner over there.

Vi vay - vang, vi vay thong bao khac ma t6i phai lam trong khi ban dang ban gap sach
VG la cac bai giang 6 day dugc quay phim cho dy an hoc liéu ma. Vi vay, c6 mot camera
dang quay phim t6i. Mdy c6 thé quay dinh vao phia sau dau clia cac ban mdt cach ngau
nhién. Néu ban khéng mudén phia sau dau cua minh bi quay phim, thi ban nén ngoi vao
gbc & dang kia.



There is a section where it's guaranteed that the camera and microphones will not
pick you up. That being said, you know, the goal of the camera is really to keep an
eye on me, not to keep an eye on you. OK, so if I mess up, people will notice. If
you're making funny faces at your neighbor, nobody will notice. OK, I think that's
about it for the initial announcements. So, do you have any questions concerning the
way the course works, concerning videotaping, anything like that?

Do la noi ma dam bao rédng camera va microphone sé& khdéng ghi hinh ban dugc. Tuy
nhién, ban biét |la camera thuc su muén quay phim t6i chr khong phai quay cac ban.
Vang, vi vay néu to6i cé gi khong dung, ngudi ta sé thong bdo. Néu ban lam mat hé véi
ngudi ngbi canh ban, khéng ai thong bdo. Vang, thong bao dau tién la nhu vay. Vang,
cac ban cd cau hoi gi lién quan dén cach thirc t& chiic khda hoc, dén viéc quay video,
hoac bat cu th(r gi khdng?

Yes? Ah, so the question is, how do we switch recitations? So, to switch recitations,
the first thing to do right now is to just go to the recitation that you want to. The
second thing to do is on the courseware page, there's a link to something that's
called the Online Course Management System. And, that's where you will see your
grades, by the way. And, that's also where you can switch recitations. So, when you
get there, it will ask you to log in with an MIT certificate, and then you can see your
grades, and you can switch recitations. There is a small problem, which is that
recitation changes do not work yet. So, you have to wait until sometime this
weekend, maybe Monday, it should be working. Yes?

Vang? C6 ban hoi 13, lam thé& nao dé€ bat chiic nang tra I8i miéng? Vang, dé bat chirc
nang tra 18i miéng, diéu dau tién dé lam ngay bay gid 1a chi cdn dén budi kiém tra
miéng ma ban mudn. Diéu th{ hai can lam la trén trang hoc liéu md&, cé6 mot lién két
dén cai dugc goi la Online Course Management System. Va tién thé, d6 |a noi ban sé
thdy diém s8 cla ban. Va dé ciling la ndi ban cé thé bat chlic ndng tra I8i miéng. Vi
vay, khi ban dén do, hé théng sé yéu ciu ban dang nhdp bang gidy chi'fng nhén cua
MIT, va sau doé ban cé thé thdy diém s6 cla ban, va ban cé thé bat chlic ndng tra
I&i miéng. Cé mot truc trdc nhd, dd 1a chirc ndng thay ddi cau tra 18i miéng chua
lam viéc. Vi vy cb thé& ban s& phai chd cho dén cudi tuan nay, cd I1& |a th( hai, nd
sé lam viéc. Sao a?

Yes, I will be able to sign add/drop forms for anybody who wants to add this class. If
you want to drop this class, I don't think you need my sighature. So, if you have
add/drop forms to sign bring them to me at any time. After lecture, or during office
hours, or anytime. OK, any other questions? OK, yes? I think you have to pay for
them, but they're hopefully not too expensive. OK, they're just a few dollars, and
you can get them from building 11, CopyTech Center. There's also a Copy Text
Center in Stata. And, well, if you know someone who has notes from a past year,
they are also pretty much the same.

Vang, toi s& co6 thé dang ki cdc mau thém/bd cho bat ki ai mudn thém vao I8p nay. Néu
ban mudn bo I6p nay, téi khong nghi ban can ch{r ki cua t6i. Vi vay, néu ban cdé cac

mau thém/bo dé ding ki hdy mang chiing dén cho t6i bat c(r lic ndo. Sau bai giang,
hoac trong gid lam viéc hoac bat c Idc nao. Vang, con cau hdi nao nira khéng? Véang,

gi a? Toi nghi ban phai tra tién cho chdng, nhung hi vong rang chiing khéng qua dat.
Vang, chi vai $ va ban c thé mua chdng tir [du 11, tda nha CopyTech Center. Ciling cé
mot Copy Text Center & Stata. Va, vang, néu ban biét ai c6 v& tr moét nam trudc,
chidng kha gidong v@i hién nay.

OK, any more questions? I cannot see you if you are raising your hand. OK, I think
that's it for questions. So, let's see, so let's start right away with stuff that we will
need to see before we can go on to more advanced things. So, hopefully yesterday in
recitation, you heard a bit about vectors. How many of you actually knew about
vectors before that? OK, that's the vast majority. If you are not one of those people,
well, hopefully you'll learn about vectors right now. I'm sorry that the learning curve
will be a bit steeper for the first week. But hopefully, you'll adjust fine. If you have
trouble with vectors, do go to your recitation instructor's office hours for extra
practice if you feel the need to. You will see it's pretty easy.



Vang, con cau hodi nao nita khéng? Téi khdng thé thdy ban néu ban khéng gic tay Ién.
Vang, t6i nghi khdng con cadu héi nao. Vi vay, xem nao, chiing ta hdy bat dau ngay vdi
th& ma ching ta sé& can hiéu trudc khi ching ta cé thé tiép tuc nhitng th ndng cao han.
Vang, hi vong ngady hém qua trong budi tra I8i miéng, ban da nghe dugc mét it vé cac
vecto. C4 bao nhiéu ban da hoc vé cac vector r6i? Vang, da s6 da hoc roi. Néu ban chua
hoc, hi vong ban s& hoc vé céc vector ngay bay gid. Tdi xin I6i cadc ban vi dudng cong
hoc tép s& dbc ding hon trong tudn dau. Nhung hi vong rédng, cac ban sé thich nghi tét.
Né&u ban chua hiéu vé cac vecto, hdy dén gdp ngudi tra 18i cdu hoi miéng cua ban dé
dugc thuc hanh thém néu ban cam thdy can. Ban sé thay nd kha de.

So, just to remind you, a vector is a quantity that has both a direction and a
maghnitude of length. So -- So, concretely the way you draw a vector is by some
arrow, like that, OK? And so, it has a length, and it's pointing in some direction. And,
so, how, the way that we compute things with vectors, typically, as we introduce a
coordinate system. So, if we are in the plane, x-y-axis, if we are in space, x-y-z axis.
So, usually T will try to draw my x-y-z axis consistently to look like this.

Vi véy, t6i nhac lai, mét vecto 1a mot dai lugng c6 ca hudng va dd dai. Vi vay - - vi vay,
ban cé thé v& mét vecto bdng mdt miii tén nao dd, giéng nhu thé& dé, ding khéng? Va vi
vay, né co6 chiéu dai, va né hudng theo hudng nao dé. Va, vi vay, bay gid, cach ma ban
tinh toan moi th(r v@i cac vecto , théng thudng la ban dua vao mot hé toa do. Vi vay, néu
ching ta & trong mat phang, truc x-y, néu chlng ta & trong khdng gian, truc x-y-z. Vi
vay, thong thudng t6i sé vé truc x-y-z trudc sau nhu mét giong nhu thé nay.

