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Given a linear variable coefficient DAE, the logarithmic norm of a pencil related to
the original pencil (A(t),B(t), allows us to determine the EORMGGIMIN Of
IA®)X(t)||. When algebraically stable Runge-Kutta methods are used for DAEs, the
contractivity for ||A,,+1Xn+i || is no longer maintained for all stepsize. In this paper
we define a new approach for Runge-Kutta methods that preserve :

Vé6i mot DAE hé sb bién ddi tuyén tinh cho trude, chuan logarit cia mot chum lién

quan dén chum ban dau (A (t), B (t)), cho phép chung ta xic dinh SHNGE cua
IA(D)X(1)]]. Khi cac phuong phap Runge-Kutta 6n dinh dai sé duoc str dung cho cac
DAE, su co d6i v6i ||Ans1 Xne1| khong con duge duy tri d6i véi moi kich thude
budc. Trong bai bao nay, chung toi dua ra mot cach tiép cdn méi cho phuwong phap
Runge-Kutta dé bao ton [Hlee.

1. Gidi thi¢u
Chung ta xét cac hé vi phan c6 dang

If dF/dy" is regular, then (1) is an implicit ordinary differential equation (ODE).
Otherwise, if dF/dy' is singular, (1) is a differential algebraic equation (DAE).

Néu dF /0y’ chinh quy, thi (1) 14 mdt phuong trinh vi phan thuong an (ODE).
Nguoc lai, néu dF /3y’ suy bién, (1) 1a mot phuong trinh vi phan dai s6 (DAE).

DAEs have been deeply studied during the last years [2,6,8,13-15,17]. They are
classified by their index; the differential index is the minimum number of times
that (1) must be differentiated to obtain an ODE. An important characteristic of
DAEs is that not any value can be imposed as an initial condition. In fact, the
dynamics of the system is ruled by a lower dimension ODE, the underlying ODE.
Cac DAE d3 dugc nghién ctru sdu trong sudt nhitng nim qua [2,6,8,13-15,17].
Chung dugc phan loai theo chi s6, chi s vi phan 1 s6 1an 14y vi phén téi thiéu (1)
dé thu dugc mot ODE. Mot tinh chat quan trong ctia cac DAE 1a khong c6 bat ky
gia tri nao duogc ap dat nhu mot diéu kién ban dau. Trong thuc té, dong luc hoc cua
hé tuan theo cac ODE c6 s6 chiéu thip (€6 bac thap, £6 kich thudt nhé), ODE co
ban.

Many numerical methods defined for ODEs have been adapted to DAEs [2,6,8,7].
Usually, the order of convergence obtained is less than the order obtained for
ODEs, and the higher the index, the higher the reduction.



Nhiéu phuong phap s6 duoc ap dung cho cac ODE di dugc diéu chinh lai dé co thé
ap dung cho cac DAE [2,6,8,7]. Thong thuong, bac hoi tu thu dugce nho hon so vt
bac thu duoc dbi voi cac ODE, va khi chi sé cang cao, su suy giam cang nhiéu.

Trong bai bdo nay, chiing ta xét cac hé c6 h¢ s6 bién doi

A x'(t) + BOX(D) = T (1), )

with A(t) singular. If we denote Ani = A(tn + cih), Bni = B(tn + c;h) and fni = f(tn
+ cih), the solution using an implicit Runge-Kutta method for (2) proposed in
[16,3] is given by

v6i A(t) suy bién . Néu ching ta ki hiéu A, = A (t, + Cin), Bni = B (t, + Cip) va fi =
f (t, + Cin), viéc tim nghiém cua (2) bang cach sir dung phuong phap Runge-Kutta
an duoc dé xuat trong [16, 3] 1a

If the pencil (A,B) is regular and the matrix coefficient A is nonsingular, there is an
hO such that for h6h0 the system (4) has a unique solution. With the help of the
simplifying assumptions B(p), C(q) and A1(r), convergence results for these
schemes can be found in [2,6] for index 1 DAEs, and in [12] for index 2 DAEs. In
the following, we will refer to (3) and (4) as a classical approach.

Néu chum (A, B) chinh quy va hé s6 ma trin (ma tran hé s6) A khong suy bién, ton
tai mot hy sao cho d6i voi h < hy hé (4) c6 mdt nghiém duy nhat. Véi su ho tro
clia cac gia thuyét don gian hoa B (p), C(q) va A.(r), cac két qua hoi tu cho céc so
dd nay co thé dugc tim thdy trong [2,6] cho cac DAE chi sb 1, va [12] cho céc
DAE chi s6 2. Trong phan sau day, chung ta s& dé cap dén (3) va (4) nhu mot
phuong phap co dién.