And then, I can represent my vector in terms of its components along the coordinate
axis. So, that means when I have this row, I can ask, how much does it go in the x
direction? How much does it go in the y direction? How much does it go in the z
direction? And, so, let's call this a vector A. So, it's more convention. When we have

a vector quantity, we put an arrow on top to remind us that it's a vector. If it's in the
textbook, then sometimes it's in bold because it's easier to typeset.

Va sau d9, toi cé thé biéu dién vecto cua tdi theo cac thanh phan clia né doc theo truc
toa dd. Vi vay, diéu dé cé nghia la khi tdi c6 mii tén nay, tdi co thé hoi la, nd di bao
nhiéu theo hudng x? N6 di bao nhiéu theo hudng y? N6 di bao nhiéu theo hudng z? V3,
vi vay, chudng ta hay goi day la vecto A. Vi vay, né Ié thudng hdn. Khi chidng ta cé mot
dai lugng vecto, ching ta ddt moét mdi tén trén dau d& nhdc nhé ching ta réng d6 1a mot
vecto. Néu trong sach gido khoa, thinh thoang ngudi ta ki hiéu né bdng mdét ki tu in ddm
bdi vi nhu vay dé danh may.

If you've tried in your favorite word processor, bold is easy and vectors are not easy.
So, the vector you can try to decompose terms of unit vectors directed along the
coordinate axis. So, the convention is there is a vector that we call <i> hat that



points along the x axis and has length one. There's a vector called <j> hat that does
the same along the y axis, and the <k> hat that does the same along the z axis.

N&u ban thir trong bd xtr Ii tir y &u thich cua ban, ki tu in ddm dé viét han 1a cac vecto. Vi
vy, vecto ma ban cd thé thir |a phan tich theo cac vecto don vi hudng doc theo truc toa
do. Vi vay, theo quy udc cé6 mot vecto ma ching ta goi la <i> huéng doc theo truc x va co
dd dai bang 1. C6 mdt vecto dugc goi la <j> tuong tu hudng theo truc y, va <k> tudng tu
hudng doc theo truc z.

And, so, we can express any vector in terms of its components. So, the other
notation is <al, a2, a3 > between these square brackets. Well, in angular brackets.
So, the length of a vector we denote by, if you want, it's the same notation as the
absolute value. So, that's going to be a number, as we say, now, a scalar quantity.
OK, so, a scalar quantity is a usual numerical quantity as opposed to a vector
quantity. And, its direction is sometimes called dir A, and that can be obtained just
by scaling the vector down to unit length, for example, by dividing it by its length.
Va, vi vay, ching ta cé thé biéu dién bat ki mdt vecto nao theo cac thanh phan cta né.
Vi vdy, quy udc con lai la <al, a2, a3 > néam gilta nhirng ddu ngoédc vudng nay. Vang,
trong nhitng dau ngodc géc. Vi vay, dd dai vecto chiing ta biéu dién b&ng, néu ban
mudn, mot ki hiéu tuang tu nhu gia tri tuyét doéi. Vi vay, nd sé la mot s6, nhu chung ta
noi, bay gid, mot dai lugng vé hudng. Vang, vi vay, mét dai lugng vé hudng la mot dai
lugng s6 thong thudng trai ngudc vai dai lugng vecto. Va, hudng ciia né thinh thoang
dudgc goi la dir A, va né dudc tinh bang cach 18y ti 1é vecto xuéng dd dai don vi, chadng
han, bang cach chia né cho d6 dai cua nd.

So -- Well, there's a lot of notation to be learned. So, for example, if I have two
points, P and Q, then I can draw a vector from P to Q. And, that vector is called
vector PQ, OK? So, maybe we'll call it A. But, a vector doesn't really have,
necessarily, a starting point and an ending point. OK, so if I decide to start here and
I go by the same distance in the same direction, this is also vector A. It's the same
thing. So, a lot of vectors we'll draw starting at the origin, but we don't have to.

Vi vdy - Vang, c6 nhiéu quy udc da dudc hoc. Vang, chdng han, néu tdi cé hai diém, P
va Q, thi tdi c6 thé v& mot vecto tir P téi Q. Va, vecto dé dudc goi |a vecto PQ, phai
khéng? Vi vay, ching ta cé thé goi nd 1a A. Nhung, mdt vecto khdng thuc su cd, khdng
nhat thiét c6 mot diém bat dau va diém két thic. Vang, vi vy néu tdi quyét dinh bt
dau G day va toéi di theo cung khoang cach cung hudng, day cling dudc goi la vecto A.
N6 la vecto tuong tu. Vi vy, nhiéu vecto ma ching ta vé& b&t dau tai gbc toa do,
nhung diéu dé khdéng bat budc.

So, let's just check and see how things went in recitation. So, let's say that I give

you the vector <3,2,1>. And so, what do you think about the length of this vector?
OK, I see an answer forming. So, a lot of you are answering the same thing. Maybe
it shouldn't spoil it for those who haven't given it yet. OK, I think the overwhelming

vote is in favor of answer number two. I see some sixes, I don't know. That's a

perfectly good answer, too, but hopefully in a few minutes it won't be I don't know

anymore.

Vi vay, ching ta hay kiém tra va xem nhitng cdi nay nhu th& nao qua mot sé cau hai.
Vi vay, gia s tdi cho ban mot vecto <3,2,1>. Vay ban nghi gi vé chiéu dai cua vecto
nay? Vang, t6i nghe mot cau tra I8i. Vang, nhiéu ban tra IGi gibng nhau. Co Ié khbng
nén lam hong né vi né con dugc dua cho nhirng ngudi khac chua cé. Vang, toi nghi
phi€u binh chon 18n &t han han la céu tra 16i s6 2. T6i thdy mot vai s6 6, tdi khéng biét.
D6 cling la mot cau tra I1Gi kha tot nira, nhung hi vong trong vai phat nira né sé la gi toi
khong biét nira.

So, let's see. How do we find -- -- the length of a vector three, two, one? Well, so,
this vector, A, it comes towards us along the x axis by three units. It goes to the
right along the y axis by two units, and then it goes up by one unit along the z axis.
OK, so, it's pointing towards here. That's pretty hard to draw. So, how do we get its
length? Well, maybe we can start with something easier, the length of the vector in



the plane. So, observe that A is obtained from a vector, B, in the plane. Say, B
equals three (i) hat plus two (j) hat.

Vang, ching ta hdy xem xét. Ching ta tim dudc d6 dai clia vecto 3,2,1 baéng cdch nao?
Vang, vi vay, vecto nay, A, né hudng vé ching ta doc theo truc x ba daon vi. N6 sang
phai doc theo truc y 3 ddn vi, va sau dé nd di Ién mot dan vi doc theo truc z. Vang, vi
vay, n6 s& hudng dén day. V& né hai khé. Vi vay ching ta tinh dé dai cta né nhu thé
nao? Vang, cé thé chiing ta can bat dau vai thr dé hon, dd dai clia vecto trong mét
phang. Vi vdy, quan sat vecto A dé thu dudgc tir vecto B trong mat phang. Gia sur, B
bang 3 i mi céng hai j m.

And then, we just have to, still, go up by one unit, OK? So, let me try to draw a
picture in this vertical plane that contains A and B. If I draw it in the vertical plane,

so, that's the Z axis, that's not any particular axis, then my vector B will go here,

and my vector A will go above it. And here, that's one unit. And, here I have a right
angle. So, I can use the Pythagorean theorem to find that length A~2 equals length
B~ 2 plus one. Now, we are reduced to finding the length of B. The length of B, we

can again find using the Pythagorean theorem in the XY plane because here we have
the right angle. Here we have three units, and here we have two units.

Va sau d6, ching ta sé& phai di 1én mot dan vi, ding khéng? Vi vay hay dé tdi thir vé mot
blrc &nh trong mat phang thdng dirng nay chilra A va B. Né&u téi vé& né trong mat phang
thdng dling, vang, dé 1a truc z, dé khdng phai 1a truc d3c biét, thi vecto B cua tdi sé& di
dén day, va vecto A cla t6i sé di trén nd. Va & day, la mét dan vi. Va, & day toi cé mét
gbc vudng. Vi vay, tdi c6 thé dung dinh |i Pythago dé tim ra réng A2 bang B~2 cong 1.
Bay gid, ching ta rdt ngdn lai d& tim dd dai ciia B. D6 dai cua B, mot Ian nita ching ta
cb thé tim bdng cach dung dinh li Pythago trong méat phdng XY bdi vi 8 day ching ta ¢
go6c vudng. O day ching ta c6 ba don vi, va 8 ddy chiing ta c6 hai dan vi.

OK, so, if you do the calculations, you will see that, well, length of B is square root of
(3n2 27 2), that's 13. So, the square root of 13 -- -- and length of A is square root of
length B~2 plus one (square it if you want) which is going to be square root of 13
plus one is the square root of 14, hence, answer number two which almost all of you
gave. OK, so the general formula, if you follow it with it, in general if we have a
vector with components al, a2, a3, then the length of A is the square root of a1/2
plus a2”2 plus a3”™2.

Vang, vi vay, néu ban tinh toan, ban sé& thdy rang, vang, chiéu dai cia B bang cdn béc
hai cia (372 + 272), bdng 13. Vi vay, cdn béc hai ciia 13 -- -- va db dai ciia A bang
can béc hai clia chiéu dai B~2 cdng 1 (I18y cdn béc hai cia né né€u ban mudn) sé& bang
can bac hai clia 13 cdng 1 bang can bac hai cla 14, vi thé&, cau tra 10i s6 2 la dung.
Véang, vi vdy cdng thirc téng quat, néu ban suy ra né theo dé, néu ching ta c6 mét
vecto vGi cac thanh phén al, a2, a3 thi dd dai A bang can bac hai cia al1”~2 cdng a2~ 2
cbng a3~N2.

OK, any questions about that? Yes? Yes. So, in general, we indeed can consider
vectors in abstract spaces that have any number of coordinates. And that you have



more components. In this class, we'll mostly see vectors with two or three
components because they are easier to draw, and because a lot of the math that

we'll see works exactly the same way whether you have three variables or a million
variables.

Vang, cé ban nao hoi gi vé phan nay khéng? Sao? Vang. Vi vay, ndi chung, qua thuc,
chling ta cé thé tinh toan véi cac vecto trong khdng gian triru tugng cé bét ki s6 toa dd
nao. Va do dé ban cé nhiéu thanh phan han. Trong khoéa hoc nay, hdu nhu chdng ta chi
th&y cac vecto c6 hai hodc ba thanh phan bgi vi chiing dé vé&, va cac két qua thu dugc
tlr chiing c6 thé &p dung dudc cho cac vecto cé n thanh phan bat ki.

If we had a factor with more components, then we would have a lot of trouble
drawing it. But we could still define its length in the same way, by summing the
squares of the components. So, I'm sorry to say that here, multi-variable, multi will
mean mostly two or three. But, be assured that it works just the same way if you
have 10,000 variables. Just, calculations are longer. OK, more questions? So, what
else can we do with vectors? Well, another thing that I'm sure you know how to do
with vectors is to add them to scale them.

Néu chung ta c6 mot yéu t6 vdéi nhiéu thanh phan han, thi ching ta sé gap nhiéu kho
khan khi v& né. Nhung chiing ta van con cé thé xac dinh chiéu dai cta né theo cling
mot cach, b&ng cach 18y t6ng cdn bac hai ctia cac thanh phan. Vi vay, téi xin 16i d& noi
rang & day, nhiéu bién, nhiéu c6 nghia la hai hodc 3. Nhung chiing ta c6 thé téng quat
hoéa cac két qua da dat dugc cho 10, 000 bién. Chi la tinh toan hai dai han. Vang, con
cdu hdi nao nira? Vay, con diéu gi nita ma chidng ta cé thé 1am véi cac vecto? Véang,
mot th& khac ma tbi chdc chan ban biét cach lam véi cac vecto la cdng chang 18y ti 1é
chung.

So, vector addition, so, if you have two vectors, A and B, then you can form, their
sum, A plus B. How do we do that? Well, first, I should tell you, vectors, they have
this double life. They are, at the same time, geometric objects that we can draw like
this in pictures, and there are also computational objects that we can represent by
numbers. So, every question about vectors will have two answers, one geometric,
and one numerical.

Vi vay, cdng vecto, vang, néu ban cé hai vecto, A va B, thi ban cé thé xdy dung téng
cua chung, A cong B. Chung ta lam diéu d6 nhu thé nao? Vang, dau tién, toi sé chi cho
ban, cac vecto, cé cudc séng kép. Cl‘mg ldc, chung la cac doi tugng hinh hoc ma ching
ta cé thé vé gidng nhu thé nay trong cac buc anh, va chung cung la nerng doi terng
gidi tich ma chdng ta cé thé biéu dién bang sO. Vi vay, moi cau hoi vé cac vecto sé cé
hai cau tra 16i, mot hinh hoc va mét dai so.

OK, so let's start with the geometric. So, let's say that I have two vectors, A and B,
given to me. And, let's say that I thought of drawing them at the same place to start
with. Well, to take the sum, what I should do is actually move B so that it starts at
the end of A, at the head of A. OK, so this is, again, vector B. So, observe, this
actually forms, now, a parallelogram, right? So, this side is, again, vector A. And

now, if we take the diagonal of that parallelogram, this is what we call A plus B, OK, so,

the idea being that to move along A plus B, it's the same as to move first along A

and then along B, or, along B, then along A. A plus B equals B plus A.
Vang, vi vay chdng ta hay bat dau vdi hinh hoc. Gia sl rang tdi c6 hai vecto, A va B cho
trudc. Va gid s rang tdi cd y dinh v& chiing tai cing mot vi tri tai diém bat dau. Vang,
dé tinh tdng, nhitng gi tdi s& lam |a di chuyén B sao cho né bt dau tai dudi clta A, tai
dau cua A. Vang, vi vay day lai la vecto B. Vi vay, hay nhin xem, bay gid cdi nay thuc
sy hinh thanh nén moét hinh binh hanh, ding khong? Vi vay, phia nay lai la vecto A. Va
bay gid, néu chung ta chon dudng chéo cla cua hinh binh hanh, day la nhirng gi ma
ching ta goi 1a A cdng B, vang, vi vay, y tudng la di chuyén doc theo A céng B, giéng
tuong tu nhu dau tién di chuyén doc theo A va sau dé doc theo B, hodc, doc theo B, sau
do doc theo A. A cong B bang B cdng A.

OK, now, if we do it numerically, then all you do is you just add the first component
of A with the first component of B, the second with the second, and the third with



the third. OK, say that A was <al, a2, a3> B was <b1l, b2, b3>, then you just add
this way. OK, so it's pretty straightforward. So, for example, I said that my vector
over there, its components are three, two, one. But, I also wrote it as 3i 2j k. What
does that mean? OK, so I need to tell you first about multiplying by a scalar. So, this
is about addition.