The concept of logarithmic norm of a matrix ~[A] is an useful tool in the
perturbation analysis of nonlinear differential equations [5,8]. If Afy(t, y)]60, the
system is called dissipative and given any two solutions y(t) and y(t), it holds that
|ly(t) — y(t)|| is a nonincreasing function. The concept of B-stability refers to the
preservation of contractivity for the numerical solution for autonomous
dissi—pative systems [5]. If yn+1, yn+1 are the numerical solutions obtained from



yn and yn, respectively, by a Runge-Kutta method, the method is called B-stable if
for any stepsizg h> 0,

Khai niém chuan logarit caa ma tran u[A] 1a mét cong cu hiru ich trong viéc phan
tich nhiéu loan ciia cac phuong trinh vi phan phi tuyén [5,8]. Néu u[f,(t, y)]< 0,
hé duoc goi 1a tiéu tan va d6i voi bat ky hai nghiém cho trude y(t) va j(t), qua thuc
|y (t) — #(t) || 12 mot ham khong ting. Khai niém vé 6n dinh B dé cap dén sy bao
toan tinh co d6i v&i cac nghiém sb ctia cac hé tidu tan tu tri (tw quan) [5]. Néu y,
+1, ¥n41 12 cac nghiém s6 thu duge tir y, va ¥, mot cach twong ng, bang phuong
phap Runge-Kutta, phuong phap dugc goi 13 6n dinh B néu d6i véi bat ky kich
thudt bude h>0 nao, ching ta co

If we denote B = diag(bl,...,bs) and M = BA + AIB — bb\ the method is called
algebraically stable if the matrices M and B are nonnegative. It is well known that
algebraic stability implies B-stability, and for the class of S-irreducible methods,
these concepts are equivalent [5,8].

Néu chung ta ki hiéu B = diag (by, ..., bs) va M = BA + A'B — bb', phuong phap
duoc goi 1a 6n dinh dai s6 néu cac ma tran M va B khong am. Nhu chung ta da
biét, 6n dinh dai s6 1a 6n dinh B (muén néi dén 6n dinh B, 4m chi dén 6n dinh B),
va déi voi mét 16p cac phuong phap bat kha quy S, nhitng khai niém ndy tuong
duong [5.8].

A similar study can be done for the DAE (2). In [11] the concept of logarithmic
norm for a matrix pencil is defined. When the norm used is an inner product one,
the logarithmic norm of a pencil (A,B) is defined as

Mot nghién ctru tuong tu cd thé duoc thuc hién cho DAE (2). Trong [11], khai
niém chuén logarit cho mot chum ma tran dugc dinh nghia. Khi chuin dugc st
dung nhu mét tich trong, chuan logarit cia mot chum (A, B) duoc dinh nghia la

with V any subspace such that V n Ker(A) = {0}. In [10] the following theorem
was proved:

v6i V 14 bat ky khong gian con nao sao cho V N Ker (A(t)) = {0}. Trong [10], dinh
1y sau day dugc ching minh:

Theorem 1.1. Let V a subspace such that V n Ker(A(t)) = {0} and such that the
solution x(t) of the homogeneous DAE (2) is in V. Then
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tran hé sb suy bién. Chuang ta da giai dugc cac vi du trén voi phuong phap nay.
Trong cac d6 thi tuong Gng (Hinh 4), duong lién nét 1a két qua cho Xi = X, va X +1
= Xp; duong ¢ la két qua cho X; = Xp va Xn+1 duoc chiéu; duong ¢ 1a két qua cho X;



duoc chiéu va X, 41, = Xy, duong... l1a két qua cho X; dugc chiéu va X, +1 duoc
chiéu. Bac duoc quan sat 1a 2. Trén thuc té ddi v&i vi du nay, tr mot diéu kién ban
dau phu hop, v6i phuong phap quy tic hinh thang X, nam trong S(t, +1), va do d6
tit ca cac tily chon s& trung nhau. Trong do thi, chung ta thiy rang dbi voi kich
thudt bude 16n diéu ndy dung nhung dbi v6i véi kich thudt bude nho didu nay
khong con dung nira.
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