Vang, bay gid, néu chlng ta tinh todn bang s, thi tat ca nhitng gi ban lam 1a ban chi
can cOng thanh phan dau tién cua A vdi thanh phan dau tién cta B, th hai véi th hai,
va thanh phan th ba véi th( ba. Vang, gia s’ réng A la <al, a2, a3> va B la <bl, b2,
b3>, thi ban chi cdn cdng theo cdch nay. Vang, vi vy nd kha truc ti€p. Vi vy, ching
han, tdi ndi réng vector cua tbi & dang kia, cac thanh phan cta né 1a ba, hai, mét.
Nhung, t6i cling viét né la 3i 2j k. Diéu do cé nghia la gi? Vang, vi vay dau tién toi can
bao véi ban vé nhan vo hudng. Vay day la phép cong vecto.

So, multiplication by a scalar, it's very easy. If you have a vector, A, then you can
form a vector 2A just by making it go twice as far in the same direction. Or, we can
make half A more modestly. We can even make minus A, and so on. So now, you
see, if I do the calculation, 3i 2j k, well, what does it mean? 3i is just going to go
along the x axis, but by distance of three instead of one. And then, 2j goes two units
along the y axis, and k goes up by one unit. Well, if you add these together, you will
go from the origin, then along the x axis, then parallel to the y axis, and then up.
And, you will end up, indeed, at the endpoint of a vector.

Tiép theo 1a nhan v6 hudng, rat dé. N&u ban c6 mot vecto A, thi ban cé thé hinh thanh
vecto 2A chi bdng cach lam né dai ra hai Ian theo ciing hudng. Hodc chiing ta cé thé
chia hai vecto A. Thdm chi chiing ta cé thé tao ra vecto trir A, va v.v..Vi vdy bay gidg,
ban th8y, néu téi tinh toan, 3i 2j k, vang, nd cd nghia gi? 3i s& nam doc theo truc x,
nhung khoang cach la 3 thay vi 1. Va sau dd, 2j di hai don vi doc theo truc y, va k di I1én
mot dan vi. Vang, néu ban cong nhitng cai nay va&i nhau, ban sé di tir géc toa do, sau
dé doc theo truc x, sau dé song song Vvdéi truc y, va sau dé di Ién. Va qua thuc, ban sé
k&t thuc tai diém cudi cia mot vecto.

OK, any questions at this point? Yes? Exactly. To add vectors geometrically, you just
put the head of the first vector and the tail of the second vector in the same place.
And then, it's head to tail addition. Any other questions? Yes? That's correct. If you
subtract two vectors, that just means you add the opposite of a vector. So, for
example, if I wanted to do A minus B, I would first go along A and then along minus
B, which would take me somewhere over there, OK? So, A minus B, if you want,
would go from here to here.

Vang, cé bét ki cdu héi nao vé diém nay khéng? Vang? Bidng. P& cdng hinh hoc cac
vecto, ban chi can dat dau cla vecto dau tién va dudi clia vecto th& hai cung mot vi
tri. Va sau do, dé la phép cong dau téi dubi. Co bat clr cdu hoi nao nira khong?

Vang? biéu dé dang. Néu ban trir hai vecto, diéu dé cé nghia la ban cong v&i mot
vecto d6i ctia nd. Vi vdy, chdng han, néu téi muén tinh A trir B, dau tién toi s& di

doc theo A va sau dé doc theo trir B, nd s& mang tdi dén dau dé & dang kia, ding
khéng? Vi vay, A trir B, n€u ban mudn, sé di tur dady dén day.



OK, so hopefully you've kind of seen that stuff either before in your lives, or at least
yesterday. So, I'm going to use that as an excuse to move quickly forward. So, now
we are going to learn a few more operations about vectors. And, these operations

will be useful to us when we start trying to do a bit of geometry. So, of course,

you've all done some geometry. But, we are going to see that geometry can be done
using vectors.

Vang, vi vay hi vong rang ban da phan phan nao hiéu dudgc nhitng thr d6 hodc la trudc
day, hodc it nhat 1 hdm qua. Vi vay, toi s& dung diéu d6 nhu moét |i do dé€ di nhanh vé
phia trudc. Vi vay, bay gid ching ta sé hoc thém mot vai phép toan vé vecto. Va, nhitng
phép toan nay sé& hitu dung cho chdng ta khi chiing ta bat dau thd& lam mét chdt vé hinh
hoc. Vi vy, tat nhién, tat ca cdc ban da hoc hinh hoc réi. Nhung, ching ta sé& thdy rang
hinh hoc ¢ thé dudc thuc hién dung vecto.

And, in many ways, it's the right language for that, and in particular when we learn
about functions we really will want to use vectors more than, maybe, the other kind
of geometry that you've seen before. I mean, of course, it's just a language in a

way. I mean, we are just reformulating things that you have seen, you already know
since childhood. But, you will see that notation somehow helps to make it more
straightforward.

Va, theo nhiéu cach, né la ngén ngi{t thich hgp cho diéu dé, va dac biét khi ching ta hoc
vé ham ching ta sé thuc sy mudn dung cac vecto hgn la cac loai hinh hoc khac ma ban
d3 tung thdy trudc day. T4t nhién, y téi 1a, nd chi la mét ngdn ngilt theo moét quan diém
nao dé. Y toi 13, chiing tdi chi phat biéu lai nhitng th ma ban d& ting gdp, ban da biét
tlr hdi nhd. Nhung ban s& th8y rang ki hiéu bang cach nay hay cach khac gilp tao cho né
dé hiéu hon.

So, what is dot product? Well, dot product as a way of multiplying two vectors to get
a number, a scalar. And, well, let me start by giving you a definition in terms of
components. What we do, let's say that we have a vector, A, with components al,
a2, a3, vector B with components b1, b2, b3. Well, we multiply the first components
by the first components, the second by the second, the third by the third.

Vay, tich v6 hudng Ia gi? Vang, tich vd hudng la cdch nhén hai vecto d€ dugc mét s8,
mdt dai lugng v6 hudng. Va, vang, chiing ta hdy b&t ddu cho ban mét dinh nghia theo
cac thanh phan. Ching ta |am gi, gid s&’ rang ching ta cé6 mét vecto, A, v3i cac
thanh phan a1, a2, a3, vecto B vdi cac thanh phan b1, b2, b3. Vang, ching ta nhan cac
thanh phan dau tién véi cac thanh phan dau tién, thanh phan th hai véi thanh phan
th( hai, th ba véi thi ba.

If you have N components, you keep going. And, you sum all of these together. OK,
and important: this is a scalar. OK, you do not get a vector. You get a number. I
know it sounds completely obvious from the definition here, but in the middle of the
action when you're going to do complicated problems, it's sometimes easy to forget.
So, that's the definition. What is it good for? Why would we ever want to do that?
That's kind of a strange operation. So, probably to see what it's good for, I should
first tell you what it is geometrically. OK, so what does it do geometrically?

Néu ban c6 N thanh phan, ban c ti€p tuc lam nhu vay. Va, va ban cong nhitng cai nay
v@i nhau. Vang, va quan trong: day la moét dai lugng vo hudng. Vang, ban khong nhéan
dugc mot vecto. Ban nhan dugc mot s6. TOi biét né cd vé hoan toan ré rang tu dinh
nghia & day, nhung trong thuc hanh khi ban lam nhitng bai todn phdrc tap, thinh thoang
ban sé quén. Vi vay, dé la dinh nghia. N6 t6t cho cdi gi? Tai sao ching ta tirng lam diéu
dé? Po la loai ham la. Vi vay, cb 1& dé thdy dudc diéu dd, dau tién tdi sé bao ban né la
gi trong hinh hoc. Vang, vi vay né lam gi trong hinh hoc?

Well, what you do when you multiply two vectors in this way, I claim the answer is
equal to the length of A times the length of B times the cosine of the angle between
them. So, I have my vector, A, and if I have my vector, B, and I have some angle
between them, I multiply the length of A times the length of B times the cosine of



that angle. So, that looks like a very artificial operation. I mean, why would want to
do that complicated multiplication? Well, the basic answer is it tells us at the same
time about lengths and about angles. And, the extra bonus thing is that it's very
easy to compute if you have components, see, that formula is actually pretty easy.
So, OK, maybe I should first tell you, how do we get this from that?

Vang, ban lam gi khi ban nhan hai vecto theo cach nay, téi xac nhan cau tra IGi |a
bang d6 dai clia A nhan dd dai cia B nhan cos cua goc gilra chiing. Vi vay, tbi c6 vecto
cua toi, A, va néu to6i cé vecto cua tbi, B, va toi cd géc nao doé gilra ching, téi nhan do
dai cia A nhan do6 dai cia B nhan cos cua goéc do. Vi vay, né cé vé nhu mot phép toan
nhan tao. Y toi I3, tai sao ngudi ta mudn 1am phép nhan phic tap dé? Vang, cau tra IJi
cd ban la né cho chung ta biét dong thdgi vé chiéu dai va vé goc. Va, mon Igi tlc thém
la né rat dé dé tinh todn néu ban cé cic thanh phan, thdy khéng, cong thic dé that su
kha dé. Vi vay, vang, c6 |& dau tién tdi nén bao ban, cdch ma chlng ta nhan dudc diéu
nay tur dé?

Because, you know, in math, one tries to justify everything to prove theorems. So, if
you want, that's the theorem. That's the first theorem in 18.02. So, how do we prove
the theorem? How do we check that this is, indeed, correct using this definition? So,
in more common language, what does this geometric definition mean? Well, the first
thing it means, before we multiply two vectors, let's start multiplying a vector with
itself. That's probably easier. So, if we multiply a vector, A, with itself, using this dot
product, so, by the way, I should point out, we put this dot here. That's why it's
called dot product. So, what this tells us is we should get the same thing as
multiplying the length of A with itself, so, squared, times the cosine of the angle.

Bdi vi, ban biét, trong todn hoc, ngudi ta c8 gédng sdp x&p moi th& d& chirng minh dinh
li. Vi vay, néu ban mudén, dé la dinh li. D6 la dinh |i dau tién trong 18.02. Vi vay, chung
ta chirng minh dinh Ii nhu th& nao? Qua thuc, chiing ta kiém tra diéu nay |a chinh xac
dung dinh nghia nay bang cach nao? Vi vy, theo ngdn ngil phé bién haon, dinh nghia
hinh hoc nay cé y nghia gi? Vang, th& dau tién ma nd cé nghia, trudc khi ching ta nhan
hai vecto, chiing ta hdy bat ddu nhan mot vecto véi chinh né. bBidu dé cé vé dé haon. Vi
vay, néu chldng ta nhan mot vecto A, véi chinh nd, dung tich v6 hudng nay, vi vay, tién
thé, toi sé luu y, ching ta ddt ddu chdm nay & day. D6 la |i do ma nd dudc goi la tich vo
hudng. Vi vay, nhitng gi diéu nay ndi véi ching ta la ching ta sé nhan dugc cung mot
th& khi chidng ta nhan d6 dai cia A vdi chinh né, vi vay, binh phudng, nhan véi cos cua
géc.

But now, the cosine of an angle, of zero, cosine of zero you all know is one. OK, so
that's going to be length A~2. Well, doesn't stand a chance of being true? Well, let's
see. If we do AdotA using this formula, we will get a1”~2 a2”~2 a3”2. That is, indeed,
the square of the length. So, check. That works. OK, now, what about two different



vectors? Can we understand what this says, and how it relates to that? So, let's say
that I have two different vectors, A and B, and I want to try to understand what's
going on.

Nhung bay gid, cos cla goc, clia 0, ban biét cos cla 0 bang 1. Vi vay, nd s& c6 db dai
bang A~2. Vang, chdng c6 chit cd may nao dé ding phai khéng? Vang, ching ta hdy xét.
NEu ching ta thuc hién A nhan vd hudng véi A dung cong thic nay, ching ta sé nhan
dugc al”2 a2”2 a3”2. Nghia la qua thuc, la can béac hai cta chiéu dai. Vay, hay
kiém tra. Vang, bay gid, ddi vdi hai vecto khac nhau thi sao? Chang ta c6 thé hiéu y
nghia cua diéu nay, va né lién hé vdi diéu dé nhu thé nao? Vi vay, gia s rang toi
cé hai vecto khac nhau, A va B, va téi mudn thir hiéu nhitng gi dién ra.

So, my claim is that we are going to be able to understand the relation between this
and that in terms of the law of cosines. So, the law of cosines is something that tells
you about the length of the third side in the triangle like this in terms of these two
sides, and the angle here. OK, so the law of cosines, which hopefully you have seen
before, says that, so let me give a name to this side.

Vi vay, su khdng dinh cla tdi 1a chidng ta cé thé hiéu m&i quan hé gilra cai nay va cai do
dung dinh luat cosin. Vi vay, dinh luat cosin la cai sé cho ban biét vé chiéu dai cua canh
th(r ba trong tam giac giéng nhu thé nay theo hai canh nay, va géc g day. Vang, vi vay
dinh luét cosin, hi vong ban d& hoc dinh Iudt nay roi, néi rang, vadng hay dé tdi dat tén
cho canh nay.

Let's call this side C, and as a vector, C is A minus B. It's minus B plus A. So, it's
getting a bit cluttered here. So, the law of cosines says that the length of the third
side in this triangle is equal to length A2 plus length B2. Well, if I stopped here, that
would be Pythagoras, but I don't have a right angle. So, I have a third term which is
twice length A, length B, cosine theta, OK? Has everyone seen this formula
sometime? I hear some yeah's. I hear some no's. Well, it's a fact about, I mean, you
probably haven't seen it with vectors, but it's a fact about the side lengths in a
triangle. And, well, let's say, if you haven't seen it before, then this is going to be a
proof of the law of cosines if you believe this. Otherwise, it's the other way around.
Chuang ta goi canh nay la C, va la mot vecto, C bang A trir B. N6 bang trir B cdng A. Vi
vay né trd nén 16n x6n han mot chat & day. Vi vay, dinh luét cosin ndi rang dd dai cla
canh th( ba trong mot tam gidc bang d6 dai A2 céng db dai B2. Vang, néu t6i ding &
day, dé sé la dinh li Pythago, nhung t6i khéng cé mot géc vudng. Vi vay, téi coé sé hang
th(r ba bdng hai Ian chiéu dai A, chiéu dai B, cos theta, ding khéng? Co ai thinh thoang
thay cong thlrc nay chua? T6i nghe mot s6 ngudi ndi cé. Toi nghe mot s6 ngudi noi
khéng. Vang, diéu nay dung, y toi la, cé 1& ban chua thady nd vdi cac vecto, nhung diéu
nay ding cho céc canh ciia mdt tam gidc. Va, vang, gia s réng, néu ban chua ting
gap no trudc day, thi day sé la mot chirng minh cho dinh luat cosin néu ban tin diéu
nay. Ngudc lai, né la mét su dao thi tu.

So, let's try to see how this relates to what I'm saying about the dot product. So,

I've been saying that length C~2, that's the same thing as CdotC, OK? That, we have
checked. Now, CdotC, well, C is A minus B. So, it's A minus B, dot product, A minus
B. Now, what do we want to do in a situation like that? Well, we want to expand this
into a sum of four terms. Are we allowed to do that? Well, we have this dot product
that's a mysterious new operation. We don't really know. Well, the answer is yes, we
can do it. You can check from this definition that it behaves in the usual way in terms
of expanding, vectoring, and so on.

Vi vay, ching ta hay th& xem diéu nay cé lién hé vdi nhitng gi ma toi sé ndi vé tich vo
hudng nhu thé nao. Vang, toi da timng ndi réng chiéu dai C~2, d6 la th& tueng tu nhu C
nhan vd hudng vai C, ding khdng? Diéu dd, ching ta d & kiém tra. Bay gi¥, C nhén vo
hudng véi C, C bang A trir B. Vi vay, né bang A trir B, tich vé huéng, A trur B. Bay gid,
chiing ta muén 1am gi trong trudng hgp nhu vay? Vang, ching ta mudn khai trién cai nay
theo téng clia 4 s6 hang. Ching ta cé dudc phép lam diéu d6 khéng? Vang, ching ta cé
tich vd hudng nay dé 1a phép toan bi 4n méi. Ching ta thuc su chua biét. Vang, cau tra I15i
la dung, ching ta cé thé& Iam nd. Ban cd thé kiém tra tir dinh nghia nay réng né né hanh




ddng theo cach théng thudng theo su khai trién, vecto, va v.v...
So, I can write that as AdotA minus AdotB minus BdotA plus BdotB. So, AdotA is
length A~2. Let me jump ahead to the last term. BdotB is length B”~2, and then
these two terms, well, they're the same. You can check from the definition that
AdotB and BdotA are the same thing. Well, you see that this term, I mean, this is the
only difference between these two formulas for the length of C. So, if you believe in the
law of cosines, then it tells you that, yes, this a proof that AdotB equals length A
length B cosine theta.
Vi vay téi cé thé viét né 1a A nhan v6 hudng vai A trir A nhan vd hudng vdi B trir B nhan
vd hudng v8i A cdng B nhan vd hudng vdi B. Vi vy, A nhan v huéng véi A bang dd dai
AN2. H3y dé tdi nhay vé trudc dén sd hang cudi. B nhan vd hudng vdi B bang chiéu dai
BA2, va sau do hai s8 hang nay, vang, ching giéng nhau. Ban c6 thé kiém tra tu dinh
nghia réng A nhan v6 hudng vdi B va B nhén v hudng vdi A la giéng nhau. Vang, ban
thdy rang sd hang nay, y tdi 1a, day chi 1a su khdc nhau giita hai ddng thirc nay cho dd
dai ctia C. Vi vay, néu ban tin dinh luit cosin, thi né néi v&i ban rang, vang, cai nay
chrng minh rang A nhan vd hudng vdi B bang d6 dai cia A nhan dd dai cua B cos theta.

Or, vice versa, if you've never seen the law of cosines, you are willing to believe this.
Then, this is the proof of the law of cosines. So, the law of cosines, or this
interpretation, are equivalent to each other. OK, any questions? Yes? So, in the
second one there isn't a cosine theta because I'm just expanding a dot product. OK,
so I'm just writing C equals A minus B, and then I'm expanding this algebraically.
And then, I get to an answer that has an A.B. So then, if I wanted to express that
without a dot product, then I would have to introduce a cosine. And, I would get the
same as that, OK? So, yeah, if you want, the next step to recall the law of cosines
would be plug in this formula for AdotB.

Hodc, ngudc lai, néu ban chua tirng gap dinh luat cosin, ban sé& hai Idbng dé tin diéu
nay. Do dd, day Ia chirng minh cua dinh Ii cosin. Vi vay, dinh li cosin, hodc su dién
dich nay, la tueng duang nhau. Vang, cé cau hoi nao khéng? Sao? Vi vay trong cai
thic hai khdng cé cosin theta vi téi chi dang khai trién tich vd hudng. Vang, vi vay toi
s& viét C bang A trir B, va sau do tdi khai trién dai s8 cai nay. Va sau dé, téi di dén
mot cau tra 18i rdng cé A.B. Vi vay sau do6, néu tdi mudn biéu dién cdi dé ma khong 1a
tich v6 hudng, thi téi sé phai dua vao cosin. Va, t6i sé di dén th( tudng tu nhu diéu
dd, dung khdéng? Vang, néu ban mudn, budc ti€p theo dé€ rit ra dinh Ii cosin sé 1a dua
vao trong cong thldc nay A nhan voé hudéng B.

And then you would have a cosine. OK, let's keep going. OK, so what is this good
for? Now that we have a definition, we should figure out what we can do with it. So,
what are the applications of dot product? Well, will this discover new applications of
dot product throughout the entire semester,but let me tell you at least about those
that are readily visible. So, one is to compute lengths and angles, especially angles.
So, let's do an example.

Va sau doé ban sé cé mot cosin. Vang, hay ti€p tuc lam. Vang, diéu nay t6t cho cai gi?
Bay gid ching ta c6 mot dinh nghia, ching ta s& suy ra nhitng gi ma ching ta cé thé lam
v@i né. Vi vay, Ung dung cua tich vé hudng la gi? Vang, nhitng ing dung mdi cua tich vo
hudng sé dudc kham pha ra trong subt hoc ki nay, nhung hdy dé téi chi cho ban it nhat
la vé nhitng diéu d3 cob thé thdy rd. Vi vdy, nd dung dé tinh todn chiéu dai va gbc, dac
biét la goc. Vvang, chung ta hay | ay mot vi du.



Let's say that, for example, I have in space, I have a point, P, which is at (1,0,0). 1
have a point, Q, which is at (0,1,0). So, it's at distance one here, one here. And, I
have a third point, R at (0,0,2), so it's at height two. And, let's say that I'm curious,
and I'm wondering what is the angle here? So, here I have a triangle in space
connect P, Q, and R, and I'm wondering, what is this angle here? OK, so, of course,
one solution is to build a model and then go and measure the angle. But, we can do
better than that. We can just find the angle using dot product. So, how would we do
that? Well, so, if we look at this formula, we see, so, let's say that we want to find

the angle here.

Gia st rang, chdng han, trong khdng gian, téi c6 mot diém P, cé toa dd (1,0,0). Va mét
diém Q, c6 toa dd (0,1,0). Vi vay, né cé toa dé 1 & day, 1 & day.Va, tdi cd diém th( ba,
R tai (0,0,2), vi vy nd & tai dd cao 2. Va gia st rang tdi mudn biét gbc & day béng bao
nhiéu? Vang, & day trong khdng gian tdi c6 mdt tam gidc ndi cac diém P, Q, va R, va toi
mudn biét géc nay badng bao nhiéu? Véng, vi vdy, tat nhién, mot cach lam |a xay dung
mo hinh va sau d6 do géc. Nhung ching ta cd thé lam cach khac hay han. Chdng ta chi
can tim goc dung tich vo hudng. Vay, chldng ta sé lam diéu dé nhu thé nao? Vang, vi
vay, néu chung ta nhin vao céng thirc nay, ching ta thdy, vang, gia su rang ching ta
mudn tim géc & day.

Well, let's look at the formula for PQdotPR. Well, we said it should be length PQ

times length PR times the cosine of the angle, OK? Now, what do we know, and what
do we not know? Well, certainly at this point we don't know the cosine of the angle.
That's what we would like to find. The lengths, certainly we can compute. We know
how to find these lengths. And, this dot product we know how to compute because
we have an easy formula here. OK, so we can compute everything else and then find
theta. So, I'll tell you what we will do is we will find theta -

Vang, hay xét céng thic cho PQ nhan v6 hudng véi PR.

Vang, ching ta hdy nhin céng thic cia PQ nhan vé hudng PR. Vang, ching ta néi no
sé c6 d6 dai la PQ nhan do dai PR nhan cos cua goc, dung khong? Bay gid, ching ta biét
nhifng gi va ching ta khong biét nhitng gi? Vang, tat nhién lac nay ching ta khong biét
cos cua gdc. Db la nhitng gi ma ching ta sé& tim. Chiéu dai, tdt nhién ching ta cé thé
tinh. Chlng ta biét cach dé tim nhitng chiéu dai nay. Va, tich vé hudng nay chdng ta
biét cdch dé tinh vi ching ta c6 mét cong thic dé dang & day. Vang, vi vdy ching ta cé
thé tinh moi th nita va sau dé tim theta. Vi vy, tdi s& ndi v&i ban nhitng gi chidng ta
sé lam la chung ta sé tim theta-

-- in this way. We'll take the dot product of PQ with PR, and then we'll divide by the
lengths. OK, so let's see. So, we said cosine theta is PQdotPR over length PQ length
PR. So, let's try to figure out what this vector, PQ, well, to go from P to Q, I should
go minus one unit along the x direction plus one unit along the y direction. And, I'm not
moving in the z direction. So, to go from P to Q, I have to move by <-1,1,0>. To
go from P to R, I go -1 along the x axis and 2 along the z axis. So, PR, I claim, is
this. OK, then, the lengths of these vectors, well,(-1)~2 (1)~2 (0)”~2, square root,
and then same thing with the other one.
--theo cach nay. Chung ta sé 13y tich v6 hudng clia PQ véi PR, va sau dé chlng ta chia
cho céac chiéu dai. Vang, ching ta hdy xét. Vi vy, ching ta da ndi cos theta bdng PQ
nhéan v6 hudng vai PR trén d6 dai PQ do0 dai PR. Vi vay, chling ta hay thi suy ra vecto
nay bang bao nhiéu, PQ, vang, di tUr P dén Q, téi sé di trir 1 dan vi doc theo truc x
cdng mét dan vi doc theo truc y. Va, toi sé& khdng di chuyéntheo hudng z. Vi vay dé di
tlr P dén Q, toi phai di chuyén <-1,1,0>. P& di tir P dén R, téi di trir 1 doc theo truc x
va 2 doc theo truc z. Vi vay, PR, tdi xac nhan, la cai nay. Vang, do do, chiéu dai cua
nhitng vecto nay, vang,(-1)"~2 (1)~2 (0)~2, can bac hai, va sau dé tuong tu vdi cai
con lai.

OK, so, the denominator will become the square root of 2, and there's a square root
of 5. What about the numerator? Well, so, remember, to do the dot product, we
multiply this by this, and that by that, that by that. And, we add. Minus 1 times



minus 1 makes 1 plus 1 times 0, that's 0. Zero times 2 is 0 again. So, we will get 1
over square root of 10. That's the cosine of the angle. And, of course if we want the
actual angle, well, we have to take a calculator, find the inverse cosine, and you'll
find it's about 71.5°.

vang, vi vay, mau s0 sé la can bac hai ctia 2, va dé la can bac hai cua 5. Con tr s6 thi
sao? Vang, vi vay, hdy nhd réng, dé tinh tich vd hudng, chiing ta nhan cdi nay véi cai
nay, va cai do va@i cai do, cai dé vdi cai dé. Va, ching ta cong. Trir 1 nhantrr 1 taora 1
cdng 1 nhén 0, b&dng 0. Khéng nhén hai lai bdng 0. Vi vy, ching ta s& nhdn dugc mot
trén can bac hai ciia 10. D6 la cos cua gdc.Va, tat nhién néu ching ta mudn gdéc thuc
su, vang, ching ta phai 1y may tinh, tim nghich dao clua cos, va ban sé tim dugc né
bang c& 71.5°.

Actually, we'll be using mostly radians, but for today, that's certainly more speaking.
OK, any questions about that? No? OK, so in particular, I should point out one thing
that's really neat about the answer. I mean, we got this number. We don't really
know what it means exactly because it mixes together the lengths and the angle.

But, one thing that's interesting here, it's the sign of the answer, the fact that we got
a positive number. So, if you think about it, the lengths are always positive. So, the
sign of a dot product is the same as a sign of cosine theta. So, in fact, the sign of
AdotB is going to be positive if the angle is less than 90°.

Thuc su, chidng ta sé hau nhu dung radian, nhung hém nay, viéc dé ro rang can phai
ban luan nhiéu han.Vang, cé bat clf cau héi nao vé diéu dé khdéng? Khoéng? Vang, vi vay
ddc biét, toi s& Ivu y mot thir that su' tinh xao vé cau tra I3i. Y téi 1a, ching ta nhéan
dugc s6 nay. Chung ta khéng thuc su biét dugc chinh xac né néi Ién diéu gi bai vi nd
tron 1&n chiéu dai va géc vdi nhau. Nhung mét thd |i thd & day, dé 1a d&u cla dap sb
cudi cung, va qua thuc la chdng ta nhan dugc mot s6 dudng. Vi vay, néu ban nghi vé
no, chiéu dai ludén luén duang. Vi vay, dau cla tich vo hudng cung dau véi cos theta. Vi
vay, qud thuc, dau cta A nhan vbé hudng véi B sé |la dudng néu géc nhd han 90 do.

So, that means geometrically, my two vectors are going more or less in the same
direction. They make an acute angle. It's going to be zero if the angle is exactly 90°,
OK, because that's when the cosine will be zero. And, it will be negative if the angle
is more than 90°. So, that means they go, however, in opposite directions. So, that's
basically one way to think about what dot product measures. It measures how much
the two vectors are going along each other. OK, and that actually leads us to the
next application. So, let's see, did I have a number one there? Yes. So, if I had a
number one, I must have number two.

Vi vay, vé mat hinh hoc diéu dé cé nghia |a, hai vecto cla t6i sé I6n han hay nho han
theo cing hudng. Ching tao vGi nhau mét goc nhon. N6 s& béng khdng néu goéc ding
bang 90 dd, vang, bdi vi do6 1a khi cos s& badng khéng. Va, né s& am néu goc I6n han
90°. Vi vay, didu d6 cé nghia |a ching ta sé& di,tuy nhién, theo hudng ngudgc lai. Vi vay,
vé c@ ban dé la mot cach nghi vé viéc tich vo hudng do nhitng gi. N6 do hai vecto sé di
doc theo nhau bao nhiéu. Vang, va diéu dé thuc su dan ching ta dén (rng dung ti€p
theo. Vi vay, ching ta hdy xét, toi c6 s6 1 § dé phai khong? Vang. Vi vay, néu toi co sb
1, t6i phai co6 s6 hai.



The second application is to detect orthogonality. It's to figure out when two things
are perpendicular. OK, so orthogonality is just a complicated word from Greek to say
things are perpendicular. So, let's just take an example. Let's say I give you the
equation x 2y 3z = 0. OK, so that defines a certain set of points in space, and what
do you think the set of solutions look like if I give you this equation? So far I see
one, two, three answers, OK.

Va ’'ng dung th hai la phat hién ra tinh truc giao. N6 chi ra khi nao hai vector vuéng
gbc. Vang, vi vay tinh truc giao chi 1a moét tir phic tap tu tiéng Ai cdp dé ndi dén nhirng
cai vuéng goéc nhau. Vi vay, ching ta hay xét mot vi du. Gia sur t6i cho ban phuadng trinh
x 2y 3z = 0. Vang, vi vy nd dinh nghia mét tap hop diém nao do trong khdng gian, va
ban nghi tadp hgp cac nghiém sé la gi néu t6i cho ban phuadng trinh nay? Cho dén bay
gid toi thay mot, hai, ba cau tra I5i, vang.

So, I see various competing answers, but, yeah, I see a lot of people voting for
answer number four. I see also some I don't knows, and some other things. But, the
majority vote seems to be a plane. And, indeed that's the correct answer. So, how

do we see that it's a plane? So, I should say, this is the equation of a plane. So,
there's many ways to see that, and I'm not going to give you all of them. But, here's
one way to think about it. So, let's think geometrically about how to express this
condition in terms of vectors. So, let's take the origin O, by convention is the point
(0,0,0).

Vi vay, t6i thdy nhirng cau tra IGi canh tranh khac, nhung, vang, toi thdy nhiéu ngudi
chon cau tra IGi s6 4. T6i cling thdy mot s6 ngudi khéng dua ra cau tra IGi, va mot s6
ngudi khac. Nhung s6 14 phiéu dp dao dudng nhu |a mot mat phang. Va, qua thuc dé la
cau tra I8i chinh xac. Vay, lam cach nao ma ching ta biét né la mét mat phdng? Vang,
tdi s& ndi, day la phuong trinh ctia mat phang. Vi vy cd nhiéu cach dé thady diéu dé, va
tdi s& khdng chi cho ban tat ca chiing. Nhung day |a mot cach d€ nghi vé né. Vay, hay
suy nghi theo phudng phap hinh hoc vé cach dé biéu dién diéu kién nay theo cac vecto.
Vi vay, hdy chon g6c toa dé O, theo quy udc la diém (0,0,0)

And, let's take a point, P, that will satisfy this equation on it, so, at coordinates x, vy,
z. So, what does this condition here mean? Well, it means the following thing. So,
let's take the vector, OP. OK, so vector OP, of course, has components X, y, z. Now,
we can think of this as actually a dot product between OP and a mysterious vector
that won't remain mysterious for very long, namely, the vector one, two, three. OK,
so, this condition is the same as OP.A equals zero, right? If I take the dot product
OPdotA I get x times one plus y times two plus z times three.

Va, hady 18y mét diém, P, théa man phuong trinh d6 tai toa dd x, y, z. Vay, & day diéu
kién nay co6 nghia la gi? Vang, né cé nghia nhu sau. Hay 1ay vecto, OP. Vang, vi vay
vecto OP t&t nhién cé cac thanh phan x, y, z. Bay gid, ching ta cé thé thdy cdi nay nhu
la tich v6 hudng gilta OP va mdt vecto chua biét ma s& khdng gilf dugc tinh bi &n 14y, cu
thé, vecto mét, hai, ba. Vang, vi vay, diéu kién nay giéng nhu OP.A béng khdng, dlng
khéng? Né&u to6i lay tich vo6 hudng OP nhan vé hudng véi A tdi sé cd x nhan 1 cong y
nhan 2 cong z nhan 3.

But now, what does it mean that the dot product between OP and A is zero? Well, it
means that OP and A are perpendicular. OK, so I have this vector, A. I'm not going
to be able to draw it realistically. Let's say it goes this way. Then, a point, P, solves
this equation exactly when the vector from O to P is perpendicular to A. And, I claim
that defines a plane. For example, if it helps you to see it, take a vertical vector.
What does it mean to be perpendicular to the vertical vector? It means you are
horizontal. It's the horizontal plane. Here, it's a plane that passes through the origin
and is perpendicular to this vector, A.

Nhung bay gig, tich v hudng giita Op va A bang khdéng cé y nghia gi? Vang, nd co
nghia la OP va A vuong gdéc véi nhau. Vang, vi vay t6i co vecto nay, A. Téi sé khong vé
né thuc. Gia st rang né di theo dudng nay. Sau d4, moét diém, P, thda man trinh nay
chinh xac khi vecto tir O d&n P vudng gdc v3i A. Va téi khadng dinh diéu dé xac dinh mét



mat ph&ng. Chang han, néu nd giap ban thdy nd, 18y mdt vecto thidng dirng. Vubng géc
vdi vecto thing dung thi cé nghia la gi? C6 nghia la ban dang & phuong ngang. P6 la
mat phdng ngang. O day né |la mat phang di qua gdc toa dd va vubéng goc vdi vecto
nay, A.

OK, so what we get is a plane through the origin perpendicular to A. And, in general,
what you should remember is that two vectors have a dot product equal to zero if

and only if that's equivalent to the cosine of the angle between them is zero. That
means the angle is 90°. That means A and B are perpendicular. So, we have a very
fast way of checking whether two vectors are perpendicular. So, one additional
application I think we'll see actually tomorrow is to find the components of a vector
along a certain direction. So, I claim we can use this intuition I gave about dot
product telling us how much to vectors go in the same direction to actually give a
precise meaning to the notion of component for vector, not just along the x, y, or z
axis, but along any direction in space.

Vang, vi vdy nhitng gi ching ta nhan dudc Ia mdt mat phadng qua géc toa dd vudng goc
v3i A. Va, ndi chung, nhitng gi ban nén nhd la hai vecto cé tich vé hudng bang 0 néu va
chi néu diéu dé tudng duong vdi cos clia gdc gitra ching bang khdng. Diéu dé cd nghia
la goc bang 90 dd.Diéu dé cd nghia la A va B vudng goc. Vi vay, mdt i’ng dung thém
nifa t6i nghi ching ta sé thuc su thdy vao ngay mai la tim cac thanh phan cua mot
vecto doc theo hudng nao dd. Vi vay, tdi khdng dinh chlng ta c6 thé dung truc giadc nay
vé tich vo hudéng cho chiing ta biét nhitng vecto da di theo cung mét hudng bao nhiéu
dé thuc su cho mot y nghia chinh xac vé ki hiéu cac thanh phan cua vecto, khéng chi
doc theo hudng x,y, z ma con bat ki hudng nao khac trong khéng gian.

So, I think I should probably stop here. But, I will see you tomorrow at 2:00 here,
and we'll learn more about that and about cross products.

Vi vay, t6i nghi cé Ié t6i nén durng & day. Nhung, téi sé gap ban vao ngay mai ldc 2:
00 G day va chung ta sé hoc thém vé diéu dé va vé tich vecto.



